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Abstract
Although neuromorphic computing promises energy-efficient and biologically inspired machine
learning architectures, the implementation of neural dynamics into practical hardware design
remains a major challenge. This work presents a unified analytical framework that integrates equi-
librium propagation (EP) with oscillatory neural networks (ONNs) through a phase-deviation for-
mulation. By exploiting the synchronization properties of oscillatory systems, we establish a math-
ematical link between circuit dynamics, learning behavior, and the underlying energy landscape
derived from the phase-deviation equations. This formulation reveals how ONNs naturally operate
as an analog associative memory, where equilibrium points correspond to minima of the energy
function governing collective phase dynamics. We derive the full phase-deviation formalism for
weakly coupled oscillatory networks and adapt EP to their dynamics. Numerical simulations on
pattern-recognition tasks are provided as a supporting example, illustrating how the proposed ana-
lytical framework can reproduce learning and retrieval behavior in a phase-based ONN setting.
These results support the use of the proposed formalism as a principled framework for analyzing
equilibrium structure, learning dynamics, and possible failure modes in oscillatory neuromorphic
systems.

1. Introduction

Artificial intelligence (AI) has become a central topic in both academic research and industrial applica-
tions, with profound economic and social implications. AI-driven technologies are already widely access-
ible to the public and continue to attract growing interest across sectors. However, this rapid expan-
sion presents a critical challenge: the substantial increase in energy consumption associated with AI
systems. These systems rely on computationally intensive algorithms and architectures constrained by
the von Neumann paradigm, both of which demand considerable resources. Data centers—the primary
infrastructure supporting such high-performance workloads—already account for a significant share of
global energy usage [1]. This reality underscores the urgent need for research into more energy-efficient
algorithms and hardware architectures capable of offloading, accelerating, or otherwise optimizing core
AI computations, or providing principled design guidance for such systems.

To this end, oscillatory neural networks (ONNs) have recently attracted renewed attention [2–4]. The
defining feature of ONNs is the encoding of information in the phase relationships among interconnec-
ted oscillators, with computation emerging from their spontaneous or guided dynamics. The study of
oscillatory systems builds upon a rich plethora of research dating back to the seminal works of Lorenz
and Ueda in the 1960s, which revealed a wide range of nonlinear dynamical behaviors. Because phys-
ical oscillatory circuit elements are relatively simple to implement, theoretical developments have been
readily transferred to hardware platforms, keeping this research area highly active to the present day [5].
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Combined with the intrinsic energy efficiency of such oscillator-based circuits [6, 7], ONNs-based com-
putational paradigms have emerged as particularly promising. Moreover, ONNs are particularly relev-
ant in cognitive science [8–10] and neuromorphic engineering [11–15], due to the similarities between
oscillator synchronization mechanisms and those observed in biological neural systems. Depending
on the physical implementation and modeling assumptions, ONNs have been explored using discrete-
or continuous-phase representations, as well as phase–amplitude formulations. Consequently, ONNs
demonstrators have been proposed in many frameworks and for a variety of applications, including
image processing [7, 16], vehicle routing [17], combinatorial optimization [18–21], pattern recognition
[15, 22], and others.

Recent studies have further advanced the physical realizability and computational robustness of
ONNs hardware implementations. Among these, Núñez et al [19] demonstrated that VO2-based oscil-
lators exploiting subharmonic injection locking can reliably discretize oscillator phases into two stable
states, thereby enhancing resilience to variability and enabling associative-memory operations. Such
architectures highlight the feasibility of nanoscale ONNs designs that encode binary phase information,
paving the way toward scalable and energy-efficient neuromorphic hardware. However, discrete-phase
encoding approaches inherently limit the richness of the accessible phase space. At the same time, des-
pite the promising efficiency of ONN-based computing paradigms, a well-defined framework that unifies
hardware considerations, processing constraints, and analytical modeling, is lacking. Delacour et al [21]
have emphasized this gap, identifying analytical modeling as a needed link between neuromorphic theory
and practical hardware realization. These considerations motivate further investigation into continuous-
phase and analytically tractable ONNs models.

Another promising approach to minimizing both spatial and power demands in AI-oriented hard-
ware platforms lies in the use of memristors. These elements can be reconfigured in a non-volatile man-
ner, offering exceptionally high memory density and low write/erase energy requirements [23]. Moreover,
memristors can be operated with minimal supporting circuitry, functioning as passive components
during read operations. Consequently, they represent a compelling option for representing network
parameters, such as synaptic weights, in emerging machine-learning and neuromorphic architectures.
Importantly, the volatility of memristive elements can be engineered [24], providing designers with addi-
tional flexibility to implement biologically inspired synaptic dynamics. Furthermore, actively controlled
memristors have been shown to replace the nonlinear diode in Chua’s circuit [25], which evidence their
suitability as compact nonlinear elements in oscillator-based dynamical models. In this context, memrist-
ive devices are naturally suited to serve as physically motivated models of adaptive coupling and nonlin-
earity within oscillator-based networks, while also offering a path toward compact implementations. In
the present work, they are therefore considered primarily as analytically convenient and physically plaus-
ible representations of synaptic parameters, rather than as fully validated circuit components, allowing us
to focus on the dynamical and learning principles that govern ONNs.

A growing body of computational and experimental studies explores the integration of memristive
functionality within ONNs architectures [9, 14, 26, 27]. However, simulating such systems at the cir-
cuit level often necessitates the use of compact or approximate models, due to the polynomial growth in
complexity arising from (i) the large number of circuit blocks, (ii) the interconnecting circuitry, and (iii)
the extended simulated time required to reach ONN equilibrium states. A practical strategy to mitigate
this challenge involves tracking the phase evolution of each oscillator circuit block through a reduced
system of equations. Recently, several works [28–30] have demonstrated that phase-only oscillator mod-
els can be directly trained using local learning rules such as equilibrium propagation (EP), achieving
competitive performance on pattern recognition tasks and standard benchmarks. These studies high-
light the practical promise of phase-based learning in oscillatory networks, while typically assuming the
validity of the reduced phase description throughout training.

