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Abstract

We define the harmonic Bergman space on locally finite trees with respect to a suitable
probabilistic Laplacian and a class of weighted flow measures. We characterise the corre-
sponding Bergman projection and prove that it is bounded on L? for every p > 1, and of
weak type (1, 1). We also prove necessary and sufficient conditions for the LP-bounded-
ness of the extension of a class of Toeplitz-type operators.
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1 Introduction

Bergman spaces, i.€., spaces of holomorphic functions in L2, have been studied in several
geometric settings by different authors, from the classical unit disk setup to domains in C™
with boundaries of different complexities. The study has also been extended outside the
realm of complex variable functions, where authors substitute holomorphic functions with
harmonic functions with respect to a suitable Laplace operator. We briefly recall some clas-
sical results.
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Let D be the unit disk in C, and let 1, be the absolutely continuous measure with respect
to the Lebesgue measure in D with density (1 — |2|2)*~2 for & > 1. Denote by B2(D, j1,,)
the space of holomorphic functions in L?(D, i, ). The Bergman projection P,, i.e., the
orthogonal projection from L?(D, uy) onto B2(D, p1,,), is defined by an integral operator,
whose kernel is the reproducing kernel of B2(D, 11,,).

A classical result states that the operator P, is bounded on LP(D,p,) for every
p € (1,00); we refer to [23, Chapter 4] and the references therein for a more detailed dis-
cussion about P,,.

The analysis on the disk can be naturally extended to the upper half-plane U, where the
measure (i, is replaced by the absolutely continuous measure with respect to the Lebesgue
measure on U, whose density is Tm(2)®*~2, provided that o > 1.

For harmonic Bergman functions with respect to the Lebesgue measure, we refer to [1]
for the definition of the Bergman projection in the cases of the ball and the half-space, to
[18] for the classical LP-boundedness property on the half-space setting and to [21, 22]
where related results are extended to a wider class of measures.

More recently, building on the connection between the disk and homogeneous trees [2,
19], several works have extended the study of the Bergman projection to harmonic func-
tions in the discrete setting; see [3, 8, 9]. In particular, in [8] and [9], the authors study
the LP-boundedness of the Bergman projection on the homogeneous tree T, 1, i.e., a tree
where every vertex has exactly ¢ + 1 neighbours, where the harmonic functions are defined
with respect to the combinatorial Laplacian. In this context, the measures (1 — [2]?)* =2 dz
and Tm(2)*~2 dz are replaced by ¢—°I'l on the disk realization of 7,41 and by ¢**) on
the upper half-plane realization of T, 41, provided that & > 1. Here, | - | denotes the graph
distance from the origin, and £(-) is the level of a vertex (see Sect. 1.1 for a precise defini-
tion). The study of this harmonic Bergman projection was recently generalised to the case
of radial trees in [6].

It is worth emphasising that, unlike isotropic settings where no direction is privileged,
the choice of a root on a tree naturally induces an intrinsic orientation, namely from the root
toward the boundary. This directionality can be exploited by defining operators that are not
isotropic but instead aligned with the geometry of the tree; such an approach often leads to
improved analytical behavior. For instance, it is known that the centred Hardy—Littlewood
maximal operator on a tree with bounded geometry may fail to be bounded on any LP space
for p < oo [12]. However, if one restricts the averaging process to the portion of a ball lying
below its center, the resulting non-centered maximal operator becomes bounded on every
LP space with p > 1, even on locally finite trees [16]. Similarly, while the combinatorial
Laplacian, which is associated with an isotropic random walk, allows for the study of Carle-
son measures only under radial symmetry assumptions on the tree [4, 5], the use of a direc-
tional operator, such as the forward Laplacian, defined as the identity minus an average over
the successors of a vertex, captures the underlying geometry and enables a characterisation
of Carleson measures on arbitrary locally finite trees [17].

The forward Laplacian studied in this article can be seen, in analogy with the continuous
case, as a Laplacian with drift. In fact, in the case of the ax + b group, one considers the
Laplacian given by the sum of squares of a basis of vector fields drifted by multiples of X,
the vector field generating the Lie algebra of 4. The operators constructed in this fashion are
symmetric with respect to an appropriate measure. Similarly, on trees one considers a Lapla-
cian analogous to the sum of squares, called the flow Laplacian and denoted L (see [11,
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15]). In this order of ideas, the forward Laplacian can be seen, in the case of a homogeneous
tree, as a flow Laplacian with drift of the form 2(£ — %V), where V is the natural gradient,
defined by Vf(-) = f(-) — f(p(+)), with p(x) the predecessor of x. We further observe that
among all operators of the form £ + ¢V, one may retrieve the combinatorial Laplacian,
much like in the continuous case where the Laplace-Beltrami operator on ax + b can be
seen as a sum of squares with a specific drift. Interestingly enough, the case ¢ = % studied
in this paper is the only one that is not symmetric with respect to any measure. In the pres-
ent work we study the harmonic Bergman projection associated to the forward Laplacian on
locally finite trees, without imposing additional geometric assumptions.

