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Deconfined quantum critical points are intriguing transition points not predicted by the
Landau–Ginzburg-Wilson symmetry-breaking paradigm which are usually identified by the appear-
ance of a continuous phase transition between locally ordered phases. Here, we reveal the presence
of deconfined quantum critical points with unexplored properties. Contrary to previously known
examples, we show that the phenomenon of spin-charge separation peculiar to interacting low di-
mensional fermions can allow for the appearance of partially gapped deconfined quantum critical
points. We first infer this point by performing a field theory analysis of generic one-dimensional
fermionic systems in the low energy limit. Subsequently, we derive a microscopic model where phase
transitions between different locally ordered phases can take place. Here, by performing a numer-
ical analysis we explicitly derive, among others, the gaps, local order parameters and correlation
functions behavior, supporting the presence of partially gapped deconfined quantum critical points.
Our results thus provide new interesting insights on the widely investigated topic of quantum phase
transitions.

I. INTRODUCTION

The mechanism by which one physical state is trans-
formed into a different one, namely a phase transition,
represents one of the most fundamental concepts in sev-
eral areas of physics [1, 2]. In many cases, phase tran-
sitions are realized when an order parameter capturing
the properties of a physical state abruptly vanishes, thus
signaling the appearance of a phase with new features.
This specific mechanism is usually defined as a first or-
der or, equivalently, a discontinuous phase transition [3].
Notably, a large variety of phase transitions displaying
different behaviors exist. Paradigmatic examples are for
instance the Berezinskii–Kosterlitz–Thouless [4, 5], Ising
[6] and, the more exotic, symmetric mass generation [7]
phase transitions.
Within this diversity, the Landau–Ginzburg-Wilson
symmetry-breaking paradigm [8, 9] rigorously predicts
the appearance of discontinuous phase transitions con-
necting locally ordered (LO) phases with different
symmetry properties. However, pioneering analysis
proved [10, 11] that it is possible to go beyond this
paradigm. In particular, quantum fluctuations can gen-
erate second order continuous phase transitions between
distinct gapped LO phases. This implies the presence of a
gap closing, or equivalently, the simultaneous and contin-
uous vanishing of the two order parameters characteriz-
ing the different LO phases, at a single point: the decon-
fined quantum critical point (DQCP) [12]. As proved for
two-dimensional systems [10, 11], here very fascinating
phenomena including charge fractionalization and emer-
gent gauge fields can appear. In addition, DQCPs are
further characterized by the phenomena of symmetry en-

richment, meaning that they exhibit symmetry proper-
ties not present in any of the two LO phases they connect.
This extraordinary variety of physical effects generated
an intense theoretical effort which unveiled DQCPs in
two-dimensional spin [13–25] and fermionic [26–29] mod-
els, as well as in 3D [30–32], and 1D [32–40] Hamiltonians.
Notably, these previous studies all focused on systems
where only a gap dictates the properties of phases with
different symmetries. As a consequence, the gap clos-
ing at the transition point was always associated with
fully gapless DQCPs, where all the correlations have al-
gebraic decay. This is completely justified by the fact
that, in the large majority of possible LO phases, the
gaps capturing different degrees of freedom are always in-
trinsically related. Importantly, recent analysis [41, 42]
based on conformal bootstrap [43] challenged the exis-
tence of two dimensional DQCPs, while the same tech-
nique seems to confirm their presence in 3D [44]. These
analysis thus motivate even more the characterization
of DQCPs in 1D where highly accurate analytical and
numerical techniques are available. Moreover, exact re-
sults have been recently produced [38]. In such a con-
text, fermionic systems deserve special attention. In-
deed, many-body fermionic Hamiltonians can host the
celebrated phenomenon of spin-charge separation [45–
47]. This accounts for the decoupling of spin and charge
degrees of freedom which can therefore behave com-
pletely independently one from the other. Considering all
these aspects, it becomes crucial to understand whether
DQCPs can exist in the presence of spin-charge separa-
tion, and how this phenomenon may influence their prop-
erties.
Here, we tackle this fundamental problem. Crucially,

we find that spin-charge separation makes possible the
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FIG. 1. (a) Cartoon of the phase diagram of the micro-
scopic Hamiltonian in Eq. (17) for Jz = 0. The phase di-
agram consists of a Mott insulator and bond-ordered-wave
and a charge density wave. The arrows refer to the transition
points studied in section III B 1. (b) Cartoon of the phase di-
agram of the microscopic Hamiltonian in Eq. (17) for Jz = 1.
The phase diagram consists of an antiferromagnet and bond-
ordered-wave and a charge density wave. The arrows refer to
the transition points studied in sections III B 2 and III B 3. In
both (a) and (b) the red dots indicate the presence of a partly
gapped deconfined quantum critical point.

appearance of a novel kind of DQCPs which, contrary
to the previously known examples, have the special fea-
ture of being partially gapped. We prove this by con-
sidering in section II the sine-Gordon model which well
describes generic interacting one dimensional fermions in
the low energy limit. By relying on a bosonization anal-
ysis [48, 49], we discuss how for conserved total parti-
cle number and spin magnetization, three possible fully
gapped LO phases can take place: a charge density wave
(CDW), an antiferromagnet (AF) and a bond-order-wave
(BOW) insulator. Here, bosonization is able to prove
the following key aspects: a) power law decay of specific
correlation functions can occur at the phase transitions
between the three different LO phases, thus proving the
presence of at least one gap closing in one single point;
b) in two of these transition points, one gap closes while
the other one remains finite as signaled by the long-range
behavior of one nonlocal parity correlator; c) at each of
the three transition points one or two additional contin-
uous symmetries emerge.
In section III we further enforce our findings by deriv-
ing a microscopic model where the three LO phases can
take place. Here, in addition to bosonization, we perform
a Variational Uniform Matrix Product States (VUMPS)
[50, 51] based numerical investigation. This method has
the advantage that it can directly simulate systems in the
thermodynamic limit, allowing for a systematic scaling
procedure close to phase transitions [52–54]. In this way,
we unveil DQCPs where the concurrent disappearance of
two local order parameters are related to the closing of a
single gap, either the spin or charge one. Moreover, this
analysis rules out a possible second order phase transi-
tion where both gaps vanish in one point. In this latter
scenario, we indeed observe a first order phase transition
as predicted by the Landau theory discuss the previous

