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Abstract
The Hamilton-Jacobi-Bellman (HJB) equation, due to its nonlinearity, in general does not
admit a classical solution, also for regular data. For this reason, the numerical approximation
of the solution may pose some additional difficulties, compared to other cases. Over the
past four decades, the literature has proposed several numerical approaches. The methods
proposed include discontinuous Galerkin (DG) due to its properties of being local, flexible,
and robust, but the approach remained underused, due to various technical difficulties, in
particular its difficulty in selecting the correct viscosity solution of the problem. In this paper,
a numerical method is proposed to solve the evolution HJB equation in one dimension. It
consists of the combination of a Semi-Lagrangian (SL) scheme, aimed at reconstructing the
characteristic directions, and a DG method, aimed at generating an approximate solution as
a linear combination of discontinuous and compactly supported basis functions, defined a
priori. In order to evaluate the performance of the proposedmethod, a collection of numerical
experiments with regular, simply continuous, and discontinuous data is presented.

Keywords Semi-Lagrangian (SL) schemes · Hamilton-Jacobi (HJ) equations ·
Discontinuous Galerkin (DG) method

Mathematics Subject Classification 65M25 · 49L25

1 Introduction

An optimal control problem consists of determining the set of actions and choices that allow
the dynamic system to simultaneously satisfy physical constraints and optimize a certain
criterion, the objective function. Thanks to the Dynamic Programming Principle, developed
by Bellman in the 1950s, the value function is defined as a map that links the initial condition
with the value of the objective function when the optimal control is applied. According to
this principle, the value function associated with a given initial condition can be expressed
as the sum of the value function of the future state and the value of the objective function to
optimally reach that future state. The Hamilton-Jacobi-Bellman (HJB) equation represents
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this concept in differential terms. The practical applications are numerous, and the HJB
equation is employed in fields such as aerospace engineering, energy industries, quantitative
finance, and image processing.

The HJB equation belongs to the more general class of Hamilton-Jacobi (HJ) equations,
which are first-order nonlinear partial differential equations originally studied by Hamilton
and subsequently by Jacobi in the context of classical mechanics and calculus of variations.
In general, these types of equations do not admit classical solutions, even for regular data.
Therefore, in the 1980s, the theory of viscosity solutions was developed by Crandall et al.
[8]. This class of solutions satisfies the equation in a weak sense and, under relatively general
assumptions, ensures the well-posedness of associated problems. In particular, the theoretical
framework that emerges is complete and capable of providing the necessary characterization
of the value function as the unique viscosity solution for HJB equations.

In this context, a challenge arises in constructing a reliable numerical method capable
of capturing the unique viscosity solution. In the literature, several schemes have been pro-
posed to solve HJ equations. Crandall and Lions [10] developed a finite difference method
and demonstrated that a monotone scheme of this type converges to the exact solution. From
adaptations of strategies used for conservation laws, a class of Essentially Non-Oscillatory
(ENO) schemes was proposed in [19], and laterWeighted ENO (WENO) formulations were
introduced to solve the HJ equations [3, 15], as well as central-upwind methods [17]. Regard-
ing finite elements, Hu and Shu applied the discontinuous Galerkin (DG) method to the HJ
equation reformulated as a conservation law [13]. Subsequently, Cheng and Shu developed
a direct method for solving HJ equations using DG [5]. Extensions and variants have since
emerged [6, 16, 18, 21]. At the same time, semi-Lagrangian (SL) approaches have also been
employed for approximating HJ solutions [12]. In particular, the combination with a WENO
method was developed in [4], whereas [2] proposed an SL DG method for first- and second-
order non-stationary linear partial differential equations.We underline that in this latter work,
the nonlinear case is not considered.

The goal of this paper is to introduce, in its easier setting, a new method inspired by
Bokanowski and Simarmata [2], for approximating the viscosity solution of HJB equations in
their fully nonlinear formulation. Moreover, it is shown that this method, derived from the SL
scheme, is unconditionally stable with respect to the time step. At the same time, it preserves
two typical qualities of the DG method it draws inspiration from: adaptivity of elements in
refinement and polynomial degree (hp-adaptivity), and decomposition of the general problem
into simpler, separately solvable parts. In addition to that, the method proposed has the
advantage of being easily extended to high-order polynomial bases, without the use of special
quadrature formulas different from those already used in the DG formulation. This document
is organized as follows.

– Following this Introduction, we briefly recall the key elements of the modern theory of
the HJ equations, their connection with an optimal control problem, and the theoretical
framework of viscosity solutions, necessary for the well-posedness of the solution. A
reader who already knows these techniques may skip this part.

– In Sect. 2, the proposed discontinuous Galerkin semi-Lagrangian (DGSL) method is
described, progressively leading to the formulation and implementation aspects con-
nected to the evolutionary HJB equation in one dimension.

– In Sect. 3, the performed tests are presented, and the discretization error is evaluated,
enabling a comparison with other knownmethods from the literature and their high-order
formulations.
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– Finally, in Sect. 4, the test results are commented on, highlighting the strengths andweak-
nesses of the proposed method, and possible directions for future research are suggested.

1.1 A Coincise Introduction to Dynamical Programming

A control system (CS) in dimension d over the time interval T ≡ [t, T ] is governed by the
dynamic equations {

ẏ(s) = f (s, y(s), u(s)), 0 � t < s < T ,

y(t) = x, x ∈ R
d ,

(CS)

where y: T → R
d represents the system state function;u: T → U is the control functionwith

values in the compact spaceU ⊂ R
m ; f : T ×R

d×U → R
d is the system dynamicsmap. For

every control function belonging to the set Uad = {u: T → U , measurable}, Carathéodory’s
theorem guarantees the existence and the uniqueness of a continuous and almost everywhere
differentiable solution for (CS), under the assumptions of f being continuous, Lipschitz in
y (uniformly with respect to s and u), and measurable with respect to s [12, Theorem 8.1].

To formulate an optimal control problem, it is necessary to introduce a cost functional
(CS) that one aims to minimize. In Bolza’s formulation, the functional for finite-horizon
problems, T ∈ R, takes the form

Jt,x (u) =
∫ T

t
�(yux (s), u(s))e−λ(s−t) ds + L(yux (T ))e−λ(T−t),

where yux is the trajectory resulting from the control u ∈ Uad with the initial condition x at
time t . The map �: R

d ×U → R is the running cost (per unit time), assumed to be Lipschitz
in y (uniformly with respect to u) and bounded, while L : R

d → R is the terminal cost
function, also assumed to be Lipschitz and bounded. λ � 0 is a parameter that makes costs
comparable across different time instants, referred to in economic contexts as the discount
factor.

The optimal control problem can thus be described in terms of the value function

v(t, x) = inf
u∈Uad

Jt,x (u),

whose meaning is the minimum cost associated with the initial condition (t, x). Under the
assumptions made on the dynamics and cost functions, it follows that v: T × R

d → R is
bounded and Lipschitz [1, Chap. 3, Proposition 3.1].

