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Nonequilibrium steady states are investigated in a two-dimensional billiard table, called the Lorentz Circuit,
consisting of two circular urns connected by two rectangular strips: an active channel, where a feedback mech-
anism operates, and a passive finite-size Lorentz channel, which is a finite network of Sinai billiards, i.e. a
specific environment populated with an array of circular scatterers of fixed radius. We show that, in the finite-
horizon regime, a variation of any of the four geometrical parameters of the Lorentz channel can trigger a phase
transition in the circuit. Our analytic derivations identify the critical parameters governing these transitions and
predict whether they are continuous or discontinuous. We find that both transition orders are realized upon
changing just one the geometrical parameters. Our analysis further highlights the validity of Fick’s law in the
Lorentz channel, which in our model mirrors the validity of Ohm’s law in electrical circuits. All analytic results
are corroborated by an extensive set of numerical simulations of the particle dynamics.

I. INTRODUCTION

The study of nonequilibrium phase transitions in particle
systems coupled to external reservoirs remains a central sub-
ject in nonequilibrium statistical mechanics [1–10]. This line
of research is motivated by both fundamental considerations
and its relevance to driven transport, biological systems, and
materials maintained far from equilibrium [11–14]. In con-
trast to equilibrium systems, where phase transitions are gov-
erned by the minimization of a free energy and by detailed
balance, nonequilibrium systems may exhibit spontaneous
symmetry breaking, long-range correlations, and stationary
states carrying nonzero currents. In particular, particle sys-
tems driven out of equilibrium by boundary conditions or bulk
forces can develop steady-state phase transitions characterized
by changes in the global transport properties [15–20]. An an-
alytically tractable example was presented in Refs. [21, 22],
where a phase transition occurring in a stochastic cellular au-
tomaton gives rise to a stationary particle current consistent
with Fick’s law of transport. The model consists of parti-
cles on a finite one-dimensional lattice interacting via a long-
range Kac potential at low temperature [23]. The interplay
between the phase transition and Fick’s law was thus under-
scored as a theoretical challenge that calls for further explo-
ration. Building on this line of research, a deterministic coun-
terpart to the stochastic cellular automaton was proposed in
Ref. [24]. There, the system consists of a two-dimensional
(2D) billiard table comprising two circular urns connected
by two rectangular channels and subject to periodic bound-
ary conditions. A feedback mechanism, acting within one of
the two channels (termed the active channel), prevents parti-
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cle clogging by limiting the particle number beyond a given
threshold. By varying this threshold, the system undergoes
a first-order phase transition from a homogeneous phase, in
which particles are evenly distributed between the urns, to an
inhomogeneous phase characterized by population asymme-
try and sustained by a stationary particle current across the
billiard table. In this work we replace the empty rectangular
channel (referred to as the passive channel) considered in [24]
with the finite-size Lorentz channel of Ref. [25]. This is a fi-
nite network of Sinai billiards [26, 27], that is an environment
populated by circular scatterers of given radius, investigated
in various previous works [28–33].

The aim of the present study is two-fold. First, we inves-
tigate whether a phase transition can be induced by varying
the size or amount of the scatterers and the width or length of
the Lorentz channel. Second, since the inhomogeneous phase
supports a stationary particle current circulating through the
system, we examine whether the flux in the Lorentz channel
obeys Fick’s law. To address these questions, we perform ex-
tensive simulations of the particle dynamics. In parallel, we
develop a theoretical framework taking into account theories
for Lorentz and feedback-controlled channels [24, 25, 34–36]
to incorporate the effects of the finite size of the Lorentz chan-
nel. We note that, whereas earlier studies examined phase
transitions driven by feedback mechanisms in billiard tables
with void passive channels that offer no resistance to particle
transport [24, 37, 38], the present work focuses explicitly on
the role of finite-length Lorentz channels. This model can also
be interpreted as an electric circuit in which an electromotive
force (e.m.f.) is generated by the previously introduced feed-
back mechanism, and a current arises in a resistive medium,
properly described by Ohm’s law. This was not the case in
previous works, in which all particles traveled ballistically in
straight channels with no obstacles, which means with infi-
nite diffusion coefficient, or infinite conductivity. Obstacles
like those of the Lorentz channel, with finite horizon, give in-
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stead rise, in the infinite channel limit, to a finite diffusion
coefficient. That coefficient acquires a logarithmic correc-
tion when the horizon is infinite [39], which amounts to an
interesting parameter dependence of the transport properties,
that is largely understood even in higher dimension [40–44].
The phenomenology turns however quite more complex and
highly non-trivial when the channel is finite, as proven in e.g.
[28] and more recently in [25]. The behavior under parame-
ters variations of the current driven by the e.m.f. is to be un-
derstood, especially in case intends to model small circuits,
which is a very active research field, see e.g. Refs.[45–48].
Here, we show that, given a suitable feedback mechanism, a
nonequilibrium steady state can be induced within the billiard
table by appropriately tuning the density or the size of the
circular scatterers. This leads to nonequilibrium phase transi-
tions between different transport regimes. We provide a com-
plete theoretical framework, that captures even quantitatively
the dependence of the transport phenomena. The correspond-
ing analytical expressions are further supported by numerical
simulations.

The manuscript is structured as follows. Section II intro-
duces the Lorentz Circuit (LC), its eight independent param-
eters, and the relevant observables. Section III outlines the
theoretical framework and characterizes the observed phase
transition and the transport properties of the LC. The nature of
the phase transition occurring in the LC is worked out, and the
derivation of critical system parameters is provided in Section
IV. Final remarks and conclusions are drawn in Section V.

