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 a b s t r a c t

Oncolytic virotherapy, which employs genetically engineered viruses to target cancer cells and stimulate anti-
tumour immune response, has emerged as a promising therapeutic strategy. In our previous work, we developed 
a stochastic agent-based model elucidating the spatial dynamics of infected and uninfected cells within solid 
tumours. Building upon this foundation, we present a novel stochastic agent-based model to describe the intricate 
interplay between the virus and the immune system; the agents’ dynamics are coupled with a balance equation 
for the concentration of the chemoattractant that guides the movement of immune cells. To better understand 
the macroscopic behavior, we derive a formal continuum limit of the model and compare it quantitatively to the 
individual-based simulations in two spatial dimensions. Furthermore, we describe the travelling waves of the 
three populations, with the uninfected proliferative cells trying to escape from the infected cells while immune 
cells infiltrate the tumour.
 Simulations show a good agreement between agent-based approaches and numerical results for the con-
tinuum model. In certain parameter regimes, both the agent-based and continuum models exhibit oscillatory 
behavior, echoing Hopf bifurcations seen in non-spatial analogues. However, divergences between the models 
in specific cases highlight the critical role of stochasticity. Notably, we find that a premature immune response 
may undermine therapeutic efficacy, emphasising the importance of timing and modulation in combined im-
munovirotherapy approaches. This further suggests the importance of clinically improving the modulation of 
the immune response according to the tumour’s characteristics and to the immune capabilities of the patients.

1.  Introduction

Oncolytic viruses are able to infect and kill cancer cells, while mostly 
sparing healthy tissues (Blanchette and Teodoro, 2023; Fountzilas et al., 
2017; Kelly and Russell, 2007; Lawler et al., 2017; Russell and Peng, 
2018). Despite their high potential as targeted cancer therapy, virother-
apy is usually unable to eradicate a tumour alone; hence, most of the 
current efforts are devoted towards its combination with other thera-
pies (Martin and Bell, 2018). One of the most promising of such com-
binations is with immunotherapies (Engeland et al., 2022), which has 
been tested in several clinical trials (such as Andtbacka et al., 2019; 
Desjardins et al., 2018; we refer to Engeland et al., 2022 for a more 
comprehensive review). The “avoidance of immune destruction” is one 
of the hallmarks of cancer (Hanahan and Weinberg, 2011), therefore 
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therapies that contribute to the activation of the immune system may 
play a central role in keeping a tumour under control and, if possible, 
in eradicating it. The interplay between oncolytic viruses and immune 
cells is twofold: oncolytic viruses are able to stimulate immune cells, not 
only against viral particles, but also against tumour cells; on the other 
hand, an immune response that targets the oncolytic virus may prevent 
an effective infection in the whole tumour, making virotherapy ineffi-
cient (Shi et al., 2020). The complexities of these dynamics motivate 
the use of mathematical models to gain a deeper understanding, with 
the goal of suggesting optimal treatment schedules for the combination 
of virotherapy and immunotherapies.

Several mathematical models have previously been adopted for the 
study of the interactions between oncolytic viruses and the immune sys-
tem, including ordinary differential equations (ODEs) (Almuallem et al., 
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2021; Conte et al., 2025; Eftimie and Eftimie, 2018; Storey et al., 2020; 
Vithanage et al., 2023; Wodarz, 2001), partial differential equations 
(PDEs) (Friedman et al., 2018; Kim et al., 2018; Lee et al., 2020; Wu 
et al., 2004), stochastic agent-based models (Storey and Jackson, 2021; 
Surendran et al., 2023) and hybrid discrete-continuous multi-scale mod-
els (Jenner et al., 2022). While most of them restrict their attention to 
the systemic immune response, some others also explicitly model im-
munotherapies, such as immune checkpoint inhibitors (Friedman et al., 
2018; Kim et al., 2018; Storey et al., 2020; Storey and Jackson, 2021; 
Surendran et al., 2023; Vithanage et al., 2023) and chimeric antigens 
receptor T-cells (CAR-T) (Conte et al., 2025; Mahasa et al., 2022).

In general, individual-based models track individual cells, making it 
possible to represent processes happening at single cell-scale and easily 
include stochasticity; in this context, continuous fields are often used to 
model molecular elements, such as nutrients, leading to a hybrid mod-
elling approach. In contrast, deterministic continuum models describe 
volume fractions, hence the biological interpretation of the terms com-
prised in the model equations is less straight-forward and stochasticity 
cannot be included easily. On the other hand, this approach is partic-
ularly suitable to deal with large cell numbers for long time scales, as 
numerical simulations are faster than in the case of agents-based models 
and sometimes analytical results may be obtained. In order to combine 
the benefits of the two modelling approaches and gain a more compre-
hensive understanding of the biological system under study, a standard 
method is to derive a continuum macroscopic model from the underly-
ing discrete or hybrid stochastic model (see, for example, Champagnat 
and Méléard, 2007; Johnston et al., 2015; Lorenzi et al., 2020; Macfar-
lane et al., 2022; Penington et al., 2011; we refer to the introduction of 
Chaplain et al., 2020 for a more comprehensive literature review). The 
observation of significantly different behaviours of the two modelling 
instances would then suggest that stochasticity plays a key role in the 
phenomenon under investigation.

In our previous work (Morselli et al., 2023), we adopted this ap-
proach to model the infection of tumour cells due to oncolytic viruses 
in the absence of an immune response, taking into account two alter-
native sets of rules governing cell movement. Our results in the case 
of unrestricted cell movement show partial tumour remission for pa-
rameter values within the biologically meaningful range. The goal of 
the present work is to analyse the impact of the immune system in this 
situation, with the aim to determine whether eradication or long term 
control of the tumour are attainable, at least in the absence of relevant 
physical constraints.

Immune interactions with a tumour involve several different types 
of immune cells, which are stimulated and inhibited by a large num-
ber of molecules. An accurate description of these processes goes be-
yond the scope of the present work. In order to facilitate some theo-
retical understanding of the model, we restrict our attention to a single 
type of immune cell, namely cytotoxic T-cells, with the ability to kill 
both infected and uninfected tumour cells. We then assume that tumour 
cells secrete chemoattractant and immune cells follow the chemotac-
tic stimuli towards the tumour (see Painter, 2019 and the references 
therein); this leads to a hybrid and multiscale modelling approach. Al-
though the derivation of this kind of model from microscopic rules is 
well-known (see Almeida et al., 2022 for the specific case of immune 
interactions with cancer and Bubba et al., 2020; Charteris and Khain, 
2014 for more general situations), we are not aware of any other work 
comparing agent-based and continuous models for the interactions be-
tween immune system and oncolytic viruses.

We consider a tumour with poor immune infiltration (i.e., a cold tu-
mour in the classification of Galon and Bruni, 2019) and assume that 
the infection by the oncolytic virus induces an immune anti-tumour re-
sponse by increasing immune cell inflow and improving immune recog-
nition; such a therapy combination is often defined immunovirotherapy 
(Engeland et al., 2022). We also assume that the immune killing rate 
can be enhanced (e.g., by inhibition of the PD-1 and PD-L1 checkpoints 

Iwai et al., 2002) and we evaluate its consequences on the therapy. First, 
the spatially homogeneous ODE is considered, revealing that some pa-
rameter regions give rise to stable limit cycles: this is not surprising, as 
the same behaviour is also observed in similar models describing inter-
actions of cancer with immune cells (Eftimie et al., 2011a), oncolytic 
virus (Baabdulla and Hillen, 2024; Jenner et al., 2018, 2019; Poolad-
vand et al., 2021) and both together (Eftimie et al., 2016). Then, the 
effects of the oscillations are explored in the spatial models: in some 
situations we observe the extinction of infected agents even though the 
continuous model show recurrence of infection. Overall, our results sug-
gest that the enhancement of the immune response may either increase 
or decrease the effectiveness of oncolytic virotherapy, depending on the 
time and location of the viral injection.

The article is organised as follows. In Section 2, we introduce the 
agent-based model and present its continuum counterpart (a formal 
derivation is presented in Appendix A). In Section 3, we study the equi-
libria of the spatially homogeneous ODE and the emergence of a stable 
limit cycle; this analysis provides some insights on the oscillations ob-
served in the full system. In Section 4, we compare the results of numer-
ical simulations of the agent-based model and the numerical solutions 
of the corresponding PDEs, comparing it with the situation in which 
the immune response is negligible. In Section 5, we discuss the main 
findings and provide some suggestions for future research.

2.  Description of the agent-based model and formal derivation of 
the corresponding continuum model

In our previous work (Morselli et al., 2023), we presented a stochas-
tic agent-based model describing infected and uninfected cells for solid 
tumours that interact with viruses in the absence of an immune response. 
Our model takes into account proliferation and death of uninfected tu-
mour cells, death of infected tumour cells, infection of uninfected cells 
and cell movement. We considered two alternative sets of rules govern-
ing the latter process (namely, undirected random cell movement and 
pressure-driven cell movement) and we showed how this choice strongly 
influences therapy outcomes.

In this approach, we did not explicitly take into account viral dynam-
ics: we here briefly motivate this choice, as we adopt the same strategy 
in the present work. While it is known that oncolytic viruses are able 
to infect through specific receptors that are highly expressed on cancer 
cells (Lawler et al., 2017), the exact mechanisms of the infection are 
not well understood. In general, infections may take place both through 
direct cell-to-cell transmission and cell-free transmission mediated by 
diffusing virions; the actual combination of the two processes is hard to 
establish in full detail (see Graw and Perelson, 2016 and the references 
therein). In the specific case of oncolytic virotherapy, there are several 
obstacles to viral diffusion in the tumour microenvironment: indeed, 
factors such as extracellular matrix composition, immune cell infiltra-
tion and hypoxic regions can impede viral penetration, replication and 
spread within the tumour (Wojton and Kaur, 2010). It is therefore a 
reasonable approximation to neglect viral spread far from infected cells 
and assume that the infection is mainly driven by cell-to-cell contact 
and close-range free virions. This approach has been commonly used 
for nonspatial models of oncolytic viruses (Komarova and Wodarz, 2010; 
Novozhilov et al., 2006). In the context of spatial models, this choice has 
also been motivated by the above-mentioned obstacles of viral diffusion 
in the tumour microenvironment

Our results suggest that the inability of free virions to propagate 
in the tumour microenvironment combined with constraints of cellular 
movement may cause the failure of the therapy due to stochastic effects. 
Therefore, in the present work we only focus on undirected movement, 
which is more likely to result in more favourable outcomes.

The details of our previous agent-based model are summarised in the 
context of the new model for the sake of completeness. The correspond-
ing continuum model is the following diffusive Lotka–Volterra model 
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Table 1 
List of the variables for both approaches, with their units of measurement.
 Quantity  Microscopic variable [Units]  Macroscopic variable [Units]
 uninfected cancer cells 𝑈 𝑛

𝑗  [cells] 𝑢(𝑡, 𝑥) [cells/mm2]
 infected cancer cells 𝐼𝑛

𝑗  [cells] 𝑖(𝑡, 𝑥) [cells/mm2]
 immune cells 𝑍𝑛

𝑗  [cells] 𝑧(𝑡, 𝑥) [cells/mm2]
 chemoattractant 𝜙𝑛

𝑗 [𝜇g/mm2] 𝜙(𝑡, 𝑥) [𝜇g/mm2]

with logistic growth:

⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝑢(𝑡, 𝑥) = 𝐷𝜕2𝑥𝑥𝑢(𝑡, 𝑥) + 𝑝𝑢(𝑡, 𝑥)
(

1 −
𝑢(𝑡, 𝑥) + 𝑖(𝑡, 𝑥)

𝐾

)

−
𝛽
𝐾
𝑢(𝑡, 𝑥)𝑖(𝑡, 𝑥),

𝜕𝑡𝑖(𝑡, 𝑥) = 𝐷𝜕2𝑥𝑥𝑖(𝑡, 𝑥) +
𝛽
𝐾
𝑢(𝑡, 𝑥)𝑖(𝑡, 𝑥) − 𝑞𝑖(𝑡, 𝑥).

(1)

We summarise in Appendix B the main takeaways from this ap-
proach, which help to elucidate some aspects of the current work. The 
rest of the current section is devoted to presenting an extension of these 
discrete and continuous models.

2.1.  Agent-based model

We extend and improve upon the modelling framework mentioned 
above by including immune cells, which are described as agents that oc-
cupy a position on a discrete lattice in the same way as cancer cells. We 
also consider a chemoattractant secreted by cancer cells that guide the 
movement of immune cells; its concentration is described as a discrete, 
non-negative function. Observe that we are using a hybrid discrete-
continuous modelling framework, since the chemoattractant concentra-
tion is the discretisation of a continuous function. For ease of presenta-
tion, in this section, we restrict our attention to one spatial dimension, 
but there would be no additional difficulty in considering higher spatial 
dimensions. In the following sections, we mainly focus on two spatial 
dimensions, so, in Remark 1, we explain the small difference in this sit-
uation.