To clarify the novelty of our setting, we briefly discuss how previous works on the com-
binatorial Laplacian relate to our approach. The harmonic Bergman projection associated
with the combinatorial Laplacian on radial trees was studied in [6], where the authors obtain
an operator-level representation via a decomposition into Haar-type shifts and prove LP
-boundedness using a discrete Calderén-Zygmund theory. Their method relies on a Hérman-
der integral condition exploiting cancellations of the kernel derivative and size estimates,
and crucially depends on the radial geometry; it seems to us that it cannot be easily adapted
to the study of this Bergman projection on non-radial trees. A different Calderon-Zygmund
framework was developed by Hebisch and Steger [10] in the context of homogeneous trees
and the ax + b group. Their results depend on an abstract Calderén-Zygmund property
requiring geometric regularity and, in particular, comparability of measures across sets and
their envelopes. Such assumptions fail in our setting, where the measures we consider, i.e.,
products of flow measures with weights on Z, need not be (locally) doubling. By contrast,
the Calderon-Zygmund theory of [6] applies to general nonhomogeneous trees without any
doubling assumption, since it does not require comparability between the measure of a set
and that of its parent.

We briefly outline the structure of the article and the main results.

In Sect. 2, we find an explicit expression of the harmonic Bergman kernel associated to
the forward Laplacian on L? equipped with measures that are pointwise products of flow
measures and weights on Z satisfying suitable decay properties. Notably, on the homoge-
neous tree T, 1, the function q“") represents the simplest example of a flow measure and
is closely related to the measure ¢®“(") considered in [8]. The exponent @ > 1 appearing in
the measure ¢®“(") can be interpreted as the product of ¢‘(") and the weight on Z defined by
n — ¢~ The flow measure ¢‘(") on Ty+1 can be regarded as the discrete counterpart
of the measure Im(z)~! dz on the upper half-plane U, as implicitly noted in [10]. This
parallel suggests that a flow measure alone is not enough to define a non-trivial Bergman
space and an additional decay property of the measure as a vertex approaches the boundary
is required to study the harmonic Bergman projection; indeed, we show that the Bergman
space associated to a flow measure is trivial (see Proposition 2.4). We emphasise that the
class of measures we consider includes, for instance, the radial measures studied in [6]. Our
main result, Theorem 2.11, establishes weak type (1,1) and LP boundedness of the Berg-
man projection associated to these measures for every p € (1, 00). Our proof relies on the
Calderon—Zygmund theory for nondoubling metric measure spaces, which is based on a
dyadic approach, originally developed in [7, 14] (see also [20]), and later extended to the
discrete setting in [6].

Finally, in Sect. 3, we focus on the particular case where the flow measure is locally
doubling and the weight we consider is an exponential function on Z. In this case, we obtain
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sharp pointwise estimates for the Bergman kernel, and we prove necessary and sufficient
conditions for the LP-boundedness of the extension of a class of Toeplitz-type operators
inspired by the operators considered in [23]. If the tree is homogeneous and is endowed
with the canonical flow measure, then the necessary and sufficient conditions coincide
(Corollary 3.8).

1.1 Notation and preliminaries

Throughout the paper, C will denote a positive constant that may vary from line to line,
independent of any involved variable, though it may depend on fixed parameters. If there
exists a constant C' > 0 such that the positive quantities 4 and B satisfy A/C < B < CA,
we write A ~ B.

Let T be a tree and fix a reference vertex o € T'. We denote by d the standard graph
distance on 7. We fix a root w € 0T, where 9T is the boundary of 7, defined as the set of
equivalence classes of infinite geodesics starting at o, where two geodesics are equivalent
if they eventually coincide. We notice that the choice of a root in the boundary of 7 induces
a level function ¢ on 7, which is the analogue of the Busemann function on a Riemannian
manifold, and it is defined as

Ux) = nh_}ngon —d(z,x,) VzeT,
where {2, }nen is an enumeration of the ray [0, w). For every vertex = € T we set p(x) as
the unique neighbour of x such that £(p(z)) = ¢(x) + 1. Similarly, we denote by s(x) the set
of neighbours of x minus p(x). Moreover, we inductively define

ph(x) =p(p"(z)) Vn>1, VzeT
where we agree that p° () := z. Similarly, we set

5p(7) = Uyes,_1)8(y) Yn>1, VoeT,

where so(x) := {z}. We assume that every vertex has at least one successor, so that
s(x) # () for every x € T. We say that a vertex y lies above x (or, equivalently, x lies below
y), if y = p™(x) for some n > 0. For every x € T' we denote by T}, the sector rooted at x,
i.e., the set of vertices in T lying below x. Precisely,

T, = U Sn ().

n=0
Similarly, we define the sector minus its vertex as

T, = U sn(x) =T, \ {z}.

n=1
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For every pair of vertices x and y in T we define their confluent « A y as the vertex of mini-
mum level which lies above x and y. Given any measure x on T we define LP (1) as the space
of p-summable functions on T with respect to the measure 1 and we denote by || - || L»(,,) the
associated usual p-norm. If £ C T we sometimes write || - || () to denote the p-norm
on the measure space (E, m).

We define a flow measure as a positive function on 7 satisfying the mass-preserving
condition

m(x) = Z m(y) VzeT. (1.1)

yEs(x)
Given a flow measure m, we set wgy := m(y)/m(x) and wyy,,) = 0 for every vertex
x € T and y € s(x), and observe that Zy:d(w y)=1 Way = 1. We associate to these weights
a Laplace operator A, which we call weighted forward Laplacian, defined on a function /by

M@ =@ - Y S =@ - Y f0™Y veer gy

m(x)
y:d(z,y)=1 yEs(z)

By (1.2), it is clear that A is a probabilistic Laplacian in the sense that it is defined as the
identity minus a weighted average on the set of neighbours of a vertex. As usual, a function
fon T is said to be harmonic if Af = 0 on 7. In [17] it is shown that the Poisson integral
associated with A can be used to characterise Carleson measures on locally finite trees.