In parallel, Rudner, Porod, and Csaba [31] recently demonstrated that modern machine learning
techniques, such as backpropagation through time, can be applied directly to oscillator-based circuit
models to train ONNs for classification and memory tasks. While this approach significantly extends the
computational capabilities of ONNs, it relies on global gradient propagation and numerical differenti-
ation across time, which pose substantial challenges for physical implementation in hardware. These lim-
itations have motivated increasing interest in alternative learning paradigms that preserve local dynam-
ics and physical interpretability. In particular, EP has emerged as a theoretically mature framework for
training energy-based and dynamical systems using local updates, with well-established connections to
recurrent backpropagation [32, 33].

In this context, reducing ONN dynamics to phase dynamics represents a natural and theoretically
well-founded advancement. Phase reduction decomposes nonlinear oscillator behavior into coupled
phase–amplitude equations that preserve essential synchronization dynamics while remaining amenable
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to analytical treatment [34–37]. While this formulation offers stability and interpretability benefits and
is widely used in control-theoretic and neuromorphic contexts, its validity relies on asymptotic assump-
tions such as weak coupling and stable limit cycles. Recent work on higher-order and non-asymptotic
phase reduction shows that learning-induced changes in coupling or oscillator heterogeneity can intro-
duce systematic corrections beyond first-order phase models [38–42]. Therefore, combining phase-
reduced dynamics with local learning mechanisms (such as EP) yields a compact and analytically groun-
ded framework whose applicability can be explicitly assessed.

The main goal of this work is to consolidate the mathematical foundation for using phase models in
the design of ONNs circuitry through both analytical arguments and numerical results. We show that
phase-reduced models can capture and predict the equilibrium structure of an ONN under the assump-
tions discussed in the paper. Building on this, we show how the phase-state function can be used to
model an oscillatory circuit block, incorporating memristive elements as synaptic parameters, and to
construct a small-scale fully connected numerical example. We further illustrate, through a pattern-
recognition example, how this model can be coupled with the EP local learning rule. Finally, we show
that this relatively simple framework provides an interpretable and analytically grounded platform for
studying learning dynamics, equilibrium states, and failure modes in phase-based ONNs.

2. Materials andmethods

2.1. Neuromorphic neural networks
Neuromorphic computing systems can generally be modeled as interconnected dynamical units, whose
evolution depends on their internal state, on external inputs, and on adaptive parameters defining their
coupling. Expanding on the formalism proposed in [43], the vectorial state-space representation of a
neuromorphic system can be expressed, in its broadest form, as

dx

dt
= F(x,u,w) (1)

where x denotes the system’s internal dynamics, u the input stimulus, and w the adaptive parameters
(e.g, synaptic weights or coupling coefficients).

Within this framework, our study focuses on ONNs, in which each node behaves as a nonlinear
oscillator capable of phase synchronization. The model consists of N non–identical, coupled dynamical
systems, described by:

dxi
dt

= fi (xi)+ ε
∑
j∈Ni

cij
(
xi,xj

)
i = 1, . . . ,N (2)

where xi : R+ 7→ Rn, i = 1, . . . ,N describes the state of the ith node, fi : Rn 7→ Rn describes its intrinsic
dynamics, and fi ∈ C1(Ω⊆ Rn). The parameter ε⩾ 0 measures the coupling strength, while cij : Rn×
Rn 7→ Rn is a Lipschitz-continuous function that describes the interaction between nodes i and j, run-
ning on all nodes Ni that are connected to the node i.

In practical implementations, the nodes composing the network are homogeneous, and node-to-node
differences mainly stem from parameter variations. Thus we shall assume

fi (xi) = f(xi,µi) (3)

where µi, i = 1, . . . ,N are vectors of parameters. For large numbers of oscillators, it is reasonable to
assume that the parameters are normally distributed around a mean value µ0. If the variance is small
enough, we can write µi = µ0 + εδµi, and expanding equation (3) in Taylor series we obtain

fi (xi) = f(xi,µ0)+ ε
∂f(xi,µ0)

∂µi
δµi +O

(
ε2
)

(4)

where ∂f(xi,µ0)/∂µi is the jacobian matrix of partial derivatives. For simplicity of notation we shall
write

fi (xi)
∼= f(xi)+ ε̃fi (xi) (5)

where the term ε̃fi (xi) = ε∂f(xi,µ0)/∂µi δµi describe the deviation of the ith oscillator from an ideal
one.
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As a special case, we consider a structured network composed of N= 2M oscillatory units, arranged
in pairs of interacting subsystems, governed by

dxi
dt

= f(xi)+ ε

f̃i (xi)+ di (xi,xi+M)+
∑
j∈Ñi

c̃ij
(
xi,xj

) (6)

dxi+M

dt
= f(xi+M) (7)

for i = 1, . . . ,M, and with Ñi ⊆ {1, . . . ,M}. Without too much loss of generality, in equations (6)
and (7) we have assumed that the oscillators i+M are ideal. Equations (6) and (7) describe a pool of M
driven oscillators coupled both to neighboring units (via c̃ij) and to the corresponding driving oscillators
(via di). The driving subsystems xi+M act as weakly coupled internal references, serving a function ana-
logous to equilibrium or ‘nudged’ states in local learning paradigms (as a modeling construct). Although
the driving nodes follow identical dynamics, their states may differ due to different initial conditions, i.e.
xi(t) 6= xi+M(t).

This configuration unifies the general neuromorphic model of [43] with oscillatory-based formu-
lations commonly used in hardware-motivated ONN computing models. It provides a tractable setting
in which synchronization, energy minimization, and parameter adaptation can be jointly analyzed. In
particular, the coupling structure cij can encode tunable interactions equivalent to synaptic weights. As
shown by Rudner et al [31], oscillator networks can be optimized via circuit-level learning rules. The
present work aims to extend the modeling approach by embedding local equilibrium-based adaptation
directly into the dynamical model. This interpretation naturally links the oscillatory network model
to local learning mechanisms such as EP [29, 30], while remaining consistent with standard phase-
reduction approaches (e.g. Hongu and Iba [39]).

Hence, the present framework can be regarded as a specific instantiation of the general neur-
omorphic dynamical model, tailored to oscillatory computation. It establishes the mathematical basis
for merging synchronization theory, memristive circuit models, and equilibrium-based learning within a
unified dynamical formulation. The next section elaborates on this connection by deriving the reduced
phase model that governs synchronization and adaptation in such networks.

