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Spectral Analysis of Discretized Boundary Integral
Operators in 3D: a High-Frequency Perspective

Viviana Giunzioni*, Adrien Merlini®, Francesco P. Andriulli*
* Department of Electronics and Telecommunications, Politecnico di Torino, 10129 Turin, Italy
T Microwave Department, IMT Atlantique, 29238 Brest, France

Abstract—When modeling propagation and scattering phe-
nomena using integral equations discretized by the boundary
element method, it is common practice to approximate the
boundary of the scatterer with a mesh comprising elements of
size approximately equal to a fraction of the wavelength A of the
incident wave, e.g., 1/10. In this work, by analyzing the spectra of
the operator matrices, we show a discrepancy with respect to the
continuous operators which grows with the simulation frequency,
challenging the common belief that the aforementioned widely
used discretization approach is sufficient to maintain the accuracy
of the solution constant when increasing the frequency.

Index Terms—Integral equations, spectral analysis, high-
frequency, discretization error.

I. INTRODUCTION

OUNDARY element methods (BEMs) for discretizing
and solving integral equations are fundamental tools in
modeling wave propagation and scattering phenomena. When
increasing the simulation frequency k, one common approach
consists in refining the discretization of the problem, increas-
ing the number of degrees of freedom proportionally to k4!,
where d is the dimension of the problem. This is equivalent,
for example, to employ a mesh approximating the geometry
characterized by elements of size h approximately equal to
a fraction of the wavelenght. The regime characterized by a
constant value of Ak when k goes to infinity is referred to
as high-frequency regime. Although this kind of refinement is
often the preferred choice, its efficacy in keeping the solution
error constant in frequency is still topic of discussion [[1]], [2].
In this contribution, we propose a new approach to explore
this fundamental question based on the spectral analysis of
boundary integral operators in the high-frequency regime.
To this end, we develop a novel semi-analytic approach to
determine the eigenvalues of the matrices discretizing the
operators over the sphere, which can then be used to show how
the discretization process causes the spectra of the matrices
and of the continuous operators from which they derive to
differ.

Once the eigenvalues of the BEM matrices are available,
they can be compared to the ones of the continuous operators
the matrices discretize, which results in the definition of
a spectral relative difference, whose behavior in the high-
frequency limit is studied in this contribution. Our analysis
leads to the conclusion that the BEM discretization of one of
the operators considered is affected by a spectral error increas-
ing in the high-frequency regime, challenging the common
belief that the accuracy is constant in said regime.

The paper is organized as follows: after providing the
required notation in Section we detail in Section our
new approach for the evaluation of the eigenvalues of the
operator matrices. Subsequently, we propose a high-frequency
analysis of the spectral error between matrices and operators
in Section [I[V] Some numerical results proposed in Section [V]
will validate the proposed approach, enforcing the conclusions
of this work, drawn in Section

II. BACKGROUND AND FORMALISM

Given the three-dimensional, free-space Green’s function of
wavenumber k
e—iklp=p'l

GX(p,p') = (D

drlp - p'l”
and a closed and orientable surface I' characterized by the
outward normal n, we define the single-layer and hypersingular
operators as

SEf(p) = k / G (p. o) f(p)dp' | @)
I
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In this work, we assume that I” is the sphere of radius a cen-
tered in the origin. In this case, the eigenvalue decompositions
of the above operators are known [3]],

k ’ ’ ’
: an C (p.P)f(P)dp".  (3)

SkyP =a3vP . NRYP =aNYP, (4)

where Y” =Y/ (6, ¢) denotes the spherical harmonic function
of the polar and azimuthal coordinates defined as in [4}
Section 8.1], and the associated eigenvalues /lfk and /l;Vk, of
multiplicity 2/ + 1, have expressions

A5 = —j(ka)?ji(ka)h (ka), 5)
AN = j(ka)2j] (ka)h? (ka), (6)

where j; and hl(z) are the spherical Bessel function of the first
kind and the spherical Hankel function of the second kind
respectively, of order / [4].

Boundary element approaches to discretize the integral
equations involving S* and A* commonly rely on the defini-
tion of a set of testing ¢ and source f functions defined over
a discretization or parametrization of /" and on the definition
of the matrices S* and N* with elements proportional to

(S v (1S4 A) Lo (N o< (1 NE 1)
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In the next section, we aim at evaluating the eigenvalues of
these matrices in case of source and test functions defined on
a partition of the sphere.

III. A NEw SEMI-ANALYTIC APPROACH TO EVALUATE THE
EIGENVALUES OF MATRICES S¥ anp N

We define a partition of I, i.e., a set of V2 surfaces I such
that UY:ZII} = I'. Differently from standard triangulations or
higher-order discretizations of surfaces commonly employed
in BEM approaches, this choice leads to a nonexistent geomet-
rical discretization error. After introducing the standard spher-
ical coordinates ¢ € [0,27) and 6 € [0, ], representing the
azimuthal and polar angle, we propose a uniform discretization
along ¢ and z := cos(f), as ¢, = phy for p =0,...,V -1
and z, = 1 = vh; for v = 0,...,V, where hy = 21/V and
h, = 2a/V; V is assumed to be odd. The V2 portions of I
characterized by ¢, < ¢ < ¢,41 and 6, < 6 < 6,41 have an
equal area A := 47a®/V? and will be employed as a partition
of I'.