2 Bergman projection

In this section, we provide an explicit formula for the harmonic Bergman kernel and then
study the LP boundedness properties of the associated Bergman projection on suitable
weighted L? spaces that we now introduce.

Given a flow measure m and a function ¢ on T, we denote by m - ¢ the pointwise product
of m and 0. We will assume the following:
Assumption i): o is a positive function on 7 only depending on the level of a vertex, i.e.,

o(x) = oo(l(x)),

for some o : Z — R,.. With a slight abuse of notation, we shall write ¢ instead of o in the
sequel. We also require that for every (or equivalently for one) integer k € Z

Z o(n) < oco.

n<k

Assumption ii): o(n)m(p™ (o)) grows fast as n — oo, namely

- 1
2 iy < @y
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Observe that (2.1) implies that L?(m - o) satisfies the following vanishing property:
lim f(p"(0)) =0 VfeL*m-o). (2.2)
n—oo

Indeed, since o(n)m(p" (o)) diverges as n — oo, there exists N € N and ¢ > 0 such that

m(p™(o))o(n) >c ¥Yn > N. (2.3)

Remark 2.1 Notice that

meo(T,) =Y myoly) =Y > myoly)=mx) Y o) VreT.

yeT, n=0ye€sy,(z) n<t(x)

This implies that m - ¢ is a Carleson measure in the sense of [17, Definition 2.6] if there
exists ¢ > 0 such that

m-o(T,) <em(zx) VeeT
that is equivalent to

Y o) <ec Vkez, (2.4)

namely, o € (1(Z).

Definition 2.2 We define the Bergman space B2(m - o) as the space of L?(m - o) harmonic
functions equipped with the L2(m - &) inner product.

We recall the following property of harmonic functions; see [17, Eq. (2.1)] for a complete
proof of this fact.

Lemma 2.3 Let f'be a harmonic function. Then,

Y. fymly) = f(x)m(z) VneN, VeeT.

yEsn(z)

We note that the above lemma implies that there are no nontrivial harmonic functions in
L?(m). In fact more is true.

Proposition 2.4 Assume that ), ., G(n) = co for some positive weight ¢ on Z. Let f be
harmonic on T and suppose that f € LP(m - &) for some p € [1,00). Then, f = 0on T.

Proof Let f be harmonic and suppose that f € LP(m - ). By contradiction, assume that
f(x) # 0 for some « € T Then, by Lemma 2.3
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Zf m(:r

YEsn ()

1
m()

> IfwPm(y) vneN,

YEsn ()

where we have used that m is a flow measure so » m(y) = m(x) and Jensen’s

YyEsn(z)
inequality in the last step. It follows that

I Brnm =3 5 ) Pm)a(e)

n=0yes,(z)

= et —n) Y Ifw)rm(y)

n=0 yEsn(z)

which is a contradiction because f € LP(m - &). O
Forevery x € T and n € Z we set

=Y o(l(z)+n—k). 2.5)

k=0

We shall write S; () in place of Sp ; (). Notice also that Sy, ;(0) = Spn(s)(0) for every
ne€Nandz e T.

The following function will be useful for obtaining an explicit expression of the Bergman
kernel. We define ¥ : 7' x T' x T' — R by

0 {1'73} Z Tva
(v, 2,2) =< iy~ w182 C Ty y € s(v), (2.6)
*ﬁ otherwise.

We point out that the support of W(p"*+!(z), p"(z), ) is exactly Tpn+1(,) for every n € N
andz € T.

To simplify the notation, we introduce the gradient V f(z) := f(z) — f(p(x)), which
appears in the statement of the next lemma.

Lemma 2.5 The following holds

(£,¥(p(x),2,)) [2(m-0) = Sa(0)Vf(z) Vfe€EB*(m-o), VrxeTl. 2.7

Proof Fix xz € T. Then,
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<f7 \I/(p(.’L‘)7 z, ')>L2(m<a) = Z f(y)@(p(l% €T, y)m(y)a(y)

yeT

= > fW)¥p@),,y)my)o(y)
yETp(z>

=S oltpx) —n—-1) >N fly y)m(y)-
n=0 u€s(p(x)) yEsn (u)

By (2.6) and Lemma 2.3, we get that the inner sums above are equal to

y 1
> > (z) + Y fy)<m(m) o o ))> (v)

ues(p@\ o} yesn(w) yEsn ()
m(u) m(z)
- Y #)(1- )
e I m(p(z)) m(p(x))
m(y)

=f@) - > [
yesp(e) o)

= f(z) — f(p(z))

= Vf(x).

The result follows by noticing that

> olt(p(z)) —n—1) = o(l(x) = n) = S.(0).
n=0 n=0

Proposition 2.6 B?(m - o) is a Hilbert space.

Proof 1t suffices to prove that B?(m - o) is closed in L%(m - o). Let { fu }nen C B?(m - o)
be a convergent sequence in L2(m - o) and denote its limit by f. Then, there exists a subse-
quence { f, }ren that converges pointwise to f (this follows because there are no non-trivial
subsets of 7' of measure 0). It follows that for every z € T'

_ _ _ m(y) y
0=Afu@) = (@) = 3 FuW) s o 7@ = 20 FW) 0 = M),
yes(x) yes(x)
because s(x) contains a finite number of vertices. O

We now introduce the function K : T x T" — C defined by

)= 30 W) w)),

) 2.8)

n=0
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We shall prove that K (-, -) is the reproducing kernel of B2(m - o).