2.2. Phase model reduction and the phase deviation equation
This section outlines a systematic procedure for deriving a reduced-order, simplified model that captures
the essential network dynamics, making it suitable for applications in synchronization and neural net-
work analysis.

Classical phase-reduction approaches based on Malkin’s theorem [35–37], apply only to resonant
oscillators, i.e. oscillators whose frequency ratios are rational numbers. More generally, phase-reduction
techniques inspired by Kuramoto require the definition of an appropriate phase function (and pos-
sibly an amplitude function), which can be obtained analytically only for simple systems such as the
Stuart–Landau oscillator [38–42, 44]. For more complex oscillators, these quantities must typically be
computed numerically through phase response curves, which becomes increasingly demanding for high-
dimensional systems. Local approximations of the phase gradient based on Floquet vectors provide only
a local description and are not easily extended to problems requiring higher order approximations, such
as stochastic oscillators, where higher-order derivatives arise from Itô’s formula [34, 45]. By contrast,
the systematic amplitude–phase decomposition introduced here is exact, can be applied to networks
with arbitrary coupling strengths, and can be extended to noisy oscillators. A weak-coupling assump-
tion is required only for the subsequent phase-reduced model, which naturally leads to a Kuramoto-type
description.

Assuming that each node in the network behaves as an oscillator, the original system of equations
can be reduced to a phase equation model–specifically, a set of ordinary differential equations (ODEs)
governing the oscillator phases, analogous to the well-known Kuramoto model [44].

The phase model offers two main advantages. First, it significantly reduces the system’s dimensional-
ity, requiring only one state variable and one corresponding equation per node. Second, it greatly sim-
plifies the study of synchronization manifolds: synchronous oscillations in the original system (2) corres-
pond to equilibrium points in the phase deviation model. Likewise, the stability analysis becomes more
tractable, as it no longer requires computing Floquet multipliers; instead, it suffices to evaluate the eigen-
values of the Jacobian matrix.
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Assume that each unperturbed node (ε= 0) admits an isolated T-periodic solution xs(t)

dxs (t)

dt
= f(xs (t)) (8)

xs (t) = xs (t+T) , (9)

representing a limit cycle in the oscillator’s state space. We define the unit vector tangent to the limit
cycle

u1 (t) =
f(xs (t))

||f(xs (t)) ||
, (10)

where || · || denotes the standard L2 norm. Together with u1(t), we consider other n− 1 linearly inde-
pendent vectors u2(t), . . . ,un(t), such that, for all t:

span{u1 (t) ,u2 (t) , . . . ,un (t)}= Rn.

Given the matrix U(t) ∈ Rn,n, with U(t) = [u1(t), . . . ,un(t)], let

V(t) = U−1 (t) =

 vT1 (t)
...

vTn (t)

 . (11)

Thus

span{v1 (t) , . . . ,vn (t)}= Rn,

also holds for all t, together with a bi-orthogonality condition

vTi (t)uj (t) = uTi (t)vj (t) = δij, (12)

where δij is the Kronecker delta. Finally, we introduce the matrices Y(t) = [u2(t), . . . ,un(t)], and Z(t) =
[v2(t), . . . ,vn(t)].

Because the vectors {u1(t),u2(t), . . . ,un(t)} and {v1(t),v2(t), . . . ,vn(t)} are basis for Rn, they can be
used to decompose any vector. In particular, the coupling function can be decomposed into two con-
tributions. The first contribution is projected along the direction spanned by u1(t). At any time instant,
this component is tangent to the limit cycle and, for small enough values of ε, it induces a shift along
the limit cycle, without affecting the amplitude. The shift is measured by a function θi(t), that is inter-
preted as a phase, mapping the limit cycle onto the interval [0,2π]. The second component is projected
into the linear space spanned by the vectors {v2(t), . . . ,vn(t)}. This component is transversal to the limit
cycle. Therefore, it modifies the amplitude of the limit cycle, inducing an amplitude deviation meas-
ured by the function Ri(t), but it leaves the phase unaffected as a consequence of the bi-orthogonality
condition.

Consequently, the state of each node in the ONN can be described as a shifted version of the unper-
turbed limit cycle xs(θi(t)), plus a deviation from the limit cycle Ri(t), measured along the direction
spanned by the vectors {v2(θi(t)), . . . ,vn(θi(t))}, evaluated at the ‘shifted’ time θi. The first step to obtain
the phase reduced model of the ONN (2), is the derivation of a ODEs system for the phase and the
amplitude deviation functions.

Theorem 1 (phase-amplitude deviation equations). Consider system (2), where each node admits a
T-periodic limit cycle xs(t) for ε= 0, together with the sets {u1(t), . . . ,un(t)}, {v1(t), . . . ,vn(t)} and the
matrices Y(t), and Z(t). Consider the coordinate transformation

xi (t) = h(θi (t) ,Ri (t)) = xs (θi (t))+Y(θi (t))Ri (t) , (13)

where θi(t) and Ri(t) are the phase and amplitude deviation, respectively. Then, in a neighborhood of the limit
cycle xs(t), the phase θi(t) and the amplitude deviation Ri(t) satisfy:

dθi
dt

=1+ aθ (θi,Ri)+ ε

δaθ (θi,Ri)+
∑
j∈Ni

Cij

(
θi,Ri,θj,Rj

) (14)

5
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dRi

dt
=L(θi)Ri + aR (θi,Ri)+ ε

δaR (θi,Ri)+
∑
j∈Ni

Dij

(
θi,Ri,θj,Rj

) , (15)

where (explicit dependence on t in θi and Ri is omitted for simplicity):

K(θi,Ri) = vT1 (θi)

(
f(xs (θi))+

∂Y(θi)

∂θi
Ri

)
, (16a)

aθ (θi,Ri) = K−1 (θi,Ri) v
T
1 (θi)

(
f(xs (θi)+Y(θi)Ri)− f(xs (θi))−

∂Y(θi)

∂θi
Ri

)
, (16b)

δaθ (θi,Ri) = K−1 (θi,Ri) v
T
1 (θi) f̃i (xs (θi)+Y(θi)Ri) , (16c)

Cij

(
θi,Ri,θj,Rj

)
= K−1 (θi,Ri) v

T
1 (θi) cij

(
xs (θi)+Y(θi)Ri,xs

(
θj
)
+Y

(
θj
)
Rj

)
, (16d)

L(θi) =−ZT (θi)
∂Y(θi)