II. THE LORENTZ CIRCUIT

Consider a system of N point particles moving at constant
speed v within the 2D billiard table Ω ⊂ R2, composed of two
near-circular urns of equal radius r connected by two rectan-
gular channels (see Figs. 1 and 2). Particles undergo specular
reflections upon colliding with the boundary ∂Ω. Following
the terminology introduced in [38], we distinguish between
an “active channel”, which implements a dynamical rule that
mimics an external feedback process [24, 37, 49], and a “pas-
sive channel”, where no such mechanism operates. The active
channel consists of two identical halves, referred to as gates,
shown as the gray shaded regions in Fig. 1. Within each gate,
a feedback mechanism operates by counting particles: when-
ever the number of particles entering the gate from the adja-
cent urn exceeds a fixed threshold, the horizontal component
of their velocity is instantaneously reversed, as if they had col-
lided with a vertical wall. This dynamical rule effectively in-
duces a mean-field type interaction among all particles present
within each gate and mimics the action of a blind Maxwell’s
demon [38]. The demon is termed “blind” because the same
rule is applied independently and simultaneously in both gates
of the active channel (as indicated by the two particle counters
shown above the gates in Fig. 1), thereby introducing no pref-
erential direction for particle transport between the two urns.
Phase transitions are nucleated by microscopic, unpredictable,
fluctuations [24, 38].

Figure 2 shows the right half (x ≥ 0) of the billiard system,

showing the right urn (denoted urn 1), with the adjacent gate
on the right and half of the passive channel populated with
scatterers on the left. Periodic boundary conditions are im-
posed along the horizontal x-direction, effectively closing the
domain into a circuit containing two urns and two channels.
We refer to this setup as the Lorentz Circuit (LC).

The passive channel of the LC is constructed by arranging
nx × ny identical, disjoint elementary cells (each of width h

and length
√
3h) in a grid. The total length and width of the

passive channel are ℓp = nx

√
3h and wp = nyh, respec-

tively. Each cell contains a circular scatterer centered at its
midpoint, along with four additional quarter-circle scatterers
placed at its corners, as shown in Fig. 3. All scatterers have ra-
dius s, with 0 ≤ s ≤ h/2, ensuring no overlap. This specific
geometric configuration coincides with the finite-size Lorentz
channel studied in [25]. In the sequel we describe the geom-
etry of the elementary cell in terms of the dimensionless pa-
rameter Φ ∈ [0, 1] and the number density of scatterers n ≥ 0,
respectively defined as

Φ =

(
2s

h

)2

, n =
2√
3h2

, (1)

where Φ, called reduced area fraction, represents the ratio of
two quantities: one is the fraction of the area of a cell occupied
by the scatterers, and the other is the same fraction evaluated
at s = h/2, i.e. the geometrical scenario in which the circu-
lar scatterers touch tangentially one another. Note that Φ = 0
corresponds to an empty channel, as considered e.g. in [24],
whereas the critical value Φ◦, marking the transition from the
finite to infinite horizon case, is realized for

√
3h = 4s, cor-

responding to Φ◦ = 3/4. In this work we focus on the finite
horizon regime, corresponding to Φ ∈ [Φ◦, 1).

The active channel is a rectangular strip of length ℓa and
width wa, subdivided into two empty gates of equal length
ℓa/2. It is within this region that a feedback mechanism oper-
ates via the following dynamical rule: whenever the number
of particles in a gate moving toward the opposite gate exceeds
a prescribed threshold Θ ∈ N, the horizontal component of
the velocity of all particles present in that gate is instanta-
neously reversed, vx → −vx.

Apart from r and v, which we choose to set the unit length
and time scale via r = v = 1, the LC is characterized by
eight independent dimensionless parameters: nx, ny , Φ, Θ,
n, wa, ℓa, and N , which emerge naturally from the freedom
to choose units of length and time and because we prefer to
the have the integer-valued parameters nx, ny , Θ, and N in
this list. While nx, ny , Φ and n characterize the passive
channel, wa, ℓa, and Θ define the active channel. For clar-
ity, we are going to mention the dependency on a subset of
these 8 parameters, whenever useful. For example, one has
wp = wp(ny, n) and ℓp = ℓp(nx, n) from Eq. (1). The area
of the near-circular urn (Fig. 2) is given by Au(ny, n, wa) =

π+
∑

c∈{a,p}[wcxc/2−sin−1(wc/2)], where x2
c = 1−w2

c/4.
The initial condition for the dynamics is specified by plac-

ing all N particles randomly in one of the two urns, with
isotropically distributed velocity directions and fixed speed v.
A relevant observable capturing the dynamic behavior of the
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Figure 1. Lorentz Circuit. The 2D billiard table Ω ⊂ R2 consists of two identical near-circular urns interconnected by two rectangular
channels. The first is a finite-horizon passive Lorentz channel (at the center of the figure), filled with circular scatterers pinned on a triangular
lattice. The second channel, called active, is divided into two halves, referred to as gates (gray shaded regions), where a bounce-back (feedback)
mechanism is implemented via a particle (blue dots) counter, depicted above each gate. Periodic boundary conditions are imposed along the
horizontal direction, making the billiard table Ω a closed circuit.

ℓa /2

active channel

ℓp/2

wp

passive  
channel

passive channel

c2r wa

active  
channel

urn

y

x

c2r wa

active  
channel

urn

Figure 2. Magnification of the right half (x ≥ 0) of the 2D billiard
table Ω portrayed in Fig. 1, showing a near-circular urn (urn 1) of
radius r and area Au, glued to two rectangular channels: an “active”
gate, and half of a finite-horizon “passive” Lorentz channel of length
ℓp and width wp, filled with nx × ny elementary Lorentz cells (Fig.
3). The full system is made of two such halves, the one shown, and
a vertically mirrored one (x ≤ 0, containing urn 2), joined together
and subjected to periodic boundary conditions, so that the two active
gates constitute an active channel of length ℓa and width wa.

system is the mass spread

χ(t) =
N1(t)−N2(t)

N
, (2)

where N1(t) and N2(t) denote the transient number of par-
ticles residing in urn 1 and urn 2, respectively, at time t. A
second quantity of particular relevance for the present work is
the net current. It is defined by taking the difference of num-
ber of particles coming from opposite directions and cross-
ing the vertical line separating the two active gates, and by
then dividing this quantity by the elapsed time. We denote as
χ = limT→∞ T−1

∫ T

0
χ(t)dt the long time average of the

mass spread, provided that the limit exists. Moreover, we
also denote and by I the stationary net current. The latter
is identical with the mean horizontal component ⟨vx⟩ of the
particle velocities, divided by horizontal system size L, i.e.,

h s

3h

s

h − 2s

Figure 3. Elementary cell of height h, accessed by a point particle
(blue disk) in the passive Lorentz channel (Fig. 2) carrying circular
scatterers of radius s. The green shaded area highlights an individual
trapping region discussed in [34], whose three entries/exits all have
identical length h − 2s. In place of h and s we use the reduced
area fraction of scatterers Φ and the circle number density n (1) to
characterize the elementary cell. The gap size in terms of Φ and n is
then h− 2s = (1−

√
Φ)h = 3−1/4(1−

√
Φ)

√
2/n.

