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Abstract: We derive the exact probability density function of the signal to noise ratio (SNR)
impairment caused by polarization dependent loss (PDL) in coherent optical systems. Using the
hinge model for PDL statistics, we construct a sequence of variable transformations that yields the
expression of the SNR probability density function by means of a sequence of nested recursive
integrals. Monte Carlo simulations validate the analytical formulation assuming realistic PDL
levels and link configurations, showing excellent agreement. The model accurately captures SNR
variability introduced by cascaded PDL elements and provides a foundation for statistical margin
assessment, digital twin modeling, and quality of transmission estimation in flexible, low margin
optical networks.

© 2026 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The exponential growth of global data traffic, driven by the proliferation of cloud services,
hyperscale data centers, and bandwidth intensive applications, continues to challenge the capacity
and adaptability of optical transport networks [1,2]. Conventional fixed grid wavelength division
multiplexing (WDM) systems have reached their operational limits in terms of spectral efficiency
and flexibility, motivating the transition toward flexible optical networks (FONs) [3-5]. By
exploiting flex grid spectral allocation and programmable transceivers, FONs can dynamically
adjust transmission parameters, such as modulation format, baud rate, and channel bandwidth,
to match instantaneous traffic demand and physical layer conditions [6,7]. This architectural
evolution enables capacity on demand operation, supporting the broader Network as a Service
(NaaS) paradigm in which network resources are virtualized, provisioned dynamically, and
managed with guaranteed performance levels [8—10].

Achieving such dynamic adaptability requires accurate physical layer performance estimation,
since flex rate transceivers provide substantial gains in overall network throughput, especially
when accurate channel knowledge enables operation with reduced performance margins [11].
Network margins are required to guarantee error free operation over the system’s lifetime, whether
during new network roll out or the upgrade of existing infrastructure. Nevertheless, such margins
incur a cost in the form of over dimensioning, and should thus be kept as small as possible [12,13].
To address this challenge, optical network digital twins (ONDTSs) are emerging as a powerful tool
to enhance network observability and predictive performance assessment [14]. An ONDT, which
is a virtual replica continuously synchronized with real network telemetry, can integrate analytical
models, data driven estimators, and operational measurements to provide accurate and up to
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date representations of physical layer conditions [15]. By enabling what-if analyses, predictive
maintenance, and closed loop optimization, ONDTs facilitate dynamic margin adaptation and
proactive impairment mitigation, thus reducing the dependency on static design margins and
improving overall network efficiency [16,17].

When estimating performance, the focus should be in particular on the signal-to-noise ratio
(SNR), which directly determines the achievable bit rate and modulation format selection.
Flexible transceivers rely on precise channel state information to optimize spectral efficiency
while maintaining a target quality of transmission (QoT). Inaccurate SNR estimation can lead
to either overestimation, resulting in degraded performance, or underestimation, leading to
inefficient use of spectral resources. Therefore, the development of analytical models capable of
capturing the statistical behavior of the SNR under realistic impairment conditions is crucial for
both real time network operation and long-term planning.

Among the various physical impairments affecting coherent optical systems, polarization
dependent loss (PDL) remains one of the most difficult to model accurately. PDL can arise due
to several optical components; including connectors, multiplexers, and amplifiers [18-20]; but
the most significant amount of PDL is introduced by Wavelength Selective Switches (WSSs)
in Reconfigurable Add-Drop Optical Multiplexer (ROADMs) [21]. The PDL effect consists of
unequal attenuation on orthogonal polarization states of the signal crossing the device, which
depends on the state of polarization of the incoming signal. Although typically small in magnitude,
it has a random and time-varying nature caused by random polarization rotations in optical
fibers due to birefringence, mechanical stress, and temperature fluctuations [22,23]. In addition,
the PDL introduced by ROADMEs is also dependent on port and frequency [24-26]. PDL is
responsible for fluctuations in the received optical power and interacts with amplified spontaneous
emission (ASE) noise [27] and polarization mode dispersion (PMD) [28]. In coherent detection
systems employing polarization multiplexing, these effects translate into stochastic variations of
the SNR [29], which can compromise the reliability of adaptive transmission schemes and margin
based resource allocation algorithms. The current paradigm is to establish a worst-case margin
based on the PDL accumulation along the optical link [30]. Nevertheless, such an approach turns
out to be highly inefficient and too conservative due to the low probability of extreme PDL events.
Knowing the probability density function (PDF) of the PDL-induced SNR it is possible to assess
a statistical margin based on the desired probability of out of service (POOS) [26,31,32].