Moreover, the value function satisfies the Principle of Dynamic Programming (DPP), also
known as Bellman’s Principle of Optimality, i.e., for any τ ∈ (t, T ]

v(t, x) = inf
u∈Uad

{∫ τ

t
�(yux (s), u(s))e−λ(s−t) ds + v(τ, yux (τ ))e−λ(τ−t)

}
, (DPP)

the proof of this result is detailed in [11, Sect. 10.3, Theorem 1]. Essentially, the initial
problem has been divided into two parts (Fig. 1). Specifically, v(t, x) is the value associated
with the optimal control problem over the time interval [t, τ ] with the running cost � and
the terminal cost v(τ, yu

∗
x (τ )). The latter is still an optimal control problem over the time

interval [τ, T ] with the running cost � and the terminal cost L(yu
∗

x (T )).
Under the assumption of a continuously differentiable value function (an assumption that

can later be weakened), an infinitesimal version of (DPP) can be derived. This results in a
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Fig. 1 The optimization problem is divided into two parts over the intervals [t, τ ] and [τ, T ]. The optimal
choices are represented in blue

partial differential equation that, coupled with an appropriate boundary condition, is solved
by v. Indeed, starting from (CS), we have

yux (t + h) = yux (t) + h f (t, x, u(t)) + o(h),

v(t + h, yux (t + h)) = v(t, x) + h
∂v

∂t
(t, x) + ∇xv(t, x) · h f (t, x, u(t)) + o(h),∫ t+h

t
�(yux (s), u(s))e−λ(s−t) ds = h�(x, u(t)) + o(h).

Substituting these equalities into (DPP) for τ = t + h and assuming λ = 0, we obtain

v(t, x) = inf
u∈Uad

{
h�(x, u(t)) + v(t, x) + h

∂v

∂t
(t, x) + ∇xv(t, x) · h f (t, x, u(t)) + o(h)

}
,

0 = inf
u∈Uad

{
h�(x, u(t)) + h

∂v

∂t
(t, x) + ∇xv(t, x) · h f (t, x, u(t)) + o(h)

}
,

0 = inf
u∈Uad

{
�(x, u(t)) + ∂v

∂t
(t, x) + ∇xv(t, x) · f (t, x, u(t)) + o(h)

h

}
.

Taking the limit as h → 0, the higher-order infinitesimal term vanishes, and the terms
involving u(s) for s > t disappear as well. Thus, the infimum is evaluated directly in the
space U , yielding

∂v

∂t
(t, x) = − inf

u∈U {�(x, u) + ∇xv(t, x) · f (t, x, u)}

for 0 � t < T , x ∈ R
d , with a boundary condition derived from the knowledge of the value

function at (T , x)

v(T , x) = inf
u∈Uad

JT ,x (u) = inf
u∈Uad

L(yux (T )) = L(x).

Equivalently, for 0 � t < T and x ∈ R
d , the HJB equation can be written as⎧⎨

⎩
∂v
∂t (t, x) = sup

u∈U
{−�(x, u) − ∇xv(t, x) · f (t, x, u)},

v(T , x) = L(x).
(HJB)
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The partial differential equation in (HJB), within the context of finite-horizon optimal control
problems, is referred to as theHJB equation because it represents Bellman’s principle in terms
of the HJ evolutionary equation, given in (HJ). Specifically, for 0 < t � T and x ∈ R

d the
formulation {

∂v
∂t (t, x) + H(t, x,∇xv(t, x)) = 0,

v(0, x) = v0(x)
(HJ)

with H being the Hamiltonian operator, is equivalent to (HJB) for optimal control problems
when H(t, x, p) = infu∈U {�(x, u) + p · f (t, x, u)} and using the variable transformation
t → T − t .

1.2 A Coincise Introduction to Viscosity Solutions

In general, it is known that the Cauchy problem associated with the HJ equations (HJ) does
not admit a classical solution, while weakening the concept of the solution to a.e. solutions
cannot always guarantee uniqueness.

Example 1 The one-dimensional (1D) problem with x ∈ R and 0 < t � T :{
∂v
∂t (t, x) + ∣∣ ∂v

∂x (t, x)
∣∣ = 0,

v(0, x) = |x |, (1)

corresponds to (HJ) when H(t, x, p) = |p| and v0(x) ≡ 0. It is easy to verify that this
problem admits infinitely many a.e. weak solutions. Below are three Lipschitz functions:
va(t, x) = |x | − t ,

vb(t, x) =
{

|x | − t, if |x | > t,

t − |x |, if |x | � t,
vc(t, x) =

{
|x | − t, if |x | > t,

0, if |x | � t,

that satisfy (1) almost everywhere, except at points lying on x = 0 (cases a and b) and on
x = ±t (cases b and c).

For this reason, in the early 1980s, Crandall et al. proposed the notion of a viscosity solution
[9] and its properties [8] for scalar partial differential equations, a class to which HJ equations
belong. Such a solution exists, is unique, and is stable [1] and it follows the definition.

Definition 1 A function v ∈ C((0, T ) × R
d) is called a viscosity subsolution in (0, T ) × R

d

for (HJ) if, for any φ ∈ C1((0, T ) × R
d),

∂φ

∂t
(tM, xM) + H(tM, xM,∇xφ(tM, xM)) � 0 (SubS)

at every point (tM, xM) ∈ (0, T ) × R
d where v − φ achieves a local maximum.

Definition 2 A function v ∈ C((0, T )×R
d) is called a viscosity supersolution in (0, T )×R

d

for (HJ) if, for any φ ∈ C1((0, T ) × R
d),

∂φ

∂t
(tm, xm) + H(tm, xm,∇xφ(tm, xm)) � 0 (SuperS)

at every point (tm, xm) ∈ (0, T ) × R
d where v − φ achieves a local minimum.

Definition 3 A function v ∈ C((0, T ) × R
d) is called a viscosity solution in (0, T ) × R

d for
(HJ) if it is both a subsolution and a supersolution.

123



Communications on Applied Mathematics and Computation

Fig. 2 The test function φ for v as a candidate viscosity subsolution (at xM) and supersolution (at xm)

The functions φ introduced in these definitions are called test functions.
By virtue of conditions (SubS) and (SuperS), it is never restrictive to test a candidate

subsolution using functions φ such that v(qM) = φ(qM), and a candidate supersolution
using functions φ such that v(qm) = φ(qm). See Fig. 2.

A peculiar property of solutions of this type is that, in general, they are not pre-
served under a sign change in the equation. Specifically, viscosity solutions for ∂v

∂t (t, x) +
H(t, x,∇xv(t, x)) = 0 almost always differ from those for− ∂v

∂t (t, x)−H(t, x,∇xv(t, x)) =
0.