I = −⟨vx⟩N/L [35], and allows to calculate I without in-
specting particle positions. The LC is solved numerically us-
ing N point particles (Appendix A) but the calculations can
rapidly become highly time-consuming for large Φ and large
nx. An estimate of the computational effort will also be made
in Appendix A based on our theoretical relationships.

III. THEORETICAL APPROACH

In this section, we extend the theoretical framework devel-
oped for the 2D model studied in Ref. [24], incorporating the
effects of a finite-length Lorentz channel with finite horizon.
While the LC is not restricted to the finite horizon regime,
theoretical expressions mentioned below, to which we aim to
compare, are valid only within this regime [50].
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A. Lorentz channel

We begin by summarizing some important results obtained
from previous analytic theoretical work by Zwanzig and the
authors on the individual, passive Lorentz channel [25, 34]
which constitutes an integral part of our LC. The channel
crossing probability of a particle entering the Lorentz chan-
nel from an urn with (sinusoidally distributed) velocity at the
channel entry which takes the form [25]

P (Φ, nx) =
p(Φ)

p(Φ) + [4− 3p(Φ)]nx
, (3)

where p = p(Φ) is a numerically accessible trap crossing
probability, again assuming a sinusoidal velocity profile at
the trap entry. In [25], this probability was computed nu-
merically as a function of the dimensionless separation pa-
rameter W = (h − 2s)/s, and an analytical approxima-
tion thereof, denoted by α(W ), was also derived. Using
W (Φ) = −2 + 2/

√
Φ, we will denote hereafter p̃(Φ) =

(α ◦ W )(Φ). Strictly, P does not depend on ny for sym-
metry reasons. One has limΦ→1 p(Φ) = 2/3 and thus
limΦ→1 P (Φ, nx) = (1 + 3nx)

−1, while limΦ→0 p(Φ) = 1
and limΦ→0 P (Φ, nx) = (1 + nx)

−1 just formally. As dis-
cussed earlier [25], Eq. (3) cannot be applied to Φ < Φ◦,
and P = 1 for the empty passive channel, corresponding to
Φ = 0. The mean time a particle spends in an individual trap
is known exactly [34],

τtrap(Φ, n) =
π(6−

√
3πΦ)

125/4
√
3n(1−

√
Φ)

. (4)

Similarly, from [25], one infers the mean number of collisions
inside a trap,

ctrap(Φ) =
π
√
Φ

6(1−
√
Φ)

, (5)

the mean time τ ↪→p to cross the passive channel, the mean time
τ←↩
p to backscatter from the passive channel, and the mean

residence time τp in the passive channel for Φ > Φ◦ [25],

τp(Φ, nx) = Pτ ↪→p + (1− P )τ←↩
p

=
[
4p(Φ)τ ↪→trap + [6− 4p(Φ)]τ←↩

trap

]
nx. (6)

Using our approximate τ←↩
trap ≈ τtrap/3[1 − p(Φ)] and τ ↪→trap ≈

2τtrap/3p(Φ) [25],

τp ≈ 6fnxτtrap, f(Φ) ≡ 7− 6p(Φ)

9[1− p(Φ)]
, (7)

so that limΦ→1 τp/nx = 6τtrap, where we have introduced a
factor f that is generally close to unity for Φ > Φ◦.

B. Circuit setup

Next, we follow the guidelines introduced in [24], which
refer to billiard tables with void passive channels, and mod-
ify the theoretical framework to account for (i) the effective

width w̃p of the Lorentz channel due to its geometry-dictated
opening fraction (h− 2s)/h (Fig. 3), or equivalently,

w̃p(ny,Φ, n) = (1−
√
Φ)wp, (8)

and (ii) the above-mentioned crossing probability P (Φ, nx)
within the same channel. As long as the velocity distribution
within the two urns remains isotropic and the particles are ho-
mogeneously distributed, those entering a channel from the
adjacent urn have a mean absolute horizontal velocity com-
ponent vx = cosϕ (recall v = 1) at the channel entry that
follows from purely geometrical considerations and is given
by [35]

⟨|vx|⟩e =
∫ π

−π cos
2(ϕ) dϕ∫ π

−π | cosϕ| dϕ
=

π

4
. (9)

This average should not be confused with the mean ⟨|vx|⟩ =
(2π)−1

∫ 2π

0
| cosϕ| dϕ = 2/π for particles residing within

urns. The mean residence time τa within an active gate of
length ℓa/2 is not just ℓa/2 divided by ⟨|vx|⟩e, but, as shown
in [35], involves a rate, here the mean inverse velocity com-
ponent, and then reads

τa =
ℓa
2
⟨|v−1x |⟩e =

ℓa
2

∫ π

−π dϕ∫ π

−π | cosϕ| dϕ
=

ℓa
2⟨|vx|⟩

=
πℓa
4

.

(10)
Under the same assumptions the probability pa that an urn
particle enters an active gate within a fixed time interval δ ≪ 1
is given by

pa(ny, n, wa)

δ
=

wa

2Au
⟨|vx|⟩ =

wa

πAu
, (11)

where the factor 2 stems from the fraction of particles head-
ing to side of the urn that carries the active channel entry,
and where Au is the above-mentioned area of a single near-
circular single urn. Similarly, the probability pp that an urn
particle enters the passive channel within a fixed time interval
δ ≪ 1 is

pp(ny,Φ, n, wa)

δ
=

w̃p

πAu
, (12)

involving the effective width w̃p (8) as particles approaching
the passive channel and not hitting any of its h− 2s–sized en-
tries (there are ny of them at each channel entry) get reflected
into the urn.

