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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/AURION-Polit In this paper, we present a new polygonal finite element method, called the Zipped Finite
0/Art-ZFEM-2D Element Method, for star-shaped polygons. The proposed approach constructs high-order shape
Keywords: functions as linear combinations of standard finite element basis functions defined on a local
Shape functions trivial sub-triangulation of each element. This refinement is used solely for the construction of
High-order the shape functions and does not affect the final number of degrees of freedom. The resulting
Polygonal method finite element space includes polynomials of the desired order and preserves conformity across
Star-shaped elements. Consequently, the method inherits the convergence properties of the finite element

framework under suitable mesh assumptions. Numerical experiments confirm the expected rates
of convergence.

1. Introduction

The simulation of physical phenomena plays a crucial role in many engineering applications, where the numerical solution of
partial differential equations is often required. Among the available numerical techniques, the Finite Element Method (FEM) [1,2]
is one of the most widely used, due to its solid theoretical foundations. However, standard FEM formulations are constrained by the
requirements of domain discretization. In two-dimensional problems, such as those considered in this work, the mesh is typically
restricted to triangular or convex quadrilateral elements.

Among the strategies proposed to expand the set of admissible elements are unfitted methods [3,4], IsoGeometric Analysis
(IGA) [5-7], Scaled boundary Finite Element Methods (SBFEM) [8-11], and Unsymmetric Finite Element Method (UFEM) [12-14].
There also exist several discretizations employing polygonal elements, such as Discontinuous Galerkin (DG) [15,16], High-Hybrid
Order methods (HHO) [17], and Virtual Element Methods (VEM) [18,19], that, however, resort to stabilization techniques for the
evident complexity of defining shape functions over generic polygons.

Since the pioneering work of Wachspress [20], who first introduced the concept of constructing nodal shape functions on general
polygonal domains that form a partition-of-unity and are polynomial-complete, numerous studies have sought to generalize this
idea [21]. A non-exhaustive list of representative works, limited to low-order basis functions, includes Mean Value Coordinates
(MVQ) [22,23], Maximum Entropy coordinates (MAXENT) [24], Natural Neighbor-based coordinates [25-27], a formulation for
convex polygons with interior nodes [28], Smoothed Finite Element Method (SFEM) [29-31], the Lightning Virtual Element
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Method (LVEM) [32], reduced basis Virtual Element Method (rbVEM) [33], and the Neural Approximated Virtual Element Method
(NAVEM) [34,35]. Despite the evident complexity of defining high-order basis functions over generic polygons, possibly including
hanging nodes, their superior accuracy and convergence properties have long motivated research efforts in this direction [36].
A non-exhaustive list includes: the Spectral Element Method (SEM) [37,38] on triangular/quadrilateral elements in 2D, or
tetrahedral/hexahedral elements in 3D, Serendipity Finite Element Methods on convex elements [39,40], and transfinite elements
over quadtree/octree decompositions [41-44]. We also highlight the existence of high-order methods on curved elements [45],
of methods based on rational basis functions [20], and of the Natural Element Coordinates (NECs) [46], which allow to define
high-order basis functions independently of the problem dimension by using the natural neighbor interpolation.

Building on these developments, the objective of this work is to design an algorithm that constructs globally continuous high-
order shape functions, which are known in a closed-form, for meshes composed of general star-shaped elements. The method
combines the accuracy of high-order polynomial approximation with the geometric capability of a polygonal discretization, handling
convex and concave elements as well as elements with hanging nodes within a unified numerical framework.

The method introduced in this paper is called the Zipped Finite Element Method (Z-FEM). The key idea of Z-FEM is to define
high-order local basis functions as weighted combinations of standard FEM shape functions defined on a simple sub-triangulation
of each element of the tessellation. This sub-triangulation of the element is obtained by connecting the vertices of the polygon to a
suitably chosen interior point located within the kernel of the element. The coefficients of the linear combinations are determined
by solving a local optimization problem, which can be efficiently decomposed into smaller sub-problems thanks to its structure.
Moreover, the local space is designed so that polynomials of degree up to the method order can be reproduced. This property is
fundamental, as it allows the method to inherit the theoretical framework of the FEM, ensuring both well-posedness of the discrete
problem and optimal a priori error estimates. The term zipped reflects the key design principle of this approach: the local FEM
discrete space built over the sub-triangulation is “compressed”, as a zip file, by linearly combining the FEM basis functions to
obtain a smaller space with fewer number of degrees of freedom, while preserving the essential properties of C°-conformity and
polynomial consistency on general polygonal elements. This method derives from studies performed by the authors in [47] in the
NAVEM framework.

To the best of our knowledge, several related works have explored ideas similar to those presented in this paper, but remain
limited to low-order formulations. In [48], the authors introduce a method based on conforming shape functions constructed as
weighted combinations of standard FEM shape functions defined over a fan of simplices forming the polyhedron. Their formulation,
restricted to first-order accuracy, is applied to star-shaped polygons in nonlinear solid mechanics. A first-order formulation is also
proposed in [49] and later extended to second order in [50], where the authors emphasize the challenges of generalizing such basis
functions to higher-order cases.

The paper is structured as follows. Section 2 presents the model problem and the notation used in the manuscript. Section 3
details and analyzes the required properties for the shape functions. In Section 4 we provide a theoretical justification for the
appropriate choice of degrees of freedom. The optimization problem is presented, along with the algorithm adopted for its resolution.
In Section 5, we define the local discrete space, demonstrate its local unisolvence, and discuss the theoretical properties of the new
proposed method. Section 6 is dedicated to numerical experiments, which show the effectiveness of the method. Conclusions are
drawn in Section 7.

The implementation of the Z-FEM has been released within the PolyDiM library [51]. Moreover, the code reproducing the
numerical experiments presented in this paper is publicly available at the GitHub repository github.com/Art-ZFEM-2D.

2. Notations and the model problem

Throughout the paper, the usual notation for Sobolev spaces is adopted. Let w C R? be a generic bounded domain, that can be a
polygonal element E or the PDE domain £. Given two scalar functions f,g € L?(w) and two vector fields s,t € [Lz(w)]z, we denote
by (f.g), and (s, t),, the two bilinear forms

2o :=/fg, 6.0, ::/s-t.

Furthermore, for any s > 0, || - || 75 @nd ||y, denote the norm and seminorm of functions in H¥w), respectively. By definition,
HY%w) = LAw). Lastly, the notation || - ||, denotes the standard Euclidean norm on R2.
Given a generic polygon E, let us introduce the space P, (E) of two-dimensional polynomials of degree up to k € N on E, whose
dimension is n, := & we adopt the standard convention P_ (E)y=@0and n_, =0 forallmeN.
Let Q c R? be a bounded convex domain with Lipschitz boundary d2. We consider the following scalar diffusion-reaction
problem with homogeneous Dirichlet boundary conditions:
-V.-(«kVw)+yu=f in Q, o)
u=0 on I' =012,
where x € [L¥(£2)]*? is a diffusion tensor, uniformly symmetric positive definite over £, i.e. there exist two constants 0 < a; < a,
such that

ajllell, £ eTk(x)e < o |l€ell, Vx € 2, VeeR% 2)

Moreover, y € L), y(x) > 0 for all x € £, is a reaction coefficient, and f € LX) is a scalar loading term.
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The variational formulation of problem (1) reads as: Findu €V := H 1()(.Q) such that
B(u,v)=(f,v)g YveEV, 3)
where B : VXV — R is the following symmetric, continuous, and coercive bilinear form
B(u,v) := (xVu,Vv)o + (yu,v)g Vu,v € V. (@)

Thanks to the Lax-Milgram Theorem [52], problem (3) admits a unique solution.
3. The zipped finite element space

Let 2, be a discretization of the domain £ into non-overlapping polygonal elements E. The symbols NZ, &, ¢, and hj denote
the number of vertices, the set of edges, and the diameter of the element E, respectively. In particular, the diameter of the element
is defined as hy = max, yep |x — yll,. Moreover we set h := maxgeq, hg.