2 A Discontinuous Galerkin Semi-Lagrangian (DGSL) Method for the
Hamilton-Jacobi-Bellman (HJB) Equation

In solving hyperbolic problems, numerical schemes sometimes require stability conditions
related to the time step, especially in simulations involving long time durations. An SL
method ensures the necessary stability without constraints on the discretization step in time
and space [12, Subsect. 5.1.3, Stability].Alongwith this property, the goal is to achieve,within
a single scheme, the benefits provided by reconstructing the solution using Discontinuous
Finite Elements.

2.1 The Semi-Lagrangian (SL) Scheme in the Linear Case

In general, SL methods are defined as such because, at each time step, the solution is deter-
mined by following the trajectories of individual parts, i.e., from the Lagrangian perspective.
For hyperbolic equations, this translates to analyzing the system’s evolution through the
method of characteristics.

Consider a spatial domain of dimension d = 1 and the transport problem with a source
term {

vt (t, x) + f (t, x)vx (t, x) = g(t, x), (t, x) ∈ (0, T ] × R,

v(0, x) = v0(x), x ∈ R,
(2)

where f : (0, T ] × R → R is the convection term and g: (0, T ] × R → R represents the
forcing term.

The idea of themethod of characteristics is to identify, for each x ∈ R, a curve in the region
of the plane [0, t]×R that connects (t, x)with the horizontal axis and alongwhich the original
problem can be rewritten as a first-order ordinary differential equation. Thus, considering the
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Fig. 3 The method of characteristics for the equation vt + f vx = 0 with non-constant f and a known initial
condition. The characteristic (s, yx (s)), s ∈ [0, t], associated with the point (t, x) is represented in black

equation of problem (2), the solution v, assuming that it exists and is sufficiently regular, is
derived over time along a curve of the form (s, yx (s))

dv

dt
(t, x) = dv

dt
(t, yx (t)) = vt (t, yx (t)) + ẏx (t)vx (t, yx (t))

= vt (t, x) + ẏx (t)vx (t, x) = vt (t, x) + f (t, x)vx (t, x) = g(t, x),

where the last equality comes imposing that yx (s) solves the following dynamic system:{
ẏ(s) = f (s, y(s)), 0 < s < t � T,

y(t) = x, x ∈ R.
(3)

Then, the solution v is explicitly computed as

v(t, x) = v0(yx (0)) +
∫ t

0
g(s, yx (s)) ds, (4)

and (s, yx (s)) is defined as the characteristic curve of problem (2). In particular, when the
source term g ≡ 0, we obtain

dv

dt
(t, x) = vt (t, x) + ẏx (t)vx (t, x) = 0 �⇒ v(t, x) = v0(yx (0)),

hence, knowing the initial condition v0 and the characteristic curves, one has complete knowl-
edge of v(t, x), under some mild regularity assumptions on f , g, and v0. From [12, Theorem
1.1], the following result is reported.

Theorem 1 Regarding problem (2), let f, g ∈ C1((0, T ) × R) and v0 ∈ C1(R). Then, the
solution exists, is unique, and v ∈ C1((0, T ) × R).

A graphical representation of the method of characteristics, in the case g ≡ 0, is shown in
Fig. 3.

The SL scheme arises from evaluating the formula (4) at a finite number of points in the
domain:

v(tn+1, xi ) = v(tn, yxi (tn)) +
∫ tn+1

tn
g(s, yxi (s)) ds, (SL)

which suggests a numerical scheme to compute the solution at the assigned spatial grid points
xi ∈ R at each selected time step, e.g., tn = n�t ∈ (0, T ].
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However, when the solution of the dynamic system (3) is not known, approximations must
be introduced. A possible and straightforward choice is the explicit Euler method, yielding

xi = yxi (tn+1) ≈ yxi (tn) + f (tn+1, xi )�t �⇒ yxi (tn) ≈ xi − f (tn+1, xi )�t .

For the integral term, the simplest discretization in this context is∫ tn+1

tn
g(s, yxi (s)) ds ≈ g(tn+1, yxi (tn+1))�t = g(tn+1, xi )�t .

By substituting the above approximations into (SL), we obtain [7]{
ṽ(tn+1, xi ) = ṽ(tn, xi − f (tn+1, xi )�t) + g(tn+1, xi )�t,

ṽ(0, xi ) = v0(xi ).
(CIR)

The notation ṽ not only refers to the approximations introduced in the method but also to the
numerical reconstruction of the solution across the spatial domain.

A fundamental characteristic of the scheme (CIR), as reported in [12, Subsect. 5.1.3]
when discussing the consistency, stability, and convergence of the method, is the freedom to
consider a node spacing xi much smaller than the distance traveled by the information on the
value of v in a time �t .

2.2 A Galerkin Approximation for the SLMethod

In a generic Galerkin approximation of the solution to a differential problem, we define:

Definition 4 In R
d , a Finite Element is defined as the triplet (E, VE,h,LE ), where

• E ⊂ R
d is a compact, connected, and non-empty set, such that its boundary is Lipschitz

continuous and E = E (the closure of its interior);
• VE,h is a finite-dimensional linear space of scalar functions defined on E , with dimension

NE ;
• LE = {l j : j ∈ N and 1 � j � NE } is a set of linear forms l j : VE,h → R that is

unisolvent (i.e., the forms uniquely determine the functions in VE,h) for VE,h .

Since our domain of interest is [a, b], we discretize it into N disjoint intervals, i.e., we
consider the partition Th = {Ii : i ∈ N and 1 � i � N } with Ii = [xi−1, xi ] such that

• [a, b] =
N⋃
i=1

Ii ;

• a = x0 < x1 < · · · < xN−1 < xN = b;
• xi − xi−1 = hi �= 0 for every i ∈ {1, · · · , N };
• h = maxi∈{1,··· ,N } hi .

Moreover, for simplicity, let us consider an equispaced grid so that xi = a + ih with h =
(b − a)/N .

Let Vh ⊂ W be the finite-dimensional space used to approximate the solution v ∈ V ⊂ W ,
without necessarily imposing Vh ⊂ V . For example, in the case of continuous finite elements,
one could have V = H1([a, b]) ⊂ L2([a, b]) = W and

Vh = {v ∈ C0([a, b]): v|Ii ∈ Pr (Ii ), ∀Ii ∈ Th}.
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Thus, starting from (SL), the weak formulation is obtained by multiplying both sides by a
generic w ∈ W and integrating over [a, b], i.e.,∫ b

a
v(tn+1, x)w(x) dx =

∫ b

a
v(tn, yx (tn))w(x) dx +

∫ b

a

∫ tn+1

tn
g(s, yx (s))w(x) dsdx,

from which the approximated problem is immediately derived: find vh ∈ Vh such that for
any wh ∈ Vh ,∫ b

a
vn+1
h (x)wh(x) dx =

∫ b

a
vnh (yx (tn))wh(x) dx +

∫ b

a
G(tn, tn+1, x)wh(x) dx,

where, to simplify notations

vnh (x) = vh(tn, x), G(tn, tn+1, x) =
∫ tn+1

tn
g(s, yx (s)) ds.

