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ABSTRACT
In this work we illustrate a method to improve estimation of Vaccine Efficacy (VE), a vastly employed measure of effect in vac-
cine clinical research, with small and medium sample sizes. We introduce a comprehensive Bayesian approach that improves 
upon existing methodologies, explicitly considering patient recruitment processes to inform parameter estimation. In particu-
lar—in contrast to most methods currently used—in our proposed methodology the total number of cases as well as the censored 
surveillance times are seen as informative statistics, with underlying distributions which are used to derive the full likelihood. 
It turns out that our model depends on first and second moments of the surveillance times regardless of the recruitment process 
and, for finite sample sizes, it improves on the maximum likelihood method, which depends only on the first moment. The meth-
odology is validated through extensive numerical simulations, demonstrating substantial improvements in parameter interval 
estimation across diverse scenarios and under multiple recruitment plans, when the number of events—and roughly the sample 
sizes—are small to medium. For large sample sizes, our method is equivalent to maximum likelihood. Markov Chain Monte 
Carlo (MCMC) simulations are needed and can be conducted very efficiently, due to an appropriate parameterization.

1   |   Introduction

How informative are the recruitment process and the resulting 
surveillance times when estimating Vaccine Efficacy (VE from 
now on)? This question is motivated by reconsideration of the 
methods used in two articles [1, 2] describing the 2020 pivotal 
clinical trial of the anti-Covid-19 vaccine sponsored by Pfizer/
BioNTech: a conjugate Bayesian analysis or, respectively, the 
Clopper-Pearson method are used there conditionally on the 
total number of cases and the surveillance times. This means 
that the observed total number of cases and the surveillance 
times were treated as constants and not incorporated in the 
methodology as informative realizations of random variables. 
These motivating examples give an opportunity to discuss the 
implications of the patient recruitment process—which affects 
surveillance times—in clinical trials and, more generally, to in-
vestigate up to what point it is useful, in a Bayesian analysis, 

modeling uncertain observable quantities related to the time di-
mension of the study.

Vaccine Efficacy, a central estimand in clinical vaccine research 
[3, 4], is a measure of the reduction in risk of developing the dis-
ease in the experimental treatment group when compared to a 
control group (which may be either placebo or another vaccine). 
Ewell [5] gave a review of several methods to calculate statis-
tical intervals for VE, including Maximum Likelihood (ML), 
a Bayesian approach with conjugate priors (“method A”) and 
a frequentist method based on the exact binomial distribution 
(“method C”). A hybrid approach merging the latter two meth-
ods is the “exact method conditional on the total number of 
cases” [1]: the binomial distribution of the number of infected 
patients in the treatment group conditional on data is matched 
with a beta conjugate prior equivalent to the above mentioned 
“method A” to obtain credible intervals for VE. While a critical 
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analysis of this and other approaches to the VE estimation of 
anti-Covid-19 vaccines is presented elsewhere [6–8], in this 
work we aim to improve the Bayesian approach by modeling 
surveillance times more properly.

The exact method conditional on the total number of cases is 
only an approximate Bayesian approach, since it makes only 
partial use of the full likelihood and of the Bayesian updating 
mechanism. In particular, the total number of cases and the 
surveillance times of the vaccinated and of the control cohorts 
are treated as known parameters instead of observed statis-
tics, hence the adjective “conditional”: the method is a partially 
Bayesian method conditionally on the total number of cases and 
on the surveillance times.

This work contains a more complete full Bayesian approach 
which accounts for the joint distribution of the number of cases 
and the resulting surveillance times, clarifying the dependence 
of their joint distribution of the first and second moments of the 
surveillance times. This way, a more precise small sample esti-
mation of VE is made possible.

The remaining part of the manuscript is divided as follows: in 
Section 2, VE estimation and the exact method conditional on 
the total number of cases are described, in Section  3 the full-
likelihood Bayesian model is derived, in Section 4 a simulation 
study is performed to validate the proposed approach under 
different recruitment processes and in Section  5 the Pfizer/
BioNTech anti-Covid-19 vaccine data are re-analyzed. Finally, 
conclusions are drawn in Section 6.

2   |   Current Statistical Models for VE

2.1   |   The Representation of Infection Processes as 
Point Processes

In Epidemiology, it is current practice to define the incidence rate 
as the ratio between the “number of new cases of disease or in-
jury during a specified period” and the “time each person was 
observed, totaled for all persons” [9]. More particularly, a new 
infection process is obtained by stringing together one after the 
other all time periods participants have been exposed to the possi-
bility of disease infection up until the earliest of the following four 
endpoints happens: onset of disease, death, loss to follow-up, or 
end of study. The sum of the lengths of all time periods is the total 
surveillance time, while each participant experiencing the onset 
of disease contributes an event to the infection process; the other 
cases only contribute to the surveillance time, since we assume 
all other cases are non-informatively censored observations.