sentence. On one hand, this result proves the appear-
ance of an emergent U(1)×U(1) symmetry in the chan-
nel associated with the gap closing. On the other, the
presence of an additional finite gap induces long-range
order of a parity correlator. Moreover, by performing a
bond-dimension scaling extrapolation, we accurately ex-
tract the critical exponents which govern how the local
order parameters vanish at the transition point. Thanks
to this analysis, we find values not compatible with the
Ising universality class thus supporting the appearance
of one dimensional partially gapped DCQPs.
On one hand, our results show that the celebrated phe-
nomenon of spin-charge separation can largely enrich the
physical properties of DQCPs and, on the other, our
findings provide notable insights towards a deeper un-
derstanding of quantum phase transitions.

II. FIELD THEORY OF INTERACTING
FERMIONS

A. Derivation of phases with nonlocal or local
order

Interacting fermionic systems allow for a field theory
description, also called bosonization [48, 49], accurate
in the low energy limit. In particular, a generic lat-
tice microscopic Hamiltonian conserving the total mag-
netization and particles number can be rewritten in the
continuum limit as two decoupled sine-Gordon models
H =

∑
ν=c,s HSG

ν capturing the spin (s) and charge (c)
degrees of freedom

HSG
ν =

1

2

∫
dx

[
vνKν(∇ϑν(x))2 +

vν
Kν

(∇φν(x))
2

+
gν
π2a2

cos
(√

8πφν(x)
)]
,

(1)

see Appendix A for more details. Here, vν , Kν and gν
are the excitation velocities, Luttinger parameters, and
coupling amplitudes respectively, which depend on the
microscopic Hamiltonian parameters. At the same time,
the behavior of the bosonic fields φν(x) and ϑν(x) gov-
erns the appearance of gapped phases, see A . Specif-
ically, a finite gap ∆ν in the ν channel develops when
φν(x) is pinned to a specific value. Notice that in such
a case the effective symmetry relative to the ν channel
is U(1) (see Appendix). On the other hand, if φν(x) re-
mains unpinned, the ν channel is gapless and an emergent
U(1)× U(1) [55] symmetry appears. In this regard, eq.
(1) provides different solutions describing gapped phases.
We start by discussing the following cases: a) φc =

√
π
8

and φs is unpinned; b) φs =
√

π
8 and φc is unpinned [56];

c) φc =
√

π
8 and φs =

√
π
8 . It turns out that gapped

phases captured by such specific value
√

π
8 of the pinned

field φν(x) can be uniquely identified through the nonlo-
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Symmetry Protected Topological Phases Disordered Phases Locally Ordered Phases
Haldane
Insulator

Haldane
Liquid

Spin Haldane
Insulator

Luther-Emery
Liquid

Mott
Insulator

Charge Density
Wave

Antiferromagnet
Bond Order

Wave
Order

Parameter
nonlocal

Oc
S

nonlocal
Os

S

nonlocal
Oc

S , Os
S

nonlocal
Os

P

nonlocal
Oc

P

local
OCDW

local
OAF

local
OBOW

φc

√
π/8 unpinned

√
π/8 unpinned 0

√
π/8 0 0

φs unpinned
√

π/8
√

π/8 0 unpinned 0
√

π/8 0

∆c ̸= 0 0 ̸= 0 0 ̸= 0 ̸= 0 ̸= 0 ̸= 0

∆s 0 ̸= 0 ̸= 0 ̸= 0 0 ̸= 0 ̸= 0 ̸= 0

TABLE I. List of all the possible gapped phases in one-dimensional fermionic systems with U(1) charge and spin symmetry
described by the Hamiltonian in Eq.(1) and derived by studying the microscopic model in Eq.(17). These phases are distin-
guished by considering the presence of different gaps and their order parameters.

cal string operator

Oν
S(j) = eiπ

∑
i<j Sν

i Sν
j → Oν

S(x) ∼ sin
(√

2πφν(x)
)

(2)

in the microscopic and bosonized version respectively [57,
58], where

Ss
j = nj↑ − nj↓, Sc

j = 1− nj , (3)

are fermionic number operators. Here, nj = nj,↑ + nj,↓
is the total number of particles. Specifically, states of
matter which ordering is captured solely by a finite string
order parameter

Oν
S =

1

L

∑
j

⟨Oν
S(j)⟩ → Oν

S ∼ 1

L

∫
dxOν

S(x) (4)

can be recognized [59] as symmetry protected topologi-
cal (SPT) phases [60–65]. Based on the formal analogy
with the SPT phases occurring in spin-1 Heisenberg [66–
68] and Bose-Hubbard models [69–72], the a) solution
thus describes a charge gapped Haldane insulator. A spin
gapped SPT regime also known as Haldane liquid [73, 74]
emerges when only φs =

√
π
8 and φc keeps fluctuating, i.