Let us consider the temporal discretisation 𝑡𝑛 = 𝜏𝑛, with 𝑛 ∈ ℕ0, 
0 < 𝜏 ≪ 1, and the spatial domain Ω ⊆ ℝ with discretisation 𝑥𝑗 = 𝛿𝑗, 
with 𝑗 ∈ ℤ, 0 < 𝛿 ≪ 1; we assume 𝜏 to be small enough to guarantee 
that all the probabilities defined hereafter are smaller than 1. We de-
note the number of immune cells, uninfected and infected cancer cells 
that occupy position 𝑥𝑗 at time 𝑡𝑛 respectively by 𝑍𝑛

𝑗 , 𝑈𝑛
𝑗  and 𝐼𝑛𝑗 ; the 

corresponding densities are

𝑧𝑛𝑗 ∶=
𝑍𝑛

𝑗

𝛿
, 𝑢𝑛𝑗 ∶=

𝑈𝑛
𝑗

𝛿
, 𝑖𝑛𝑗 ∶=

𝐼𝑛𝑗
𝛿
.

We then denote by 𝜙𝑛
𝑗  the concentration of chemoattractant at time 

𝑡𝑛 and position 𝑥𝑗 . Since the spatio-temporal scales for the chemoat-
tractant’s dynamics are very different from cellular ones, we describe 
them with a deterministic discrete balance equation, as in Almeida et al. 
(2022), Cooper and Kim (2014). Table 1 summarises the variables of the 
hybrid agent-based model and their macroscopic counterparts; Fig. 1 
summarises the rules governing the dynamics of the agent-based model. 
Cancer cells proliferate, move, become infected and die in the same way 
as in Morselli et al. (2023). The dynamics of the chemoattractant and of 
the immune cells represent a novelty with respect to our previous work 
and resemble some other models in the literature, as explained in the 
following. We assume that the infection stimulates the immune system 
by increasing the number of immune cells in the area and guiding them 
towards infected cells; once an immune cell comes in contact with a 
cancer cell, it is able to kill it even if it is not infected.

In what follows, for the sake of clarity, parameters related to similar 
processes are labelled in a consistent way (e.g., 𝑞, 𝑞𝑧, and 𝑞𝜙 for decay 
rates, 𝛼𝜙 and 𝛼𝑧 for secretion/inflow rates).

Basic dynamics of uninfected cancer cells. We let an uninfected cell that 
occupies position 𝑥𝑗 at time 𝑡𝑛 reproduce with probability 𝜏𝐺(𝜌𝑛𝑗 )+, 

die with probability 𝜏𝐺(𝜌𝑛𝑗 )−, and remain quiescent with probability 
1 − 𝜏𝐺(𝜌𝑛𝑗 )+ − 𝜏𝐺(𝜌𝑛𝑗 )− = 1 − 𝜏|𝐺(𝜌𝑛𝑗 )|. Here 𝜌𝑛𝑗 ∶= 𝑢𝑛𝑗 + 𝑖𝑛𝑗  is the total cell 
density at time 𝑡𝑛 and position 𝑥𝑗 and

𝐺(𝜌) = 𝑝
(

1 −
𝜌
𝐾

)

, (2)

where 𝑝 > 0 is the maximal duplication rate and 𝐾 > 0 is the carrying 
capacity.

We consider undirected random movement and assume that an unin-
fected cell moves to an adjacent lattice point with probability 𝜃∕2, where 
𝜃 ∈ [0, 1], and remains at its initial position with probability 1 − 𝜃.

We do not model explicitly the dynamics of the oncolytic virus, as 
previously explained; we instead assume that an uninfected cell that 
occupies position 𝑥𝑗 at time 𝑡𝑛 becomes infected upon contact with in-
fected cells with probability 𝜏𝛽𝑖𝑛𝑗∕𝐾, where 𝐾 is the carrying capacity 
and 𝛽 > 0 is a constant infection rate. Let us remark that the parame-
ter 𝛽 summarises different biological processes and, as a consequence, 
its estimate takes into account the death rate 𝑞 and other parameters 
related to viral dynamics (we refer to Morselli et al., 2025 for further 
discussions).

Our approach does not consider virus clearance due to the immune 
system. We remark that this process is not well-understood either and 
it is indeed neglected in several existing models (Conte et al., 2025; 
Eftimie et al., 2016, 2011b). The discussion of the next sections shows 
that the immune response against infected cells in general decreases the 
effectiveness of viral infection, in a way similar to viral clearance. It is 
therefore interesting to investigate whether tumour eradication through 
immunovirotherapy could be achieved under ideal conditions.

Basic dynamics of infected cancer cells. We assume that the infection does 
not affect the cell motility and so the probabilities are the same as the 
uninfected cells. We also assume that at every time step an infected cell 
may die because of lysis with probability 𝜏𝑞, where 𝑞 > 0 is a constant 
death rate. We assume that the viral replication process hijacks the cells 
proliferation machinery and hence infected cells are unable to prolifer-
ate.

Dynamics of the chemoattractant. We assume that uninfected and in-
fected cells produce chemoattractant at rates 𝛾𝜙 and 𝛼𝜙, respectively. 
We choose their values so that 𝛼𝜙 ≫ 𝛾𝜙 > 0, in line with our assumption 
that the tumour is initially cold and the infection by the oncolytic virus 
is enough to induce an anti-tumour immune response, as often observed 
in vivo and in vitro (Galon and Bruni, 2019). Chemoattractant density 
is bounded and saturates at 𝜙∗ > 0. The chemoattractant also decays at 
rate 𝑞𝜙 > 0 and diffuses. The resulting balance equation is

𝜙𝑛+1
𝑗 = 𝜙𝑛

𝑗 + 𝜏𝐷𝜙

𝜙𝑛
𝑗+1 + 𝜙𝑛

𝑗−1 − 2𝜙𝑛
𝑗

𝛿2
+ 𝜏(𝛼𝜙𝑖𝑛𝑗 + 𝛾𝜙𝑢

𝑛
𝑗 )(𝜙

∗ − 𝜙𝑛
𝑗 ) − 𝜏𝑞𝜙𝜙

𝑛
𝑗 ,

(3)

where 𝐷𝜙 > 0 is the diffusion coefficient and 𝑞𝜙 the decay rate. This 
equation closely resembles the ones used in Almeida et al. (2022), Bubba 
et al. (2020) to model the evolution of a chemoattractant concentration.

Dynamics of immune cells. We assume that there is a constant influx 
of immune cells into the microenvironment independent of the pres-
ence of cancer cells. In addition to this, we assume that infection by the 
oncolytic virus stimulates an immune response in the whole tumour. 
Hence, an immune cell appears at point 𝑥𝑗 at time step 𝑡𝑛 with proba-
bility 𝜏𝛿𝑆𝑛

𝑗 , given by

𝑆𝑛
𝑗 =

(

𝑆0 + 𝛼𝑧
∑

ℎ
𝐼𝑛ℎ

)

1𝜔(𝑥𝑗 ), (4)

where 1𝜔 is the indicator function of the set 𝜔 ⊂ Ω, 𝑆0 > 0 is the base 
inflow rate and 𝛼𝑧 > 0 is the additional inflow rate due to the infection; 
the latter takes into account the total number of infected cells in the do-
main. In principle, we could vary 𝜔 to model the fact that some areas of 
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Fig. 1. Schematic representation of the rules governing cell dynamics in the stochastic models. Uninfected cells are represented in blue, infected cells in red and 
immune cells in green. Uninfected cells may proliferate or die according to the total density, move, become infected upon contact with infected cells and die upon 
contact with immune cells. Infected cells may move, die with constant probability and die upon contact with immune cells. Immune cells may enter the domain, 
move with the probabilities given in Eq.  (5) and die with constant probability. The model also considers the dynamics of the chemoattractant, which are not included 
in the figure due to the different modelling approach adopted (i.e., density-based and deterministic instead of individual-based and stochastic). (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

the tumour are harder to reach for immune cells (e.g. due to poor vas-
cularisation), although this goes beyond the scope of the present work. 
It is important to observe that the increase of the inflow due to infected 
cells is nonlocal, as in Almeida et al. (2022); this resembles the recruit-
ment of immune cells from adjacent lymph nodes and the subsequent 
arrival through blood vessels.

We then assume that an immune cell that occupies position 𝑥𝑗 at time 
𝑡𝑛 moves to the lattice point 𝑥𝑗±1 with probability 𝐹 𝑛

𝑗→𝑗±1 and remains 
at its initial position with probability 1 − 𝐹 𝑛

𝑗→𝑗−1 − 𝐹 𝑛
𝑗→𝑗+1. We consider 

both undirected random movement and chemotaxis up the chemoattrac-
tant gradient, where the latter depends on the concentration difference 
between the cell’s initial position and the target point. We therefore
set 

𝐹 𝑛
𝑗→𝑗±1 ∶=

𝜃𝑧
2

+ 𝜈
(𝜙𝑛

𝑗±1 − 𝜙𝑛
𝑗 )+

2𝜙∗ , (5)

where 𝑧+ ∶= max{𝑧, 0}, 𝜙∗ is the saturation density of the chemoattrac-
tant and 𝜃𝑧, 𝜈 ∈ [0, 1] with 𝜃𝑧 + 𝜈 < 1. Observe that, if 0 ≤ 𝜙𝑛

𝑗 ≤ 𝜙∗ for 
every 𝑗, then all the probabilities are between 0 and 1. This kind of rea-
soning and the probabilities associated have already been employed in 
Almeida et al. (2022), Bubba et al. (2020). While this modelling ap-
proach can include obstacles to immune infiltration, we neglect this as-
pect for simplicity. Let us remark that long-range viral spread is hin-
dered not only by the extracellular matrix and other physical obstacles, 
but also by other processes such as viral clearance (Morselli et al., 2025); 
on the other hand, immune cells are not necessarily affected in the same 
way, as they rely on active, directed motility rather than passive diffu-
sion. It is therefore reasonable to consider obstacles for viral diffusion 
and not for immune cell movement.

Finally, we assume that at every time step an immune cell dies with 
probability 𝜏𝑞𝑧, where 𝑞𝑧 > 0 is a constant death rate.

Cytotoxic action of the immune cells. We assume that cancer cells may be 
killed by the cytotoxic action of immune cells upon contact; this happens 
at a rate proportional to the density of immune cells. To be precise, a 
cancer cell that occupies position 𝑥𝑗 at time 𝑡𝑛 dies with probability 
𝜏𝜁𝑧𝑛𝑗∕𝐾, where 𝐾 is the carrying capacity and 𝜁 > 0 is a constant killing 
rate. For simplicity, we assume that the killing rate is the same for every 
cancer cell, although it could make sense to consider situations in which 
infected cells are more easily recognised by immune cells and, thus, are 
killed at a higher rate. This process is analogous to the infection of cancer 
cells described above.

2.2.  Corresponding continuum model

Letting 𝜏, 𝛿 → 0 in such a way that 𝛿2

2𝜏 → 𝐷̃ and assuming that 
there are the functions 𝑢 ∈ 𝐶2([0,+∞) ×ℝ) such that 𝑢𝑛𝑗 = 𝑢(𝑡𝑛, 𝑥𝑗 ), 𝑖 ∈
𝐶2([0,+∞) ×ℝ) such that 𝑖𝑛𝑗 = 𝑖(𝑡𝑛, 𝑥𝑗 ), 𝑧 ∈ 𝐶2([0,+∞) ×ℝ) such that 
𝑧𝑛𝑗 = 𝑧(𝑡𝑛, 𝑥𝑗 ) and 𝜙 ∈ 𝐶2([0,+∞) ×ℝ) such that 𝜙𝑛

𝑗 = 𝜙(𝑡𝑛, 𝑥𝑗 ) we for-
mally obtain (see Appendix A) the following system of reaction-diffusion 
PDEs

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜕𝑡𝑢(𝑡, 𝑥) = 𝐷𝜕2𝑥𝑥𝑢(𝑡, 𝑥) + 𝑝𝑢(𝑡, 𝑥)
(

1 −
𝑢(𝑡, 𝑥) + 𝑖(𝑡, 𝑥)

𝐾

)

−
𝛽
𝐾
𝑢(𝑡, 𝑥)𝑖(𝑡, 𝑥)

−
𝜁
𝐾
𝑢(𝑡, 𝑥)𝑧(𝑡, 𝑥),

𝜕𝑡𝑖(𝑡, 𝑥) = 𝐷𝜕2𝑥𝑥𝑖(𝑡, 𝑥) +
𝛽
𝐾
𝑢(𝑡, 𝑥)𝑖(𝑡, 𝑥) − 𝑞𝑖(𝑡, 𝑥) −

𝜁
𝐾
𝑖(𝑡, 𝑥)𝑧(𝑡, 𝑥),

𝜕𝑡𝑧(𝑡, 𝑥) = 𝐷𝑧𝜕2𝑥𝑥𝑧(𝑡, 𝑥) −
𝜒
𝜙∗ 𝜕𝑥(𝑧(𝑡, 𝑥)𝜕𝑥𝜙(𝑡, 𝑥)) − 𝑞𝑧𝑧(𝑡, 𝑥) + 𝑆(𝑡, 𝑥),

𝜕𝑡𝜙(𝑡, 𝑥) = 𝐷𝜙𝜕2𝑥𝑥𝜙(𝑡, 𝑥) + (𝛼𝜙𝑖(𝑡, 𝑥) + 𝛾𝜙𝑢(𝑡, 𝑥)) (𝜙(𝑡, 𝑥)∗ − 𝜙) − 𝑞𝜙𝜙(𝑡, 𝑥).