In the context of a clinical trial, statistical modeling is compli-
cated by the fact that a clinical trial takes place over a finite pe-
riod of time. This creates censoring and makes it literally not 
true that the infection point process resulting from the stringing 
operation described above is homogeneous Poisson, although 
that may be a good approximation. A simple way to solve the 
problem and cast it using precise statistical modeling is to as-
sume that, once recruited, a patient will be infected in an ex-
ponential time unless it is censored by end of study, unrelated 
death, or noninformative loss to follow-up. In other words, the 

observed infection times are a random sample of randomly cen-
sored exponential times. The consequences of such assumptions 
are explored in Section 3.1.

In a standard comparative vaccine clinical trial there are two in-
fection processes: one for the treatment group and an one for the 
control group. Let the parameters of the two exponential distribu-
tions be �c for the control group and �v for the vaccine group, each 
of them reflecting the intensity of the infection process in a station-
ary situation (i.e., without relevant peaks of contagion).

A common measure of comparison between the two infection 
processes is then the incidence rate ratio

based on which VE is then defined as

which can be interpreted, in the usual case 𝜆v < 𝜆c, as the aver-
age fraction of missed infections (i.e., 100 × VE is the percentage 
of not infected vaccinated participants who would have been in-
fected if not vaccinated).

Define

•	 nv = sample size of the vaccine group,

•	 nc = sample size the control group.

Then the data is composed of four basic statistics:

•	 Sv = surveillance time of the vaccine group [person-years],

•	 Sc = surveillance time of the control group [person-years],

•	 Xv = number of infections in the vaccine group,

•	 Xc = number of infections in the control group.

In our setup, the maximum likelihood estimator of IRR is, ex-
pressed in [person-years−1]

Turning to logarithms and applying the delta method to our two 
samples of censored exponential observations, we obtain the ap-
proximate asymptotic distribution:

where the variance term has been approximated by its maxi-
mum likelihood estimator. In this work we refine these results 
by taking a deeper look into the structure of the stringed up pro-
cess, then we construct the resulting Bayesian credible intervals 
for VE. First, in the next section we provide a brief review of the 
current intervals for VE.

IRR =
�v
�c

(1)VE = 1 − IRR = 1 −
�v
�c

(2)ÎRR =
Xv Sc
Xc Sv

.

(3)

log
(
ÎRR

)
= log

(
Xv Sc
Xc Sv

)
∼ Normal

(
log

(
�v
�c

)
,
1

Xv
+

1

Xc

)
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2.2   |   Existing Statistical Intervals for Vaccine 
Efficacy

Many intervals for VE have appeared in the literature [5]. First 
comes the approximate maximum likelihood interval obtained 
from distribution (3):

where z1−�∕2 is the standard normal 1 − �∕2 quantile. This is 
method B of Ewell (1996) [5].

More recently, different intervals have been used, for exam-
ple in the two Pfizer/BioNTech papers [1, 2]. In particular, the 
“exact method conditional on the total number of cases” [1] con-
sists of assuming that the stringed up process is approximately 
Poisson and deriving as likelihood a binomial density for Xc 
given Xv + Xc:

where we notice that the conditional probability of infection in 
the vaccine cohort is

In this approach, the observed surveillance times sv and sc are 
treated as constants and are used to “adjust” the estimate of VE 
according to Equation (5).

An explicit conditional Bayesian approach is followed: a conju-
gate beta prior, centered around a conservative estimate of VE, 
is given to the infection parameter �. The second parameter of 
the prior is set to 1 to allow for the highest possible prior uncer-
tainty, avoiding at the same time bimodality. The result is that a 
posteriori

where �̂ =
(
1 − V̂E

)
∕
(
2 − V̂E

)
 and V̂E is a conservative es-

timate of VE. Once the posterior is obtained, the following 
(1 − �)-level Bayesian credible interval can be computed re-
garding �:

where Beta�∕2(n,m) is the �∕2 quantile of a Beta(n,m) distribu-
tion. A ad-hoc “adjustment” is that the observed values sv and 
sc have to be plugged in Equation  (5), while in the prior elici-
tation leading to �̂ they are assumed to be equal, since prior to 
sampling they are not yet observed. This conceptual difficulty is 
addressed in Section 3.1.

Notice that a slight variation of the exact method conditional on 
the total number of cases amounts to giving an improper prior to 
� and to obtain the posterior credible interval:

which, for moderate xv and xc, is indistinguishable from the pre-
vious interval and avoids the above-mentioned nuisance.