Remark 2.7 Notice that K satisfies the following symmetry property:
K(z,y) = K(y,x) ¥YneN, Vz,yeT.

Indeed, recall that W(p"*!(z),p"(z),y) is not zero if and only if y € Tpu+1(,). We
distinguish two cases: if x, y are not one above the other, then, y € Tanrl(m) implies

T ANy € Tynt1(y), thus by (2.6)

n+1 T (e

n:m/\yETerrl(m)

_ 1 1 _ 1 29
anm(a)(m(pn(my» m(pn+1<my>>> 29

n>0
1

 Spro((@)m(a Ay)’

where ng is such that p™+1(x) = 2 A y. Observe that

Spro(a)(0) = Y _o(bl@ Ay) =1 - k),

k>0

so that the above expression of K is symmetric in x and y because A y = y A x.
If x and y are one above the other, then x A y € {z,y}. In this case, we have that

1 1
ZSmAy ( (pm (JfAy))m(p"“(fv/\y))>’

n>0

which is again symmetric in the two variables.
The next lemma will be instrumental to prove that K is the reproducing kernel of
B2(m - o).

Lemma 2.8 The following hold:

(a) foreveryx,y €T

o0

‘1’(17"“ "(2),y)

nac )

< 00 (2.10)

(b) for everyv € T the family {¥ (p*+1(v), p*(v), -) }ren forms an orthogonal system in
B2(m - o).

Proof We first prove (a). Indeed, define
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0 if z and yare one above the other,
Coy=9 1 otherwise,
ng.x(o)m(zAY)

where in the second case ng is the unique integer such that p"°*+1(x) = x A y. By arguing
as in Remark 2.7

oo

("t (@) p" (), y

< Cpy+
nZ:O Sn,r(a) v nz>0 IAy Sn,IAy(U)
<
Con* 2 il ny) AT
< 00,

by Assumption ii).
We next prove (b). Assume without loss of generality that j > k. We have that

<\I/( k+1(v) p ( ) ~)7\I/(pj+1(1)),pj(v)7')>L2(m-tf)

= > T(p" (0), 9" (0), ) TP (0), 27 (v), y)m(y)o (y)

yEij+1(v)ﬂTpk+1(v> (2.1 1)
= > e ), ), )T (), P (), y)my)o(y).
YET kt1 (o

Observe that U(p/T*(v), p’ (v), -) is constant on Tkarl(,U), so (2.11) is equal to

M| X WS S (e e )]

yGT i1 (o) \ T (1) YET k(1)

m(p*(v)) —m(p"*(v)) < 1 1 ) k
=M, Sk (o { + - m(p” (v
Sk )| ) @) mei) )" )
=0,
— 1 1
where M;, := (m(pﬂ'w)) - M(pj“(v)))' O
Proposition 2.9 For every v € T, K(v,-) € B*(m - o).
Proof We first show that K (v, -) is harmonic for every v € T'. Notice that
0 it y¢& Tpnﬂ(ag)7

Z \Ij(pn+1(m)7pn(x)7 Z)TIZ(Z) = m(p’l"(w)) - 7n(p""1*'1(:1:)))m(y) if y e TP"@)’ (212)
z€s(y) _ 'nz(;;lig’yl)(z)) otherwise.

Set K, (-) = K (v, -) and observe that by (2.10)
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n+1

Z n(’U),Z) m(z) .
2 Kool -X ¥ @ my

z€s(y) n202z€s(y)

Now we have two possibilities: either v and y are not one below the other, or they are. In
the first case, set ng as the integer such that p"°*1(v) = v A y as above and observe that an
application of (2.12) and (2.9) yields

1 1 1 1
b= 2 Sn,(0) (m(p"(’v)) - m(p”“(v))) * Sugw(@)m(preti(v))

n>no+1

- Kv(y)7

that is equivalent to say that AK,,(y) = 0. The case when x and y are one below the other is
similar and easier; we omit the details.
It remains to prove that K, € L?(m - o) for every v € T. We show that

— 0.
as N—oo

N +1 (). 9 (v). -
(U7.)_Zq](p]+()ap( )7)

K
H Sjo(0)

j=0 L2(m-o)

Observe that by Lemma 2.8(b), for every couple of integers N < M,

S U (p (), (v), )| - H pﬂ+1 ), 7 (v),)||”
2.13
j:ZN Sjyv (U) L2(m-o) =ZN ] v(o’) L2 (meo) ( )

We next estimate each summand of the above sum. Observe that

? U(p/ 1 (v), ! (v), 2)>

Sj0(0)?

m(x)o(zx)

H (' (v),p7 (v),)
Sj,v(”)

2 .
L2(meo)  meT, 41,

that by (2.6) is in turn equal to

Sj,f(a)?[(m(pi(v))m(pj-1+1<v>>>2 2 m@)o)

TETLj (v

1
T P VNN S mm”m}

yes(pi T (v))\{pI (v)} v€Ty

=I+1I

By a direct computation
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@) 1 1Y
I="5 " <m<pj<v>> m(pf+1<v>>>

