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Abstract—In this paper, we propose a kernel-

independent fast direct solver with nested equivalent 

source approximation (NESA) for electromagnetic 

scattering from conducting objects at low to moderate 

frequencies. With strong admissibility condition in this 

work, to achieve a high efficiency computation, NESA with 

skeletons is employed to compress the far field interactions 

via the adaptive cross approximation (ACA) at the leaf 

level. NESA with equivalent sources is employed at higher 

levels. Subsequently, the system matrix is factorized by 

two kinds of elimination matrices corresponding to far and 

near field interactions respectively. During the 

factorization, the radiation and receiving matrices are 

updated from the leaf level up to the top level with 

prescribed accuracy to account for the contributions of 

fill-in blocks generated from the near interactions 

elimination. The complexities of both computation and 

memory scale as O(N) for constant-rank problems. Several 

numerical results are presented to verify the accuracy and 

complexity of our method. 

Index Terms—Electromagnetic scattering, kernel-

independent, fast direct solver, equivalence. 

I. INTRODUCTION 

he integral equations are widely used in the analysis of 

electromagnetic (EM) scattering problems due to its high 

accuracy and efficiency. The method of moments (MoM) is a 

mathematical method that discretizes an integral equation to 

form a matrix equation and expands the solution into a linear 

combination of a series of basis functions [1].  

Solving the system matrix is a crucial point in analyzing 

electromagnetic scattering problems and has been an 

important topic in computational electromagnetics. The matrix 

equations can either be solved by iterative solutions or direct 

solutions. For iterative solutions, they are commonly 

accelerated by fast algorithms such as the fast multipole 

method (FMM) [2] and its multilevel form the multilevel fast 

multipole algorithm (MLFMA) [3], FFT-based methods [4], 

[5], the ACA [6], [7], the multilevel matrix decomposition 

algorithm (MLMDA) [8], [9], etc. However, in case of ill-

conditioned system matrices, the iterative solutions suffer 

from convergence problems essentially. In addition, the 

iterative solutions are inefficient in terms of multiple right-

hand side (MRHS) problems. 

On the other hand, fast direct solutions provide a new and 

more efficient solution for analyzing electromagnetics 

problems and have gained considerable interests in recent 

years due to their significant advantages over iterative 

solutions over the aforementioned issues [10]–[23]. This is 

because, different from the iterative solution, the system 

matrix is expressed in an explicit form in the direct solution 

scheme and the inverse of the system matrix is also expressed 

explicitly. For MRHS problems, the solutions are obtained by 

matrix–matrix multiplication instead of restarting the solving 

required in iterative solutions. However, conventional direct 

solutions like LU decomposition, Gaussian elimination, QR 

decomposition, etc., have high computational complexities 

and are only applicable to small scale problems. Subsequently, 

numerous direct solvers with specific matrix structures are 

reported in the open literature to reduce the complexities. 

These methods can be generally divided by different 

admissibility conditions. Admissibility condition is applied to 

determine whether interactions of different groups need to be 

compressed. If all the off-diagonal matrices are decomposed in 

the system matrix, this is referred to as the weak admissibility 

condition where both the far interactions and neighboring 

interactions are compressed. These direct methods are with 

matrix structures such as hierarchically semiseparable matrix 

(HSS) [24] – [26] and hierarchically off-diagonal low-rank 

(HODLR) matrix [36]. Although those representative direct 

solvers accelerated the computation compared to the 

conventional ones, they are usually less efficient than solvers 

with the strong admissibility condition because the 

neighboring interactions corresponding to some off-diagonal 

blocks that have rather high ranks have to be compressed. The 

strong admissibility condition, on the other hand, introduces a 

distance limitation to determine the near and far interactions. 

The matrix structures with the strong admissibility condition 

are more efficient but more complicated, as inadmissible 
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blocks may appear at any position in the system matrix and 

only far enough groups are considered as compressible. The 

strong admissibility significantly improved the compression 

efficiency for low-rank blocks. Some direct solvers are 

designed under this admissibility condition with matrix 

structures of butterfly structured matrix [14], [15], 

hierarchically matrix (H -matrix) [27]–[29] and its improved 

form, the 2H -matrix [30]. Due to fact that the connections 

between adjacent levels are introduced during the compression, 

the computational complexity of the 2H -matrix has been 

further reduced compared to the H -matrix. In some early 

works with 2H -matrices, the inverse of the system matrix is 

obtained in a recursive framework where formatted 

multiplications and additions are performed [31]. These 

methods, however, lack direct control of accuracy. Recently, 

an error controllable fast direct solver of an 2H -matrix is 

proposed. The direct solver factorizes the system matrix based 

on the expansion of the original kernel function into a series of 

Lagrange polynomials [12]. Later, a kernel-independent fast 

direct solver is proposed with skeletonization factorization [10] 

–[11], [32]–[33]. Interpolative decomposition (ID) is applied 

to represent interactions between the original full set basis 

functions via selected dominant basis functions (i.e., 

skeletons). The direct solver is a one-way traversal method 

from the bottom leaf level to the top level, and the skeletons 

are combined and regrouped into higher levels to form the full 

set basis functions of parent level groups. 

Inspired by the direct solutions mentioned above, in this 

paper we propose a fast direct solver with a low complexity at 

low to moderate frequencies. It is worth noting that here the 

low frequencies refer to constant rank problems without the 

low-frequency breakdown. The direct solver should avoid 

such low-frequency regions with respect to serious ill-

conditioned problems for accurate solutions. Taking both 

advantages of less memory consumptions with equivalences 

and faster computations with skeletons at the leaf level, we 

further improve the computational efficiency compared with 

pure skeletonization factorization. In terms of low-rank 

compression, the mixed skeletons and equivalences nested 

approximation method can be seen as the mixed-form NESA 

[34], [35]. Moreover, the strong admissibility condition is 

applied in our direct solver and we introduce connections 

between equivalences in adjacent levels to make the matrix 

nested. Therefore, we obtained a linear complexity for 

constant rank problems. It can be seen that our method is 

purely algebraic and does not involve the expansion of the 

original kernel function. The direct solver can be extended to 

different kinds of kernels efficiently due to kernel 

independence of the algorithm.  

Briefly speaking, each far interaction is decomposed into 

three matrices in an algebraic way, e.g., the radiation matrix, 

the receiving matrix and the coupling matrix (i.e., translation 

matrices). The receiving matrix and the radiation matrix are 

also termed as the cluster basis in an 2H -matrix structure. 

