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ABSTRACT

In this paper, a motion planning mission is considered for a swarm of Unmanned Aerial Vehicles. In
particular, a Mixed-Integer Linear Programming optimization problem is formulated to maximize
the number of visited targets and minimize the total control effort, while avoiding obstacles and
inter-agent collisions. A Line-Of-Sight constraint is enforced in the optimization procedure to
ensure visibility-based inter-agent connectivity for the whole mission duration. Different from
similar approaches in the literature, the present work extends the treatment to a 3D configuration
and exploits a different graph topology constraint based on a multi-commodity flow model. This
graph formulation allows more versatility in the feasible topologies. A bridge inspection mission
is selected to frame the algorithm in a real-world scenario. The results show that the proposed
algorithm consistently generates feasible multi-agent trajectories with steady connectivity, whereas
the baseline approach may fail due to the stronger limitations in the graph formulation.

Keywords: mixed-integer optimization, UAV swarm, LOS constraint, bridge inspection

1 Introduction

Inrecent years, there has been a growing interest in Unmanned Aerial Vehicles (UAVs) technology due
to their low instrumentation costs, compact size, and the ability to carry various payloads, [1]. Deploying
unmanned drones reduces the risk for human resources or expensive technology, [2]. Recently, multi-
agent missions have gained significant momentum, as cooperation among drones can lead to improved
efficiency, reduced operational time, and robustness against a single point of failure, [3].

For these reasons, UAVs are now being integrated into different fields, including agriculture, en-
vironmental monitoring, search and rescue operations, and inspection [4]. In particular, through the
integration of cameras, LiDAR, infrared, or ultrasonic sensors, infrastructure inspection has been widely
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investigated, [5]. Indeed, the low efficiency and safety limitations of traditional assessments have driven
the development of visual-based algorithms for UAVs, [6, 7].

In this kind of application, environmental features are generally known, and the mission can be
planned offline. Hence, the problem can be framed into a motion planning optimization formulation.
Various approaches have been explored in the literature to address this task while embedding several
features of UAV-related missions. The work of [8] proposed a two-step optimization algorithm to
determine viewpoints that ensure full coverage of a known target. Similarly, a 2D Mixed-Integer Linear
Programming (MILP) solution was developed in [9], optimizing path coverage with the presence of
obstacles. Additionally, in the work of [10], an MILP approach was formulated for path planning,
incorporating inter-agent collision avoidance. Moreover, a fuel-constrained path-planning strategy was
introduced in [11] for multiple vehicles in 2D using MILP, suggesting a potential extension to 3D
scenarios.

Notably, a key issue in such applications is the loss of communication with the Ground Control Station
(GCS), [12]. Indeed, UAV connectivity may be hindered by environmental obstacles and relies on a Line-
Of-Sight (LOS) link for data transmission [13]. Several solutions to enforce such constraints for different
objectives have been proposed in the literature. The work of [14] maximizes the amount of collected
data from a single drone while ensuring LOS with fixed GCSs. In [15], the communication maintenance
of ground robots’ formation is studied through a polygonal decomposition of the environment. The
optimal placement and orientation problem for multiple fixed UAVs in a LOS-constrained environment
was studied in [16] through an integer linear programming.

When considering mobile agents, the swarm must maintain a LOS spanning tree that ensures
connectivity to the GCS for the whole mission duration [17], [18]. Thus, the LOS constraint must be
tightly coupled with both the topology constraint, ensuring that a spanning tree is present in the graph,
and the connectivity constraint, ensuring that any two connected agents lie within their communication
range. In the works of [19], [20], a MILP model in a 2D map is formulated, incorporating an LOS, a
topology, and a connectivity constraint. However, the topology constraint described in [19], [20] only
allowed for a connected graph whose diameter is less than or equal to two, [21]. Reminding that the
diameter of a graph is the largest length of the path connecting two distinct vertices, this formulation
greatly reduces the number of feasible topologies, especially for a high swarm cardinality.