= ! m(p? T (v)) — m(p? (v
1 = iy (0 0) = m 0)

so that

C

TS S o)

It follows by (2.13) that

2

V(P (), (v), )
Z Sjw(o)

Z pﬂ Sio(@)m(pi (v)’

L2(m- o') j=N J»

J=N

and right-hand side tends to zero when N — oo by Assumption ii) because p’ (v) € [0, w)
for every j > Ny with Ny sufficiently large. O

Proposition 2.10 K (v, ) is the reproducing kernel of B*(m - o).
Proof By (2.7) applied to = p"(v),
<f7 \I/(pn+1(v)ap7l(v)7 ')>L2(m~0) = Sn,v (U)Vf(pn(’u))

We conclude that

K (012 = 3 10" (0)) = FG(0)) = f(0), (2.14)
n=0
where in the last equality we have used Proposition 2.9 and (2.2). O

We define the Bergman projection P as the operator acting on L?(m - o) functions by

©) =Y K(z,y)f(y)my)oly) VeeT.

yeT
Notice that P f(z) = (f, K(z,-)) L2(m.o) for every x € T It is easy to see that P is an

orthogonal projection on L?(m - o). Indeed, by Remark 2.7, P is self-adjoint on L?(m - o)
and for every f € L?(m - o)
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APf(x)=Pf(z)— Y P f(z)zgg
z€s(x)
=Y K@yfwmyoy) - D Y K=y fy)my) Z((;;U(y)
yerT z€s(z) yeT
=Y AK( ) (@) fy)m(y)o(y)
yeT
=0,

because K is symmetric and K, is harmonic. If f € B?(m - o) then
Pf(z) = (f, K(,")2(m-o) = f(zx) Vo eT,

so P is an orthogonal projection. We now discuss the LP(m - o) boundedness of P for
p € [l,00).

Theorem 2.11 P is bounded on LP(m - o) for every p € (1,00) and it is bounded from
L (m o) to L1>°(m - o).

Proof 1t suffices to prove the weak type (1, 1) boundedness of P, then the result follows by
interpolation with the trivial L?(m - o) boundedness of P and by duality.

In order to prove that P : L'(m - o) — LY*°(m - o) we shall make use of [6, Theorem
C]. We first show that K(-,-) satisfies a suitable Hormander integral condition. We shall
prove that

sup sup Z |K(z,2) — K(z,y)| o(z)m(z) < cc.

2.15
ueT z,yeT, ZET\ T, ( )

Indeed, it suffices to notice that if = € T}, for some u € T, then for every z € T\Ty,

1 .
. mp™(z) m(pn-l¢-1(z)) if © E Tpn(z)7
Y™ (2),p"(2), %) = § — ey 2 € Tyns1(z) \ Tpn(a)s
0 otherwise.

Now we make the following observation: if z,y € T, and z € T\Ty,, then

x € Tpn(z) — ¥y E< Tpn(z)7
2 € Tprrio) \ Tpr(z) <= ¥ € Tpntr() \ Tr(a)-

Therefore it follows that for such a choice of x, y and z
(" (2),p" (2), ) = V(" T(2), 0" (2), y)

and hence K (z,z) = K (z,y). This implies that Hérmander’s condition is trivially satisfied.

@ Springer



A. Ottazzi, F. Santagati

Next, we shall show that the following size condition holds

sup sup Z |K (z,2)| m(z)o(z) < . (2.16)
ue€T zeTy, .
ZETp<u)\Tu

Fix u € T and = € T,,. Then, define ng as the integer such that p™+1(x) = p(u) and notice
that for every z € Tp(u)\Tu we have that

LR 96 5). ), 5)

1 1 1 1
S Z ( T - n—+1 ) +
N>t Sna(o) \m(p(z))  m(prt(z)) ) Sngz(o)m(p(u))
1 1 1
) n Z%+1 <5"»w<">m(1’”<x>> ) Sn+1,x(cr>m(pn+1<z))> S (@)mp(w))
.2 1

Sno.a(0) m(p(w))’

where we have used that 0 and that

1
Sn,a(@)m(P™(®) a5 n—oo

Snz(0) < Spy12(0) VeeT, Vnel.

Similarly, it is not hard to see that

1
(@ Pl < g

It follows that

> K@lmEe) <1+ Y g wf(zggf;)

2€T(u)\Tu P «
» 2 mpw)o(®)
T 2 5 ) mw)
e<t(u) no,T p
<3

)

because Sy, z(0) = Zzgz(u) o (¢). This proves (2.16) holds and the result now follows by
invoking [6, Theorem C]. O

Remark2.12 Theorem 2.11 showsthat P : HY(T) — LY(T)and P : L>=(T) — BMO(T),
where H'(T) and BMO(T) are the martingale Hardy and BMO adapted to the natural filtra-
tion induced by the Gromov metric, see [6, Section 1].
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Remark 2.13 (Rooted trees) In this paper, we consider trees with the root at infinity, whereas
in the literature, rooted trees (i.e., trees with a vertex as the root) are often studied. We
briefly explain how our results can be easily adapted to this different case. Assume that
T, is a rooted tree, m is a flow measure on 7, and o € ¢1(N). A key difference between
rooted trees and trees with root at infinity is that in the former case, the space B?(m - o)
contains constant functions as m - ¢ is finite on 75,; this implies that the structure of the
Bergman projection is slightly different. It is straightforward to verify that the function
K, : T, x T, — C defined by