Finally, the second Pfizer/BioNTech paper [2] reports yet an-
other interval: the binomial likelihood (4) is used to obtain the 
following (1 − �)-level Clopper-Pearson (not-Bayesian) exact con-
fidence interval

which, for moderate xv and xc, is indistinguishable from the pre-
vious two intervals and avoids the above-mentioned nuisance 
and any reference to a prior guess �̂, being the result of a fre-
quentist procedure which preserves at least the nominal level in 
an exact fashion.

The two Bayesian credible intervals and the last Clopper-
Pearson frequentist conservative interval can be worked back-
ward to obtain corresponding intervals for VE itself:

where L and H are the left-hand (resp. right-hand) side of 
Equations  (7–9), respectively. Again, for moderate xv and xc, the 
three intervals are basically the same, and we stress here that all 
of them are obtained without any modelling of the recruitment pro-
cess. The goal of this work is to go beyond such limitation in order 
to make the most out of the information contained in the data, and 
specifically in the recruitment process, as illustrated in the next 
section.

3   |   The Full-Likelihood Bayesian Approach

3.1   |   Motivation for the Full-Likelihood Bayesian 
Approach

Consider a 1:1 randomization ratio in a clinical trial which goes 
on for a long time: the ratio between the control surveillance time 
Sc and the vaccinated surveillance time Sv approximates then 
the ratio of the two mean times to infection, by the law of large 
numbers applied once to the numerator and once to the denom-
inator of the ratio. By definition, the ratio of the two mean times 
is 1-VE, since the times to infection are exponentially distributed 
with mean 1∕�v for the vaccinated and 1∕�c for the control groups. 
Hence, the ratio of the surveillance times contains some additional 
information on VE, in addition to the number of cases in the two 
groups.

In this paper, we would like to take into account the surveillance 
times Sv and Sc in a more formal way than just plugging in their 
observed values in Equation (4). To do so, in the next section we 
derive a joint asymptotic distribution for all four relevant statis-
tics Sv, Sc,Xv,Xc.

1−exp

(
log

(
Xv Sc
Xc Sv

)
+z1−�∕2

√
1

Xv
+
1

Xc

)

≤VE≤1−exp
(
log

(
Xv Sc
Xc Sv

)
−z1−�∕2

√
1

Xv
+
1

Xc

)

(4)
(
xv + xc
xv

)(
sv�v

sv�v+ sc�c

)xv
(
1−

sv�v
sv�v+ sc�c

)xc

(5)� =
sv�v

sv�v + sc�c
=

sv(1 − VE)

sv(1 − VE) + sc
.

(6)� ∼ Beta

(
�̂

1 − �̂
+ xv, 1 + xc

)

(7)

Beta�∕2

(
�̂

1 − �̂
+ xv, 1 + xc

)
≤ � ≤ Beta1−�∕2

(
�̂

1 − �̂
+ xv, 1 + xc

)

(8)Beta�∕2
(
xv, xc

) ≤ � ≤ Beta1−�∕2
(
xv, xc

)

(9)Beta�∕2
(
xv, 1 + xc

) ≤ � ≤ Beta1−�∕2
(
1 + xv, xc

)

(10)
(1 −H)sv −Hsc

(1 −H)sv
≤ VE ≤ (1 − L)sv − Lsc

(1 − L)sv
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3.2   |   A Bivariate Convergence Theorem

Since the vaccine and the control group give rise to independent 
observations, the joint distribution of 

(
Sv,Xv

)
 (resp. 

(
Sc,Xc

)
) is 

treated in this section using the unified notation 
(
Sv,Xv

)
, that is, 

dropping the subscripts, since the same results are true for the 
vaccine and the control group.

Let D be the study duration in real time (in years) and let Ri be 
the random recruitment time (in years) after study starts (and 
before study ends) and let Ti be the time from recruitment to in-
fection of the i−th patient: then, if the patient does not drop out 
before the end of the study, Ci = D − Ri is the random censoring 
time (study duration D being a fixed quantity). Each patient con-
tributes to the total surveillance time with an observed duration 
equal to the minimum of Ti and Ci. Similarly, the i-th patient 
increases the number of infections by 1 if Ti < Ci, and by 0 oth-
erwise. Figure 1 is a graphical rendering. The total surveillance 
time and the number of infections are therefore sums of many 
i.i.d. random variables:

where 
(
Ti < Ci

)
 is the indicator function of the stated 

inequality. By the bivariate central limit theorem, the follow-
ing holds.