Every element of the finite-dimensional space Vh , of dimension Nh , can be expressed as a
linear combination of its basis

vnh (x) =
Nh∑
k=1

vnk ϕk(x)

with ϕk: [a, b] → R for each k.
Returning to the weak formulation, it is equivalent, due to the linearity property of the

integral with respect to summation, to the linear system with unknowns vn+1
1 , · · · , vn+1

Nh
reported below. That is, for any j ∈ {1, · · · , Nh}, it must hold that

Nh∑
k=1

vn+1k

∫ b

a
ϕk(x)ϕ j (x) dx=

Nh∑
k=1

vnk

∫ b

a
ϕk(yx (tn))ϕ j (x) dx+

∫ b

a
G(tn, tn+1, x)ϕ j (x) dx .

In the matrix form, this corresponds to solving

Mvn+1 = Cnvn + Gn

with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M ∈ R
Nh×Nh , Mjk =

∫ b

a
ϕk(x)ϕ j (x) dx,

vn ∈ R
Nh , vnk = vnk ,

Cn ∈ R
Nh×Nh , Cnjk =

∫ b

a
ϕk(yx (tn))ϕ j (x) dx,

Gn ∈ R
Nh , Gn

j =
∫ b

a
G(tn, tn+1, x)ϕ j (x) dx .

(5)

However, this general formulation does not highlight the potential and differences of the DG
method compared to its more classical version.

2.3 DGSL Implementation-Pr

Consider the space of discontinuous polynomial functions along the interfaces that form the
mesh,

Vh = Pr (Th) = {v ∈ L2([a, b]): v|Ii ∈ Pr (Ii ), ∀Ii ∈ Th},
together with the Finite Element (I , Pr (I ),LLagr) in each interval I of the mesh. With refer-
ence to Definition 4, it is understood that for any i ∈ {1, · · · , N }
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• E = Ii ;
• VE,h = Pr (Ii ) and NE = r + 1;
• LE = LLagr = {l j: l j (v) = v(ξ j )};

where xi−1 = ξ1 < ξ2 < · · · < ξr < ξr+1 = xi and the set LLagr satisfies the unisolvence
property for the space Pr (I )1. Therefore, the canonical basis {φ1, · · · , φr+1} in the interval
Ii is identified by requiring

l j (φk) = φk(ξ j ) = δ jk, ∀ j, k ∈ {1, · · · , r + 1}.

The union of the sets formed by the bases of all intervals I ∈ Th , once the domain they
are defined on is appropriately extended, forms a basis for the space Vh . Explicitly, Nh =
dim(Vh) = N (r + 1), imposing

ϕk(x) =
{

φ j (x), if x ∈ Ii ,

0, otherwise,

through the relation k = (i − 1)(r + 1) + j , we obtain

vnh (x) =
Nh∑
k=1

vnk ϕk(x) =
N∑
i=1

r+1∑
j=1

vnkφ j (x) =
N∑
i=1

r+1∑
j=1

vnh |Ii (ξ j )φ j (x),

where the basis φ j depends on the interval Ii it refers to.
Figure 3 shows a graphical representation of the global basis functions of the proposed

method when r = 1 and a possible numerical solution that can be obtained (Fig. 4).
Thus, regarding the matrix formulation described in Eq. (5), we have

M =

⎡
⎢⎢⎣

M1 0
. . .

0 MN

⎤
⎥⎥⎦ with (Mi)jk =

∫
Ii

φk(x)φ j (x)dx,

since the integral over the entire space [a, b] of two generic basis functions, φk and φ j , equals
0 if the interval they refer to is different, otherwise it coincides with the integral over the
interval Ii to which they belong. Moreover, thanks to the assumptions of an equispaced grid
Th and the same finite element for each interval of the mesh, all non-zero blocks of M are
equal, i.e., Mi = SM for each i.

Regarding the other matrices in Eq. (5), the only simplification relates to the integration
domain, which becomes the interval Ii where the basis function ϕ j |Ii = φ j is non-zero.

Thus, by reshaping the column vector vn into a matrix data structure with r + 1 rows (as
the number of degrees of freedom of LLagr) and N columns (as the number of intervals), we
obtain the proposed DGSL method, that is

SMvn+1 = InC(v
n) + Gn

1 Let f = a0 + a1x + · · · + ak x
k ∈ Pk , evaluating f at k + 1 points gives a linear system of k + 1

equations in as many unknowns, Va = f, where V is the Vandermonde matrix and is invertible if det(V) =∏
0�i< j�k (x j − xi ) �= 0, i.e., if the k + 1 points are distinct.
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Fig. 4 Representation of the global basis functions (in black) of (Ii , P1(Ii ),LLagr) and (Ii+1,
P1(Ii+1),LLagr) for discontinuous finite elements and a possible approximation vh (in blue)

with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

SM ∈ R
(r+1)×(r+1), (SM)jk =

∫
I
φk(x)φ j (x) dx,

vn ∈ R
(r+1)×N , vnjk = vnh |Ik (ξ j ),

InC(v
n) ∈ R

(r+1)×N , (InC(v
n))jk =

∫
Ik

vnh (yx (tn))φ j (x) dx,

Gn ∈ R
(r+1)×N , Gn

jk =
∫
Ik
G(tn, tn+1, x)φ j (x) dx,

where InC: R
(r+1)×N → R

(r+1)×N represents a function that operates on the elements of the
matrices. This notation is preferred because, unlike what is described for the matrixM, there
are no patterns simplifying the structure of Cn in Eq. (5), as the characteristic yx (tn) generates
a translation of the basis function that is not known a priori. Indeed, in general∫

Ii
φk(yx (tn))φ j (x) dx �= 0

for any choice of j, k.
In this work, the integrals (InC(v

n))jk are computed directly, since there are N (r +1) terms
instead of N 2(r + 1)2, following a specific order that allows reuse of already performed
calculations. Consider a generic quadrature formula, i.e., for a generic function f : Ω ⊂
R
n → R a collection of nodes (xq ∈ Ω) and their corresponding weights (ωq) with the
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number Nq such that
∫
Ω

f (x)dΩ ≈ ∑Nq
q=1 ωq f (xq), we then have

∫
Ik

vnh (yx (tn))φ j (x) dx ≈
Nq∑
q=1

wqv
n
h (yxq (tn))φ j (xq)

=
Nq∑
q=1

wq

[
r+1∑
�=1

vnh |Iq′ (ξ�)φ�(yxq (tn))

]
φ j (xq) (6)

with q ′ being the index associated with the interval in which the point yx (tn) falls, formally

q ′(yxq (tn)) = {i ∈ {1, · · · , N }: yxq (tn) ∈ Ii }.

It is important to note that the term inside the square brackets in Eq. (6) is the quantity that
does not need to be recalculated for each φ j of the interval Ik , as it is common to all.