Transfer matrix is introduced to introduce the nested property 

between the child level and the parent level. At non-leaf levels, 

equivalences instead of skeletons are constructed to compress 

the far interactions. Specifically, for direct solution with only 

skeletonization factorization, the projection matrices are 

computed for each group, respectively, and the coupling 

matrices (i.e., skeletonized matrices) are computed for each 

interaction among all the groups. This is not the same for 

mixed-form NESA, as the constructed equivalences are 

located at the same relative positions for each group and are of 

equal quantity. Thus, for interactions with the same relative 

position relationship of two groups, we only need to compute 

the coupling matrices once. In addition, for non-leaf levels, the 

transfer matrices are required for all the groups with only 

skeletonization factorization while with mixed-form NESA, at 

most eight transfer matrices corresponding to eight relative 

positions from child equivalences to parent equivalences are 

required for each level in an octree tree. Therefore, the 

equivalence strategy exhibits higher computational efficiency 

compared to skeletonization factorization. Specifically, we 

construct equivalences at non-leaf levels for reasons 

mentioned above while still retain the skeletonization scheme 

at the leaf level. This is due to the fact that there are fewer 

basis functions in groups at the leaf level. Therefore, the 

matrix ranks of these groups are generally lower than those at 

the non-leaf levels. Although one can also use the 

equivalences approximation at the leaf level, the algorithm 

cannot gain a compression at this level. In contrast, the 

skeletonization scheme is more efficient at the leaf level. 

Comprehensively considering the above analysis, we propose 

a mixed algorithm with both skeletons and equivalences 

scheme to adapt to the compression of matrices at different 

levels. After the compressions for all the far interactions are 

obtained, in the direct solution, we construct two kinds of 

elimination matrices for factorizing the system matrix. We 

first eliminate the far field submatrices by conducting 

multiplications of the elimination matrix to those far field 

submatrices, then a partial LU decomposition is conducted to 

eliminate the near field submatrices hierarchically in a bottom-

up traversal form. During the factorization, the Schur 

complement is computed with fill-in blocks, which may 

destroy the data-sparse representation of the algorithm. We 

modify the original radiation and receiving matrices to 

account for the contributions of these fill-in blocks while still 

preserve the data-sparse representation and nested property of 

our proposed direct solver.  

The rest of the article is organized as follows. In Sect. II, the 

background and related works of this paper are introduced. In 

Sect. III, details of the factorization process with mixed-form 

NESA are given and the algorithm complexity is also analyzed 

theoretically. In Sect. IV, numerical results are presented to 

validate the accuracy and the complexity of the proposed 

method. Finally, a brief conclusion is given in Sect. V.   

II. BACKGROUND 

With the strong admissibility condition, all the self-

interactions and near interactions are computed as they are by 

MoM, while the far interactions of non-adjacent groups with 

fairly lower ranks are approximately represented by low-rank 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

3 

compression methods. In the mixed-form NESA, we select 

skeletons from the original basis functions with the adaptive 

cross approximation (ACA) at the leaf level and construct 

equivalences at non-leaf levels. Supposing the mixed-form 

NESA is divided into L levels and the Lth level is the leaf 

level, the low-rank compression can be expressed by the 

following equation: 

, , , , , ,

, , ,

skeletons, for ;

equivalences, for .
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O S O S
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= =
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= 

† †

   (1) 

where   is the test points set,   is the skeleton set for the leaf 

level and equivalence set for non-leaf levels; O denotes the 

observation group and S denotes the source group. 
, OOU 

 is 

the receiving matrix, 
,S SV

 is the radiation matrix and they are 

transposed to each other in electric field integral equations 

(EFIE). 
,O S

D 
 is the translation matrix between skeletons or 

equivalences. l denotes the present level ranging from 1 to L. 

Different from a typical 2H -matrix structure built on a 

binary tree, the mixed-form NESA is constructed on an octree 

and the corresponding matrix compression process of the leaf 

level is illustrated in the 2-dimension form in Fig. 1(a). 

 
(a)                                                           (b) 

Fig. 1. (a) Mixed-form NESA low-rank representation at the leaf level. The 

red boxes denote the original RWG basis functions in groups and yellow 

RWG basis functions denote the selected skeletons. The blue dashed circles 

denote the test points which are used to represent the far-field electric field 

from the group in terms of the radiation process. (b) Transfer process where 

the child skeletons at the leaf level are projected onto the parent equivalences 

denoted by the green dashed circle. 

Here, we only give the leaf level compression process and 

non-leaf levels are with similar process except that skeletons 

are replaced by equivalences. In other words, the algorithm is 

smoothly transferred from skeletons to equivalences at higher 

levels as shown in Fig. 1(b). Here, the proxy surface is applied 

to represent all the far field (including current level and all 

parents’ levels) for skeleton selection to avoid inaccurate and 

redundant degree of freedoms. These skeletons are effective 

for all the far region and we can set a predetermined threshold 

of ACA to control the compression accuracy. The transfer 

process is performed where the child skeletons are projected 

onto the parent equivalences placed on a sphere surface to 

reconstruct the field radiated by the skeletons. The test points 

for all levels are distributed around each group on an outer 

sphere surface, representing the far field region for each group. 

The interactions of groups at a level with the same positional 

relationship share the same compressions. The motivation of 

equivalences can be explained by the fact that the memory for 

far interactions can be reduced as well as to preserve the 

multiscale property of the solver. Alternatively, the use of ID 

and proxy surface, as done in [38], could be a good choice for 

skeletons selections which would construct an almost optimal 

set of skeletons. 

To demonstrate the improvement with the mixed skeleton 

and equivalence algorithm and explain the reason for choosing 

the leaf level as the skeleton level, we present the numerical 

results with respect to the memory for far interactions below 

in Table I. 
 

TABLE I. 
COMPUTATION STATISTICS WITH MEMORY AND TIME FOR FAR INTERACTIONS 

FOR THE SIMULATION OF A SPHERE WITH DIFFERENT SKELETON AND 

EQUIVALENCE LEVELS. 

 
 

It can be seen from the table that with pure equivalence, the 

memory and time for constructing low rank approximation is 

significantly reduced compared with those involving skeleton 

levels. However, the matrix multiplication time of the 

equivalence-only algorithm is higher. Furthermore, the 

memory for the compression also increases with the number of 

skeleton levels. It is worth noting that, different from the 

iterative methods, in the direct solver the system matrix is 

represented explicitly and apart from the matrix compression, 

we also need to merge sub-blocks into higher levels and 

conduct the elimination process. Therefore, smaller matrix 

dimensions at higher levels can bring higher computational 

efficiency. The reason for setting the leaf level as the skeleton 

level is that generally coupling matrices which will be merged 

to the next level are smaller compared with using equivalences 

as can be seen from the faster matrix multiplication. As a 

tradeoff, this is beneficial for a faster factorization and 

inversion, while also preserve a relatively low memory 

consumption. 

In the direct solution scheme, the system matrix is 

expressed in an explicit way. For submatrices in a system 

matrix, the inadmissible blocks are formed by self and near 

interactions while admissible blocks are formed by far 

interactions. To give a simple illustration, a system matrix 

divided into two levels with eight groups of a rectangular 

metal strip is shown in Fig. 2(a) where admissible and 

inadmissible blocks are marked in green and red respectively. 

The group indexes for each level is shown in Fig. 2(b). It is 

worth noting that indexes are not arranged in order and they 

correspond to the actual physical positions along the metal 

strip, for the consideration that all the possible situations 

arising during the matrix factorization process can be 

illustrated. 
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(a) 

 
(b) 

Fig. 2. (a) Illustration of the system matrix at the leaf level. (b) Index 

arrangement in an octree structure with eight groups for constructing a system 

matrix in (a). The numbers at different positions denote the indexes of each 

physical group of the metal strip. 