Many mitigation techniques have been proposed to reduce QoT fluctuation in the presence of
PDL [33-35], and the PDL statistic has been widely investigated analytically, experimentally, and
through numerical simulations [36-39]. Nevertheless, a comprehensive analytical treatment of its
effect on SNR remains limited. Analytical modeling offers several advantages: it enables closed
form statistical characterization, facilitates insight into the physical mechanisms underlying
SNR fluctuations, and supports fast, scalable QoT estimation required by real-time control
and optimization in elastic optical networks. In addition, analytical frameworks provide the
mathematical foundation for margin prediction and impairment aware resource allocation, and
they can also complement data driven methods in scenarios such as machine-learning-assisted
network automation. A first step on analytical modeling of PDL-induced SNR was performed
in [40], where the derivation of the statistic of the SNR degradation in presence of PDL is
performed for intensity modulated optical systems. Moreover, in [40] a continuous model is
assumed to describe the distribution of the PDL along the optical link, which is accurate only
in long systems with a large number of PDL elements. In [31], the performance degradation
in coherent polarization multiplexed systems was analyzed under the assumptions of low PDL
and negligible nonlinear interference (NLI), introducing a statistical margin approach based on
a discretized PDL distribution along the optical link. In [29] the "hinge model" for PDL was
proposed, following the approach previously adopted for PMD [41], and using the PDF derived in
[42] for PMD and adapted to PDL as an approximation, focusing on the PDL distribution rather
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than on its impact on the SNR. In [43] a statistical characterization of the PDL impact on OSNR
is provided, based on Monte Carlo simulation, and a disaggregated Gaussian approximation of
the PDF of the SNR is proposed. Regarding the interaction between PDL and Kerr nonlinearity in
the generation of nonlinear interference (NLI) noise under the additive Gaussian approximation
for dual-polarization coherent systems [44,45], several studies have provided important insights.
In [46,47], it was shown that PDL affects the amount of generated NLI primarily in dispersion-
managed (DM) links, whereas in the widely deployed dispersion-uncompensated transmission
systems, the NLI level is only marginally influenced by PDL. An extension of the GN-model
[44] accounting for PDL in NLI accumulation was proposed in [48]; however, its use relies
on a Monte Carlo framework, which leaves a gap with respect to a fully analytical description.
Motivated by these considerations, in this work we develop an analytical model for the impact of
PDL on the SNR in dispersion-uncompensated coherent optical transmission systems, assuming
ASE noise only and ideal equalization at the receiver. The NLI contribution can be incorporated
into the proposed framework using the Gaussian-channel model of [32], in which NLI is treated
as a worst-case Gaussian noise source at the receiver.

The main contribution of this work is, to the best of our knowledge, the first analytical
derivation of the probability density function (PDF) of the PDL-induced SNR. We build on the
statistics of the attenuation caused by PDL, described by the hinge model in [38], which provides
the foundation of the present analysis. In dual-polarization coherent systems, PDL affects the two
recovered tributaries in a correlated manner. In this paper, however, we focus on the exact marginal
PDF of the SNR on a single polarization axis; by symmetry, the same marginal distribution applies
to the other tributary as well. Although the joint dual-polarization SNR distribution is beyond
the scope of the present work, the derived marginal PDF is still of practical relevance, since it
enables the statistical characterization of either tributary individually. This is particularly useful
in practical implementations, where monitoring is often available on a per-tributary basis, thereby
supporting telemetry-driven margin estimation. The proposed framework should be interpreted
within its modeling scope. In particular, it isolates the contribution of frequency-flat PDL to SNR
fluctuations in the presence of additive ASE noise and ideal equalization. Chromatic dispersion is
not included because, being a linear lossless impairment, it does not affect the present derivation
under the assumption of ideal equalization. By contrast, PMD, filtering-induced distortions,
and practical equalizer implementation penalties may interact with PDL in a non-trivial way
and are therefore outside the scope of the present work. The rigorous derivation is presented in
Section 2, where the key step consists in introducing a variable transformation that simplifies
the Jacobian determinant and makes the analytical formulation of the PDL-induced SNR PDF
tractable. The validation through Monte Carlo simulation is provided in Section 3, for an
increasing number of devices and PDL magnitude, with some insights on the obtained PDF
functions. The derived expression bridges the gap between component-level polarization effects
and system-level performance estimation, enabling improved accuracy in QoT prediction and
adaptive margin assessment. These results contribute to the analytical foundation necessary for
the realization of truly elastic, capacity-on-demand optical networks capable of supporting the
evolving requirements of data-intensive communication infrastructures.