∂θi
, (16e)

aR (θi,Ri) =−ZT (θi)

(
∂Y(θi)

∂θi
Ri aθ (θi,Ri)− f(xs (θi)+Y(θi)Ri )

)
, (16f )

δaR (θi,Ri) =−ZT (θi)

(
∂Y(θi)

∂θi
Ri aθ (θi,Ri)− f̃i (xs (θi)+Y(θi)Ri)

)
(16g)

Dij

(
θi,Ri,θj,Rj

)
=−ZT (θi)

∂Y(θi)

∂θi
RiCij

(
θi,Ri,θj,Rj

)
+ZT (θi) cij

(
xs (θi)+Y(θi)Ri,xs

(
θj
)
+Y

(
θj
)
Rj

)
. (16h)

Proof. First, we show that the transformation (13) is invertible in a neighborhood of the limit cycle. The
Jacobian matrix of the coordinate transformation is

Dh(θi,Ri) =

[
∂h

∂θi

∂h

∂Ri

]
=

[
∂xs (θi)

∂θi
+
∂Y(θi)

∂θi
Ri Y(θi)

]
. (17)

On the limit cycle Ri = 0 and then

Dh(θi,Ri)
∣∣
Ri=0

=

[
∂xs (θi)

∂θi
Y(θi)

]
= [||f(xs (θi)) ||u1 (θi) ,u2 (θi) , . . . ,un (θi)] . (18)

Because {u1(t), . . . ,un(t)} are linearly independent, it follows that the Jacobian is regular. Then, by the
inverse function theorem, there exists a neighborhood of Ri = 0 where h is invertible. Moreover, if h is of
class Ck, then its inverse is also of class Ck.

For deriving the governing equations for the phases and the amplitudes, taking the derivative of (13) we
have:

dxi
dt

=
∂h(θi,Ri)

∂θi

dθi
dt

+
∂h(θi,Ri)

∂Ri

dRi

dt
=

(
∂xs(θi)

∂θi
+
∂Y(θi)

∂θi
Ri

)
dθi
dt

+Y(θi)
dRi

dt

= f
(
xs(θi)+Y(θi)Ri

)
+ ε

(̃
fi
(
xs(θi)+Y(θi)Ri

)
+
∑
j∈Ni

cij
(
xs(θi)+Y(θi)Ri,xs(θj)+Y(θj)Rj

))
. (19)

Multiplying to the left by vT1 (θi), using the bi-orthogonality condition, and rearranging terms, we
obtain (14). Conversely, multiplying to the left by ZT(θi), and rearranging, we find (15).

The idea behind the decomposition is illustrated in figure 1. For the sake of clarity, we consider a
second order oscillator, whose state can be represented on the plane. The solid black line represents the
limit cycle xs(t) of the unperturbed reference oscillator, while the red line represents the trajectory of the
perturbed oscillator xi(t). The arrows on the curves denote the orientation of the trajectories. The initial
conditions of the unperturbed and perturbed systems are denoted by xs(0) and xi(0), respectively.

At each time instant t, the state of the perturbed system is represented as a time-shifted version of
the reference limit cycle xs(θi(t)) plus a deviation from the cycle, measured along the direction spanned
by the vector Y(θi(t))Ri(t). Note that, for second order oscillators, Y(θi(t))Ri(t) = u2(θi)Ri(t), and Ri(t)
is a scalar.

6
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Figure 1. Illustration of the phase-amplitude decomposition for a second order oscillator. The explanation for the curves and the
notation is given in the text.

Theorem 1 gives the equations governing the time evolution of the time shift θi(t), interpreted as
the phase, and of the amplitude deviation Ri(t). These amplitude–phase equations are exact, since their
derivation involves no approximations. Consequently, they are not simpler to solve than the original
state equations. However, they can be integrated numerically and used as a benchmark to assess the
accuracy of further reduced models.

The second step in the derivation of a phase reduced model is to show that, for practical applica-
tions, the phase equation (14) encodes the most relevant information. This is shown in two steps: First,
we prove that the amplitude deviation inherits the stability property of the limit cycle. The following
theorem is an adaptation of a result presented in [45, 46].

Theorem 2. Consider the uncoupled oscillator dx(t)
dt = f(x(t)), with a T-periodic limit cycle xs(t). Let

1,µ2, . . . ,µn be the characteristic multipliers of the periodic variational equation

dy(t)

dt
= A(t)y(t) , (20)

where A(t) = A(t+T) =
∂f(xs(t))

∂x
. Then R= 0 is an equilibrium point for the amplitude equation of the

unperturbed system,

dR

dt
= L(θ)R+ aR (θ,R) , (21)

with characteristic multipliers µ2, . . . ,µn.

Proof. For ε= 0, the phase and amplitude deviation equations reduce to (index i is omitted for simplicity)

dθ

dt
= 1+ aθ (θ,R) (22a)

dR

dt
= L(θ)R+ aR (θ,R) . (22b)

Using (16), it is straightforward to verify that aθ(θ,0) = 0 and aR(θ,0) = 0, thus R= 0 is an equilibrium
point for (21). Expanding of f(x) in Taylor series around xs(θ) and using Z

T(θ)f(xs(θ)) = 0 we obtain the
amplitude deviation variational equation

dR̃

dt
=

(
−ZT (θ)

∂Y(θ)

∂θ
+ZT (θ)A(θ)Y(θ)

)
R̃. (23)

Let [α2, . . . ,αn] be a row vector of real constants. The matrix

Φ(θ) =

[
∂xs (θ)

∂θ

∂xs (θ)

∂θ
[α2 . . .αn] +Y(θ)Ψ(θ)

]
, (24)

is a fundamental matrix of the variational equation (20), if and only ifΨ(θ) is a fundamental matrix of (23).
Let C=Φ(T) be a principal matrix of system (20), then C has the structure1

C=

[
1 C2
0 C1

]
, (25)

1 The principal matrix C is not unique, but they are all similar.
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where C2 ∈ R1,n−1, and C1 ∈ Rn−1,n−1 has eigenvalues µ2, . . . ,µn. Taking into account that the principal
matrix satisfiesΦ(t+T) =Φ(t)C, multiplying to the left for ZT(θ) and using the periodicity of xs(θ) and
Y(θ) we have

Ψ(θ+T) =Ψ(θ)C1 (26)

that completes the proof.