III. FACTORIZATION WITH MIXED-FORM NESA 

After the compressions of all the admissible blocks at each 

level are obtained, we can apply the following factorization 

algorithm hierarchically through a one-way bottom-up 

traversal. Details of the factorization will be elaborated in the 

following. We take the matrix in Fig. 2(a) as an example to 

illustrate the overall direct solution procedure. As receiving 

and radiation matrices are transposes of each other in EFIEs, 

we only take the receiving matrix for illustration. 

A. Leaf Level Factorization  

The factorization starts from the leaf level where skeletons 

are selected for the low-rank compression. All the G (G being 

the number of groups) groups are factorized following two 

main steps for admissible and inadmissible blocks sequentially. 

The first step is to factorize the admissible blocks. 

According to the threshold we preset to the SVD, we truncate 

the left and right singular vectors as well as the singular values 

and the matrix to be compressed can be represented by the 

multiplication of the singular vectors and corresponding 

singular values. Taking group i=1 (i=1,2,…,G) as an example, 

we first perform an singular value decomposition (SVD) via 

LAPACK routines for the receiving matrix 
1U  whose 

dimension is 
1 1m k , 

1m  and 
1k  being the number of 

unknowns and skeletons respectively to obtain a unitary 

matrix 1

leftU . Thus, 
1U  is orthogonalized and can be 

approximately represented by the first several singular vectors 

of 1

leftU , whose singular values, normalized by the maximum 

one, are no less than the prescribed tolerance 
1 , so we have 

1 1 1 1 1 1
1 1 1( ) ( ) ( )m k m k k k

U U R  
 

                       (2) 

where 
1U is termed as the new receiving matrix for group 1 

whose dimension is 
1 1m k  , 

1k  being the number of selected 

singular vectors of 
1U . 

1R  is the remaining factor resulting 

from SVD and it will be multiplied to the original coupling 

matrices with group 1 as  

11 1 1
1, 1 1,( ) ( ) ( ) ( )

jj j j

T

j j k k jk k k k k k
D R D R  

=
          (3) 

where 
1, jD  is the original coupling matrix between group 1 

and j and 
jR  is the remaining factor to be generated resulting 

from SVD of 
jU . The SVD conducted here can be used to 

generate the elimination matrices for admissible blocks as well 

as to reduce the basis dimension, which is beneficial for 

improving the matrix-matrix multiplication efficiency [37]. 

We then construct the block diagonal elimination matrix 
1,sysQ  

with system matrix size whose diagonal blocks are all identity 

matrices except for block 1 being 
1Q . 

1Q  is obtained directly 

from 
1

leftU  by permuting 
1U  and other singular vectors 

1U ⊥  in 

1

leftU  which are orthogonal to 
1U  (i.e., ( )1 1 1Q U U⊥=  ). It is 

worth noting that 
1Q  is also a unitary matrix. We then multiply 

the system matrix with 
1,

H

sysQ  from the left and 
1,sysQ  from the 

right: 

1, 1,

H

sys sys sys sysZ Q Z Q =                             (4) 

where 
1,

H

sysQ  and 
1,sysQ  denote the conjugate transpose and 

conjugate of 
1,sysQ . This multiplication thus eliminates the 

first 
1 1m k−   rows and columns of admissible blocks 

associated with group 1 due to the orthogonality of 
1U ⊥  and 

1U . The elimination process of admissible blocks for the rest 

of the groups is similar and will be elaborated in the following 

context. The resulting system matrix is shown in Fig. 3. 

 
Fig. 3. System matrix after the first elimination for admissible blocks of group 

1. All the admissible blocks associated with group 1 are reduced due to their 

low-rank property while only the inadmissible block with group 2 and the 

diagonal block of group 1 remain to be factorized. 

In addition, this operation further reduces the receiving 

matrix dimension so that we only keep the minimal rank 

required by the prescribed accuracy tolerance. 

Subsequently, in the second step, we need to factorize the 

inadmissible blocks associated with group 1. We perform an 

LU factorization where we use the upper left part with 

dimension 
1 1 1 1( ) ( )m k m k−  −  of the diagonal block (1,1) as 

the pivot block to eliminate the other blocks with group 1. 

During the factorization, the Schur complement is generated 

and added to different parts in the system matrix. Here we use 

a general form of Schur complement computation for 

illustration and this process can be explained by 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

5 

0

0 0

0

E F G E G

H A B L I U

M C D M D

    
   

=   
       

                   (5) 

where I is the identity matrix and  
1

1

0

0 0

0

A

A

A

I FU

L L

CU I

−

−

 
 

=  
 
 

, 1 1

0 0

0 0

A A A

I

U L H U L B

I

− −

 
 

=  
 
 

               (6) 

where A  is viewed as the pivot block 
A AA L U= , in addition, 

1 1

A AE E FU L H− − = −                              (7) 

1 1

A AG G FU L B− − = −                               (8) 

 1 1

A AM M CU L H− − = −                             (9) 

1 1

A AD D CU L B− − = −                              (10) 

are the Schur complements and the second terms in (7) to (10) 

on the right are the dense fill-in blocks generated during the 

factorization. Therefore, two elimination matrices can be 

defined and we have 

1 1

0

0 0

0

E F G E G

L H A B U I

M C D M D

− −

    
   

=   
       

                 (11) 

where 
1 1

1 1

1 1

0

0 0

0

A A

A

A A

I FU L

L L

CU L I

− −

− −

− −

 −
 

=  
 − 

, 1 1 1 1 1 1

0 0

0 0

A A A A A

I

U U L H U U L B

I

− − − − − −

 
 

= − − 
 
 

(12) 

It is worth noting that there are no E, F, G, H and M 

matrices for the first group, where the system matrix is divided 

into a two by two structure. They only appear starting from the 

second group. We again multiply the two matrices from the 

left and right to the system matrix as illustrated in (11). This 

will zero out the first 
1 1m k−   rows and columns of 

inadmissible blocks with group 1 as shown in Fig. 4 

 
Fig. 4. System matrix after the second elimination for inadmissible blocks of 

group 1. All the inadmissible blocks with group 1 are reduced by LU 

factorization. The sub-block at the pivot position becomes an identity matrix 

and inadmissible blocks added by the fill-in blocks are colored in yellow. 

For group 1, fill-in blocks are only added on the 

inadmissible blocks, i.e., the yellow parts in Fig. 4, so we 

perform the additions on the blocks directly. However, in the 

subsequent factorizations of other groups, fill-in blocks may 

arise in admissible blocks that are represented as low-rank 

approximations. They cannot be added directly in order to 

preserve the data-sparse representation. Therefore, we keep 

the fill-in blocks and store them with corresponding blocks 

until the elimination process reaches to the group where the 

fill-in blocks are located. Then, the fill-in blocks associated 

with that group will be compressed to a low-rank 

approximation form. This situation occurs when the 

inadmissible blocks are eliminated for group 3. 

