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Abstract—This paper discusses the appropriate choice of
the irreducible Brillouin zone for one-dimensional (1D) glide-
symmetric structures in a 2D square lattice. In analyzing the
dispersion diagrams, we analytically show that the positive and
negative branches of the solutions are identical, representing the
same solution derived from different parts of the Brillouin zone.
We then propose an alternative path accounting for the glide
periodicity, which is easier to understand and helps to better
interpret dispersion diagrams. Our proposal is validated with
the help of a linearized half-cell multimodal transfer matrix
method, which allows us to obtain solutions more efficiently as
the computational domain is reduced by half.

I. INTRODUCTION

Periodic structures are used in electromagnetics for numer-
ous applications, so they have been the focus of extensive
investigations [1]–[3]. Recently, it has been rediscovered that
glide symmetry can introduce some advantages with respect
to conventional periodic structures [4]. Given their practical
interest, several specialized numerical methods have been
proposed for the analysis of glide-symmetric structures [5],
[6], including some works by the authors of this paper [7]–
[9]. These structures are characterized by the glide periodicity,
that is, the structure is periodic with respect to a translation
by half a period and a mirroring [10], [11].

In this work, we discuss the appropriate irreducible Brillouin
zone (IBZ) for 2D-periodic structures which possess glide
periodicity in only one of the directions, as in the cases
studied in [12], [13]. We argue that a more advantageous
path through the Brillouin zone can be identified to understand
the structure’s properties more effectively than that shown in
earlier studies. To demonstrate this concept, we also present
a linearized formulation of the multi-modal transfer matrix
method (MMTMM) [14], which allows reducing the size of
the unit cell based on glide periodicity [8] and, in addition
to being more computationally efficient, helps understand the
physical properties of the structure.

II. THEORETICAL CONSIDERATION

For any given 2D-periodic structure with a periodicity p in
x and y, Floquet’s theorem states that the electric field E after
a translation can be obtained by [8], [15]:

E(x+ p, y + p, z) = e−jkxpe−jkypE(x, y, z) . (1)

As a consequence, when we search for modal solutions, it
is sufficient to only obtain the solutions with wavevector
components within the region values of kx, ky ∈ [−π/p, π/p]
which are unique, since

e−jp(kx+2nπ/p) = e−jpkx , n = ±1,±2, . . . (2)

This region is referred to as the first Brillouin zone [15]. If the
periodic structure has symmetries, the first Brillouin zone can
be reduced further. The smallest region of unique solutions is
named the IBZ [15]. Typically, solutions are presented only
at the boundary of the IBZ, as in many cases they provide a
sufficient understanding of the structure [8], [15], [16].

For glide-symmetric structures, the Floquet theorem can be
generalized to account also for glide symmetry [7], [11]. For
a structure with glide symmetry only along the axis x, it can
be written as

E
(
x+ p̂, y,−z

)
= ±e−jkxp̂E(x, y, z) (3)

E
(
x, y + p, z

)
= e−jkypE(x, y, z) (4)

where p̂ = p/2 is the glide periodicity and the ± arises when
a square root is taken in the derivation [8], [11]. In [8], [9],
this fact is used to reduce the unit cell and both ± branches
are explored for solutions. Here, we make the argument that
the “+” and “−” branches are, in fact, the same solution,
sampled in different parts of the Brillouin zone. Consider the
Euler identity:

−1 = e−jπ = e−j(π/p̂)p̂ = e−jksp̂ . (5)

If (5) is inserted into (3)

E
(
x+ p̂, y,−z

)
=

{
e−jkxp̂E(x, y, z)

e−j(kx+ks)p̂E(x, y, z)
(6)

we can observe that taking the “−” branch is equivalent to
scanning the Brillouin Zone with the value of kx shifted by
ks = π/p̂. However, common electromagnetic solvers do not
contain a glide-periodic boundary condition. Instead, periodic
boundary conditions are used. If we translate twice by p̂, we
again obtain the Floquet theorem:

E
(
x+ p, y, z

)
=

{
e−jkxpE(x, y, z)

e−j(kx+ks)pE(x, y, z)
. (7)



TABLE I
WAVE VECTOR VALUES AT EDGES OF THE IBZ

Commonly scanned path

Periodic boundary conditions

Point kx ky

Γ 0 0

X π/p 0

M π/p π/p

Y 0 π/p

Proposed path

Glide boundary conditions

Point kx ky

Γ 0 0

XG 2π/p = π/p̂ 0

MG 2π/p = π/p̂ π/p

Y 0 π/p

Fig. 1. Paths in the Brillouin zone. The dotted lines represent the scanned
paths of the “+” branch (dotted blue), “−” branch (dotted orange) and the
proposed path (dotted violet). The dashed arrow represents the mirroring of
the apparent position of the “ − “ path when the structure is analyzed with
the periodic boundary conditions.