Finally, the new formulation highlights the local nature of the approximationwith a discon-
tinuous finite element method. Indeed, from the block-diagonal structure ofM, it is suggested
that the numerical solution in a specific interval of the discretization is not directly related
to what happens in other intervals. In this sense, the solution of the partial differential equa-
tion is divided into smaller problems, which are solved separately, unlike continuous finite
elements.

2.4 Boundary Conditions

In the theory and methods described so far, the presence of boundary conditions has not been
mentioned, which arise naturally when defining a problem on a bounded domain.

In general, when evaluating the characteristic curve, it may happen that the curve exceeds
the boundaries of the domain of interest, yx (tn) /∈ [a, b], creating ambiguity in the absence
of information, which is where boundary conditions come into play.

In the case of periodic boundary conditions, which for the problem (2) formally translates
to v(t, a) = v(t, b) for every t ∈ (0, T ], there is no need to modify the previously described
DGSL-Pr formulation. The only consideration is that the value assumed by the approximation
vh at any point outside the domain of interest is identified with an internal point according
to the relation

vnh (yx (tn)) = vnh (yx (tn) ± m(b − a)), ∀m ∈ N.

Instead, in the case of Dirichlet boundary conditions, generally non-homogeneous, it is nec-
essary to have information about the boundary through functions B(t), for example Ba(t) for
the left boundary (x = a) and Bb(t) for the right boundary (x = b) with t ∈ (0, T ]. Then,
for a characteristic coming from outside the spatial domain, yx (tn) /∈ [a, b], we define

θx = sup{s ∈ (tn, tn+1] : yx (s) ∈ R\(a, b)}

as the time of the first intersection with the boundary. If there are no intersections in the
interval (tn, tn+1], by convention, we set θx = sup{∅} = −∞.
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Thus, considering the exact SL scheme (SL), taking into account the Dirichlet boundary
conditions, we have

v(tn+1, xi ) =

⎧⎪⎪⎨
⎪⎪⎩

v(tn, yxi (tn)) +
∫ tn+1

tn
g(s, yxi (s)) ds, if θxi � tn,

B(θxi ) +
∫ tn+1

θxi

g(s, yxi (s)) ds, if θxi > tn .

Similarly, with reference to the DGSL-Pr method, in Eq. (6) the following case arises:

vnh (yxq (tn)) =

⎧⎪⎨
⎪⎩

r+1∑
�=1

vnh |Iq′ (ξ�)φ�(yxq (tn)), if θxq � tn,

B(θxq ), if θxq > tn .

Moreover, the term Gn
jk becomes

Gn
jk =

∫
Ik

∫ tn+1

max{tn ,θx }
g(s, yx (s))φ j (x) ds dx .

2.5 Application to the HJB Case

We recall from Sect. 1.1 that the value function of the optimal control problem governed
by the dynamics f , current cost �, terminal cost L , control space U , λ = 0, and domain
[0, T ) × R, is a viscosity solution of the HJB equation⎧⎨

⎩
vt (t, x) = sup

u∈U
{−�(x, u) − f (t, x, u)vx (t, x)} .

v(T , x) = L(x).
(HJB)

Let us discuss the adaptation of DGSL to this fully nonlinear case. Let [a, b] be the domain
of interest, and consider the same mesh Th from Sect. 2.2, and let Vh = Pr (Th). Then, on the
interval Ik , the weak formulation described in Sect. 2.3 imposes∫

Ik
V n+1
h (x)φ j (x) dx

=
∫
Ik

inf
u∈U�t

ad

{
V n
h (yux (tn)) +

∫ tn+1

tn
�(yux (s), u(s)) ds

}
φ j (x) dx,

where {φ1, · · · , φr+1} represents the canonical basis of theFiniteElement (Ik , Pr (Ik),LLagr).
To compute the integral on the right-hand side, a numerical quadrature formula is directly
introduced, so ∫

Ik
inf

u∈U�t
ad

{
V n
h (yux (tn)) +

∫ tn+1

tn
�(yux (s), u(s)) ds

}
φ j (x) dx

=
Nq∑
q=1

wq inf
u∈U�t

ad

{
V n
h (yuxq (tn)) +

∫ tn+1

tn
�(yuxq (s), u(s)) ds

}
φ j (xq)

=
Nq∑
q=1

wq inf
u∈U{V n

h (xq + f (tn+1, xq , u)�t) + �(xq , u)�t}φ j (xq),
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where in the last step the approximations of the scheme (CIR) were used, i.e.,

x = yux (tn+1) ≈ yx (tn) − f (tn+1, x, u)�t �⇒ yx (tn) ≈ x + f (tn+1, x, u)�t,∫ tn+1

tn
�(yux (s), u(s)) ds ≈ �(yux (tn+1), u)�t = �(x, u)�t,

together with the simplification of a piecewise constant control,

U�t
ad ≈ {u: [tn, tn+1] → U , constant}.

In the proposed algorithm, the optimization problem is solved numerically by choosing Na

controls from U , {ua}Na
a=1, and calculating the minimum among these values, explicitly

inf
u∈U{ fobj(u)} ≈ min

a∈{1,··· ,Na}
{ fobj(ua)} = fobj(u

∗
a).

Thus, where in the last step, the decomposition of the solution V n
h as a linear combination of

the r + 1 basis functions on the interval Iq ′ ∈ Th is implied, i.e.,

V n
h (xq + f (tn+1, xq , u)�t) =

r+1∑
�=1

V n
h |Iq′ (ξ�)φ�(xq + f (tn+1, xq , u)�t)

with q ′(yxq (tn)) = {i ∈ {1, · · · , N } : yxq (tn) ∈ Ii }.
In summary, to approximate (HJB), the proposed DGSL-Pr method has the form where

[· · · ] = min
a∈{1,··· ,Na}

{
r+1∑
�=1

V n
h |Iq′ (ξ�)φ�(xq + f (tn+1, xq , ua)�t) + �(xq , ua)�t

}
.

Remark 1 (The DGSL-P0 case) It is worth emphasizing that, in the piecewise constant case
(i.e., when r = 0), the DGSL scheme reduces to the classical SL method equipped with a
piecewise continuous interpolator. In this setting, the standard theoretical framework applies
[12], and the convergence of the scheme follows from the customarymonotonicity arguments.

3 Numerical Simulations

To assess the effectiveness and accuracy of the DGSL-Pr method in solving HJB equations,
some benchmark problems from the scientific literature were chosen [5, 16, 18]. These
are specific problems where the viscosity solution has an exact known expression but is
numerically difficult to capture.

3.1 Simulation Setup

The numerical experimentswere conducted using theMATLAB software [14], implementing
the DGSL-Pr algorithm to solve (HJB). With reference to this equation, the problem is
characterized by prescribing the domain boundaries a and b, the final time T , the functions
�(x, u) and f (t, x, u), the initial condition L(x), and the extremes of the control value space
U = [um, uM]. When the boundary conditions are not periodic but Dirichlet, it is necessary
to also specify this information along with the boundary functions Ba(t) and Bb(t).