(6)
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Table 2 
Reference parameter set used in this work.

 Parameter  Description  Value [Units]  Reference
𝐷  diffusion coefficients of cancer cells 1.88 × 10−4 [mm2/h]  estimate based on Kim et al. (2006)
𝑝  maximal duplication rate of uninfected cells 1.87 × 10−2 [h−1] Ke et al. (2000)
𝐾  tissue carrying capacity in two dimensions 104 [cells/mm2] Lodish et al. (2008)
𝛽  infection rate 1.02 × 10−1 [h−1]  estimate based on Friedman et al. (2006)
𝜁  immune killing rate of cancer cells 0.50 or 5.00 [h−1]  model estimate
𝑞  death rate of infected cells 8.34 × 10−3 [h−1]  model estimate
𝐷𝑧  diffusion coefficients of immune cells 4.20 × 10−3 [mm2/h] Almeida et al. (2022)
𝜒  chemotactic coefficient of immune cells 1.65 × 10−1 [mm2/h]  model estimate
𝜙∗  saturation density of chemoattractant 2.92 [𝜇g/mm2] Gao et al. (2014)
𝑞𝑧  death rate of immune cells 7.50 × 10−3 [h−1] Hao et al. (2014)
𝑆0  base inflow rate of immune cells 5.00 × 10−2 [cells/(mm2⋅h)]  model estimate
𝛼𝑧  inflow rate of immune cells due to the infection 3.75 × 10−5 [(mm2⋅h)−1]  model estimate
𝐷𝜙  diffusion coefficients of chemoattractant 3.33 × 10−2 [mm2/h] Matzavinos et al. (2004)
𝛼𝜙  secretion of chemoattractant by infected cells 2.50 × 10−4 [mm2/(h⋅cells)]  model estimate
𝛾𝜙  secretion of chemoattractant by uninfected cells 5.00 × 10−6 [mm2/(h⋅cells)]  model estimate
𝑞𝜙  decay of chemoattractant 8.33 × 10−2 [h−1] Cooper and Kim (2014)
𝑅𝑢  initial radius of uninfected cells 2.60 [mm] Kim et al. (2006)
𝑅𝑖  initial radius of infected cells 1.00 [mm]  model estimate
𝛼  inflow rate of immune cells due to the infection (ODE) 2.94 × 10−3 [h−1]  model estimate

where 𝐷 ∶= 𝜃𝐷̃, 𝐷𝑧 ∶= 𝜃𝑧𝐷̃, 𝜒 ∶= 𝜈𝐷̃ and

𝑆(𝑡, 𝑥) ∶=
(

𝑆0 + 𝛼𝑧 ∫Ω
𝑖(𝑡, 𝑦) d𝑦

)

1𝜔(𝑥).

The first two equations are the ones of Eq.  (1) with the addition of 
the death term related to the immune system; we therefore expect to 
recover similar results for small 𝜁 . This system resembles some of the 
models discussed in Painter (2019) for the interactions between cancer 
and different kinds of immune cells, with the relevant differences being 
that one of our equations is integro-differential (as in Almeida et al., 
2022) and that the infection significantly affects the dynamics, spatially 
and temporally.

In the next Section we consider the two-dimensional radially equiv-
alent version of this problem. Hence, we assume that

𝜔 ∶=
{

𝑥⃗ ∈ Ω |

|

|

|𝑥⃗| ≤ 𝑅
}

, (7)

with 𝑅 > 0; this corresponds to the situation of a well-vascularised tu-
mour in which immune cells can easily reach any point of the domain 
or that of a solid tumour that is easily accessible by the immune system 
both from the histological and topological point of view. The system of 
PDEs then becomes

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜕𝑡𝑢 = 𝐷 1
𝑟
𝜕𝑟(𝑟 𝜕𝑟𝑢) + 𝑝𝑢

(

1 − 𝑢 + 𝑖
𝐾

)

−
𝛽
𝐾
𝑢𝑖 −

𝜁
𝐾
𝑢𝑧,

𝜕𝑡𝑖 = 𝐷 1
𝑟
𝜕𝑟(𝑟 𝜕𝑟𝑖) +

𝛽
𝐾
𝑢𝑖 − 𝑞𝑖 −

𝜁
𝐾
𝑖𝑧,

𝜕𝑡𝑧 = 𝐷𝑧
1
𝑟
𝜕𝑟(𝑟 𝜕𝑟𝑧) −

𝜒
𝜙∗

1
𝑟
𝜕𝑟(𝑟𝑧 𝜕𝑟𝜙) − 𝑞𝑧𝑧 + 𝑆,

𝜕𝑡𝜙 = 𝐷𝜙
1
𝑟
𝜕𝑟(𝑟 𝜕𝑟𝜙) + (𝛼𝜙𝑖 + 𝛾𝜙𝑢) (𝜙 − 𝜙∗) − 𝑞𝜙𝜙.

(8)

with

𝑆(𝑡, 𝑟) ∶=
(

𝑆0 + 2𝜋𝛼𝑧 ∫

𝑅

0
𝑖(𝑡, 𝑠)𝑠 d𝑠

)

1[0,𝑅](𝑟). (9)

Remark 1. When the spatial domain is the two-dimensional real plane 
ℝ2 instead of the one-dimensional real line ℝ, the scalar index 𝑗 ∈ ℤ
should be replaced by the vector 𝑗 = (𝑗𝑥, 𝑗𝑦) ∈ ℤ2 and the probabil-
ity that a cell moves to one of the four neighbouring lattice points 
is 𝜃𝑘∕4, with 𝑘 = 𝑢, 𝑖. We then need to scale 𝜏 and 𝛿 in such a way
that 𝛿24𝜏 → 𝐷̃.

3.  Corresponding ODE model and bifurcation analysis

Before comparing the agent-based and the continuous model, it is 
useful to consider a homogeneous spatial configuration and analyse 
the equilibria of the corresponding ODE model and their stability. The 
chemoattractant has the sole purpose of guiding immune cells, there-
fore it can be neglected in this nonspatial model. Let us also remark that 
the nonlocal activation of the immune system can only be modelled ac-
curately by assuming that 𝑢, 𝑖 and 𝑧 are homogeneous in the spatial 
domain Ω and 𝜔 = Ω: under this assumption, the integral of Eq.  (9)
becomes

1𝜔(𝑥)∫Ω
𝑖(𝑡, 𝑦) d𝑦 = ∫Ω

𝑖(𝑡) d𝑦 = |Ω| 𝑖(𝑡),

where |Ω| denotes the measure of the set Ω.
Hence, we now consider the system

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

d𝑢
d𝑡

= 𝑝𝑢
(

1 − 𝑢 + 𝑖
𝐾

)

−
𝛽
𝐾
𝑢𝑖 −

𝜁
𝐾
𝑢𝑧,

d𝑖
d𝑡

=
𝛽
𝐾
𝑢𝑖 − 𝑞𝑖 −

𝜁
𝐾
𝑖𝑧,

d𝑧
d𝑡

= 𝛼𝑖 − 𝑞𝑧𝑧 + 𝑆0.

(10)

The parameter 𝛼 in Eq.  (10) corresponds to the parameter 𝛼𝑧 of Eqs. 
(6) and (4) multiplied by the measure of the set Ω (denoted by |Ω|).

The equilibria are 
(

0, 0, 𝑆0
𝑞𝑧

)

, 
(

𝐾 − 𝜁𝑆0
𝑝𝑞𝑧

, 0, 𝑆0
𝑞𝑧

)

, (𝑢∗, 𝑖∗, 𝑧∗) and 
(

0,− 𝑞𝑞𝑧𝐾
𝛼𝜁 − 𝑆0

𝛼 ,− 𝑞𝐾
𝜁

)

. The latter exists only for 𝛼, 𝜁 ≠ 0; it is always neg-
ative, so we can neglect it. The third one is defined by the expressions

𝑢∗ ∶=
𝑞𝐾
𝛽

+
𝜁
𝛽
𝑧∗, 𝑖∗ ∶=

𝐾𝑝𝑞𝑧(𝛽 − 𝑞) − 𝑆0𝛽(𝜁 + 𝑝
𝛽 𝜁 )

𝛽[𝑞𝑧(𝛽 + 𝑝) + 𝛼(𝜁 + 𝑝
𝛽 𝜁 )]

, 𝑧∗ ∶= 𝛼
𝑞𝑧

𝑖∗ +
𝑆0
𝑞𝑧

.

(11)

When 𝛼 = 𝑆0 = 0, we get 𝑧∗ = 0 and for 𝑢 and 𝑖 we recover the spatially 
homogeneous equilibria of Eq.  (1) (model without immune response), 
namely

𝑢∗ =
𝑞𝐾
𝛽

, 𝑖∗ =
𝐾𝑝(𝛽 − 𝑞)
𝛽(𝛽 + 𝑝)

. (12)

As 𝛼 and 𝑆0 increase, 𝑢∗ increases and 𝑖∗ decreases. Similarly, when 
𝜁 = 0, the equilibria are given by Eq.  (12) (although the value of 𝑧 at 
the equilibrium may not be 0).
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Fig. 2. One parameter bifurcations in 𝛼, 𝜁 and 𝛽 of Eq.  (10), with other parameters as in Table 2. The immune killing rate 𝜁 has been set to the base value 0.50 h−1. In 
order to facilitate comparison with the forthcoming two-dimensional simulations, we set 𝛼 = 𝜋𝑟2𝛼𝑧 with 𝑟 = 5 mm (corresponding to a late stage of tumour growth). 
The green dots show the maximum and minimum values of 𝑢 during the oscillations of the stable limit cycle. The solid lines show the value of the equilibrium of 𝑢; the 
line is red if the equilibrium is stable and black if it is unstable. Hopf bifurcations are denoted by HB. Observe that for low values of 𝛽 the infection-free equilibrium 
close to carrying capacity is stable. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. Numerical simulation of Eq.  (10) with the parameters as in Table 2 and different values of the immune killing rate 𝜁 . As in Fig. 2, we set 𝛼 = 𝜋𝑟2𝛼𝑧 with 
𝑟 = 5 mm. Uninfected tumour cells are plotted in blue, infected tumour cells in red and immune cells in green. The oscillations become wider as 𝜁 increases, in 
accordance with the bifurcation diagram of Fig. 2b. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.)

The Jacobian matrix computed at the equilibrium point 
(

0, 0, 𝑆0
𝑞𝑧

)

has eigenvalues 
(

−𝑞𝑧, 𝑝 −
𝑆0𝜁
𝐾𝑞𝑧

,−𝑞 − 𝑆0𝜁
𝐾𝑞𝑧

)

 and the Jacobian matrix 
computed at the equilibrium point 

(

𝐾 − 𝜁𝑆0
𝑝𝑞𝑧

, 0, 𝑆0
𝑞𝑧

)

 has eigenvalues 
(

−𝑞𝑧,−𝑝 +
𝑆0𝜁
𝐾𝑞𝑧

, 𝛽 − 𝑞 − 𝑆0(𝛽𝜁+𝑝𝜁 )
𝐾𝑝𝑞𝑧

)

. The first equilibrium is stable when 
𝐾𝑝𝑞𝑧 < 𝑆0𝜁 , corresponding to the situation in which the uninfected cell 
density of the second equilibrium is negative. This means that the im-
mune system alone may be able to eradicate the tumour without the 
need for any oncolytic virus. The second equilibrium is stable in the 
case where neither the first equilibrium is stable nor 𝑖∗ > 0. In this case, 
the oncolytic virotherapy is not effective and the outcome of the ther-
apy depends entirely on the immune response. Let us observe that the 
density of uninfected cells 𝐾 − 𝜁𝑆0

𝑝𝑞𝑧
 is increasing in the parameters 𝜁 , 𝑆0

and decreasing in 𝑝, 𝑞𝑧: while a complete tumour eradication is unattain-
able, we may still keep the tumour at an acceptable size if the immune 
response is strong enough.