Theorem 1.  Let D be the vaccine trial duration (constant) 
and, for the i−th patient out of n patients, let Ti be the random time 
from recruitment to infection, Ri the random recruitment time 
and Ci = D − Ri the random censoring time. Then, using defini-
tions (11) and (12) and under the following assumptions:

1.	 times to infection Ti, i = 1, … ,n are, like T, i.i.d. exponen-
tial variables conditionally on their parameter �;

2.	 censoring times Ci, i = 1, … ,n are i.i.d. like C, and inde-
pendent of Ti;

where

as n→ ∞ the following convergence in distribution to a bivariate 
normal distribution holds:

Proof is a consequence of the multivariate central limit theorem, 
by which

Now, since both T and C are almost surely positive and independent,

and the first variance can be obtained as follows:

(11)S =

n∑

i= 1

min
{
Ti,Ci

}

(12)X =

n∑

i= 1

(
Ti < Ci

)

(13)

1
√
n

�
S−n I1

X −n�I1

�
→2

��
0

0

�
,

�
2I2− I

2
1 �I2−�I21

�I2−�I21 �I1−�2I21

��

(14)I1 =

∞

∫
0

e−𝜆t P(C > t)dt

(15)I2 =

∞

∫
0

t e−𝜆t P(C > t)dt

1
√
n

�
S−n E(min (T ,C)]

X −n E((T <C))

�
→2

��
0

0

�
,

�
Var(min (T ,C)) Covar(min (T ,C), (T <C))

Covar(min (T ,C), (T <C)) Var((T <C))

��

E(min (T ,C))=

∞

∫
0

P(min (T ,C)> t)dt=

∞

∫
0

P(T > t) P(C> t)dt=

∞

∫
0

e−𝜆t P(C> t)dt= I1

E
�
min (T ,C)2

�
=

∞

∫
0

P
�
min (T ,C)2> t

�
dt=

∞

∫
0

P
�
T >

√
t
�
P
�
C>

√
t
�
dt=2

∞

∫
0

t e−𝜆t P(C> t)dt=2I2

FIGURE 1    |    Random recruitment and censoring: The ith patient is censored, the jth patient is not.
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Next, since (T < C) is an indicator function, that is, a Bernoulli 
variate with probability parameter �,

and finally

and the theorem is proved by calculating

It should be stressed that the Theorem contains an asymptotic 
distribution of S and X  which depends on recruitment process, 
but only through the first and second moments of the surveil-
lance times. Therefore, in this approach any kind of recruitment 
can be accommodated, including multi-center trials, recruit-
ments with staggered entry of the patients and trials with re-
cruitment stopped before the end of the trial.

Notice also that convergence in formula (3) can be recovered as 
a by-product from convergence in formula (13) by applying the 
delta method. This has several important implications:

•	 The result in the theorem is an extension of the usual large-
sample approximation theorem for the maximum likeli-
hood estimator;

•	 Optimality of the ML method for our regular model pro-
vides a reference (e.g., in terms of width of interval estima-
tion for VE, both frequentist and Bayesian) which cannot 
be beaten asymptotically; however, with our more compre-
hensive results, there is hope to improve finite sample size 
results, in the spirit of small-sample asymptotics;

•	 While convergence in Formula (3) involves the first moment 
of the surveillance times (hidden in the variance), the bi-
variate approach in Theorem 1 involves the first and second 
moments of the surveillance times, but no other details re-
garding recruitment.

3.3   |   The Full-Likelihood Bayesian Model

Applying now the results of the theorem to both control and 
vaccinated groups, we can write the likelihood of the unknown 
parameters, having observed Sc = sc,Xc = xc, Sv = sv,Xv = xv, in 
the following way:

where

and fSc ,Xc ( ⋅ ) and fSc ,Xc ( ⋅ ) are, respectively, the density functions 
of the following asymptotic bivariate normal distributions

By adding priors to the parameters VE, �c,�c, �2c ,�v, �
2
v, the full-

likelihood Bayesian model is obtained and illustrated graphi-
cally by its associated Directed Acyclic Graph (DAG) in Figure 2.

3.4   |   Default Prior Elicitation

The reason for parameterizing the likelihood in terms of 
VE, pc,�c, �

2
c ,�v, �

2
v (instead of, say, �c and �v) is first to stress that 

VE is the main object of inference, but also to facilitate conver-
gence of the MCMC algorithm used to approximate the Bayesian 
posterior inference mechanism: with this parameterization, all 
parameters except VE have distributions with bounded support, 
and in the total absence of information one could choose to give 
a uniform prior to each of them.

Regarding VE instead, in the literature it is common to center a 
prior on VE on a suitable prior guess V̂E, a typically low value, 

Var(min (T ,C)) = E
[
min (T ,C)2

]
− E[min (T ,C)]2 = 2I2 − I21 .