The consequence is that, for the coupled network, the phase is the most important variable. For
an asymptotically stable limit cycle, Re[µi]< 0, ∀i = 2, . . . ,n. The amplitude deviation exhibits limited
variations, and thus we can use the approximation Ri ≈ 0 for all i = 1, . . . ,N. Taking into account that
aθ(θ,0) = 0, the phase equations take the form

dθi
dt

= 1+ ε

δaθ (θi)+∑
j∈Ni

Cij

(
θi,θj

) , (27)

where

δaθ (θi) =
vT1 (θi)

||f(xs (θi)) ||
f̃i (xs (θi)) (28)

Cij

(
θi,θj

)
=

vT1 (θi)

||f(xs (θi)) ||
cij
(
θi,Ri,θj,Rj

)∣∣
Ri=Rj=0

. (29)

Equation (27) represents the phase reduced model for the ONN (2). Instead of the oscillators’ phases
θi, it is often convenient considering the phase deviations (the deviation with respect to the phase of an
unperturbed reference oscillator with null initial phase) ψi = θi − t, obtaining:

dψi (t)

dt
= ε

δaθ (ψi + t)+
∑
j∈Ni

Cij

(
ψi + t,ψj + t

) . (30)

For small [38, 40–42] values of ε, the phase deviations ψi are nearly constants (slow variables), thus
we can average over one period without introducing a big error, obtaining:

dψi

dt
∼= ε

δaθ (ψi)+
∑
j∈Ni

Cij

(
ψi−ψj

) , (31)

where

δaθ (ψi) =
1

T

ˆ T

0
δaθ (ψi + t) dt, (32)

Cij

(
ψi−ψj

)
=

1

T

ˆ T

0
Cij

(
ψi + t,ψj + t

)
dt. (33)

The dependence on the phase difference ψi−ψj is justified as follows. Because θi is T-periodic, ψi + t is
T-periodic as well, for all i = 1, . . . ,N. Thus we can expand Cij(ψi + t,ψj + t) in double Fourier series

Cij

(
ψi + t,ψj + t

)
=

∞∑
m,n=−∞

Amn e
j(mψi+nψj+(m+n)t) =

∞∑
m,n=−∞

Amn e
j(mψi+nψj)ej(m+n)t. (34)

Averaging over one period

Cij

(
ψi−ψj

)
=

1

T

∞∑
m,n=−∞

Amn e
j(mψi+nψj)

ˆ T

0
ej(m+n)tdt=

∞∑
m=−∞

Am,−m e
jm(ψi−ψj). (35)

Remark: It is well known that if xs(t) is a solution of the nonlinear ODE dx(t)
dt = f(x(t)), then f(xs(t))

is a solution of the variational equation dy(t)
dt = A(t)y(t). Moreover, if q(t) is a solution of the adjoint

equation dz(t)
dt =−A(t)Tq(t), then

q(t)T f(xs (t)) = constant. (36)
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Figure 2. Portion of a network of nonlinear oscillators.

Remark: The weak-coupling assumption used for the derivation of the phase reduced model, should
be interpreted in relation to the stability of the underlying limit cycle. In particular, the coupling must
be sufficiently small so that the limit cycle of each uncoupled oscillator does not undergo bifurcation
due to the interaction. The stability of the limit cycle can be quantified through the Floquet multipliers,
i.e. the eigenvalues of the matrix C1 introduced in Theorem 2. These quantities characterize the trans-
versal stability of the periodic orbit and provide a quantitative criterion to assess the admissible coupling
strength. In this respect, the proposed amplitude–phase decomposition offers an additional advantage,
as it naturally yields the matrix C1 and thus provides a direct way to evaluate the stability margin of the
limit cycle and the validity of the weak-coupling assumption.

During the training of the network, the coupling strength between oscillators is modified, which may
raise the question of whether the weak-coupling hypothesis remains valid. However, electronic oscillat-
ors generally exhibit very stable limit cycles, allowing relatively large coupling strengths without affect-
ing their qualitative dynamics, while synchronization is typically achieved with much smaller couplings.
Consistently with this observation, in all our numerical simulations we did not observe any limit-cycle
bifurcation.

2.3. Application to a ONN of nonlinear electrical circuits
As an example of derivation of the phase deviation equation for an ONN, we consider a network of
weakly connected electrical circuits. A portion of the network is sketched in figure 2. Applying Kirchhoff
laws to the ith node, we obtain the equations

dvi
dt

=
1

C

−ii − iG (vi)− ε
∑
j∈Ni

Gij

(
vi− vj

) (37)

dii
dt

=
1

L
(vi −Rii) . (38)

We shall assume2 iG(vi) =−gavi + gbv3i . Introducing the adimensional time t ′ = R
L t and the voltages

xi = vi, yi = Rii the state equations can be rewritten in the form

dxi
dt

= βxi −αyi − γx3i − ε
∑
j∈Ni

κij
(
xi − xj

)
(39)

dyi
dt

= xi − yi (40)

2 A cubic nonlinear current–voltage characteristic is a common assumption in nonlinear circuits, i.e. the Chua’s circuit, and can be
readily realized using operational amplifier–based circuits, as in the Chua’s diode.
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Figure 3. Portion of a network of nonlinear oscillators with a master-slave connection.

where α= L/(R2C), β = gaL/(RC), γ = gbL/(RC), and κij = LGij/(RC).
The limit cycle of each uncoupled node can be conveniently approximated through the Describing

Function technique [35]. The following first harmonic approximation of the limit cycle is found:

xs (t) =

 A sin(ωt)
1

α

(
β− 3γ

4
A2

)
A sin(ωt)− ω

α
Acos(ωt)

 (41)

where A=

√
4

3γ
(β− 1) and ω =

√
α− 1.

The first harmonic approximation for the solution of the adjoint equation is

q(t) =

 Dcos(ωt)

ωD sin(ωt)+

(
3γ

4
A2−β

)
Dcos(ωt)

 , (42)

where the constant D= α
ωA is determined through the normalization condition

qT (t) f(xs (t)) = 1. (43)

A straightforward application of the theory developed in the previous section gives the phase devi-
ation equation

dψi

dt
= ε

α

2ω

∑
j∈Ni

κij sin
(
ψi−ψj

)
. (44)

Remark: figure 3 shows a portion of a network implementing the special model described by (6)
and (7).

