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Introduced by Boltzmann under the name “monode,” the microcanonical ensemble serves as the fundamental
representation of equilibrium thermodynamics in statistical mechanics by counting all possible realizations of
a system’s states. Ensemble theory connects this idea with probability and information theory, leading to the
notion of Shannon-Gibbs entropy and, ultimately, to the principle of maximum caliber describing trajectories of
systems—in and out of equilibrium. While the latter phenomenological generalization reproduces many results
of nonequilibrium thermodynamics, given a proper choice of observables, its physical justification remains an
open area of research. What is the microscopic origin and physical interpretation of this variational approach?
What guides the choice of relevant observables? We address these questions by extending Boltzmann’s method
to a microcanonical caliber principle and counting realizations of a system’s trajectories—all assumed equally
probable. Maximizing the microcanonical caliber under the imposed constraints, we systematically develop
generalized local detailed-balance relations, clarify the statistical origins of inhomogeneous transport, and
provide an independent derivation of key equations from stochastic thermodynamics. This approach introduces
a dynamical ensemble theory for nonequilibrium steady states in spatially extended and active systems. While
verifying the equivalence of ensembles, e.g., those of Norton and Thévenin, our framework contests other com-
mon assumptions about nonequilibrium regimes, with supporting evidence provided by stochastic simulations.
Our theory suggests further connections to the first principles of microscopic dynamics in classical statistical
mechanics, which are essential for investigating systems where the necessary conditions for thermodynamic
behavior are not satisfied.

DOI: 10.1103/r1cg-tpdb

I. INTRODUCTION

Tools of statistical mechanics have become indispensable
in addressing modern problems of science and technology,
which concern complex, active, and, in general, far from
equilibrium systems [1–25]. These tools extend, typically
in a phenomenological manner, classical results for equi-
librium thermodynamic systems, e.g., local detailed-balance
relations [26–28], statistics of large deviations, informa-
tion [29–34] and response theory [35–37]. The assumptions
implied in such extensions are difficult to validate and,
when not verified, drastically limit applications or physical
interpretation of theoretical models. To overcome the lim-
itations of phenomenological approaches to nonequilibrium
thermodynamics, the search for generalizations of the princi-
ples, which statistical mechanics established for equilibrium

*Contact author: roman.belousov@embl.de
†Contact author: erzberge@embl.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

systems—ensemble methods [38,39], Helmholtz’ mechan-
ical interpretation [40,41], and dynamical-systems theory
[42–48]—continues.

The ensemble theory of statistical mechanics [49,50] pro-
vides the most widely adopted framework of thermodynamics,
which relates macroscopic properties of equilibrium systems
to time-independent statistics of their micro- or mesoscopic
states s ∈ σ, e.g., positions and momenta of all the particles or
occupation numbers of energy levels. Dynamical fluctuations
in these systems are thus characterized by the probability
distribution pσ (s), which does not change in time, because
any macroscopic variable 〈A(s)〉 = ∫

σ
ds pσ (s)A(s) must by

definition remain constant in equilibrium. According to statis-
tical mechanics, the distribution pσ (s) maximizes the Gibbs
entropy defined as

Sσ = −kB

∫
σ

ds pσ (s) ln pσ (s), (1)

where the Boltzmann constant, kB = 1.380649 × 10−23 J/K ,
has units of entropy and quantifies the vast disparity of scales
between the macroscopic and the microscopic realms. In sys-
tems with discrete sets of states, the integral is replaced by the
summation.

If one does not speak of the thermodynamic entropy, which
is an objective function of a macroscopic state, then Sσ /kB can
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be interpreted as a measure of indeterminacy. In this context,
it is commonly referred to as Shannon entropy, a subjective
quantity that depends on the level of system description. For
instance, a level of uncertainty can be intentionally intro-
duced through coarse graining [51,52], as suitable in some
applications [53,54].

As an extension of the information-theoretic approach
from time-independent macroscopic states to general dynami-
cal processes, the principle of maximum caliber was coined by
Jaynes [55], although its foundations go back to much earlier
works of his [56], as well as of Filyukov and Karpov [57,58].
If we assign probabilities pT (st ) to the possible trajectories
st —a time-ordered succession of states—of a system, then
its caliber or path entropy over the interval t ∈ T mimics
Eq. (1) as

ST = −
∫

σ×T
Dst pT (st ) ln pT (st ), (2)

with the integral taken over all possible paths st . Accord-
ing to the principle of maximum caliber or path entropy,1

which is thought to be applicable also out of equilib-
rium [28,32,38,55,57–59,61–80], the probability distribution
pT (st ) is identified by extremizing Eq. (1) subject to known
macroscopic constraints (Appendix A).

Despite the mathematical analogy shared by Eqs. (1) and
(2), the principle of maximum caliber still lacks the foun-
dations that are well established and understood within the
context of maximum-entropy principle for equilibrium sys-
tems, whose relevant variables and constraints are known [81].
In particular, a complete picture of nonequilibrium statistics—
the mathematical derivation and its physical interpretation
based on the dynamics of microscopic constituents of matter
[82]—is so far missing. Statistical mechanics encompasses
the relevant macroscopic constraints that the equilibrium en-
sembles must verify, consistently with Liouville’s theorem
and Hamiltonian dynamics [83, Chapter 2]. Consequently,
statistics of equilibrium systems can be derived from the
microscopic representation of these constraints within the mi-
crocanonical ensemble [83, Chapter 3], [84].

When maximizing the system’s caliber, the choice of the
macroscopic constraints is typically guided by phenomeno-
logical laws of nonequilibrium thermodynamics. Thereby the
selected variables often include—in addition to properties
whose relevance is well established from the equilibrium
theory, like energy and mass—phenomenological parameters
such as the magnitudes of currents. However the distinction
between these types of variables is not always appreciated and
may lead to an inadequate, or valid only in a certain limit,
description.

Even for nonequilibrium steady states—regimes formally
similar to equilibrium, because they are characterized by con-
stant nonzero fluxes—there is no universally accepted choice
of the macroscopic statistics. Variants of the maximum-
caliber formalism differ by imposed constraints or by the
way interactions with thermodynamic reservoirs are modeled
[58,71–74,85–87]. In fact, as we find here, even the com-
monly invoked condition of a constant macroscopic flux can

1Or second entropy [59,60].

arise from different physical mechanisms, leading to distinct
nonequilibrium regimes.

Especially when multiple constraints must be chosen
to describe a complex system, physical insights are in
high demand. For example, which macroscopic observables
would provide the relevant statistics for nontrivial spatial
organization—such as gradients of chemical components or
patterns in living systems—that shapes important processes
in biology and engineering [88–93]? This question leads us to
consider also applications of the maximum-caliber principle
to systems whose thermodynamic variables can be regarded
as fields. In particular, we show how the symmetry broken
by nonequilibrium mechanisms entails a spatial gradient of
matter.

To develop the ensemble representation for systems be-
yond the scope of classical equilibrium thermodynamics, we
combine some ideas of the caliber theory [66] with the mi-
crocanonical approach, starting from Boltzmann’s simplified
model of an ideal gas [94]. We proceed by counting all pos-
sible microscopic trajectories of a system—assumed equally
likely—rather than its microscopic states as in Boltzmann’s
original method. The macroscopic evolution of the system is
then identified with its most probable path that maximizes the
number of such realizations.

Subsequently, we extend our theory to more complex
systems in and out of equilibrium, by incorporating more
realistic dynamical constraints, which introduce interactions
between the microscopic constituents of matter, ensure the
continuity of its flow, or apply driving forces. In the outcome
we systematically obtain by direct calculations a physically
interpretable, mechanistic representation of thermodynamic
ensembles for spatially extended, nonequilibrium, and active
systems, which we ultimately verify in stochastic simulations.

The connection to microscopic events offers the physical
insight, which is missing in the formal variational principles,
and a systemetic way to complete statistical-mechanics mod-
els with conjugate pairs of thermodynamic variables suitable
to describe specific nonequilibrium regimes. These variables
uniquely identify the statistical ensemble, which turns out
to depend not only on the magnitude and direction of the
currents, e.g., as assumed in the typical phenomenological
theories, but on the details of the driving mechanism.

The distinct features of our theory comprise the mi-
crocanonical constraints and local, in time, analysis of
trajectories. First, we impose conservation of the total energy
E and the number of particles N in the system—regardless
of any nonequilibrium driving �, such as fixed currents or
difference of thermodynamic potentials that may be present.
Second, we count the realizations of the trajectories over a
short, or rather infinitesimal, time step of size dt . Under these
conditions we replace Eqs. (1) and (2) with their microcanoni-
cal counterparts—the Boltzmann entropy SB = kB ln W (N, E )
(Appendix B) and microcanonical caliber (microcaliber)

Sdt = ln �(E , N,�...), (3)

where W and � count the realizations of the system’s macro-
scopic states and trajectories, respectively.

Maximization of the microcanonical caliber subtly differs
from the nonlocal—in time—variational problem formulated
as the global optimum of the traditional path entropy over the
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FIG. 1. Simplified model of ideal gas. In the initial state s(t )
indistinguishable particles are distributed over M energy levels
εi=1,2,...,M . In each discrete time step dt , nji particles move from the
ith to the jth level, with nii particles remaining in their place.

interval T . The time-nonlocal approach identifies the most
likely evolution of a system by extremizing the functional
Eq. (2), which in continuum problems typically entails the
conditions for extrema at each instant of time as well (Ap-
pendix C), like the Euler-Lagrange equations minimizing the
action functional in the classical mechanics. Therefore our
microcanonical formalism is compatible with the traditional
principle of maximum caliber defined for paths over a macro-
scopic observation times T .

II. PARADIGMATIC MODELS

First we develop and demonstrate our theoretical frame-
work using two paradigmatic models of classical statistical
mechanics. We begin with the Boltzmann gas, representing
the simplest class of problems considered, and then proceed
to the Fermi gas, which illustrates nontrivial effects of micro-
scopic interactions.

