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Multistability, Noise Induced Transitions, and
Stochastic Resonance in a Nonlinear Oscillator

With a Nonvolatile Memristor
Kailing Song , Member, IEEE, Michele Bonnin , Alon Ascoli , Senior Member, IEEE,

and Fernando Corinto , Senior Member, IEEE

Abstract—We investigate multistability, noise-induced tran-
sitions, and stochastic resonance in a second-order nonlinear
oscillator incorporating a nonvolatile memristive device. The
memristor provides a programmable nonlinear conductance,
enabling bistable dynamics with two asymptotically stable equi-
librium points separated by a saddle. Under periodic excitation,
the system exhibits coexisting limit cycles, period-doubling cas-
cades, boundary crises, and transitions to chaos. Lyapunov
exponent analysis reveals repeated crossings of the edge-of-chaos
regime, where the largest nonzero exponent approaches zero,
marking a balance between stability and sensitivity to perturba-
tions. The effects of additive Gaussian white noise are analyzed
by reformulating the dynamics in terms of an effective potential
landscape, where noise induces random transitions between
coexisting attractors. Transition rates are accurately described in
the weak-noise regime by the Eyring–Kramers formula. When
periodic forcing and noise act jointly, the system exhibits stochas-
tic resonance, with optimal synchronization occurring when
the forcing period matches the mean noise-induced transition
time. These results demonstrate that memristor-based nonlinear
circuits naturally operate near critical dynamical regimes and
provide a compact hardware platform for studying noise-assisted
computation and edge-of-chaos dynamics in neuromorphic
systems.

Index Terms—Memristor, multistability, Gaussian white noise,
noise induced transitions, stochastic resonance.

I. INTRODUCTION

IN THE theory of dynamical systems, multistability denotes
the coexistence of two or more stable limit sets. In systems

that admit an energy function, these stable states correspond to
local minima of the associated energy landscape, separated by
barriers that prevent spontaneous transitions. More generally,
limit sets may take the form of equilibrium points, limit cycles,
quasi-periodic orbits, or strange attractors.

A limit set is said to be attractive (or asymptotically stable)
when trajectories in its vicinity not only remain close but
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converge to the set itself. In multistable systems, the basins
of attraction of distinct attractors are separated by invariant
manifolds known as separatrices. Examples include the stable
manifolds of saddle points, close to which trajectories are
transiently attracted toward the saddle before being repelled
along its unstable manifold.

Dynamical systems exhibiting multiple attractors have
long provided a theoretical framework for understanding
how neural dynamics can support computation, memory,
and decision-making. In attractor-based models of decision
making, distinct stable states represent alternative choices,
and competition among neuronal populations drives the
network toward one of these states [1]. Such dynamics
enable recurrent cortical circuits to implement winner-take-all
mechanisms.

Empirical evidence supports this framework: during per-
ceptual decision tasks, neural activity often exhibits delayed
and abrupt transitions between discrete attractor states. These
transitions have been observed during taste processing (where
the decision is between ingesting or expelling a tastant) [2], in
somatosensory discrimination tasks [3], and in motion direc-
tion detection [4]. Alternative analyses have identified gradual
ramping activity during stimulus accumulation, with sudden
transitions corresponding to changes of mind. In certain model
variants, the undecided state itself constitutes a metastable
attractor, allowing decisions to emerge through noise-induced
transitions [5].

Spatial navigation, e.g. the process by which an animal (or
agent) maps, represents, and moves through space, provides
another strong biological evidence for attractor-based dynam-
ics in neural systems. Networks of head-direction cells and
grid cells in the mammalian brain maintain stable representa-
tions of orientation and position through continuous attractor
mechanisms [6].

A continuous attractor network can support continuous
spatial representations, such as smoothly varying head direc-
tion, or position in space. In these models, the neural
state evolves along a low-dimensional manifold (for exam-
ple, a ring or torus) as the agent moves. In cases of
ambiguous spatial information, when there may be competing
hypotheses about where the agent is, the network could
switch between different attractors, transiently occupy one or
another, or maintain mixtures, until sensory inputs resolve the
ambiguity [7].

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
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Persistent activity in the prefrontal cortex has likewise
been interpreted as the stabilization of neural dynamics into
an attractor state that maintains information over time [8].
Analyses of simultaneously recorded neuronal ensembles have
revealed transitions between discrete, metastable activity states
in premotor and prefrontal cortex during spatial working-
memory tasks [9], as well as in gustatory cortex during taste
processing [10]. The timing of such transitions correlates with
ongoing behavior and can predict subsequent responses [11].

Hopfield pioneered the idea of exploring the complex
energy landscape of Artificial Neural Networks (ANNs) to
implement associative memory and pattern recognition [12].
In such networks, memories are encoded as point attractors
within an energy landscape. When presented with a noisy
or incomplete cue, the network converges to the correspond-
ing attractor, thereby performing content-addressable memory
retrieval. Since this seminal work, ANNs have played a central
role in associative memory [13], [14], pattern recognition [15],
deep learning [16], [17], intelligent control [18], [19], and
many other domains.

Recurrent neural networks (RNNs) must be monostable
when solving single-objective optimization problems [20],
[21]; otherwise, multiple equilibrium points can produce
spurious, suboptimal responses. Conversely, solving multi-
objective optimization problems requires RNNs with multiple
equilibrium points, where the number of equilibria determines
the system’s capacity for pattern recognition and associative
memory [22]. In reservoir computing and echo state networks,
transient trajectories approach attractors, and computation is
extracted from these dynamics [23]. More recently, deep recur-
rent networks have been analyzed using dynamical systems
tools to reveal how attractors represent categories, rules, and
sequences [24].