2. Mathematical derivation of the probability density function of the PDL-induced
SNR

The reference system for the derivation of the PDL-induced SNR PDF is provided in Fig. 1.
We perform the derivation considering the SNR on the X polarization; therefore, the power
of the noise sources and the power of the signal are half of the total power of the coherent
dual-polarization scenario. For the Y polarization, the derivation of the PDF of the PDL-induced
SNR follows the same procedure. Indeed, the PDL-induced SNR distribution is expected to be the
same in both X and Y polarizations, which was confirmed through simulations and experiments
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in [26,27]. The link is composed of a cascade of N PDL devices, which could be ROADMs,
attenuating the signal and the additive noise. The PDL devices are alternated with noise sources,
of power p,, 1, . .., pun+1, Which can be injected along the link due to optical amplification. As
stated above, we consider the NLI effect, if not negligible, as embedded in the final noise source
PanN+1 [32]. At the end of the link, the DSP block is assumed to perform an ideal equalization,
inverting the attenuation experienced by the transmitted signal. The transmitted power on the X
polarization is represented by p;.

P, PDL, PDL, DSP

~ B @_e ...... ¢ D o H
Pu.1 | P2 PaN |pn,N+l |

Fig. 1. Mathematical abstraction of PDL-impaired optical link, with definition of indexes.

The attenuation caused by each PDL device on the X polarization, neglecting the polarization
independent loss and considering the randomization of polarization of the signal impinging upon
each PDL element due to birefringence, is uniformly distributed according to [38], where the
derivation of such a model is based on Jones Calculus [49]. The PDFs of the N attenuations
introduced by all the PDL devices are expressed as:

Ji-7 Ty, T+,

()= ———; xe¢ §,-‘1é\/ y’;g,-é\/ L P T 2 (1
27i \/1 +i \/1 —%Yi

where each term y; (i = 1,...,N) can be obtained from the characterization of the i-th PDL

device which provides the parameter PDL4p;. PDL4p,; represents the power ratio, expressed in
decibels, between the least and the most attenuated states of polarization entering the device.
PDLdB,i
-1

Yi= PDLgp ;

10 +1

el0,1]; i=1,...,N. ©)

The attenuations A; are independent uniform-distributed random variables. We compute the
SNR at the end of the line on the X polarization, assuming ideal equalization.

ps T Ai - TIX, A
N+l N N 4-1
j:-'i Pnj Hk:jAk Iz 4

Ps

N+l o /-1 4-1"
]‘:1 an nk:lAk

SNR =

3

To simplify the analysis we compute the SNR™!, which is expressed as a sum of N + 1 terms:

N
_ 1 Dn,i+l
SNRlz—(pn,l+Z e @
Ps perll NPT
we define the random variables X; as the reciprocal of the random variables A;:
1 .
X;=—; i=1,...,N. (5)
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The corresponding PDFs are obtained through the well-known formula for the inverse of a
random variable:

1—)/2
— i=1,...,N. (6)

1
(X)) = — -
fX,( l) x% 2%

All X; are independent, and their supports are the same as A;, namely: [§[" ;& fori=1,...,N.
Now we can express the SNR™! in a simpler way:

N i
_ 1
SNR™' = p_ Pn1 t+ an,i+l l_lXj . @)
s — i

To obtain the PDF expression, we proceed in three steps. First, we focus on SNR™! and
compute its cumulative distribution function (CDF); then we evaluate the derivative of the CDF
to obtain the PDF; finally, we apply the inversion formula to get the PDF of the SNR.