The expressions for the eigenvalues of the Jacobian matrix computed 
at the third equilibrium point are more complicated. Numerical sim-
ulations show that, in the parameter region where 𝑖∗ > 0, either this 
equilibrium is stable or there appears a stable limit cycle. Fig. 2 shows 
numerical bifurcation diagrams for the parameters 𝛼, 𝛽 and 𝜁 . The dia-
grams were obtained using the software auto, which allows the study of 
the stability of equilibria and limit cycles through numerical continua-
tion. In all three cases, we observe the appearance of a Hopf bifurcation; 
in these continuations, the other parameters of Eq.  (10) are set to the 
values of Table 2. The size of the oscillations of the limit cycle increases 
as 𝛼 and 𝜁 increase, and decreases as 𝛽 increases. As a consequence, 

the enhancement of the immune response may significantly decrease 
the effectiveness of the therapy. However, it is fundamental to also con-
sider that, in some cases, the oscillations have a minimum very close 
to zero, as it is clear from the time series of Fig. 3: if we take into ac-
count a discrete number of cells, they may go extinct when approaching 
the minimum due to stochastic events and the following regrowth may 
not take place. Varying the parameter 𝑝 does not cause a bifurcation of 
this equilibrium (for parameters within the relevant range), but higher 
𝑝 values reduce oscillation amplitude during convergence, with some 
combinations yielding monotone convergence (e.g., for large 𝑝).

4.  Comparison between agent-based and continuum models

In this section, we compare numerical simulations for the agent-
based model and the corresponding system of PDEs. Table 3 sum-
marises the scenarios explored. The Matlab code is available on GitHub 
(Morselli, 2026).

In our simulations we consider a spatial domain Ω ∶= [−𝐿,𝐿]2 with 
𝐿 = 10 mm and we adopt zero-flux boundary conditions. We define 𝜔
as in Eq.  (7) in order to maintain the radial symmetry of the problem, 
with 𝑅 = 𝐿. The initial conditions for Eq.  (6) are

𝑢0(𝑥⃗) =

{

0.9 𝐾 for |𝑥⃗| ≤ 𝑅𝑢,
0 for |𝑥⃗| > 𝑅𝑢,

𝑖0(𝑥⃗) =

{

0.1 𝐾 for |𝑥⃗| ≤ 𝑅𝑖,
0 for |𝑥⃗| > 𝑅𝑖,

(13)

where 𝑅𝑢 and 𝑅𝑖 are respectively the initial radius of uninfected and 
infected cells; initial conditions for 𝑧 and 𝜙 are 0 across the whole
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Table 3 
List of figures and the settings in which they are obtained. Weak and strong immune response 
refer to the immune killing rate 𝜁 , which takes either of the values listed in Table 2. Central 
and wide infections are obtained by setting the initial radius of infection 𝑅𝑖 either to the 
reference value or equal to 𝑅𝑢.

 Figure  Supplementary material  Immune response  Infection
Fig. 4 (solid)  S1.1  weak  no
Fig. 4 (dashes)  S1.2  strong  no
Fig. 4 (dash-dotted)  S1.3, S2, S3  weak  central
Fig. 5  S4  weak  wide
Fig. 7  S5  strong  central
Fig. 8  S1.4  strong  wide
Fig. 8c-d  S1.5, S7  strong (delayed)  central
Fig. 9  S6  strong, high chemotaxis  wide
Fig. 11  S8  strong  wide, repeated
Fig. 12  –  strong  wide, multiple

domain. Analogous initial conditions are used for the agent-based 
model, with the only difference that cell numbers rather than cell den-
sities are considered. The reference case with 𝑅𝑢 > 𝑅𝑖 corresponds to 
the intratumoral injection of the virus (Jin et al., 2021). On the other 
hand, in some simulations we assume that 𝑅𝑢 = 𝑅𝑖, which corresponds 
to an infection of the whole domain: since we consider a tumour that 
can be infiltrated by the immune system without major obstacles, it is 
reasonable to assume that this could be obtained with an intravenous 
administration of the virus (Jin et al., 2021).

These assumptions guarantee radial symmetry in the continuum 
formulation, thus justifying the use of Eq.  (8). In contrast, the two-
dimensional agent-based simulations do not display perfect radial sym-
metry due to stochastic fluctuations. Nevertheless, the comparison re-
mains meaningful: the formal derivation in Appendix A shows that, on 
average, the evolution of the agent-based model—though not strictly 
symmetric—corresponds to that of the radially symmetric continuum 
limit.

We use the parameters listed in Table 2, whose choice is motivated 
in Appendix C. We assume 𝜁 = 0.50h−1 as the base immune killing rate 
of tumour cells; an enhancement of the immune system (e.g., due to 
immune checkpoint inhibitor therapy) is then modelled by increasing it 
to 𝜁 = 5.00h−1.

The discussion of Section 3 suggests that some parameter ranges may 
lead to persistent oscillations in the centre of the domain. Oscillations 
may bring the cell density to such low levels that the agents go extinct. 
When this happens, it is convenient to perform a high number 𝑀 of 
simulations and quantify the tumour control probability at time 𝑡𝑛 = 𝜏𝑛 as

TCP(𝜏𝑛) ∶= 1
𝑀

|

|

|

|

|

|

{

𝑚
|

|

|

|

|

∑

ℎ
𝑈𝑛
ℎ = 0 in simulation 𝑚

}

|

|

|

|

|

|

, (14)

where 𝜏 is the time discretisation for the agent-based model and |⋅| de-
notes the cardinality of the set. In other words, TCP(𝜏𝑛) is the ratio of 
simulations that result in the extinction of the uninfected tumour cells in 
the interval [0, 𝜏𝑛]. As infected cancer cells cannot proliferate, their sur-
vival does not affect the treatment outcome. Note that the dependence 
on time of the right-hand side of the equation is implicit in 𝑈𝑛

ℎ , which 
denotes the cell number at a given position and time 𝑡𝑛 = 𝜏𝑛. This defi-
nition is coherent with previous papers on the subject (see Gong et al., 
2013 and the references therein).

The continuum model, on the other hand, cannot model cancer eradi-
cation, as the zero-solution is unstable and, as a consequence, it can only 
be approximated but never attained. Nevertheless, it makes sense to as-
sume that the number of surviving uninfected cells follows a Poisson 
distribution and define

TCP(𝑡) ∶= exp
[

−2𝜋 ∫

𝑅

0
𝑢(𝑡, 𝑟)𝑟 d𝑟

]

. (15)

In Gong et al. (2013), the Poissonian TCP defined as above was com-
pared with more complex expressions and it was found to perform 

equally well in the case of radiotherapy. It is therefore interesting to 
perform a similar comparison in the context of our model.

Infected cells are much more likely to be eradicated than uninfected 
cells since even a small population of the latter tends to regrow. In sev-
eral cases it is therefore useful to consider an analogous probability to 
quantify the extinction of infected cells, which we denote infection con-
trol probability. It is defined as

ICP(𝜏𝑛) ∶= 1
𝑀

|

|

|

|

|

|

{

𝑚
|

|

|

|

|

∑

ℎ
𝐼𝑛ℎ = 0 in simulation 𝑚

}

|

|

|

|

|

|

, (16)

in the case of the agent-based model and as

ICP(𝑡) ∶= exp
[

−2𝜋 ∫

𝑅

0
𝑖(𝑡, 𝑟)𝑟 d𝑟

]

. (17)

in the case of the continuous model.

4.1.  Partially effective treatments

We first describe some simple settings, in order to better understand 
the basic interactions between the tumour, the infection and the immune 
system. Fig. 4 represents the following scenarios:

1. Solid lines: weak immune response, no infection;
2. Dashed lines: strong immune response, no infection;
3. Dash-dotted lines: weak immune response, central infection by on-
colytic virus.

In all these cases, there is an excellent qualitative agreement between 
numerical solutions of the system of PDEs (8) and a single simulation 
of the agent-based model. When the infection is present, the agreement 
is also quantitative. On the other hand, the number of immune cells 
involved in the cases without infection is so low that stochastic fluctu-
ations cannot be neglected; hence, the quantitative difference between 
the two modelling approaches is significant; however, it is enough to 
consider the average over ten simulations to obtain an improved quan-
titative agreement.

In the first case, the tumour grows almost up to carrying capacity and 
the immune response is very ineffective. The maximum density of the 
chemoattractant stabilises around a value slightly larger than 1𝜇g/mm2, 
which is slightly more than a third of 𝜙∗: this is enough to guide immune 
cells inside the tumour and Fig. S1.1 in the electronic supplementary 
material clearly shows that the internal density is above the base value 
𝑆0∕𝑞𝑧. The presence of immune cells decreases the tumour cell density 
to approximately 𝐾 − 𝜁

𝑝 𝑧(𝑡, 𝑥⃗), which in this case is only slightly below 
𝐾. When the immune killing rate 𝜁 is increased, clearly, the tumour 
cell density decreases. Nevertheless, this does not significantly increase 
the effectiveness of the immune response: indeed, fewer tumour cells 
secrete less chemoattractant and the chemotactic component of the im-
mune cell movement is weaker than before, leading to a lower density 
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Fig. 4. Comparisons of the scenarios with weak immune response and no infection (solid lines, 𝜁 = 0.50h−1 and 𝑅𝑖 = 0), strong immune response and no infection 
(dashed lines, 𝜁 = 5.00h−1 and 𝑅𝑖 = 0), weak immune response and central infection (dash-dotted lines, 𝜁 = 0.50h−1). All the other parameters take the values given in 
Table 2. The results of the agent-based model are averaged over ten simulations. Panels (a-b) represent the horizontal section of the domain [−𝐿,𝐿] × {0}: uninfected 
cells are in blue, infected cells in red (only shown with dash-dotted lines, as in the other cases there is no infection) and chemokines in yellow. The vertical blue 
dashed lines represent the expected positions of the uninfected invading front, travelling at speed 2√𝐷𝑢𝑝. Panel (c) shows the sum of tumour cells over time. The 
results of the agent-based model in the three scenarios are represented with solid, dashed and dash-dotted lines (as explained in the legend). The results of the 
continuum models are represented with dotted lines in all the three cases, as there is an excellent agreement with the stochastic counterparts. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web version of this article.)

of immune cells inside the tumour (see Fig. S1.2 in the electronic sup-
plementary material). This is in line with the empirical observation that 
immunotherapy alone usually cannot eradicate cold tumours (Galon and 
Bruni, 2019). Indeed, an increased an increased arrival rate of immune 
cells to the tumour microenvironment (i.e., a higher value of the param-
eters 𝛼𝑧 and 𝑆0) or a more effective immune response may not be able 
to eradicate the mass completely, as a few tumour cells do not secrete 
enough chemoattractant to guide immune cells.

These results motivate the use of oncolytic virotherapy to reduce the 
tumour load. The dynamics in this reference situation are very similar to 
the ones described in Appendix B. All the formulas related to the inva-
sion speeds are not affected by the immune system, since the linearised 
equations do not change. On the other hand, the central densities are 
affected by immune cells: the exact values are hard to predict due to 
the presence of the chemotactic term, but we can verify that uninfected 
cell density is higher than in the absence of immune response and in-
fected cell density is lower, as predicted by the analysis of Eq.  (10). 
The chemokines’ density in the central region is 𝜙∗ in the first phases 
of the infection and this guarantees a high immune infiltration of the 
tumour; it later decreases to approximately 1.5 𝜇g/mm2 due to the re-
duced amount of cells, which is still higher than the values we observed 
in the absence of viral infection and enough to guide a high number 
of immune cells towards the tumour. The highest peak of immune cell 
density corresponds at all times to the invading front of infected cells, 
as this is the region of the steepest gradient of chemokines. Overall, the 
total cancer cell number is significantly lower than what we observed 
without viral infection, as shown in Fig. 4c, meaning that the treatment 
is at least partially effective.

Overall, the immune response reduces the efficacy of the infection: 
in comparison to the results sketched in Appendix B, the invasion speed 
of the infected cells is slightly lower because of the lower uninfected cell 
density; furthermore, the equilibrium value of uninfected cells is higher 
and the one of infected cells is lower (see Eq.  (11) and the comments 
thereafter). Despite this difference, most of the conclusions of Morselli 
et al. (2023) to optimise virotherapy (summarised in Appendix B) re-
main valid: as it is clear from Eq.  (11), the efficacy of the infection 
increases as 𝛽 increases and 𝑞 decreases.

4.2.  Emergence of oscillations

The discussion of Section 3 suggests that some parameter ranges may 
lead to persistent oscillations in the centre of the domain. We should 
also take into account that these oscillations may be biologically rele-
vant even if they converge towards a stable equilibrium, as the conver-
gence may be very slow. Fig. 5 along with the video accompanying it 
(see electronic supplementary material S4), indeed shows an example 
of this situation: the only difference with respect to the reference case 
is the initial condition 𝑅𝑖 = 𝑅𝑢 (i.e., the initial viral injection covers the 
whole domain); we, therefore, expect the same asymptotic behaviour 
of the reference situation, but up to time 𝑡 = 1500 h the difference be-
tween the scenarios of Figs. 4c (dash-dotted lines) and 5d is very signifi-
cant. This can be explained by noting that the initial number of infected 
cells is higher; hence, more immune cells are involved, which causes 
wider oscillations. It is interesting to observe that the oscillations of the 
agent-based model are delayed with respect to the ones of the contin-
uum model (this is easy to see from the total number of cells): when the 
infected cell density is very low, stochasticity becomes relevant and, 
in some regions, infected cells go extinct; hence, the following infected 
cell regrowth is at first inhomogeneous and it takes some time to dif-
fuse in the whole domain. Despite the difference of the spatial pattern, 
the area occupied by the tumour is the same in both cases (as shown 
by the red circle in Fig. 5a, representing the theoretical position of the 
invading front) and the infection manages to reach the boundary of the 
tumour in a short time (as shown by the cyan circle in Fig. 5b, represent-
ing the front of infected cells for the PDE). The spatial inhomogeneities 
quickly disappear, and the delay in the oscillations is the main differ-
ence between the two modelling approaches. We remark that these spa-
tial inhomogeneities are amplified by the dynamics and similar patterns 
would also arise in the two-dimensional non-radial continuum model 
under stochastic perturbations.

