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Abstract

The exact response theory, also known as Transient Time Correlation Function formalism,
is a powerful method concerning how observables respond to a given perturbation of
the dynamics of the systems of interest, and it extends linear response theory to generic
(autonomous) dynamical systems. Its main ingredient is the so-called dissipation function.
In this paper, we adapt this theory for time-lagged systems, and we illustrate its applicability
considering simple examples of delay equations, with different memory terms. Adopting
the technique already used for time deterministic as well as stochastic time-dependent
perturbations, the dynamics is described in a higher dimensional phase space, in which the
delay-dependent dynamics is mapped into an augmented phase space: the new dynamics is
proven to be autonomous and suitable for the exact responses to be computed. In addition,
we explore the comparison between linear and exact approaches for a specific kernel choice.

Keywords: Transient Time Correlation Function; uncertainty quantification; dissipation
function

1. Introduction
One of the most successful tools developed in statistical mechanics is linear response

theory [1], which is an easy and intuitive approach to describe macroscopic systems driven
away from, but close to, thermodynamic equilibrium in terms of their equilibrium dynamics
and probability distributions [2,3]. Its range of applicability is wide and widely used in a
lot of fields, such as climate physics [4], and justifies all linear transport laws. However, it
applies to small drivings and away from critical situations such as those concerning phase
transitions. More recently, an exact response theory has been developed within the field of
molecular dynamics, emerging from the literature concerning fluctuation theorems [5–7].
This theory is also called Transient Time Correlation Function (TTCF) formalism [8–10].

While the linear theory mainly concerns macroscopic objects and their thermodynamic
properties [11], the results of this exact response theory are particularly useful in systems
strongly driven away from equilibrium and in small systems, which are easily found far
from equilibrium. It has also been proven to effectively tackle phase transitions [12] and
a rich variety of problems [13–15]. Developed for autonomous systems, the theory has
been later extended to deterministic time-dependent perturbations [16,17], and then to
stochastic time-dependent perturbations [18], as well as to quantum mechanics [19]. A
crucial ingredient of the theory is the dissipation function, which, in the case of particle
systems and under proper conditions, can be identified with the energy dissipation rate,
the object of the Fluctuation Theorems [6,20].
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In this paper, we propose an adaptation of the methods used in [17,18] for treating
systems characterized by a time-delay in the dynamics, which are a fundamental tool
of investigation for feedback control [21], and other countless phenomena [22–24]. In
doing this, we will also touch on the problem of quantification of uncertainties [25], which
is of interest in general time-evolving systems well beyond statistical mechanics. This
involves the derivation of information on the moments of the distributions under study,
which the exact response theory allows, since the powers of an observable are observables
themselves [3,26].

The paper is structured as follows. In Section 2, we recap the main ideas behind the
exact response theory, or TTCF, starting from the linear response theory, a fundamental
framework in which the role of the initial perturbation is highlighted. After that, the
augmented phase-space method is summarized, where a time-dependent perturbation is
described within an enlarged phase space: its role is to embed both the physical dynamics
and the time-dependence of the perturbation within a harmonic oscillator. This choice al-
lows one to describe the system in the higher-dimensional space in terms of an autonomous
dynamics, in which the time-independent theory can be applied. In Section 3, we develop
the model of a particle within a viscous media whose effect on the velocity is time-delayed.
Specifically, we analyze three kinds of kernels: the Erlang-type kernel, a rich class including
a long-tail distribution for the delay [27], the exponential as its special first-order case,
and the stepwise kernel. We also analyze how averages of simple quantities change. We
computed as examples the averages of some interesting physical quantities. Furthermore,
in Section 4 we provide a comparison between the linear response approach and the exact
response method. Finally, in Section 5 we discuss our work and summarize the main results
of the paper and how the augmented phase-space method allows one to treat time-delayed
systems: this idea can be applied to a wide class of problems, as discussed below.