The CDF of SNR™! is obtained by integrating the joint PDF of the N random variables X;.

Fong1(2) = Prob{SNR™! < 2} = /:/ /' cdey f (o) ()
:SNR™! <z

where the joint PDF is the product of the single PDFs due to variable independence:

N [1-42
fxmw.m—ﬂé——f ©)

l

By substituting Eq. (9) in Eq. (8) we obtain:

N
1
F 71(z)=n~//-~~/ dxl...de| |—; (10)
SR X:SNR™! <z i=1 X

where 7 = HN "

for compact notation. The integrand function is quite simple, but the
integration domam depends on a complex nonlinear multi-dimensional condition, which involves
all the random variables X;. We proceed by applying an opportune change of variable. We choose
the following set of functions:

N i
Yie = pug + Xi - | Prngr1 + Z Dn,i+1 1_[ X;|. (11
i=k+1 j=k+1

We point out that such change of variables does not apply only to the case of uniform random
variables, which is the focus of this work on PDL. It is useful in general when dealing with
problems in which the statistical evaluation of SNR depends on the interplay of cascaded elements
and noise sources, following the structure of the link in Fig. 1. Equation (11) allows an equivalent
recursive expression:

Yir1

Yn—pnn
Xy =
N = PnN+1

X = Yk g N-1
(12)

Subject to the following support conditions, which impact the nested integration boundaries:

Bopk < g k=1,...,N—-1

Yis1

Sk
13
o S "

I/\ I/\
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The Jacobian of the transformation is upper-triangular:

1 Yi—pai
Y 72 0 0 0
1 Y2_pn,2
0 A _Y_32 0 0
0o ... 0 Lo Behua g 0
J= Vi Y2 (14)
0

0o ... 0 L _Dvcpeva
Yy Y,

0 ... 0 !

Pn.N+1

To perform the change of variable in resolving the integral of Eq. (10) we need the modulus of
the determinant of the Jacobian:

|der(J)| =

Pn.N+1 z

Mo
11+ (15)
=2
Substituting (12) and (15) in Eq. (10), we are able to separate the integration domains, obtaining
N nested recursive integrals:

DSz 1 g1n) V2

F fl(Z)ZU'P,le dy ——— ...
SNR e NR-1 (yl 1) Jaon) (2 = Pn2)?

min

- /'gkl()'kl) iy, Vi o /‘gNl(YNl) . N '
fe-10k-1) O = pn,k)z fn-10n-1) w = pn,N)z

where the variable z spans a finite continuous interval that ranges from SNR™! to SNR;,! . that
have the following expressions:

(16)

- N Dni+1 .
SNRmm = ps o [Pt Z,‘:] R E
k=1

o (17)
SNR g = 5 | Pui + Ziy =457 |-

k=1

I+yg

The integration domains defined in Eq. (16) by the functions f; (yx) and gx(yx) fork = 1,...,N—1
can be obtained through the constraints (13). At each integration level two conditions must be
satisfied to delimit the integration variable. First, from the first N — 1 inequalities of (13), each yx
for k =2,...,N is subjected to:

< E1(Vke1 = Prse—
)’k—fk_]l()’kl Pnk-1) k=2 N1 (18)
Yk 2 gk,l(yk—l — Pnik-1)
Therefore, each y; for k = 2,...,N is bounded between two slopes depending on the variable

vk-1, which is the integration variable of the successive external integral. In addition, starting
from the last inequality of (13) (when k = N), and proceeding recursively, we obtain that each y;
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is bounded also between two constant values, namely Ay < y; < By, that can be computed at
each integration level as:

Ak = Pk + X print T €75 k=2, N (19)

By = pui + Xty Puint [T &3 k=2,...,N. (20)

The integration domain at each integration level k is graphically represented in Fig. 2. The
integration variable yy is reported in the vertical axis and its boundaries depend on the outer
variable yx_; on the horizontal axis.