Different parameter ranges may result in wider oscillations, which 
cause extinction in the agent-based model. It makes sense to take the 
bifurcation diagrams of Section 3 as a starting point and study whether 
system (8) has the same behaviour as parameters vary. Fig. 6 in-
deed shows that, as 𝜁 increases, the oscillations that appear show an
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Fig. 5. A single numerical simulation of the agent-based model with the parameters given in Table 2, 𝜁 = 0.50h−1 and wide oncolytic viral infection (i.e., 𝑅𝑖 = 𝑅𝑢). 
The dashed cyan circles in panels (a) and (c) represent the expected positions of the tumour invading front, travelling at speed 2√𝐷𝑢𝑝. The dotted green circles in 
panels (a), (b) and (c) represent the internal minimum of the numerical solution of Eq.  (8). The dashed red circle in panel (b) represents the front given by the 
numerical solution of Eq.  (8). In panel (d), solid lines refer to the agent-based model (uninfected, infected and immune cells are represented respectively in blue, 
red and green) and dotted lines refer to the continuum model. In all the cases the maximum of the axes and the colorbars correspond to the maximum over time of 
the quantity plotted. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Oscillations at the origin from numerical simulations of the PDE for different values of 𝜁 and 𝑝, with the other parameters as in Table 2, 𝜁 = 0.50 h−1 in 
panel (b) and the chemotactic coefficient 𝜒 reduced to 1.65 × 10−2 mm2/h (i.e., one-tenth of the reference value) in order to guarantee numerical stability for all 
the parameter values under investigation. The simulations are run respectively until 4000 h and 3500 h on circular domains of radius 20 mm and 25 mm in order to 
avoid boundary effects. The blue dots show the maximum and minimum values of 𝑢(⋅, 0) during the oscillations after 𝑡 = 3000 h (when present). The red stars show 
the value of 𝑢 in the centre at the last time in cases where oscillations dampen significantly. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

Fig. 7. A single numerical simulation of the agent-based model with the parameters given in Table 2, 𝜁 = 5.00h−1 and central oncolytic viral infection. All the 
graphical elements have the same meaning as Fig. 5.
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Fig. 8. (a)-(b) A single numerical simulation of the agent-based model with the parameters given in Table 2, 𝜁 = 5.00h−1 and wide oncolytic viral infection (i.e., 
𝑅𝑖 = 𝑅𝑢); the radius of infection is the only difference with respect to Fig. 7. All the graphical elements have the same meaning as Fig. 5. (c)-(d) Comparison between 
an initially wide infection with an enhanced immune response from the beginning (purple line in panel (c) and most lines in panel (d)) and central initial infection 
and a delayed enhancement of the immune response (green lines). Solid and dashed lines refer to the agent-based model; dotted lines refer to the continuum model. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. Tumour eradications of the agent-based model with the parameters given in Table 2, 𝜁 = 5.00h−1, wide oncolytic viral infection (i.e., 𝑅𝑖 = 𝑅𝑢) and different 
chemoattractant secretion rates, represented in blue and red. (a)-(b) Violin plots of the final cell number at time 𝑡 = 1500  obtained from one hundred simulations. 
The dots show the single results, not shown when they are at 0. The white dots show the median and the blue horizontal lines show the average. The dark blue areas 
in panel (a) show the region between the first and the third quartile; this is not shown in panel (b), as both quartiles coincide with zero. (c)-(d) ICP and TCP for the 
previous situations (blue lines in the case of panel (a) and red lines in the case of panel (b)). Solid and dashed lines refer to the agent-based model; dotted lines refer 
to the continuum model. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

increasing maximum value and a decreasing minimum value, suggesting 
that, in the agent-based model, both uninfected and infected cells should 
become close to eradication. The influence of the parameter 𝑝 is more 
interesting: the stability of the equilibrium (𝑢∗, 𝑖∗, 𝑧∗) appears indepen-
dent of its value, but the size of the oscillations during the convergence 
decreases as 𝑝 increases (see Fig. 6); this leads to the counter-intuitive 
result that a fast-growing tumour has a more predictable behaviour un-
der therapy than one with slower growth.

4.3.  Eradication of infection

Oscillations may bring the cell density to such low levels that the 
agents go extinct, even though the continuum model predicts recur-
rence. Infected cells are much more likely to be eradicated than unin-
fected cells since even a small population of the latter tends to regrow; 
this means that, in practice, most of the time after the first oscillation, 
the infection is eradicated and the tumour keeps growing as it would do 
in the absence of virotherapy. This motivates our interest in exploring 
different parameter ranges. While the increase of the infection rate 𝛽
may be challenging to implement biologically, the enhancement of the 
immune response appears more feasible, for example, through the use 
of immune checkpoint inhibitors (Iwai et al., 2002) or other immune 

boosting techniques (T-cell transfer, immune system modulators, etc.), 
as in He et al. (2023), Krabbe et al. (2021), Wing et al. (2018).

Increasing the immune killing rate of cancer cells to 5.00 h−1 gives 
the simulations in Fig. 7, along with the video accompanying it (see 
electronic supplementary material S5). The agent-based model and the 
continuum model show an excellent quantitative agreement up to ap-
proximately 𝑡 = 490 h, when we observe the recurrence of the infection 
only in the continuum model (as shown by the internal circles); this also 
stimulates again the immune system. In the agent-based model, infected 
cells are extinct in most of the domain and the subsequent infection re-
mains confined in the centre of the tumour. Nevertheless, the ICP com-
puted over 100 simulations is 0: the immune response is strong enough 
to keep the infection under control, but too weak to eradicate it.

A stronger immune response can be obtained by considering an in-
fection that is spread in the whole tumour, so that the higher number 
of infected cells increases the influx of immune cells. We first achieved 
this by considering an initially wide infection with an enhanced im-
mune response from the beginning, as shown in Fig. 8a-b-d and purple 
lines in Fig. 8c, as well as electronic supplementary material S1.4. We 
then considered a central initial infection and a delayed enhancement 
of the immune response, as shown in Fig. 8c-d, as well as electronic 
supplementary material S1.5 and S7. In the second case, the immune 
killing rate is increased at time 𝑡 = 200 h, corresponding to the moment 
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Fig. 10. Comparison between the sum of tumour cells obtained as the average of five agent-based simulations in different regimes in case of central viral injection 
(a) and wide viral injection (b). It is here evident that the enhancement of the immune system during virotherapy may worsen the outcome. The delay of the 
enhancement in the case of central injection is very similar to the case of a wide injection with the immune system enhanced from the beginning.

Fig. 11. A single numerical simulation of the agent-based model with the parameters given in Table 2, 𝜁 = 5.00h−1 and wide oncolytic viral infection (i.e., 𝑅𝑖 = 𝑅𝑢); 
a second viral injection is performed at time 𝑇1 = 900 h, infecting 30% of cells everywhere. All the graphical elements have the same meaning as Fig. 5.

in which the infected front reaches the tumour boundary. The dynamics 
are very similar in the two cases, with a significant initial tumour re-
duction due to the combination of the infection with the strong immune 
response. We performed again 100 simulations for each scenario and ob-
served in all of them the eradication of the infection. It is interesting to 
observe a good qualitative agreement of the two ICPs computed accord-
ing to Eqs.  (16) and (17): the continuous model is indeed able to predict 
a faster eradication in the first of the two cases. Nevertheless, we should 
also remark that there is a consistent underestimation of the continuous 
ICP with respect to the one resulting from the agent-based model. As 
time passes, the number of immune cells in the domain decreases; the 
few remaining uninfected cells left secrete too little chemoattractant to 
guide the immune action; hence, they start to regrow. The TCP is 0 for 
both models, meaning that stochasticity does not appear to play a key 
role in the process, despite the low cell numbers involved. Overall, the 
regrowth is only slightly delayed with respect to the continuum model 
(see also electronic supplementary material S1.5).

It is interesting to observe that the increase of immune cell density 
at later times (due, for example, to CAR-T therapy He et al., 2023) is not 
enough alone to eradicate the few tumour cells left, as T-cells are unable 
to effectively detect tumour cells (not shown). On the other hand, for 
higher chemoattractant secretion rates, the immune system may be able 
to keep the few surviving cancer cells under control and, in some cases, 
completely eradicate the tumour. In this setting, we observe a signifi-
cant effect of stochasticity due to the very low uninfected cell number 
involved. When 𝛼𝜙 has the reference value and 𝛾𝜙 = 𝛼𝜙 (Fig. 9a and 
blue lines in Fig. 9c-d), tumour eradication is observed only in a few 
simulations and, in some others, the tumour appears under control for a 
long time (see supplementary material S6 for an example of this); nev-
ertheless, the majority of the simulations show recurrence. When the 

secretion rates are even higher (Fig. 9b and red lines in Fig. 9c-d), the 
immune system appears able to eradicate the tumour in the wide ma-
jority of cases. The eradication of the infection is captured extremely 
well by the Poissonian ICP, as shown in Fig. 9c. On the other hand, the 
Poissonian TCP is very close to 0 in both cases and appears totally un-
able to predict the tumour extinction events of the agent-based models. 
A possible explanation for this discrepancy is that localised cell clus-
ters are more effectively cleared by the immune system than wider, spa-
tially homogeneous populations with a lower density. In the agent-based 
models, stochastic fluctuations during the infection naturally generate 
such small clusters, whereas the continuum model represents only av-
erages and therefore cannot reproduce this effect. As a result, the to-
tal cell number is comparable in both models during the decrease, but 
the actual spatial configuration significantly affects the subsequent dy-
namics. Overall, randomness plays a very important role in therapeutic 
outcomes. We expect that introducing stochasticity into the continuum 
model would reconcile the two approaches, although determining an 
appropriate formulation is nontrivial.

These scenarios could be interpreted as the situation of a tumour 
with a very high mutational burden that is well recognised by the im-
mune cells in the area, despite not stimulating the immune system by 
itself (see, for example, the review O’Donnell et al., 2018 and type 1 tu-
mours described there); it is therefore highly likely that such a tumour 
never reaches a significant size, as any attempt to grow would be im-
mediately stopped by the immune cells already present in the area. Our 
results show that immunovirotherapy could be efficient in the few cases 
in which this kind of tumour evades immune control. However, a direct 
increase in the chemokine secretion of uninfected tumour cells poses 
several challenges in the clinical settings (Abdul-Rahman et al., 2024). 
We remark that, in all these situations, the agent-based model differs 
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Fig. 12. Numerical solutions of Eq.  (8) with the parameters given in Table 2, 𝜁 = 5.00h−1 and wide oncolytic viral infection (i.e., 𝑅𝑖 = 𝑅𝑢); after the first 500 h, a 
new wide viral injection is performed in the whole tumour as soon as the cell count reaches a given threshold (decided a priori) and as a result 30% of cells in every 
location become infected. Panel (a) shows the total tumour cell numbers for some thresholds. Panels (b) and (c) show respectively the total tumour cell number from 
𝑡 = 0 h to 𝑡 = 3000 h and the average time between two consecutive injections for different values of the threshold at which the injection is performed.

significantly from the continuous model, which always shows tumour 
relapse.

4.4.  Different treatment protocols

Fig. 10 summarises the total number of cells of the agent-based 
model in the different scenarios analysed so far, clearly showing that 
the combination of treatments may worsen the outcome. The best re-
sult that we have achieved so far without changing the chemoattractant 
secretion rate is a temporary tumour remission in the situation of an 
initial infection that affects the whole area of the tumour when the im-
mune response is enhanced (green lines of Fig. 10a-b and purple line of 
Fig. 10b).

Our goal is now to exploit this temporary remission and try to 
achieve a better therapeutic outcome, keeping in mind that a persis-
tent infection reduces the tumour burden for indefinitely long times (as 
in the yellow lines of Fig. 10). A possible solution would be to have a 
second viral injection when the tumour starts to relapse: this requires 
to define the timing and location for the injection. As the spatial config-
uration of the tumour during the remission is very sparse, it is hard to 
decide a priori the location for a localised infection. We overcome the 
issue by assuming for simplicity that the virus may easily reach any area 
of the tumour and so we consider a wide infection. Our focus is then the 
timing for the second viral injection: on the one hand, we do not want 
to wait until the tumour is too big as this is inconvenient for the patient; 
on the other hand, if we do it early when the number of cells is too low, 
the infection quickly dies away.