We assume (,, to satisfy the following mesh assumptions.

Assumption 1 (Mesh Assumptions). There exists a positive real number p € (0, 1), independent of A, such that

+ for each element E € 2, and each edge e € &, j, it holds |e| > php;
+ each element E € £, is star-shaped with respect to a ball of radius > php.

Given an integer number k > 1, we define a finite-dimensional space V,, C V as
Vi ={0eCAQNY : vy € V(E) VE€Q,} with Ny :=dimV,. 5)
where the elemental space V,(E) can be described as

V(E) := span{<pf Q= 1,...,N£f}

with Ng. :=dimV(E), 6)
NE

for a given set of local basis functions {(piE }i=“l°f. We aim to define the shapes of these basis functions and their number N ‘f) ; SO that

the following properties hold:

P.1 The set V,(E) contains the set of polynomials P, (E).

P.2 The elemental shape functions satisfy the Kronecker-Delta property with respect to a set of linearly independent linear
operators

doff : V(E)->R i=1,..,NE, )
termed Degrees of Freedom (DOFs in short), i.e. doff(gojE) =6, foralli,j=1,....N (f; -
P.3 The global counterparts of these basis functions are continuous across adjacent elements in £,.

For this purpose, the first issue concerns the choice of the number of degrees of freedom that enable us to satisfy Properties P.1
and P.3, regardless of the shape of the polygon. This problem has been extensively investigated in the framework of Serendipity
element methods [40,53]. The number of degrees of freedom N (f’ ¢ must be at least n, to include all polynomials of order < k and
satisfy Property P.1. Moreover, a degree of freedom for each vertex and (k — 1) degrees of freedom for each edge must be placed to
guarantee Property P.3, resulting in a total number of NEk degrees of freedom on the boundary dE of the element E. In particular,
if k <2, these boundary degrees of freedom are sufficient to ensure both conformity and the unique identification of polynomials,
since NF > 3. When k > 3, instead, the minimum number of degrees of freedom required to satisfy Properties P.1 and P.3 for a
convex polygon E is given by [40,53]

E
N, k+ M)

where 75 denotes the number of straight lines needed to cover the entire boundary dE. For stability reasons, however, it is also

important to determine the number 7 such that consecutive edges lying almost on the same straight lines are counted as one, while

carefully defining what “almost” means. To avoid the stability and geometric issues arising from this ambiguity, while being able to

handle convex, concave, and hanging-node elements indistinctly, we adopt the so-called Serendipity lazy choice [53], which consists

of always including n,_; internal degrees of freedom, that are sufficient to guarantee both stability and geometric independence.
Thus, the final number of local degrees of freedom is

E
Ndof

=NEk+n_, ®)

Consequently, the number of degrees of freedom depends solely on the number of vertices (and edges) of the element E € £, and
on the order of accuracy k of the method. More specifically, on each edge e of E, we retain exactly k+ 1 degrees of freedom, i.e. the
minimum number that allows to uniquely determine a polynomial of degree k on that edge, to ensure continuity and polynomial
reproducibility. Moreover, for k > 3, we add n;_; internal degrees of freedom to be able to reproduce two-dimensional polynomials

in E. In the following section, we are going to define the nodal positions of these N (fa . degrees of freedom and the related Lagrange

. . NE
basis functions {¢pF} 4.
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() (b)

Fig. 1. Different sub-triangulations of a heptagon. Left: Sub-triangulation obtained by defining xf (the red dot) as the solution of (10). Right:
Sub-triangulation obtained by defining xf (the green dot) as the solution of (11). The black line denotes the boundary of the greatest disk with
respect to which the heptagon is star-shaped.

4. High-order shape functions on polygons

E
E } Ndof

Let us consider a star-shaped polygon E c R2. Our aim is to determine a set of N d‘i . shape functions {¢;*},_|

order k > 1 such that they satisfy Properties P.1, P.2, and P.3.

For this purpose, we adopt a similar approach to that proposed by [49] for the lowest order k = 1, while extending it to a generic
order k > 1. Specifically, we compute these shape functions as a weighted combination of finite element shape functions living on a
sub-triangulation of the element E, which can be trivially built under the assumption that E is star-shaped. Indeed, given an internal

on E for a generic

E E
point x£ of the kernel of E, we can build a sub-triangulation 7 = {T].E }j.i”l of E by connecting the N vertices {vjE }j.\i”l of E with
xE to form the following triangles:

TI.E:{xE,vjE,vjEH} vj=1,..,NE, 9)

where the symbol v% ¢, denotes the vertex vr.
v

In particular, we define xf and rf as the center and the radius of the largest disk included in the kernel of E. Such quantities
can be found as the solution of the following linear programming problem [54]:

max  rF
(xE rE)eR3
such that n,-xF+rF <b, Vee&,, (10
£
0<r® <hg,

where, for each edge e € &, i, n, denotes the unit outward normal vector to the edge e, and the scalar coefficient b, is chosen in
such a way that the edge lies on the line defined by the equation n, - x = b, for all x € e.

Remark 1. Another possible choice for xf is the one described in [49], which yields highly accurate results in the linear case.

Specifically, in such a paper, the internal point is determined as a weighted combination of the element vertices, i.e. xf :=

NE . . . s
ij”l af vf , where the weights are the least-norm solution of the following optimization problem:

E
NE
minE z area(TjE )?
Ny i=1
)t

(1)

such that

M=%

E=1
aj .
1

~.
Il

Here, instead, we adopt the alternative choice determined by (10) because it guarantees that the resulting global triangulation
U Fea, TE s shape-regular [55]. This property allows us to establish optimal error estimates (see Section 5). Nonetheless, numerical
experiments do not reveal any significant difference in accuracy when using the various choices for x£. In Fig. 1, we illustrate the
sub-triangulations obtained by defining x£ as the solution of (11) and (10) for a heptagon.
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4.1. Standard basis functions over the element sub-triangulation

The standard finite element space of order k > 1 over the sub-triangulation 7} is defined as
V(E;Tg) :={ve CYE)n HYE) : vr €EP (M) VT €T} 12)
We observe that P (E) C V(E; 7). Moreover, the dimension of this space is given by
Ny, o= [@k=D+m 3] NE+1.