In this paper, an MILP problem is introduced to optimize control efforts and maximize target
coverage. The graph topology constraint is formulated through a multicommodity flow model, allowing
a greater variability in the admitted topology by avoiding the limitation on the graph diameter, [22]. The
algorithm ensures the maintenance of an LOS-based spanning tree without collisions between agents or
with the surrounding obstacles. Moreover, the framework is extended to a 3D scenario.

This optimization approach can be applied to a wide range of multi-agent motion planning applica-
tions. We focus on bridge inspection to frame the proposed algorithm in a real-world scenario.

The paper is organized as follows. In Section 2, some preliminaries are given on the problem
formulation and multi-agent systems. Section 3 outlines the optimization framework, describing the
details of the 3D constraints. The simulation environment and the numerical results are provided in
Section 4. Finally, conclusive remarks and comments on future works are given in Section 5.

In the following, the indexing notation Z,* denotes the set of integers from a to b.
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2 Preliminaries

Consider a Multi-Agent System (MAS) consisting of n, double-integrator agents in a 3D environment.
The discrete-time dynamics for agent i are defined as

xi(k+1) = Ax;(k) + Bu; (k) + g (1)

where the state vector x; (k) = [pyi(k), vyi(k), pyi(k),vyi(k), pzi(k),v.:(k)]T comprises the spatial
positions and velocities at instant k£, while

17, 0 0 0 0] 12 0 0] 0
01 0000 T, 0 0 0
0017 00 0 112 0 0
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000100 0 T, O 0
0000 1T 0 0 377 —18T?
0 000 0 1 [0 0 Ty | —gT; |

where T is the sampling time. The gravity has been explicitly stated to take into account the 3D scenario.
The spatial occupancy of agent i at time k, denoted as R;(k), evolves via Minkowski summation:

Ri(k) = x;(k) ® R;, (3)

where R; ¢ R3, fori € T, l"“, defines the agent’s reference geometry centered at the origin. A square
polytope of appropriate dimension is chosen to represent R;.

Agents navigate a workspace containing n, static obstacles, modelled as convex polytopes
O.cR’, celIl. 4)

The admissible workspace for agent i is characterized as

no ng
Aik) = A\ Uocu U Ri(k) | ~Ri, i€, (5)
c=1 j=1j#i

where A c R3 denotes the global operational domain, and ~ enforces geometric exclusion constraints.

The agents are interconnected through an undirected interaction graph G(k) = {N(k),&E(k)},
where N (k) denotes the set of vertices while &(k) denotes the set of edges. If agent j belongs to the
neighbourhood N;(k) € N (k) of agent i at instant k, their relative distance is less than or equal to the
communication range, which is assumed to be uniform across the swarm. In this case, the agents are
said to be connected. The degree matrix associated with G(k) is D(k) € R"@*"a, The degree matrix
is diagonal, and its {7,i}-th element is deg;(k) = |[N;(k)|. The connectivity region of an agent i is
represented by C;(k), and it is defined as a square polytope centered on the agent. The width of the
polytope is determined according to the agents’ communication range.

The connectivity is tightly coupled to the LOS, which could be disrupted by the presence of obstacles.

The LOS between two agents i and j is defined starting from the convex combination of their positions,
1.e.,

L (k) = {€(k) € R? | £(k) = xi(k) + (1 = D)x;(k), YA € [0, 1]} . 6)

Agents i and j are in LOS connectivity if

Lij(k)nO.=0, cel,
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where O, is defined in (4).

In this work, polytopes are formulated through the half-space representation. Consider a generic
convex polytope with ng sides
P ={xeR’|Px<gq} (7)

where P € R">*3, ¢ € R", while x € R? represents a point in the 3D space, e.g., the agent’s position.
Calling P" the h'" row of P and ¢ the the h'" element of ¢, each inequality P"x < ¢" defines a half-space
boundary where P” is the outward-facing normal vector of the A-th face, and ¢" is the signed distance
from the origin to the face along P". Polytopes’ inequalities can be expressed through the Big-M method
inside an optimization framework. This is a standard modelling technique used to represent conditional
constraints and logical implications. Denoting as b € {0, 1} a binary decision variable, the implication

b=1 = Pthqh,

can be equivalently formulated as
Phx < ¢"+ M(1-b), (8)

with M € R chosen as sufficiently large positive constant. When b = 1, the inequality is active, while
when b = 0, the right-hand side is relaxed by M and the constraint is inactive. The constant M should
be chosen large enough to effectively deactivate constraints when needed, but not too large to avoid
numerical instability. The Big-M formulation enables the encoding of obstacle and inter-agent collision
avoidance, connectivity, and LOS constraints, as explained in the next Section.