Therefore, the added phase shift of kx for the “−” mode turns
out to be 2π when the structure is analyzed using periodic
boundary conditions (ksp = 2π). In this case, when we
scan the commonly used path ΓXMYΓ, as defined on the
left of Table I and depicted as a blue dotted line in Fig. 1,
we additionally obtain the solution of the “−” branch, the
orange dashed line. Since the “−” branch of the path does
not lie in the first Brillouin zone, it is an extra mode, and
applying the simulation setup using (1) is equivalent to the case
where a supercell is used in the simulation [17]. Therefore, in
the direction of the glide periodicity, we instead propose to
consider p̂ as the periodicity of the structure and to scan the
path ΓXGMGYΓ. This path is defined on the right of Table I
and depicted in dotted violet line in Fig. 1. Then, only the “+”
mode should be kept, as it contains the complete information
on the properties of the structure.

III. MMTMM ANALYSIS

To further demonstrate the theory, we here describe an
efficient MMTMM scheme, capable of setting the periodic and
glide-periodic boundary condition. The MMTMM analysis is
carried out in two steps. First, the coupling matrix of the port
modes, defined at the boundary of the unit cell is obtained.
Each port contains multiple port modes [16]. The solver used
is CST Frequency Domain Solver (CST FDS) with hexahedral
meshing, as it allows for placing an open boundary condition
on the port boundaries. Then, the eigenvalues are obtained
with a postprocessing procedure [16] by solving the following

z

yx

Port 1

Port 3

p

g
h
2r

Fig. 2. Studied geometries: the glide-symmetric unit cell (left) and the half-
cell (right).

eigenvalue problem:

[T̃]

[
Fx

Fy

]
= [P]

[
±λxFx

λyFy

]
(8)

where [T̃] is the permuted transfer matrix [14], Fν (with ν
either x or y) is the vector of equivalent port voltages Vν and
currents Iν defined as

[T̃] =

[
[T̃xx] [T̃xy]

[T̃yx] [T̃yy]

]
, Fν =

[
Vν

Iν

]
. (9)

The eigenvalues λν are defined as λν = exp (−jkνpν) with
kν being the wavevector component and pν the periodicity of
the structure in the ν direction. Since we are using a half-cell
in Fig. 2(a), which has half periodicity in x, we additionally
introduce a factor of ±1 at λx [8] in (8), which stand for
the “+” or “−” branches in (3). The matrix [P] is a diagonal
matrix with elements of +1 or −1 that describe the mode z
parity of two opposite ports (Q in [8]). This matrix corrects
for a possible 180◦ phase shift after the appropriate geometri-
cal transformation (periodic or glide-periodic) between two
opposite ports, which can be identified by checking the z
component of the electric field for each port mode [8]. Note
that both x- and y- aligned ports must be checked, whether
they are at a glide-periodic or a periodic boundary.

To efficiently solve (8), we first left-multiply with [P],
noting [P]−1 = [P] and define the following half-cell transfer
matrix [T̃ 1

2
]:

[T̃ 1
2
] = [P][T̃] =

[
[T̃ 1

2 ,xx
] [T̃ 1

2 ,xy
]

[T̃ 1
2 ,yx

] [T̃ 1
2 ,yy

]

]
(10)

which can be linearized when either λx or λy is constant
following [14]. For the “+” branch, we solve

λy fixed ⇒
(
[T̃ 1

2 ,xx
] + [T̃ 1

2 ,xy
][Qy][T̃ 1

2 ,yx
]
)
Fx = λxFx

(11)

λx fixed ⇒
(
[T̃ 1

2 ,yy
] + [T̃ 1

2 ,yx
][Qx][T̃ 1

2 ,xy
]
)
Fy = λyFy .