A. Boltzmann gas

To introduce the microcaliber theory in the simplest form,
we begin with Boltzmann’s paradigmatic model of an ideal
gas in discrete time t and state space σ (Fig. 1): N indis-
tinguishable particles may occupy any of M � N energy
levels εi=1,2,...,M with degeneracies gi. The system’s state can
thus be described by a vector of occupation numbers s =
(n1, n2, ..., nM )T ∈ σ.

Starting with an arbitrary initial state—not necessarily
fulfilling the maximum-entropy condition (Appendix B)—
and implementing the microcanonical conditions, we impose
a macroscopic constraint on the total energy, E = ∑

i εini,
which must be conserved in time, and a single microscopic
constraint on the dynamics—particles are neither created nor
annihilated. They are however allowed to move to, or remain
still in, any energy level, as long as in a time step t → t + dt
the transition between two states s, s′ ∈ σ, obeys N (s) = N (s′)
and E (s) = E (s′). How many distinct realizations of such a
transition are possible?

Given the above conditions, any transition sdt : s → s′—
or the system’s path—can be uniquely specified by the set
{n ji}M

i, j=1 of numbers of particles, which jump from the ith

level into the jth level. The elements n ji must satisfy the
following relations:

ni(t ) −
M∑

j=1

n ji = 0, n j (t + dt ) −
M∑

i=1

n ji = 0, (4)

0 =
∑

i j

(εi − ε j )n ji = E −
∑

j

ε jn j (t + dt ), (5)

which enforce the conservation of the total number of particles
and their total energy, counting also those that remain at the
same level, i = j.

Each of the elements n ji—which together define a path of
the system—represents the number of particles taken from
the state i and redistributed independently over gj sublevels
of energy ε j . The total count of indistinguishable particles’
rearrangements is approximately given by the classical combi-
natorial formula of the Maxwell-Boltzmann statistics2 � ji ≈
g

nji

j /n ji! [95, Chapter 13]. As the particles are distributed
independently, the number of realizations of the system’s path
{n ji}M

i, j=1 amounts to

�MB(sdt ) =
M∏

i, j=1

� ji ≈
M∏

i, j=1

g
nji

j

n ji!
. (6)

Assuming that all rearrangements of particles are equally
likely, the most probable path of the system is characterized
by the largest number of realizations, which is an objective
quantity. It is given by the n ji that maximize the logarithm
of Eq. (6)—the microcanonical caliber of the path—together
with the explicit constraints on the particles’ number and their
energy. The corresponding objective function we extremize is

fMB = ln �MB + β

⎛
⎝E −

∑
i j

ε jn ji

⎞
⎠

+
∑

i

θi

⎛
⎝ni −

∑
j

n ji

⎞
⎠, (7)

where the Lagrange multipliers β and θi=1,2,...,M constrain
the total energy E and the initial occupation numbers ni(t ),
respectively. By applying the Stirling approximation to the
microcanonical caliber

Sdt = ln �MB ≈
∑

i j

[n ji ln g j − n ji(ln n ji − 1)], (8)

and the extremum condition ∂ fMB/∂n ji = 0, we find

n ji = g je
−βε j−θi . (9)

The constraint Eq. (4) on ni(t ) determines values of the La-
grange multipliers θi:

e−θi = ni

ZMB
, (10)

2The Maxwell-Boltzmann combinatorial formula may be regarded
as an approximation of the Bose-Einstein statistics when M � N
and differs from the Boltzmann’s exact counting of distinguishable
particles by the factor of ni! [95, Chapter 13].
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in which ZMB = ∑
j g j exp(−βε j ) is the canonical partition

function. Combined, Eqs. (9) and (10) yield

n ji = g j

ZMB
e−βε j ni = g jπ jini = p jini, (11)

where the elements π ji = exp(−βε j )/ZMB, which in this sim-
ple model do not actually depend on the index i, express the
probability for a particle to jump from an ith energy level into
one of the g j equivalent sublevels of energy ε j . In addition, we
can define the probability pji = g jπ ji for a particle to jump
into any of the degenerate sublevels j. Note here that π ji

satisfy the simplest form of local detailed balance, whereas
p ji obey a more general relation:

π ji

πi j
= e−β(ε j−εi ),

p ji

pi j
= g j

gi
e−β(ε j−εi ). (12)

Using the above results and definitions, we can use the
constraint Eq. (4) on n j (t + dt ) as a Markov-chain equa-
tion for the most likely evolution—the macroscopic path—of
the system:

n j (t + dt ) =
∑

i

p jini(t ). (13)

Due to the local detailed-balance relations (12), the system
will reach a steady state n̄ j = n j (∞) as t → ∞:

n̄ j =
∑

i

p jin̄i = g je
−βε j

N

ZMB
= g je

β(μMB−ε j ), (14)

which is the distribution of the microcanonical equilib-
rium ensemble with inverse temperature β = (kBT )−1 and
chemical potential μMB = −kBT ln(ZMB/N ), cf. Eq. (B1) in
Appendix B.

Instead of maximizing the Boltzmann entropy
(Appendix B), we derived the distribution function Eq. (14)
of the microcanonical ensemble alongside the Markovian
macroscopic dynamics Eq. (13), which encompasses the
transient relaxation of any initial state ni(t ) to equilibrium
n̄i(∞). This theory can also be extended to continuous-time
random walks in a straightforward manner, by casting Eq. (13)
as a master equation (Appendix D) in the limit of dt → 0
with transition rates

k ji = lim
dt→0

p ji

dt
. (15)

The limit dt → 0 in the above equation refers to infinitesi-
mal variations relative to macroscopic timescales. Specifically
in the discrete-time model of the Boltzmann gas we regard
the Markov chain Eq. (13) as an approximation of a time-
continuous process with a Poissonian attempt rate a = dt−1

[96], such that ki j = api j and, thus, pi j 
 ki jdt [97, Sec. 2.3].
In the rest of the paper, we consider increasingly more

complex microscopic constraints, which incorporate various
important aspects of real physical systems neglected in the
paradigmatic example of this section. Further developments
follow relying as above on the maximization of the discrete
microcanonical caliber Sdt , here taking the form of Sdt =
ln �MB(sdt ).

B. Fermi gas

Although quantum physics is beyond the scope of this
paper, we consider the exclusion principle—leading to Fermi-
Dirac statistics [95, Chapter 13]—as a paradigmatic example
of steric interparticle interactions in classical thermodynamic
systems. Namely, we forbid two or more particles to occupy
the same sublevel of a given energy εi. This condition restricts
the maximum occupation number of an ith level by its degen-
eracy ni � gi. Indeed, besides fermions in quantum physics, a
variant of the exclusion principle often appears in models of
classical statistical mechanics as a simplified representation
of hard-core repulsion, e.g., in Flory-Huggins solution theory
[98–100], [101, Section 1.4] or lattice Boltzmann methods
[102,103]. When the degeneracy of an energy level is asso-
ciated with the spatial localization of its sublevels, this type
of interaction results in volume exclusion [104–109]. Such
a situation may describe a collection of particles and boxes
too small to host more than one particle. The Fermi-Dirac
distribution arises through maximization of the Boltzmann
entropy at constant number of particles and constant energy,
by using the Stirling approximation.3

As in Sec. II A the system’s trajectory sdt over a time step
dt is completely specified by its elements nji. However, while
the particles are allowed to jump into any level (Fig. 1), in
addition to constraints (4) and (5), the exclusion principle
demands

ni(t ) =
∑

j

n ji � gi, n j (t + dt ) =
∑

i

n ji � g j . (16)

With the above listed assumptions, counting realizations of
a path subject to the constraints (16) leads to a formula of
the system’s caliber that resembles the Fermi-Dirac statistics
(Appendix E):

�FD(sdt ) =
∏

j

g j!

(g j − ∑
i n ji )!

∏
i n ji!

. (17)

By maximizing ln �FD with Lagrange multipliers β and θi to
the constraint Eqs. (4) and (5) we further obtain (Appendix E)

nji = g j − n′
j

ZFD
e−βε j ni = p jini, (18)

where we used for brevity n′
j = n j (t + dt ) and, as in

Sec. II A, the transition probabilities p ji, which de-
pend on the Fermi-Dirac partition function ZFD = ∑

j

(g j − n′
j ) exp(−βε j ). From the constraint Eq. (4) on n′

j =∑
i n ji we again obtain a Markov chain

n j (t + dt ) =
∑

i

p jini(t ),

3The Stirling approximation requires both the number of particles
in a given energy level ni, as well as the number of unoccupied
sublevels gi − ni to be sufficiently large. Nonetheless, despite its
asymptotic nature, the error in Stirling’s approximation is generally
negligible on macroscopically relevant scales, even for small positive
integers.
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whose steady state must satisfy the equation

n̄ j =
∑

i

p jin̄i = g j − n̄ j

ZFD
e−βε j N. (19)

The solution of Eq. (19) is the equilibrium Fermi-Dirac distri-
bution with the chemical potential μFD = −kBT ln(ZFD/N ):

n̄ j = g j

1 + eβ(ε j−μFD )
. (20)

Note that the microcaliber theory imposes a general condi-
tion on the transition probabilities p ji:

p ji(gi − ni(t + dt ))

pi j (g j − n j (t + dt ))
= e−β(ε j−εi ), (21)

which in equilibrium reduces to that of the local detailed
balance for fermions [110,111]

p ji(gi − n̄i )

pi j (g j − n̄ j )
= e−β(ε j−εi ). (22)

The Fermi gas example shows how the microcanonical
principle of maximum caliber reproduces the classical results
of statistical mechanics for such systems, e.g., Eqs. (20) and
(22), and provides their nonequilibrium generalizations, e.g.,
Eq. (21) and those derived in the following. Interactions more
complex than the Fermi exclusion principle can also be taken
into account (Appendix F, Ref. [109]).

III. SPATIALLY EXTENDED SYSTEMS

De Groot and Mazur [112, Chapter I, Sec. 2] argue in
their, now classical, book on nonequilibrium thermodynam-
ics, which they regard in connection to such macroscopic
disciplines as fluid dynamics and electromagnetic theory, that
“the thermodynamics of irreversible processes should be set
up from the start as a continuum theory, treating the state
parameters of the theory as field variables...”