|| -1

\I/ n+1
Kooy) = 8+ 3 2
n=0

(z),p"(7),y)
Sn,z(0)

is the kernel of the Bergman projection in this setting; here &, = #(TO)’ || = d(z,0),
U is defined as in (2.6), and S), ; (o) as in (2.5), and where the sum above is zero when
x = o. Also, note that in contrast to what happens in the case of trees with root at infinity, no
additional assumptions on m are required. Notice that when 7}, is a radial rooted tree such
that 2 € T, has ¢(|z|) + 1 neighbours for some ¢ : N — N with ¢ > 2, then the function

o Tylel-t

me(z) := 1,2, q(¢)~! is a flow measure, indeed

||
> me) =q(lz) [[a@ " = me(@) VzeT,.
=0

y€Es(x)

We call such m. canonical flow measure. Thus if for some o > 1 we define

n—1 n—1 -1 n—1
Uu(n) = H Q(g)ia ( H q(f)l) = H qlfa(g) < 2n(17a)’
=0 =0 =0

then Y~ 04 (n) < co. With a slight abuse of notation, we denote by o, the function on T
defined by 0, (x) = 04(|z|). The measure po, = M. - 0 is the one considered in [6].

3 Exponential measures and integral operators

Let T denote a tree with root at infinity. In analogy with the analysis performed in [23,
Chapter 3.4] and in [9, Section 3], we shall study the weighted LP-boundedness of integral
operators whose kernel is given by the product of a weight and the Bergman kernel.

We define the two classes of operators

U ef () = m(@)oa(z) > Kelw,y)f(y)m(y)on(y),

yeT

Vapef (x) = m(@)oa(@) Y [Ke(x,y)| F(y)m(y)os(y),

yeT
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where o, 03, and o, are weights on Z and K. denotes the kernel of the Bergman projection
on L?(m - 0.). We assume that m and o, satisfy Assumptions i) and ii), ensuring that the
theory developed in the previous section applies to K .. We are interested in the study of the
L?(m - 04) boundedness of such operators in terms of a weight o4 on Z.

For this purpose, we need precise estimates of K. that we obtain under some additional
assumptions. From now on, we require that every vertex in T has at least two successors and
that m satisfies the following condition

wup ™2

= C(,HL < 0. 31
xeT m(x) ( )

Notice that this assumption is equivalent to the fact that the metric measure space (7, d, m) is
locally doubling [13, Proposition 2.2] and implies that the number of neighbours of a vertex
is bounded on T; here d is the usual graph distance on 7. It is known [13, Proposition 2.2]
that (3.1) implies that

m(r)
asplelIT) 7m(p(x)) =D, <1. (3.2)

Lemma 3.1 Assume that k > (D,,)P?~! for some p > 1. Then,
Z K@) m ()P &~ K@ m(y)P.

z€Ty

Proof The inequality > is trivial. For the reverse one, observe that
m(z)P~t < DED=H@DE=Dp ()P=1 vy ¢ T,.

Then,

(x)
Z k@ m(2)P < m(y)P~t DLW @E=1) Z < k ) m(z)

p—1
€Ty z€Ty Dm
, oo k (e(y)—n)
-1
— (P DY Y (Dpl)
n=0 m

< Cm(y)PE'®).

O
Remark 3.2 Notice that when p = 1 in Lemma 3.1, the locally doubling assumption is not

necessary. Similarly, if £ > 1, one can repeat the proof without any assumption on the flow
measure .
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We now show that when o is an exponential function, it is possible to obtain a sharp esti-
mate of the kernel of the Bergman projection. We point out that Assumption ii) is fulfilled
by m - 0., when m is locally doubling and o, is an exponential function with base greater
than 1.

Proposition 3.3 Assume that there exists a constant k. > 1 such that
oc(n) =ky, VneL.
Then, the Bergman kernel K. in L? (m - 0.) satisfies

1

| e, 2)| ~ ooz Az)m(z A z)’

Ve, z€T. (3.3)

Proof Recall that S, ,(o¢) = Zk§2(1)+n o.(k) for every m€Z and observe

that S, »(oc) ~ o.({(z) +n). By arguing much as in Remark 2.7 and using that
oc(n) = o.(n — 1), we have the estimate

1
ooz Az)m(x A z)

[Ke(z,2)| < C

For the reverse inequality notice that if x and z are one above the other then

%) 1 1 1
P P (wten sy~ mn )

- 1 ( 1 B 1 )

T Senz(o) \m(z A z)) mp(zAz))
1-D,,

Senz(oe)m(z A z)

%

Otherwise, if x and z are not one above the other, recall that, since m is locally doubling,
m(p™(z)) — oo as n — oo for every x € T. Thus, we can estimate |K.(z, z)| from below
by

1 1 1 1
Sfl,ac/\z(ac)m(x A z) B Z Sn,ac/\z(UC) (m(p”(l‘ A Z)) B m(pn+1(l’ ZAN Z))>

n>0

1 1 1 1
= S_1anz(0c)m(@ A z) - Sanz(0c) Z (m(p"(r A z)) - m(p"*(z A Z)))

n>0
1 1

C Soians(om(@Az)  Sens(oe)m(z A z)’

and
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1 1 oc(z A 2) N 1 1

= S > .
S—I,IAZ(UC) SI/\Z(JC) S—I,ZAZ(JC)SZAZ(JC) S—l,z/\z(ac) - SI/\Z(UC)

Since Synz(0c) = oc(z A 2), (3.3) follows. O
From now on we assume that o;(n) = kJ' fori = a, b, ¢, d, and that k. > 1 so that sharp
estimates of the Bergman kernel K. (-,-) are available. We shall prove necessary and suf-
ficient conditions for the L”(m - 04) boundedness of U, 3 . and V, . . and show that these
conditions coincide in the particular case of a homogeneous tree.
We begin by proving necessary conditions for the boundedness of ¢/, 3 . (and therefore
for Vo p.c).