2. Response Theory
This section recaps the mathematical background for the response theory and summa-

rizes the main results of [28–30], explained in higher detail in [3].
Suppose M is the phase space of a physical system whose quantities are described

by the phase-space variable Γ P M , where Γ :“ pq1, . . . , qn, p1, . . . , pnq represents the
configuration of a system of n particles, and suppose the known evolution rule is defined
in terms of the following dynamical system:

9Γ “ GpΓq, (1)

whose solution at time t, given by StΓ0, concerns the initial condition Γ0 and the evolution
operator St [31]. A useful quantity is the phase-space variation rate Λ : M Ñ R defined as

Λ :“ ∇Γ ¨ G. (2)

where the dot represents the scalar product. Endow the phase space with a suit-
able probability measure absolutely continuous with respect to the Lebesgue measure,
dµ0pΓq “ f0pΓqdΓ, where f0 is the probability density. Let a physical observable be defined
by O : M Ñ R. If dµ0 is not invariant, its density evolves in time and is denoted by ft at
time t. Then, the phase-space average of O at time t is expressed by

E ft pOq “

ż

M
OpΓq ftpΓqdΓ. (3)

https://doi.org/10.3390/e28030350

https://doi.org/10.3390/e28030350


Entropy 2026, 28, 350 3 of 24

2.1. Linear Response Theory

Linear response theory is a powerful tool useful for understanding the effect of a small
intensity perturbation. Given a physical system described by the dynamical system G0pΓq,
suppose a perturbation is switched on at time t “ 0, in the form of an additive vector field
GextpΓ, tq “ F ptqπpΓq:

GpΓ, tq “ G0pΓq ` GextpΓ, tq, (4)

where G governs the dynamics after the perturbation of dimensionless intensity F , and
π depends only on the phase variable Γ. The evolution of the probability density in time
starting from an equilibrium distribution f0 is described in terms of the Liouvillian operator
L , which satisfies the Liouville equation:

B f
Bt

“ ´∇Γ ¨ p f Gq “ ´∇Γ ¨ p f G0 ` f Gextq “ ´ipL0 ` Lextq f “: ´iL f (5)

where L0 f :“ ´i∇Γ ¨ p f G0q denotes the Liouvillian of the unperturbed dynamics, and
Lext f :“ ´i∇Γ ¨ p f Gextq the one of the perturbation. Truncating to first order in the pertur-
bation, the solution of the Liouville equation takes the form

ftpΓq “ e´itL0 f0pΓq ´ i
ż t

0
dse´ipt´sqL0Lextpsq f0pΓq ` H.O. (6)

where the higher orders in F are taken into account by H.O. and thus are negligible. The
corresponding linear approximation to the evolution of observables is then expressed
by [2,3]

E ft rOs “ E f0rOs `

ż t

0
dsRpt ´ sqF psq, (7)

where Rptq is the response function expressed by

Rptq “ βE f0

“

pO ˝ St
0qJ

‰

, (8)

in which J is the dissipative flux. This celebrated result, is the basis of the linear transport
laws. Remarkably, it shows that memory is practically unavoidable in the response of
dynamical systems. This fact can be neglected when describing the behavior of thermody-
namic systems, because the memory decays so rapidly compared to observation times that
it is not relevant on the macroscopic scale. On the other hand, many non-thermodynamic
behaviors are known, even at the macroscopic level, in which memory effects are unavoid-
able [3].

2.2. The Time-Independent Exact Response

The exact response theory was first developed by [7]. In this section, we summarize the
time-independent exact response theory in the framework of general dynamical systems,
which have been thoroughly explained in [3,9]. Suppose that the dynamics is described by
Γ P M in terms of the following evolution rule:

9Γ “ GpΓ, tq “ G0pΓq ` GextpΓ, tq, (9)

where GextpΓ, tq denotes the perturbation employed on the unperturbed dynamics, with
flux StΓ. Let f0 be a probability density function such that dµpΓq “ f0pΓqdΓ. Performing the
divergence operations in Equation (5), and grouping terms in a different way, the Eulerian
form of the Liouville equation (Equation (5)) can also be written as

B f
Bt

pΓq “ Ω f pΓq f pΓq, (10)
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with Ω ft pΓq being known as the dissipation function, defined by

Ω ft pΓq :“ ´ΛpΓq ´ GpΓq ¨ ∇Γ ln ftpΓq, (11)

where Λ is defined in (2). The solution of (10) takes the form

fs`tpStΓq “ exptΩ fs
´t,0pΓqu fspΓq, (12)

where Ω f0
s,tpΓq “

şt
s Ω f0pSζ Γqdζ is the integral of the dissipation function along the trajectory

of the flux of Γ between s and t. As in the linear regime, we are interested in the evolution
of the observables rather than the probabilities. In this case, one obtains the following:

E ft pOq “ E f0pOq `

ż t

0
E f0rΩ f0pO ˝ Ssqsds, (13)

where ˝ denotes the composition, i.e., the evaluation of the observable under the action of
the dynamics OpSs¨q.