We remark that the expression for pp given in Eq. (12) fol-
lows from the assumption of ergodicity within the urns, which
rigorously holds in the limit of vanishing width of the Lorentz
channel [51]. Specifically, it corresponds to the ratio between
the phase space volume associated with particles of fixed unit
speed that enter a channel of width w̃p from an urn of area Au

during a small time interval δ, which is equal to 2w̃pδ, and the
phase space volume associated with particles located inside
an urn, given by 2πAu [49]. In the stationary state, with the
calculated probability pa and time τa at hand, the mean num-
ber of particles that enter the j-th active gate from urn j in the
time interval τa is then

λj =
pa
δ
τaN j , j ∈ {1, 2}, (13)
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Figure 4. Theory. Cwa/wp versus Φ ∈ [Φ◦, 1) according to Eq.
(18) with P and w̃p from Eqs. (3) and (8). C monotonically increases
with increasing W and decreasing nx. For the Lorentz channel with
finite horizon, the upper limit of C is given by Cmax ≈ 0.04wp/wa,
in agreement with the figure, using p(Φ◦) ≈ 3/4 from [25].

where N j is the mean number of particles in urn j. According
to Eq. (13), in the absence of a feedback mechanism, the mean
number of particles in the active channel is thus

Na = 2(λ1 + λ2), (14)

or equivalently

Na

N1 +N2

=
pa
δ

πℓa
2

=
waℓa
2Au

=
Aa

2Au
, (15)

with active area given by Aa = waℓa, while the mean number
of particles in the passive channel is

Np =
pp
δ
(N1 +N2)

[
Pτ ↪→p + (1− P )τ←↩

p

]
=

pp
δ
τp(N1 +N2). (16)

Using Eq. (7) we conclude that the fraction of particles resid-
ing in the passive channel,

Np

N1 +N2

=
fÃp

2Au
, (17)

is mainly determined by the ratio between the total void area
within the passive channel, Ãp = 2nxny(1 − ϕ)/n, and the
urn areas, as f(Φ) defined by Eq. (7) is close to unity and
varies over the narrow range f ∈ [0.96, 1.10] upon vary-
ing Φ ∈ [Φ◦, 1). Combining Eqs. (15) and (17) we have
quantified the mean stationary fraction of particles residing
in channels in terms of LC parameters. In the vicinity of
Φ = 1, this fraction approaches its largest possible value
ℓawa/(2π+ℓawa), which remains small compared with unity
as long as the active channel length ℓa does not exceed the urn
diameter by far.

C. Relevant combination of LC parameters

We finally define two parameters C and λ, that will allow
us to calculate χ̄ and thus the phase boundary of the LC model

using just three parameters, i.e. (i) the threshold Θ, (ii) the ra-
tio of probabilities (see Fig. 4), C = ppP/pa, more explicitly,

C(Φ, n, nx, ny, wa) =
w̃p(ny,Φ, n)P (Φ, nx)

wa
, (18)

and (iii) the estimated mean number of particles entering an
active gate in the time interval τa/2,

λ(n, ny, wa, ℓa, N) =
λ1 + λ2

2
≈ AaN

8Au
. (19)

Here, we made use of Eqs. (10) and (13). Moreover, to
simplify the expression, we assumed that the mean number
of particles in the urns is much larger than the mean num-
ber of particles in the channels. Therefore the two quanti-
ties C and λ are fully determined from N and the geomet-
rical parameters of the setup (nx, ny , Φ, n, wa, ℓa), while
Θ remains an independent parameter of the LC. Note that
the stationary χ can also be expressed in terms of the λ’s,
χ = (λ2 − λ1)/2λ = (λ2 − λ)/λ. Recall that C and λ are
both independent on the form of the stationary velocity distri-
bution, as long as it is well approximated by an even function
in vx, in other words, as long as there is no significant cur-
rent I. In the absence of the Lorentz scatterers, P = 1 and
w̃p = wp. In that case C = wp/wa recovers its form used in
earlier works [24, 35].

D. Stationary current and mass spread

The stationary net current Ip within the passive channel is
given by

Ip =
ppP

δ
(N2 −N1), (20)

Indeed, Eqs. (3) and (12) show that the quantity ppP/δ repre-
sents the probability per unit time that a single particle enters
the Lorentz channel and eventually reaches the opposite urn,
independently of the distribution of residence times within the
urns.

To estimate the stationary net current Ia within the ac-
tive channel, one introduces the probability Pτa,j that at
most Θ particles enter a gate from the adjacent urn j in the
time interval τa. Following [24, 49], one finds Pτa,j(Θ) =∑Θ

n=0 λ
n
j e
−λj/n! = Γ(Θ + 1, λj)/Γ(Θ + 1), involving

Euler’s upper incomplete gamma function. The number of
particles that cross the j-th gate is then estimated as the
typical number of particles that enter the gate in the time
interval τa conditioned to the fact that such a number is
smaller than Θ multiplied by Pτa,j(Θ)t/τa [24, 49]. The
current originating from an urn with N j particles takes the
form τ−1a

∑Θ
n=0 nλ

n
j e
−λj/n! = τ−1a λjPτa,j(Θ − 1) for

j ∈ {1, 2}. Hence, the stationary net current in the active
channel is finally expressed as Ia = (pa/δ)[N1Γ(Θ, λ1) −
N2Γ(Θ, λ2)]/Γ(Θ). The condition of stationarity requires
the equality of the currents Ip and Ia. Therefore, defining
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Figure 5. Theory. |I|Au/wpχ̄N according to Eq. (22) and (23)
versus Φ ∈ [Φ◦, 1) for several nx.