Proposition 3.4 Assume Uy b, is bounded on LP(m - o4) for some p € [1,00). Then, the
following hold:

£(x)
() m<x><c(,€§,;@) ;

(i) i < k" < ks

Proof Let §, denote the Dirac delta centered at z € T'. Observe that

[Uap,c0:(2)] = m(z)oa ()| Ke(z, 2)[m(2)op(2). (34

Combining (3.3) and (3.4), we conclude that

—L(xNz) 1 (2
(x)ym(z)ke ( )kb( )’

Uy o6 ()] ~ KL

m(z A z)
If Uy p,c is bounded on LP(m - 04), then
—L(xNz) 1 L(z)\ P
o) M(@)m(2) ke ky o) (=)
Z (ka @A) m(x)k, < Cm(2)k;”. (3.5)

zeT

By setting T},-1() := (), we observe that the left-hand side in (3.5) is equal to

) N m(m)m . k;(f(z)Jrn)k((z) P s
Z Z kf;( ) (2) b m(l‘)kz( ) = I. (3.6)

m(p"(z
n=0x€Tp“(z)\Tp"L*1(z) (p ( ))

Since for every x € Tpn ()

m(z)? > (m(p(»)

C:;—Q—Z(z)—l(z)

we see that
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}j(wmw%ww“>(f$$?) S RkCL) (). (37

IGTP’IL(z)\Tpn—l(Z) m zeTp"(z)\Tp'n,—l(z)

Let s_1(p"~!(z)) := 0 and for every nonnegative integer k set

se(p™(z Sp_1(p" (= it n>1,
Emﬁ_{sﬁgﬁg\kl@ () it nzl,

Then,

S RO =3 Y (kR T ) )

BETn () \Tpn—1() k=0 2€Ey

and the right-hand side is equal to

) é(z)+ﬂ - P 1.p m(pn(z)) - m(pnil(z)) if n> 17
(ngkak Z kaakd { m(z) if n= 0
k=0 - (3.9
~ (CB R DT m(p™(2)) Y (Ch kLK)~
k=0

The last series is not convergent unless
kAP > 1/(Coka),
which is the left inequality in ii). Furthermore, putting together (3.6), (3.7), and (3.9), we get

ki ke pl(z) oo f—nPfenp |n
e ) S e o)

ke m(p"(2))?

l(z) oo
_ ppt=) kykq P TP P n
=m(=)Pkg () Dk PRk m (0" (2)
¢ n=0

=11

I> m(z)pkz(z) (

n=0

It is clear that

k ka pl(2)
II> m(z)p“kfl(z) <b> .

ke

It follows by (3.5) that

P kbk pl(2) ‘
m(z)p“kzd('z) (k’a) < C’m(z)kd(z),
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which is equivalent to 1).
It remains to prove the second inequality in ii). It is easy to see that the adjoint operator
of Uy b on L%(m - 04) is defined by

£(x)
Usned )= (1) 3 Ko b a5 € 20

yeT

It follows that for every p € [1, c0) the operator Uy, 4, is bounded on LP(m - o4) only if
Uy .. is bounded on LV (m - o4) where 1/p+ 1/p/ = 1.

By testing Z/l;@c on 4., we get that U, ;. is bounded on LP(m - 04) for p € [1, 00) only
if there exists a constant C' > 0 such that

’

D 1/p' ,
{Z<(k,,/kd)’““”>|Kc(x,z)\(kakd)f<z>m2(z)> m(z)k‘fl(z)} < C(m(=)ED)" (3.10)

zeT

with the obvious modification when p = 1. Assume p € (1, c0). Notice that the left-hand
side in (3.10) is comparable to

oo 1/p’
(kakd/kc)e(Z)m2(z) {Z ﬁ Z (kb/kd)pll(z)kfz(z)m(iﬂ)} :

n=0 "¢ 2€Tpn (2\Tyn-1(s)

By repeating the computations performed in (3.8), it is easy to see that the inner sum above
is not convergent unless (kp/ kd)f’/ kq > 1, that is equivalent to

ky > k5P,

providing the desired inequality. The case p = 1 can be obtained by a similar and easier
argument, so we omit the details.
O
In the next proposition we collect sufficient conditions for the boundedness of V, 3, . (and
hence for Uy, p.c).

Proposition 3.5 Let p € (1,00) and assume that
k. \¢(@) }
(1) m(z) < c(m) foreveryx €T,

’ ’ ’
(2) Cmen—l/P k;/p < kl/p < kzl,/p ki/p
ki/pkcl,/p/ d o2-1/e Dmkclx/p :

m

Then, Vg5, is bounded on L?(m - o4).