To pursue the idea of formulating a macroscopic theory
for field variables, we first reframe the Boltzmann model of
the ideal gas (Sec. II A) using discretized field variables on
a lattice. Then we analyze its thermodynamics in and out
of equilibrium by applying the microcanonical principle of
maximum caliber, and ultimately taking the continuum limit
in space.

A. Boltzmann gas on a periodic lattice

More realistic representations of macroscopic systems can
be achieved by associating energy levels with sites on a lattice,
e.g., on an equidistant grid of size dx which in the continuum
limit dx → 0 yields a field description extended over the co-
ordinate x (Appendix G). For example, such lattice sites may
correspond to coarse-grained positions of molecules in space
(Fig. 2). Here we consider the Boltzmann gas with energy sets
εi(	) with i = 1, . . . , M(	) and 	 = 1, 2, ..., L, and degenera-
cies gi(	), where the index 	 refers to an 	th site. Thereby
the system represents a (quasi-) one-dimensional system with
particles’ energy states localized in space. In addition, we
impose periodic boundary conditions.

We introduce a new constraint on the microscopic dy-
namics, which corresponds to the continuity conditions of

FIG. 2. Boltzmann gas on a lattice of length scale dx with peri-
odic boundary conditions. In general the structure of energy levels
εi(	) with i = 1, . . . , M(	) and 	 = 1, 2, ..., L, is different at each
site of the lattice. In a time step dt particles are allowed to jump only
between the levels of the same site 	 or of its nearest neighbors 	 ± 1.

continuum fields, and which restricts possible transitions
from a source level εi(	) to the target levels ε j (m ∈ N (	))
within the neighborhood N (	) of the 	th site. We take the
simplest such neighborhood N (	) = {	 − 1, 	, 	 + 1} with
periodic boundary conditions N (1) = {L, 1, 2} and N (L) =
{L − 1, L, 1}.

Using two indices, instead of one, to enumerate the energy
levels does not change much in the framework outlined in
Sec. II. In fact, double indexing can be in practice “flat-
tened out,” given a finite set i ∈ M(	) = {1, 2, ..., M	} of
energy levels εi(	) per site 	. Hence the count of realizations
of a path specified by n(m j|	i)—the number of particles
transferred between the source and target levels εi(	) and
ε j (m), respectively—is still given by the Maxwell-Boltzmann
statistics

�0(sdt ) ≈
L∏

	=1
i∈M(	)

∏
m∈N	

j∈M(m)

g j (m)n(m j|	i)

n(m j|	i)!
, (23)

cf. Eq. (6). We also impose the constraints

A	i = ni(	, t ) −
∑

m∈N (	), j∈M(m)

n(m j|	i) = 0, (24)

B = E −
L,	+1∑

	=1,m=	−1
i∈M(	), j∈M(m)

ε j (m)n(m j|	i) = 0, (25)

subject to the periodic boundary conditions ni(L + 1) = ni(1),
thus applying the condition of conservation of number of
particles and energy expressed by Eqs. (4) and (5) to the case
of transitions from a given source level to a neighborhood
N (	). Next, to maximize the system’s caliber, we form the
objective function

f0 = ln �0(sdt ) + βB(sdt ) +
∑
	i

θ	iA	i(sdt ), (26)

with the Lagrange multipliers θ	i and β to the constraints (24)
and (25), respectively. We do not repeat here the steps of
Sec. II A required to extremize f0 and to eliminate θ	i, and
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write immediately the final result for the most likely path of
the system

n(m j|	i) = gj (m)

ζ (	)
e−βε j (m)ni(	) = p(m j|	i)ni(	), (27)

in which we introduced a neighborhood partition function

ζ (	) =
∑

m∈N (	), j∈M(m)

g j (m)e−βε j (m),

and the transition probabilities p(m j|	i), with m ∈ N	. The
latter can be augmented by elements p(m �∈ N (	), j|	i) = 0
to cast a Markov chain equation, cf. Eq. (13),

n j (m, t + dt ) =
∑
	i

p(m j|	i)ni(	), (28)

in which we observe another generalization of the local
detailed-balance relation

p(m j|	i)

p(	i|m j)
= g j (m)ζ (	)

gi(	)ζ (m)
e−β(ε j (	)−εi (m)), (29)

when m ∈ N (	). In a uniform system with ζ (m) = ζ (	) and
gj (m) = gi(	) this relation simplifies to the more common
form.

The equilibrium state corresponds to the steady-state solu-
tion of Eq. (28):

n̄ j (m) =
∑
	i

p(m j|	i)n̄i(	) = g j (m)

eβε j (m)

∑
	∈N (m)

ν̄(	)

ζ (	)
, (30)

where ν	 = ∑
i ni(	) counts the particles at the site 	. This

linear equation can be solved explicitly, once the structures of
energy levels—how gi(	) and εi(	) depend on the indices i
and 	—are defined. Inhomogeneous structures are possible,
e.g., in the presence of external forces like gravity. In the
absence of such forces the equilibrium solution manifests the
macroscopic symmetry, which demands that all sites, as they
are equivalent, are characterized by the same numbers

ν̄(	) ≡ N

L
, ζ (	) ≡ 3z = 3

∑
j

g je
−βε j , (31)

where we drop the dependence of gj and ε j on the index
m. The factor of 3 appears from expansion of the neighbor-
hood partition function ζ comprising contributions of the local
partition function z from three identical lattice sites. Equa-
tion (31) substituted into (30) reproduces the macroscopic
statistics Eq. (14) for the Boltzmann gas:

n̄ j (m) = g je
β(μMB−ε j ), (32)

in which the chemical potential at each site is given by

μMB = kBT ln
3N/L

3z
= −kBT ln

ZMB

N
, (33)

with ZMB = Lz being the macroscopic partition function.
The microcanonical principle of maximum caliber, as

shown above, encompasses the Markovian dynamics Eq. (28),
which describes the decay of the transients toward the equi-
librium states. Thereby this approach consistently extends
the ensemble formalism of classical statistical mechanics. In
addition to the continuous-time limit, mentioned in Sec. II A
and leading to the master equation (Appendix D), the lattice

representation connects the microcanonical principle of max-
imum caliber to the field theories through the continuum limit
of dx → 0 (Appendix G).

B. Gradient-driven flow

Steady states with constant macroscopic flows, which are
sustained by external gradients of thermodynamic potentials,
represent the classical subject of nonequilibrium thermody-
namics, cf. Ref. [112, Chapter V] and Ref. [60, Sec. 1.5]. Here
we show how the microcaliber framework can be applied to
analyze statistical mechanics of such systems.

Extending the ideal-gas model on a lattice from Sec. III A,
we drive the system out of equilibrium by imposing a macro-
scopic constraint enforcing a constant flux of particles J
between the end sites 	 = 1, L:

P1L(sdt ) = J −
∑

i j

[n(1 j|Li) − n(L j|1i)] = 0, (34)

which implies J > 0 when the particles are driven counter-
clockwise in Fig. 2. Note that this constraint is not equivalent
to constant flux in the whole system, as clarified in the next
section.

The nonequilibrium mechanism we thus describe resem-
bles closing an electric circuit by connecting its ends to
positive and negative terminals of a “battery.” Then, by adding
the additional constraint P1L with a new Lagrange multplier
η1L to Eq. (26), we extremize the objective function

f1L = f0 + η1LP1L. (35)

For m, 	 �∈ {1, 2, L − 1, L} we obtain again Eq. (27), as these
sites are not affected by the new constraint. The explicit ex-
pressions for the affected sites, which involve the Lagrange
multiplier η1L, are derived in Appendix H [Eqs. (H6) and
(H7)].

The dynamics of the system can be cast as Eq. (28) by
using Eqs. (27), (H6)–(H7), like in Sec. III A. Due to the
constant-flux condition, its steady-state solution n̄i must obey
Kirchhoff’s law:

J	+1,	 =
∑

i j

[n(	 + 1, j|	i) − n(	, j|	 + 1, i)] = J. (36)

Now we focus on a subsystem consisting of sites 	 ∈ S0 =
{a, a + 1, ..., b} with a � 1 and b 
 L. The complementary
subsystem 	 ∈ S̄0 = {b + 1, b + 2, ..., a − 1}, internally con-
nected through the periodic boundary conditions, plays the
role of a nonequilibrium reservoir.

In the subsystem of interest S0, Eq. (36) can be evaluated
with help of Eq. (27):

J	+1,	(S0) = z(	 + 1)

ζ (	)
ν̄(	) − z(	)

ζ (	 + 1)
ν̄(	 + 1),

which for the Boltzmann gas with homogeneous structure of
energy levels reduces to

J	+1,	(S0) = − z

ζ

ν̄(	) = −1

3

ν̄(	) = J,

with the forward difference 
ν̄(	) = ν̄(	 + 1) − ν̄(	). Hence,
the steady state characterized by the constraint (34) induces a
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constant gradient of matter in the opposite direction of the flux
it sustains within the bulk of the system.

If we assume that the complementary system S̄0 acts as a
perfect reservoir, then it can be eliminated from the model by
imposing on the subsystem of interest S0 constant boundary
conditions ν(	 ∈ {a − 1, b + 1}) = ν̄(	) at the sites a − 1 and
b + 1. In principle, given the fixed number of bins and the
energy levels’ structure, the Lagrange multiplier η(J ) and the
gradient it induces can be evaluated at least numerically.

At the level of the whole system, the nonequilbrium steady
state is sustained by a pair of asymmetric active exponents
φ1L = −φL1 = −η1L introduced in Ref. [96, Supplemental
Material Sec. 2] and discussed in Appendixes H and I. They
break the equilibrium detailed-balance relation for the transi-
tion rates and, instead of Eq. (29), yield

p(L j|1i)

p(1 j|Li)
= g j (L)ζφ (1)

gi(1)ζφ (L)
e−β

(
ε j (	)−εi (m)

)
+
φ

, (37)

where 
φ = φ1L − φL1 = −2ηL1 and ζφ (	 ∈ {1, L}) is the
extended neighborhood partition function (Appendix H). The
active exponents, which here depend through η1L on both
the flux J and the system’s state, effectively behave as feed-
back agents—or “thermodynamic demons”—and exploit the
information they have about the system to drive it perpetually
out of equilibrium. In the next section we discuss a different
mechanism sustaining a nonequilibrium steady state with a
constant flux.