Equation (13) highlights that the evolution of the ensemble average of an observ-
able can be computed in terms of the unperturbed equilibrium distribution f0: the key
difference between the linear case lies in the fact that the exact evolution is given by the
dissipation function Ω f0 and that the flow of the dynamical system is the perturbed one
Ss. Originally derived for time-independent perturbations, this theory has then been
extended to time-dependent perturbations [16,17], to stochastic time dependencies [18],
and to quantum mechanics [19]. In the next subsection we illustrate the case of time-
dependent perturbations.

2.3. The Augmented Phase-Space Method

To cast time-dependent perturbations within the framework of the exact response the-
ory illustrated above, one can remove the time dependence introducing auxiliary variables,
enlarging the phase space as follows. Given a generic dynamical system 9Γ “ GpΓq suppose
we have an additive perturbation written in the form

9Γ “ GpΓ, tq “ G0pΓq ` Fwptq, (14)

where G and G0 stand for perturbed and unperturbed vector fields, respectively. Since any
perturbation can be interpreted as periodic with period T, such that T is enough larger than
the observation scale time, we can rewrite any perturbation as a Fourier series:

Fwptq “

`8
ÿ

n“´8

αneiβnt “

`8
ÿ

n“´8

αnwnpθ, ϕq “ wpθ, ϕq, (15)

where βn “ 2πn{T are the Fourier frequencies. In recent work [18], an analogous strategy
has been carried out to handle stochastic perturbations, making use of the Karhunen–Loève
expansion for Wiener and other stochastic processes. In practice, the main difference
between the stochastic and deterministic perturbations is that the coefficients αn are random
variables in the first case and are fixed numbers in the second. Therefore, the two cases can
be easily treated in parallel. In both cases, one may assume that the perturbation is periodic
with a period much larger than any physically relevant time [2]. Then, this periodicity
suggests the use of a harmonic oscillator in the space Mθϕ to remove the time variable from
the relevant vector field:

$

&

%

9θ “ ϕ

9ϕ “ ´ω2θ.
(16)
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The dynamics now lives in the augmented phase space M̃ :“ MΓ ˆMθϕ whose phase-space
variable is Γ̃ “ pΓ, θ, ϕq. Substituting (15) in (14), and explicitly writing the components of
the vector field, we obtain the following:

9̃Γptq “ G̃pΓ, θ, ϕq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

G1pΓq `
ř`8

n“´8 αn1wnpθ, ϕq

G2pΓq `
ř`8

n“´8 αn2wnpθ, ϕq

...
GNpΓq `

ř`8
n“´8 αnNwnpθ, ϕq

ϕ

´ω2θ

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(17)

where the angular variables obey Equation (16). In this way, the exact response theory can
be applied, up to some adaptations to the current time-delayed case. In the augmented
space, the phase-space variation rate Λ̃ “ div G̃ equals the unperturbed rate due to the null
contribution of the harmonic oscillator dynamics:

Λ̃pΓ̃q “ ΛpΓq. (18)

Given f0pΓq and g0pθ, ϕq probability distributions over M and Mθϕ, respectively, the un-
perturbed distribution over the augmented phase space dµ̃ on M̃ can be given by the
probability density

f̃0pΓ̃, θ, ϕq “ f0pΓqg0pθ, ϕq, (19)

i.e., factorized in terms of the two independent distributions. Then, the dissipation function
rΩ f̃0 for the augmented phase space takes the form [18]

rΩ f̃0pΓ, θ, ϕq “ ´Λ̃pΓ, θ, ϕq ´
d
dt

ln f̃0pΓ, θ, ϕq

“ ´
1

f̃0pΓ, θ, ϕq
∇ f̃0pΓ, θ, ϕq ¨ G̃pΓ, θ, ϕq

“ Ω f0pΓq ´
1

f0pΓq

`8
ÿ

n´8

wnpθ, ϕq

N
ÿ

k“1

αnk
B f0

BΓk
pΓq

´
1

g0pθ, ϕq

ˆ

ϕ
Bg0

Bθ
pθ, ϕq ´ θ

Bg0

Bϕ
pθ, ϕq

˙

(20)

and the exact response for a generic observable O reads as

E f̃t
rOs “ E f̃0

rOs `

ż t

0
E f̃0

r rΩ f̃0pÕ ˝ S̃sqsds

“ E f0rOs `

ż t

0
E f̃0

r rΩ f̃0pÕ ˝ S̃sqsds,
(21)

where the first term in the right-hand side of the formula is equal to the average of the
observable with respect to the unperturbed distribution, while the second expectation is
evaluated over the extended phase space Mθϕ. More precisely,