Υ ≡ τa(Ip − Ia)/2λ, the condition of stationarity can be
written as a nonlinear equation determining χ,

Υ = χC +
∑

µ∈{+,−}

µ(1 + µχ)

2

Γ [Θ, (1 + µχ)λ]

Γ(Θ)
= 0. (21)

With a solution χ at hand, the stationary net current I = Ia =
Ip can be expressed from Eq. (20) as

I = −ppP

δ
χN, (22)

while (see Fig. 5)

ppP

δ
=

(
(1−

√
Φ)p(Φ)

p(Φ) + [4− 3p(Φ)]nx

)
wp

πAu
, (23)

where the large bracket is the Φ- and nx-dependent prefactor.
For p(Φ) ≈ 2/3, the large bracket in Eq. (23) simplifies to
(1 −

√
Φ)/(1 + 3nx). To summarize, while χ̄ is determined

via Eq. (21) by Θ, C, and λ, the current I depends on all LC
parameters.

E. Interface equation

In this paragraph we base our arguments on Eq. (21), which
can generally be solved only numerically for χ in terms of λ,
Θ, and C, and derive a so-called interface equation whose
solutions determine the phase boundary between homoge-
neous equilibrium (χ = 0) and inhomogeneous nonequilib-
rium (χ > 0) stationary states. We start by noting that one
solution to Eq. (21) is χ = 0, which corresponds to the equi-
librium state. Furthermore, for certain values of the parame-
ters, Υ may change sign in intervals not containing λ: such
roots, which yield χ > 0, are nonequilibrium states. Remark-
ably, Eq. (22) reveals that such LC states are always accom-
panied by a non-vanishing stationary current I, provided that
C > 0. Given its continuity, in those cases in which Υ van-
ishes for more than one χ̄ ∈ [0, 1], one may ask which of the
steady states of the model is stable. Given the smoothness of
Υ, the linear stability is given by the sign of (∂Υ/∂χ̄) |χ̄=0.

If the sign is positive the equilibrium state is unstable, if neg-
ative it is stable. The points at which the derivative vanishes
hence delimit the domain of stability of the equilibrium state.
As a definition of such theoretical transition line we consider
the locus of points such that (∂Υ/∂χ̄) |χ̄=0 = 0, which thus
yields the so-called interface equation

C(Θ, λ) ≡ λΘe−λ

Γ(Θ)
− Γ(Θ, λ)

Γ(Θ)
= C,

=

(
waℓaN
8Au

)Θ
exp
(
−waℓaN

8Au

)
Γ(Θ)

−
Γ
(
Θ, waℓaN

8Au

)
Γ(Θ)

=
(1−

√
Φ)p(Φ)nyh

wap(Φ) + [4− 3p(Φ)]nx
, (24)

defining C(Θ, λ). In the last two lines of Eq. (24) we made
use of the expressions for λ and C from Eqs. (18) and (19),
as well as P and w̃p from Eqs. (3) and (8) in terms of basic
LC parameters to just highlight their role within the interface
equation. To be precise, we moreover employed the identi-
ties wp = nyh and Aa = waℓa in the last step, where we
expanded the expression for C.

This interface equation (24) is fulfilled for any triplets of
model parameters (λ,Θ, C) located at the phase boundary.
The interface Eq. (24) cannot be solved analytically for λ, at
given Θ and C, but is readily solved numerically. Due to the
shape of C, for a given pair of model parameters (Θ, C), the
system is located in the two-phase region if the positive model
parameter C does not exceed C∗ = C(Θ, λ∗) with λ∗ = 1+Θ,
because C reaches its maximum C∗ at λ = λ∗. In that case Eq.
(24) has two solutions for λ, bracketing the two-phase region,
and the critical point is at C = C∗. The two-phase region
is more or less symmetrically located about the Θ = λ − 1
line. The asymmetry can be traced back to the difference be-
tween the principal and non-principal branches of the Lambert
function. If C is fixed, a two-phase region starts to appear
as soon as Θ exceeds a threshold Θ∗ that is determined by
C = C(Θ∗, λ∗). To summarize, while Eqs. (21) and (22) can
be solved for χ and I for given model parameters including
the triplet (λ,Θ, C), the simpler interface equation suffices to
determine the phase boundaries beyond which χ and I both
vanish, provided one is interested in exploring the effect of
varying one or more of the three parameters.

F. Fick’s Law in the Lorentz channel

To characterize the structure of particle transport in the pas-
sive Lorentz channel, let us define the particle flux across the
channel, J = I/wp. For sufficiently large nx Eq. (22) with
Eq. (23) can be written as in the form of Fick’s law [52],

J = −DF , F =
χ̄N

Auℓp
, (25)

with

D =
121/4

π

(1−
√
Φ)p(Φ)

4− 3p(Φ)

1√
n
, (26)
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Figure 6. LC simulations versus theory. Scaled diffusion coeffi-
cient D

√
n vs. Φ, measured for the LC (filled black squares with

error bars) in comparison with the analytical expression (26) evalu-
ated with the numerically calculated p(Φ) (dashed green line) and
the analytic approximation p̃(Φ) (dashed red line). Remaining LC
parameters used in the numerical experiment: N = 1000, n = 460,
nx = Θ = 5, ny = 1, wa = 0.2, and ℓa = 0.3.

where we used the identity nx = 12−1/4
√
n ℓp. Here, we

identified F with a thermodynamic force corresponding to
the finite-difference analogue of the gradient in the stationary
particle number density between the urns, and the coefficient
D, expressed by formula (26), with Fick’s collective diffusion
coefficient in the finite-size Lorentz channel. Figure 6 com-
pares the behavior of the collective diffusion coefficient given
by Eq. (26) with the results of numerical simulations of the
LC, showing excellent agreement. As D is monotonically de-
creasing with increasing Φ, and with p(Φ◦) ≈ 3/4, the upper
bound of D is given by Dmax ≈ 3/[7π

√
n(8 + 14/

√
3)1/2] ≈

0.034/
√
n for the LC with finite horizon. In a typical experi-

ment confirming Fick’s law, one has a fixed D and fixed con-
centration difference Fℓp, while varying the length of the pas-
sive channel. This experiment is reproduced by Fig. 7, which
confirms the validity of Fick’s law in the Lorentz channel as
obtained from the numerical implementation of the Lorentz
Circuit, and also demonstrates the excellent agreement be-
tween our theoretical predictions (25) and the particle dynam-
ics simulations (Appendix A).