Proof We shall apply Schur’s Theorem. Fix h(x) = kﬁ(m)m(x) for some k., satisfying
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gl p/ kC
T <k?,y < W7 (311)
gﬁl D kc

It is not hard to see that a k. satisfying the above inequalities exists assuming (2) (see also
Remark 3.7). Set

H(z,y) == m(z)k! @ | Koz, ) kP k ),

so that Vop,o f (1) = 3o H(,y) f(y)m(y)ki?). We have that

> Hay)h) my)k” = kS m(@) Ko, y) kR @m(y)r
yeT yeT

o) kf(y)kp £(y) -
~ 464 p
m(w)ka g m(x A y)kg(z/\y) y)

x)kf;(’”) Z Z

n=0yETpyn (4) \Tm,l ()

A ‘0 /
kb(y)kp (v) m(y)P +1
m(p" ()"

£z) o0 £(y)
ka kbkp 11
s ()X X e
n= OyeT ()
kakykt \ () & kgkgp'm(p"(x))p'
< Cm(ac)< e > 7;) o
l(x)

(k: akp kY ) e
< Ck‘p () ), )
= Ch(x)",

where we have used Lemma 3.1 and (3.11) in the third-to-last inequality, and again (3.11)
and

m(p" ()" < Co'm(z)?’

in the penultimate inequality. Finally, the last inequality follows from 1). Moreover,

@ Springer



A. Ottazzi, F. Santagati

> H(,y)h(x)7ky m <§:Munzxy|<?) kPE) ) o ()2

zeT zeT

kb £(y) kﬁ(m) o) oz) ,
— a T -
= (i) X g Ry

d xzeT kc

m(z A y)
L(y) oo 0(z) 1. pl(x) , L(x)
D S SR e
=\ ————<¢ —m(x)?
L(y)+n n
(kd n= OzET,n(J)\Tn 1(J)kc(y) ’ITI/(p (y))
L(y) oo
<< k‘b ) Y Z; Z(k_akzkd)l(z)m(x)p+2
kake — kim(p™(y))
n=0 zE€Tpn (y)
kakpk? \ ‘) &
< 0l iy NP W L3 X n p+1
so(M) e (s )

kakyk? \ 1@
<o M) o,

C

where the second to last inequality follows by using Lemma 3.1 and that k,kD kg > DpHl
and the last inequality follows by

kak2kaCEFY < k..

We conclude by observing that 1) implies that for every y € T'

£(y)
7%@(%“) <C,

so that

> Hz,y)h(x)ky " m(x) < Chy)”.

€T

The case p = 1 can be obtained by a similar and easier analysis.
Proposition 3.6 Assume that m(z) < C’(kc/(kakb))e(x) for every z € T and that
Dy, < koka < ke/ Cr. Then, Vg p, is bounded on L' (m - 04).

Proof 1t is clear that

0(=)

k

H%wﬂymwwwmw<wp b > m(@)kED Ko (x, 2)lm(w)oa(x) =: 1.
kd xeT
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By (3.3)
o () 5 @) (kaka) )
I'~ sup F L(xNz)
zeT \ Ka cor ke m(z A z)

L(z) oo
Ky 1 2 o)
=sup | — —_ m(x)*(kaok .
s (i) Dy 2 M@l

z€Tpn(2) \Tp""71 (2)

An application of Lemma 3.1 now yields

koka ) ) S 1
I < Csup Z k—nm(p”(z))(kakd)”

zeT kC n—o ¢
l(z) oo n
kbk]a kakd
< Csupm(z ( ) (Cm>
zeT ( ) kc 7;0 kc
<C.

O

Remark 3.7 1t is important to verify that the two inequalities (3.11) and (3.12) in Proposition
3.5 can be satisfied. We can rewrite them as

D"L <k. < E 1/pi
ke ke Crm’

DL ke Y1
(kakd)l/p/ <k’Y < (kjakd) Cl+1/p/.

m

Such k., exists if the two intervals defined by the two pairs of conditions above intersect,

namely if
D72n71/p' ko 1/p’ 1
e < —
(kakd)l/p (kb> Cm
Dy, << ke >1“’ 1
k;/P/ koka 072”*1/17’ ’

where we substituted 1/p’ = 1 — 1/p. By solving the inequalities for k; we obtain

o—1/p'  1/p’
kl/P CrnDm i kb i

> (3.13)
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1/p' 1/
kl/P < ky PRSP

d (3.14)

07271*1/1)’1) k}z/p ’
which is exactly (2). It is then straightforward to conclude that & exists if and only if
ke > (Cou Dy )> =47 (3.15)

Finally, we prove that for homogeneous trees equipped with the canonical flow measure,
necessary and sufficient conditions for the L” boundedness of U, 3 . and V, 3 . coincide.

Corollary 3.8 Let Ty 1 be the homogeneous tree of order q + 1 and let m(-) = ¢'") be the
canonical flow measure on Tqy ;. Set 0;(-) = kf(') = qU=D) for j € {a, b, ¢, d}, with
¢> 1 andletp € [1,00). The following are equivalent:

(i*) Ug p,c is bounded on LP(m - 04),
(ii”) Vab,c is bounded on LP(m - 04);
(iii")—a < % <b—landc+1=a+b

£0)
Proof The inequality m(-) < C kf};b on T4 holds if and only if k’;;ﬁ = g, that is
the equality in (iii’). Since in this case’C),, = ¢ = 1/D,,, it is not hard to see that (ii) and
(2) (and the corresponding inequality when p = 1 in Proposition 3.6) are equivalent to the
inequalities in (iii*). O
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