e. b). Finally, c) implies that both Oν
S ̸= 0 and therefore

a fully gapped spin Haldane insulator phase analogous
to the topological regime of spinful SSH models [75–
78] takes place. Notably, this intrinsic nonlocality makes
SPT phases the paradigmatic example of states escaping
the Landau’s theory of LO states of matter.
Two additional phases characterized by the absence of
local order, and therefore also not captured by the Lan-
dau’s theory, occur when φc(s) = 0 and φs(c) is unpinned.
Upon defining the nonlocal parity, also called in higher
dimension disorder [79–81], operators

Oν
P (j) = eiπ

∑
i<j Sν

i → Oν
P (x) ∼ cos

(√
2πφν(x)

)
, (5)

one can show that their expectation value

Oν
P =

1

L

∑
j

⟨Oν
P (j)⟩ → Oν

P ∼ 1

L

∫
dxOν

P (x) (6)

represents the order parameters of such phases. More
in detail, these two solutions describe: a spin gapped
Luther-Emery liquid (LEL) phase where φs = 0 and φc

is unpinned so that only Os
P ̸= 0; a Mott insulator (MI)

where the charge and spin gaps are ∆c ̸= 0, ∆s = 0,
thus reflecting the unpinning of φs and the pinning of
φc to zero so that only Oc

P ̸= 0. Because of absence of
any local order, we name both LE and MI as disordered
phases.
Up to now, the field theory treatment characterized

quantum regimes with no local orders. Notably, through-
out the above bosonization analysis three fully gapped
LO phases can be identified, see Fig. (1) for a cartoon of
this regimes. The first one turns out to be a charge den-
sity wave (CDW) corresponding to the solution φc =

√
π
8

and φs = 0. Here, the relative local order parameter in
his microscopic and bosonized version is represented by
a finite expectation value of Sc

j , i.e.

OCDW =
1

L

∑
j

(−1)j⟨Sc
j ⟩ → (7)

OCDW ∼ 1

L

∫
dx⟨sin

(√
2πφc(x)

)
cos

(√
2πφs(x)

)
⟩.

This latter shows the appearance of a LO phase where
pairs and empty sites are perfectly alternated thus prov-
ing the breaking of the discrete translation symmetry
cjσ → cj+1σ. The second LO regime refers to the solution
φc = 0 and φs =

√
π
8 . This regime, also known as anti-

ferromagnet (AF), appears when the discrete lattice spin
flip invariance cj,σ → cj,−σ is broken, reflecting the per-
fect alternation between fermions with antiparallel spins.
In this regard, the local order parameter capturing the
AF phase is the expectation value of the staggered mag-
netization Ss

j

OAF =
1

L

∑
j

(−1)j⟨Ss
j ⟩ → (8)

OAF ∼ 1

L

∫
dx⟨cos

(√
2πφc(x)

)
sin

(√
2πφs(x)

)
⟩
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FIG. 2. Study of the critical point between the BOW and the CDW phases appearing in Eq. (17) for U = 4, Jz = 0 and
t = 1. (a) Luttinger parameters Ks and Kc. While the first is almost vanishing for all the considered values of V thus proving
that the spin gap remains always finite, Kc shows a size independent cusp in one single point thus proving the charge gap
closing. Results expressed as a function of a finite MPS of size L, constructed out of L/2 unit cells of the infinite MPS. (b)
The correlation length ξc shows a bond-dimension χ-divergence in the form of a cusp only in one point, also signaling a closing
of a gap. (c) Algebraic decay of CCDW and CBOW associated to the long-range order of the spin parity operator correlation
Cs

P at the CDW-BOW transition point. All the results have been obtained through VUMPS simulation by keeping a unit cell
of two sites.

in its microscopic and bosonized version, respectively. Fi-
nally, bosonization predicts an additional LO phase when
φc = 0 and φs = 0. This latter, usually called bond-
order-wave (BOW) phase, appears when the the discrete
site inversion symmetry is broken. As a consequence,
an effective lattice dimerization is captured by the local
order parameter

OBOW =
1

L

∑
j

(−1)j⟨Bj⟩ → (9)

OBOW ∼ 1

L

∫
dx⟨cos

(√
2πφc(x)

)
cos

(√
2πφs(x)

)
⟩

with Bj =
∑

σ(c
†
j,σcj+1,σ + h.c.).

The complete classification of gapped and partly
gapped many-body phases is reported in Table I

B. Beyond Landau phase transitions

The previous analysis allowed us to define three LO
regimes. It appears thus crucial to understand whether
such phases can be connected through continuous or first
order phase transitions. As already pointed out, in the
former case the gap vanishes uniquely in one specific
point and therefore algebraic decay of the two correla-
tion functions having long-range or exponential decay in
the two LO regimes should be predicted. In addition,
one should distinguish the case where at these transitions
only one of the two gaps closes and reopens from the case
where both gaps vanish independently. While this latter
scenario might occur at the AF-CDW transition as sig-
naled by the different value of both φs and φc in AF and
CDW, the constant value of φs(φc) in BOW and CDW

(AF) is compatible with the fact that only ∆c(∆s) = 0
at the BOW-CDW (AF) transition point. As a conse-
quence, in this last case the presence of a second order
transition will be further enriched by one gap ∆ν ̸= 0
and the corresponding nonlocal order parameter Oν

P will
remain finite. Therefore, one might detect a LEL (MI)
with spin (charge) parity order at the BOW-CDW (AF).
Whereas, in presence of second order AF-CDW transi-
tion both gaps have to close and a Luttinger liquid (LL)
behavior can take place. Only in this latter case all cor-
relation functions would then display algebraic decay.
In order to better exploit this crucial point, it is conve-
nient to first relate the decay of correlation functions at
the transition points to the Luttinger parameters Kν . In
this regards, see A for more details, bosonization shows
Kν ≈ 0 in presence of ∆ν ̸= 0 while Kν remains ther-
modynamically finite in presence of a vanishing gap in
the ν channel. This point is quite important as the
Tomonaga Luttinger theory [45, 46] predicts the Kν ’s
to induce in the MI, LEL, and LL phases different al-
gebraic decay of the correlation functions CX(r) (with
X = CDW,AF,BOW ) having long-range order in the
X LO phase. Notably, these latter can have the same
decay only in a fully gapless Luttinger liquid