Fig. 11, along with the video accompanying it (see electronic supple-
mentary material S8), shows the scenario in which the immune system 
is enhanced all the time and the first wide injection at time 𝑇0 = 0 h is 
followed by a second one at time 𝑇1 = 900 . We assume that this sec-
ond viral injection causes 30% of the tumour cells to become infected, 
irrespective of their location. The tumour is now kept under control for 
a longer period of time with respect to the cases shown in Fig. 8c-d. 
However, we always observe a later recurrence.

This suggests that a good therapeutical approach could be to per-
form periodic repeated viral injections: let us now focus on optimising 
the schedule. Fig. 11 shows a very good quantitative agreement between 
numerical solutions of the system of PDEs (8) and single numerical sim-
ulations of the agent-based model. We exploit this fact to reduce our 
attention to the continuum model and simulate an automatic viral injec-
tion when the uninfected cell count reaches a fixed threshold 𝑈threshold
decided a priori. We assume that the first viral injection happens at time 
𝑇0 = −500 h. As our goal is the optimisation of treatment at long times, 
we do not need to focus on the initial transient dynamics up to time 
𝑡 = 0 h, which are common for all our treatment strategies. The follow-
ing injections happen at times

𝑇𝑗 ∶= inf
{

𝑡 > 𝑇𝑗−1
|

|

|

|

|

2𝜋 ∫

𝑅

0
𝑢(𝑡, 𝑟)𝑟 d𝑟 ≥ 𝑈threshold

}

.

We again assume that the additional viral injection causes 30% of the tu-
mour cells to become infected, irrespective of their location. The second 
injection time has the additional constraint 𝑇1 > 0; this does not affect 
the outcome for the thresholds that we consider.
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Fig. 12 shows that, as 𝑈threshold increases, the minimum tumour size 
achieved decreases, but the total area under the curve increases. An 
ideal treatment would require very frequent viral injections, but its im-
plementation in real life may be inconvenient. Nonetheless, for some 
chronic conditions where the patient requires lifelong, periodic moni-
toring, this approach should not be completely discarded.

5.  Conclusions

A minimal, hybrid discrete-continuum model for the interactions be-
tween tumour cells, oncolytic viruses and the immune system has been 
developed. The deterministic continuum counterpart is formally derived 
and the numerical results of the two approaches are compared. The main 
assumption is that the tumour under investigation is immunologically 
cold (i.e., its immunogenicity is very low) and the viral infection stimu-
lates an immune response.

The continuum model is an excellent approximation of the underly-
ing microscopic model in several cases. This allows us to improve our 
understanding of the therapeutic outcome in different settings, relying 
on some analytical insights coming from the analysis of the nonspatial 
model and performing extensive numerical simulations in a reasonable 
amount of time. On the other hand, in some situations, we observe sig-
nificantly different behaviours between the two models. The main expla-
nation for this is the appearance of oscillations that bring the cell den-
sity to very low levels: the continuum model may then exhibit a quick 
regrowth, whereas in the same conditions the agent-based model can 
exhibit extinctions for low population counts. This extinction is more 
likely to happen for infected cells, since uninfected cells have the abil-
ity to regrow; therefore, it appears as a major obstacle to the effective-
ness of immunovirotherapy. The bifurcations of the corresponding ODE 
mirrors the oscillations of the spatial continuum model, which are of-
ten associated to discrepancies between the agent-based and the contin-
uum model. We remark on the importance of taking into account also 
the transient behaviour of the system, since oscillations may dampen 
on a time scale much longer than the biologically meaningful one. Even 
though stochasticity plays a key role in the process, the infection control 
probability (ICP) for the continuum model characterises well the extinc-
tion of infected cells. On the other hand, the tumour control probability 
(TCP) fails to capture the eradication of the tumour.

Our results show that, according to the continuum model, any im-
mune response has the tendency to decrease the effectiveness of the 
virotherapy. This holds true for the agent-based model whenever oscil-
lations are absent or too weak to drive the uninfected cell number very 
low; in the latter situation, the partial extinction of the solely infected 
populations may result in a complete failure of virotherapy. On the other 
hand, stronger oscillations are sometimes able to lead all the cancer cells 
close to extinction in the individual-based model. This happens when the 
infection has the possibility to propagate in the whole tumour before 
the enhancement of the immune system; hence, it can only be achieved 
if the time and location of the therapies are correctly calibrated. 
Fig. 10 clearly shows that the combination of treatments may worsen 
the outcome; this result is in line with several experimental evidence
(Filley and Dey, 2017). At the final time of the simulations 𝑡 = 1500 h, 
the best outcome is achieved through virotherapy alone and any kind 
of immune enhancement worsens it. On the other hand, other treat-
ment protocols show much more promising results at earlier times. Even 
though our model shows recurrence of the tumour at later times in most 
cases, such a low number of cells suggests that it would be possible to 
completely eradicate the tumour (e.g., by implementing an additional 
therapy) or at least to keep it under control (e.g., by repeated viral in-
jections, as shown in Fig. 12).

There are several factors that may hinder the success of immunovi-
rotherapy predicted by our model. First, we assume that immune cells 
kill uninfected and infected cells at exactly the same rate, but it would 
be reasonable to assume that infected cells are more easily recognised 
and killed: as a consequence, the immune response would be more likely 

to eradicate the infection without eradicating the tumour. Furthermore, 
our model neglects spatial constraints or immunorefractory aspects of 
some tumour microenvironments that could affect the viral diffusion 
and the immune infiltration inside the tumour, which are well-known 
obstacles to the success of both virotherapy (as already discussed in 
Morselli et al., 2023) and immunotherapy (Almeida et al., 2022) admin-
istered alone. On the other hand, in the present work, we only take into 
account an increase in the immune killing rate that resembles a generic 
immune-boosting therapy, such as immune checkpoint inhibition. Sev-
eral immunotherapies have shown their success when combined with 
oncolytic virotherapy (Shi et al., 2020), such as, but not limited to, 
adoptive T-cell transfer (Krabbe et al., 2021), CAR-T (He et al., 2023), 
CAR-T and BiTE (Wing et al., 2018). It could, therefore, be interesting 
to analyse whether the combination of different immunotherapies could 
partially overcome the above-mentioned obstacles by refining and aug-
menting our model.

Another potentially interesting addition to the model is the role of 
hypoxia, whose interaction with oncolytic virotherapy is not straight-
forward: while some viruses are able to specifically target hypoxic cells, 
some others are unable to effectively infect hypoxic regions due to the 
reduced protein translation of those cells (Sheng Guo, 2011). Hypoxia-
driven inflammation constitutes an additional challenge when consid-
ering the interactions with the immune system.

From the mathematical point of view, it could be interesting to per-
form a rigorous analysis of the PDE that we have obtained. It is well-
known that chemotactic models may lead to blow-up in finite time 
(Hillen and Painter, 2009), hence the well-posedness for long times may 
not be completely trivial. Another interesting future direction is the for-
mulation of a hybrid framework that uses a deterministic model for large 
densities and switch to a stochastic model for very low densities. To 
our knowledge, this approach has been only used in nonspatial models 
(Duncan et al., 2016) or in spatial models with well-defined subdomains 
(Smith and Yates, 2018): the use of this technique in our context does 
not appear straight-forward, but it could potentially complement the 
findings of the present work.
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Appendix A.  Formal derivation of continuum models

In this Appendix we describe how to derive the model discussed in 
the main text.

A.1.  Uninfected cancer cells

Uninfected cells can first move, then reproduce or die based on the 
pressure value, then become infected and finally be killed by immune 
cells, as explained in Section 2. The principle of mass balance gives the 
equation

𝑢𝑛+1𝑗 =
[ 𝜃
2
𝑢𝑛𝑗−1 +

𝜃
2
𝑢𝑛𝑗+1 + (1 − 𝜃)𝑢𝑛𝑗

][

1 + 𝜏𝐺(𝜌𝑛𝑗 )+ − 𝜏𝐺(𝜌𝑛𝑗 )−
]

×
(

1 − 𝜏
𝛽
𝐾
𝑖𝑛𝑗
)(

1 − 𝜏
𝜁
𝐾
𝑧𝑛𝑗
)

,

where 𝜌𝑛𝑗 ∶= 𝑢𝑛𝑗 + 𝑖𝑛𝑗 . Using the algebraic relation 𝑥+ − 𝑥− = 𝑥, this sim-
plifies to

𝑢𝑛+1𝑗 =
[ 𝜃
2
𝑢𝑛𝑗−1 +

𝜃
2
𝑢𝑛𝑗+1 + (1 − 𝜃)𝑢𝑛𝑗

][

1 + 𝜏𝐺(𝜌𝑛𝑗 )
]

×
(

1 − 𝜏
𝛽
𝐾
𝑖𝑛𝑗
)(

1 − 𝜏
𝜁
𝐾
𝑧𝑛𝑗
)

.

Let us define

Φ ∶= 𝜃
2
𝑢𝑛𝑗−1 +

𝜃
2
𝑢𝑛𝑗+1 − 𝜃𝑢𝑛𝑗 =

𝜃
2
𝛿2

𝑢𝑛𝑗−1 + 𝑢𝑛𝑗+1 − 2𝑢𝑛𝑗
𝛿2

,

so that the previous equation becomes

𝑢𝑛+1𝑗 = (𝑢𝑛𝑗 + Φ)
[

1 + 𝜏𝐺(𝜌𝑛𝑗 )
](

1 − 𝜏
𝛽
𝐾
𝑖𝑛𝑗
)(

1 − 𝜏
𝜁
𝐾
𝑧𝑛𝑗
)

= 𝑢𝑛𝑗 + 𝜏𝐺(𝜌𝑛𝑗 )𝑢
𝑛
𝑗 − 𝜏

𝛽
𝐾
𝑢𝑛𝑗 𝑖

𝑛
𝑗 − 𝜏

𝜁
𝐾
𝑢𝑛𝑗𝑧

𝑛
𝑗 + Φ

− 𝜏2 𝐺(𝜌𝑛𝑗 )
𝛽
𝐾
𝑢𝑛𝑗 𝑖

𝑛
𝑗 − 𝜏2 𝐺(𝜌𝑛𝑗 )

𝜁
𝐾
𝑢𝑛𝑗𝑧

𝑛
𝑗 + 𝜏2

𝛽𝜁
𝐾2

𝑢𝑛𝑗 𝑖
𝑛
𝑗𝑧

𝑛
𝑗 + 𝜏3 𝐺(𝜌𝑛𝑗 )

𝛽𝜁
𝐾2

𝑢𝑛𝑗 𝑖
𝑛
𝑗𝑧

𝑛
𝑗

+ 𝜏Φ
[

𝐺(𝜌𝑛𝑗 ) −
𝛽
𝐾
𝑖𝑛𝑗 −

𝜁
𝐾
𝑧𝑛𝑗 − 𝜏𝐺(𝜌𝑛𝑗 )

𝛽
𝐾
𝑖𝑛𝑗 − 𝜏𝐺(𝜌𝑛𝑗 )

𝜁
𝐾
𝑧𝑛𝑗 + 𝜏

𝛽𝜁
𝐾2

𝑖𝑛𝑗𝑧
𝑛
𝑗

+ 𝜏2 𝐺(𝜌𝑛𝑗 )
𝛽𝜁
𝐾2

𝑖𝑛𝑗𝑧
𝑛
𝑗

]

.

We now divide both sides of the previous equation by 𝜏 and rearrange 
the terms to get
𝑢𝑛+1𝑗 − 𝑢𝑛𝑗

𝜏
= 𝐺(𝜌𝑛𝑗 )𝑢

𝑛
𝑗 −

𝛽
𝐾
𝑢𝑛𝑗 𝑖

𝑛
𝑗 −

𝜁
𝐾
𝑢𝑛𝑗𝑧

𝑛
𝑗 +

1
𝜏
Φ +𝐻1, (A.1)

and observe that every term of 𝐻1 is multiplied either by 𝜏 or by Φ.
Let us now assume that there is a function 𝑢 ∈ 𝐶2([0,+∞) ×ℝ) such 

that 𝑢𝑛𝑗 = 𝑢(𝑡𝑛, 𝑥𝑗 ) = 𝑢 (from now on we omit the arguments of functions 

computed at (𝑡𝑛, 𝑥𝑗 )); thus, we can use Taylor expansions for 𝑢 in time 
and space as follows
𝑢𝑛+1𝑗 = 𝑢(𝑡𝑛 + 𝜏, 𝑥𝑗 ) = 𝑢 + 𝜏𝜕𝑡𝑢 + (𝜏2),

𝑢𝑛𝑗±1 = 𝑢(𝑡𝑛, 𝑥𝑗 ± 𝛿) = 𝑢 ± 𝛿𝜕𝑥𝑢 +
1
2
𝛿2𝜕2𝑥𝑥𝑢 + (𝛿3).

This implies that

Φ = 𝜃
2
𝛿2𝜕2𝑥𝑥𝑢 + (𝛿3),

and thus 𝐻1 = (𝜏) + (𝛿2). Eq.  (A.1) then becomes

𝜕𝑡𝑢 + (𝜏2) = 𝜃 𝛿
2

2𝜏
𝜕2𝑥𝑥𝑢 + 𝐺(𝜌)𝑢 −

𝛽
𝐾
𝑢𝑖 −

𝜁
𝐾
𝑢𝑧 + (𝜏) + (𝛿2).