C. Active directed and diffusive motion

Active self-propelling particles constitute another class of
nonequilibrium systems widely studied with the methods of
statistical mechanics [113]. Here, we discuss two cases in
which active particles move in a diffusive or a directed manner
on a periodic lattice.

Each site of the whole lattice filled with self-propelling
particles can be regarded as a subsystem. In the ensemble of
such subsystems, the propensity of the particles to undergo
directed active motion [114,115] can be described by a frac-
tion ψ+ > 1/3 of their total count N , which in a time step
dt always jumps in the same direction from one site 	 to the
other 	 + 1. This mechanism may describe a limited amount
of “fuel” N (ψ+ − 1/3) available to power the directed motion
[116] and thus bias the expected fraction of 1/3 molecules
moving in the chosen direction.

When N, L → ∞, we expect to observe a total cumulative
current in the whole system JDM = ψ+N . Therefore, instead
of the constraint Eq. (34) we use

PDM = JDM −
∑
	 ji

n(	 + 1, j|	i) = 0. (38)

Of course the direction of motion can be reversed if necessary.
By a similar token, active or enhanced diffusion [117,118]

can be implemented by requiring a certain fraction of parti-
cles to jump to either side of the source site 	, rendering a
cumulative displacement JAD:

PAD = JAD −
∑
	 ji

(n(	 − 1, j|	i) + n(	 + 1, j|	i)). (39)

By using the Lagrange multipliers ηDM and ηAD to the con-
straints PDM and PAD, respectively, we form the objective
functions

fDM = f0(sdt ) + ηDMPDM(sdt ), (40)

fAD = f0(sdt ) + ηADPAD(sdt ). (41)

By extremizing Eqs. (40) and (39) we obtain the most likely
paths

nDM(m j|li) =g je
−βε j

ni

ζφ (	)
exp(φ̂m	), (42)

nAD(m j|li) =g je
−βε j

ni

ζφ (	)
exp(φ̃m	), (43)

which are expressed here by using active exponents

φ̂m	 =
{−ηDM if m = 	 + 1,

0 otherwise, (44)

φ̃m	 =
{−ηAD if m �= 	,

0 otherwise, (45)

cf. Appendixes H and I. We omit the derivation of the steady
states in the active systems considered here, as it repeats the
steps covered earlier in a straightforward manner.

In a system with a homogeneous structure of energy levels,
all sites must be macroscopically equivalent. Therefore, due
to symmetry considerations, the nonequilibrium conditions do
not generate a gradient of particles in the steady state, even in
the presence of a flux JDM. Unlike the case of gradient-driven
flow discussed in the previous section, here the active expo-
nents (44) also contain a symmetric part—called frenetic in
Ref. [26]—i.e., φ̂	,	+1 + φ̂	+1,	 �≡ 0 and φ̃	,	+1 + φ̃	+1,	 �≡ 0.
This symmetric part gives rise to active fluctuations [96,
Supplemental Material Sec. 2], as well as to the notions of
effective temperature and force-dependent transport coeffi-
cients4 (Appendix I).

D. Norton and Thévenin ensembles

Section III B describes a microcanonical Norton ensemble
with a fixed current at the boundaries—a method sometimes
invoked in nonequilibrium atomistic simulations; see Refs.
[119–121] and Ref. [122, Sec. 6.6]. There exists a comple-
mentary approach, Thévenin ensemble [122, Sec. 6.6], which
leverages the concept of ensemble equivalence to fix, instead
of the current J , its conjugate potential [123,124]. Such ideas
have already been put into practice, e.g., to model heat flow
[125].

In Sec. III B the microcanonical principle of maximum
caliber identifies the Lagrange multiplier η—called current
affinity in the following—as the conjugate variable of the
boundary flux J that does not correspond precisely to the phe-
nomenological quantities found in the literature [123–125].
By using our approach, we can analyze how and when the
duality between a current and its affinity allow the equivalence
of Norton and Thévenin ensembles (Sec. IV).

The equivalence of Norton and Thévenin ensembles
has already been investigated by applying the methods of

4Here synonymous to nonlinear constitutive relations.
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large-deviation theory to time-averaged variables [16,121].
Specifically, if the probability of such a variable AT can be
approximated by a rate function I (AT ), which is convex at a
point Â, as p(AT ) � e−T I (AT ) in the limit of T → ∞, then the
ensemble conditioned on AT = Â is equivalent to an ensemble
constrained by a thermodynamic conjugate to AT . In con-
tradistinction, we focus here on the instantaneous quantities
(T = dt → 0), which are more relevant to many modeling
problems [126–128]. Nonetheless, the large-deviation princi-
ple is still applicable to some of these quantities by using the
parameter of system size L instead of time T .

As a counter example of Norton-Thévenin equivalence we
also consider below the directed motion from Sec. III C, since
both the directed motion and active diffusion can be classi-
fied as Norton ensembles with the cumulative flux JDM and
displacement JAD as the generalized currents. However, as we
discuss further, a fixed affinity ηDM does not generate the same
statistics of the macroscopic flow as the constrained current
JDM in this context.

Indeed, the current affinity η < 0, which is conjugate to the
boundary flux J , increases the fraction of particles that jump
from the site L to 1, cf. Eq. (H7) with φL1 = −η. Likewise,
it decreases the fraction of transitions in the reverse direc-
tion. Given that the steady state is on average characterized
by a constant number of particles ν̄	 with a global gradient
ν̄	+1 − ν̄	 �= 0, the biases of transition probabilities p1L and
pL1 sustain the constant flow J = p1L ν̄L − pL1ν̄1. Therefore,
in the steady state the current affinity, which in the Norton
ensemble is a thermodynamic observable, should also attain
its stationary value 〈η〉 in correspondence to ν̄1 and ν̄L.

If instead of the current J1L we fix the current affinity
at the above value 〈η〉 < 0, then we can generate a micro-
canonical Thévenin ensemble, whose steady state must also
be characterized by a gradient, as well as by a fluctuating
flux of the mean value 〈J1L〉 that compensates for the bias in
p1L and pL1 by p1L(η)ν̄L − pL1(η)ν̄1 − 〈J1〉 = 0. Here all the
parameter values must be equal to those of the steady-state
Norton ensemble. However, in the bulk of these two systems,
dynamics is driven by the same transition probabilities. In
absence of long-range correlations, an example of which we
discuss shortly, the effect of fluctuations in the current affinity
η about its mean 〈η〉 or in the current J1L should be negligible
away from the boundaries. Therefore in the steady state both
ensembles should be characterized by the same average val-
ues of thermodynamic variables, when measured in the bulk
of the system. Hence the Norton and Thévenin pictures are
equivalent in this scenario.

However the directed motion formulated in Sec. III C cre-
ates long-range correlations across the whole system and thus
destroys the equivalence of Norton and Thévenin ensembles.
In particular, assuming the homogeneous structure of energy
levels, the variance of the total flux J+ = ∑

	 n(	+1)	 = JDM,
being the fixed quantity, must vanish:

Var(J+) = LVar(n(	+1)	)

+
∑
	m

Cov(n(	+1)	, n(m+1)m ) = 0, (46)

which implies that covariances Cov(n(	+1)	, n(m+1)m ) between
the numbers of transferred particles n(	+1)	 and n(m+1)m all add

up to a negative value to cancel the term LVar(n(	+1)	) > 0 in
Eq. (46).

In other words, the currents between all sites of the lattice
in the directed motion are negatively correlated: more parti-
cles moving to the right from one site imply fewer particles
moving to the right from another site, and vice versa. This
anticorrelation would be totally lost if we fix ηDM instead
of the cumulative current JDM. In fact, this latter scenario
would generate a steady state with the fraction of transitions
to the right fixed independently at each site. Depending on the
system, such a constraint may be of interest, e.g., in the limit
where the fuel powering the directed motion is available in
abundance [116] or scales as L → ∞ in the limit of a large
system.

In fact, the last scenario, in which scaling with system size
L is present, can be related to the large-deviation results of
Refs. [16,121] if we introduce the space-averaged flux JL =
JDM/L. Indeed, it is straightforward to verify that Eq. (13)
entails an equilibrium state, in which JL satisfies the large-
deviation principle with a convex rate function. Consistently
with Refs. [16,121], the Thévenin ensemble with an affin-
ity ηL conjugate to JL is equivalent to the Norton ensemble
with the space-averaged flux JL = J̃L enforced by a Lagrange
multiplier ηL. However, these two ensembles are both distinct
from the directed motion, or the boundary-driven ensemble of
Sec. III B.

An important consequence of the anticorrelation Eq. (46)
is suppression of current fluctuations demonstrated numer-
ically in the following section. By losing this long-range
correlation effect, a fixed affinity ηDM = −φ̂ actually ampli-
fies current fluctuations in the system by a factor of 3[2 +
exp(−φ̂/2)]−1 > 1 (Appendix I).

IV. NUMERICAL EXAMPLES

To illustrate the theoretical results of Sec. III, we report
below numerical simulations of a toy model on a small lattice
of size L = 3 [129]. Specifically, we consider the Boltzmann
gas with a homogeneous structure of energy levels character-
ized by the same local partition function z(	 ∈ {1, 2, 3}) = z.
Furthermore, by summing out all the energy levels through
the coarse-graining procedure described in Appendix G, we
reduce the Markov chain (28) to

ν(t + dt ) = p · ν(t ), (47)

in which ν = (ν1, ν2, ν3) is the vector of occupation numbers
at each lattice site and p is the transition matrix. We analyze
five distinct steady states to discuss several different features
of nonequilibrium ensembles:

(1) As a baseline of comparison we consider equilibrium
(Sec. III A), in which all elements of the transition matrix
p	m ≡ z/ζ = 1/3 are equal.