Yk

Yk = §k-1Vk-1 — Pr—-1) v =& V=1 = Prge—1)

< - -

By Y1
'éN-l(pn,k-l) 1

-En(Po1) ¢
Fig. 2. Picture of the integration domain at the k-th level of integration.

From Fig. 2 it is possible to understand how to compute the integration limits at each k-th
integration step, obtaining the functions fi(y1), . . .,fv-1(¥ny-1). Such functions, bounding the
k-th integration variable y,, are monotone continuous increasing functions of the outer variable
Vk—1, which can be defined piecewise:

Ag Yi-1 < Cy
Si—1k=1) = 1 k=2,...,N; 21
&y Ok=1 = Pnk-1) Yi-1>Ci
k=1 k=1 = Pnj—1 k-1 < Dy
8k-10Vk-1) = bt - O Prict) k=2,...,N; (22)
By Yi-1>Dy
where Cy and Dy can easily be obtained from Ay and By:
Ci =Ppnp—1 +é&1Ar; k=2,...,N; (23)

Dy = Pnk-1 7+ gl;—llBk k=2,...,N. 24)
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The CDF is expressed explicitly by Eq. (16) and can be evaluated by numerical integration.
The corresponding PDF is simply the derivative with respect to z of Fqyg-1(2):

DN+l -1 81(ps-2) Vs
Foxr1(2) = (g) = Dl Puiel T dyy—22—
SNR Fone s - 2= Pu1)? Jips2) (2 = Pn2)?
8k-1k-1) en-10n-1)
k N
/ dyi M 2/ dyn y - (25)
i1 i) Ok = Pn) v iw-1) N = PnN)
1
[SNlen’ SNRWLLIX] .

Finally, given a random variable G, which is the inverse of a random variable H so that G = Ii{
the PDF of G is computed as:

fo(g) = iz Ju (l) ; (26)
g g

where fy(h) is the PDF of the random variable H. Applying Eq. (26) to Eq. (25) leads to the final
PDF of the SNR in presence of N PDL elements on the considered optical link, which follows:

_ Pypanein (21Ds/D) Y RO VD
fSNR( ) (p —tpn, ) Ifi (Ps/t> Y2 ()’2_pn_2)2 fN—l(nyl) YN (yN—Pn,N)2 N (27)
t € [SNR i SNR x| ;

where the values of SNR,,;;, and SNR,,,,, are simply the inverse of SNRmm and SNR;,[LX provided

in Eq. (17). In the case of few PDL elements, it is possible to express Eq. (27) in closed form.
We provide the expression for a single PDL element and for 2 PDL elements:

N=1: fSNR(t) e e re [SNRmin;SNRmax];

(ps—t-pn1)?’ (28)
N=2: fonr(r) = 2220 u(r),
’ (px_t'Pn,l)2 ’
3618 Pn2 | HPn14Pn2&1+Pn3&162)-ps p_x p_s
log Ps=tPn1tPn2&1) | Pu3é2 Ps=t(Pn1+Pn2&1) K I<g MN<p
612 [psft(pn,l+pn.2‘§17] )] tpn,Z(flzfl)(psftpn,l) pA Ps
< >
u(t) = log l’ﬁ_t(pml*'p"l‘zfl) E[ps—1Wn,1+Pn2E0NPs—1Pn, 1 +Pn 2 &7 )] ! N2, .
2\, P2 61 Ps ps
10g(§2)+ﬂn_3? tZC—z/\[<D—2 (29)
p.v_t(Pn.l +Pn.2§fl) Pn2 p.v_l(Pn,l +P11,2§;1+pn.3§;l§£1) Ds Ps
log [Pn,3§;l§£] ‘ pnﬁgzil Fs_t(pn.l+pn.2§f]) r= G Atz Dy