3 Optimization Problem

The optimization problem is formulated as an MILP, which defines a linear objective function
subject to linear constraints while having decision variables of both integer and continuous values. The
optimization is defined as follows

min nZZ s (K) +vaZ v ()l —%ZZZ“W(@ (92)

k=0 i= k=0 i= k=0 e=1 i=
S.t.
VieI's i<j<ng Ycell VYeel Vkel,
xi(k+1) = Ax;(k) + Bu; (k) + g, (9b)
xi(k+1) € X, (9c)
u; (k) € U, (9d)
xi(k+1) e Ai(k+1), (%e)
N ng
PPNAGERE (9f)
k=0 h=1
bis(k+1) = |[vi(k+ Dl <7, %2)
biP(k+1) = L;j(k+1)nO, =0, (%h)
b°°“(k +1) = xi(k+1) € Ci(k+1), (9i)
DB = -1, C)
{i.j}e&(k)
Z fl(k) — Z fli(k) =1,  Vrer, (9k)
(i,r)e&(k) (r.j)e& (k)
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D = D fk) =1, VreR, )

(@.))€E(k) (i.)€& (k)
Z Sl (k) — Z fli(k) =0, VveN\{ra} VreR, (9m)

(iv)e&(k) (v.j)E& (k)

fii(k) =0, Vr € R. (On)

FL (k) + fl(k) < bSO (), Vr,r € R. (90)

The cost function (9a) consists of three objectives, i.e., the minimization of the control effort, the
minimization of vertical velocities, and the maximization of visited targets. The positive weights y, > 0,
vy > 0, and vy, > 0O balance the relative importance of these objectives. The minimization of the vertical
velocities was adopted to dampen the vertical oscillations, having introduced the gravity in the agents’
dynamics. The integer decision variables are b}f‘er(k) describe whether agent i visits target e at instant k.

The system constraints enforce agent dynamics through (9b), with state and input bounds specified
by (9¢) and (9d), respectively.

Obstacle and inter-agent collision avoidance are guaranteed by (9¢), which confines agents to their
designated operative regions defined in (5). Specifically, for obstacle avoidance of agent i, an inequality
as (8) is written for each side & of O, with the additional constraint

Dbt k) = 1
h=1

ensuring that at least one inequality is active without the Big-M relaxation. Similarly, for inter-agent
collision avoidance of agent 7, an inequality as (8) is written for each side & of R;(k), with the additional
constraint

s
> bl (k) > 1.
h=1

Constraint (9f) prevents multiple visits to the same target. Additionally, given a polytope 7, with
e € IIZ’ representing a target, an inequality as (8) is active if the variable btha’re(k) = 1 from some agent
hel™“.
1

Constraint (9g) enforces a speed limitation when the UAV is close to a target. Specifically, when
b (k + 1) = 1, the velocity’s norm-1 of agent i is constrained to be below a threshold v. This models
the requirement that, near a target, the drone should slow down to perform accurate sensing or data

acquisition tasks at low speed.

Constraint (9h) enforces LOS by discretizing the segment .L; ; (k) defined in (6) into n,, intermediate
points. For each obstacle O,, and for each point p € Iln” , a pair of inequalities of the form (8) is
introduced to determine whether the point lies in the intersection of two adjacent half-spaces defined by
the obstacle. The additional constraint

np

D bEOS (k) > 1 (10)
p=1

ensures that at least one discretization point belongs to such an intersection, enforcing LOS. Only pairs
of adjacent half-spaces are considered, since if agents i and j occupy non-adjacent half-spaces of an
obstacle, the connecting segment £; ;(k) is necessarily blocked, and LOS can not hold.
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Through (91), connected agents are enforced to lie inside their relative communication range. In
particular, given a polytope C; with i € II”“ defining the communication range, an inequality as (8) is
active if the variable bf‘}”(k) = 1 from some agent j € 7. 1"“.