Letting 𝜏, 𝛿 → 0 in such a way that 𝛿22𝜏 → 𝐷̃, we obtain

𝜕𝑡𝑢 = 𝜃𝐷̃𝜕2𝑥𝑥𝑢 + 𝐺(𝜌)𝑢 −
𝛽
𝐾
𝑢𝑖 −

𝜁
𝐾
𝑢𝑧.

A.2.  Infected cancer cells

Infected cells can first move, then die, as explained in Section 2. Also, 
uninfected cells may be infected. The principle of mass balance gives the 
equation

𝑖𝑛+1𝑗 =
[ 𝜃
2
𝑖𝑛𝑗−1 +

𝜃
2
𝑖𝑛𝑗+1 + (1 − 𝜃)𝑖𝑛𝑗

]

(1 − 𝜏𝑞)
(

1 − 𝜏
𝜁
𝐾
𝑧𝑛𝑗
)

+ 𝜏
𝛽
𝐾
𝑖𝑛𝑗 (1 + 𝜏𝐺(𝜌𝑛𝑗 ))

(

1 − 𝜏
𝜁
𝐾
𝑧𝑛𝑗
)

(𝑢𝑛𝑗 + Φ),

which simplifies to

𝑖𝑛+1𝑗 = (1 − 𝜏𝑞)
(

1 − 𝜏
𝜁
𝐾
𝑧𝑛𝑗
)

(𝑖𝑛𝑗 + Ψ) + 𝜏
𝛽
𝐾
𝑢𝑛𝑗 𝑖

𝑛
𝑗 + 𝜏𝐻2

= 𝑖𝑛𝑗 − 𝜏𝑞𝑖𝑛𝑗 − 𝜏
𝜁
𝐾
𝑖𝑛𝑗𝑧

𝑛
𝑗 + Ψ + 𝜏𝐻3

+ 𝜏
𝛽
𝐾
𝑢𝑛𝑗 𝑖

𝑛
𝑗 + 𝜏𝐻2,

where

Ψ ∶= 𝜃
2
𝑖𝑛𝑗−1 +

𝜃
2
𝑖𝑛𝑗+1 − 𝜃𝑖𝑛𝑗 =

𝜃
2
𝛿2

𝑖𝑛𝑗−1 + 𝑖𝑛𝑗+1 − 2𝑖𝑛𝑗
𝛿2

.

and

𝐻2 ∶= 𝜏𝐺(𝜌𝑛𝑗 )
𝛽
𝐾
𝑢𝑛𝑗 𝑖

𝑛
𝑗 − 𝜏

𝛽𝜁
𝐾2

𝑢𝑛𝑗 𝑖
𝑛
𝑗𝑧

𝑛
𝑗 − 𝜏2 𝐺(𝜌𝑛𝑗 )

𝛽𝜁
𝐾2

𝑢𝑛𝑗 𝑖
𝑛
𝑗𝑧

𝑛
𝑗

+
𝛽
𝐾
𝑖𝑛𝑗 (1 + 𝜏𝐺(𝜌𝑛𝑗 ))

(

1 − 𝜏
𝜁
𝐾
𝑧𝑛𝑗
)

Φ,

𝐻3 ∶= −𝑞Ψ −
𝜁
𝐾
𝑧𝑛𝑗Ψ + 𝜏𝑞

𝜁
𝐾
𝑖𝑛𝑗𝑧

𝑛
𝑗 + 𝜏𝑞

𝜁
𝐾
𝑧𝑛𝑗Ψ.

Let us observe that every term of 𝐻2 and 𝐻3 is multiplied either by 𝜏, 
Φ or Ψ. Dividing both sides by 𝜏 and rearranging the terms, we get
𝑖𝑛+1𝑗 − 𝑖𝑛𝑗

𝜏
= 1

𝜏
Ψ − 𝑞𝑖𝑛𝑗 +

𝛽
𝐾
𝑢𝑛𝑗 𝑖

𝑛
𝑗 −

𝜁
𝐾
𝑖𝑛𝑗𝑧

𝑛
𝑗 +𝐻2 +𝐻3. (A.2)

Let us now assume that there is a function 𝑖 ∈ 𝐶2([0,+∞) ×ℝ) such 
that 𝑖𝑛𝑗 = 𝑖(𝑡𝑛, 𝑥𝑗 ) = 𝑖, so that

𝑖𝑛+1𝑗 = 𝑖(𝑡𝑛 + 𝜏, 𝑥𝑗 ) = 𝑖 + 𝜏𝜕𝑡𝑖 + (𝜏2),

𝑖𝑛𝑗±1 = 𝑖(𝑡𝑛, 𝑥𝑗 ± 𝛿) = 𝑖 ± 𝛿𝜕𝑥𝑖 +
1
2
𝛿2𝜕2𝑥𝑥𝑖 + (𝛿3).

This implies that

Ψ = 𝜃
2
𝛿2𝑥𝑥𝑖 + (𝛿3),

and thus 𝐻2 +𝐻3 = (𝜏) + (𝛿2). Eq.  (A.2) then becomes

𝜕𝑡𝑖 + (𝜏2) = 𝜃 𝛿
2

2𝜏
𝜕2𝑥𝑥𝑖 +

𝛽
𝐾
𝑢𝑖 −

𝜁
𝐾
𝑖𝑧 − 𝑞𝑖 + (𝜏) + (𝛿2).

Letting 𝜏, 𝛿 → 0 in such a way that 𝛿22𝜏 → 𝐷̃ we obtain

𝜕𝑡𝑖 = 𝜃𝐷̃𝜕2𝑥𝑥𝑖 +
𝛽
𝐾
𝑢𝑖 −

𝜁
𝐾
𝑖𝑧 − 𝑞𝑖.
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A.3.  Chemoattractant

The chemoattractant is produced by cancer cells, decays at a constant 
rate and diffuses, as explained in Section 2; its dynamics are described 
by Eq.  (3), which can be written as

𝜙𝑛+1
𝑗 − 𝜙𝑛

𝑗

𝜏
= 𝐷𝜙

𝜙𝑛
𝑗+1 + 𝜙𝑛

𝑗−1 − 2𝜙𝑛
𝑗

𝛿2
+ (𝛼𝜙𝑖𝑛𝑗 + 𝛾𝜙𝑢

𝑛
𝑗 )(𝜙

∗ − 𝜙𝑛
𝑗 ) − 𝑞𝜙𝜙

𝑛
𝑗

(A.3)

Let us now assume that there is a function 𝜙 ∈ 𝐶2([0,+∞) ×ℝ) such that 
𝜙𝑛
𝑗 = 𝜙(𝑡𝑛, 𝑥𝑗 ) = 𝜙. Then clearly the discrete diffusion term converges to 
the second derivative of 𝜙, hence for 𝜏, 𝛿 → 0 we obtain
𝜕𝑡𝜙 = 𝐷𝜙𝜕

2
𝑥𝑥𝜙 + (𝛼𝜙𝑖 + 𝛾𝜙𝑢)(𝜙∗ − 𝜙) − 𝑞𝜙𝜙.

A.4.  Immune cells

Immune cells can first move, then die, as explained in Section 2. Also, 
new immune cells may enter the domain. The principle of mass balance 
gives the equation
𝑧𝑛+1𝑗 =

[

𝐹 𝑛
𝑗−1→𝑗 𝑧

𝑛
𝑗−1 + 𝐹 𝑛

𝑗+1→𝑗 𝑧
𝑛
𝑗+1 + (1 − 𝐹 𝑛

𝑗→𝑗−1 − 𝐹 𝑛
𝑗→𝑗+1)𝑧

𝑛
𝑗

]

(1 − 𝜏𝑞𝑧) + 𝜏𝑆𝑛
𝑗 ,

with

𝐹 𝑛
𝑗→𝑗±1 ∶=

𝜃𝑧
2

+ 𝜈
(𝜙𝑛

𝑗±1 − 𝜙𝑛
𝑗 )+

2𝜙∗
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝐹 𝑛
𝑗→𝑗±1

, 𝑆𝑛
𝑗 =

(

𝑆0 + 𝛼𝑧
∑

ℎ
𝐼𝑛ℎ

)

1𝜔(𝑥𝑗 ).

Observe that the source term is no longer multiplied by 𝛿, since we are 
considering the cell density. The previous equation can be written as
𝑧𝑛+1𝑗 = (𝑧𝑛𝑗 + Ξ)(1 − 𝜏𝑞𝑧) + 𝜏𝑆𝑛

𝑗 = 𝑧𝑛𝑗 + Ξ − 𝜏𝑞𝑧𝑧
𝑛
𝑗 − 𝜏𝑞𝑧Ξ + 𝜏𝑆𝑛

𝑗 ,

where

Ξ ∶= Ξ1 + Ξ2,

Ξ1 ∶= 𝜃𝑧
𝑧𝑛𝑗−1 + 𝑧𝑛𝑗+1 − 2𝑧𝑛𝑗

2
,

Ξ2 ∶= −(𝐹 𝑛
𝑗→𝑗−1 + 𝐹 𝑛

𝑗→𝑗+1)𝑧
𝑛
𝑗 + 𝐹 𝑛

𝑗−1→𝑗𝑧
𝑛
𝑗−1 + 𝐹 𝑛

𝑗+1→𝑗𝑧
𝑛
𝑗+1,

Dividing both sides by 𝜏 and rearranging the terms, we get
𝑧𝑛+1𝑗 − 𝑧𝑛𝑗

𝜏
= Ξ

𝜏
− 𝑞𝑧𝑧

𝑛
𝑗 + 𝑆𝑛

𝑗 + 𝑞𝑧Ξ. (A.4)

Let us now assume that there is a function 𝑧 ∈ 𝐶2([0,+∞) ×ℝ) such 
that 𝑧𝑛𝑗 = 𝑧(𝑡𝑛, 𝑥𝑗 ) = 𝑧, so that

𝑧𝑛+1𝑗 = 𝑧(𝑡𝑛 + 𝜏, 𝑥𝑗 ) = 𝑧 + 𝜏𝜕𝑡𝑧 + (𝜏2),

𝑧𝑛𝑗±1 = 𝑧(𝑡𝑛, 𝑥𝑗 ± 𝛿) = 𝑧 ± 𝛿𝜕𝑥𝑧 +
1
2
𝛿2𝜕2𝑥𝑥𝑧 + (𝛿3),

This implies that

Ξ1 =
𝜃𝑧
2
𝛿2𝜕2𝑥𝑥𝑧 + (𝛿3).

Furthermore, the assumptions on 𝜙 imply that

𝐹 𝑛
𝑗→𝑗±1 =

𝜈
2𝜙∗

(

±𝛿𝜕𝑥𝜙 + 1
2
𝛿2𝜕2𝑥𝑥𝜙 + (𝛿3)

)

+
= (𝛿).

and we can easily conclude that Ξ = (𝛿). We then use the Taylor ex-
pansion of 𝑧 in the definition of Ξ2 to get

Ξ2 = −(𝐹 𝑛
𝑗→𝑗−1 + 𝐹 𝑛

𝑗→𝑗+1)𝑧 + 𝐹 𝑛
𝑗−1→𝑗

(

𝑧 − 𝛿𝜕𝑥𝑧 +
1
2
𝛿2𝜕2𝑥𝑥𝑧 + (𝛿3)

)

+ 𝐹 𝑛
𝑗+1→𝑗

(

𝑧 + 𝛿𝜕𝑥𝑧 +
1
2
𝛿2𝜕2𝑥𝑥𝑧 + (𝛿3)

)

= (𝐹 𝑛
𝑗−1→𝑗 − 𝐹 𝑛

𝑗→𝑗−1 + 𝐹 𝑛
𝑗+1→𝑗 − 𝐹 𝑛

𝑗→𝑗+1)𝑧 + 𝛿(−𝐹 𝑛
𝑗−1→𝑗 + 𝐹 𝑛

𝑗+1→𝑗 )𝜕𝑥𝑧

+ 1
2
𝛿2(𝐹 𝑛

𝑗−1→𝑗 + 𝐹 𝑛
𝑗+1→𝑗 )𝜕

2
𝑥𝑥𝑧 + (𝛿3).

Now, let us observe that
𝐹 𝑛
𝑗±1→𝑗 − 𝐹 𝑛

𝑗→𝑗±1 =
𝜈

2𝜙∗ [(𝜙
𝑛
𝑗 − 𝜙𝑛

𝑗±1)+ − (𝜙𝑛
𝑗±1 − 𝜙𝑛

𝑗 )+]

= 𝜈
2𝜙∗ (𝜙

𝑛
𝑗 − 𝜙𝑛

𝑗±1) =
𝜈

2𝜙∗

(

∓𝛿𝜕𝑥𝜙 − 1
2
𝛿2𝜕2𝑥𝑥𝜙 + (𝛿3)

)

,

using the relation 𝑥+ − (−𝑥)+ = 𝑥+ − 𝑥− = 𝑥. We therefore have

Ξ2 =
𝜈

2𝜙∗

{

−𝛿2𝜕2𝑥𝑥𝜙𝑧 + 𝛿[−(𝛿𝜕𝑥𝜙 + (𝛿2))+

+ (−𝛿𝜕𝑥𝜙 + (𝛿2))+]𝜕𝑥𝑧 + (𝛿3)
}

.