ANNs were originally developed to emulate biological
learning mechanisms. However, they are typically imple-
mented on von Neumann architectures, which lack many of
the advantages of brain computation, such as massive paral-
lelism, low energy consumption, fault tolerance, and inherent
robustness [25]. This limitation led to the development of
neuromorphic computing, a field that seeks to reproduce
the brain’s computational principles using physical devices.
The implementation of spiking neural networks (SNNs) on
neuromorphic hardware, grounded in biological processing
principles, provides a promising path toward adaptive and
energy-efficient artificial intelligence (AI) systems [26], [27],
[28]. This approach, driven by advances in materials sci-
ence, device physics, chip integration, and neuroscience, has
attracted significant interest from both neuroscientists and
computer scientists.

Within the neuromorphic paradigm, multistability can
emerge at the single neuron level, where certain types of arti-
ficial neurons can exist in a repetitively firing state, a bursting
state or a quiescent state [14], [29], and at a macro level,
where entire neuronal network configurations can coexist, in
which dynamical neuronal clusters are uniquely connected to
perform different operations [30], [31].

A central enabler of neuromorphic architectures is mem-
ristor technology, which provides a compact, energy-efficient,

and inherently analog means of emulating synaptic plasticity.
A memristor (memory resistor) is a two-terminal electronic
device whose resistance depends on the history of charge flow
through it. This property allows it to store information in
its conductance state, closely resembling the adaptive weight
of a biological synapse. By modulating their conductance
through voltage or current pulses, memristors naturally imple-
ment synaptic learning rules such as spike-timing-dependent
plasticity, enabling local and online adaptation without explicit
memory and processor separation [32].

Memristor-based neuromorphic systems integrate memory
and computation within the same physical substrate, thereby
overcoming the bandwidth and energy bottlenecks of con-
ventional von Neumann architectures. Large-scale memristive
crossbar arrays can efficiently perform parallel matrix–vector
multiplications—the core operation of neural networks—using
Ohm’s and Kirchhoff’s laws. Such hardware not only acceler-
ates computation but also offers non-volatility, scalability, and
high integration density.

Recent developments have demonstrated hybrid
CMOS–memristor circuits capable of implementing spiking
networks, associative memories, and even dynamic attractor
behaviors, where memristive elements act as both storage
and adaptive components [33], [34], [35]. As fabrication
technologies mature, memristor-based neuromorphic hardware
is expected to play a central role in building energy-efficient,
brain-inspired computing systems capable of real-time
learning and robust information processing.

In this work, we present a theoretical investigation of
the nonlinear and stochastic dynamics of a memristor-based
oscillator incorporating an experimentally characterized non-
volatile RRAM nonlinearity. The proposed circuit serves as
a physically grounded dynamical system in which multista-
bility, bifurcation phenomena, and noise-driven effects can be
systematically analyzed.

Our work aims to advance the development of brain-like
machines. By exploiting multistability, noise-induced tran-
sitions, and stochastic resonance, it is possible to design
innovative bio-mimetic sensors that leverage the interplay
between a well-defined periodic stimulus and a noise source
of internal or external origin. Such dynamically rich cells,
incorporating non-volatile memristors with fading memory,
can detect low-amplitude signals that would otherwise remain
imperceptible.

The memristive circuit proposed here, despite its simplicity,
exhibits complex dynamic behavior, including multistabil-
ity, edge-of-chaos dynamics, noise-induced transitions, and
stochastic resonance. This makes it a suitable platform for
exploring applications in reservoir computing and a benchmark
for neuromorphic systems in tasks such as decision-making,
motion detection, and spatial navigation. Its ability to switch
between different attractors not only enhances the resolution
of ambiguous inputs but also supports multi-objective opti-
mization, analogous to stochastic gradient descent in artificial
learning systems, making it particularly valuable for adaptive,
noise-sensitive computations.

In Section II, we describe the physical implementation
of the memristor. In Section III, we derive a normalized
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Fig. 1. Switching operation of the Pt/HfO2/TiN nonvolatile memristive device.
The thick line highlights the v–i characteristic in the HIGH resistive state,
which is used in the oscillator circuit.

state-space model and characterize the autonomous dynam-
ics of the second-order oscillator including the nonvolatile
memristor. We identify equilibrium points, stability proper-
ties, and the separatrix delimiting the basins of attraction of
the different invariant sets. We study the periodically forced
system in Section IV, establishing the occurrence of coexist-
ing limit cycles, period-doubling cascades, boundary crises,
and transitions to chaos, which are rigorously characterized
through Lyapunov exponent analysis and bifurcation structures
in the parameter space. The effect of stochastic perturbations
is subsequently addressed in Section V. By formulating an
equivalent stochastic dynamical model and introducing an
effective potential, we provide an analytical interpretation of
noise-induced transitions.

Finally, we analyze the interplay between periodic forcing
and noise, demonstrating the emergence of stochastic reso-
nance and identifying the associated matching condition. The
theoretical results provide fundamental insight into edge-of-
chaos operation in memristor-based nonlinear circuits and
establish a foundation for their use in neuromorphic and
reservoir computing architectures. Section VI is devoted to
conclusions.

II. PHYSICAL IMPLEMENTATION OF THE RRAM DEVICE

We investigate resistive random-access memory (RRAM)
devices consisting of 50 nm Pt / 5.5 nm HfO2 / 40 nm TiN
stacks, with an active area of 40 × 40 µm2. The fabrication
process and modeling methodology are described in detail in
[36] and [37]. After an appropriate electroforming step, the
device exhibits a well-defined resistive switching behavior.
Fig. 1 shows a representative bipolar v–i switching cycle.
Starting from the low-resistance state (LRS), the device under-
goes a RESET transition to the high-resistance state (HRS)
upon application of a positive voltage (VRESET = 2.65 V).
Conversely, applying a suitable negative voltage (VSET) under
current compliance induces the SET transition, abruptly return-
ing the device to the low-resistance state. The terms LRS
and HRS (also referred to as LOW and HIGH, respectively)
denote the states of the device following the SET and RESET
operations.