(2) Diffusion driven by a constant boundary flux J
(Sec. III B) is the paradigmatic example of a system with a
spatial gradient and flow of matter driven by a matrix

p(η) =
⎛
⎝ (2 + eη )−1 1/3 (2eη + 1)−1

(2 + eη )−1 1/3 (2 + e−η )−1

(2e−η + 1)−1 1/3 (2 + e−η )−1

⎞
⎠, (48)

parameterized by the current affinity η.
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(3) Diffusion driven by a constant current affinity η ≡
const, which fixes p through Eq. (48), illustrates the concept
of equivalence between nonequilibrium ensembles.

(4) Active self propulsion with a fixed cumulative current
JDM sustained by a matrix p(ηDM) with elements

pi j =
{

(1 + 2eηDM )−1 if i = j + 1,

(2 + e−ηDM )−1 otherwise,
(49)

parametrized by the current affinity ηDM. This case provides
an example of matter flow in absence of a spatial gradient and
with suppressed level of current fluctuations.

(5) Active diffusion with a fixed cumulative displacement
JAD generated by a matrix p(ηAD) with elements

pi j =
{

(2 + eηDM )−1 if i �= j,
(1 + 2e−ηDM )−1 otherwise,

(50)

which entails neither spatial gradient nor macroscopic flow of
matter, but amplifies microscopic fluctuations of the latter.

To perform stochastic simulations of steady states 2, 4,
and 5, we designed an algorithm (Appendix J), which ensures
the apposite constraints in each realization of the process
ν(t ) [129]. The Lagrange multipliers η, ηDM, ηAD become
observable random variates. Our algorithm is also appli-
cable to lattices of sizes L > 3, but for conspicuity, we
present the results of the minimal model with L = 3—the
smallest size that, under periodic boundary conditions, al-
lows a division into subsystems S0 and S̄0 as described in
Sec. III B.

In our simulations we compute averages of the occupa-
tion numbers 〈ν〉, the gradient 〈grad ν〉 = 〈ν3 − ν1〉/2, and the
macroscopic flux 〈J2〉 = 〈n21 − n12〉 through the lattice site
	 = 2 together with its variance Var(J2) over a single long
trajectory. Here nm	 is the count of particles transferred from
the 	th site to the mth in a single step. In addition, in case 2 we
measure the current affinity 〈η〉, whose average value is then
used to simulate case 3.

Because any transitions of particles between the three
lattice sites are allowed, all simulations converge to steady
states rather rapidly [Fig. 3(a)]. For the equilibrium case
1 (〈J2〉 ≡ 0), we observe a flat uniform distribution ν = N/L
(〈grad ν〉 ≡ 0). However, this same profile corresponds to
the nonequilibrium steady states of directed motion 4 and
active diffusion 5 as well. In contrast, the constraint of a
constant boundary flux generates a steady state with a gradient
within the system, as we predict (Sec. III B). By Kirch-
hoff’s law the averaged flux in the central region of the
system satisfies the equality 〈J2〉 = J . We also verify the
equivalence of Norton and Thévenin nonequilibrium ensem-
bles 2 and 3, respectively. The constant current affinity η,
set in case 3 at the average value observed in the Norton
ensemble 2, generates within the statistical uncertainties the
current 〈J2〉 = J and the gradient 〈grad ν〉 of the same magni-
tude and direction.

Our simulations clearly reveal that the absence or presence
of the current in the system does not completely determine the
statistical signatures of the steady-state ensemble. In cases 1–3
currents of vanishing or nonzero magnitude are characterized
by the same amplitude of fluctuations [Fig. 3(b)], but different
distributions of particles. The directed motion of particles,
case 4, generates the same macroscopic flow 〈J2〉 as in cases

FIG. 3. Diffusion of N = 1500 particles on a periodic lattice
of size L = 3 under various conditions: (1) Equilibrium condi-
tions (EQ); (2) Norton ensemble (NE) with a fixed boundary flux
J = 100; (3) Thévenin ensemble (TE) with a fixed current affinity
η = −1; (4) Directed motion (DM) with a fixed cumulative current
JDM = 700; (5) Active diffusion (AD) with a fixed cumulative dis-
placement JAD = 1100. (a) Steady-state distributions of particles
over lattice sites. Top icons summarize the simulation conditions.
(b) Distributions of the particles’ current J2 through the site 2. The
inset compares the variances Var(J2) between different ensembles.
Stochastic simulations of the Markov chain Eq. (47) are performed
for 10 100 steps starting from a uniform distribution νi = N/L by
applying a Gillespie-like algorithm (Appendix J). Measurements are
taken over the last 10 000 simulation steps undersampled to 1000
to ensure relaxation of the transient correlations. Standard errors
correspond to five standard deviations of the mean.

2 and 3, but the amplitude of its fluctuations is even lower
than in equilibrium. Finally, a uniform profile of particles is
observed in equilibrium 1, steady states 4 and 5, but the mean
value and variance of the flow J2 differ across all these three
cases.

The variance Var(J2) differs between cases 1–3 and 4–
5. In the context of case 5 the active exponents contain
a nonvanishing symmetric—frenetic—part φm	 + φ	m �≡ 0,
which affects the amplitude of fluctuations in the system
(Appendix I). When this part is positive or negative, the
level of stochastic noise in the system can be amplified or
suppressed, respectively. In the case 4, however, the cause of
suppressed noise is the anitcorrelation constraint Eq. (46) that
reduces the fluctuations of the currents n12, n23, and n31.

014133-9



R. BELOUSOV et al. PHYSICAL REVIEW E 113, 014133 (2026)

V. DISCUSSION

Sections III and IV outline a general theory of microcanon-
ical caliber for a large class of systems. While further details
of this theory and its specific applications require separate
dedicated studies, we highlight areas in which our framework
provides new theoretical insights.

Beyond detailed-balance relations. To account for spon-
taneous fluctuations, which play an important role at meso-
and microscopic scales, stochastic models of small ther-
modynamic systems are usually designed to observe the
detailed-balance condition in the limit of vanishing nonequi-
librium forces [17,26,27,39,130]. For example, in the context
of master equations and discrete state spaces it is typically
expressed as a ratio of the forward transition rates k ji from a
state si to s j and its reverse k ji [131, Chapter 3]:

k ji

ki j
= e−β(F (s j )−F (si )+
W ), (51)

where F (s) is a free energy of a state s and 
W is the
work done on the system by nonequilibrium forces. Indeed,
the above equation is at the foundations of the stochastic-
thermodynamics formalism [26,131].

How general is Eq. (51) in nonequilibrium systems? The
condition of local detailed balance can be related to the first
principles of classical microscopic dynamics [27,28,85,86],
although generalizations due to complex interactions exist,
e.g., in Fermi-Dirac systems [110,111] (Sec. II B). This latter
relation (22), as well as further generalizations (12), (29), (21),
(37), and (G3), were routinely deduced here from the single
principle of maximum caliber.

Indeed the microcanonical principle of maximum caliber
provides a systematic means to derive and study the relation
(51) with its generalization by direct calculations. In spe-
cial cases Eq. (51) may emerge under coarse graining like
Eq. (G3), in the mean-field approximation, or by taking the
limit of Eq. (29) with gi(	) = O(g j (m)) and ζ (	) = O(ζ (m)).

Fluctuations in nonequilibrium systems. As shown in
Secs. III B and III C, distinct nonequilibrium states can be
generated by applying active exponents φi j , which break the
detailed balance. Our framework relates the statistics of fluc-
tuating variables in such systems to constraints imposed on
the microscopic dynamics, revealing how different driving
mechanisms produce distinct statistical signatures, as dis-
cussed in Sec. IV. These mechanisms may entail generalized
forms of the fluctuation-dissipation theorem involving effec-
tive temperature and force-dependent transport coefficients
(Appendix I). Therefore the microcanonical principle of max-
imum caliber also provides means to analyze the effect of
nonequilibrium forces on the spontaneous fluctuations in ther-
modynamic systems.

Space-dependent diffusion. External fields, such as chem-
ical interactions at phase interfaces, sometimes cause two
effects simultaneously: an effective thermodynamic poten-
tial U (x) and a space-dependent diffusion coefficient D(x)
that appear in the Smoluchowski equation (G4) as inde-
pendent parameters [132,133]. In the simplified model of
Sec. III A, such external fields could be described by a spa-
tially inhomogeneous structure of energy levels summarized
by neighborhood and local partition functions, ζ (	) and z(	),

which simultaneously generate a space-dependent diffusion
coefficient D(x) and an effective potential U (x) derived in Ap-
pendix G. Thereby the microcanonical principle of maximum
caliber reduces the two parameters of the Smoluchowski equa-
tion to a single origin and unifies phenomena of inhomoge-
nous energetic and transport properties in thermodynamic
systems.

Previously Ghosh et al. [66] derived the diffusion equa-
tion without the potential term from the principle of maximum
caliber, recovering the same formula for the transport co-
efficient D ∝ κdt (where κdt is the escape probability, cf.
Appendix G) as in the classical treatment of random walks
[134, Chapter I]. The microcanonical approach offers further
insights into the statistical origin of the escape probabil-
ity, which in the traditional theory appears as an opaque
phenomenological parameter. Its emergence from the micro-
scopic energy structure and dependence on the temperature
are summarized by the partition functions κdt ∝ z(β )/ζ (β ).

Inhomogeneities in the system may also emerge due
to a complex graph-theoretical structure of allowed state
transitions [135–137]. Their effects may generate phenom-
ena of nontrivial localization and, in combination with
space-dependent transport properties, kinetic arrest and traps
[14,138].

General transport processes. Unlike the original works of
Filyukov and Karpov [57], this paper develops the micro-
caliber framework for systems involving transport of matter,
which is perhaps the simplest nonequilibrium phenomenon.
Other processes frequently considered in the theoretical
research on the maximum-caliber principle are heat and mo-
mentum transport, e.g., Refs. [28,57,58,61,73,85,86].