Finally, Eq.  (A.4) becomes

𝜕𝑡𝑧 + (𝜏2) = 𝜃𝑧
𝛿2

2𝜏
𝜕2𝑥𝑥𝑧 + ( 𝛿

3

𝜏
) + 𝜈

𝜙∗
𝛿2

2𝜏

{

−𝜕2𝑥𝑥𝜙𝑧

+ [−(𝜕𝑥𝜙 + (𝛿))+ + (−𝜕𝑥𝜙 + (𝛿))+]𝜕𝑥𝑧 + (𝛿)
}

− 𝑞𝑧𝑧 + 𝑆𝑛
𝑗 + (𝛿).

Let us now observe that
∑

ℎ
𝐼𝑛ℎ =

∑

ℎ
𝑖𝑛ℎ 𝛿 =

∑

ℎ
𝑖(𝑡𝑛, 𝑥ℎ)𝛿

𝛿→0
←←←←←←←←←←←←←←←←←→ ∫Ω

𝑖(𝑡𝑛, 𝑦) d𝑦,

which means that

𝑆𝑛
𝑗 =

(

𝑆0 + 𝛼𝑧
∑

ℎ
𝐼𝑛ℎ

)

1𝜔(𝑥𝑗 )
𝛿→0
←←←←←←←←←←←←←←←←←→

(

𝑆0 + 𝛼𝑧 ∫Ω
𝑖(𝑡𝑛, 𝑦) d𝑦

)

1𝜔(𝑥𝑗 )

=∶ 𝑆(𝑡𝑛, 𝑥𝑗 ).

Letting 𝜏, 𝛿 → 0 in such a way that 𝛿22𝜏 → 𝐷̃ we arrive at the final result:

𝜕𝑡𝑧 = 𝜃𝑧𝐷̃𝜕2𝑥𝑥𝑧 +
𝜈𝐷̃
𝜙∗ {−𝜕

2
𝑥𝑥𝜙𝑧 + [−(𝜕𝑥𝜙)+ + (−𝜕𝑥𝜙)+]𝜕𝑥𝑧} − 𝑞𝑧𝑧 + 𝑆

= 𝜃𝑧𝐷̃𝜕2𝑥𝑥𝑧 +
𝜈𝐷̃
𝜙∗ (−𝜕

2
𝑥𝑥𝜙𝑧 − 𝜕𝑥𝜙𝜕𝑥𝑧) − 𝑞𝑧𝑧 + 𝑆

= 𝜃𝑧𝐷̃𝜕2𝑥𝑥𝑧 −
𝜈𝐷̃
𝜙∗ 𝜕𝑥(𝑧𝜕𝑥𝜙) − 𝑞𝑧𝑧 + 𝑆.

Appendix B.  Oncolytic viral infection in absence of the immune 
response: main results from Morselli et al. (2023)

As explained in the main text, the models presented in this article 
are an extension of some of the models introduced in Morselli et al. 
(2023), i.e., Eq.  (1) and its underlying stochastic counterpart. For the 
sake of completeness, we here summarise the main takeaways, which 
partially apply also to the current models. As the PDE model agrees 
well with the agent-based simulations, we can use our knowledge of the 
continuous model to better understand the outcome of the therapy in 
different parameter regimes.

The worst possible case is the situation in which the infection ceases 
after a finite time and uninfected cells grow at carrying capacity: this 
corresponds to parameter values such that 𝛽 < 𝑞, which do not allow the 
equilibrium (𝑢∗, 𝑖∗) to be positive.

Let us now focus on the case 𝛽 > 𝑞. Initially, the tumour centre is 
rapidly infected while uninfected cells at the outer edge grow until car-
rying capacity. The uninfected front advances at speed 2

√

𝐷𝑝 and once 
carrying capacity is reached, the infected front stabilises at 2

√

𝐷(𝛽 − 𝑞). 
Both speed values are in line with theoretical results: indeed, the value 
2
√

𝐷𝑝 is the well-known wave speed of the Fisher-KPP equation (Fisher, 
1937; Kolmogorov et al., 1937); the value 2

√

𝐷(𝛽 − 𝑞) can be easily ob-
tained using standard linearisation techniques and is in line to the rig-
orous analytical result proved for a slightly different system in Dunbar 
(1984). While the tumour and the infections expand, cell densities at 
the centre of the tumour converge with damped oscillations to the equi-
librium of the corresponding ODE, given by Eq.  (12).

If 𝛽 < 𝑞 + 𝑝, the speed of the infection is smaller than the speed of 
the uninfected wave and so the outer region of the tumour is completely 
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unaffected by the therapy: this is a failure that has no analogue in the 
spatially homogeneous ODE and can be only predicted through the spa-
tial model. On the other hand, whenever 𝛽 > 𝑞 + 𝑝, the infection even-
tually reaches the front of the wave of uninfected cells. The final peak 
of the uninfected cells is approximately

𝑢̄ ∶=
( 𝑞
𝛽
+

𝑝
𝛽

)

𝐾 (B.1)

which allows the infected front to move at speed 2
√

𝐷𝑝. In this last case, 
we can consider the therapy to be at least partially successful; some 
variations of the parameter values then allow for the improvement of 
therapy achievements. Overall, the efficacy of the infection increases as 
𝛽 increases and 𝑞 decreases, as it is pointed out in the previous sugges-
tion related to the speed of the waves also suggested by the equilibrium 
values given in Eq.  (12).

Appendix C.  Details of numerical simulations

Parameter values. The majority of the parameters of the model has been 
estimated from the empirical literature, while a few others are specific 
of our formulation of the model and have been set to reasonable val-
ues in order to reproduce plausible dynamics. The parameters 𝑝,𝐷,𝐾
and 𝛽 assume the values listed in Table 2, which are the same used in 
Morselli et al. (2023); for the sake of brevity, we omit further comments 
on them and report only the references in the aforementioned table. On 
the other hand, the basic death rate of infected cells 𝑞 has been decreased 
to 8.34 × 10−3 h−1, which is one-fifth of the value used in Morselli et al. 
(2023). This is due to the fact that, in the current model, 𝑞 does not take 
into account the death of infected cells due to immune killing, which is 
considered separately.

The diffusion coefficient of the chemoattractant 𝐷𝜙 has been taken 
equal to 3.33 × 10−2 mm2/h following Matzavinos et al. (2004). The sat-
uration density of the chemoattractant 𝜙∗ and the secretion rates of 
chemoattractant by infected cells 𝛼𝜙 have been adapted from the val-
ues reported in Jenner et al. (2022), which fit the data of IFN 𝛾 taken 
from Gao et al. (2014). The value of 𝜙∗ has been obtained by rescal-
ing the estimate of Jenner et al. (2022) to our two-dimensional setting, 
yielding a value of 2.92 𝜇g/mm2. The secretion rate reported in Jen-
ner et al. (2022) refers to a single CD4+T and these cells are assumed 
to be stimulated by infected tumour cells; we have adapted their value 
to our setting by dividing it by the carrying capacity 𝐾, obtaining the 
value 𝛼𝜙 = 2.50 × 10−4 mm2/(h⋅cells). Since we are assuming that im-
mune cells are much less stimulated by uninfected tumour cells, we 
have set the secretion rate of chemoattractant by uninfected cells 𝛾𝜙
to 5.00 × 10−6 mm2/(h⋅cells), which still allows obtaining a consider-
able reduction of the tumour load when the infection stimulates the 
immune system. The decay of chemoattractant 𝑞𝜙 has been taken equal 
to 8.3 × 10−2 h−1, as in Cooper and Kim (2014).

While it is clear from experimental results that the speed of an im-
mune cell is around 1.08 mm/h (Textor et al., 2011), the estimate of 
the diffusion and chemotactic coefficients 𝐷𝑧 and 𝜒 from this consider-
ation constitute a particular challenge. The diffusion coefficient of im-
mune cells has been set to 𝐷𝑧 = 4.20 × 10−3 mm2/h, as in Almeida et al. 
(2022), noting that similar values are used elsewhere in the literature 
(such as in Atsou et al. (2020)). We remark that, following the approach 
of Hillen and Swan (2016), Othmer and Hillen (2002), one could esti-
mate a value in the same order of magnitude relying on reasonable bio-
logical assumptions (although the precise quantities needed are hard to 
estimate). We performed several simulations of our agent-based model 
to conclude that for 𝜒 = 1.65 mm2/h immune cells move toward a gra-
dient of chemoattractant similar to the one present in our simulations 
(i.e., the stationary profile of the chemokines for the initial condition of 
our simulations) with an average speed of approximately 0.6 mm/h. We 
decrease this value to 𝜒 = 0.165 mm/h2 to avoid an excessive concentra-
tion of immune cells; the resulting average speed is around 0.06 mm/h, 

which is plausible considering that immune cells face many physical 
obstacles in penetrating the tumour microenvironment.

The death rate of immune cells 𝑞𝑧 has been taken equal to 7.5 ×
10−3 h−1, which is the value used in Hao et al. (2014) for T4 cells. 
The base inflow rate of immune cells 𝑆0 has been set to 5.00 × 10−2

cells/(mm2⋅h) in order to have a density of immune cells inside the 
tumour coherent with experimental observations (Chatzopoulos et al., 
2020; Yasuda et al., 2011). The additional inflow rate of immune 
cells due to the infection 𝛼𝑧 is one of the main peculiarities of our 
model and summarises several biological processes; hence, it is hard 
to find meaningful estimates in the literature. We have set it to 3.75 ×
10−5 (mm2⋅h)−1, which allows us to have an immune cell density compa-
rable with the aforementioned experimental references. The same prob-
lem arises with the immune killing rate of cancer cells 𝜁 : since the model 
is very sensitive to this parameter, we compare the differences between 
setting it to 0.50 h−1 and 5.00 h−1, corresponding respectively to weak 
and enhanced immune responses.

Numerical simulations for the discrete models. We used a temporal step 
𝜏 = 0.02 h and a spatial step of 𝛿 = 0.1 mm, as already done in Morselli 
et al. (2023). All simulations have been performed in Matlab 2021b.

At every iteration, the cell numbers and the chemoattractant density 
are updated according to the rules described in Section 2. We first con-
sider movement, then reproductions and deaths of all cell populations, 
the inflow of immune cells, infections and finally chemoattractant dy-
namics. Since we only need to keep track of the collective fate of cells 
in the same lattice point, we again used the built-in Matlab functions
binornd and mnrnd. Zero-flux boundary conditions for cell populations 
are implemented by not allowing cells at the boundary to leave the do-
main. The density of the chemoattractant is updated through the two-
dimensional analogue of Eq.  (3); Neumann boundary conditions are 
then implemented by considering additional grid points outside the do-
main, with the same density value as the boundary points of the grid.

The one-dimensional plots in Fig. 4a-b are obtained by averaging ten 
simulation. The cell sums of Fig. 10 are obtained by averaging five sim-
ulations (although the cell sum obtained from a single simulation does 
not show any significant difference). The ICP and TCP plots in Figs. 8 
and 9, as well as the violin plots of Fig. 9, show the result of one hundred 
simulations. All the two-dimensional plots show a single simulation. We 
remark that, in all cases, we performed at least five simulations and did 
not observe any relevant qualitative difference with respect to the re-
sult shown; the only exception is Fig. 9 and the electronic supplementary 
material S6, as explained in the main text.

In order to allow reproducibility, a random seed has been set at the 
beginning of each new simulation. In the figures representing a single 
simulation, only the one with random seed equal to 1 is shown (with 
the exception of the electronic supplementary material S6 in which it 
has been set to 4).

Numerical simulations for the continuum models. The system of Eq. (8) 
has been solved with a finite difference scheme explicit in time, using 
the discretisations Δ𝑡 = 10−4, Δ𝑥 = 0.01; such a low space step allows 
to appropriately describe the high peaks of immune cells of some sim-
ulations. The only exceptions are the simulations of Fig. 6, which are 
run for a very long time in a bigger domain: there, the discretisation for 
space is Δ𝑥 = 0.02, which guarantees stability at late times without the 
need to decrease the time step. We used a forward upwind scheme for 
the chemotactic term in the equation for immune cell density, follow-
ing LeVeque (2007); this is a common strategy to deal with this kind of 
equations (Almeida et al., 2022; Bubba et al., 2020). The integrals are 
computed through the built-in Matlab function trapz, which is based 
on a linear interpolation of functions. We also use again the threshold 
1
𝛿2

 to identify the wavefront of infected cells in the solution of the PDE; 
this allows us to be consistent with the representation of the agent-based 
model.
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