CAF (r) ∼ CBOW (r) ∼ CCDW (r) ∼ r−(Kc+Ks). (10)

As already discussed, this is the scenario potentially char-
acterizing the AF-CDW phase transition. As a conse-
quence, the expression in Eq. (10) suggests the con-
tinuous nature of this phase transition which therefore
would be not captured by the Landau’s theory. More-
over, bosonization finds that at the BOW-CDW transi-
tion solely Ks = 0 and therefore the relation showing the
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presence of algebraic decay

CCDW (r) ∼ r−Kc ∼ CBOW (r) (11)

holds. In addition, the fixed value φs = 0 suggests that
long-range order of the spin parity correlation Cs

P (r) =

⟨Os†
P (x)Os

P (x + r)⟩ has to occur. Analogously, at the
BOW-AF transition Kc = 0, therefore

CAF (r) ∼ r−Ks ∼ CBOW (r) (12)

and, in addition, φc = 0 so that Cc
P (r) = ⟨Oc†

P (x)Oc
P (x+

r)⟩ is long-range ordered. The above results clearly point
in the direction that exotic partially gapped DQCPs
characterized by long-range order of nonlocal order pa-
rameter can exist at the BOW-CDW and BOW-AF tran-
sition while standard fully gapless DQCPs might appear
at the CDW-AF critical point.

III. MICROSCOPIC HAMILTONIAN

As the field theory analysis show evidences of possible
very peculiar beyond-Landau phase transitions occurring
in strongly interacting fermionic systems, we turn to con-
firming this intuition at a microscopical level. To do that,
we design a lattice Hamiltonian where both the three LO
regimes and phase transition between them can occur, see
Fig. (1). In particular, while broken translational sym-
metry is usually induced by the intersite density-density
interaction

HIS(j) = Sc
jS

c
j+1, (13)

antiferromagnetic order can emerge in presence of the
magnetic coupling

HAF (j) = Ss
jS

s
j+1. (14)

Here, the operators Sc
j and Ss

j are the ones defined in
Eq.(3). In addition, the competition between intersite
and onsite interaction of the form of

HOS(j) = nj↑nj,↓ (15)

can give rise to BOW ordering [82]. Finally, away from
strongly interacting perturbative regimes, quantum fluc-
tuations are induced by tunneling process

HTP (j) =
∑
σ

(c†j,σcj+1,σ + h.c.). (16)

All these contributes and their relative strength are cap-
tured by the following Hamiltonian

H =
∑
j

[−tHTP (j)+V HIS(j)+JzHAF (j)+UHOS(j)].

(17)
Notably, this latter presents strong connections with
the Hamiltonians [78, 83–85] under investigations in the
context of ultracold atomic systems. As these setups
are characterized by an unprecedented level of accu-
racy and versatility, here we restrict our analysis to the
regime of half-filling and vanishing total magnetization,
i.e.

∑
j S

ν
j = 0 for both ν = c, s.

A. Bosonization analysis

We can extract important information about possi-
ble beyond-Landau phase transitions, by applying the
bosonization approach to this microscopic model. As
shown in Appendix A, bosonization predicts that the
transitions between different LO phases occur indepen-
dently in the two channels but they are captured by the
same line

U + 2Jz = 2V . (18)

Thus, along such line, a continuous CDW-AF transition
is predicted, in principle compatible with a fully gapless
DQCP. However, it is a well known fact that when the
above analysis is complemented by other results, for in-
stance by level crossing analysis [82], the actual transition
lines observed in the two channels split: the BOW-CDW
and BOW-AF transitions will occur in the weak coupling
region, while they will merge into the CDW-AF transi-
tion at intermediate couplings only. If this is the case,
in the weakly coupled regime this theory turns out to
be compatible with the presence of the partially gapped
DQCPs envisaged previously.
At the transition lines Eq. (18), one can show A that
Kc ≈ 1 − 2V

πt and Ks ≈ 1 − 2Jz

πt , differing from each
other for any non-vanishing V ̸= Jz. These values for
the Luttinger parameters will be similar at the CDW-AF,
or BOW-AF and BOW-CDW transitions. On the other
hand, depending on the actual gap closing, eqs. (10),
(11), and (12) predict a completely different dependence
on Kν in the power law decay of correlation functions.
Thus we expect that the latter will potentially be valu-
able indicators of the possible type of DQCP.