The v–i characteristics in the HIGH resistive state are
strongly nonlinear. A polynomial fit of the measured data

shows that the relationship can be modeled as a fifth-order
polynomial:

iN(v) =

5X
k=1

Gk vk, (1)

where the conductance coefficients Gk take different values
upon programming the nonvolatile memristive device. The
values used here, corresponding to a selected HIGH resistive
state, are: G1 = 1.91 µS, G2 = 0.31 µS/V, G3 = 19.1 µS/V2,
G4 = −5.2 µS/V3 and G5 = 1.77 µS/V4.

The choice of a fifth-degree polynomial reflects a balance
between accuracy and model complexity. Higher-order terms
have negligible coefficients and do not significantly affect the
circuit dynamics within the voltage range where the memristor
operates as a low conductance resistor. Moreover, complex
nonlinear phenomena such as multistability, bifurcations, and
chaos, arise already from low-order (quadratic and cubic)
nonlinearities, as shown in classical systems like the van der
Pol oscillator, the Lorenz system, and Chua’s circuit.

III. MEMRISTOR BASED NONLINEAR OSCILLATOR

We have used the RRAM device to implement a pro-
grammable nonlinear resistor in a second order nonlinear
oscillator, shown in Fig. 2. The circuit is composed of two
reactive elements, an inductor and a capacitor, connected in
series with a linear resistor. A voltage source is included, to
model external stimuli. A shunted resistor, characterized by
negative conductance1 (G < 0) is connected in parallel with the
nonvolatile memristive element, that provides the nonlinearity
thanks to its v − i characteristic.

Applying Kirchhoff’s laws yields the following system of
state equations:

di
dt

= −
R
L

i −
1
L

v +
1
L

vs(t) (2a)

dv
dt

=
1
C

(i−Gv) −
1
C

iN(v), (2b)

where i and v denote the state variables, and iN(v) is defined
in (1). The parameter values used in the analysis are R =

49.820 kΩ, L = 24.82 H, C = 10 nF, and G = 33.893 µS.
Introducing the normalized voltages x1 = R i and x2 = v,

and the normalized time t′ = t/τ, where τ = R C is a time
constant, Eq. (2) can be rewritten as

dx1

dt′
= −

R2C
L

(x1 + x2) +
R2C

L
vs(τ t′) (3a)

dx2

dt′
= (x1−R G x2) − R iN(x2). (3b)

For the chosen parameter values, we have R2C/L = 1.
Introducing the dimensionless parameter ρ = RG and f (x2) =

R iN(x2), the normalized equations take the form

dx1

dt
= −(x1 + x2) + vs(τ t) (4a)

dx2

dt
= x1 − ρx2 − f (x2), (4b)

1A negative resistance can be synthesized via a classical Negative
Impedance Converter.
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Fig. 2. Second order circuit with nonvolatile memristive device.

Fig. 3. Nullclines showing the locations of the equilibrium points.

where, with a little abuse of notation, we made the substitution
t′ → t for simplicity.

A systematic bifurcation analysis with respect to the internal
parameters, such as the coefficients Gk, is beyond the scope
of the present study and has been explored in previous works
[38]. In this work, the focus is on the bifurcation induced by
external inputs, deterministic (in particular periodic), stochas-
tic, and mixed.

A. Autonomous System Analysis

The autonomous system is obtained by setting vs(τ t) = 0.
It exhibits three equilibrium points, which can be identified
as the intersections of the nullclines, i.e. the sets of points
where dx1/dt = dx2/dt = 0, as shown in Fig. 3. The three
equilibrium points are the origin, x∗0 = (0, 0), and the two
points, x∗1 = (0.7151,−0.7151) and x∗2 = (−0.8545, 0.8545).

The local stability of each equilibrium point is determined
from the eigenvalues of the Jacobian matrix evaluated at those
points.

J(x1, x2) =

"
−1 −1

1 −ρ − f ′(x2)

#
(5)

The equilibrium x∗0 is an unstable saddle point, characterized
by one positive and one negative real eigenvalue. In contrast,
x∗1 and x2∗ are asymptotically stable, with complex conjugate
eigenvalues having negative real parts. The basins of attraction
of these two stable equilibrium points are separated by the
separatrix, corresponding to the stable manifold W s

x∗0
of the

saddle point, shown as the blue curve in Fig. 4.

IV. INFLUENCE OF A PERIODIC STIMULUS

Periodic forcing is a common mechanism influencing neu-
ronal dynamics. In the brain, it occurs when neuronal networks

Fig. 4. Equilibrium points and their stable/unstable manifolds for the
autonomous circuit. Red lines are the unstable manifold Wu

x∗0
of the saddle

equilibrium x∗0, while blue lines are the stable manifold W s
x∗0

, which forms the
separatrix between the basins of attraction of the two asymptotically stable
equilibrium points.

are driven by inputs that follow a regular rhythmic pattern [39].
Such inputs may arise from external sensory stimulation, such
as flashing lights or auditory tones [40], or from internally
generated oscillatory activity in brain regions such as the
thalamus during cognitive tasks [41]. These rhythmic inputs
can induce neural entrainment, whereby brain oscillations
synchronize with the forcing frequency, a phenomenon known
as mode-locking.

We now consider the system described by Eq. (4) under the
influence of a periodic external stimulus,

vs(τt) = A cos
�
ω

ω0
t
�
, (6)

where ω0 = 1/τ = 1/(RC) is the normalization frequency, and
A and ω denote the amplitude and angular frequency of the
stimulus, respectively.