t € [SNR;in; SNR gy ] -

3. Validation

In this section, we validate the analytical result of the previous section by means of numerical
simulation. To simulate the PDL-impaired system in Fig. 1, we exploited the Monte Carlo
simulator experimentally validated in [27] and enhanced in [26]. The aim of the Monte Carlo
validation is to assess the accuracy of the analytical PDF under the assumptions of the proposed
model, namely additive ASE noise and ideal equalization. A more detailed physical-layer
validation including span-by-span amplifier gain, noise figure, and explicit nonlinear interference
accumulation is left for future work. We performed 10° link realizations, considering arbitrary
PDL effect along the line, focusing on two scenarios. In the first, which we call "low PDL
regime", the amount of PDL introduced by each device is less than 1 dB, which replicates a
realistic use-case, as it was observed in many experiments [24-27]. In the second, which we call
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"high PDL regime", the per-device PDL value is greater than 1 dB, simulating an extreme case
with very high PDL deployed in the optical link. The chosen PDL values for each device are
listed in Table 1. When simulating, we consider an increasing number of PDL devices in both
scenarios. We start by simulating a link with just device number 1, and repeat the simulation
adding devices up to the final case with all the 8 PDL devices. The noise is distributed so that
each noise source injects the same noise power, and the total SNR in absence of PDL, namely the
signal power over the sum of all the power of the noise sources, is equal to 15 dB.

Table 1. PDL value for each PDL element considered for the
validation
el. # 1 2 3 4 5 6 7 8
low PDL 03|04 070506 03] 08]| 04
high PDL 2 2.1 1.5 3 2.5 1 2 1.8

PDL [dB]

Figures 3 and 4 show the comparison between the numerically obtained PDF of the PDL-
induced SNR and the analytical expression given by Eq. (27). The PDF is plotted with respect to
the SNR in linear scale, according to the derivation performed in the previous section. There is
excellent agreement between theory and simulation in both the low and high PDL regimes.

N = 1 element N = 2 elements N = 3 elements N = 4 elements
1.0 0.7 05 Q 0.40
o, .
®0, X0 o A 0.35
@ o © 0.6 g
0.8
04 030
05
0.25
0.6 0.4 03
0.20
03
0.4 0.2 0.15
0.2
0.10
02 0.1
: b 0.05
—— Analytical 4 —— Analytical & — Analytical —— Analytical
O Monte Carlo 0.0 O Monte Carlo 0.0{ & O Monte Carlo 0.00 O Monte Carlo

310 313 316 319 322 30.3 31.0 316 323 33.0 29.2 30.4 31.6 32.8 34.0 28.2 30.0 317 334 35.1
SNR lin SNR lin SNR lin SNR lin

N = 5 elements N = 6 elements N = 7 elements N = 8 elements

# — Analytical
O Monte Carlo

# — Analytical

§ — Analytical &,
O Monte Carlo

§ — Analytical | § &
= O Monte Carlo 38D

B
O Monte Carlo &

272 295 317 340 363 263 201 318 345 373 253 286 319 352 385 244 282 320 358 396
SNR lin SNR lin SNR lin SNR lin

Fig. 3. PDL-induced SNR distribution for low-PDL regime.

The first observation is that the higher the number of PDL devices, the wider the distribution.
Focusing on the low PDL regime described by Fig. 3, the distribution spans approximately from
an SNR value of 31 to an SNR of 32.2 in the case of a single element. In the case of 8 elements,
the extremes of the SNR are approximately 24.4 and 39.6. As expected, the PDF enlargement
is even more drastic in the high PDL regime, where the SNR bounds are 7.5 and 70.7 in the
case of 8 elements. This effect is in line with previous results, where the standard deviation
of the distribution has been found to increase with the number of PDL devices, if the link is
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N = 1 element N = 2 elements N = 3 elements N = 4 elements

0.175

0.150
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0.100

0.075

0.050

0.025

—— Analytical u" —— Analytical

— Analytical
O Monte Carlo

— Analytical

O Monte Carlo 0.00 O Monte Carlo 000 & O Monte Carlo

7.6 296 316 336 356 238 279 319 359 400 209 267 325 382 440 172 252 332 412 492
SNR lin SNR lin SNR lin SNR lin