The above factorization process is carried out sequentially 

for each group. Assuming that the factorization reaches to 

group 3 and now the inadmissible blocks with group 3 are 

eliminated. The system matrix after the elimination is shown 

in Fig. 5. Four red boxes are marked in the figure to indicate 

different parts of Schur complement corresponding to (7) to 

(10). It is worth noting that actually in this step fill-in blocks 

only appear in the matrix block D as presented in (5), as there 

are no inadmissible blocks formed before group 3. 

 
Fig. 5. System matrix after second elimination for inadmissible blocks of 

group 3. All the blocks with group 1 and 2 are reduced by the factorization. 

The admissible blocks added by the fill-in blocks are colored in blue. Four red 

boxes are marked to indicate different parts of matrix in Schur complement, 

the top left and top right denote E and G, the bottom left and bottom right 

denote M and D. 

It is observed that the fill-in blocks (i.e., 
4,5F  and 

5,4F ) are 

added to the admissible blocks colored in blue formed by 

elimination of 4,3Z , 
5,3Z , 3,4Z  and 

3,5Z . So, the receiving 

matrix of group 4 and 5 will be updated as 
4Û  and 

5Û  to take 

into account the contribution of the fill-in blocks. In other 

words, what we expected is to obtain the following expression: 

4 4,5 5 4 4,5 5 4,5
ˆ ˆ ˆU D V U D V F +                    (13) 

where 4Û , 4,5D̂  and 5V̂  are the updated forms of 4U , 4,5D  

and 5V . Details of the updating procedure will be elaborated 

in Sect. III.B. Equation (12) can be viewed as the low-rank 

compression form of 4,5Z  which is added by the fill-in block 

4,5F . Then, for group 4, 
4Û  instead of 

4U  is used for 

construction of elimination matrix for the corresponding 

admissible blocks (i.e., ( )4 4 4
ˆ ˆQ U U⊥= ). It can be inferred 

that all the 
iQ  (i=1,2,…,n) are unitary matrices. Therefore, the 

elimination accuracy for this step is actually related to the 

accuracy of (13). 

From the above two steps of factorization, it is observed 

that the elimination for admissible blocks involves 

approximation errors while the elimination for inadmissible 

blocks is an exact computation without any approximation. 

The approximation errors of admissible blocks will be 
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discussed in Sect. III.B and presented with the error 

controllability of our algorithm in the accuracy analysis in 

Sect. IV.A. 

The same elimination operation is sequentially performed 

on the remaining groups until all the groups at the leaf level 

are factorized. 

B. Compression of Fill-in Blocks 

As mentioned above, fill-in blocks are the dense matrices 

generated during the computation of the Schur complement. If 

we add them directly to admissible blocks and treat the 

resultant blocks as inadmissible blocks, the number of 

inadmissible blocks will continue to increase during the 

factorization. This is intolerable and will lead to redundant 

computations at higher levels. Therefore, we need to compress 

the fill-in blocks added to admissible blocks to form an 

updated low-rank representation of the resultant matrices. 

Taking group i as an example, in order to keep the nested 

representation in mixed-form NESA, we retain the original 

receiving matrix 
iU  as part of the updated receiving matrix to 

be constructed. However, representing the resultant blocks 

with 
iU  accurately is not guaranteed as the column space of 

the fill-in blocks may not be completely covered by that of 
iU . 

Note that 
iU ⊥  and 

iU  are orthogonal and complementary, in 

other words, they together form a complete space. So, we only 

need to find the column space of the fill-in blocks in 
iU ⊥  

which is not in 
iU .  To do so, we add up all the Gram 

matrices of the fill-ins associated with group i in a row and 

multiply the resultant sum by the Gram matrix of 
iU ⊥  from the 

left and its complex conjugate transpose from the right. The 

resultant matrix multiplication is then conducted by an SVD 

truncated with another prescribed tolerance fill in −  as: 

, ,

1

( ) ( ) ( ) ( )
i

k k

n SVD
H H H aug aug H

i i i j i j i i i i

k

U U F F U U U S U⊥ ⊥ ⊥ ⊥

=

   (14) 

where 
in  is the number of fill-in blocks associated with group 

i in a row, j is the column index of the corresponding fill-in 

block and the left singular vectors aug

iU  is selected as the 

augmented part of 
iU . It is worth noting that for the previous 

parts, we take the changed fill-in blocks instead of original 

ones into (14) under the consideration that the previous 

eliminations have already been carried out accurately and 

there is no need to eliminate these previous parts in the fill-in 

blocks repeatedly. This strategy should enable a better capture 

for the column space of the remaining fill-in blocks, as it may 

reduce the influence brought by the already eliminated parts of 

the fill-in blocks. The prescribed tolerance fill in −  here is 

referred to the direct solution algorithm tolerance. It is related 

to the solution error compared with MoM. We can control the 

error to the expected level by reducing fill in − , which will be 

elaborated later in the numerical results. Finally, we obtain 

( )ˆ aug

i i iU U U=   as the updated receiving matrix for group i. 

It can be inferred that aug

iU  and 
iU  are also orthogonal, 

therefore the rank of ˆ
iU  is the minimal one required by 

accuracy for representing all the fill-in blocks associated with 

group i. 

It is worth noting that if multiple fill-in blocks arising from 

previous eliminations are added to a same admissible block, 

they are summed up and stored in a single block with the 

admissible block. This matrix addition process actually 

corresponds the superposition of the space contained in each 

fill-in block.  

C. Non-leaf Level Factorization 

Before the algorithm proceed to the next level, we merge 

and permute the remaining sub-blocks to form a new system 

matrix which is also represented in a nested structure. This 

process is shown in Fig. 6. 

   
     (a)                                      (b)                                         (c) 

Fig. 6. The system matrix after all the groups at the leaf level are factorized. (a) 

The system matrix before merging and permuting. (b) The system matrix after 

merging the dense remaining inadmissible blocks and coupling matrices at the 

leaf level to form matrices to be factorized at the next level. (c) The system 

matrix after permuting all the sub-blocks to be gathered together, forming a 

new nested structure at the parent level. 

 In this merging and permuting process, the skeletons at the 

leaf level are regrouped into the coarser non-leaf level for 

further compression. At the leaf level, receiving matrices are 

all eliminated. The factorization at non-leaf levels is similar to 

that at the leaf level, except that the receiving matrices are all 

replaced by the modified transfer matrices as can be seen in 

the following. 

As the system matrix is represented in a nested form with 

mixed-form NESA, at non-leaf levels transfer matrices play 

the same role as receiving matrices at the leaf level. The 

receiving matrix of group i at the l-1th level can be 

represented by its children at the lth level expressed as: 

1 1

1 1 1

1

8 8 8 8 8

ˆ 0

ˆ

0

l

i i

l l l

i i i

l

i

l l l l
i i i i i

R T

U T U

U

U T U R T

−

  
  

      
     = =      
          

   
  

  (15) 

The numbering up to 8 in (15) corresponds to an octree 

structure where a parent group is divided into 8 child groups. 