(16)

𝜋 = E((T < C)) = P(T < C) = ∫
t<c

𝜆e−𝜆tfC(c)dcdt = 𝜆

∞

∫
0

e−𝜆t P(C > t)dt = 𝜆I1

E(min (T ,C) ⋅ (T < C)) =

∞

∫
0

t 𝜆 e−𝜆t P(C > t) dt = 𝜆I2

Covar(min (T ,C), (T <C))

=E(min (T ,C) ⋅ (T <C))−E(min (T ,C))E((T <C))=𝜆I2−𝜆I2
1
.

(17)
(VE,�c,�c, �2c ,�v, �2v ; sc, xc, sv, xv

)

= fSc ,Xc

(
sc, xc|�c,�c, �2c

)
× fSv ,Xv

(
sv, xv|VE,�c,�c,�v, �2v

)

VE=1−
𝜆v
𝜆c

𝜋c =P
(
Tc <C

)
=𝜆cI1,c

𝜇c = I1,c =

∞

∫
0

e−𝜆c t P(C> t)dt

𝜎2c =2I2,c− I
2
1,c =

∞

∫
0

t e−𝜆c tP(C> t)dt− I21,c

𝜇v = I1,v =

∞

∫
0

e−𝜆v t P(C> t)dt

𝜎2v =2I2,v− I
2
1,v =

∞

∫
0

t e−𝜆v t P(C> t)dt− I21,v

(
Sc

Xc

)
∼2

((
ncI1,c

nc�cI1,c

)
,nc

(
2I2,c− I

2
1,c �cI2,c−�cI

2
1,c

�cI2,c−�cI
2
1,c �cI1,c−�2c I

2
1,c

))

(
Sv

Xv

)
∼2

((
nvI1,v

nv�vI1,v

)
,nv

(
2I2,v− I

2
1,v �vI2,v−�vI

2
1,v

�vI2,v−�vI
2
1,v �vI1,v−�2v I

2
1,v

))

FIGURE 2    |    DAG for the full-likelihood Bayesian model: Double ar-
rows indicate the functional dependence of 

(
�v , �c

)
 on VE and �c.
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say V̂E = 0.30, in order not to bias the estimation process to-
wards optimistic values. Using the same idea of transforming 
to parameters with bounded support, a possible default prior for 
VE is therefore the one induced by

as done in the existing Bayesian literature on VE [1]. For the 
other parameters, independently,

One last trick to enhance convergence and stability of the MCMC 
algorithm is to simulate 

(
Sc,Xc

)
 and 

(
Sv,Xv

)
 first by simulating 

Xc (resp. Xv) from its exact binomial distribution, then Sc (resp. 
Sv) from the conditional normal distribution implied by the bi-
variate normal asymptotic distribution.

4   |   Numerical Results

In this section, the proposed full likelihood Bayesian (FB) ap-
proach is compared to the other intervals used to estimate VE. 
The simulation setting is introduced in Section 4.1 as well as the 
evaluation metrics employed, while the results are discussed in 
Section 4.2.

4.1   |   Simulation Setting

For the simulation study presented hereinafter, clinical trials with 
a fixed duration D = 1 are considered. The infection rate in the 
control group is set to �c = 0.1, which is of the same order of mag-
nitude as that observed during the COVID-19 pandemic. All other 
free parameters are varied to evaluate the performance of the pro-
posed approach under a broad range of plausible scenarios.

The true vaccine efficacy (VE) is varied between 0.1 and 0.9 
in increments of 0.2, to reflect different efficacy regimens. 
Accordingly, the infection rate in the vaccine group is defined 
as �v = (1 − VE)�c.

The data are simulated from two different recruitment processes:

•	 Uniform recruitment: subjects are recruited at i.i.d. times 
like R ∼ U (0, �D), that is, according to an accrual process 
with constant rate for a fraction � of the trial duration D, so 
that the density of the infection time R is

•	 Beta recruitment: subjects are recruited at i.i.d. times ac-
cording to a rescaled Beta(2,2) distribution over the interval 
(0, �D), representing an accrual process with increasing rate 

in the early phase and decreasing rate in the later phase of 
the trial. Specifically, the density of the infection time R is 
as follows:

In both recruitment schemes, � = 0.75, implying that recruit-
ment occurs during the first 75% of the trial duration. This 
choice ensures each subject a minimum time of 3 months for 
being exposed to infection.

For each combination of VE and recruitment scheme, the total 
sample size nc + nv is calculated to achieve a target expected 
number of total infections E

(
Xc + Xv

)
∈ {40, 80, 160, 900} across 

the two arms. Assuming a 1:1 allocation ratio between the vac-
cine and control groups, the sample size is approximated using 
the following formula:

where

In the data generation process, for each patient i, the recruit-
ment time Ri is sampled from the chosen recruitment distribu-
tion (Uniform or Beta), and the time to infection Ti is sampled 
from an exponential distribution with rate �c (resp. �v). Total 
surveillance times and infection counts per group are then com-
puted according to Equations (11) and (12), respectively.