E f̃0
r rΩ f̃0pÕ ˝ S̃sqs “

ż

Mθϕ

g0pθ, ϕqdθdϕ

ż

M

rΩ f̃0pΓ, θ, ϕqO
`

SspΓq
˘

f0pΓqdΓ, (22)

where, being that the observable O is only dependent on Γ, the embedding in the extended
phase space Γ̃ does not change its values and one can state that Õ

`

S̃spΓ̃q
˘

“ O
`

SspΓq
˘

, where
Ss expresses the perturbed evolution in the original phase space M , while S̃s expresses
that in the augmented space M̃ . The extra term takes into account the evolution of the
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time-dependent perturbation in the integral in Mθϕ, whose action on wn is an average with
respect to g0pθ, ϕq.

The choice of g0 is independent of the dynamics and thus a convenient choice of
distribution is the uniform one, since all derivatives vanish to 0 and ergodic consistency
is not violated, as pointed out in the relevant work [6]; further details on the effect of a
peaked distribution on specific initial conditions are given in Appendix B.

3. Delay Equation
We now turn to delay equations, illustrating with several examples how the exact

response theory can be applied. We consider the following paradigmatic equation:

9vptq “ ´

ż t

0
gpt ´ ζqvpζqdζ “ ´pg ˚ vqptq, (23)

where g is the memory kernel. In this class of equations, the current rate of velocity change,
9vptq, depends not only on the current velocity v, but on the entire history of the system.
However, the specific examples we consider only serve as illustrations of the applicability
of the exact response theory. Whether the delay equations are solved analytically or
numerically and the form of their solutions does not concern our work. Also, the symbol v
is commonly associated with a velocity, but it may represent any quantity of interest.

It is reasonable to assume v and g Laplace-transformable on r0, `8q as both the state
variable and the convolution kernel are typically locally integrable. Thus we prescribe the
following initial conditions for the dynamics (23), vp0q “ v0, v1p0q “ 0, and introduce

Vpsq “ L tvupsq “

ż `8

0
e´stvptqdt, Gpsq “ L tgupsq “

ż `8

0
e´stgptqdt, (24)

where s denotes the Laplace domain variable. In order to recast the original differential
equation into an algebraic form, we make use of the Laplace transform property for
convolutions, obtaining

vptq “ L ´1tVuptq “ L ´1
"

v0

s ´ Gpsq

*

ptq. (25)

For a vast set of phenomena, tempered kernels of the form

gptq “
atα´1e´bt

Γpαq
(26)

with α P R` are employed to describe anomalous transport scenarios like fractional
diffusion [32–34] whenever α describes fractional dynamics, otherwise they can describe
non-trivial memory effects. In return, the inverse Laplace transform of Vpsq typically
involves Prabhakar-type Mittag–Leffler [35] functions such as

Eγ
µ,νpzq “

`8
ÿ

k“0

zkpγqk
k!Γpµk ` νq

(27)

of parameters µ, ν, and γ, or confluent hypergeometric functions [36,37]

1F1pa; b; zq “

`8
ÿ

k“0

apkqzk

bpkqk!
. (28)
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For this family of memory kernels, like for many others, solutions can be obtained with
well-known techniques. However, we will only use them as illustrations of the applicability
of the TTCF formalism, based on the extended phase space and dissipation function Ω. The
purpose of the present paper is indeed to show how the response of dynamics expressed
by delay equations can be approached within that formalism, that also provides techniques
for the quantification of uncertainties. In the following we consider three main functional
forms of gptq, the Erlang-type kernel, a particular kind of tempered kernel where parameter
α in (26) is a positive integer, the exponential case, and the stepwise continuous function,
through which one can arbitrarily closely approximate memory kernels of a vast class
of forms.