Due to the augment of the receiving matrices at the lth level, 

the transfer matrices are also augmented by appending zeros to 

ensure the consistency between the dimension of transfer 
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matrices and the corresponding receiving matrices. Therefore, 

the transfer matrix of group i is modified as 

1 1

8 8

0

ˆ

0

l

i i

i

l

i i

R T

T

R T

  
  
  
 =
 
  
   
  

                                  (16) 

Coupling matrices are also updated due to the augment of 

the receiving matrices as well as the addition of fill-in blocks. 

Before this, they are multiplied by the factors resulting from 

the SVD as mentioned in (3).  

For admissible without fill-in blocks, their coupling 

matrices are augmented by readily appending zeros from ,i jD  

to ,

,

0ˆ
0 0

i j

i j

D
D

 
=  
 


 similar to what is done for transfer 

matrices. For admissible blocks with fill-in blocks, the 

corresponding coupling matrices are augmented and further 

updated by adding the fill-in part. Taking block (i, j) as an 

example, as we have 

, , ,
ˆ ˆ ˆ ˆ ˆ

i i j j i j i i j jU D V F U D V+ =                        (17) 

so the coupling matrix of block (i, j) is finally updated by 

, , ,
ˆ ˆ ˆ( ) ( )H H

i j i j i i j jD D U F V = +                     (18) 

This expression can also be explained by the following 

matrix multiplication diagram shown in Fig. 7, where 

ˆ ˆ( )H

j jV U=  due to the transpose relationship between the 

receiving and radiation matrices. The column and row space 

of ,i jF  are included in corresponding updated receiving matrix 

ˆ
iU  and ˆ T

jU , so the multiplication of ,i jF  with the 

complementary part in the elimination matrices marked in 

blue becomes zero. 

 
Fig. 7. Fill-in block multiplication with elimination matrices. The 

multiplication between the light green fill-in block and the dark green updated 

receiving matrix results in the sub-block remained after the elimination while 

the multiplication with the blue complementary part becomes zero. 

So far, the matrices required for further factorization at the 

next level are prepared. All the inadmissible blocks are formed 

by merging the dense remaining blocks and coupling matrices 

at the child level while for admissible blocks elimination, 

same operations are performed on the updated transfer 

matrices. Accordingly, at higher non-leaf levels, the 

equivalences will be regrouped into their parent levels until 

the factorization reaches to the root level. 

D. Aggregation and Augment Overflow Treatment 

From the aforementioned factorization process, we can 

notice that there may be exceptional circumstances between 

the leaf level and its parent level. As we set the number of 

equivalences to be equal for all non-leaf levels, the 

quantitative relationship between equivalences and skeletons 

at the leaf level is indeterminate. So, when skeletons are 

aggregated to the next level, the total number of skeletons in a 

group at the next level may be less than the equivalences. This 

is termed as the aggregation overflow in our proposed method. 

Consequently, the elimination process for the group cannot 

proceed because the row dimension (corresponding to 

equivalences) is larger than the column dimension 

(corresponding to skeletons) for the matrices in the row 

associated with the group. For this situation, we do not 

perform any of the elimination or updating, but only keep the 

matrices with the group as they are. They are not processed 

until the factorization reaches a level that satisfies the 

condition for the elimination process where the column 

dimension is larger than the row dimension. This treatment is 

actually reasonable as this exceptional circumstance occurs 

only when there are very few basis functions in a group, so 

there is no need to eliminate the group to accelerate the 

computation. Once the elimination of a group is conducted, all 

its parent groups at all parent levels will be eliminated due to 

the fact that the total number of equivalences of the child 

groups are necessarily more than that of their parent group.  

Similar to the aggregation overflow, the augment overflow 

occurs when an augmented receiving matrix has an equal 

column dimension to the row dimension. The different point is 

that the corresponding group has already been eliminated by 

the first step for admissible blocks and cannot proceed to the 

second step for inadmissible blocks, as the dimension of the 

diagonal block to be factorized is zero. Therefore, we skip the 

second elimination step and start factorizing the next group 

directly.  

The occurrence of the above overflow circumstances also 

shows the difference between the skeletonization scheme and 

the combined skeletons and equivalences scheme of mixed-

form NESA. For the skeletonization scheme, the skeletons are 

selected from the original basis functions, thus are necessarily 

no more than the total number of original basis functions for 

all group at all levels. The aforementioned treatment can be 

explained more clearly in the following pseudocode in Sect. 

III.E. 

E. Multilevel Factorization and Inversion 

The factorization mentioned above continues in a way of 

bottom-up traversal until we reach the top level, i.e., level 1. 

Finally, we apply the LU factorization to the matrix remained 

at the lower right diagonal at level 1. The overall multilevel 

factorization can thus be represented by 

1 1
1

1 1

l

l

m L
l T l

sys i l diag l i

l L i l i m

Z R P Z P S
= = = =

           
=         

           
         (19) 

where lm  is the number of groups at the lth level, ,

l l l

i i sys iR Q L=  
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and ,( )l l l T

i i i sysS U Q=  are the two elimination matrices for 

group i at the lth level. 
l

iL  and 
l

iU  are the L and U factors 

arising from (6). 
lP  is the permuting matrix for the lth level as 

explained in Fig. 6. 
1

diagZ  is the remaining diagonal matrix at 

level 1 which is further factorized by 
1 1 1

diagZ LU= .  

Consequently, the inverse of the system matrix resulted 

from the factorization can be expressed as 

1 1
1 1 1 1 1

1 1

( ) ( ) ( )

l

l

m L
l T l

sys i l diag l i

l L i l i m

Z S P Z P R− − − −

= = = =

           
=         

           
    (20) 

where 
1 1

,( ) ( ) ( )l l l H

i i i sysR L Q− −=  and 
1 1

,( ) ( )l l l

i i sys iS Q U− −= , as 

,

l

i sysQ  are unitary matrices for all groups. The pseudocode of 

the aforementioned is presented in Algorithm 1. 

 

Algorithm 1 Proposed direct solution with mixed-form 

NESA 

1: for level l = L to 1 do 

2:    for group i = 1 to n do 

3:        if aggregation overflow occurs then 

4:            skip and cycle to the next group 

5:        end if 

6:        if (i==1) then 

7:            Orthogonalize 1

lU  to get 
l

iU  

8:        else 

9:            Orthogonalize and update 
l

iU  to get ˆ l

iU  

10:           if augment overflow occurs then 

11:               skip and cycle to the next group 

12:           end if 

13:       end if 

14:       Obtain elimination matrix 
l

iQ  

15:       Perform elimination for admissible blocks 

16:       Obtain elimination matrices 
l

iL and 
l

iU  

17:       Perform elimination for inadmissible blocks 

18:       Update remaining near and far interactions blocks 

19:    end for 

20:    Update coupling matrices 

21:    Update transfer matrices 

22:    Merge and permute sub-blocks into a coarser level 

23: end for 

24: Perform an LU factorization to the final diagonal block. 