To proceed with the simulation, the following are specified:

• the number N of disjoint and equispaced intervals {Ii }Ni=1 to divide the spatial domain;
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Table 1 Coordinates of the nodes
and their corresponding weights
of the 5-point Gauss-Legendre
quadrature on the reference
interval [−1, 1]

q 1 2 3 4 5

xq −

√
5+2

√
10
7

3 −

√
5−2

√
10
7

3 0

√
5−2

√
10
7

3

√
5+2

√
10
7

3

ωq
322−13

√
70

900
322+13

√
70

900
128
225

322+13
√
70

900
322−13

√
70

900

• the number M of uniform time steps to divide the interval (0, T ];
• the maximum degree r of the polynomials defined on each interval of the mesh to recon-

struct the numerical solution;
• the number Na of equidistant control values between um and uM, inclusive, to approxi-

mate the control space U .

In the following, unless otherwise specified, we set Na = 21. For the calculation of
the integrals required by the DGSL-Pr method, we use the Gauss-Legendre method, as it
guarantees the highest accuracy and the lowest computational cost for the same number of
nodes. In particular, the quadrature formula considered has Nq = 5 nodes, thus providing
polynomial accuracy up to degree 2Nq + 1 = 11. In Table 1, we report the values of the
nodes xq , and the weights wq on the reference interval [−1, 1].

The performance of the proposed numerical method was evaluated by analyzing the dis-
cretization (spatial) error eh , which represents the deviation at a certain time instant of the
approximate solution Vh from the exact solution V . This quantity, measured in the L2, L1,
and L∞ norms, is computed as follows:

‖eh‖L2 = ‖V − Vh‖L2([a,b]) =
√√√√ N∑

i=1

∫
Ii
(V (x) − Vh(x))2 dx,

‖eh‖L1 = ‖V − Vh‖L1([a,b]) =
N∑
i=1

∫
Ii

|V (x) − Vh(x)| dx,

‖eh‖L∞ = ‖V − Vh‖L∞([a,b]) = sup
i∈{1,··· ,N }

sup
x∈Ii

|V (x) − Vh(x)|.

Furthermore, in the following sections, the error made by the proposed scheme is compared
with some DG methods from the literature, particularly with respect to the Courant-
Friedrichs-Lewy (CFL) number. This is a dimensionless parameter that represents a necessary
condition for the stability of an explicit scheme in the context of hyperbolic problems with
initial conditions [20, Observation 13.2]. The typical requirement for nonlinear finite differ-
ences is

CFL = ‖F‖L∞�t

�x
� 1. (7)

3.2 Test 1—Quadratic H, Given C∞, Comparison with Previous Literature

The first test comes from the article [18, Example 4.4],{
Vt (t, x) + (Vx (t,x))2

2 = 0, (t, x) ∈ (0, 1.5] × [0, 2π],
V (0, x) = − cos(x), x ∈ [0, 2π]. (8)
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� � � �

Fig. 5 Zoomed-in view of the comparison betweenDGSL-P1 numerical solutions (N = 20, N = 40, N = 80)
and the exact solution of the problem (T1)

This is an HJ evolution equation (HJ) with H(t, x, p) = p2/2, a C∞ class initial condition,
and periodic boundary conditions, V (t, 0) = V (t, 2π) for every t ∈ (0, 1.5].

The test (8) is equivalent to a problem (HJB), in fact, let �(x, u) = u2/2, F(t, x, u) = u,
and L(x) = − cos(x),⎧⎨

⎩Vt (t, x) − inf
u∈U

{
u2
2 + uVx (t, x)

}
= 0, (t, x) ∈ (0, 1.5] × [0, 2π],

V (0, x) = − cos(x), x ∈ [0, 2π].
(T1)

Fixing (t, x), the function to be optimized is a convex parabola in u and the domain U is
compact, therefore the minimum exists,

fobj (u) = u2
2 + uVx (t, x), f ′

obj(u) = u + Vx (t, x) = 0 �⇒ u∗ = −Vx (t, x),

fobj(u∗) = (−Vx (t,x))2

2 + (−Vx (t, x))Vx (t, x) = − (Vx (t,x))2

2 ,

thus

Vt (t, x) − inf
u∈U

{
u2

2
+ uVx (t, x)

}
= Vt (t, x) − fobj(u

∗) = Vt (t, x) + (Vx (t, x))2

2
.

However, to ensure the equivalence between the two formulations, it is important to verify
that Vx (t, x) ∈ U for every (t, x) ∈ (0, 1.5] × [0, 2π], in this case it is sufficient to have
U = [−1, 1].

For t ∈ (0, 1], the viscosity solution is obtained by calculating

y + cos(y)t = x − π

2
, V (t, x) = sin(y) + cos2(y)

2
t .

At t = 1, a singularity forms in the derivative due to a shock wave, which makes the exact
solution simply continuous.

In Fig. 5, a comparison is shown, at t = 1, between the exact solution (in black) and its
approximation (in blue) obtainedwith theDGSL-P1 method. The consideredmesh consists of
N = 320 disjoint and equidistant intervals, and M = 13 uniform time steps were performed,
so CFL ≈ 4.

Graphically, the proposed scheme appears to have correctly solved the problem, as well
as the sharp point at x = π.
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Table 2 Error committed in the region [0, 2π]\(3, 2π − 3) by the DGSL-P1 method for test (T1) at t = 1
with CFL ≈ 0.45

N 10 20 40 80 160 Order

||eh ||L2 4.7013E−02 2.0098E−02 9.2061E−03 4.1933E−03 2.3776E−03 1.0872

||eh ||L1 8.8735E−02 3.2645E−02 1.4903E−02 6.3181E−03 3.8578E−03 1.1417

Table 3 Error committed in the region [0, 2π]\(3, 2π − 3) by the DGSL-P1 method for test (T1) at t = 1
with CFL ≈ 2 and Na = 41

N 10 20 40 80 160 Order

||eh ||L2 5.4092E−02 1.2419E−02 3.2347E−03 9.6385E−04 4.2388E−04 1.7679

||eh ||L1 1.0369E−01 2.4048E−02 6.5974E−03 1.9384E−03 8.6166E−04 1.7455

Fig. 6 Error trend in L2 (left) and L1 (right) norm as h increases for the DGSL-P1 numerical solution (in
blue and yellow) of problem (T1), compared with the results from the article [18, Table 4] (in red)

In Table 2, the error eh = V − Vh made at t = 1, with CFL ≈ 0.45, is reported over
the entire spatial domain excluding the open interval (3, 2π − 3), in order to compare the
results with [18, Table 4], at the same spatial and temporal refinement. The proposed scheme
is less accurate than the Central DGmethod developed by Li and Yakovlev [18] and shows a
lower rate of error convergence in both norms, L2 and L1. However, SL methods, including
the one proposed, are known to be stable independently of the condition (7). In fact, with
N = 160 and CFL ≈ 2, the Central DG method becomes completely unstable and the
computed solution diverges, while DGSL-P1 converges, and the error data eh are collected
in Table 3, where Na = 41 was also set.