For each simulation scenario, 10,000 datasets are generated. An 
approximation of the posterior distribution of VE is obtained 
via Markov Chain Monte Carlo (MCMC) sampling. Specifically, 
three MCMC chains of 20000 iterations each are run per data-
set, with a burn-in of 2000 iterations and a thinning factor of 10. 
Sampling is performed using the JAGS software [10], interfaced 
through the R environment [11].

4.2   |   Results

The performance of our new full likelihood Bayesian (FB) ap-
proach is assessed using the following metrics:

•	 Average coverage of the 95% credibility or confidence in-
tervals for each method, to evaluate frequentist calibra-
tion [12, 13] and lack of excessive influence of the prior 
distributions:

•	 Average percentage reduction in interval width of the 95% 
intervals for VE when using FB, compared to competing 
methods, to assess interval precision;

1 − VE

2 − VE
∼ Beta

(
1 − V̂E, 1

)

pc ∼Uniform(0, 1)

�c ∼Uniform(0,D)

�2c ∼Uniform
(
0,D2

)

�v ∼Uniform(0,D)

�2v ∼Uniform
(
0,D2

)
.

fR(r) =
1

�D
r ∈ (0, �D);

fR(r) = 6
r

�D

(
1 −

r

�D

)
r ∈ (0, �D).

nc = nv =
E
(
Xc + Xv

)

�c + �v
,

�c =1−

�D

∫
0

e−�c(D−r)fR(r)dr,

�v =1−

�D

∫
0

e−�v(D−r)fR(r)dr.
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The results of the simulation study for the two recruitment pro-
cesses considered are summarized in Table  1 (uniform recruit-
ment) and Table 2 (Beta recruitment) and rendered graphically in 
Figure 3.

Regarding the average coverage of the 95% credibility intervals, 
the Full Bayesian (FB) method consistently approaches the nom-
inal level across all evaluated scenarios. A similar behavior is ob-
served for the Conditional Bayesian (CB) approach. In contrast, 
the two frequentist methods—Clopper–Pearson (CP) and asymp-
totic maximum likelihood (ML) confidence intervals—exhibit av-
erage coverage consistently above the nominal level, confirming 
the conservative nature of both procedures, particularly when few 
events are observed and asymptotic assumptions may not hold. 
In light of these findings and of the small oscillations around the 
nominal level, all the methods considered can be regarded as well-
calibrated in the frequentist sense [12, 13]. In all configurations 
analyzed, the Monte Carlo Standard Error (MCSE) associated with 
the estimate of the coverage probability is approximately 0.2%.

When comparing the width of the 95% intervals for VE (either 
credibility or confidence, depending on whether the approach 
is Bayesian or frequentist), the FB method shows a uniform im-
provement over all competing methods across the considered 

scenarios. In particular, the reduction in interval width compared 
to all the other approaches is more substantial when a small to 
moderate number of infections is observed and gradually dimin-
ishes as the number of infections increases. Notably, the width 
of the FB credibility interval is very close to the width of the as-
ymptotic ML interval when the expected number of infections is 
at least 900.

For a fixed expected number of infections, a larger average per-
centage reduction in the width of the FB credibility interval com-
pared to the CB credibility interval is observed for lower values of 
VE, while a basic agreement between the two is observed when 
VE = 0.9 (recall that the prior distribution used for VE is the same 
in the two Bayesian approaches, hence the comparison between 
the two approaches is fair). When comparing the FB method with 
the two frequentist approaches, a comparable reduction in inter-
val width is observed across different values of VE, particularly 
when VE is low to moderate. However, a notably larger average 
percentage reduction is observed for the FB method when VE 
equals 0.9. This result is consistent with the well-documented ten-
dency of both frequentist confidence intervals to become overly 
conservative at high values of VE. In all considered scenarios the 
Monte Carlo Standard Error (MCSE) associated with the estimate 
of the percentage reduction in interval width is < 0.1%.

TABLE 1    |    Comparison between the full likelihood Bayesian and the other approaches: Uniform recruitment.