N = 5 elements N = 6 elements N = 7 elements N = 8 elements

®
—— Analytical

&
&
&

O Monte Carlo - mD—

— Analytical — Analytical — Analytical
0.00 O Monte Carlo 0.00 O Monte Carlo 0.00 O Monte Carlo 0.00
139 241 343 445 547 116 236 357 478 598 9.4 234 373 512 652 7.5 233 391 549 707
SNAR lin SNR lin SNR lin SNR lin

Fig. 4. PDL-induced SNR distribution for high-PDL regime.

composed by less than 10 devices [26,43]. A second consideration can be made about the shape
of the distribution. With less than 3 PDL elements, the PDF appears to be irregular in both
high and low PDL regimes. After 3 PDL elements, the shape starts to be similar to a bell. The
bell symmetry is almost perfect in the case of low PDL regime, while in high PDL regime the
distribution is clearly asymmetric. This justifies the assumption of Gaussianity in the case of
low PDL [31]. Further works can focus on the derivation of a Gaussian approximation based on
the central limit theorem, starting from the expression of SNR7! in Eq. (4). A final observation
on the computational complexity is useful for practical software implementation of Eq. (27).
The mathematical problem solved in the previous sections inherits the exponential complexity
already described in [38]. The exponent grows with the number of PDL devices N, and this can
be deduced from the recursive structure of Eq. (27), which has been discussed in the derivation.
With efficient coding and hardware exploitation, the evaluation of the PDF of the PDL-induced
SNR with up to N = 8 elements, which is provided in this section, was almost instantaneous,
but becomes inefficient for large values of N. In practical cases of optical links including many
PDL devices, such as Metro Networks, the expected number of cascaded ROADM:s crossed in a
lightpath ranges between 3 and 8, for which the evaluation of the proposed PDF formula is fast
and efficient, allowing its implementation in the transmission model of an ONDT to perform
statistical margin assessment.

4. Conclusion

In this work, we presented the first complete analytical derivation of the probability density
function of the SNR in coherent optical transmission systems impaired by polarization dependent
loss (PDL). Building upon the hinge model framework for PDL statistics, we transformed the
cascade of PDL elements and distributed noise sources into a tractable formulation for the SNR
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distribution, ultimately obtaining an analytical expression for the PDF through recursive variable
transformations. The resulting model captures the full statistical behavior of the PDL-induced
SNR fluctuations, bridging the gap between component level attenuation randomness and its
system-level quality of transmission impact.

The analytical results were validated through extensive Monte Carlo simulations across a range
of realistic and extreme PDL deployment scenarios. The excellent agreement between theory
and simulation confirms the accuracy of the derived PDF and highlights its ability to reproduce
both the widening of the SNR distribution with increasing PDL elements and the evolution of
its shape; from irregular in short links to nearly Gaussian in low PDL cases with more than
three elements. These findings provide a rigorous foundation for statistical margin strategies,
enabling more efficient and less conservative Q0T assessment compared to worst case design
rules. The model is computationally efficient for practical link configurations, such as metro
networks with up to eight cascaded PDL elements. This makes the proposed formulation suitable
for integration into optical network digital twins and real time physical layer estimation engines,
where accurate SNR statistics are essential for adaptive margin management, rate optimization,
and impairment-aware resource allocation.

The present formulation should be interpreted as an exact analytical characterization of
the PDL-induced SNR statistics under the adopted assumptions, rather than as a complete
end-to-end model of a practical coherent receiver. In particular, the model includes additive ASE
noise and ideal equalization, while PMD, filtering-induced distortions, and practical equalizer
implementation penalties are outside its scope.

Future research may extend this framework by exploring Gaussian approximations based on
central limit theorem arguments, incorporating nonlinear interference contributions in greater
detail, considering more general channel models that account for PMD, filtering-induced
distortions, and practical equalizer effects, and leveraging the analytical PDF within machine-
learning-driven control systems. A natural extension of this work is the derivation of the joint
distribution of the SNRs on the two orthogonal recovered polarizations, in order to explicitly
capture the complementarity induced by PDL and relate the present marginal formulation to
dual-polarization QoT metrics. Overall, the proposed model offers a significant step toward
enabling truly elastic, low margin, and performance predictive optical networks.
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