Let us introduce the finite element shape functions {f’f "k over the reference triangle T= {(0,0),(1,0),(0,1)}. Let us consider

}
z =1
the vector-valued function pos : {l, ceey I’lk} - N3 defined as

pos(l) =(0,0,k), pos(2)=(1,0,k—-1), ..., pos(k+1)=(k,0,0),
pos(k+2)=(0,1,k—1), postk+3)=(1,1,k-2), ..., posRk+1)=(k-1,1,0),

We introduce the following set of nodal coordinates in T, which are evenly distributed in each dimension, i.e.

g = (posl(f) pos,(©)), foré=1,....n

where pos,(-), with d = 1,2, 3, denotes the dth component of the vector pos(-).
The finite element shape functions {’?’fT ;i , defined with respect to this set of nodes are given by
3 posyg(£)-1 A==
o= [ —2%

d=1  m=0 Ad(‘gf)_m

where 4, represent the barycentric coordinates related to the reference element, i.e.

VR = (%),%,) €R?,

2
AE =% d=12 and K& =1-) %,
d=1

. . . . NE . .
We properly map these finite element functions to the sub-triangles {T; E } 2> and we glue them together to obtain a set of basis

functions {¥, } " * for V,(E; Ty) that satisfy the Kronecker-Delta property with respect to the full set of nodes {££} flk €E, ie.

T,
lme(.f;f):a,,m vnmeFE :={1,....NJ,}. (13)
4.2. Selection of the nodal coordinates

We observe that this set of functions satisfies Properties P.1, P.2, and P.3. Nevertheless, to reduce the dimension of the final

space V,(E), we select a subset C¥ c F£ of N dEO . nodes {x }iccr that allows us to satisfy these properties, while satisfying

E
me < Neo < Ny a4

Here, N ‘f) . is defined as in Eq. (8). Moreover, let us denote by KE := FPE\ CE the set of remaining indices, associated with the

nodes {p E}]EKE, such that {ij}je)CE U {xiE},.EcE = {.ff},,e;»f and {pf}je,cs n {x,.E},-eCE = J, whose cardinality is

E E E
Ny =Ny — Ny

n
Moreover, without loss of generality, we always assume that Cf = {1,..., N (ﬁ) .} and, as a consequence, KE=(N (ﬁ) cHL ,le L) to

simplify notations.
Given this set of coarse nodes {xiE }iece, we define the degrees of freedom introduced in Eq. (7) as

In the following, we will name the sets {&F Y neFEs {xiE }iecE, and { pf }jexce as the set of fine, coarse, and virtual nodes, respectively.

dofF(v) :=v(xF) Viecf and VveV/(E). (15)

Thus, the coarse nodes represent the nodal coordinates of the Z-FEM degrees of freedom. The set of coarse nodes with respect to
which we define these linear operators must include all NFk degrees of freedom located on the boundary 0E to ensure Property
P.3. In addition, n,_; DOFs internal to E must also be included (see the definition of N ‘f) ¢ in (8)). A strategy to properly select such
internal nodal coordinates to guarantee polynomial reproducibility may be based on the following well-established theorem.

Theorem 1 (Theorem 6.1 in [56]). Suppose {L,, ..., L,} are k + 1 distinct lines on R2 and U = {x,... ,x,,k} is a set of n, distinct points
such that x; € Ly, x3,x3 € Ly \ Ly, ..., and x,, _y., ..., x, € Ly \ {Lg,..., L;_,}. Then, there exists a unique polynomial of degree < k
that interpolates on U. Moreover, if X = {x|,...,xg} with U C X, then X is k-unisolvent, i.e., the values of any polynomial of degree < k

at the points of X uniquely determine the polynomial itself.
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Lo

(a) k =3. (b) k = 4.

Fig. 2. Selection of local NE. DOFs on a triangular element E for different orders k. Red dots indicate CX, while blue squares represent K£.

The yellow lines on k = 4 represent the distinct lines {L,, ..., L,} defined in Theorem 1.

Table 1

Number of internal degrees of freedom selected for each triangle inside a concave pentagon P and
a concave octagon O according to our heuristic strategy. Vertical lines separate triangle groups. For
example, for k =4 and for the element O, we separate triangles into two groups: {T°,T?,T?,T?} and

{TO, T2, TP, T} that are divided in the table by a vertical line.

k M3 — 1 ‘ ‘ TIP TZP T3P T4P TSP ‘ ‘ Tlo TZO T3O T40 TSO Tbo T7O TSU ‘
4 2 1 0 o0 ] 1 o0 1 0 o0 o1 o0 0 o0
5 5 1 1 1 1 1 1 1 1 o |1 o] 1 o
6 9 2 | 2] 2| 2|1 2 | 1|1 1 1 1 1 1
7 1 3 3|3 | 3] 2 2 | 2| 2| 2]2]2]|:1 1

From this theorem, one can establish a rigorous criterion for selecting at least n,_; internal points among the available degrees
of freedom to ensure the inclusion of the required polynomials.

In particular, we observe that the standard Finite Element Method on triangular meshes can be derived from our method by
using the rule provided by Theorem 1 for the selection of the coarse nodes. To illustrate this, Fig. 2 shows the set of fine nodes
on the reference triangle for orders k € {3,4,7}, highlighting the choice for the coarse nodes for which the Z-FEM space coincides
exactly with the standard Lagrange FEM space. For k > 2, the selected points are located along the equispaced lines {L,, ..., L;}
parallel to one of the edges of the E, which are drawn for the case k = 4 in Fig. 2(b). We remark that this choice satisfies Theorem
1, while allowing the Z-FEM formulation to coincide exactly with the classical Lagrange finite element on triangular elements.

However, when more intricate geometries are handled, such as concave elements or elements having hanging nodes, selecting
internal points that rigorously satisfy Theorem 1 becomes geometrically complex and computationally demanding. For these reasons,
we propose an alternative strategy for the selection of internal points aimed at reducing the local computational cost. In the
numerical tests, this strategy is applied to all polygons independently of their geometry and leads to satisfactory results in each
tested case.

The proposed selection strategy is guided by two main principles:

» minimizing internal point alignment;
+ ensuring a homogeneous spatial distribution of internal points within the polygon.

To this end, a heuristic reordering algorithm is implemented. For any k > 3, for simplicity, we always select the nodal coordinates
corresponding to x among the coarse nodes. Thus, for k > 4, we have to select the remaining n,_;— 1 internal coarse nodes. Starting
from the natural vertex ordering, the triangles are divided into n;_; — 1 groups and then interleaved following a regular pattern
determined by the ratio between the total number of triangles and the number of groups. This procedure yields a spatially balanced
indexing that provides uniform coverage of the domain and prevents local clustering of points. The same reordering pattern is then
applied to determine the sequence of internal point selection within each triangle, further reducing local alignment and improving
geometric uniformity. The subdivision of the triangles into groups and the corresponding assignment of the DOFs to each triangle
in the case of a concave pentagon and a convex octagon are shown in Table 1 for k € {4,5,6,7}, while the corresponding selected
nodal coordinates are shown in Fig. 3 for k € {4,6}.