From the microcanonical perspective explored here, the
theory of heat transport is more complicated, because to spec-
ify a system’s path, in addition to the number of particles
transferred between the energy levels, e.g., n ji in Sec. II A,
one must also specify how the energy is being redistributed.
Given that the energies of the source and target levels are in
general not equal 
ε = ε j − εi �= 0, additional constraints on
the microscopic dynamics are necessary. For example, a trans-
fer of particles n ji must be accompanied by another transfer
nm	 to compensate εm − ε	 = −
ε. The Lagrange multiplier
β maintains the global energy balance ensuring that all such
changes everywhere in the systems add up to zero. Thereby
the specific information about how much energy a particular
transition nm	 donates to or receives from another transition
n ji is lost. In spatially extended systems, considerations of
the macroscopic continuity equation for the energy, similar to
Eq. (24) for the number of particles, also come into focus, as
the donor and acceptor transitions should reside within some
neighborhood of each other.

The linear momentum is an example of another thermody-
namic variable that can be introduced into the framework and
accounted for separately to model related transport processes.
At the level of microscopic dynamics additional constraints
are required as well.

The above details, which are bypassed in the traditional
approach to the maximum-caliber principle using the concept
of thermodynamic reservoirs, should be explicitly developed
at the level of microcanonical theory—a viable program that
can now be pursued.
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First principles of microscopic dynamics. Ensemble the-
ory is a cornerstone of statistical mechanics [49,83,139,140],
rooted in the Hamiltonian deterministic dynamics of equi-
librium systems, and more recently extended also to non-
hamiltonian dynamics of dissipative systems [43,141–143].
This theory provides the foundations of molecular-dynamics
methods and guides the development of algorithms for
nonequilibrium simulations [83,122,144]. In fact, the theory
of ensembles was developed by Boltzmann with the intent
of describing the thermodynamic behavior of macroscopic
systems, in the limit in which microscopic fluctuations are not
observable. However, it turns out to be particularly useful in
present-day science and technology dealing with small sys-
tems, in regimes where fluctuations cannot be neglected.

The mechanism of nonequilibrium driving introduced
in Sec. III B resembles the approaches developed in
Refs. [120,145,146] for atomistic modeling. Therefore, a
connection between the microcaliber theory and dynamical-
systems formalism might be quite fruitful.

Our framework relies on the identification of key con-
straints for microscopic dynamics, which capture the essential
properties of the physical systems being modeled. Due to the
deterministic nature of classical physics, given coordinates
q(t ) and velocities q̇(t ) of the particles, there is in general a
single dynamical constraint corresponding to Newton’s sec-
ond law,

q(t + dt ) = q(t ) + dt q̇,

q̇(t + dt ) = q̇(t ) + dt

m
F(q), (52)

where we assume conservative forces F(q) = ∂H/∂q within
the microcanonical approach, and equal masses of particles m.

Once the initial state s(0) = (q(0), q̇(0)) is specified, only
one realization of the system’s path st = (q(t ), q̇(t )) is possi-
ble, which can be formally written using the multidimensional
δ function:

�T
(
s(0)

) ∝
∫

σ×T
Dst

∫
σ

ds δ
(
s − s(0)

)

× δ

(∫
T

dt
δL

δq(t )

)
, (53)

where L is the system’s Lagrangian concisely summariz-
ing Eq. (52). If the system is subject to periodic boundary
conditions, then the Lagrangian formalism can incorporate
additional constraints and forces, such as those generating
nonequilibrium driving in Sec. III. For example, one can add
a constant force on all particles together with a constraint of
conserved energy to produce active flow as in Sec. III C.

In the context of dynamical systems, the uncertainty ad-
dressed by statistical methods may arise due to unknown
initial-value conditions s(0), which can be characterized by a
probability distribution pσ (s(0)). This probability can replace
the first δ function in Eq. (53)—formally by performing a
convolution pσ ∗ �T (s(0)).

Conclusion. The microcanonical approach brings various
physical insights, which can be applied well beyond the
scope of this work, including information-theoretic tools de-
veloped for the maximum-caliber principle. These insights
can also be combined with the concepts of canonical and other

ensembles through the usual thermodynamic techniques
[83,84]. In fact, Sec. IV explores one such example—the
equivalence of the Norton and Thévenin ensembles. Finally
the principle of maximum caliber may serve as a platform
for unifying different theoretical approaches in statistical me-
chanics, such as random walks and dynamical systems.
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APPENDIX A: MAXIMUM ENTROPY
AND MAXIMIUM CALIBER

Equation (2) defining the system caliber owes its inception
to a peculiar mathematical property it shares with (Shannon-)
Gibbs entropy Eq. (1), when regarded as a functional
of probability distribution functions [32,63,65,79,147,148].
If we impose constraints on some macroscopic variables
〈ci=0,1,2,...(s)〉 = c̄i with known values c̄i, including the
normalization condition

∫
σ

ds pσ (s) = 1 as c0(s) ≡ 1, and
maximize Sσ with respect to pσ (s), using the Lagrange multi-
pliers λi=0,1,..., then we obtain (see below)

pσ (s) ∝ exp

⎛
⎝−

∑
i=0,1,2,...

λici(s)

⎞
⎠. (A1)

For example, if we choose c1(s) = E (s) to be the system’s en-
ergy, then Eq. (A1) yields the canonical distribution pσ (s) =
Z−1 exp[−E (s)/(kBT )] with the partition function Z = e1+λ0 ,
and temperature T = (kBλ1)−1.

To maximize the Shannon-Gibbs entropy (1) with re-
spect to the distribution pσ (s) subject to the constraints on
〈ci=0,1,2(s)〉 = c̄i, we form an objective functional including
Lagrange multipliers λi:

F [pσ (s)] = Sσ +
∑

i

λi
(
c̄i − 〈ci(s)〉)

= −
∫

σ

ds pσ (s)

[
ln pσ (s)+

∑
i

λici(s)

]
+

∑
i

λic̄i.

(A2)
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The variation of the objective function yields

δF

δpσ (s)
= −

(
ln pσ (s) + 1 +

∑
i

λici(s)

)
.

Imposing the condition of extremum δF/δpσ (s) = 0, we ob-
tain

pσ (s) = e−1−λi
∑

i ci (s) = Z−1
σ e− ∑

i>0 λici (s), (A3)

in which we expanded the constraint c0(s) ≡ 1 of the normal-
ized probability density c̄0 = 1 and introduced the partition
function Zσ = exp(1 + λ0).

By a similar token, ST [p(st )], regarded as a higher-order
functional, can be extremized with respect to pT (st )—the
process that constitutes the principle of maximum caliber.
Constraints imposed on macroscopic variables C̄i=0,1,2 =
〈Ci(st )〉 with the Lagrange multipliers λi=0,1,2, also including
the condition of normalized probabilities, yield [38,73,79]

pT (st ) ∝ exp

⎛
⎝−

∑
i=0,1,2,...

λiCi(st )

⎞
⎠. (A4)

A variable C1(st ) = Q(st ) often proposed to describe
statistics of nonequilibrium steady states [57,73], is the time-
averaged heat transfer

Q(st ) =
∫
T

dt

T q(st ),

in which q(st ) is the instantaneous value of the heat current.

APPENDIX B: BOLTZMANN DISTRIBUTION

Here we summarize the modern formulation of the micro-
canonical distribution for the simplified model of Boltzmann
gas consisting of indistinguishable particles (Sec. II A), e.g.,
Ref. [95, Chapters 12 and 13]. A distribution of particles
over energy levels i = 1, 2, ..., M is specified by occupation
numbers {ni}M

i=1 with the count of realizations W given by the
Maxwell-Boltzmann statistics

W ≈
M∏

i=1

gni
i

ni!
.

Assuming that all realizations are equivalent, we extremize
the objective function

fW = ln W + α(N −
∑

i

ni ) + β(E −
∑

i

εini ),

where the Lagrange multipliers α and β incorporate the con-
straints on the total number of particles N and their energy E .
By extremizing fW , we get

ni = gie
−α−βεi . (B1)

The Lagrange multiplier α can be evaluated in this model
explicitly from the constraint

N =
∑

ni = e−αZMB,

which yields α = − ln(N/ZB). Now we identify the Boltz-
mann entropy with

SB = kB ln W = kBN + kBβE + kBαN,

which yields the Euler equation when multiplied by T :

T SB = NkBT + T E − μMBN,

with the chemical potential μMB = −kBT α. By replacing the
Lagrange multiplier α = −βμMB in Eq. (B1), we get Eq. (14).

Note that to obtain the Boltzmann probability distribution
we need to normalize Eq. (14), which amounts to division by
N and yields the fraction of particles residing in the energy
level εi in equilibrium:

pi = gi

N
eβ(μMB−εi ) = gi

ZMB
e−βεi .

APPENDIX C: EULER-LAGRANGE EQUATIONS
FOR PATH FUNCTIONALS

By maximizing the constrained microcanonical caliber
Eq. (7) over trajectories of infinitesimal duration dt , in
Sec. II A we obtain the system’s dynamics, which in the
continuum limit dt → 0 refers to instantaneous—local in
time—quantities and their rates of change. In this Ap-
pendix we show constructively how this formalism gives rise
to an entropy functional of the system’s path over a finite
interval T —nonlocal in time—as it appears in the traditional
principle of maximum caliber.