To discretize S* and Nk using the BEM, we use test and
source basis functions defined over the spherical domain I,
which are separable functions of ¢ and z. In particular, after
defining two sets of M =V functions along ¢,

M-1

¢, M ¢
[} ad @] )
and two sets of N =V functions along z,
{p@h, ad {5 ®)

we can define two sets of (NM) = V? test and source functions

tangm (2, @) = 12(2)ti(9) , 9)
Famem(2,8) = F2(2) (). (10)

Additionally, we further assume shift-invariance of t,qfl and f,f ,

(@) =100 —dm) . fH @) =1 (6-¢m). (D)

The matrix S* resulting from the BEM discretization of the
single-layer operator has elements defined as

(Sk)uv:%/Ftu(r)Lfv(r’)Gk(r,r’)dr’dr. (12)

Using the addition theorem for spherical harmonics and spher-
ical Bessel functions, the Green’s function evaluated at points
r = (0,¢) and r' = (6’,¢’) can be expanded in as [5, Eq.
3.7.4]

l
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By substituting (I3) in (12), given the separability of the
basis functions, after a change of variables from Cartesian to
spherical coordinates, the element of S k can be written as

(s")
nM+m,n’ M+m’

oo [ a a
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where we denote by P/’ (z) the normalization of the Legendre
function as P} (z) = VQI+ D)= p)!/(L+|p)! PP (2).

The indexing of basis functions introduced in (9), (I0)
makes the matrix S* block-circulant, since it is composed of
N2 circulant blocks of dimension M. Indeed, each of these
blocks corresponds to the interaction between test functions
defined over a spherical segment and source functions defined
over another spherical segment. We now define the matrix
Dy, € CM*M whose (p + | M/2])—th column has its m—th
element equal to e iP?n /\/M; this matrix is the matrix of
eigenvectors of each of the circulant blocks of Sk ell, 171.
We also define D € CMNXMN a5 3 block diagonal matrix
with diagonal blocks equal to Dj,. The result of the matrix
product DYS¥D is a block matrix containing N’ diagonal
blocks of dimension M. The diagonal of each of these blocks
contains the eigenvalues of the corresponding block of S, of
spectral index p ranging from —|M /2] to [ M/2]. Then, by
means of the permutation matrix P, we apply a permutation
aimed at grouping together all the eigenvalues of the different
blocks corresponding to the same eigenvector, or, equivalently,
characterized by the same spectral index p. The resulting
matrix S¥ is a block diagonal matrix, in which the block of
index (p + [M/2]) contains in index (i, j) the eigenvalue of
spectral index p of the block of index (i, j) of matrix S* [8]

PTD'S*DpP = §* . (15)

Given the diagonalization of the original and of the manipu-
lated matrices,

Skv =av (16)
PTD'S*DPV = v, (17)

we have that
v=P'D'v and 1=2, (18)

that is, matrices S*¥ and S* share the same eigenvalues. As a
consequence, it is possible to retrieve the eigenvalues of S* as
the union of the eigenvalues of the diagonal blocks of §¥. To
facilitate further developments we denote the diagonal block
of §* at index (p + |M/2]) as S%, and the Fourier series

coefficients of t{f((/)) and f0¢(¢) as Tp, F), [7],

1 ) 1 )
T, = ™ / t0(¢)P? dg, F, = ™ / 1) er? ag.
(19)



The matrix S& can be expressed as

= k
Sy =- 30 Z/ls Z PP MT virty Fipesin)
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where matrix P is a rank-one matrix, P =t f" T with
[ PP (2)ti(2)dz [ PP (2)fi(2)dz
t = : 7= :
Jo PP @15 (2)dz Lo Pl @15 (2)dz

Using these results, the eigenvalues of S* can be compared
with the eigenvalues of the operator S*. We focus in particular
on the hyperbolic and the transition regions of the spectrum,
corresponding respectively to spectral indices ! <« ka and
| = ka [2f]. Given the nature of the summation with respect
to the index [ in eq. , the eigenvalues of the block 51’;:0

should be compared with Afk for l =0,...,V — 1, where,
given the multiplicity of the eigenvalues of the operators,
V-1 = lhax 18 the maximum spectral index of the visible
range. Indeed, Zlm“(21+ D) = (Imax + 1)? = V2 Slmﬂarly,
(V = 1) eigenvalues of Sk_+l should be compared with /ls
for [ =1,..,V — 1, while one remaining eigenvalue does not
have clear correspondence with the spectrum of the continuous
operator. Note that, by ordering the eigenvalues as explained
above, the multiplicity of the comparison between eigenvalues
of the operator and of the matrix is satisfied at least up to
spectral index [ = ka (we assume ka is integer). Indeed, given
a spectral index [ < ka, we identify (2/ + 1) eigenvalues of
S* to be compared with Afk, each of them eigenvalue of a
different block S !lj characterized by |p| < [.