(12)

with the matrix [Qν ] defined as

[Qν ] =
(
λν [I]− [T̃ 1

2 ,νν
]
)−1

. (13)

For the “−” branch, we replace λx by −λx in (11)-(13) above.
Note that, due to the Euler identity (5), this is equivalent to
shifting the scanned path of the “+” mode in x by π.



TABLE II
GEOMETRY PARAMETERS.

Variable Meaning Value [mm]

p periodicity 3.2
p̂ glide periodicity 1.6
g gap 0.05
h hole depth 1
r hole radius 1.28

1 3

x
z

x
z

(1) (1)
(a)

1 3

x
z

x
z

(2) (2)
(b)

Fig. 3. Electric field of port modes at y-aligned ports 1 and 3 (in red), with
port locations illustrated in Fig. 2, for (a): first and (b): second port modes
(port mode numbers in brackets).

IV. RESULTS

Here, we present the results for the example of a 1D glide-
symmetric holey structure in Fig. 2. The results are obtained
with both CST Eigenvalue Solver (CST ES) for the full cell
on the left of Fig. 2, and with MMTMM using 7 modes at
each port and the half-cell on the right of Fig. 2. The values
and meaning of the variables are given in Table II.

First, the definition of the matrix [P] is obtained by com-
paring the z-components of the electric field at two opposite
ports. An example of this is shown in Fig. 3. By comparing
the left and right sides of Fig. 3(a), we can observe that the
two electric fields are in phase, thus making the corresponding
entry in [P] equal to +1. In contrast, the fields in Fig. 3(b) are
180◦ out of phase, which makes the entry in [P] equal to −1.
After repeating this process for every port, we obtain

[P] = diag({px,px,py,py}) (14)

with

px ={−1, 1, 1,−1,−1,−1, 1} (15)
py ={1,−1, 1, 1, 1, 1, 1} . (16)

Note that these values might change based on the port mode
solver type and settings and must always be determined when
a new set of coupling matrices is obtained.

(a)

Fig. 5(a)

Fig. 5(b)

(b)

Fig. 4. Results for the two paths of the glide-symmetric structure: (a) com-
monly scanned path and (b) proposed path.

The dispersion diagrams of the propagating modes obtained
for the commonly scanned path and the proposed path are
shown in Fig. 4. The scanned path is depicted in dotted lines
in the inset. In Fig. 4(b), we can clearly observe that the “−”
mode repeats the information in the “+” mode in the paths
ΓXG and MGY when accounting for the shift of π of the
scanned path in the Brillouin zone. This is further corroborated
by comparison of the surface current in the structure at the
same frequency. When we compare the surface current of the
“+” and “−” modes, near Γ, and XG (marked in Fig. 4(b) with
dashed squares) in Fig. 5, we can observe that they possess the
same pattern.

Another aspect of this analysis is an easier comparison
of the unit cells to non glide-symmetric ones. In Fig. 6, we
compare the “+” mode of the glide-symmetric unit cell to
the mirror-symmetric unit cell with the same geometrical
parameters. The figure illustrates that the glide-symmetric
structure lacks a stopband in all directions, yet it exhibits the
broadest stopband bandwidth along YΓ. Moreover, there is a
minor stopband present in the XGMG direction. This property
may be obscured when observing the results in Fig. 4(a), as
the stopband in XM is apparently bigger.
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Fig. 5. Surface current on the bottom half of the glide-symmetric unit cell
of the: (a): lowest frequency mode, (b): third mode (ordered by frequency).

Fig. 6. Comparison of the glide-symmetric unit cell with the mirror-
symmetric one with the same geometric parameters.

V. CONCLUSIONS

In this study, we introduced an alternative path within the
Brillouin zone for one-dimensional glide-symmetric configu-
rations in a two-dimensional square lattice, explicitly taking
into account the glide-symmetry periodicity. We demonstrate
the concept by implementing a linearized formulation of the
MMTMM applied to the half-cell. The proposed path offers
several advantages, such as an easier comparison with other
geometries, enables better understanding of the anisotropy of
the structure, and is computationally more efficient because a
reduced unit cell is used.
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