By partitioning the interval t ∈ (0, T ] into R equal subin-
tervals, so that T = Rdt , we define a time series of objective
functions

f r
MB = ln �MB

({nr
ji}

) + βr

⎛
⎝E −

∑
i j

ε jn
r
ji

⎞
⎠

+
∑

i

θ r
i

⎛
⎝nr−1

i −
∑

j

nr
ji

⎞
⎠, (C1)

with the superscript r abbreviating the time dependence nr
ji =

n ji(rdt ), βr = β(rdt ), etc. Then we form a discrete functional
of a multistep path � = {nr

ji}R
r=1:

FMB(�) =
∑

r

(
f r
MB + 
 f r

MB

)
, (C2)

where the term


 f r
MB =

∑
j

χ r
j

(
nr+1

j −
∑

i

nr
ji

)
+ αr

⎛
⎝N −

∑
i j

nr
ji

⎞
⎠

“glues” together the pieces nr
ji of the whole trajectory �,

by imposing the constraint on the total number of particles
N (Appendix B), and the second constraint in Eq. (4) with
the Lagrange multipliers αr and χ r

j , respectively. Note that
n0

i = ni(0) is fixed as the initial condition.
By construction the condition of extremum for FMB reads

0 = δFMB

δnr
ji

= ∂ f r
MB

∂nr
ji

+ ∂
 f r
MB

∂nr
ji

, (C3)

which represents a discretized Euler-Lagrange equation and
yields a generalized version of Eq. (9),

nr
ji = g je

−χ r
j −βrε j−θ r

i −αr
. (C4)
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First we evaluate the multlipliers χ r
j from

e−χ r
j = nr+1

j eβrε j

g j
∑

i e−θi−αr ,

and therefore

nr
ji = nr+1

j

e−θi−αr∑
i e−θi−αr . (C5)

Note that in Eq. (C5) we do not cancel out αr , while it
is possible, to keep in evidence the “gauge” freedom of the
constraints

nr−1
i =

∑
j

nr
ji = Ne−θ r

i −αr∑
i e−θ r

i −αr . (C6)

Indeed, Eq. (C6) specifies θ r
i up to an arbitrary additive con-

stant αr , which we choose so that

e−θ r
i −αr = nr−1

i

ZMB(βr )
. (C7)

Because the total number of particles is conserved at all time
steps r, recombining Eq. (C4) with Eq. (C7), we observe that

N =
∑

i j

nr
ji =

∑
i j

g je
−χ j−βrε j

nr−1
i

Zr
MB

= N

Zr
MB

∑
j

g je
−χ j−βrε j (C8)

entails

Zr
MB =

∑
j

g je
−βrε j =

∑
j

g je
−χ j−βrε j

for any set of χ r
j in the chosen gauge αr . Hence, we get

nr
ji = g je

−βrε j
nr−1

i

ZMB(βr )
. (C9)

Equation (C9), derived from the time-nonlocal functional
FMB, is therefore equivalent to Eq. (11) obtained by maximiz-
ing time time-local objective function fMB(t ) at any instance
t = rdt as in Sec. II A.

APPENDIX D: FROM MARKOV CHAINS
TO MASTER EQUATION

The right hand-side of the Markov chain Eq. (13) can be
expanded as

n j (t + dt ) = n j (t ) + dt∂t n j (t ) + O(dt2),

from which we obtain

∂t n j + O(dt ) =
∑

i p jini − n j

dt

=
∑

i

p jini − pi jn j

dt
=

∑
i �= j

p jini − pi jn j

dt
,

(D1)

where we use Eq. (4) for n j (t ) and omit its explicit time-
dependence for brevity. With Eq. (15), the limit dt → 0 of the

above equation yields a master equation of a Markov process
ni(t ):

∂t ni(t ) =
∑
j �=i

[ki jn j (t ) − k jini(t )]. (D2)

APPENDIX E: MICROCANONICAL CALIBER
OF FERMI GAS

To derive Eq. (17) for a given set of elements n ji, we focus
on a single target level j, while traversing the source levels in
the increasing order of the index i = 1, 2, ... first. The number
of ways to allocate n j1 of particles transferred from the level
i = 1 is given by the Fermi-Dirac statistic [95, Chapter 13]:

� j1 = g j!

(g j − n j1)!n j1!
.

After that, there remain

� j2 = (g j − n j1)!

(g j − n j1 − n j2)!n j2!

ways to allocate n j2 particles transferred from the level i = 2.
By induction, choosing a particular sequence of the levels i =
1, 2, ..., M we obtain

� j = g j!

�����(g j − n j1)!n j1!
× �����(g j − n j1)!

(�������
g j − n j1 − n j2)!n j2!

× . . .

× ��������(
g j − ∑

i<M nji
)
!(

g j − ∑
i n ji

)
!n jM!

= g j!(
g j − ∑

i n ji
)
!
∏

i n ji!
.

(E1)

Remarkably, in the final expression of Eq. (E1) the dummy
index i is eliminated from the denominator by the summa-
tion operator in the first factor (g j − ∑

i n ji )!, and by the
product operator in the second factor

∏
i n ji. As commutative

operators they do not depend on the order of operands nji

and, hence, neither on the sequence, in which we traverse the
source levels.

Therefore the M! possible permutations of the index i,
which specify the traversal order of the source levels, are
indistinguishable and yield the same number of realizations
� j . As each target level j contributes toward the total count
�(sdt ) of the whole path’s realizations independently, Eq. (17)
follows from

�(sdt ) =
∏

j

� j .

To maximize the caliber of a Fermi-Dirac gas we make use
of the Stirling approximation

ln �FD ≈
∑

j

{
g j ln g j − g j

−
(

g j −
∑

i

n ji

)[
ln

(
g j −

∑
i

n ji

)
− 1

]

−
∑

i

(n ji ln n ji − n ji )

}
(E2)
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to form the objective function

fFD = ln �FD + β

⎛
⎝E −

∑
i j

ε jn ji

⎞
⎠

+
∑

i

θi

⎛
⎝ni −

∑
i j

n ji

⎞
⎠, (E3)

with Lagrange multipliers β and θi. The extremum condition
∂ fFD/∂n ji = 0 then yields

n ji = (g j − n′
j )e

−βε j−θi , (E4)

with n′
j = n j (t + dt ). By imposing the constraint Eq. (4) on

ni(t ) = ∑
j n ji, we evaluate

e−θi = ni∑
j (g j − n′

j )e
−βε j

. (E5)

Equations (E4) and (E5) combined together produce Eq. (18).

APPENDIX F: SIMPLIFIED MODEL
OF PAIRWISE INTERACTIONS

Simplified models of the classical statistical mechanics,
like those considered in Sec. II, can also be generalized to
analyze multibody interactions between particles and are not
limited to hard-core repulsion. Here we discuss briefly how
to introduce pairwise interaction into the Boltzmann model of
ideal gas (Sec. II A). To this end we extend the structure of
energy levels now numbered by two indices a = 1, 2 and b =
1, 2, ..., M, where a = 1 labels isolated particles and a = 2
represents a doublet of interacting particles.

The occupation numbers n1b and n2b may be regarded as
specifying two distinct types of particles, with the conver-
sion between the two characterized by a chemical reaction
2n1b ↔ n2b. The conservation of matter and energy takes then
the following form of macroscopic constraints

N =
∑

ab

anab, E =
∑

ab

aεabnab, (F1)

in which 2ε2b stands for the energy of a doublet, which is
shared equally between the constituent particles. The transi-
tion na′b′ |ab from an energy level εab to εa′b′ now requires four
indices. The constraint (4) then should be recast as

anab(t ) =
∑
a′b′

a′na′b′|ab, a′na′b′ (t + dt ) =
∑

ab

ana′b′|ab.

To take into account clusters of three or more interact-
ing particles, energy levels εab with a = ...3, 4, ... of triplets,
quadruplets, etc., can be considered. Such a straightforward
extension enables modeling of either pairwise-additive poten-
tials, or more complex multibody interactions. This formalism
resembles, in fact, the cluster expansion in the classical statis-
tical mechanics; see Ref. [149] and Ref. [97, Sec. 5.2].

APPENDIX G: COARSE-GRAINING AND CONTINUUM
LIMIT OF LATTICE MODELS

Here we derive a space-dependent diffusion equation for
the system discussed in Sec. III A, to illustrate two formal

procedures applicable to lattice models, namely, coarse grain-
ing and taking the continuum limit of the sites’ length scale
dx → 0. In principle, the continuum limit can also be taken
without coarse graining, leading to reaction-diffusion equa-
tion, for brevity and simplicity of our example we combine
both.

Although lattice models by themselves constitute a kind
of coarse graining in space, in some physical contexts the
information about distribution of particles over energy levels
of the system is not accessible. In the problem of particles’
diffusion, for example, this information is usually not taken
into account. Using the spatial discretization we eliminate
the distinction between energy levels at the lattice sites, by
summing Eq. (28) describing a discrete random walk, over
the index j:

ν(m, t + dt ) =
∑

j

n j (m, t + dt ) = z(m)
m+1∑

	=m−1

ν(	, t )

ζ (	)
.

(G1)

Applying the relation

z(m) = ζ (m) − z(m + 1) − z(m − 1)

to Eq. (G1), we get

∂tν(m, t ) = − κ (m)ν(m)

+ km,m+1ν(m + 1) + km,m−1ν(m − 1), (G2)

with transition rates km±1,m = z(m ± 1)/(ζ (m)dt )
(Appendix D), and escape rate κ (m) = km+1,m + km−1,m.
Note that the transition rates satisfy a generalized local
detailed-balance relation

km,	

k	,m
= z(m)ζ (m)

z(	)ζ (	)
= ζ (m)

ζ (	)
eU (m)−U (	), (G3)

in which we identify a directing function [133]

U (	) = ln z(	).

The directing function may emerge, for example, due to ex-
ternal fields, such as gravity.

Now, if we interpret lattice indices 	 as spatial coordinates
x = 	 dx, then the random walk Eq. (G3) can be analyzed by
standard methods [134, Chapters I and II]. In particular, due
to the spatial dependency of κ (x) the continuous limit of this
random walk yields a Smoluchowski equation [133] for the
density ρ(x) = ν(x)/dx:

∂tρ(x) = ∇ · [βD(x)∇U (x)ρ(x) + D(x)∇ρ(x)], (G4)

with a space-dependent diffusion coefficient

κ (x)dx2

2
→

dx→0
dt→0

D(x),

and the effective potential

U (x) = kBT (ln D(x) − 2U (x)).

In the presence of nonequilbrium constraints, e.g., with
a Lagrange multiplier η ∈ {η1L, ηDM, ηAD} (Secs. III B and
III C), the coarse-grained Eq. (G1) takes a more general form:

ν	(t + dt ) =
∑

m

p	m(η)νm(t ), (G5)
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in which we simplify the notation ν	(t ) = ν(	, t ) and intro-
duce the transition probabilities

p	m(η) = z(m)w	m(η)

ζη(m)
, (G6)

where the extended partition function ζη(m) and a weight
w	m(η) may in general depend on the Lagrange multiplier
η. For example, in the gradient-driven flow discussed in
Sec. III B, such a dependence appears in pL1 and p1L with

w1L = e−η1L , ζη(L) = zL−1 + zL + z1w1L, (G7)

wL1 = eη1L , ζη(1) = wL1zL + z1 + z2, (G8)

cf. Sec. IV.