The coupling between the LOS and the connectivity is ensured by
p
b (k) < Z bEOS (k). (11)
p=1

Indeed, when no LOS is present between i and j, the bl.c‘]’.”(k) is enforced to be equal to zero. Instead,
when agents i and j are in LOS, bl?'j.” (k) can be either zero or one. Further details on this implementation
can be found in [19, 20].

Constraints (9))—(90) enforce the multi-commodity flow balance, as formulated in [22]. Specifically,
(9j) limits the number of edges to n, — 1, avoiding cycles in the topology and ensuring that the resulting
topology is actually a tree. Now, define a root node @ € N, a set of commodities » € R := N \ {a},
and the flow of commodity fl’ ].(k) > 0 on directed arc (i, j) at time k. Note that the selection of the
root node is arbitrary. Constraint (9k) ensures that each destination r € R receives exactly one unit of its
own commodity from the root node, while (91) guarantees that the root node a supplies one unit of each
commodity. Flow conservation at intermediate nodes is imposed by (9m), so that flow can only transit
through such nodes without being generated or absorbed. Non-negativity of the flow variables is stated
in (9n). Finally, the coupling constraint (90) links the flow variables to the binary connectivity variables
b7°"(k), ensuring that flow can be routed across an undirected edge {7, j} € E(k) only if it is selected in

»J . .. .
the previous connectivity constraints.

4 Simulation Results

In this section, the simulation results are presented to show the effectiveness of the proposed method
compared to the baseline approach in [20]. As mentioned in the introduction, the graph topology
constraint in [20] generates connected graphs whose diameter must satisty diam(G(k)) < 2. Moreover,
the formulation in [20] does not include constraint (9j), which limits the number of edges to n, — 1. This
allows for the presence of unnecessary cycles in the topology, requiring more communication links than
needed. From a computational point of view, a higher number of edges also increases the number of LOS
checks and related constraints that must be verified, leading to additional computational effort and time.

A swarm of n, = 5 agents is selected to operate in a 3D environment map comprising a bridge. The
agents are required to start the mission in the vicinity of a fixed control station and visit the highest number
of targets. The agents are homogeneous double-integrators described in (1) and (2), with 75 = 1 s. The
communication range is set to 30 m. The whole mission lasts N = 30 s. The bounds on the state and input
vectors in the x-axis are |p,; (k)| < 12.5m, |v; (k)| < 4 m/s, and |u,; (k)| < 1 m/s*> fori =2,...,n,.
The bounds on the state and input vectors in the y-axis are |p,;(k)| < 27 m, |v,;(k)| < 4 m/s, and
luy; (k)] <1 m/s? for i = 2,...,n,. The bounds on the state and input vectors in the z-axis are
Om < p,i(k) <22 m, |v, (k)| <4 m/s, and |u_;(k)| < 1 m/s® fori = 2,...,n,. The velocity bound
near the targets is set to v = 0.3 m/s. The agent i = 1 is considered static to represent a fixed control
station, so that its velocity and input bounds are set to zero along the three axes. The bridge consists
of three pillars and a base, for a total of n, = 4 parallelepiped obstacles with n; = 6 sides. Each pillar
displays one target on both sides, for a total of n, = 6 targets. The segments £; ; (k) describing the LOS
constraints are divided into n,, = 9 intermediate points. The big-M variable is set to M = 100, while the
weights in the cost function are y, = 1, ¥, = 10, and y, = 1000.
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The simulations were performed in a computer equipped with an Intel® Core(TM) i7-14700HX
CPU and 16 GB of RAM. The Gurobi® solver (version 12.0.1) was employed to solve the MILP. Three
simulation runs are carried out.

In the first run, the solver is left free to choose the final positions of the non-fixed agents, as they
are not assigned a priori. Figure 1 shows that the proposed algorithm generates the swarm trajectories
visiting four targets while maintaining LOS-based graph connectivity and avoiding obstacles and inter-
agent collisions. As it is possible to notice, the solver keeps agent i = 3 fixed, deeming it more convenient
for minimizing the functional (9a) to only move three agents in total. The snapshots in Figures 2 show
the LOS-based spanning tree at different time instants. The snapshot at time step k = 30 shows that the
multi-commodity flow formulation generates a spanning tree whose diam(G(k)) = 3 > 2, which would
not be attainable through the algorithm in [20].