The corresponding phase deviation equation takes the form

dψi

dt
= ε

α

2ω

∑
j∈Ni

κij sin
(
ψi −ψj

)
+κi sin(ψi −ψi+M)

 (45)

[1ex]
dψi+M

dt
= 0⇒ ψi+M (t) = ψi+M (0) (46)

where κi = LGi,i+M/(RC).

2.4. EP training
We now illustrate an application-oriented example of a weakly connected ONN trained via the EP
algorithm, applied to the energy-based model (EBM) representation of the oscillator dynamics [28, 29,
32, 47]. The objective is to demonstrate how the EBM framework can be used to define and study a
numerically specified oscillator network whose equilibrium states are associated with prescribed target

10
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configurations. Such a configuration provides a convenient supporting example for discussing de-noising
and classification of input phase states.

EBMs associate a scalar energy function to the network’s phase configuration. In the EBMs frame-
work, inference is defined as the recording of the phase-state ψ = ψ1, . . . ,ψN of the system at equilib-
rium (i.e. asymptotically after the system governed by (44) has relaxed to steady state).

For consistency with the machine learning literature, we define the coupling weight matrix as:

W= setwij = set
{
ε,
α

2ω
,κij

}
, (47)

where indices i and j denote oscillator pairs, under the assumption of a symmetric W matrix.
Based on these definitions, the system in (44) can be recast as a gradient system with respect to the

slow-time variable τ associated with the phase dynamics, and an energy function E(ψ,W), as follows:

dψi

dτ
=− ∂E

∂ψi
(ψ,W) , (48)

with

E(ψ,W) =−1

2

N∑
i,j=1

wij cos
(
ψi −ψj

)
. (49)

The equilibria of (44) correspond to the minima of (49).
Learning consists in minimizing a scalar cost function C(T,ψ) that quantifies the distance between

the target T and the equilibrium phase configuration ψ of the network:

C(T,ψ) =
1

N

N∑
i=1

(cos(Ti)− cos(ψi)) . (50)

Following the formulation proposed in [32], we introduce an augmented energy function:

F
(
ψβ ,T,W,β

)
= E

(
ψβ ,W

)
+β,C

(
T,ψβ

)
, (51)

where β is a small forcing parameter. In light of (51), the gradient system in (48) can be reformulated as

dψβi
dτ

=− ∂F

∂ψβi

(
ψβ ,T,W,β

)
. (52)

As demonstrated in [47], the EP update rule for the weight values wij—in a network modeled using
a simplified Kuramoto-type oscillator system as in (44)—can be approximated as:

∆wij ≈−η
d

dβ

[
∂F

∂Wij

(
ψβ ,T,W,β

)]
β=0

= η
d

dβ
cos

(
ψβi −ψ

β
j

)∣∣∣
β=0

(53)

= η
cos

(
ψβi −ψ

β
j

)
− cos

(
ψi −ψj

)
β

, with β ' 0. (54)

In practical terms, the training algorithm proceeds as follows:

1. Initialize the network state as ψt=0 = T+ ϵ, where ϵ is a small perturbation that initiates the conver-
gence of the system toward the nearest equilibrium state.

2. Allow the network to relax and converge to its equilibrium ψt→∞; record the phase deviations ψi and
the corresponding gradient terms cos(ψi −ψj).

3. Apply a small perturbation of amplitude −β,∇ψC(T,ψ) to the right-hand side of (44).

4. Let the network relax to the new equilibrium according to the perturbed system, and record the
updated phase deviations ψβi and gradient terms cos(ψβi −ψ

β
j ).

5. Update the weight matrix ∆W according to (54).
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The Kuramoto-type model adopted in the following simulations should be regarded as a representat-
ive instance of the general phase-reduced framework derived above. Its role is to provide a minimal and
analytically tractable setting in which the connection between phase dynamics, energy structure, and EP
could be explicitly verified. While more complex oscillator models could be considered within the same
framework, they would not alter the core analytical results, and are therefore not pursued in this work.

3. Results

A set of ten hand-drawn digits (digits 0–9) was generated on a 16× 16 raster, subsequently binarized
and mapped to phase vaues in {0,π}, as shown in figure 4(a). The dataset was constructed to include
both visually distinct patterns and partially overlapping traits, especially among digits 6, 8, and 9, so as
to test retrieval under both separable and non-orthogonal conditions.

The oscillator network, comprising N = 256 nodes, was initialized with an initial weight matrix Winit

drawn from a uniform random distribution within the range [−10−4,10−4].
After generation, the initial weight matrix Winit is symmetrized, and all self-coupling terms (i.e. diag-

onal elements) are set to zero. Training is performed sequentially by presenting the entire dataset to the
network ten times per epoch, for a total of 250 epochs. The hyperparameters η = 10−4 and β= 0.1 were
selected based on preliminary exploratory studies.

The classification accuracy is defined by assigning a successful recognition event whenever, for a
given target Ti, the Euclidean distance |f(Ti)− f(ψi)| equals zero, where f(ν) = sign(cos(ν)). This trans-
formation mitigates numerical artifacts and minimizes deviations due to spurious resonances.

Test inputs ψt=0 are generated using two distinct perturbation strategies. In the Gauss method, addit-
ive Gaussian noise with standard deviation σ= 1 is applied to the phase vector. In the Flip method,
individual phase components are randomly inverted with probability p= 0.1.

The system accuracy is evaluated after each training epoch using a set of 200 test samples. The clas-
sification accuracies of the Flip and Gauss perturbation methods across training epochs are shown as
continuous lines in figure 4(b). Both metrics exhibit a rapid convergence towards values exceeding 90%
accuracy, maintaining this performance level for a substantial range of epochs. A peak classification
accuracy of 100% is achieved for both perturbation schemes at 128 epochs, while average accuracies
above 98% are consistently observed starting from approximately 54 epochs. Accuracy measured with
both methods then degrades after roughly 100 epochs. This late-stage degradation is consistent with
the emergence of hybrid attractors and secondary phase-cluster splitting, illustrated in figure 5, and
discussed later. These results show that the proposed phase-based EBM framework, combined with
EP training, can support denoising and pattern-recognition tasks in the simulated setting. While no
hardware-level cost model is evaluated here, the reliance on local interactions and simple phase dynamics
suggests potential suitability for efficient hardware implementation.