We observe that the proposed algorithm does not formally guarantee that the selected points satisfy Theorem 1. To address this
issue, one can always perform a local test like the one presented in Section 6.1, or equivalently, the test described in Remark 2, to
assess the extent to which polynomials are included in the local space. If the results are not satisfactory, the number of promoted
degrees of freedom can be increased to ensure that all required polynomials are included. In the limit, our method coincides with
a standard Lagrange Finite Element Method on the triangulation | J req, TE- The numerical experiments show that the proposed
heuristic procedure consistently achieves high accuracy with the prescribed initial number of degrees of freedom stated in (8).
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Fig. 3. Selection of local N/ DOFs with the proposed heuristic procedure on a concave pentagon and a convex octagon. Red dots indicate C¥,
while blue squares represent XF.

4.3. The Z-FEM shape functions

Given a set of fine nodes, divided into coarse and virtual nodes, we can write new shape functions for the polygon E as a
weighted combination of finite element basis functions on 7. More precisely, we write the final shape functions as

T, T, . =
PF(x) =¥ E(x) + 2 mglij(x) vi=1,..,NE, vxekE, (16)
jeKE
for a given set of weights “’5 €R, for all i € CF and j € KE. Now, we show how to determine these weights to satisfy Property

P.1, i.e. to guarantee polynomial reproducibility.
Let us introduce the set of two-dimensional (scaled) monomials of degree up to k on a polygon E:

x—xE\*
Mk(E):{ma(x): < A > D a = idx(a) Va:l,...,nk}, a7
E
where idx : {1,...,n,} — N? is defined as
idx(1) = (0,0), idx(2) =(1,0), idx(3)=(0,1), idx4)=(2,0), .... (18)

E
Given the set {(piE }i"l‘)f of basis functions of V,(E), if a polynomial p € P (E) belongs to V,(E) then it can be expressed as

NE
dof
px)= ) doff(pepf(x) Vx€E. 19)
i=1
Therefore, to ensure that p € V(E) for any p € P, (E), we can choose the weights wﬁ such that the following equations are satisfied
for each a =1, ..., n; and each virtual node pZ, with n € KE:

NE
me(p,) =Y, dof f (m,)eF (pF)
i=1

E
dof

T} T
= Y dof Fm )W E (5 + Y @,/ (P
i=1 jElCE

E
Ndo(

E
=Y dofE(mp)w,,, (20)
i=1
where the last result derives once more from the Kronecker-Delta property of the finite element basis functions with respect to the
fine nodes. . B R
Let us introduce the matrices D € R"™*Naor ,Ve RNk, and W € RVar*Ne | whose entries are defined as
D(a,i) 1= doff (m,) = my(xF) VYa=1,...m, Vi=1,.. NE,
: E\. E : E E
V(a,j— Ndnf) = ma(pj ) Va=1,....n,, Vj= Ndof +1, ...,Nq,,k,

Wi, j—Ni) i=w; Vi=1,.. Ng. Vji=Ng +1.. Npj.
The constraint (20) can be equivalently rewritten as
DW(:,n)=V(:,n) Vn=1,..,NE, (21)

where W(:,n) and V(:,n) denote the nth column of W and V, respectively.
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IfN fo ¢ = N, then D is a square non-singular matrix and the system of Eqs. (21) admits a unique solution gathered in the matrix W

for any choice of coarse nodes that satisfies Theorem 1. However, when N > 3, the local number of degrees of freedom N, dE . exceeds

ny in order to satisfy the conformity requirements stated in P.3. Consequently, the problem (21) is typically underdetermined. To
overcome this issue, we determine the weights by solving the following minimization problem:

LY Y @y (22)
WeR d(lf /C ieCE jexE

such that DW = V. (23)

We observe that the choice of minimizing the sum of the squared weights reflects the intent to promote a uniform contribution of
all the virtual functions in determining the coarse functions [49].
To solve the minimization problem (22)-(23), we can solve the corresponding Karush-Kuhn-Tucker (KKT) system:

[2 Ig] m B [g] ’ 24)

where
Q=2I€ RNaor VXN Vi
A € R"NONGNE ¢ A = diag(D, ..., D),
beR™NE © b=[V(,1),...,V(:, NE,
o e RYrNE © = [W(, 1), ..., W(, NE),
1e RN denotes the vector of Lagrangian multlphers assoc1ated with the constraint (23), I € RNaor Ve XNaor Ve s the identity

matrix, O € R™NEXNE i the zero matrix, and 0 € RNior Nk is the zero vector. The following result proves the nonsingularity of
the linear system (24) under an appropriate choice of coarse nodes.

Proposition 1. Given N (f; ; = n and a choice of coarse nodes satisfying Theorem 1, problem (24) admits a unique solution and
P, (E) C Vi(E).

Proof. Observe that the optimization problem (24) is equivalent to

20+AT2 =0, o=-1AT], o=-1AT],
& 2 &
Ao =b, Ao =b, AATA=— 2b.
The matrix AA” is a non-singular block diagonal matrix, since its diagonal blocks are given by the squared non-singular matrix

DD’ Indeed, thanks to Theorem 1, matrix D is a full-rank matrix by rows, and, as a consequence, DD is non-singular. Thus, the
solution of problem (24) exists and is unique. []

By computing the Cholesky factorization [57] of the small matrix DD”, it is possible to efficiently solve system (24), as detailed
in Algorithm 1.

Algorithm 1: An algorithm to efficiently solve system (24).
Data: The matrices D and V.
Result: The shape function weights W.
1 L « chol(DDT) ; /* Compute Cholesky factorization of DD? =LL” once. */
2 for j = 1,..,,N£ do

3 Ly=V(.j))—y;

4 | LTx=y->x; /* Solve two triangular systems of dimension n, at each iteration. */
5 W(:,j) <« DTx;

6 end

Remark 2. In Algorithm 1, a rank-revealing factorization of DD” could be employed instead of the Cholesky factorization. This
would enable an inline local test to verify that the chosen internal coarse nodes allow to reproduce polynomials.

Remark 3. For k = 2, we recall that a similar approach was already proposed in [50] to construct second-order shape functions.
In that work, an optimization problem with the same cost functional but different constraints was solved to determine the shape
function weights. Specifically, for k = 2, [50] considers the following minimization problem:

. E\2
min ; 25
NE xNE z Z ¢ ) 23
WeR "dof "k jeCE jekcE
such that Z wg =1 Vvjekk, (26)
ieCE



S. Berrone et al. Computer Methods in Applied Mechanics and Engineering 458 (2026) 119060

pf: 2 a)gxf vj e KE. (27)
iecE
These constraints ensure that only the space of linear polynomials is contained in the final approximation space. For this reason, this
construction is not sufficient to reproduce the desired convergence rate of I’,-elements [50], since it only yields a linear convergence
rate.
To overcome this limitation, [50] proposed replacing the cost functional (25) with the following variational energy functional:

T T [ivrer-verize [ivofiz). 28)
e E

ieCE | e€&p g

where &, i ;o denotes the set of virtual edges related to the element E, and the operators V} and V} correspond to the gradient
with respect to the triangle on the right (+) and on the left (-) of the edge, respectively. The first term of the cost function (28)
penalizes flux jumps, whereas the second one acts as a regularization term, which is needed since the flux matrix may be singular
for non-simplicial cells.