3.1. Exponentially Decreasing Memory Kernel

The Erlang-type kernel with α “ 1 simply reduces to gptq “ ae´bt, whose physical
meaning is also known and used for modeling fast decaying memory, as for some viscoelas-
ticity models [38] and brownian motion with memory effects. Substituting this functional
form into (23), we obtain

:vptq ` b 9vptq ` avptq “ 0, (29)

where the exponentially decaying memory allows the system to be recasted as a damped
harmonic oscillator. Being that the system is autonomous, the exact response formalism
can be directly applied by introducing auxiliary variables xptq :“ vptq, zptq :“ 9xptq:

9Γptq “ GpΓq “

˜

zptq
´axptq ´ bzptq

¸

, (30)

with Γ “ px, zq P M . The flow associated to the current dynamical system reads

St

˜

x0

z0

¸

“

˜

x0e´bt{2
´

cospωtq ` b
2ω sinpωtq

¯

´x0
a
ω e´bt{2psinpωtqq

¸

, (31)

where ω “
?

4a ´ b2{2 is the system’s natural oscillation frequency. Initial conditions are
set to xp0q “ x0 and zp0q “ 0, consistent with the original system (23).

For the sake of illustration, we now choose a bivariate Gaussian distribution as the
initial probability density:

f0px, zq “
1

2πσxσz
exp

ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

. (32)

Since the phase-space variation rate ΛpΓq “ ∇Γ ¨ GpΓq “ ´b, the dissipation function
reads as

Ω f0 “ ´ΛpΓq ´ ∇Γ ln f0pΓq ¨ GpΓq “ z
px ´ µxq

σ2
x

´ pax ` bzq
pz ´ µzq

σ2
z

` b. (33)

Let us now focus on the evolution of some physical observables. Taking O “ x, since
that the initial expectation E f0rxs “ µx, the correlation function yields

https://doi.org/10.3390/e28030350
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ż t

0
E f0rΩ f0px ˝ Ssqsds

“

ż t

0

ż

M

ˆ

z
px ´ µxq

σ2
x

´ pax ` bzq
pz ´ µzq

σ2
z

` b
˙ˆ

cospωsq `
b

2ω
sinpωsq

˙

x0e´bs{2

ˆ
1

2πσxσz
exp

ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
µz

2πσxσz
e´bt{2

ˆ

b
2ω

sinpωtq ´ cospωtq
˙

(34)

so that

E ft rxs “ E f0rxs `

ż t

0
E f0rΩ f0px ˝ Ssqsds

“ µx `
µz

2πσxσz
e´bt{2

ˆ

b
2ω

sinpωtq ´ cospωtq
˙

.
(35)

If we take O “ x2, we get that E f0rx2s “ σ2
x ` µ2

x and
ż t

0
E f0rΩ f0px2 ˝ Ssqsds

“

ż t

0

ż

M

ˆ

z
px ´ µxq

σ2
x

´ pax ` bzq
pz ´ µzq

σ2
z

` b
˙

ˆ

ˆ

cos2pωtq `
b2

4ω2 sin2pωtq `
b
ω

cospωtq sinpωtq
˙

x2
0e´s

ˆ
1

2πσxσz
exp

ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“ µxµz

ˆ

a ` b2

ab
´ e´bt

ˆ

a
bω2 `

bp3a ´ b2q

4aω2 cosp2ωtq ´
a ´ b2

2aω
sinp2ωtq

˙˙

,

(36)

so that

E ft rx
2s “ E f0rx2s `

ż t

0
E f0rΩ f0 px2 ˝ Ssqsds

“ σ2
x ` µ2

x ` µxµz

ˆ

a ` b2

ab
´ e´bt

ˆ

a
bω2 `

bp3a ´ b2q

4aω2 cosp2ωtq ´
a ´ b2

2aω
sinp2ωtq

˙˙

.
(37)

With the just computed two moments, we can now estimate the evolution of the
uncertainty of the observable x, if it was initially given by the bivariate Gaussian (32).

Since the expected value for the observable O “ z is simply E f0rzs “ µz, we have that
ż t

0
E f0rΩ f0pz ˝ Ssqsds

“

ż t

0

ż

M

ˆ

z
px ´ µxq

σ2
x

´ pax ` bzq
pz ´ µzq

σ2
z

` b
˙

´

´
a
ω

sinpωtq
¯

x0e´bs{2

ˆ
1

2πσxσz
exp

ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
µz

2πσxσz

ˆ

´1 ` e´bt{2
ˆ

cospωtq `
b

2ω
sinpωtq

˙˙

,

(38)

hence finally we obtain
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E ft rzs “ E f0 rzs `

ż t

0
E f0rΩ f0pz ˝ Ssqsds

“ µz `
µz

2πσxσz

ˆ

´1 ` e´bt{2
ˆ

cospωtq `
b

2ω
sinpωtq

˙˙

.
(39)