APPENDIX H: CONSTRAINT OF CONSTANT FLUX
AT THE BOUNDARY

By imposing the extremum condition ∂ f1L/∂n(m j|	i) on
the objective function (35) near the end points m, 	 = {1, L},
we get

n(1 j|Li) = gj (1)e−βε j (1)−θi (L)−η1L , (H1)

n(L j|1i) = gj (L)e−βε j (L)−θi (1)+η1L , (H2)

whereas all the other transitions satisfy

n(m j|	i) = gj (m)e−βε j (m)−θi (	). (H3)

By evaluating the constraints associated with θi(	 �∈ {1, L})
we obtain Eq. (27). To evaluate θi(	 ∈ {1, L}) we apply
Eq. (24):

ni(1, t ) =
∑

j

(n(L j|1i) + n(1 j|1i) + n(2 j|1i))

= e−θi (1)(eη1L z(L) + z(1) + z(2)), (H4)

ni(L, t ) =
∑

j

(n(L − 1, j|Li) + n(L j|Li) + n(1 j|Li))

= e−θi (L)(z(L − 1) + z(L) + z(1)e−η1L ). (H5)

By solving the two above equations for the Lagrange multi-
pliers θi(	 ∈ {1, L}), from Eqs. (H1) and (H2) we obtain

n(1 j|Li) = gj (1)

ζη1L (L)
e−βε j (1)+φ1L nLi = p(1 j|Li, J )ni(L), (H6)

n(L j|1i) = gj (L)

ζη1L (1)
e−βε j (L)+φL1 n1i = p(L j|1i, J )n j (L), (H7)

in which we introduce active exponents [96] φ1L = −η1L,
φL1 = η1L, and extended neighborhood partition functions

ζφ (1) = eφL1 z(L) + z(1) + z(2), (H8)

ζφ (L) = z(L − 1) + z(L) + z(1)eφ1L . (H9)

The detailed-balance condition for the rates p(1 j|Li, J ) and
p(L j|1i, J ), η) is now broken by the active exponents. Note
that the directing function [96,133] is U j (	) = −βε j (	) +
ln g j .

The constraint of constant flux implies an important as-
sumption that either 0 < J < ν(L) or 0 < −J < ν(1). The

value of the Lagrange multiplier η1L can be found once the
structure of the energy levels is specified.

APPENDIX I: ACTIVE EXPONENTS

Active exponents, which can be used to express the
violation of the detailed-balance relations [Eq. (37)] in
nonequilibrium systems, in the continuum limit entail noncon-
servative forces and amplified fluctuations, e.g., as discussed
in Ref. [96, Supplemental Material Sec. 2]. Here we relate
this theory to another phenomenon—force-dependent diffu-
sion. To do so, we consider a Thévenin ensemble of active
Boltzmann particles, whose motion is enhanced by constant
exponents

φm	 =
⎧⎨
⎩

φ+ if m = 	 + 1,
φ− if m = 	 − 1,
0 otherwise,

(I1)

which can also be decomposed as

φ± = � ± βFdx/2

into the symmetric φ+ + φ− = 2� and asymmetric φ+ −
φ− = βFdx parts, where Fdx is interpreted as the work done
by the force F acting on a particle along the path dx, cf.
Eqs. (37) and (51). Then the master equation (G2) reads

ν̇m = −κνm + k−νm+1 + k+νm−1,

where νm(t ) is the number of particles at the mth lattice and
overdot is the time derivative, whereas the rate constants are
given by

k± = 1

dt

eφ±

1 + eφ+ + eφ−
, κ = k+ + k−

1

dt

eφ+ + eφ−

1 + eφ+ + eφ−
.

By expanding νm±1 = νm ± dxν ′
m + dx2ν ′′

m/2 with prime
standing for the spatial derivative, we get

ν̇m = κdx2

2
ν ′′

m − (k+ − k−)dxν ′
m, (I2)

in which we used the identity κ = k+ + k−. Then we divide
Eq. (I2) by dx and substitute

κ = 1

dt

e
βFdx

2 + e− βFdx
2

e−� + e
βFdx

2 + e− βFdx
2


 2

dt (2 + e−�)
,

k+ − k− = 1

dt

e
βFdx

2 − e− βFdx
2

e−� + e
βFdx

2 + e− βFdx
2


 βFdx

dt (2 + e−�)
,

where we neglect the terms that would lead to O(dx3), and
take the continuum limit with

lim
dx→0

dx2

dt (2 + e−�)
= D(�), lim

dx→0

ν

dx
= ρ,

to obtain the Smoluchowski diffusion equation

∂tρ = ∇ · (D(�)∇ρ − βD(�)F ). (I3)

The above equations put in evidence the nonconservative
force F , and allow us to define an effective tempera-
ture β̃ by imposing the Einstein relation for the mobility
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βD(�) = β̃D(0), from which

β̃ = βD(�)

D(0)
∼ 3β

2 + exp(−�)
. (I4)

For example, if we assume a simple force βF =
limdx→0 φ̂/dx, which entails � = φ̂/2, then we may
transform Eq. (I3) into

∂tρ = ∇ · (
D(F )∇ρ − βD(F )F

)
= ∇ ·

(
β̃(F )

β
D(0)∇ρ − β̃(F )D(0)F

)
. (I5)

APPENDIX J: SIMULATING A CONSTRAINED
MARKOV CHAIN

Under equilibrium conditions, the stochastic process de-
scribed by Eq. (47) in discrete time can be simulated by
using standard computational techniques. Each step of the
simulation begins with a given distribution of particles ν. For
each lattice site 	 ∈ {1, 2, 3} we generate ν	 pseudorandom
numbers ui(	) with i = 1, 2, ..., ν	, which are uniformly dis-
tributed on the unit interval, i.e., ui(	) ∈ I = [0, 1). Iterating
over each site 	, we make partitions Im(	 = 1, 2, 3) of the
interval I into three bins m = 1, 2, 3 of size pm	. Then, as if
constructing a histogram, we determine the number of par-
ticles nm	 = #[ui(	) ∈ Im(	)] which are transferred from the
site 	 into the site m. The result of the simulation step is a new
state ν′ with components ν ′

m = ∑3
	=1 nm	.

The described algorithm is also applicable in nonequilbir-
ium simulations without explicit constraints, as in the case 3
of Sec. IV, since the matrix p remains invariant at all steps.
However, to restrict the sampled numbers nm	 in a certain way,
we need to modify this algorithm.

First we discuss the simplest modification of the algorithm,
which is necessary for simulating the directed motion of self-
propelling particles (Sec. III)—case 4 considered in Sec. IV.
Specifically, to ensure that in each step of the simulation∑3

	=1 n	+1,	 = JDM, we adjust the boundaries of the bins Im(	)
as follows. First we order these bins so that I	+1(	) is the
left-most subinterval in each partitioning of I , i.e.,

∀u ∈ I	+1(	), u′ ∈ Im �=	+1(	) : u < u′.

Ordering of the other subintervals does not matter.
Then we pull all randomly generated numbers ui(	) to-

gether into a single sample

U = ∪3,ν	

	=1,i=1{ui(	)}.
Because all elements of the form

p	+1,	(ηDM) = p+(ηDM) = (1 + 2eηDM )−1, (J1)

which determine the size of the bins I	+1(	), are equal, the
number of elements

#[Ui ∈ U : Ui < p+(ηDM)]

counts the total number of particles jumping to the right from
any site 	 ∈ {1, 2, 3}. So we may choose such ηDM, that the

interval I+(ηDM) = [0, p+) of size p+ contains precisely JDM

numbers Ui ∈ U :

#[u ∈ U ∩ I+(ηDM)] = JDM. (J2)

In practice there is an interval of values ηDM ∈ Î that
satisfy Eq. (J2). This interval becomes narrower as the total
number of particles increases N → ∞. Therefore, if we sort
numbers U (i = 1, 2, ..., N ) ∈ U in the increasing order, that is
Ui < Ui+1, then we may estimate

ηDM = − ln[2p+/(1 − p+)],

with

p+ = [U (JDM) + U (JDM + 1)]/2.

The described algorithm imposing a constant cumulative
flux JDM can be easily adapted to the simulations under the
constraint of cumulative displacement JAD (case 5 in Sec. IV).
Requiring JAD particles out of the total N to move is equivalent
to fixing the number J0 = N − JAD to remain at the same site
in each step. Therefore we reorder this time intervals Im(	), so
that I	(	) is the left-most in the partitioning scheme. Noting
that all the elements

p		(ηAD) = p0(ηAD) = (1 + 2e−ηAD )−1 (J3)

are equal, we obtain

ηAD = ln[2p0/(1 − p0)],

with

p0 = [U (J0) + U (J0 + 1)]/2.

Modifications of the algorithm, which are required to sim-
ulate the system with a constant boundary flux (case 2 in
Sec. IV), are more complicated. We focus on the transition
probabilities

p1L = (2eη + 1)−1, pL1 = (2e−η + 1)−1, (J4)

which can be related by

p(η) = p1L(η) = 1 − pL1(η)

1 + 3pL1(η)
.

Note that as the probability of particles jumping from the
site L to 1 vanishes, p(η) → 0, all the particles at the site 1
transit to L in one simulation step. Thereby we observe the
most negative possible flux Jmin = −ν1. As the probability
p(η) → 1, we observe the largest possible flux Jmax = ν3.

Now we merge the samples ui(1) and ui(L) from the first
and third sites as

ϒ = ∪ν1
i=1

{
1 − ui(1)

1 + 3ui(1)

}
∪ν3

i=1 {ui(3)},

and order them in the increasing order ϒ(i) < ϒ(i + 1). Fi-
nally, we choose η = − ln[2p/(1 − p)] with

p = ϒ(J − Jmin) + ϒ(J − Jmin + 1)

2
.
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