—e—Agent 1
—e—Agent 2

Agent 3
—e—Agent 4
s —e—Agent 5

20

—e—Agent 1
S —e—Agent 2

Agent 3
e
2
L] I
-
I
w0 20 e 0

—e—Agent 5

—e—Agent 4
w

0
x

Fig. 1 Proposed approach: trajectories of the first simulation run.

The trajectories of the baseline approach in [20] are depicted in Figure 3 for the first simulation run.
As the graph diameter must satisfy diam(G(k)) < 2, the agents tend to cluster on one side of the bridge,
thus visiting only three targets in total. The snapshots in Figures 4 show that the resulting topology
contains unnecessary cycles in all the selected time instants.

In the second run, the solver is left free to choose the final positions for agents i = 2,3, while the
final positions of agents i = 4, 5 are assigned in the vicinity of the furthest pillar. Figure 5 shows that the
algorithm generates the swarm trajectories visiting all the targets while maintaining LOS-based graph
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Fig. 2 Proposed approach: L.OS-based connectivity of the first simulation at time instant k£ = 1, 15, 30.

connectivity and avoiding obstacles and inter-agent collisions. As it is possible to notice, the solver keeps
agent 3 fixed again. The snapshots in Figures 6 show the LOS-based spanning tree at different time
instants. The snapshots at time step k = 15 displays a spanning tree whose diam(G(k)) = 4 > 2, while
the snapshots at time step k = 30 displays a spanning tree whose diam(G(k)) =3 > 2.

The trajectories of the baseline approach in [20] are depicted in Figure 7 for the second simulation run.
Again, the agents tend to cluster on one side of the bridge due to the graph diameter requirement. Thus,
the swarm visits five targets in total. The snapshots in Figures 4 highlight the presence of unnecessary
cycles in the resulting topology for all the selected time instants.

In the third run, the final positions are also assigned to agents i = 2, 3 at the centre of the bridge’s base.
Figure 9 shows that the algorithm generates the swarm trajectories visiting all the targets while maintaining
LOS-based graph connectivity and avoiding obstacles and inter-agent collisions. The snapshots in Figures
10 show the LOS-based spanning tree at different time instants. The snapshots at time step £ = 15, 30
display a spanning tree whose diam(G(k)) = 4 > 2. For this peculiar configuration, the baseline
approach in [20] could not provide a feasible solution. Indeed, the final positions assigned to the agents
force the solver to split the swarm into two branches. However, the graph requirement diam(G(k)) < 2
does not allow this, even for such a small cardinality n, = 5.

Note that all the simulation runs comprise 17980 binary and 5240 continuous variables, and were
given a total of 600s for the optimization. As this is an offline procedure, the computational time is not
the main focus, and will be handled in future works as outlined in the next Section. Rather, the main
highlight of this paper is the satisfaction of the LOS-based connectivity constraint in a challenging 3D
scenario.

5 Conclusions

In this paper, a bridge inspection problem by a multi-agent system was developed through an MILP
framework, taking into account LOS connectivity in a 3D scenario. Different from similar approaches
found in the literature, a multi-commodity flow formulation was employed to constrain the interaction
graph, allowing for a greater variability of the feasible topologies. The proposed algorithm was able to
correctly design the agents’ trajectories, while avoiding collisions and maximizing the number of visited
targets. The comparison with a baseline approach limiting the graph diameter showed how heavily the
topology constraint influences the mission outcome. As a next step, the resulting trajectories will be
implemented in a realistic simulation scenario using ROS2/Gazebo. Moreover, an alternative obstacle
avoidance formulation will be explored to reduce the computational time.

Declaration of Use of Artificial Intelligence

Artificial intelligence was not used in the work presented.
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Fig. 5 Proposed approach: trajectories of the second simulation run.
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Fig. 6 Proposed approach: LOS-based connectivity of the second simulation at time instant £ = 1, 15, 30.
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