The self-diffusion coefficient Ds of particles residing
within a Lorentz channel had been studied earlier [25, 29, 34,
36]. Using Eq. (26), one obtains D = (1 − πΦ/2

√
3)Ds

for nx ≫ 1. While the two coefficients are hence identical
Φ = 0, as expected for a dilute system of non-interacting par-
ticles, we find D > Ds, typical for an attractive system near
critical points. In interacting or dense homogeneous systems
the ratio Ds/D is usually identified with the particles’ struc-
ture factor at zero momentum transfer. Our result thus yields a
prediction about the measurable compressibility as a function
of Φ.

IV. PHASE BEHAVIOR

In this section, we investigate in detail the nature of
the phase transition emerging within the LC. We begin in

0 0.5 1 1.5 2

-1.5

-1

-0.5

0

Figure 7. LC simulations versus theory. Transport law obtained
from LC particle dynamics (filled squares) compared with analytic
theoretical prediction without any adjustable parameters (open cir-
cles). Shown is the total flux J versus ℓp at fixed energy difference
Fℓp = 300 and fixed D = 0.008. Remaining LC parameters are:
N = 1000, n = 460, ny = 1, Θ = 5, and wa = 0.2. Essentially
varied is only nx, while the model parameters ℓa and Φ are obtained
from the two constraints (Fig. 7), as described in Appendix B. Our
theoretical derivation predicts the validity of Fick’s law and also pro-
vides the factor of proportionality (open circles according to Eqs.
(25) and (26)), while the simulations of the LC, run for the same set
of parameters, are represented by the filled squares. As a by-result
the measured F coincides within errors with the prescribed value.
The agreement is not as convincing if wp is not sufficiently small.
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Figure 8. Implications of the interface equation. (a) The up to two
different critical Θc (see colorbar) as function of C and λ obtained
by solving the interface equation (24). Contourlines are spaced by
unity. Within the white region no solution exists. (b) Similarly, the
up to two different critical λc (see colorbar) as function of C and Θ.

Sec. IV A by deriving expressions for the critical values of
the parameters Φ, n, nx, ny , which can be tuned to induce a
change in the macroscopic phase of the system. Subsequently,
in Sec. IV B, we examine the influence of selected parameters
in determining whether the resulting phase transition is con-
tinuous or discontinuous.
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A. Critical values

The interface equation (24) allows to quantitatively explore
the effect of the passive channel geometry (Φ, n) and dimen-
sionless size (nx, ny) on the critical values of the LC. To be
explicit, we next derive critical values Φc, nc, nx,c and ny,c.
Recall that the effect of the active channel parameters ℓp, wp,
and Θ on the phase diagram in the presence of an empty pas-
sive channel (Φ = 0) had been studied earlier. While the
independent variation of Θ or λ at constant C gives rise to
a re-entrant phenomenon (Fig. 8), realized e.g. upon varying
the length ℓa of the active channel as it does not affect C,
the situation is very different for the passive channel. Here,
λ cannot be varied independently from C (Fig. 4). As a re-
sult, there is a single transition point in both F and J if one
varies just one of the four passive channel parameters, while
keeping all other LC parameters unchanged, as demonstrated
by Fig. 9. The dashed lines in this figure mark our theoretical
predictions derived next.

For the calculation of the critical reduced area fraction
Φc ∈ [Φ◦, 1) one has to take into account that C is affected by
Φ, while the remaining two variables determining the phase
boundary, λ and Θ, are unaffected. This implies that Φc is the
solution of the following nonlinear equation,

wa

wp
C(Θ, λ) =

(1−
√
Φc)p(Φc)

p(Φc) + [4− 3p(Φc)]nx
(27)

with C defined in Eq. (24). Equation (27) can be solved
numerically, using p(Φ) or analytically using p̃(Φ). The
important observation is that the right hand side is mono-
tonically decreasing with increasing Φc. Its upper bound
≈ 0.4/(3 + 7nx) ≡ ε(nx) ≪ 1 is therefore estimated from
0.738 ≈ p(Φ◦) ≈ p̃(Φ◦) ≈ 3/4. As long as the left hand
side resides beyond this bound, there is no Φc. Let us there-
fore consider the case waC(Θ, λ)/wp < ε(nx), where exactly
one solution Φc ∈ [Φ◦, 1) to Eq. (27) is now known to exist. A
simple expression for Φc is readily available if we let the value
of p(Φ) at Φ = Φc be approximately given by p(Φc) ≈ 2/3,
and use ε(nx) ≪ 1. This leads to a linear relationship be-
tween Φc and nx,

Φc ≈ 1− 2(1 + 3nx)waC(Θ, λ)

wp
(28)

for waC/wp < ε(nx), excellently confirmed by Fig. 9-a. In
light of Eq. (24), where C is seen to be of order unity or smaller
for λ,Θ ≤ 20, the existence of Φc ∈ [Φ◦, 1) requires an active
channel width wa ≲ wp/[8(1 + 3nx)] that is not only smaller
than wp ≪ 1, but further decreases with increasing nx.