By adopting this formulation, [50] achieved the expected convergence rate for k = 2. It is worth noting that the weights obtained
through (28) generally produce smoother shape functions than ours, typically leading to slightly smaller error constants. However,
extending problem (28) to higher polynomial orders is nontrivial, as it would require penalizing higher-order derivative jumps and
properly balancing them within a single cost functional. Moreover, such an extension entails significantly higher computational cost.

5. The zipped discrete problem

In the following, we add a superscript E every time we want to highlight the dependency on the element E, whereas the same
symbol without the superscript refers to its global counterpart. Moreover, we will use the same symbol C to denote a positive
constant that does not depend on the mesh size 4, with different meanings in different contexts.

Given the shape functions described in the previous section, we are now able to properly describe the final local zipped finite
element space introduced in Eq. (6) as

V(E) :={ve CXE)n HY(E) : (i) veP(T) VT € Ty, (29)
(i) v(pf) = ) wf doff(v) VjeKEY, (30)
ieCE

where the triangulation 7} is defined as in (9). We remark that P, (E) C V(E) due to Property 1.
On V. (E), we choose the following set of degrees of freedom:

D.1 the values at the vertices of E;
D.2 if k > 2, the values in k — 1 evenly spaced points internal of the edges of e € &, f;
D.3 if k > 3, the values in a set of internal nodes that allows to satisfy Theorem 1,

whose nodal coordinates correspond to the local coarse nodes {x[E }ieck, as stated in (15).

Proposition 2. The degrees of freedom D.1-D.3 are unisolvent for V,(E).

Proof. We observe that the number of degrees of freedom is equal to the dimension of the space. To prove the unisolvence, we
have to show that

doff()=0 viect = v=0 YoveV(E).
Thus, from the DOFs definition of Eq. (15), let us consider a generic function v € V,(E) such that
vEE)=0 viect. (31)
Moreover, from Egs. (30) and (31), it holds
vEE =0 vie Kk (32)
Defined V(E; Ty) as in (12), we observe that the evaluations of a function v € V,(E) C V(E; T) at the fine nodes, i.e. u(ljiE ), Vie
FE constitute a set of unisolvent degrees of freedom for the space V(E; Tg). Since F£ = CEuKE, Egs. (31) and (32) imply v =0. []

Proposition 3. The Z-FEM functions defined in (16) satisfy the Kronecker-Delta Property P.2.

Proof. We have to prove that dof IE ((pj’.f )y=¢; forallij=1,...,N Cf) . Thus, for all local DOFs, we have
E, E E( E
dof " (@) = @/ (%)

_wTE( E E wTe( E
=¥+ Z b WE(xf)
rekE
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NE
_ \ E _ PR E
=6+ D whbe=6; Vij=1.. N,
(=NE +1
lof

due to the Kronecker-Delta property of finite element basis functions with respect to the set of fine nodes. []

As done elementwise, we can define the global sets of coarse, virtual, and fine nodes as C = |J Eeq, cE,ke= Eeq, KE, and
F = Uge a FE, respectively. The fine nodes, in particular, represent the nodal coordinates for the finite element basis functions
{¥;} ”i TQ that span the finite element space related to a triangulation of the entire domain £ given by the union of local sub-
triangulations {7y }geg,. We observe that the global set of coarse nodes identifies the global Z-FEM degrees of freedom for the
Z-FEM space (5). Specifically, for each v € V,, ;, we consider the following global DOFs:

+ the values of v at the internal vertices of 2,
« if k > 2, the values of v at k — 1 equispaced points defined along each internal edge of @,
« if k > 3, the values at the set of internal nodes that allow to satisfy Theorem 1 in each element E € £,,.

Proposition 4. The global Z-FEM basis functions {(p,-}jldl"f related to the global DOFs satisfy Property P.3, ie. they are continuous all
across the PDE domain Q.

Proof. We observe that Property P.3 is satisfied by construction and by the continuity of the finite element basis functions associated
with the fine nodes. In particular, all finite element basis functions associated with virtual nodes vanish on the boundaries JE for
all E. Consequently, ¢;)op = ¥y for all the coarse node i =1,..., Ngoy. [

NE
Remark 4. We observe that the shape functions {¢;}, dof

_1" satisfy Properties P.2 and P.3 independently of the choice of the weights
and internal coarse nodes.

Moreover, the Z-FEM shape functions satisfy the partition-of-unity property in addition to Properties P.1, P.2, and P.3.

Proposition 5. The Z-FEM basis functions satisfy the partition-of-unity property, i.e.
Naof
Y px)=1 VxeQ. (33)

i=1

Proof. Let us first consider a point x lying in the interior of an element E € £,,. The only Z-FEM basis functions with support
on E are those associated with the elemental degrees of freedom {dofiE ci=1,...,N dEo i) The first constraint of the optimization
problem (25), which defines the shape-function weights, is equivalent to

E
Ndof

L=m(pf)="Y doff (o] (pf)
i=1

E
dof Ndof

NE

Te( E EgTE( E E E

= Y| E@DH+ Y, of W ED|= Y o), VnekE
i=1 jeKE i=1

Therefore, for a generic point x € E, we obtain

Noe NE NE
dof dof dof ps £ T
Yo=Y of@=Y ¥ @+ Y of¥ )
m=1 i=1 i=1 jeKE
T T3
= Z w/E (x) + 2 <z mg)lpj.'f(x)
ieCcE jeKE \ieCcE
T} T} T
= 2 PE(x) + 2 WIE(x) = Z wEx) =1,
ieCE jeKE keFE

where the last equality follows from the fact that the standard FEM basis functions {'PkT £} were associated with the fine nodes satisfy
the partition-of-unity property.

We now consider a point x € e, where e denotes an edge of the tessellation €2,,. The only basis functions with support on e are
those associated with the k + 1 boundary degrees of freedom. Z-FEM basis functions are continuous across tessellation edges and,
in particular, for each edge degree of freedom i, it holds

q’ile = Lile» (34)

where ¥;, denotes the corresponding FEM basis function defined on the sub-triangulation of £,. Hence, for points x lying on edges
of the tessellation, the partition-of-unity property of Z-FEM is directly inherited from the corresponding FEM property. The same

argument applies to points x corresponding to the vertices of the tessellation. []

10
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Given the global Z-FEM space defined in (5), the zipped discretization of problem (3) reads as: Find u;, € V), such that

Bup.vg) = (f.vp) g Yo € Vi (35)
where u;, can be represented as u;, = Zidl(‘f dof;(u)g;. Thus, problem (35) is equivalent to solving the following symmetric linear
system

Au=f, (36)

where u € RNwf collects the DOFs {dof i(u)}fiﬂ“, while the entries of the symmetric matrix A € RNaotXNaof and the right hand side

f RNt foralli,j=1,..., Ny, are defined as
Aij = B((l’ja(l’,') =/ KV, - VWj +/ Yo @), fi= / fo; (37)
Q Q Q

As in the standard FEM formulation, the existence and uniqueness of the solution of problem (35) are inherited by the continuous
framework. Moreover, the continuity and the coercivity of the bilinear form B on V,, C V are the key ingredients for Géa’s
Lemma [2]:

llu = upll gy < C Uhrg%}rlk lu = 4l i) (38)
where C is a constant related to continuity and coercivity constants of 3 on V.