In Fig. 6, the data of the proposed scheme are synthetically represented and compared
with the Li and Yakovlev method, on the error committed in solving problem (8), in the L2

and L1 norms, respectively. In particular, it is clear that, by appropriately adjusting the CFL
value and increasing the number Na of controls to evaluate, the DGSL-P1 method becomes
comparable to Central DG both in terms of accuracy and convergence rate.
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3.3 Test 2—Non-differentiable Linear H, Given C∞, Comparison with Previous
Literature and High-Order Schemes

The second test is derived from the article [5, Example 4.2.1],{
Vt (t, x) + sign(cos(x))Vx (t, x) = 0, (t, x) ∈ (0, 1] × [0, 2π],
V (0, x) = sin(x), x ∈ [0, 2π]. (9)

This is an evolution HJ equation with H(t, x, p) = sign(cos(x))p, which is linear in p but
with a coefficient exhibiting jump discontinuities at x = π/2 and x = 3π/2, causing the
formation of a shock wave and a rarefaction wave, respectively, for Vx . The initial condition
is of class C∞ and periodic boundary conditions are imposed, V (t, 0) = V (t, 2π) for all
t ∈ (0, 1].

As reported in the article [16, Example 4.4], the solution to this problem coincides with
the solution of the homogeneous eikonal evolution equation, that is{

Vt (t, x) + |Vx (t, x)| = 0, (t, x) ∈ (0, 1] × [0, 2π],
V (0, x) = sin(x), x ∈ [0, 2π].

Moreover, this formulation is equivalent to the problem (HJB), where �(x, u) = 0,
F(t, x, u) = u, U = [−1, 1], and L(x) = sin(x),{

Vt (t, x) − inf
u∈U{uVx (t, x)} = 0, (t, x) ∈ (0, 1] × [0, 2π],

V (0, x) = sin(x), x ∈ [0, 2π].
(T2)

Fixing (t, x), the function to optimize is a line in u, and the domain U is compact, so the
minimum exists. Let fobj(u) = uVx (t, x). Then two cases arise:{

Vx (t, x) > 0 �⇒ u∗ = −1 �⇒ fobj(u∗) = −Vx (t, x),

Vx (t, x) � 0 �⇒ u∗ = 1 �⇒ fobj(u∗) = Vx (t, x),

in summary

u∗ = − sign(Vx (t, x)) �⇒ fobj(u
∗) = −|Vx (t, x)|,

therefore,

Vt (t, x) − inf
u∈U{uVx (t, x)} = Vt (t, x) − fobj(u

∗) = Vt (t, x) + |Vx (t, x)|.
The viscosity solution of the problem for t ∈ (0, π/2] is

V (t, x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
sin(x − t), x ∈ [0,π/2],
sin(x + t), x ∈ (π /2, 3π/2 − t],
−1, x ∈ (3π/2 − t, 3π/2 + t],
sin(x − t), x ∈ (3π/2 + t, 2π].

Figure7 shows a comparison at t = 1 between the exact solution (in black) and its approx-
imation (in blue) calculated using the DGSL-P1 method. The mesh considered consists of
N = 640 disjoint and equidistant intervals, with M = 25 uniform time steps, giving CFL
≈ 4.

Graphically, the approximation provided by the proposed scheme for solving the problem
appears correct, particularly near the corner point x = π/2 and in the rarefaction region.
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Fig. 7 Zoomed-in view of the comparison between DGSL-P1 numerical solutions (N = 80, N = 160,
N = 320) and the exact solution of the problem (T2)

Table 4 Error committed by the DGSL-P1 method for test (T2) at t = 1 with CFL ≈ 0.1

N 40 80 160 320 640 Order

||eh ||L2 7.0108E−02 2.2709E−02 6.3778E−03 1.7975E−03 5.7754E−04 1.7506

||eh ||L1 1.1026E−01 3.7218E−02 1.1577E−02 3.7071E−03 1.3023E−03 1.6135

||eh ||L∞ 6.1141E−02 1.8322E−02 4.6927E−03 1.1741E−03 3.2572E−04 1.9069

Table 5 Error committed by the DGSL-P1 method for test (T2) at t = 1 with CFL ≈ 3

N 40 80 160 320 640 Order

||eh ||L2 3.0542E−03 6.8869E−04 2.1180E−04 4.6041E−05 1.1562E−05 1.9993

||eh ||L1 5.7478E−03 1.4008E−03 4.2445E−04 8.1865E−05 2.0823E−05 2.0314

||eh ||L∞ 2.9984E−03 6.3493E−04 2.3883E−04 4.7233E−05 1.1253E−05 1.9864

Table 4 shows the error eh = V − Vh at time t = 1, considering CFL ≈ 0.1, to compare
the results with [5, Table 4.7], at the same spatial and temporal refinement.

The proposed scheme is less accurate than the method developed by Cheng and Shu [5],
and the order of convergence of the error is slightly lower in all considered norms, L2, L1,
and L∞. However, it should be noted that, in this case, the approach developed by Cheng
and Shu requires an additional procedure to correct and redirect the numerical solution to the
viscosity solution. Furthermore, the CFL parameter plays a fundamental role in the stability
of this numerical method, which can be verified by attempting to solve the problem (9) with
N = 160 and CFL > 0.6, in which case the obtained solution is strongly divergent.

In contrast, a high CFL parameter does not limit the stability of the proposed method and
can improve its accuracy. In Table 5, the results are reported for the approximation obtained
by the DGSL-P1 method with CFL ≈ 3.

In Fig. 8, the data are synthetically represented, within the same graph, comparing the
proposed scheme and the method by Cheng and Shu, regarding the error committed in
solving the test example, respectively, in L2 and L∞ norms. From the images, it can be seen
that by properly adjusting the CFL value, the DGSL-P1 scheme becomes comparable to the
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Fig. 8 Behavior of the error in the L2 (left) and L∞ (right) norm as h increases for the DGSL-P1 numerical
solution (in blue and yellow) of the problem (T2), compared with the results from [5, Table 4.7]

Table 6 Error in L2 norm by the DGSL-Pr method with various values of r for test (T2) at t = 1 with CFL
≈ 3

N 40 80 160 320 640 Order

r = 1 3.2758E−03 1.1577E−03 6.7728E−04 4.5797E−05 1.1515E−05 2.0965

r = 2 1.4544E−04 1.3315E−04 5.4358E−05 7.4163E−08 2.1882E−08 3.6207

r = 3 9.4654E−05 4.3203E−05 1.9039E−05 2.9752E−08 1.9354E−08 3.5015

Table 7 Error in the L2 norm on the interval [0, 2π] \ (π /2 − 2�x, π /2 + �x) (smooth regions of the
solution) by the DGSL-Pr method with various values of r for test (T2) at t = 1 with CFL ≈ 3

N 40 80 160 320 640 Order

r = 1 3.0542E−03 6.8869E−04 2.1180E−04 4.6041E−05 1.1562E−05 1.9993

r = 2 2.9781E−05 3.6180E−06 7.7511E−07 5.5412E−08 7.7211E−09 2.9855

r = 3 1.2387E−07 5.6591E−09 3.5565E−10 1.2148E−11 3.5121E−12 3.9856

Cheng and Shu method both in terms of accuracy and convergence speed, or slightly better
in terms of the L∞ norm of the error.