B. VUMPS analysis

Since bosonization is believed to provide accurate re-
sults in the low energy limit, in the following we employ
numerical calculations to explore the possible appearance
of DQCPs away from this regime. To unveil this point,
we perform a numerical analysis based on the VUMPS
technique. Here, the state is described by an infinitely
repeating unit cell of tensors defined on the sites of the
lattice. The tensors are then variationally optimized with
a procedure similar to DMRG [86], by using the rest
of the (infinite) system as an environment. Compared
to infinite DMRG, VUMPS has the advantage to com-
pletely replace the full environment at each step, mak-
ing its convergence significantly faster. This is crucial
especially at critical points, where a larger bond dimen-
sion is required to get accurate results. Moreover, the
absence of boundaries in the variational state makes it
easier to escape metastable states that can become more
favourable around the critical points in study, where two
states that break different symmetries have comparable
energies. Indeed, the use of VUMPS has proved critical
in the analysis of DQCPs in other systems [34, 39].
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FIG. 3. Scaling of the order parameters around the BOW-
CDW transition relative to the model in Eq. (17) for U = 4,
Jz = 0 and t = 1 as a function of the bond dimension χ.
Both the (a) BOW and the (b) CDW order parameters vanish
continuously at transition. By extrapolating the limit χ → ∞,
it is possible to extract the critical exponents βCDW , βBOW ̸=
1/8, thus excluding an Ising transition. The details of the
extrapolation are detailed in Appendix B

1. BOW-CDW phase transition

As shown in Fig. (1)(a), for Jz = 0, the Hamilto-
nian in Eq.(17) is the known extended Fermi-Hubbard
model [82, 87–90]. For dominating U/t, the system is in
a MI phase. The situation changes drastically for larger
values of V . Here, two LO phases can take place: a
BOW phase when V ∼ U are away from strongly inter-
acting perturbative regimes, and a CDW for dominant
intersite repulsion. To certify that at the BOW-CDW
critical point a gap closing occurs and that it only hap-
pens in the charge sector, we extrapolate the Luttinger
parameters Kν . Specifically, we extract their thermo-
dynamic value by computing the static structure factors
Pν(q) =

1
L

∑
r e

iqr⟨Sν
j S

ν
j+r⟩ which relate to the Luttinger

constants through the equation

Kν = lim
q→0

Pν(q)

q
∼ 2π lim

L→∞

Pν(q = 2π/L)− Pν(q = 0)

L
.

(19)
As discussed in the previous sections, this quantity is ex-
pected to be zero for a finite ∆ν , and finite in the case
of a gapless ν-channel. To perform the finite-size scaling,
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FIG. 4. First order phase transition between the BOW and
the CDW phases in the model Eq. (17) for U = 8, Jz = 0
and t = 1. (a) Values of the order parameters OBOW and
OCDW for different dimension χ; (a) Values of the Luttinger
parameter Kc and Ks at fixed bond dimension. The size L
refers to a finite MPS constructed out of L/2 unit cells.

we construct multiple finite MPS of length L by repeat-
ing L/2 unit cells obtained from the VUMPS optimiza-
tion. Although our analysis considers relatively large
interactions U/t = 4, our VUMPS simulations provide
results compatible with the field theory. On one hand,
in Fig.2(a) we indeed find that Ks ≈ 0 at the CDW-
BOW transition point, meaning that ∆s ̸= 0. On the
other, Kc shows a L-dependence compatible with a van-
ishing thermodynamic value for all the considered values
of V , except at the transition point where the size de-
pendence is absent. This strongly points in the direction
that a continuous phase transition between the two LO
regimes persists not only in the low energy limit. In order
to enforce this aspect, we extract the correlation length
ξν(χ) relative to the ν degrees of freedom [91]. A genuine
second-order phase transition can indeed be identified by
considering the scaling of the correlation length ξν as a
function of the bond dimension χ. In particular, one has
to expect that in presence of a single point gap closing,
the correlation length would show a χ-dependence in the
form of a cusp uniquely at that point. Fig. 2(b) shows
this behavior for ξc, thus strongly supporting the con-
tinuous nature of this transition. Notably, this charge
gap closing clearly supports the phenomenon of symme-
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FIG. 5. Study of the critical point between the BOW and the AF phases appearing in Eq. (17) for U = 4, Jz = t = 1. (a)
Luttinger parameters Kc and Ks. While the first is almost vanishing for all the considered values of V thus proving that the
spin gap remains always finite, Ks shows a size independent cusp in one single point thus proving the spin gap closing. Results
expressed as a function of a finite MPS of size L, constructed out of L/2 unit cells of the infinite MPS. (b) The correlation
length ξs shows a bond-dimension χ-divergence in the form of a cusp only in one point, also signaling a closing of a gap. (c)
Algebraic decay of CAF and CBOW associated to long-range order of the charge parity correlator Cc

P at the AF-BOW transition
point. All the results have been obtained through VUMPS simulation by keeping a unit cell of two sites.
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FIG. 6. Scaling of the order parameters around the the AF-
BOW transition point in appearing in Eq. (17) for U = 4,
Jz = t = 1 as a function of the bond dimension χ. Both the
(a) AF and the (b) BOW order parameters vanish continu-
ously at transition. By extrapolating the limit χ → ∞, it is
possible to extract the critical exponent βAF , βBOW ̸= 1/8,
excluding an Ising transition.

try enriching. Indeed, based on known symmetry prop-
erties of SG model (see Appendix), the presence of a
gapless sector is associated to a U(1) × U(1) (possibly
SU(2)) symmetry in the same sector. It is straightfor-
ward to realize that such emergent symmetry relative to
the charge degrees of freedom –not present either in BOW
and CDW phases– takes place at the CDW-BOW transi-
tion point. Further relevant information can be derived
by calculating the decay of the correlators in CCDW (r)
and CBOW (r). Fig. 2(c) clearly shows their expected al-
gebraic decay at the transition point. In addition, the
same figure confirms that the spin parity parity correla-
tor has long-range order, i.e. Cs

P (r) ̸= 0 for r → ∞.
Based on this analysis, we have strong indications that
peculiar DQCPs can occur in one-dimensional interact-
ing fermionic systems. As underlined, previous examples
found indeed fully gapless DQCPs. As a consequence of
the phenomenon of spin-charge separation, our analysis
shows instead strong evidences on the presence of DQCPs
with a finite gap and long-range order of a nonlocal order
parameter.
In order to rule out the possibility to ascribe this phase
transition in Ising universality class, in Fig. 3 we report
an analysis of the behavior of the local order parameters
OCDW and OBOW . Specifically, we are interested in ex-
tracting the critical exponent βBOW/CDW governing how
the local BOW and CDW order parameters vanish at the
transition point, i.e.