Proposition 6. Under mesh Assumption 1, let u € H*1(Q), k > 1, be the solution of (3), and let u;, € V..« be the solution of the discrete
problem (35). It holds:

lle = upll ey < ChklulHk+1(Q)’ (39)
and

[lu— uh”LZ(Q) < cnt! |u|Hk+l(Q)- (40)

Proof. Let us consider an element E € Q,. Let us define the interpolation operator kE 1 CYE) » V(E) for all E € Q,:

Ifv:= Y dof,w)e;. (41)
ieCE
We define the set of coarse nodes that belong to triangle T € 7 as Cf c CE and the virtual nodes that belong to triangle T € T
as le c KE. The interpolation operator IkT 1 CUT) » IP’k(T) on T € Ty is defined as the restriction of (41) on T
ZkTv = Z dof;;(v)@; |1
iecE
Y dof, ¥l + Y, @, ¥lr]
iect jexk
Y dof ,)¥ly  Voe HXT),

; E E
/ECT UICT

where {Hj(v)}jeCfule are defined as: Vv € CYT)

dof (v), iecf,
dof;(v) 1= 9 3wy dof,(v),  i€KF.
veck

Note that if v € H**(T), then I]v € H*(T). Moreover, since P, (E) C V,(E), then p = IFp and py = (IfFp)
pEP (E). Thus, from Theorem 4.4.4 in [2], it follows that:

T = 17 p for all

T
= T] ul gy < CREJul iy

The mesh Assumption 1 imply that the triangles belonging to 7 of an element E € £, are regular (see Remark 1).
Now, by Theorem 4.4.20 in [2], we derive the following estimate on E € £, since (u — Zf u) € H(E),

_TE 2 _ _ 7T 112
= ZFully = 2 lu=T{ull}
TeTE

2k
<C | max h ul?
(TETE T) T§F| lH"“(T)

2k 2
< R

11
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Thus,
lu = Lull gy < Ch¥[ul gisq) (42)

where (Z,), = IF for all E € ,,.
From Céa’s Eq. (38), we have

lu = wyll iy < € min flu =0yl gy < Cllu = Leull gy < CHFlul gy, (43)
h h.k

Eq. (39) follows.
The L?-norm estimate follows from a duality argument. Let £ be a convex domain and let us define the adjoint operator related
to the problem (1) as £*w := —V - (kVw) + yw. For every g € LX), there exists a unique w € H{2) n ¥ such that

L'w=g, (44)
and

”W”H?(_Q) < C”g”LZ(Q)a (45)

with a constant C independent of g and 4 [58]. Let ¢ be the solution of the adjoint problem (44) associated with the right-hand
side g = u — u;,. Using Galerkin Orthogonality, continuity of B, and the results (42) and (45), it holds,

lle = upll35 g = (4= up-8) o = Bl = uy. 4)
= Bu—up. ¢ -1 ¢)
< Cllu = uyll 1y 16— Ledll e
<Chllu- uh||Hl(g)||¢||H2(Q)
< Chllu = upll gy llu — upll L2(q)-

By simplifying the previous equation and using (43), the thesis follows. []
6. Numerical experiments

In this section, we show various numerical experiments to assess the performance of the zipped finite element method. In
Section 6.1 we prove that the polynomials can be effectively represented as linear combinations of the Z-FEM basis functions,
whereas in Section 6.2 we solve problem (1) and compare the method with FEM and VEM on general polygonal meshes. Finally,
Section 6.3 provides a numerical experiment over Discrete Fracture Networks, showcasing the capability of Z-FEM of handling more
complex geometries.

6.1. Test 1: Polynomials approximation

The first test we propose aims to show how accurately the local basis functions are able to reproduce polynomials. For this
purpose, we consider a set of different polygons and, on each polygon, we compute the following polynomial approximation errors

errpg = max lmg = Limgllixp). errpy = max (Vmg = VIEml 3. (46)
where the interpolator Z]f is defined in (41).

Examples from the tested cases are shown in Table 2. These tested cases include polygons sampled from diverse classes: the
reference triangle, a regular nonagon, an irregular quadrilateral, an irregular concave polygon, a star, and, finally, a general polygon
with hanging nodes. For each one, we draw in the top part of Table 2 the considered polygon and its sub-triangulation, represented
by assigning a different color to each sub-triangle. Moreover, for each order k = 1, ...,6, we report in such a table the errors err;
and err;y, computed as defined in (46). In all tested cases, both errors are found to be very small, mostly between 1071° and
1016, with a single exception around 10~8 given by the distorted concave octagon for the highest order k = 6. This demonstrates
that the proposed shape functions can approximate polynomials with very high accuracy, despite the use of the heuristic choice for
the internal degrees of freedom described in Section 4. Moreover, we emphasize that the matrices D related to these experiments
have always full rank, thereby confirming that the assumptions of Property 1 are satisfied also in the case of the proposed heuristic
selection of internal coarse nodes for all the tested cases.

We remark that the choice of the internal coarse nodes has a crucial impact on the performance of the proposed element. We
recall that the heuristic algorithm introduced in Section 4.2 selects the internal coarse nodes with the dual objective of avoiding node
alignment and promoting a homogeneous spatial distribution. To highlight this aspect, Table 3 presents four different selections
of internal coarse nodes for a triangle with three hanging nodes and polynomial degree k = 6, together with the corresponding
polynomial approximation errors (46). In this configuration, the matrix D in Algorithm 1 has size n, x N f) . = 28 x 46. Therefore,
we need 28 singular values of D to be strictly positive to guarantee the solvability of Algorithm 1. For each configuration, we
report in the table the value o,(D) of the 28-th smallest singular value of D. In the first case (top-left), the n;_; = 10 internal coarse

12
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Table 2
Test 1: Polynomial approximation errors (46) over different polygons for different orders.

Computer Methods in Applied Mechanics and Engineering 458 (2026) 119060

A & ¥

Triangle Regular Irregular
NEF =3 NE =9 NE =4
k erTy erry,y k erTr erry,y k erry erry,y
1 1.8326e-17 5.7941e-16 1 2.6949e-16 2.8693e-16 1 6.3167e-17 2.3435e-16
2 2.8347e-16 2.9336e-15 2 1.3028e-14 8.5565¢-14 2 8.2278e-16 4.2732e-15
3 1.2973e-15 1.8339e-14 3 1.1445e-14 8.9299e-14 3 8.9258e-16 6.2626e-15
4 5.8797e-14 7.3820e-13 4 1.8168e-14 2.6553e-13 4 9.6685e-15 9.3015e-14
5 9.1859e-14 3.3798e-12 5 4.7007e-14 5.7959e-13 5 3.0512e-14 4.0792e-13
6 5.6793e-13 1.4408e-11 6 1.5337e-13 2.1020e-12 6 1.9029e-13 4.1390e-12
Hexagon
Concave Star with hangiig nodes
NE =38 NE =40 NE =21
k erTy erry,y k erTr erry,y k erTy erryy
1 1.8493e-17 3.0149e-16 1 2.8739%-16 6.1237e-15 1 7.1691e-17 7.1416e-16
2 2.1022e-16  1.2040e-14 2 2.3066e-16 1.9867e-14 2 1.6957e-15 1.8354e-14
3 3.6450e-15 2.0565e-13 3 2.1459¢-16 3.6148e-14 3 2.6098e-15 1.4942¢-13
4 1.6660e-13 1.9650e-11 4 5.6569e-16 1.5407e-13 4 3.2337e-14 8.2584e-13
5 1.3747e-12  1.2459e-10 5 3.4445e-15 5.2178e-13 5 3.3556e-14 4.4693e-12
6 3.9631e-11 1.0054e-08 6 7.2247e-15 2.1387e-12 6 6.3862e-13 4.8157e-11