For the calculation of nc one has to take into account that
both C and λ are affected by n via wp ∝ n−1/2, while the
remaining variable determining the phase boundary, Θ, is un-
affected by n. The effect of n on λ is however very weak,
corresponding to Au ≈ π. This yields the following explicit
expression for the critical number density of scatterers,

nc ≈
2[ny(1−

√
Φ)]2√

3[(1 + 3nx)waC
(
Θ, waℓaN

8π

)
]2
. (29)
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Figure 9. LC phase transitions. Thermodynamic force F (left col-
umn) and corresponding flux J (right column) versus (a) area frac-
tion Φ, (b) number density of scatterers n, (c) horizontal number of
repeated elementary cells nx, and (d) vertical number of repeated
elementary cells ny at otherwise unchanged LC parameters. The de-
fault values are N = 10000, Φ = 0.9, n = 1000, nx = 3, ny = 1,
wa = 0.001, ℓa = 10, and Θ = 5 for all panels. Symbols: re-
sults from the LC, with error bars (500 independent realizations for
each data point). Solid lines: Eq. (25) evaluated with the numerical
solution to Eq. (21). Dashed vertical lines mark our theoretical pre-
dictions (28)–(30) for the critical values.

The critical dimensionless sizes nx,c, ny,c ∈ R+ can be es-
timated along the same lines. Exploiting, as previously done
in Sec. III D, the approximation p(Φ) ≈ 2/3, the resulting
analytical expressions take the form:

nx,c ≈
1

3

[
(1−

√
Φ)wp

waC(Θ, λ)
− 1

]
, (30)

ny,c ≈
31/4wa(1 + 3nx)

√
n C(Θ, waℓaN/8π)√

2(1−
√
Φ)

,

where λ and wp were specified earlier in terms of the LC pa-
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rameters n, ny , wa, ℓa, and N .
Our theoretical predictions for the quantities F and J ex-

hibit a striking agreement with the numerical solution of Eq.
(21). Indeed our numerical simulations, portrayed in Fig. 9,
match the theoretical predictions coming from Eqs. (21) and
Eq. (30), and reveal that when nx grows beyond the critical
value nx,c the LC model switches from a homogeneous to an
inhomogeneous state (Fig. 9-c). A similar transition is ob-
served when ny is instead decreased below the critical value
ny,c (Fig. 9-d). The nature of all the transitions is explored
next.

B. Continuous versus discontinuous phase transitions

All rows of Fig. 9 evidence the onset of a phase transition,
when the four geometrical parameters of the Lorentz channel
are varied. In particular, the phase transition appears to be
continuous when varying the parameter Φ (Fig. 9-a). All crit-
ical values are affected by the entire set of the parameters of
the LC. Specifically, any of them can be tuned to produce a
(continuous) phase transition, provided all others fall within a
suitable range. Our analytic expressions provide such ranges,
and all critical values (28)–(30) are confirmed by Fig. 9.

To make an example without referring to numerics, if χ̄ is
close to unity beyond a certain Φc, and close to zero for the
empty passive channel, while system parameters nx, ny , n,
N , wa (and thus Au) are held constant, as in Fig. 9-a, then wp

and ℓp are constants, and the flux J we expect to behave as
J ≃ DN/ℓpAu. Using p̃(Φ) instead of p(Φ) in the definition
of D (26), Taylor expansion about Φ = 1 yields

D =
(1− Φ)

33/4π
√
2n

+O(1− Φ)2, (31)

i.e., one expects J to increase linearly with Φ for Φ ≲ 1. This
implication is in agreement with the numerical result shown
in Fig. 9-a (for this panel, −J ≃ 2(1− Φ), confirmed by the
data).

Next we prove that the LC exhibits both 1st and 2nd order
phase transitions depending on the choice of LC parameters.
A phase transition shown in Figs. 9-a,b is “continuous” when
varying either the parameter Φ or n if the respective condition
holds:

lim
Φ→Φ+

c

F = 0, lim
n→n+

c

F = 0. (32)

To investigate the order of the transition, we here follow
classical recipes [53]. Taylor-expanding Eq. (21) about F = 0
yields

Υ = a1χ̄− a3λ
Θχ̄3 +O(χ̄5) = 0, (33)

with coefficients

a1 = C − C(Θ, λ),

a3 =
1F1 (Θ,Θ− 1,−λ)

2 Γ(Θ− 1)
+

1F1 (Θ,Θ− 2,−λ)

6 Γ(Θ− 2)
, (34)
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Figure 10. (a) The three possible scenarios upon variation of a single
Lorentz channel parameter for F and J . Here Φ is varied over the
interval [Φ◦, 1] at three different values of the width wa of the active
channel: (i) Continuous phase transition (solid line), (ii) no phase
transition (dot-dashed line), and (iii) discontinuous phase transition
(dashed line). Remaining parameters are the ones used for the black
squares in Fig. 9-a. (b) Sign of a3 (34) versus Θ and λ. The locations
of the three cases are marked by the symbols already used in (a).

involving the hypergeometric 1F1 and gamma function Γ [54],
as well as C and C from Eqs. (18) and (24). Note that a3 –
the change of Υ curvature – does not depend on C, and that
a1 changes sign at the critical Cc = C. Equation (33) without
the O(χ̄5) term is solved by χ̄ = 0 and χ̄2 = (C − C)/λΘa3.
If a3 < 0 then χ̄ grows continuously from zero as C → C−c :
the classic pitchfork bifurcation — a hallmark of a continuous
(2nd order) transition. If a3 > 0, on the other hand, the LC
exhibits a 1st order transition as long as a variable is varied
over its critical value calculated in Section IV A. Note that a3
given by Eq. (34) can have either sign depending on Θ ∈ N+

and λ ∈ R+, due to the well documented features of 1F1

[54]. While a3 < 0 within a region next to λ = Θ, a3 < 0
otherwise (Fig. 10-b). The calculations are confirmed by Fig.
10-a. While λ and Θ differ by only 20% for wa = 0.001,
they differ by 139% for wa = 0.003. The story is slightly
different but similar for n (here both C, λ, and ℓp appearing
in F depend on n). Again, depending on the LC parameters,
there are both 1st and 2nd order regimes.

V. CONCLUSIONS

The derivation of Fick’s law in particle systems undergo-
ing a phase transition was presented in Ref. [21], based on
the analysis of a stochastic cellular automaton. In the present
work, we pursue a related line of investigation by studying the
stationary behavior of a deterministic particle model. Build-
ing on the geometrical setup of Ref. [24], we introduce an
array of circular scatterers into the so-called passive chan-
nel, thereby converting it into a finite-size 2D Lorentz chan-
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nel [25]. While the current manuscript builds upon previ-
ous theoretical results, the characterization of both the Fick’s
law and the phase transition within the LC model prompted
new analytical derivations and a significantly refined numeri-
cal implementation of the billiard dynamics.