When driven by this periodic input, the second-order system
in Eq. (4) can be rewritten as the third-order autonomous
system:

dx1

dt
= −(x1 + x2) + A cos(x3), (7a)

dx2

dt
= x1 − ρx2 − f (x2), (7b)

dx3

dt
=
ω

ω0
, (7c)

which reveals that the forced system has no equilibrium points.
We have performed extensive time domain numerical

simulations to assess the system dynamic behavior. For
small stimulus amplitudes, the system exhibits two asymp-
totically stable limit cycles, each surrounding one of the
stable equilibrium points identified in the autonomous
case. As the amplitude increases, the oscillations grow in
magnitude and the limit cycles expand, as illustrated in
Fig. 5 (a) and (b).
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Fig. 5. Snapshots of the phase portrait for different values of the forcing
amplitude A, and fixed frequency ω/ω0 = 1. Detailed explanation is in the
text. The colored dots are the equilibrium points of the autonomous system,
shown here for reference. (a) Small amplitude limit cycles, A = 0.1. (b) The
limit cycles with larger amplitude, A = 0.32. (c) After the period doubling
(PD) bifurcation for the right cycle, A = 0.344. (d) After the PD cascade
for the right cycle, A = 0.34924. (e) After the boundary crisis (BC) for the
right strange attractor, A = 0.350. (f) After the PD bifurcation for the left limit
cycle, A = 0.381. (g) After the PD cascade for the left limit cycle, A = 0.3837.
(h) After the BC for the left strange attractor, A = 0.3850. (i) After the PD
bifurcation for the large cycle, A = 0.5844. (j) After PD cascade for the large
cycle, A = 0.5855. (k) After PD bifurcation for the large cycle, A = 0.7289.
(l) After PD cascade for the large cycle, A = 0.7350.

When A exceeds a critical value, the right limit cycle
undergoes a period-doubling bifurcation (Fig. 5 (c)), followed

by a cascade of successive period doublings that culminate in
the formation of a strange attractor (Fig. 5 (d)).

As the amplitude increases further, a boundary crisis occurs:
the strange attractor collides with an unstable limit set, after
which the attractor vanishes, leaving the left limit cycle as the
unique global attractor (Fig. 5 (e)).

A similar scenario occurs for the left limit cycle. With
increasing A, the limit cycle undergoes a period-doubling
cascade (Fig. 5 (f)), eventually developing into a strange
attractor (Fig. 5 (g)). Following another boundary crisis, this
attractor disappears, giving rise to a new asymptotically stable
large limit cycle (Fig. 5 (h)).

This large limit cycle then undergoes another period-
doubling cascade, giving rise to a new strange attractor.
A repeating pattern of boundary crises and period doublings is
thus observed, alternately generating limit cycles and strange
attractors as A increases (Figs. 5 (i)- 5 (l)).

A. Lyapunov Exponents

To locate and characterize the bifurcations in the parameter
space, in particular transitions to chaos and boundary crises,
we computed the Lyapunov’s exponents.2

Given a continuous time dynamical system in an
n-dimensional phase space, the Lyapunov exponents character-
ize the long-term evolution of an infinitesimal n- dimensional
sphere of initial conditions. Under the flow, this sphere
deforms into an n-dimensional ellipsoid due to local stretching
and contraction. The Lyapunov exponents quantify the average
exponential rates of divergence or convergence along the
principal axes of this ellipsoid, thereby measuring the expand-
ing or contracting nature of different directions in the phase
space.

A non-autonomous dynamical system such as system (4),
possesses at least one zero Lyapunov exponent, corresponding
to the neutral direction tangent to the flow that reflects the
time invariance of time shifted periodic solution. Directions
that are, on average, expanding (contracting) correspond to
positive (negative) exponents. The sum of all Lyapunov expo-
nents equals the time-averaged divergence of the phase-space
velocity. Consequently, any dissipative dynamical system must
have at least one negative exponent, with the total sum being
negative; thus, after transients die out, trajectories evolve
on a zero-volume limit set, or attractor. The presence of a
positive Lyapunov exponent signifies exponential sensitivity to
initial conditions, a benchmark of chaotic dynamics. However,
sustained exponential divergence within a bounded attrac-
tor necessitates a folding mechanism that repeatedly merges
diverging trajectories, ensuring boundedness of motion. Each
positive exponent therefore corresponds to a direction in
which the system experiences the recurrent stretching and
folding that progressively decorrelates nearby states on the
attractor.

The signs of the Lyapunov exponents provide a qualitative
classification of the system’s long-term behavior. For a three-

2Readers familiar with the concept of the Lyapunov exponent can skip the
following discussion and proceed directly to the description of Fig. 6.
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dimensional continuous time dissipative system, the possible
Lyapunov spectra and their corresponding attractors are:8̂̂̂<̂

ˆ̂:
(−,−,−), fixed point (steady state),
(0,−,−), limit cycle (periodic motion),
(0, 0,−), two-torus (quasiperiodic motion),
(+, 0,−), strange attractor (chaotic motion).

The Lyapunov exponents also provide fundamental informa-
tion about information processing capabilities of the system.
The regime near the transition from order to chaos, character-
ized by a largest nonzero Lyapunov exponent λm approaching
zero, is often referred to as the edge of chaos [42], [43].
At this boundary, the system maintains a delicate balance
between stability and instability: trajectories neither converge
too rapidly to fixed points nor diverge uncontrollably, allowing
for long-lasting, structured yet adaptable dynamics.

This regime has been extensively studied in the context of
neural computation and complex systems theory. In both bio-
logical and artificial neural networks, operating near the edge
of chaos has been associated with enhanced computational
capabilities, including improved memory retention, sensitivity
to inputs, and representational richness [44], [45], [46], [47].