nodes satisfy the assumptions of Theorem 1. As expected, ¢,.(D) is strictly positive, ensuring solvability of Algorithm 1 and high
accuracy in polynomial reproducibility. The second configuration (top-right), obtained through the proposed heuristic procedure,
yields results that are fully comparable with those achieved under the theoretical assumptions of Theorem 1, both in terms of
polynomial consistency errors and conditioning of D. In the third case (bottom-left), the internal coarse nodes are aligned along
a straight line. This geometric degeneracy leads to ¢,(D) being nearly zero. As a consequence, the Algorithm 1 cannot be applied
because D is rank-deficient. Finally, in the fourth case (bottom-right), the nodes do not follow a homogeneous spatial distribution.
Although the matrix D has maximum rank, the conditioning deteriorates and the polynomial approximation errors increase, resulting
in suboptimal performance. In conclusion, these experiments clearly highlight the relevance of node placement and support the
effectiveness of the proposed heuristic strategy.

6.2. Test 2: Convergence rates

Let us consider problem (1), where the diffusion and reaction coefficients are defined as

—X1X

2
1+x2
l+x%

—X1Xy

K(x) = [ ], 7(x) = x1x3.

We choose the forcing term and the Dirichlet boundary condition in accordance with the exact solution:

u(x) = sin(2zwx,) sin(27x,).

13
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Table 3

Test 1: Four different choices for internal coarse nodes in the case of a triangle with three hanging nodes for k = 6. The caption below each figure
reports the polynomial approximation errors (46) and the smallest singular values of the matrix D defining the constraints of the optimization
problem (22)—(23). Top-left: A configuration satisfying the assumptions of Theorem 1. Top-right: The configuration obtained using the proposed

heuristic procedure. Bottom-left: Effect of node alignment. In this case, “~” indicates that Algorithm 1 cannot be applied because D is rank-
deficient. Bottom-right: Effect of non-homogeneous spatial distribution of the coarse nodes.
Ve

(i

Vi \"/] V3 Vg Vs

k erry erry v o-(D) k erry o erry v o.(D)
6 1.2261e-13 3.6235e-12 4.5635e-05 6 1.3427e-11 6.3805e-10 5.7551e-06
Vg Ve

e

k errjo errry o.-(D) erry erryy o.(D)
6 — — 7.2575e-19 6 1.7738e-07 3.6310e-06 5.0059¢e-08

In this test case, we assess the performance of the proposed method by solving this problem on different families of meshes. For
each family of meshes, we compute the following standard errors:

errg = |lu—upll xq) erry = ||[Vu = Vuyll 20), (47)

as the mesh size h decreases (thus, as Ny, = dim V), increases) and for k = 1,...,5.
Specifically, we consider the following four mesh families:

+ A family of randomly distorted quadrilateral meshes, obtained by perturbing the vertices of standard Cartesian grids;
+ A family of Voronoi meshes generated using [59,60];

» The “Structured Concave” family of meshes available in the PolyDiM repository [51];

+ The “Delaunay” family of meshes generated using [59,611].

The finest mesh for each family is depicted in Fig. 4 (see Fig. 5).

The results show that the errors decrease with the expected convergence rates, in agreement with the theoretical estimates given
in (39) and (40).

For comparison purposes, we also include the errors obtained by solving problem (1) using a well-established polytopal approach,
namely the Virtual Element Method [58], built on the same polygonal meshes. Additionally, for the polygonal families of meshes,
namely Random Distorted, Voronoi, and Structured Concave, we report the results obtained with a standard Finite Element Method
applied to the mesh generated by the union of zipped sub-triangulations. As highlighted by these results, the Z-FEM performance
is comparable with that of standard VEM and FEM. Moreover, it is important to note that, with respect to VEM, the convergence
curves indicate that Z-FEM achieves similar accuracy with slightly fewer degrees of freedom.

We observe that, on Delaunay meshes, Z-FEM and standard FEM differ in the choice of internal degrees of freedom for k > 3:
Z-FEM selects them through the heuristic procedure described in Section 4.2, whereas FEM uses the standard algorithm shown in
Fig. 2(b). Nonetheless, despite this difference, the performance of Z-FEM and FEM remains very similar.

We emphasize that the Z-FEM method has been deliberately designed to remain fully compatible with standard FEM technology.
In particular, whenever a simplicial mesh is available, the use of a classical FEM discretization is naturally preferable. The Z-
FEM formulation can instead be employed on the subset of non-simplicial elements, thereby providing a seamless strategy for the
treatment of hybrid meshes composed of both triangular and general polygonal elements.
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(a) Random Distorted. (b) Voronoi. (c) Structured Concave. (d) Delaunay.

Fig. 4. Test 2: Last refinement for each family of meshes employed.
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Fig. 5. Test 2: Behavior of errors (47) as Ny increases. Each column corresponds to a different family of meshes. First column: Random Distorted.
Second column: Voronoi. Third column: Structured Concave. Fourth column: Delaunay. Each row refers to a different value of k = 1,3,5. Solid
lines: L?-errors. Dashed lines: H!-errors. For comparison purposes, FEM are built over the zipped sub-triangular meshes for the polygonal families
of Random Distorted, Voronoi, and Structured Concave.
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Fig. 6. Test 2: Behavior of the condition number of the global system matrix A as N, increases, for k = 5. Each column corresponds to a different
family of meshes. First column: Random Distorted. Second column: Voronoi. Third column: Structured Concave. Fourth column: Delaunay. For
comparison purposes, FEM are built over the zipped sub-triangular meshes for the polygonal families of Random Distorted, Voronoi, and Structured
Concave.
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Fig. 7. Test 2: Sparsity pattern for the finest mesh of the Voronoi family for k = 5. Left: VEM. Center: Z-FEM. Right: Overlapped.

Concerning VEM, we recall that the standard enhanced VEM space [58] used here coincides with FEM for k = 1, but becomes
larger for higher orders, requiring more degrees of freedom. It is also worth noting that, on triangles, FEM coincides with the
Serendipity version of VEM [53] for every k > 1.

We observe that the proposed method achieves improved efficiency in terms of the number of degrees of freedom when compared
with the standard VEM, while still retaining the capability to operate on general polygonal meshes. It is worth emphasizing, however,
that the geometric assumptions underlying the present analysis are more restrictive. Indeed, the standard VEM framework is known
to accommodate more general configurations, including elements that can be represented as the union of a finite number of star-
shaped subdomains. In contrast, our theoretical framework is developed under the assumption that each mesh element is star-shaped,
although it can be extended straightforwardly to elements that are a union of a finite number of star-shaped polygons. Moreover,
the zipped formulation proposed here presents a structural simplification with respect to the classical VEM approach, as it does
not require the introduction of problem-dependent stabilization terms or the construction of polynomial projection operators. These
ingredients, which are central in standard VEM formulations, may introduce additional complexity when dealing with nonlinear
problems or during post-processing phases.