VE R E
(

Xc + Xv
)

nc + nv

% Coverage % Width reduction

FB CB CP ML CB CP ML

0.1 Uniform 40 697 94.8 94.9 96.3 95.5 5.52 16.08 6.93

0.1 Uniform 80 1393 95.2 95.1 96.4 95.3 2.69 9.62 3.50

0.1 Uniform 160 2786 94.6 94.6 95.6 94.9 1.20 5.93 1.72

0.1 Uniform 900 15,668 94.6 94.7 95.1 94.8 −0.11 1.83 0.11

0.3 Uniform 40 777 95.2 95.2 96.8 95.8 4.85 14.96 6.91

0.3 Uniform 80 1553 94.9 95.0 96.3 95.5 2.32 9.10 3.49

0.3 Uniform 160 3105 94.8 94.9 95.8 95.2 1.14 5.76 1.80

0.3 Uniform 900 17,465 95.1 95.1 95.5 95.2 −0.12 1.84 0.15

0.5 Uniform 40 879 95.0 95.1 96.6 95.7 4.09 14.00 7.26

0.5 Uniform 80 1757 95.0 95.2 96.4 95.5 1.97 8.69 3.67

0.5 Uniform 160 3514 95.2 95.1 96.1 95.3 0.92 5.58 1.86

0.5 Uniform 900 17,465 95.1 95.1 95.5 95.2 −0.12 1.84 0.15

0.7 Uniform 40 1014 95.0 94.8 96.6 95.7 3.41 13.41 8.76

0.7 Uniform 80 2028 95.2 95.1 96.6 95.3 1.66 8.62 4.45

0.7 Uniform 160 4055 95.2 95.2 96.3 95.5 0.79 5.71 2.28

0.7 Uniform 900 22,808 95.3 95.4 95.8 95.5 −0.01 2.18 0.42

0.9 Uniform 40 1202 95.7 95.5 97.7 96.0 2.57 14.53 17.80

0.9 Uniform 80 2403 95.3 95.3 97.1 95.6 1.28 9.10 9.17

0.9 Uniform 160 4806 94.9 94.8 96.2 94.9 0.63 7.07 4.71

0.9 Uniform 900 27,030 94.9 94.9 95.5 94.9 −0.01 2.96 0.87

Abbreviations: CB, conditional Bayesian; CP, Clopper-Pearson frequentist; FB, full likelihood Bayesian; ML, maximum likelihood frequentist.
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No meaningful differences in the average percentage reduction 
in interval width are observed across the two recruitment pro-
cesses (uniform and beta) considered.

5   |   The Pfizer/BioNTech Trial Revisited

In this section, we apply our methodology to the Pfizer/
BioNTech trial [1, 2] of the antiCOVID-19 vaccine which took 
place in 2020 and 2021. In Table 3, data related to the full trial 
population at different times and for different subgroups are 
reported. The analysis is carried out using the proposed full 
likelihood Bayesian (FB) approach, as well as the Conditional 
Bayesian (CB), the Clopper–Pearson (CP) procedure, and the 
asymptotic Maximum Likelihood (ML) method.

Information on sample sizes, number of infections, and 
surveillance times for each cohort is publicly available [12]. 
Data regarding the maximum duration at risk (expressed 
in years) are obtained by subtracting 28 days from the total  
trial duration, which is calculated from the accrual start  
date (July 27, 2020) and the data cut-off date (November 
14, 2020 in Polack [1] and March 13, 2021 in Thomas [2]). 
This adjustment is due to the study protocol, which con-
siders a participant at risk of infection starting 7 days after 

receiving the second vaccine dose (administered 21 days after 
randomization).

While all methods yield comparable point estimates of vaccine 
efficacy (VE) across the considered subgroups, notable differ-
ences arise in the width of the corresponding 95% intervals. In 
particular, the FB approach consistently provides narrower in-
tervals, suggesting improved precision relative to the other meth-
ods. As detailed in Section 4, this advantage is most pronounced 
in smaller subgroups—that is, those with fewer observed infec-
tions—such as the Brazilian cohort and individuals aged over 
65. In these subgroups, where the number of infections is ap-
proximately 10 and 20, respectively, the 95% credible intervals 
produced by the FB method are narrower by about 12% and 5% 
compared to CB, 33% and 21% compared to CP, and 37% and 32% 
compared to ML-based confidence intervals. A more modest, 
yet still meaningful, improvement in precision is observed in 
subgroups with a moderate number of infections, such as indi-
viduals aged over 55 and the male subgroup analyzed in Polack 
[2]. In these cases, the FB method yields a reduction in interval 
width between 1.5% and 3.5% relative to CB, and between 12% 
and 14% relative to the frequentist approaches. Finally, all meth-
ods produce nearly identical interval widths when applied to the 
overall study population reported in March 2021 by Thomas [1], 
where the number of infections exceeds 900. This finding aligns 

TABLE 2    |    Comparison between the full likelihood Bayesian and the other approaches: Rescaled beta recruitment.