Our theoretical framework, supported by extensive numer-
ical simulations, predicts the existence of critical values for
the scatterer number density, reduced area fraction, and the
length and width of the Lorentz channel in the finite-horizon
regime, under well-defined conditions. Specifically, the in-
terface equation admits solutions only in certain regions of
the parameter space. The critical parameters mark the transi-
tion between two distinct phases: a homogeneous phase and
an inhomogeneous one. The latter is characterized by a sta-
tionary particle current flowing through the Lorentz Circuit.
Remarkably, our theory correctly predicts that the phase tran-
sition can be either continuous or discontinuous, depending
on the values of the model parameters. Furthermore, we ver-
ify the validity of Fick’s law in the Lorentz channel, which
manifests itself as a linear relation between the stationary par-
ticle flux and the thermodynamic force associated with the
gradient of the stationary particle density across the two urns.
In particular, we find excellent agreement between our the-
oretical predictions and numerical simulations of the parti-
cle dynamics, both for the particle current and for the dif-
fusion coefficient, as functions of the geometric parameters
of the Lorentz channel, see Figs. 6 and 7. It is also worth
underlining that, once a nonequilibrium steady state is estab-
lished in the Lorentz Circuit, the particle current obeys Fick’s
(or equivalently in our models, Ohm’s) law within the finite-
length Lorentz channel, while it flows from the less populated
to the more populated urn through the active channel. These
findings improve our understanding of the interplay between
diffusive transport and phase transitions in a particle model
that remains analytically tractable, although with a complex
dependence on parameters. In particular, the Lorentz Circuit
introduced here extends, within a fully deterministic frame-
work, the phenomenology previously observed in the stochas-
tic circuit model of [55], where particles interacting via a Kac
potential give rise to nonequilibrium steady states and uphill
currents, see also [21, 23].

Remarkably, we derive an analytical expression for the col-
lective diffusion coefficient linking the thermodynamic force
to its conjugate flux. This coefficient depends explicitly on the
geometry of the elementary cells within the Lorentz channel.
Numerical simulations are found to be in excellent agreement
with the theoretical predictions. Additionally, we establish a
relation between the self-diffusion coefficient – studied ear-
lier in [25, 34, 36] – and the collective diffusion coefficient
evaluated for the LC.

As a future development, we plan to extend this theoretical
framework to the Lorentz Circuit with infinite horizon [56–
66], as well as to its three-dimensional counterpart. These
extensions are expected to reveal new transport regimes and
dynamical behaviors. Another important theoretical question,
motivated by the periodic arrangement of scatterers in the LC,
concerns the possible emergence of particle transport gov-
erned by the Fokker–Planck law rather than by Fickian dif-
fusion, as discussed e.g. in Ref. [67].
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Appendix A: Numerical implementation of the LC

Quantities for the LC for comparison with the analytic pre-
dictions we obtain by following the deterministic trajectories
of usually N = 1000 point particles, initially placed with
random velocity directions, fixed speed, and at random po-
sitions inside the circuit. Particles change their velocities dur-
ing specular reflections at the Lorentz scatterers, at the var-
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Figure 11. Mean number of collisions cp divided by nx of a single
particle inside the passive channel, estimated using the trap crossing
probability p(Φ) (solid line) [25] and its approximate p(Φ) ≈ 2/3
counterpart (dashed line) based on Eq. (A1).

ious circuit boundaries, or during feedback events. A feed-
back event occurs as soon as a set of particles residing within
the active channel and sharing the feature xvx > 0 exceeds
Θ. During such event, the vx-components of all particles be-
longing to the set are reversed. While the particle trajectories
in the absence of feedback events can be calculated analyti-
cally from the collision points and collision surface normals,
to test for the occurrence of feedback events, to measure the
fluxes and mean urn occupation numbers, we keep track of the
time-continuous trajectories that we construct from the colli-
sion times, locations, and reflected velocities. From Section
III A one infers that the mean number of collisions cp of a
single particle inside the passive channel, taking into account
both crossing and backscattering events, is

cp(Φ, nx) =
τp
τtrap

ctrap ≈ πnx

√
Φf(Φ)

1−
√
Φ

, (A1)

with f(Φ) from Eq. (7). If N = 1000 particles visit the
passive channel just once, the total number of collisions is
Ncp ≈ 107 at nx = 10 and moderate area fraction Φ = 0.9.
Inline with Eq. (A1), this number increases dramatically upon
approaching Φ = 1 (Fig. 11).

Appendix B: How we deal with constraints

To test the transport law at constant energy difference Fℓp
between the ends of the Lorentz channel we need to fix χ̄ ∈
(0, 1] and β ≡ ξ/wp and obtain (many) points on a straight
line versus ℓp. The LC has 8 independent model parameters
mentioned in Section II. Assume we have identified a use-
ful (χ̄, β) pair. To solve the problem we proceed as follows:
(i) Choose 6 system parameters: positive nx, ny,Θ, N ∈ N,
wa, wp ≪ r (they determine n, ℓp), (ii) Solve the following
equation ℓp/nx = ℓp/nx for Φ ∈ [Φ◦, 1):

√
3wp

ny
=

π

βwp

(
4

p(Φ)
− 3

)
1

1−
√
Φ
, (B1)

(iii) Calculate C, if C > 1, start over as there might be no λ
for the choice of parameters. Note that Cmax ≈ 0.04wp/wa,
(iv) Find one or two solutions λ(Θ, C) from Eq. (24) (taking
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into account stability issues), ideally at least one exists. If not,
start over, (v) Calculate ℓa = 8λ(Θ, C)Au(ny, n, wa)/Nwa.

This was the last LC parameter to be specified, (vi) Proceed
until a dense set of ℓp values has been created.
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