Furthermore, these findings underline the importance of monitoring the training results during
training. In this study, no adaptive scheduling of the learning rate η was employed, in order to explicitly
illustrate this phenomenon.

To interpret the observed accuracy trends and the underlying retrieval mechanism, and to identify
potential pathways toward improved training algorithms, we next examine the transient phase evolu-
tion for a representative test sample. An example of the temporal evolution of the system is presented in
figure 5. A noisy instance of the digit ‘2’ (generated via the Gauss method with an augmented standard
deviation σ= 3, for demonstration purposes) is randomly generated and applied as input to the net-
work. The initial phase distribution is shown in the ψ row, first column, where ψ denotes the phase
deviation of each oscillator.

The temporal evolution3 of the phase deviations is visualized on a cylindrical surface, where the
polar coordinate corresponds to the instantaneous phase deviation value, and the longitudinal coordin-
ate represents time progression. Each oscillator trajectory is color-coded according to the spatial legend
displayed on the left. The row ψ illustrates the phase configuration in the indicated time frames.

As observed, during the initial stages of the system evolution (t⩽ 10), only a limited number of
oscillators exhibit noticeable phase variations. A pronounced collective phase shift occurs for t> 100,
leading to a clearly distinguishable solution emerging at approximately t= 103. The system reaches a
stable steady state around t= 104, beyond which no significant phase changes are detected.

3 In this work, time is treated as a dimensionless variable; however, for clarity, in the simulations it represents the number of oscillator
periods.

12



Neuromorph. Comput. Eng. 6 (2026) 024016 E Gemo et al

Figure 4. Training dataset and results. (a) The 16× 16 target dataset, where black pixels correspond to a phase deviation ψ= 0
and white pixels correspond to a phase ψ = π. (b) Training accuracy as a function of the number of epochs. Continuous lines
represent the test accuracy of the system trained using the EP algorithm (black: Flip perturbation, red: Gauss perturbation). Dash-
dotted lines represent the system test accuracy for the system trained with the modified EP algorithm (blue: Flip perturbation,
green: Gauss perturbation).

At this stage, both the cylindrical phase plot and the corresponding two-dimensional phase raster
reveal two distinct phase clusters centered around 0≡ 2π and π. The solution obtained at t= 104 visu-
ally matches the unperturbed reference sample. The system’s classification output (or ‘guess’) is derived
from the sign of the phase cosine, depicted in the second row. It is evident that a matching system guess
can already be obtained for t≲ 103, producing an almost noise-free reconstruction of the input digit. In
most successful recognition events, the inferred state of the system remains stable over time once conver-
gence is achieved.

However, the network equilibrium does not always exhibit perfectly binarized phase clustering. In
many cases, the equilibrium phase distribution displays 2n distinct clusters. This behavior is consistent
with the emergence of spurious attractors, well documented in associative memory models [48–51],
arising from cross-pattern interference, particularly in non-orthogonal datasets. This effect adversely
impacts classification accuracy.

Figure 6 represents the behavior of the network under prolonged training and exhibiting low accur-
acy, where this phenomenon becomes more pronounced. To highlight the phase deviations, the cyl-
indrical phase plot from the previous example is unwrapped onto a rectangular surface. In this case, the
input perturbation follows the Flip method, with a flipping probability of p= 0.2 (used here for demon-
stration purposes).

The resulting phase plot reveals that the network initially converges toward, binarized clustering of
the phase vector—similar to that observed in figure 5. As time progresses beyond t⩾ 104, each cluster
undergoes a secondary split, with a subset of oscillators crossing the (1+ 2n)π/2 boundaries. This phase
transition reverses the cosine sign for these elements, leading to an incorrect recognition outcome.

The phase rasters indicate that the system first converges toward the correct attractor (digit ‘6’), but
subsequently drifts toward a mixture of stored patterns, here involving features of digits ‘4’ and ‘1’. The
resulting equilibrium therefore corresponds to a hybrid attractor state rather than a stored pattern.

These results emphasize that, within such oscillator networks, the intrinsic meta-stability of the tar-
geted equilibria may lead to convergence toward hybrid or mixed states. Further analysis indicates that
the degradation observed under prolonged training is primarily associated with oscillators converging
near the decision boundary of the readout x̂i = sign(cosψi), which reduces robustness to perturba-
tions. To mitigate this effect while preserving locality of the learning rule, we implemented a stabilization
mechanism combining an Oja-type activity–dependent decay [52] with synaptic scaling [53]. We refer
to this learning rule as Modified EP. Such homeostatic mechanisms are widely recognized as essential for
stabilizing Hebbian learning in recurrent networks and preventing runaway weight growth [54].

The amended update modifies the EP increment according to

∆Wij←∆WEP− γ cos(ψi)
2Wij. (55)
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Figure 5. Phase-set evolution for a trained 16× 16 oscillator network. The initial system state corresponds to a noisy instance of
the digit ‘2’ (ψ row, first column). The temporal evolution of the oscillator phases is depicted in the central cylindrical plot, where
each trajectory follows a color code according to the spatial legend shown on the left. Note that the time axis is represented on a
logarithmic scale. Dashed and continuous curves trace the evolution of the oscillators toward their expected steady states, with
dashed lines converging to the phase deviation value ψ and continuous lines converging to zero. The corresponding phase raster
plots are shown for selected time frames in the ψ row. Below this, the cosine of the phase distribution is displayed to illustrate the
numerical data from which the system’s recognition output is derived. The target and inferred (guessed) states are also displayed
on the right as two-dimensional spatial maps for direct comparison.

This Oja-like term introduces an activity-dependent decay that counteracts the reinforcement of strongly
active synapses and limits the progressive amplification of correlated modes.

After the EP update, a synaptic scaling step is applied

Wi:← siWi:, si =
ρi

‖Wi:‖2
, (56)

where ρi is a reference row norm measured during early training. Synaptic scaling preserves the relative
structure of synaptic weights while maintaining bounded total input to each unit. Together, these two
local mechanisms stabilize the training dynamics by limiting weight growth and indirectly constrain-
ing spectral expansion of the coupling matrix, thereby preventing the late-stage accuracy degradation
observed with the baseline EP rule (see dash-dotted curves in figure 4).