OBOW/CDW (|V − VC) ∝ |V − VC |βBOW/CDW . (20)

where VC is the critical value of the intersite interac-
tion where we detect the charge gap closing. Crucially,
while an Ising phase transition would formally imply
βBOW/CDW = 1/8, our results based on an extrapolation
in the limit χ → ∞, see B, find different values of such
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critical exponent thus proving this phase transition as
an example of a 1D DQCP. As pointed out, with respect
to previously investigated DQCPs here such beyond Lan-
dau’s transition points are further associated to a gapped
excitation spectrum giving rise to long-range order of the
spin parity operator.
Notably, in agreement with previous finite-size studies on
the same model [89], we find the BOW-CDW phase tran-
sition becomes discontinuous for larger values of the in-
teractions and therefore the partially gapped DQCPs dis-
appear. However, this result is certainly not surprising.
When increasing the contact interaction U , the mean-
field treatment of the transition associated to negligible
quantum fluctuations becomes indeed more accurate and
a genuine first-order transition is expected. We prove
this point for U = 8t. In this case, the order parameters
OBOW and OCDW exhibit a sharp jump at the critical
point independent of the bond dimension χ, see Fig. 4(a),
thus discarding the possibility of a single point gap clos-
ing. In addition, the Luttinger parameters Kν reported
in Fig. 4(b) show both a clear discontinuity a the tran-
sition point and very small size dependent values thus
compatible with a thermodynamic vanishing behaviour.

2. AF-BOW phase transition

We now move to the analysis of the model in Eq. (17)
for Jz > 0 which phase diagram is shown in Fig. (1)(b).
As specified, a finite antiferromagnetic coupling allows
for the breaking of the discrete spin flip symmetry. A
part from slightly moving the transition points, we find
indeed that the main role played by small Jz is to re-
place in the Hamiltonian ground state the disordered MI
with a locally ordered AF phase. Thanks to this as-
pect, we can now perform an analysis analogous to the
one made in the previous section to investigate whether
the AF-BOW transition point can also be classified as a
partially gapped DQCP. Here, we focus on intermediate
interactions U/t = 4 and Jz/t = 1 while varying V/t and
we again start by exploring the behavior of the Luttinger
parameters. Our results in Fig. 5(a) find that at the tran-
sition point Kc ≈ 0 [92] while Ks shows a finite value
not affected by different L. This analysis combined with
the clear cusp of ξs(χ) shown in Fig. 5(b) demonstrates
that the AF-BOW is also a continuous phase transition
where the spin gap closes and ∆c remains finite. Based of
the already pointed out symmetry arguments, this results
proves the emergence at the critical point of a U(1)×U(1)
symmetry in the spin channel not present in either the
BOW or the AF phase. Fig. 5(c) also demonstrates that
such symmetry enriched transition point is associated to
long-range order of the Cc

P while the correlators CAF and
CBOW decay algebraically. Thanks to these findings, we
can again infer that the phase transition between the
two locally ordered AF and BOW phases is continuous
and thus supporting the possible appearance of a partly
gapped DQCP. The results in Fig. 6 confirm this intu-
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FIG. 7. First order phase transition between the AF and the
CDW phases appearing in Eq. (17) for U = 8 and Jz = t =
1. (a) Values of the order parameters OBOW and OAF for
different dimension χ; (a) Values of the Luttinger parameter
Kc and Ks at fixed bond dimension. The size L refers to a
finite MPS constructed out of L/2 unit cells.

ition. As before, we can indeed show that local order
parameters OAF and OBOW vanish continuously at the
transition point. Moreover, through a χ-extrapolation
we calculate their critical exponent

OBOW/AF (|V − VC) ∝ |V − VC |βBOW/AF , (21)

and we find βAF ∼ 0.525 and βBOW ∼ 0.46, again dis-
carding the possibility of an Ising transition. As a conse-
quence, this result proves again that the decoupling be-
tween spin and charge degrees of freedom can support the
appearance a partly gapped DQCP which in the specific
BOW-AF case is characterized by ∆c ̸= 0 while having
long-range order of Cc

P (r).
Because of the specific values of the considered Jz, we
do not find conclusive evidences of the possible disap-
pearance of these DQCPs for larger interaction where,
in analogy with previous case, the BOW-AF transition
might become discontinuous. This is because the BOW
phase disappears when increasing U before the onset of
a first-order BOW-CDW transition could happen. Nev-
ertheless, it cannot be excluded that such a change of
behaviour could happen for a different value of Jz.
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3. AF-CDW phase transition

Finally, we study the AF-CDW phase transition. As
already pointed out at the level of field theory, in or-
der to find such transition to be continuous, both gaps
have to vanish at the transition point. This aspect clearly
rules out the possible presence of a partly gapped DQCPs
while, in principle, it still allows for standard fully gapless
DQCPs where all the correlators decay algebraically. As
already discussed, the presence of such a DQCPs would
require a fine tuning of the microscopic parameters in or-
der to have a simultaneous closing of both the spin and
the charge gap. In this regard, our numerical analysis
finds that the AF-CDW transition is always first order
for all values of U/t. In Fig. 7 we prove this for the case
of U/t = 8. As can be seen, we find indeed that both the
order parameters OCDW OAF and the Luttinger param-
eters display a discontinuity at the transition point, see
Fig. 7(a) and (b) respectively. Moreover, while the for-
mer quantities are not affected by different χ values, the
latter always show size dependence associated to almost
vanishing values.