VE R E
(

Xc + Xv
)

nc + nv

% Coverage % Width reduction

FB CB CP ML CB CP ML

0.1 Beta 40 696 95.0 94.9 96.4 95.6 5.59 16.08 6.94

0.1 Beta 80 1391 95.1 95.1 96.3 95.5 2.73 9.65 3.53

0.1 Beta 160 2782 95.0 95.2 95.9 95.3 1.28 5.96 1.76

0.1 Beta 900 15,647 94.8 94.6 95.2 94.9 −0.15 1.82 0.09

0.3 Beta 40 776 95.2 95.2 96.7 95.9 4.95 15.05 6.99

0.3 Beta 80 1551 95.2 95.2 96.4 95.5 2.37 9.12 3.52

0.3 Beta 160 3101 95.0 95.2 96.0 95.4 1.07 5.71 1.76

0.3 Beta 900 17,443 95.2 95.1 95.6 95.2 −0.25 1.71 0.01

0.5 Beta 40 878 95.2 95.1 96.7 95.7 4.08 13.93 7.20

0.5 Beta 80 1755 95.1 95.0 96.3 95.5 1.98 8.71 3.69

0.5 Beta 160 3510 94.8 94.8 95.7 95.0 0.92 5.62 1.90

0.5 Beta 900 19,740 94.8 94.8 95.2 94.9 −0.21 1.82 0.12

0.7 Beta 40 1013 95.2 95.0 96.8 95.8 3.37 13.42 8.71

0.7 Beta 80 2025 95.4 95.1 96.4 95.5 1.58 8.59 4.42

0.7 Beta 160 4050 95.1 95.0 96.0 95.1 0.76 5.71 2.28

0.7 Beta 900 22,780 94.7 94.8 95.2 94.8 −0.01 2.17 0.41

0.9 Beta 40 1200 95.2 95.1 97.7 95.2 2.55 14.47 17.58

0.9 Beta 80 2400 95.4 95.3 97.1 95.9 1.30 10.04 9.23

0.9 Beta 160 4799 94.7 94.7 96.1 95.2 0.67 7.08 4.73

0.9 Beta 900 26,994 94.8 94.8 95.6 95.0 0.07 3.04 0.96

Abbreviations: CB, conditional Bayesian; CP, Clopper-Pearson frequentist; FB, full likelihood Bayesian; ML, maximum likelihood frequentist.
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FIGURE 3    |    Comparison of the 95% intervals for VE.
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with the simulation results in Section 4 and reflects the expected 
asymptotic convergence of the different procedures as the num-
ber of observed events increases.

6   |   Discussion

In this work, a novel Bayesian approach is proposed for the es-
timation of vaccine efficacy (VE). The main innovation lies in 
the joint modeling of the number of infections and surveillance 
times, derived through an asymptotic approximation based on 
the Bivariate Central Limit Theorem.

An extensive simulation study, exploring different VE scenarios, 
recruitment processes, and sample sizes, showed that the pro-
posed approach yields narrower credibility intervals than stan-
dard Bayesian and frequentist methods, with no loss in coverage. 
This advantage is especially pronounced when the number of 
infections is low to moderate, making the method particularly 
useful in subgroup analyses or small-to-medium-sized trials.

Our new approach does not require any specific distributional as-
sumptions about the recruitment process, making it highly flexible.  
The first and second moments of the distribution of the surveil-
lance times, which affect the asymptotic distribution of VE as il-
lustrated in Theorem 1, can be easily estimated within a Bayesian 
framework outlined in Section 3.3 using the observed surveillance 
times, some of which may be censored. Therefore, our results 
apply to any recruitment scheme with exchangeable patients. The 
recruitment process itself does not need to be made explicit; there-
fore, our results are applicable in many common circumstances.

For simplicity, the simulation study focused on two stylized re-
cruitment processes: a uniform process and a process with Beta 
infection times. However, only minor changes in performance 
are expected if more realistic recruitment processes are consid-
ered, such as those proposed by Senn [14] or Anisimov [15].

While an analytical posterior distribution for VE is available 
under the Conditional Bayesian approach (due to the beta-
binomial conjugacy), no closed-form expression exists for the 
full likelihood Bayesian approach, which therefore requires the 
use of MCMC methods. Nevertheless, given the limited com-
plexity of the model, posterior estimation remains highly effi-
cient and does not pose any practical challenges.

Our results may have important consequences for the design of 
future vaccine trials of intermediate size (such as the ones dis-
cussed by Ewell [5]), especially regarding sample size determi-
nation and recruitment strategies.
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Appendix A

JAGS Code

The data and the model of the JAGS code to reproduce the analysis of the Pfizer/BioNTech data are listed below:
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