We now proceed to compare the performance of the DGSL scheme at higher orders,
namely for r = 1, 2, 3. From the previous tests, we have already observed that the error
produced by the method exhibits a similar behavior across the standard norms L2, L1, and
L∞. Therefore, we restrict the following analysis to the L2 norm.

Table 6 reports the error values for the DGSL-Pr scheme with r = 1, 2, 3. It can be
observed that, although the method converges in all three cases, the convergence rates are
not fully satisfactory: the convergence is non-uniform, and no significant improvement is
detected when moving from r = 2 to r = 3. This behavior is due to the presence of a
singularity in the solution.

When the analysis is restricted to the smooth regions of the solution, specifically, to the
interval [0, 2π]\(π /2 − 2�x, π /2 + 2�x), the convergence rates become more regular,
exhibiting an observed order of accuracy close to r + 1 (see Table 7). These results are also
illustrated in Fig. 9, where the different performances of the high-order DGSL schemes can
be appreciated both over the entire domain and within the smooth portions of the solution.
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Fig. 9 Behavior of the error in the L2 in the whole domain (left) and in the smooth regions of the solution
(right) as h increases for the DGSL-Pr numerical solution

3.4 Test 3—Quadratic H, Non-differentiable Data, Comparison with Previous
Literature

The third test is taken from the article [16, Example 4.3],{
Vt (t, x) + (Vx (t,x))2

2 = 0, (t, x) ∈ (0, 1] × [0, 2π],
V (0, x) = |x − π|, x ∈ [0, 2π]. (10)

This is an evolutionary (HJ) with H(t, x, p) = p2/2, a continuous initial condition, not
differentiable at x = π, which leads to the formation of a rarefaction wave for Vx . There are
also periodic boundary conditions, V (t, 0) = V (t, 2π) for all t ∈ (0, 1].

As seen in the first test (Sect. 3.2), this problem can be rewritten in the form (HJB),
considering �(x, u) = u2/2, F(t, x, u) = u, L(x) = |x − π|, and U = [−1, 1],⎧⎨

⎩Vt (t, x) − inf
u∈U

{
u2
2 + uVx (t, x)

}
= 0, (t, x) ∈ (0, 1] × [0, 2π],

V (0, x) = |x − π|, x ∈ [0, 2π].
(T3)

The viscosity solution of the problem, for t ∈ (0, π], is

V (t, x) =

⎧⎪⎨
⎪⎩

π − x − t
2 , x ∈ [0,π − t],

x − π − t
2 , x ∈ [π + t, 2π],

(x−π)2

2t , x ∈ (π − t,π + t).

Figure10 shows the comparison, at t = 1, between the exact solution (in black) and its
approximation (in blue) calculated with the DGSL-P1 method. The mesh used consists of
N = 160 disjoint and equally spaced intervals, and M = 25 uniform time steps were
performed, so CFL ≈ 1.

Graphically, the approximation obtained using the proposed method appears correct, par-
ticularly around the point x = π where the rarefaction region forms.

Even if the proposed scheme is less accurate for small CFL values than, for example, the
alternative DG formulation developed by Ke and Guo [16], our scheme has the freedom of
allowing big time steps and as a consequence, high CFL values (i.e., that violate the condition
(7)). In fact, Table 8 shows the data for the approximation of problem (T3) with CFL ≈ 4.
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Fig. 10 Zoomed-in view of the comparison between DGSL-P1 numerical solutions (N = 80, N = 160,
N = 320) and the exact solution of the problem (T3)

Table 8 Error committed by the DGSL-P1 method for test (T3) at t = 1 with CFL ≈ 4

N 40 80 160 320 640 Order

||eh ||L2 1.6487E−02 9.4490E−03 5.0044E−03 2.5007E−03 1.8293E−03 0.8262

||eh ||L∞ 1.7727E−02 1.0651E−02 5.8875E−03 3.0801E−03 2.1743E−03 0.7845

Fig. 11 Trend of the L2 (left) and L∞ (right) error as h increases for the DGSL-P1 numerical solution (in
blue and yellow) of problem (T3), compared with the results from the article [16, Table 4, P1] (in red)

Figure 11 shows the comparison, in the same plot, between the data from the proposed
scheme and Ke and Guo’s method, for the error in solving the test example, in L2 and L∞
norms, respectively. From the images, it can be seen that adjusting the CFL value alone
improves the performance of the DGSL-P1 scheme, which then outperforms the method of
Ke and Guo [16] in terms of accuracy and error convergence speed.

4 Conclusions

In this work, a numerical method, DGSL-Pr , has been proposed to solve 1D evolutionary
HJB equations.
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In light of the tests carried out, the approach based on the SL representation formula and the
reconstruction of the functionwithDiscontinuous Finite Elements has proven effective in cap-
turing the rich structure (generated by discontinuities in the derivative and non-differentiable
data everywhere) of the viscosity solutions. With reference to the objectives set in the Intro-
duction, the experiments show the stability of the DGSL-Pr method regardless of the chosen
time and space step size. Furthermore, as anticipated, the structure of the proposed scheme
ensures both hp adaptivity and the decoupling of the linear system of equations into smaller
parts, which can be solved separately.

A peculiar aspect that has emerged from the numerical experiments concerns accuracy
and convergence order. Indeed, when compared with other methods known in the literature,
the proposed scheme proved to be less effective for CFL values lower than one, but became
comparable or even superior for larger time steps.

Building on the work discussed in this article, several future research directions open up.
First, the study could be extended to the two-dimensional (or multidimensional) case, with
attention given to the reconstruction of the characteristic in the SL phase of the method.
Moreover, to reduce computational times, it may be reasonable to implement Legendre basis
functions for each element, as continuity at the interface between elements is not required.
Additionally, the DGSL-Pr method could be directed toward applications, with the appropri-
ate corrections, involving viscosity solutions that develop jump-type discontinuities in finite
time. Finally, it could be interesting to investigate further the connection between the error
behavior and the CFL number, deriving some theoretical estimates on the discretization error
and the convergence order of the method in the regions of the domain where the solution is
smooth.
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