IV. CONCLUSIONS

We unveiled a new type of deconfined quantum crit-
ical points. Contrary to previously known examples
where they are associated to fully gapless excitations,
we have shown that the phenomenon of spin and charge
separation can generate partly gapped deconfined quan-
tum critical points. Specifically, by means of ana-
lytical and numerical treatments, we have been able
to prove that specific phase transitions connecting lo-
cally ordered fermionic phases are not captured by the
Landau-Ginzburg-Wilson symmetry-breaking paradigm.
Notably, at these phase transitions we find that only one
gap closes while the other remains finite. Therefore, long-
range order of specific nonlocal correlation functions oc-
curs. In addition, we calculated the critical exponents
governing how the local order parameters vanish. In such
a way, we demonstrated that these transitions are one-
dimensional realizations of deconfined quantum critical
points with the intriguing feature of being only partly
gapped. In conclusion, we also point out that at least
one of these phase transitions, the one between the bond-
order-wave and charge-density-wave, has been predicted
to characterize the phase diagram of ultracold dipolar
atoms in optical lattice [78, 93]. Here, the presence of
partially gapped deconfined quantum critical points can
be probed by measuring the defect production [94–96]
predicted by the Kibble-Zurek mechanism [97–102] in
continuous transitions. In addition, quantum gas mi-
croscopy [103] and noise correlators measurements [104]
allow for an accurate detection of local density [105] and
spin [106] orderings and therefore for an accurate probing
of nonlocal order parameters and locally ordered phases.
As consequence, we believe that our results not only un-

veil a novel interesting type of deconfined quantum criti-
cal points but also pave the way towards their experimen-
tal detection, which represents a fundamental challenge
solid state platforms. [107–110].
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Appendix A: Field theory approach

The standard field theory treatment of 1D lattice sys-
tems of correlated fermions is based on a weak cou-
pling approach, known as bosonization. As this tech-
nique has been largely employed, see [48, 49] for ex-
haustive references, here we just summarize the relevant
steps needed to derive the low energy properties of a
many-body fermionic system with short range interac-
tion within Abelian bosonization. The starting point
consists in defining the continuum limit by replacing the
discrete sum over sites j with integrals over the coordi-
nate x = ja, i.e.

∑
j → 1

a

∫
dx with a lattice spacing.

Thanks to the peculiar nature of the one dimensional
Fermi surface consisting of just two disconnected points

±kF , usual fermionic operators cjσ, c
†
jσ, with σ =↑, ↓ la-

beling the spin orientation, can be rewritten in terms of
right (R) and left (L) fermionic fields ψχσ(x) (χ = R,L),

cjσ →
√
a
[
eikF xψRσ(x) + e−ikF xψLσ(x)

]
. (A1)

The bosonization procedure amounts to rewriting the
above fields as appropriate exponentials of bosonic fields
ϕχσ(x), multiplied by a Klein factor ηχσ to repro-
duce their correct anticommutation algebra: ψχσ(x) =
ηχσ√
2πα

ei
√
4πχϕχσ(x). It is then customary to introduce first

the linear combinations ϕσ(x) = ϕRσ(x) + ϕLσ(x) and
θσ(x) = ϕRσ(x) − ϕLσ(x); and finally their superposi-
tions φc(x) = ϕ↑+ϕ↓, and φs(x) = ϕ↑−ϕ↓, and similarly
ϑc = θ↑+θ↓ and ϑs = θ↑−θ↓ . At half filling kF = π/(2a)
the resulting mapping reads:

ψχσ =
ηχσ√
2πα

ei
√

π
2 [χφc(x)+ϑc(x)+σ(χφs(x)+ϑs(x))] ,

(A2)
where, with an abuse of notation, χ and σ in the expo-
nent now stand for signs: R = + and L = −, ↑= +
and ↓= −. Moreover α ∼ a is an ultraviolet cutoff,
and appropriate commutation relations hold between the
bosonic fields. The procedure outlined above allows de-
scribing the low energy behavior of most one dimensional
fermionic systems. In case of conserved total magnetiza-
tion and particle number a fermionic system is described
by two decoupled sine-Gordon models H =

∑
ν=c,s HSG

ν

in the spin (s) and charge (c) degrees of freedom. Ex-
plicitly:

HSG
ν =

1

2

∫
dx

[
vνKν(∇ϑν(x))2 +

vν
Kν

(∇φν(x))
2

+
gν
π2a2

cos
(√

8πφν(x)
)]

.

(A3)

Notice that here vν , Kν and gν are the excitation ve-
locities, Luttinger parameters, and coupling amplitudes

respectively, which depend on the microscopic Hamilto-
nian parameters. Other cosine terms, which may appear
within each sine-Gordon Hamiltonian HSG

ν or as cou-
pling terms between the charge and spin sectors, are typ-
ically neglected in the low-energy theory. This is because
they involve faster oscillations in the bosonic fields and,
accordingly, acquire larger scaling dimensions. From a
renormalization group (RG) perspective, such terms are
therefore irrelevant and do not affect the universal low-
energy physics.