For example, in reservoir computing models, maximal infor-
mation transmission and learning performance occur when λm

is close to zero, indicating that the system is neither frozen nor
fully chaotic. In this critical region, perturbations are neither
damped out nor amplified exponentially, allowing information
to propagate and interact over extended timescales [48], [49].

It is worth noting that the beneficial role of the edge of
chaos for the computational properties of reservoir computers
is not universally accepted. In [50], the author notes that,
in numerous reservoir computing architectures, a positive
Lyapunov exponent is associated with trajectories diverging
to infinity rather than with true strange attractors, a condition
he termed the edge of stability. This distinction highlights
a potential advantage of using real chaotic circuits, which
operate at the true edge of chaos rather than at the edge of
stability, as the basic elements of the reservoir.

In the context of the nonlinear circuit under investigation,
the alternating sequence of limit cycles and strange attractors
observed in Fig. 5 can be viewed as recurrent transitions
across the edge-of-chaos boundary. When λm < 0, the system
exhibits ordered, periodic behavior with high predictability but
limited responsiveness to external stimuli. On the contrary,
when λm > 0, the system becomes chaotic, exhibiting strong
sensitivity to initial conditions and reduced coherence. The
near-critical regime, where λm ≈ 0, represents a dynamic bal-
ance between these extremes, allowing the system to maintain
stability while exhibiting rich, high-dimensional temporal pat-
terns. Such behavior may play an important role in adaptive or
computational functions, where responsiveness and structure
must coexist within the same dynamical system.

The Lyapunov exponents of system (7) are computed
numerically using the standard algorithm proposed by
Benettin et al. [51]. This method simultaneously integrates the
original system and a set of linearized variational equations
that describe the evolution of infinitesimal perturbations in

phase space. Let ẋ = F(x) denote the nonlinear system, and let
δx be an infinitesimal perturbation vector. The time evolution
of δx is governed by the variational equation

δ̇x = J(x) δx, (8)

where J(x) = ∂F/∂x is the Jacobian matrix evaluated along
the trajectory x(t) of the system. To compute the full spectrum
of Lyapunov exponents, an orthonormal basis of n perturba-
tion vectors {v1, v2, . . ., vn} is evolved according to Eq. (8).
At regular time intervals ∆tr, the perturbation vectors are
orthonormalized using the Gram–Schmidt procedure, and the
logarithms of the stretching factors are accumulated. After a
sufficiently long integration time T , the Lyapunov exponents
are estimated as

λi =
1
T

NX
k=1

ln
‖v(k)

i ‖

‖v(k−1)
i ‖

, i = 1, 2, . . ., n, (9)

where N = T/∆tr is the total number of renormalization
steps. In the present work, the system equations and their
corresponding variational equations are integrated using a
fourth-order Runge–Kutta method with a fixed time step
∆t = 10−3 (dimensionless unit). The integration time is cho-
sen sufficiently long to ensure convergence of the Lyapunov
exponents to their asymptotic values. To identify transitions
between periodic, quasiperiodic, and chaotic regimes, the
largest Lyapunov exponent λm (beside the “structural” one
which is always equal to zero) is monitored as a function of the
control parameters A and ω. A positive value of λm indicates
chaos, while λm = 0 and λm < 0 correspond to quasiperiodic
and periodic motion, respectively.

Fig. 6 (a) shows the bifurcation diagram (Poincaré map)
of the system in (7). The values of x2(tk) are plotted as a
function of the forcing amplitude A, with ω/ω0 = 1. Here,
tk = t0 + 2πk

ω
, where k = 1, 2, . . ., and t0 denotes the time at

which x2(t) attains its first maximum (after the transient has
decayed).3 The chaotic regions (vertical bands with densely
distributed points) and the periodic windows can be clearly
identified.

Fig. 6 (b) presents λm as a function of the stimulus amplitude
in the range 0.3 < A < 1.2, for ω/ω0 = 1. In this region of the
parameter space, the system exhibits a unique global attractor.
The behavior of λm clearly reveals alternating transitions
between periodic dynamics, corresponding to λm < 0, and
chaotic dynamics, associated with a strange attractor for which
λm > 0.

Fig. 7 shows the main bifurcation curves in the parameter
space (A, ω) for system (7). The bifurcation curves were
obtained using a numerical continuation method to track the
relevant solution branches in parameter space. In particular,
periodic solutions (limit cycles) were computed using a shoot-
ing technique, whereby periodic orbits are formulated as fixed
points of the flow over one forcing period and solved itera-
tively. To robustly follow these solutions as parameters vary,
including near turning points, pseudo–arclength continuation
was employed, enabling continuation along solution branches

3This periodic sampling of the system’s state every one period is sometime
referred to as a “stroboscopic map”.
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Fig. 6. (a) Poincaré map of the system in (7) showing the values of x2(tk)
as a function of the forcing amplitude A, with ω/ω0 = 1. The section is
defined by tk = t0 + 2πk

ω , where t0 denotes the time at which x2(t) attains
its first maximum (after the transient has decayed). The diagram illustrates
the evolution of the system dynamics as A increases, highlighting periodic
windows and chaotic (multi-valued) regions. (b) Largest non-null Lyapunov
exponent λm with ω/ω0 = 1. For A < 0.35 only the Lyapunov exponent for
the left limit cycle is shown. The regions with positive λm correspond to the
chaotic regions in Fig. 6(a). Note that λm becomes slightly positive in a small
interval around A ' 0.383. This interval corresponds to the strange attractor
shown in Fig. 5(g).