 

In summary, the proposed direct solution can be generally 

divided into three steps. The first step is to factorize the 

admissible blocks. The basic idea is to capture the column 

space occupied by the admissible blocks together with their 

fill-in blocks, and then construct the corresponding 

complementary matrix to eliminate the redundant parts. This 

step involves receiving matrix updating with approximation 

errors which are controlled by the prescribed tolerance fill in −  

set for the SVD. In the second step, we factorize the remaining 

inadmissible blocks. Schur complement is computed and fill-

in blocks arise during the elimination. This step is a precise 

factorization without any approximations. Finally, the system 

matrix is decomposed into a matrix containing only an identity 

matrix and a diagonal matrix, and we perform an LU 

factorization for the diagonal matrix. Therefore, the inverse of 

the system matrix can be obtained by the multiplication of a 

series of matrices generated from the matrix factorization 

process. 

For a more intuitive understanding of the factorization 

process, we construct an actual system matrix based on a 

rectangular metal strip, but divided into only one level with 

four groups instead of two levels. The groups are indexed 

based on the same way in the root level shown in Fig. 2(b). 

The system matrix before and after the elimination and 

permuting are shown in Fig. 8(a) and Fig. 8(b) respectively, 

where most parts of the system matrix is eliminated. The 

intermediate elimination processes for each group are shown 

in Fig. 9. 

  
(a)                                                        (b) 

Fig. 8. The system matrix (a) before and (b) after the elimination and 

permuting, where the red dashed box marks the matrix to be factorized by the 

final LU factorization. The matrix elements are taken as absolute values in dB. 

F. Time and Memory Complexity Analysis 

In this section, we analyze the theoretical time and memory 

complexity of the overall algorithm in details. We assume that 

the object being analyzed is discretized with N unknowns, 

which are divided into the total number of L levels. Each level 

has 
lm  non-empty groups and each group has an average of 

in  near groups and 
if  far groups. 

ip  and 
lk  are the average 

number of basis functions in the groups and selected skeletons 

at the leaf level or equivalences at the non-leaf levels. As for 

equivalences, 
lk  is a constant set to 50 which is independent 

with the number of unknowns [34]. The computational time 

complexity for each level can be expressed by  

3 3 2 2 3

1

( ) ( )
lm

l i i i l i i i l i l

i

C n p p k n p p k f k
=

= + − + − +         (21) 

where the first term denotes the first elimination step for 

admissible blocks, as the actual computation of this step lies in 

the inadmissible blocks with the near groups. The second term  
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denotes the LU factorization for the corresponding diagonal 

block of size 
i lp k−  for the second elimination step, where 

Schur complement is generated after this step. The third term 

denotes the computation of the dense fill-in blocks and the last 

term is the computation of the updated coupling matrices. 

Therefore, we have 
3 3 2 2 3

3

( ( ) ( ) )

( )

l l i i l i l l i i i l l i l

l i i

C O m n p m p k m n p p k m f k

O m n p

= + − + − +

=
 (22) 

As 
ip  is no less than 

lk , we can infer that the maximum 

term in (22) is the first term. Therefore, we only keep the first 

term 3

l i im n p  for analyzing the complexity. The above 

computational complexity is then analyzed for different levels. 

Here we use C with different subscripts to indicate the 

computational complexities at the corresponding levels. For 

the leaf level, it is worth noting that 
ip  is bounded by a 

constant number that we preset to control the number of levels, 

and 
in  is also bounded by a maximum value in an octree. 

Thus, the computational complexity at this level is 
3 3( ) ( ) ( ) ( ) ( )L L i i L i i LC O m n p O m O n p C O m O N= = =  =   (23) 

where N refers to the number of unknowns. As 
ip  and 

in  are 

both bounded by constants, then the term 3

i in p  is bounded by a 

constant. Hence, the complexity is only related to 
Lm  which is 

linear to N. Subsequently at non-leaf levels except for the root 

level, skeletons are regrouped into coarser levels and the 

computational complexity for these are 
2

3

1 2 1

1

[ (8 ) ] ( )l L l l l

l L

C m n k O N= − +

= −

= =             (24) 

where 
18l lp k +=  and 

1lk +
 is less than or equal to the constant 

value of equivalences. It is worth noting that L scales as  

(log )O N  and 
lm  scales as (8 )lO  in an octree. Therefore, 

1 2l LC = −   scales as ( )O N . Finally, for the root level, we only 

computer an LU factorization for a matrix of size 
28k , whose 

complexity is  
3 3

1 1 2( ) ( ) ( )C O p O k O C= = =                     (25) 

where C is a constant. Combining the above complexities for 

all levels, we conclude that the computational time complexity 

is 

( ) ( ) ( ) ( )C O N O N O C O N= + + =             (26) 

Then the memory complexity is analyzed. Obviously, the 

near field elements at the leaf level scales as ( )O N . Then, we 

need to store the receiving matrix for each group at the leaf 

level while only for each pair of position relationship at non-

leaf levels. The memory 
clusterM  for receiving matrices is 

expressed as 
1 8 1

2

1 1 1 1

( ) (8 )

( )

Lm

cluster L L l l L L L l

i l L i l L

M p k p k O m p k O k

O N

= = − = = −

= + = +

=

   
 

(27) 

In addition, because the coupling matrices are updated, we 

need to store them for each group across all levels as 
1 1

2 2

1

( ) ( )
lm

coupling l l l

l L i l L

M k O m k O N
= = =

= = =             (28) 

Therefore, the overall memory complexity is ( )O N . In 

summary, the computational time complexity and the memory 

complexity are both ( )O N  for constant rank problems. These 

constant rank problems are usually defined in low working 

frequencies. When the frequency is high, the kernel function 

oscillates violently with the distance and the field 

reconstruction is no longer accurate when test points are 

distributed on a sphere. This field reconstruction at high 

frequencies requires a directional distribution rather than an 

omnidirectional distribution for test points. Therefore, we limit 

our solution for objects with electric size below 6λ (λ being the 

wavelength), known as constant rank problems. The above 

analysis will be verified by numerical results in the following 

section. 

 

    
(a) (b) (c) (d) 

    
(e) (f) (g) (h) 

Fig. 9. The system matrix after each intermediate elimination for each group. The elimination process proceeds sequentially from (a) to (h). Eliminations for 

admissible blocks are presented in (a), (c), (e) and (g) while eliminations for inadmissible blocks are presented in (b), (d), (f) and (h). The fill-in blocks added to 

admissible blocks are generated in (d) marked by the red boxes, which are then eliminated in (e).  
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IV. NUMERICAL RESULTS 

In the following, we present several numerical examples to 

verify the accuracy and efficiency of the algorithm. All the 

computations are performed on a work station with 256 GB of 

RAM and Intel(R) Xeon(R) Silver 4114 CPU at 2.20 GHz or a 

personal computer with the 11th Gen Intel(R) Core(TM) i7-

11700F at 2.50GHz. To construct a hierarchical octree, we set 

the threshold of the average number of unknowns of the leaf 

groups to control the octree levels. In fact, choosing a proper 

threshold is a tradeoff between the internal matrix–matrix 

multiplication and the external number of computation cycles 

for groups and levels, and both excessively large or small 

thresholds will reduce the computational performance. In the 

following examples we set the threshold to 200 under the 

condition that the number of equivalences is set to 50 with 150 

RWG basis functions. 