The numerical results proposed in the following will focus
on polynomial basis functions. In particular, we will consider
patch © and pyramid A basis functions, given by the product
of patch and pyramid basis functions of argument ¢ and z,
denoted as n?, A?, =%, AZ. Further analyses are required to
verify the convergence of such bases. The Fourier coeflicients
associated to 7: and 7\ with expressions [7]]

. 2

sin(mp/M) ond T,é _ [srn(ﬂp/M)] e
“(ap/M) (xp/M)

equal one for p = 0 and equal zero for p = sM. This allows for

a simplification of the expression of the block 5};20, reading
ETPRLA P 22
p=0= "5 Z 4P (22)

Following similar steps, the eigenvalues of the matrix N*
discretizing the hypersingular operator can be retrieved as the
union of the eigenvalues of the M blocks N" defined as

_ k
Ny =5 Z Z NPT ) Fipesnn) -
§=—00[=|p+sM |
(23)

Finally, by virtue of the spherical harmonics decomposition of
the Dirac delta distribution [4], the eigenvalues of the Gram
matrix G discretizing the identity operator, with eigenvalues
/llf = 1, are given by the union of the eigenvalues of the blocks

(o)

PT 02 Z Z /llIPl(erSM)T—(PHM)F(p+sM) - 24
§=—00 [=|p+sM |

IV. HicH-FREQUENCY ANALYSIS OF THE SPECTRAL ERROR

As shown in the previous section, the eigenvalues of the
BEM matrices discretizing the integral operators S*, N* are
the union of the eigenvalues of the blocks 51", and N};. In
particular, up to the spectral index [ = ka, a clear correspon-
dence with the eigenvalues of the continuous operators S* and
N¥ can be identified, allowing for the definition of a relative
spectral error

/lsk —/lSk /i k —/lNk
k l 1 k [ 1
E} = —p/lsk . BN = —P/lNk . (29

1 1

where we have denoted as /ls and /lN the eigenvalues of the

blocks 5%, NX associated to the spectral index /.
We d1d not observe, nor did we theoretlcally find, any
associated to

and fp}
I=|p|

the basis functions con31dere(|ip Hence, we may assume that
the aliasing component of the spectral error [7], which here
means the component of the spectral error resulting from
interferences with high-frequency spectral components of the
spectrum of the operator outside the visible range, is given in
this case both from the terms corresponding to s # 0 and from
the terms corresponding to [ > |p|+ V.

It follows that, as in the two-dimensional circular case
[2]], the high-frequency behavior of the spectral error will be
determined by the high-frequency behavior of the spectra of
the continuous operators, and, in particular, by the relative
high-frequency scaling of some spectral components with
respect to others. Note that [4]

. _ ) _ [T L@
]l(ka)—JZk Jl+1(ka) h, (ka)-,/zkaHH%(ka),

(26)
where J; and H ;2) are the Bessel and Hankel functions of first
and second kind [4]. By studying the asymptotic expansions
of Bessel and Hankel functions, of large argument type ([4}
Section 9.2]) for indices | < ka and of large order type
([4, Section 9.3]) for | ~ ka and [ > ka, we obtain that

Sk Nk . .. . . .

|47 | and [4;" | in the transition region respectively increase
as (ka)'? and decrease as (ka)~'/? in the high-frequency
regime, while they maintain a constant order of magnitude in
the hyperbolic and elliptic regions of the spectra. As in the
two-dimensional case [2], this translates into an aliasing error
expected to decrease as (ka)~'/? and to increase as (ka)'/?
in the transition region for the matrices S* and N*.

orthogonality between {tp }

V. NUMERICAL REsULTS

The numerical results proposed in this section aim at
validating the novel semi-analytic approach for the evaluation
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Fig. 1. Convergence of the Gram matrix evaluated following our new semi-
analytic approach (eq. 47_7[)) to the expected value as a function of L.

of the eigenvalues of the BEM matrices. To this end, we
compared matrix

oy 27

~ V L
Gpo=575 >, 4/ P,

1=0
resulting from the discretization by means of patch functions,
with the identity matrix, which is the expected result for the
Gram matrix for L — oo, given the uniform parametrization
of the sphere. The convergence of |G p=0 —I|/|I] to zero as a
function of L is shown in Figure [T} validating our approach.
We then employed the proposed strategy to evaluate the
eigenvalues of the single-layer and hypersingular operator
matrices (eigenvalues of 5;20 (22) and I\_Ikzo) discretized by
means of pyramid functions at the frequency ka = 30, shown

in Figure [

VI. CoNCLUSIONS

We proposed a new semi-analytic approach for the spectral
characterization of the BEM matrices discretizing integral
operators over the sphere. The high-frequency analysis of the
spectral relative difference between matrices and operators
reveals an increasing behavior as (ka)!'/? of the spectral error
of one of the operators considered, suggesting the possibility
of an increasing solution error in the high-frequency regime.
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Fig. 2. Eigenvalues of the BEM matrices of the single-layer (a) and
hypersingular (b) operators discretized with pyramid basis functions evaluated
following the semi-analytic approach proposed in Section[[ll} comparison with
the spectra of the operators.
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