Fig. 7. Bifurcation structure of system (7) in the parameter space (A, ω). Solid
lines denote the first period-doubling bifurcations in the respective period-
doubling cascades, while dashed lines correspond to boundary-crisis curves.
The curves labeled PDR and BCR refer to the small limit cycle surrounding
the equilibrium point x∗1. PDL and BCL correspond to the small limit cycle
surrounding x∗2. The red and green curves, labeled PD and BC, indicate the
first and second period-doubling cascades and the associated boundary crisis
for the large limit cycle and the corresponding strange attractor, respectively.

independently of a single parameter [52]. Period-doubling
bifurcations were detected by monitoring changes in the period
of the computed limit cycles.

In regimes where the dynamics evolved toward strange
attractors, the analysis was complemented by the computation
of Lyapunov exponents, which allowed us to characterize the
onset of chaos and the stability properties of the resulting
attractors. The bifurcation analysis was further supported by
the study of the Poincaré map shown in Fig. 6 (a).

Solid lines denote the first period-doubling bifurcation in
each period-doubling cascade, while dashed lines correspond
to boundary crisis curves. The curves labeled PDR and BCR

refer to the period-doubling and boundary-crisis transitions
of the small limit cycle surrounding the equilibrium point x∗1
of the autonomous system. PDL and BCL correspond to the
analogous transitions for the left limit cycle surrounding x∗2.
The red and green curves, labeled PD and BC, represent the
first and second period-doubling cascades and the associated
boundary crises of the large limit cycle and the resulting
strange attractor, respectively.

It is worth noting that the strange attractors occur only
within relatively narrow intervals of parameter values. From
a computational perspective, this feature is advantageous.
Optimal information processing is typically associated with
operation at the edge of chaos, namely in parameter regions
that border chaotic regimes but do not correspond to fully
developed chaos. In fully chaotic states, the dynamics become
highly unpredictable, entropy production is maximal, and
information is rapidly degraded. The presence of several small
chaotic regions in parameter space therefore provides multiple
edge-of-chaos operating regimes, which may enhance the
flexibility and computational potential of the system.

V. EFFECT OF STOCHASTIC PERTURBATIONS AND
NOISE-INDUCED DYNAMICS

We now extend our analysis by considering the case in
which the external periodic stimulus incorporates a random
component, modeled as an additive white Gaussian noise.

Real-world systems are inevitably subject to disturbances.
In complex environments, where a sufficiently large number
of independent sources contribute to the perturbations, the
resulting fluctuations are Gaussian distributed, as established
by the central limit theorem. When the energy of these
disturbances is distributed over a wide frequency range, white
Gaussian noise provides an appropriate model for their effect.
In our study, the external perturbations, both deterministic
and stochastic, represent stimuli applied to the circuit. The
stochastic component, in particular, models background noise,
which may be applied either independently or together with
the deterministic signal.

The input signal is assumed to be of the form:

vs(t) = g(t) + D
dW(t)

dt
, (10)

where D represents the intensity of the stochastic perturbation
and W(t) is a Wiener process characterized by zero initial
value W(0) = 0, zero mean E[W(t)] = 0, and variance
var[W(t)] = t. Under this assumption, the system (2) becomes
a set of stochastic differential equations (SDEs). Because the
amplitude of the noise is constant (commonly referred to
as unmodulated or additive noise) the solutions are identical
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under both the Itô’s and the Stratonovich’s interpretation
of SDEs [53]. We emphasize that the random term should
be interpreted as an external perturbation, because modeling
internal noise in nonlinear dissipative elements as Gaussian
white noise with constant intensity leads to violations of the
fundamental laws of thermodynamics [54], [55].

Under rescaling of the time variable t = τ t′, the Wiener
process transforms according to [56] and [57]

W(t′) ∼

r
1
τ

W(t), (11)

where “∼” denotes equality in distribution. Consequently, the
rescaled system converges in probability to the solution of the
SDEs:

dx1

dt
= −

�
x1 + x2

�
+ g(t) + ε

dW(t)
dt

, (12a)

dx2

dt
= x1 − ρx2 − f (x2), (12b)

where the dimensionless noise intensity is ε = DR
√

RC/L,
and as before, we have written t instead of t′ for notational
simplicity.

It is convenient to introduce new variables,

x = x2 (13a)

y = x1 − ρ x2 − f (x2) (13b)

which transform system (12) into the SDEs

dx
dt

= y (14a)

dy
dt

= −U′(x) − U′′(x) y + g(t) + ε
dW(t)

dt
(14b)

where
U(x) =

Z
[(1 + ρ)x + f (x)] dx (15)

is the effective potential.
The SDEs (14) describe the Brownian motion of a particle in

the potential landscape U(x), subject to the nonlinear friction
F(x, y) = U′′(x) y and the force g(t).

Asymptotically stable (respectively, unstable) equilibrium
points of the autonomous system, that is, for g(t) = 0
and ε = 0, correspond to values of x located at the local
minima (respectively, maxima) of the effective potential U(x),
with y = 0. The position of the equilibrium points and the
stable/unstable manifolds of the saddle for the system in the
new coordinates are shown in Fig. 8.

The influence of noise on the system’s dynamic behavior
was investigated through numerical simulations. The SDEs
(14) were solved using a stochastic Runge–Kutta integration
scheme with strong order-one convergence [58]. A fixed time
step of δt = 10−4 was employed, and each simulation was
run for a total duration of ∆T = 103 (dimensionless units)
to ensure statistical convergence of the results. The stochastic
term was modeled as additive Gaussian white noise with zero
mean and variance proportional to δt. Random numbers were
generated using the ziggurat method [59].