A. Accuracy 

We first analyze the bistatic radar cross section (RCS) of a 

perfect electric conductor (PEC) sphere obtained by the direct 

solver. The radius of the sphere is 1.8 m and it is illuminated 

by a plane wave with a frequency of 300 MHz. The result is 

compared with the Mie Series analytical solution as shown in 

Fig. 10. The surface current distribution is also plotted in the 

inset in Fig. 10. 

 
Fig. 10. Bistatic RCS of a sphere with radius of 1.8 m and working frequency 

of 300 MHz obtained by the proposed direct solution and Mie Series. The 

inset is the surface current distribution of the PEC sphere. 

It is observed that the bistatic RCS obtained by our 

proposed method agrees well with the analytical solution. 

Furthermore, we study the error controllability of the direct 

solver. The error controllability of low rank compression for 

mixed-form NESA has been analyzed in detail in [34] and 

[35], so here we just focus on the error controllability of the 

direct solution algorithm. As stated in Sect. III.A, the 

approximation errors occur in the elimination process for 

admissible blocks where fill-in blocks are compressed by the 

SVD. In addition, the tolerance for skeleton selection with 

ACA also involves approximation errors. Thus, we change the 

tolerance fill in −  of the SVD employed in the fill-in blocks 

compression with different tolerances of ACA for the skeleton 

selection and test the current of the PEC sphere mentioned 

above. We compare the current obtained by our method with 

that obtained by MoM solved with the brute force LU 

factorization. The current relative 
2l -norm error is used and 

evaluated by 
2 2NESA LU LUx x x−  as shown in Fig. 11(a). The 

condition number of this problem is 135. To test the error-

controllability of our method for more ill-conditioned 

problems, we have added a more ill-conditioned problem of a 

multiscale combined cone structure with non-uniform meshes 

as a comparison shown in Fig. 11(b). The condition number of 

the multiscale combined cone problem is 44497. 

  

           (a) 

 
          (b) 

Fig. 11. The current norm error compared to the brute force LU factorization 

with different ACA tolerances for skeleton selection and SVD tolerances for 

fill-in blocks compression of (a) the sphere and (b) the multiscale combined 

cone structure. 

For the sphere structure, the tolerance of ACA for skeleton 

selection  is set to 310−  and 410− , and fill in −  is set from 210−  to 

610− . We observe that the current error keeps decreasing when 

we reduce the algorithm tolerance fill in − . In addition, we 

obtain lower errors with the lower skeleton selection tolerance. 

It can be inferred that the proposed direct solution is error 

controllable. For the multiscale combined cone structure, the 

error curve indicates that the proposed method is also error 

controllable for such ill-conditioned matrix. Nevertheless, 

different from the sphere example in Fig. 11(a) which is well-

conditioned, the accuracy is deteriorated and this multiscale 

structure requires smaller threshold for both skeleton selection 

via ACA and fill-in blocks compression via SVD to obtain 

accurate results. This is reasonable, as in the direct solver 

there are strict inversions conducted for diagonal block 
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matrices via LU factorizations. Therefore, the condition 

number is also a key factor when selecting thresholds to 

ensure the reliability of the computational results. As long as 

the condition number meets the requirement for accurate 

inversions via LU factorizations, the solution obtained by our 

method can be trusted. 

Therefore, from the error curves it is observed that 310−  is 

suitable for most cases and smaller values as 610−  may be 

required for ill-conditioned problems (e.g., multiscale models 

with non-uniformly meshes). It should be noted that more 

precise tolerances for both skeleton selection and fill-in blocks 

compression will cause a tiny increase of the computation time 

and memory, but have no impact on the computational 

complexity. 

B. Computational Time and Memory Complexity 

Subsequently, we test the computational time and memory 

complexity of the proposed direct solver with the 

aforementioned PEC sphere. We fix the mesh size to be 0.1 λ 

and set the frequency to 300 MHz, 600 MHz, 1.2 GHz and 2.4 

GHz corresponding to 12735, 51432, 206742 and 828153 

unknowns. The computational time and memory are shown in 

Fig. 12. 

 
(a) 

 
(b) 

Fig. 12. The computational time and memory complexity. (a) Factorization 

and total time (including factorization and inversion) with the number of 

unknowns. (b) Memory for storing the near and far interactions with the 

number of unknowns. 

It is observed that both time and memory scale linearly with 

the number of unknowns. In addition, we find that the 

factorization time occupies the majority of the total time. This 

indicates one of the advantages of direct solvers over iterative 

solvers in terms of MRHS problems because whether for 

MRHS problems or single RHS problem, the system matrix 

and its factorization remain unchanged. Once the matrix 

factorization is finished, the inversion involving matrix-matrix 

multiplication or matrix-vector multiplication is very fast. 

C. Applications  

Finally, we give some RCS and current results of realistic 

models compared with existing methods. We first investigate 

the electromagnetic scattering from a tank model which is 

4.00 m in length, 1.94 m in width and 1.12 m in height. The 

working frequency is 300 MHz and the incident wave 

direction is 0i =  , 0i =  . The number of RWG unknowns 

is 14604 with the average mesh size of 0.1λ. Three levels of 

mixed-form NESA are employed with the leaf level group size 

of 0.25λ. The bistatic RCS with the range of 0 =  , 

0 ~ 180 =    obtained by MoM solved with the brute force 

LU factorization and by the proposed method with fill-in 

blocks compression tolerance fill in −  of 310−  is shown in Fig. 

13. 

 
Fig. 13. Bistatic RCS of a tank obtained by the MoM with an LU factorization 

inversion and by the direct solution with mixed-form NESA. 

A good agreement is observed for the two methods. The 

surface current distribution obtained by the methods 

mentioned above is plotted in Fig. 14, where the 

corresponding current error measured by the relative 
2l -norm 

error is 0.015. 

 
(a) 
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(b) 

Fig. 14. Surface current of the tank model obtained by (a) MoM + LU 

factorization and (b) mixed-form NESA direct solution. The current measured 

in dB is plotted. The color bars for the two figures are unified. 

Then a simulation of a fighter jet model is conducted. The 

working frequency is 800 MHz and the approximate 

dimension of the model in wavelength is 5.6λ×1.5λ×4.0λ. The 

EM wave is illuminating from 90i =  , 180i =  . The 

bistatic RCS ranging in 0 ~ 180 =   , 180 =   obtained by 

the proposed direct solution with different algorithm 

tolerances fill in −  and by the MoM is presented in Fig. 15. 

 
Fig. 15. Bistatic RCS of the fighter model obtained by the MoM and by the 

direct solution with mixed-form NESA with different algorithm tolerances. 