In Fig. 6, we report the behavior of the condition number of the global discrete matrix A as Ny increases for k = 5, for all the
methods and families of meshes. We highlight that, as in standard FEM, the symmetry and overall structure of the zipped discrete
system are inherited directly from the continuous problem. Moreover, the condition number of the Z-FEM is comparable with that
of FEM in all the experiments we carried out. The sparsity pattern of the zipped global discrete matrix A, instead, is dictated by the
mesh connectivity and it is very similar to that of the Virtual Element Method, while having fewer internal DOFs, since both VEM
and Z-FEM are C?-conforming polygonal methods, as shown in Fig. 7.

6.3. Test 3: A benchmark problem on a discrete fracture network

To show the performance of the method in a more complex scenario, in this test we simulate the state of equilibrium of the
hydraulic head u of a single-phase fluid flow inside a fractured medium. See e.g. [62] for more details. We consider the rock
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Fig. 8. Test 3: Domain description and mesh examples colored by the exact solution u. Left: DFN domain. Center: Third triangular refinement.
Right: Third polygonal refinement.

surrounding the fractures as impervious and model the flow by Darcy’s law. The medium is approximated by the Discrete Fracture
Network (DFN) model. In this framework, the involved N fractures are assumed to have a negligible thickness with respect to the
other dimensions, and are represented as planar polygons F,, i = 1,..., N, intersecting each other in a three-dimensional space.
The domain £ is the union of such fractures. Non-empty fracture intersections are denoted by S;; = F; n F;. We set S = v, ;S;;.

Here, we consider the benchmark problem detailed in [62]. This benchmark consists of N = 3 fractures as shown in Fig. 8(a).
Despite being a simple network, it presents two geometrical features (a trace intersection and a trace tip) which make it worthwhile
to analyze the behavior of the method at tackling them, while making us able to build an exact solution to evaluate the method
performance. The computational domain 2 = F; U F, U F; is defined by

F = {(x),x0,x3) ER? 1 —1<x, < % -1<x, <1, x3=0},

Fo={(x;,x,x3) ER* 1 =1 <x, <0, -1 <x3<1, x, =0},
Fy={(x;,x0,x3) ER?: —1<x, <1, -1<x;<1, x4 =%}.

Let n,. represent the outward unit normal at S, ; tangent to F; for each side {+,—} (left and right). For all i,j = 1,..., N%?, the
problem reads as [62]

V- (=Vu) = f; in F;\ S,
u = up; on 0F;,
i i ! (48)
uiIS,.J; =u,~|Si; =uj|5;; =u/|s,-} on S,-j,
Lete (Ve 1y is + (Vi 1] )y =0 on S,

where the differential operator V is defined on the tangent space F;. The last two conditions in (48) represent continuity of the
hydraulic head and mass conservation, respectively. This problem is characterized by a non-homogeneous Dirichlet boundary
condition u;, on the whole boundary 0£2 and a load term f; on each fracture F;, defined in accordance with the exact solution:

u (X, Xy, x3) = 1—10 <—x1 - %) (8x)x; (x3 + x3) arctan2(xy, x;) + x7 ) in Fy,
1 1 4 1 .

uy (X1, %p,%3) = T (—xl - 5) x? - gzr (—xl — 5) x?|x3| in F,,

uz(xy,xp,x3) = (x5 — Dxpy(xy + D(x3 — 1)x3 in F,

where arctan2(x,, x,) is the four-quadrant inverse tangent function with 2 arguments, that returns the appropriate quadrant of the
computed angle x,/x; [62].

When performing simulations on complex (or large) DFNs, the main problem to be addressed is the geometrical treatment of the
domain, in particular when the global conformity of the mesh is required [63]. Different procedures can be applied to generate a
family of polygonal meshes that are conforming at interfaces. A possible way consists in generating meshes independently for each
fracture, regardless of the trace positions, and exploiting the capability of polygonal methods to handle aligned edges to recover
the global conformity [63]. As an alternative, one may start from a minimal global mesh that is conforming at the interfaces, and
then refine it while preserving the conformity [64]. Again, the ability to handle polygons with hanging nodes is beneficial to avoid
over-propagating the refinement strategy to the neighbors of the marked cells. In this test, we adopt the triangular and polygonal
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Fig. 9. Test 3: Behavior of errors (47) as N, increases. Each row corresponds to a different family of meshes. Top: conformed triangular. Bottom:
conformed polygonal. Each column refers to a different value of k = 1,2, 3. Solid lines: L?-errors. Dashed lines: H'-errors. For comparison purposes,
in both rows, FEM are built over a family of triangular meshes with comparable mesh sizes A.

refinements generated for the same benchmark in [64], for k = 1, by using FEM and VEM a posteriori theory, respectively. We
observe that the generation of a triangular mesh for this DFN is possible due to the simplicity of its geometry. For more realistic
networks, the generation of good-quality triangular tessellation is usually unfeasible [64]. The families of employed meshes comprise
5 meshes each and are available in the paper GitHub repository. Figs. 8(b) and 8(c) show the third refinement for each family of
meshes.

Denoting by & := 2\ .S the domain without the fracture intersections, the regularity of the solution is such that u € HX), but
u ¢ HXQ) [62]. The regularity of the solution  limits the convergence rates for conforming methods like FEM, VEM, and Z-FEM.
More precisely, based on the numerical results, the empirical orders of convergence for all the methods follow:

—0.5min{2.5,k+1 —0.5min{1.5,k
errg = O(N 0 ™3 = errg = o(N 97K, (49)

In Fig. 9, we report the behavior of errors (47) as Ny increases. For comparison purposes, for the case of a polygonal family
of meshes, we report the Z-FEM and VEM performance obtained on this mesh and the FEM behavior computed on the triangular
meshes of comparable mesh sizes. As shown in this figure, even in the presence of a singular solution, the zipped method satisfies
the theoretical properties inherited from the finite element method, and its performance is comparable to that of both FEM and
VEM in terms of accuracy.

7. Conclusion

In this paper, we define a novel procedure to compute high-order shape functions over generic polygonal meshes, introducing a
novel polygonal finite element method called Zipped Finite Element Method.

These shape functions are given by a linear combination of FEM basis functions, defined on a trivial sub-triangulation of each
element of a generic polygonal mesh. We present a detailed analysis on the choice of the coefficients of such a combination. In
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particular, these coefficients can be efficiently computed by solving a local optimization problem, whose solution can be cheaply
obtained by solving a block-diagonal linear system with a single repeated factorizable block. We have demonstrated that, using a
particular distribution of degrees of freedom, the solution of the optimization problem allows to retrieve all polynomials up to the
specified order as a linear combination of the Z-FEM basis functions. We also highlight that, since the explicit form of the involved
basis functions is available, this new formulation provides a way to obtain a finite element space that preserves all the theoretical
properties of the FEM framework, but on more generic star-shaped polygons.

Numerical results confirm that our basis functions are able to reproduce polynomials and show optimal performance in terms of
standard errors.
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