In selecting the noise intensity, we assume that the stochastic
term represents background noise, either intrinsically present

Fig. 8. Equilibrium points and their stable/unstable manifolds for the system
in the new variables. Red lines denote the unstable manifold Wu

x∗0
of the saddle

equilibrium x∗0, while blue lines denote the stable manifold W s
x∗0

, which forms
the separatrix between the basins of attraction of the two asymptotically stable
equilibrium points.

or superimposed on the periodic signal that models the
external stimulus. Accordingly, the noise amplitude is chosen
to be from one to three orders of magnitude smaller than
that of the periodic signal, so that it acts as a perturbative
contribution rather than as a dominant driving mechanism.
In fact, the relevant parameter is the ratio between the
amplitude of the periodic forcing and the noise intensity,
which determines the effective signal-to-noise balance of the
system.

In the absence of external forcing and for small noise
intensities, the particle remains confined within one of the
potential wells. Starting from random initial conditions, it
is attracted toward one of the asymptotically stable equi-
librium points, which one depends on the initial condition,
and converges to it along the corresponding stable manifold.
Subsequently, the particle exhibits small fluctuations around
this stable equilibrium point (see Fig. 9 (a) and (b)). Notably,
since the variance of the Wiener process increases linearly in
time, the particle will escape the potential well with probability
one given sufficient long time.

As the noise intensity increases, the particle may acquire
sufficient kinetic energy to overcome the potential barrier sep-
arating adjacent wells of the effective potential U(x) in a finite
time. When the stochastic fluctuations become comparable to
the barrier height, random transitions between neighboring
potential wells can occur. These noise-induced transitions
illustrate the system’s ability to switch between coexisting
stable states under the influence of random perturbations.
This behavior is exemplified in Fig. 9 (c) and (d). Starting
from random initial conditions, the particle initially converges
toward a stable equilibrium point along its stable manifold
and subsequently fluctuates around it. At a random instant,
a sufficiently strong noise-induced fluctuation enables the
particle to cross the separatrix, leading it to transition to the
other equilibrium point.

As the noise intensity increases further, the particle’s
kinetic energy correspondingly rises, leading to larger fluc-
tuation amplitudes. Transitions between adjacent potential
wells become more frequent, and the temporal evolution of
the system begins to display characteristics of noise-induced
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Fig. 9. Trajectories in the state space (figures (a), (c) and (e), black lines)
and the time evolution (figures (b), (d) and (f)) representing the solution of
the SDEs (14) for random initial conditions and different realization of the
Wiener process. The stable and unstable manifolds of the saddle equilibrium
point for the autonomous system are shown for reference. (a) Four trajectories
starting from distinct random initial conditions, noise intensity is D = 10−3.
(b) The corresponding time evolution of one of these solutions. (c) State space
trajectory for D = 3 ·10−3, and (d) the corresponding time evolution. (e) State
space trajectory for D = 4 · 10−3 and (f) the corresponding time evolution.

oscillatory dynamics between the coexisting stable states
(Fig. 9 (e) and (f)).

The mean oscillation frequency can be estimated, at least
approximately, by the Eyring-Kramers formula [60]. Given the
SDEs

dx
dt

= y (16a)

dy
dt

= −U′(x) − γy + ε
dW(t)

dt
(16b)

where γ is a damping coefficient, the Eyring-Kramers formula
for the average transition time between the state x∗i and the
state x∗j through the unstable saddle x∗0 is:

E[τx∗i→x∗j ] =
4πp

γ2 − 4U′′(x∗0) − γ

s
|U′′(x∗0)|
U′′(x∗i )

× exp
�

2γ∆U(x∗0, x
∗
i )

ε2

�
(17)

where ∆U(x∗0, x
∗
i ) = U(x∗0)−U(x∗i ) is the height of the potential

barrier.
To the best of the authors’ knowledge, there is no extension

of the Eyring–Kramers formula applicable to systems with
nonlinear friction. Therefore, we linearize the friction term
in Eq. (14) by setting γ = U′′(x∗0), and subsequently apply
Eq. (17). Fig. 10 presents a comparison between the expected

Fig. 10. Event rate (number of transitions between the basins of attraction
of the stable equilibrium points per unit time), for system (14) with g(t) = 0.
Comparison between numerical simulations and theoretical prediction from
the Eyring-Kramers formula (17).

transition time as a function of noise intensity obtained from
the Eyring–Kramers formula and that computed from numer-
ical simulations.

The Eyring–Kramers formula is classically derived for
systems with linear damping evolving in a multi-well poten-
tial, where metastability is determined by the presence of
multiple minima in the potential landscape. In the present
circuit, however, multistability does not originate from a multi-
well potential but from the nonlinear friction induced by the
nonvolatile memristor.

Using the change of coordinates introduced in (13), the
dynamics can be reformulated in terms of an effective higher-
order potential exhibiting multiple minima. This representation
establishes a formal correspondence between friction-induced
and potential-induced multistability, thereby providing a theo-
retical basis for applying the Eyring–Kramers approximation
to our system. Comparison with numerical results (see Fig. 10)
confirms the validity of this approach, showing good agree-
ment even for moderately large noise intensities, with the
expected degradation as the noise strength increases.

To evaluate the mean oscillation frequency of the noise-
induced oscillations, we define an event as the particle crossing
the separatrix between the two potential wells.4 The noise-
induced oscillation frequency is therefore defined as half the
number of such events, normalized by the total simulation
time. The mean oscillation frequency was estimated from
numerical simulations performed using the integration step
and total duration specified above. To ensure robust estimates,
we conducted 100 simulations for each noise intensity; in
each simulation, the initial transient (the first 50 s) was
discarded, and the event rate was computed by averaging
over all realizations. As expected, the Eyring-Kramers formula
offers accurate prediction for small noise intensities.