1. Derivation of gapped phases and symmetry
breaking

In Eq. (A3), the competition between the quadratic
and the cosine terms determines the properties of the sys-
tem. Specifically, in the first line fluctuations of the fields
are promoted, whereas the cosine term in the second line
favors the pinning of the field φν(x) to a x independent
value minimizing the system energy. The resulting phase
diagram can be established by means of a well known RG
analysis [48] of the model in Eq. (A3). In each channel
the cosine term turns out to be irrelevant if the coupling
gν satisfies

2πvν(Kν − 1) ≥ |gν | . (A4)

When the cosine term becomes relevant instead, φν(x)
prefers to pin to an appropriate constant value, and a
gap ∆ν opens in the corresponding ν-channel. Since the
gapless excitations are suppressed, the long wavelength
fluctuations and the associated power law behavior of
correlations captured by Kν are also suppressed: Kν ef-
fectively flows to 0 in the ν-channel.
In general, depending on the negative or positive sign of
gν in Eq. (A4), the pinning values of φν are respectively

0 and
√
π/8. In presence of total charge/spin vector con-

servation of the microscopic lattice Hamiltonian though,
the RG flow in the corresponding channel is restricted to
solely the line 2πvν(Kν − 1) = gν , implying that the co-
sine term can become relevant only for gν < 0 (φν = 0).
In this case Kν = 1 + gν

2πvν
: the theory is gapless for

Kν > 1 and gapped for Kν < 1. More generally, rooted
in the total charge/spin conservation of the lattice Hamil-
tonian is the global U(1) symmetry

ϑν → ϑν + const (A5)

and a further solution to Eq. (A4) can be found, corre-

sponding to the choice φν =
√
π/8 [111].

When the cosine term is irrelevant, the effective Hamilto-
nian reduces to a Gaussian model, exhibiting the further
U(1) symmetry

φν(x) → φν(x) + const , (A6)

so that the full symmetry in a gapless channel will be
enriched to U(1) × U(1) ∼= SU(2) [112]. When the co-
sine term becomes relevant though, the above symmetry
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becomes discrete, namely

φν(x) → φν(x) +

√
π

2
. (A7)

Relevantly, also other discrete like the translational, spin-
flip and inversion symmetries characterize H, see for in-
stance [32, 82]. According to the Landau’s picture [8],
some of these could be spontaneously broken generating
LO phases captured by a corresponding local order pa-
rameter.

2. Bosonization of the microscopic model

The bosonization technique of the microscopic model

H = − t
∑
j,σ

(c†j,σcj+1,σ + h.c.) + U
∑
j

nj,↑nj,↓

+
∑
j

(V Sc
jS

c
j+1 + JzS

s
jS

s
j+1) (A8)

provides the following quantities

vν = 2at(2−Kν),

Kc = 1− 1

4πt

(
U + 6V + 2Jz

)
,

Ks = 1− 1

4πt

(
−U + 2V + 6Jz

)
,

gc = −
(
U − 2V + 2Jz

)
a = −gs.

(A9)

Based on the previous results, it is thus possible to pre-
dict that the transitions between LO phases occur inde-
pendently in the two channels for gν = 0. In this case,
since gc = −gs, they identify the same line, namely

U + 2Jz = 2V . (A10)

Appendix B: Extrapolation of order parameters
around criticality

To address the behavior of the order parameters
around the DQCPs in Sections III B 1 and III B 2, we have
to properly extrapolate their behavior in the limit of infi-
nite bond dimension χ→ ∞. This is crucial as the scal-
ing of these quantities around the critical point leads us
to obtain critical exponents incompatible with a transi-
tion in the Ising universality class. This, in turn, corrob-
orates our conclusion that we indeed find a DQCP. How-
ever, the convergence criterion usually used in VUMPS,
only assures that we find a variational minimum in the
manifold of the finite bond dimension ansatz in consid-
eration [51]. This does not readily give a measure of the
quality of the approximation when compared to the phys-
ical ground state.
To overcome this problem we proceed as in standard
DMRG, by performing an extrapolation as a function
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FIG. 8. Extrapolation of the order parameters (a) OBOW and
(b)OCDW , for χ → ∞, as a function of the density interaction
V . We use results computed at χ = 550, 650, 750, 850. The
extracted values (black dots) correspond to the extrapolated
points in in Fig.3.

of the discarded Schmidt values after performing a trun-
cation during the optimization process [113].
In particular, to obtain this truncation error, it is suffi-
cient to apply the Hamiltonian H projected on the sub-
space of the tensors currently being optimized, obtaining
a state of bond dimension dχ, where d = 4 in the case
of spinful fermions. We can then obtain the new ground
state in this subspace by performing an exact diagonal-
ization. Finally, by truncating this state back to bond
dimension χ we can obtain the error. This procedure
is straightforward in the case of two-site DMRG, where
the growing of the bond dimension is dynamically per-
formed during the optimization sweep. In the case of
VUMPS, however, the bond dimension is kept fixed dur-
ing the optimization process. We then proceed in the
following way: (i) we perform a subspace expansion to
express the converged ground state at bond dimension χ
using a larger bond dimension 4χ [114]. (ii) We perform
one sweep of the VUMPS optimization, equivalent to a
single application of H to the unit cell and an exact diag-
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onalization in this subspace, (iii) we manually compute
the error

ε =

4χ∑
i=χ

S2
i , (B1)

where Si are the Schmidt values along the bond on which
the Hamiltonian is applied. This procedure follows the
one explained in Appendix A4 of [51].
In Fig.8 we show, as an example, the value of the or-
der parameters OBOW/CDW as a function of ε for the
BOW-CDW transition showed in Sec. XX. From the ex-

trapolated values of OBOW/CDW we then extracted the
critical exponents βBOW/CDW by doing a linear fit of the
function

log10
(
OBOW/CDW (V − Vc)

)
=

= βBOW/CDW log10 (|V − Vc|) + α
(B2)

using the least squares method. Here, α is a non-
universal parameter, not relevant for our analysis. In
this way we identified the value of β with an accuracy
of the third decimal digit, excluding a value β = 1/8.
We used the same process for the AF-BOW transition
to extract the limiting values at criticality of OAF and
OBOW .
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