We also plot the surface current corresponding to different 

fill in −  in Fig. 16, where a good agreement can be observed and 

the relative 
2l -norm current error is 0.038.  

 
(a) 

 
(b) 

Fig. 16. Surface current of the fighter model obtained by the proposed direct 

solution with algorithm tolerance of (a) 710−  and (b) 810− . The color bars for 

the two figures are unified. 

Furthermore, we computed the monostatic RCS of the 

fighter jet model within the range of 90 , 0 ~ 360i i =  =    

as shown in Fig. 17 obtained by the MoM, the proposed direct 

solver and the work proposed in [35]. We compared the 

computational statistics of our proposed method with the 

method in [35] as presented in Table II. The relative residual 

for the iterative solution is 33 10−  and both methods are 

performed on 8 cores for a better comparison. The average 

number of iterations for all directions is 61. It is worth noting 

that for the time comparison we only present the solution time 

for the system matrix while the matrix filling time for the near 

interaction and low rank approximation time for the far 

interaction is the same and not included. 

 
Fig. 17. Monostatic RCS of the fighter model. 
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TABLE II 

COMPUTATIONAL STATISTICS COMPARISON FOR THE FIGHTER MODEL WITH 

DIFFERENT METHODS 

 

It can be concluded that the proposed direct solver is much 

more efficient than the iterative methods in case of MRHS 

problems. Compared with the iterative solution, the memory 

of the proposed method has been increased due to the 

additional storage requirements for fill-in blocks. However, 

there is a limit to the additional fill-in memory which will not 

increase with the number of unknowns, because the number of 

near interactions for each group at every level has an upper 

limit, and once the factorization at a level is finished the fill-in 

memory at this level can be deallocated. In other words, only 

additional fill-in memory of one level is required during the 

whole factorization. 

In addition, to test the proposed direct solver for objects 

with complex structures, we investigate a morphed EV55 

aircraft at 100 MHz. The aircraft is 14.2 m long with a 

wingspan of 16.1 m, corresponding to 4.73λ and 5.37λ. The 

aircraft is illuminated by a plane wave from 90i =  , 

180i =   along the positive x-axis direction impinging to the 

nose of the aircraft. We refine the average mesh size to 0.02λ, 

resulting 171 763 unknowns. Five-level mixed-form NESA is 

employed with an average number of 54 unknowns for each 

group at the leaf level. The surface current distribution 

obtained by the proposed method is given in Fig. 18(a) to 

18(c). Then the bistatic RCS calculated by the work in [35] 

and by the proposed method is presented in Fig. 19. 

 
Fig. 19. Bistatic RCS of the EV55 aircraft obtained by the method in [35] and 

by our method.  

 
Fig. 20. Relative residues with iterations of the fighter jet example and the 

EV55 example. 

To better show that the EV55 example is more ill-

conditioned, we analyze the relative residues with iterations of 

the previous fighter jet example and the EV55 example as 

shown in Fig. 20. Under the condition that the relative 

residues set to 33 10−  and 31 10−  respectively, the numbers 

of iterations are 142 and 547 for EV55 while 61 and 125 for 

the fighter jet. This indicates that our method is also valid for 

more ill-conditoned problems. We further analyze the bistatic 

computational statistics. For the memory consumption, storing 

the near elements and the far compressions matrices costs 

3604.6 MB and 85.3 MB with the work in [35]. With our 

method, the near and far memory are the same while 117.6 

MB additional memory is required for the fill-in blocks. In 

terms of the time consumption, we estimate the statistics of the 

computation for the single incident angle. The total solution 

time is 15.0 hours for 547 iterations with the work in [35], 

while with our proposed direct solver the total solution time is 

20.5 hours corresponding to 20.4 hours factorization time and 

0.1 hour inversion time. Although for the single incident 

direction the proposed solver exhibits a slower speed mainly 

due to the factorization process, the inversion process is 

significantly fast. Therefore, for more incident directions the 

proposed solver should be far more efficient as the 

factorization time remains unchanged while only the inversion 

time will increase with the number of incident directions.  

Finally, to demonstrate the computational performance of 

the proposed method, we simulate a sphere array model shown 

in Fig. 21(a) with 2,271,276 unknowns at 300MHz. The 

electrical size of the array is 4.3λ. The incident direction is

0i =  , 0i =   and we comput the bistatic RCS with the 

range of 0 ~ 360 =   , 0 =   by our method and MLFMA 

shown in Fig. 21(b).  

 
  

(a) (b) (c) 

Fig. 18. Surface current plotted in dB of the morphed EV55 aircraft. (a) Details of the cockpit including the dashboard and the seats. (b) Top view. (c) Bottom 

view. 
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Fig. 21. (a) The geometric structure of the sphere array and (b) the bistatic 

RCS results by our method and MLFMA. 

 

A good agreement is observed from the figure. The 

estimated peak memory of all applied processes for the 

MLFMA is 128.2GB. In terms of the computational time, 

assuming that a monostatic RCS involving 361 incident 

directions is calculated, the estimated time considering all the 

processes for the MLFMA is 200.9 hours while 104.4 hours 

for the proposed method. Although additional memory is 

required for the matrix factorization, the solution time is 

reduced compared with iterative methods for problems with 

multiple incident directions.  

From the computational statistics of the simulations above, 

it can be concluded that with the proposed direct solver, 

although some limited additional memory is required due to 

the matrix factorization, significant time saving can be 

achieved for solving MRHS problems.  

V. CONCLUSION AND PERSPECTIVES 

In this paper, a fast-direct solver based on mixed-form 

NESA is proposed to solve EM scattering from conducting 

objects for constant rank problems. The mixed strategy of 

equivalences and skeletons is employed to obtain a higher 

compression efficiency. In the fast-direct solution, the system 

matrix is represented in an explicit way. Elimination matrices 

for far and near interactions are introduced sequentially so that 

the system matrix is factorized into a series of matrix 

multiplications. The receiving matrices and coupling matrices 

are updated due to the elimination for fill-in blocks generated 

from the Schur complement computation. As for constant rank 

problems, we limit the electric size of objects been analyzed 

by our direct solution to be smaller than 6λ and both the 

computational time and memory complexities are linear. 

When the target size grows larger, the computational 

complexity remains unchanged but the accuracy deteriorates. 

In order to obtain accurate results at higher frequencies, 

wideband NESA (WNESA [39]) should be applied where we 

put equivalences into different directions under the 

consideration that the Green’s function is smooth and 

compressible when observation is limited to a specific 

direction [40]. However, this will lead to a higher complexity 

because equivalences are constructed for each direction and 

the number of directions increases with levels. In addition, the 

skeletons only algorithm in [11] is also error controllable with 

linear complexity for electrical small problems. Compared 

with it, the proposed method requires less memory and is more 

efficient when at higher levels with equivalences. The kernel-

independent property of the compression method enables the 

solver to be applicable to other integral equations Several 

numerical examples verify the accuracy and efficiency of the 

proposed direct solver.  

As an extension of this paper, some follow-up works 

include a direct solver working in a wideband which is also 

valid for problems at higher frequencies. 
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