A. Stochastic Resonance

To conclude the analysis, we investigate the interplay
between a random and a periodic excitation, which gives rise

4It is important to consider the crossing of the barrier rather than merely
reaching it, since a particle that only reaches the barrier has a one-half
probability of being reflected back into the initial potential well.
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Fig. 11. Event rate (number of transitions between the basins of attraction
of the stable equilibrium points per unit time), for system (14) with g(t) =
A cos(ω t). Top: Event rate as a function of the forcing period Tω, for D =
10−2 (dimensionless unit). Bottom: Normalized event rate (event rate divided
by the noise intensity) as a function of D, for Tω = 14 (dimensionless units).

to the phenomenon of stochastic resonance [61]. In bistable
systems, the mechanism underlying stochastic resonance is
straightforward. In the presence of a periodic forcing of the
form g(t) = A cos(ω t), the double-well potential is periodically
tilted, alternately raising and lowering the potential barrier. At
time instants t = kπ/ω, the circuit dynamics is equivalent to
the motion of a Brownian particle in an “effective” potential
V(x) = U(x) + A x, with the right well raised and the left
well lowered. Half a period later, at t = (2k + 1)π/ω, the
situation is reversed. Although the noise intensity alone may
be insufficient to induce barrier crossing, the combination of
fluctuations and the periodic raising/lowering of the barrier
height can lead to synchronized jumps between the potential
wells.

To achieve statistical synchronization, the average transition
time between two noise-induced interwell transitions must be
comparable with half the period of the forcing, yielding the
matching condition for stochastic resonance:

Tω =
2π
ω

= E[τx∗1→x∗2 ] + E[τx∗2→x∗1 ] (18)

Numerical simulations confirm that stochastic resonance
occurs in the proposed circuit, in agreement with classical
theory. Fig. 11 illustrates two typical characterizations of this
phenomenon. In the top panel, the event rate is shown as
a function of the period of the forcing signal for a fixed
noise intensity D = 10−2 (dimensionless units). The curve

exhibits a pronounced peak at the frequency corresponding
to Tω ≈ 14, which is very close to twice the average
exit time E[τx∗1→x∗2 ] + E[τx∗2→x∗1 ] = 13.58 predicted by the
Eyring–Kramers formula. In the bottom panel, the normalized
event rate (i.e., the number of events per unit time, normalized
to the noise intensity and analogous to a signal-to-noise ratio)
is plotted as a function of the noise intensity D for a fixed
forcing period Tω = 14 (dimensionless units). Once again,
the curve displays a clear maximum at D = 0.01, the noise
intensity for which the mean exit time matches half the forcing
period. Numerical simulations were performed using the setup
described above. For clearer visualization and to obtain a
smoother curves, the data were smoothed using a 5-point
moving average, with each value computed over a sliding
window of length 5 (truncated at the endpoints) applied to
neighboring elements of the event-rate vector. The smoothing
operation does not shift the peak location in the plots.

VI. CONCLUSION

We have presented a comprehensive investigation of mul-
tistability, noise-induced transitions, and stochastic resonance
in a second-order nonlinear oscillator incorporating an exper-
imentally characterized nonvolatile memristive device. The
memristor-based circuit provides a compact, physically realiz-
able platform for studying complex nonlinear dynamics and
stochastic phenomena relevant to neuromorphic computing
and brain-inspired artificial intelligence systems.

The autonomous system exhibits bistable behavior with two
asymptotically stable equilibrium points separated by a saddle
point, whose stable manifold forms the separatrix between
their respective basins of attraction. Under periodic excitation,
the system displays rich dynamical behavior including coex-
isting limit cycles, period-doubling cascades, boundary crises,
and transitions to chaos. Lyapunov exponent analysis revealed
that the system repeatedly crosses the edge-of-chaos regime,
a critical dynamical state where the largest nonzero Lyapunov
exponent approaches zero. This regime represents a delicate
balance between stability and sensitivity to perturbations, and
has been associated with enhanced computational capabilities
in both biological and artificial neural networks, including
improved memory retention, information transmission, and
representational richness.

The effects of additive Gaussian white noise have been
analyzed by reformulating the system dynamics in terms of an
effective potential landscape. In this framework, noise induces
random transitions between coexisting attractors, with the
circuit behaving like a particle executing Brownian motion in
a double-well potential subject to nonlinear friction. For weak
noise intensities, transition rates are accurately predicted by
the Eyring-Kramers formula, which captures the exponential
dependence of escape times on the ratio of barrier height
to noise intensity. As noise intensity increases, the system
exhibits noise-induced oscillations with a characteristic fre-
quency determined by the average inter-well transition time.

When periodic forcing and noise act jointly, the system
exhibits stochastic resonance, a counterintuitive phenomenon
in which the presence of noise enhances the system’s response
to weak periodic signals. Optimal synchronization occurs
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when the forcing period matches twice the mean noise-induced
transition time, satisfying the classical matching condition
for stochastic resonance. Numerical simulations confirm this
behavior, with pronounced peaks in the event rate observed at
the predicted resonance conditions.

These results demonstrate that memristor-based nonlinear
circuits naturally operate near critical dynamical regimes and
provide a compact hardware platform for implementing neuro-
morphic functions that exploit noise-assisted computation. The
programmable nonlinearity offered by the nonvolatile memris-
tor enables tuning of the potential landscape, basin boundaries,
and bifurcation structure, suggesting applications in adaptive
systems requiring reconfigurable multistable dynamics. The
edge-of-chaos operation identified in this work is particularly
relevant for reservoir computing and echo state networks,
where computational performance is maximized in critical
regimes exhibiting both stability and sensitivity.

These results provide a foundation for developing learning
algorithms that leverage multistability and stochastic reso-
nance in memristor-based nonlinear oscillators, offering a
promising route toward energy-efficient, brain-inspired com-
puting platforms capable of real-time adaptation and robust
decision-making under uncertainty.
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