3.1. Validation onMNIST-derived dataset
To complement the controlled denoising experiments based on synthetic perturbations of stored phase
patterns, we evaluated the proposed framework on a subset of the MNIST dataset. In order to preserve
consistency with the associative-retrieval setting considered in this work, the benchmark was adapted as
follows. For each digit class, a representative target was selected as the sample closest to the class mean
in Euclidean distance. Training and test datasets were then constructed by selecting the closest class-
consistent samples to this prototype (100 samples per class).

Unlike the synthetic perturbation setting, these inputs are not generated by adding controlled noise
to the targets but correspond to naturally varying handwritten realizations. As a result, the benchmark
represents a more heterogeneous and less controlled retrieval problem.

The training process (through the Modified EP rule) and evaluation results are shown in figure 7.
The system achieves stable accuracy, with mean values calculated after 250 epochs of 91.16% on the
training set and 90.26% on the test set (data is calculated testing 400 samples per datapoint). The confu-
sion matrix, computed using the full test dataset at the end of the training, yields an overall classification
accuracy of 88.40%.

To quantitatively assess the characteristic of this benchmark, we measured the mismatch
between input patterns ψi and their corresponding target prototypes Ti, using the cosine-domain
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Figure 6. Phase set evolution for a 16× 16 oscillator system subjected to prolonged training, shown using the same graphical
representation adopted in figure 5. Here, the cylindrical phase plot is unwrapped and presented on its corresponding rectangu-
lar surface, allowing clearer visualization of phase deviations and cluster bifurcations occurring during the system’s temporal
evolution.

Figure 7. Training through theModified EP rule, and evaluation, on the MNIST-derived dataset. Main plot: classification accur-
acy vs epochs, evaluated on a subset of 400 samples for both training and test datasets, for each datapoint. The system achieves
approximately 91% training accuracy and 90% test accuracy after 250 epochs. Inset: confusion matrix computed over the full-test
dataset, at the end of the training simulation; the resulting accuracy is 88.40%.

Euclidean distance d(ψ,T) = 1
N‖cos(ψ)− cos(T)‖22, and the Hamming mismatch h(ψ,T) =

1
N

∑N
i=1 1{sign(cos(ψi)) 6= sign(cos(Ti))}22.
The MNIST training set exhibits a mean distance |d| ≈ 0.39, comparable to the Flip perturbation

case (|d| ≈ 0.40), while the MNIST test set shows a significantly larger value (|d| ≈ 0.48). In addi-
tion, the variability is substantially higher for the MNIST datasets (standard deviation σ(d)≈ 0.15
and σ(d)≈ 0.17, for training and test datasets respectively) compared to both of the synthetic setting
(σ(d)< 0.07). The data measured for the Hamming mismatch report qualitatively similar features with
largely unaltered ratios between datasets.
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These results indicate that the MNIST benchmark constitutes a more challenging retrieval problem
due to the intrinsic intra-class variability of handwritten digits. Despite this increased mismatch and dis-
persion, the network maintains comparable performance on training and test sets, indicating that the
learned attractor structure generalizes across intra-class variations, rather than overfitting the prototype-
based training set. This behavior is consistent with the energy-based interpretation of the model, where
one expects learning shapes attractor basins (associated with class prototypes) rather than memorizing
individual samples.

4. Conclusions

In this work, we presented a methodological framework for the analytical design of ONN circuitry.
Rather than relying solely on numerical optimization or heuristic modeling, we demonstrated that the
core mechanisms governing synchronization, adaptation, and learning in ONNs can be formally derived
from first principles using phase deviation equations. By linking these analytical constructs with the EP
learning rule, the proposed approach enables a systematic transition from dynamical modeling to physic-
ally realizable neuromorphic architectures.

The phase deviation equations derived in this work reduce the complexity of the full nonlinear sys-
tem while preserving its essential coupling structure and stability characteristics. The number of ODEs
required to describe the network is thereby reduced to a single ODE per node. Moreover, synchron-
ous oscillations within the network are mapped to equilibrium points of the phase deviation equations.
This reduction and simplification enable designers to analytically predict equilibrium configurations, syn-
chronization conditions, and the influence of coupling parameters before resorting to numerical simula-
tions or circuit-level implementations. Consequently, the proposed framework provides a direct pathway
for the systematic design and optimization of ONN hardware through controllable parameters such as
coupling strength, phase response, and network topology.

From an engineering perspective, the proposed methodology reframes ONNs modeling as a design-
oriented problem. Beginning with the specification of the network topology–namely, the differential
equations that define each node’s internal dynamics and their interconnections–the corresponding phase
deviation equation and the associated energy function can be analytically derived. The analytical form of
the energy landscape not only enables the prediction of the network’s convergence and stability proper-
ties, but also provides a principled foundation for designing ONNs as specialized hardware solvers ana-
logous to Ising machines. By appropriately configuring the interconnection strengths, the energy land-
scape can be modulated such that its minima correspond to the solutions of complex combinatorial
optimization problems, pattern recognition, associative memories, and classification tasks. In this regard,
the proposed framework goes beyond a descriptive model of ONNs dynamics; it prescribes how ONNs
can be designed and trained to realize targeted equilibrium states. This distinguishing feature sets the
present work apart from purely data-driven or simulation-based approaches, grounding neuromorphic
circuit design in analytical rigor and predictability.

The results obtained through EP-based and modified EP-based training4 confirm this interpretation.
The system demonstrates rapid convergence toward stable attractors and exhibits resilience to perturba-
tions, confirming that the analytical energy formulation accurately captures the underlying dynamics of
the physical system. The correspondence between the minima of the energy function and the steady-state
phase configurations further demonstrates that circuit parameters can be directly optimized within the
analytical domain, thereby reducing reliance on extensive numerical simulations and iterative hardware
prototyping.

However, the aforementioned results are not without trade-offs. Although phase-only reduction
enhances analytical tractability, it neglects higher-order amplitude interactions that may influence con-
vergence in strongly coupled or heterogeneous networks. Future research should aim to extend the form-
alism by incorporating adaptive phase–amplitude coupling and stochastic effects, thus broadening the
scope of circuits that can be designed through analytical methodologies.

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary
files).

4 The data and data-processing scripts used in this work are available in the accompanying GitHub repository: https://github.com/
EmanueleGemo/ONN-training-with-EP
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