Comparison with Evolution in M̃

Let us now introduce a fictitious time-dependent perturbation wptq “ 0 amplified
by some factor F, with the purpose of representing the same system treated above within
the extended theory, for time-dependent perturbations. The dynamical system now takes
the form

9Γptq “ GpΓq “

˜

zptq
´axptq ´ bzptq ` Fwptq

¸

. (40)

and, following our approach, it is first re-written over the extended phase space M̃ “

M ˆ Mθϕ as

9̃Γptq “ G̃pΓ̃q “

¨

˚

˚

˚

˝

zptq
´axptq ´ bzptq ` wpθ, ϕq

ϕptq
´ω2θptq

˛

‹

‹

‹

‚

. (41)

The corresponding evolution in M̃ follows

S̃t

¨

˚

˚

˚

˝

x0

z0

θ0

ϕ0

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˝

x0e´bt{2
´

cospωtq ` b
2ω sinpωtq

¯

´x0e´bt{2 a
ω sinpωtq

θ0 cospωtq `
ϕ0
ω sinpωtq

ϕ0 cospωtq ´ ωθ0 sinpωtq

˛

‹

‹

‹

‹

‚

. (42)

The bivariate Gaussian (32), over the original phase space M , still is the unperturbed
probability density. Then, we define the initial distribution in the augmented phase space as

f̃0pΓ, θ, ϕq “ f0pΓqg0pθ, ϕq, (43)

choosing the uniform distribution over Mθϕ with F “

b

θ2
0 ` ϕ2

0, so that g0pθ, ϕq “ 1{2πρ.
In principle, this expression allows a variety of initial values for the time-dependent
perturbation, unlike the usual expression that has a fixed initial value. Although irrelevant
in the present case, because the perturbation vanishes, this is useful in general, as it allows
one to also study the consequences of the distribution of the initial perturbation values.
These, like any other physical quantity, are typically affected by errors or uncertainties.

Given that Λ̃pΓ̃q “ ΛpΓq “ ´b, the dissipation function over the augmented phase
space now reads as

rΩ f̃0pΓ, θ, ϕq “ ´Λ̃pΓ̃q ´
1

f̃0pΓ, θ, ϕq
∇ f̃0pΓ, θ, ϕq ¨ G̃pΓ, θ, ϕq

“ ´ΛpΓq ´
1

f0pΓq
∇ f0pΓq ¨ GpΓq

“ Ω f0 pΓq,

(44)
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as required, since Fwptq “ wpθ, ϕq “ 0. Similarly, by choosing a generic observable
O “ OpΓq and evaluating the response to the perturbation, we get

E f̃t
rOs “ E f̃0

rOs `

ż t

0
E f̃0

r rΩ f̃0pÕ ˝ S̃sqsds (45)

but since rΩ f̃0pΓ, θ, ϕq “ Ω f0pΓq, it is clear that the initial expectation value in M̃

E f̃0
rOs “

ż

M̃
O f̃0pΓ̃qdΓ̃ “

ż

M ˆMθϕ

O f0pΓqg0pθ, ϕqdΓdθdϕ

“

ż

Mθϕ

g0pθ, ϕqdθdϕ

ż

M
O f0pΓqdΓ

“ E f0 rOs

(46)

equals its value in M , as required, and the correlation function in M̃

E f̃0
r rΩ f̃0pÕ ˝ S̃sqs “

ż

M̃

rΩ f̃0pÕ ˝ S̃sq f̃0pΓ̃qdΓ̃

“

ż

M ˆMθϕ

Ω f0pO ˝ Ssq f0pΓqg0pθ, ϕqdΓdθdϕ

“

ż

Mθϕ

g0pθ, ϕqdθdϕ

ż

M
Ω f0pO ˝ Ssq f0pΓqdΓ

“ E f0rΩ f0pO ˝ Ssqs.

(47)

does too. This simple example illustrates how the calculations in the augmented phase
space reproduce those in the original phase space, as should be. However, in the augmented
space, one can additionally treat the possible, and in practice unavoidable, statistic of the
time-dependent perturbations.

3.2. Second Order Erlang-Type Kernel

We now consider kernel (26) with the choice of α “ 2, so that gptq “ ate´bt, with
a, b ą 0. This way the dynamics prescribed by (23) reads as

9vptq “ ´

ż t

0
gpt ´ sqvpsqds “ ´

ż t

0
apt ´ sqe´bpt´sqvpsqds, (48)

which can be recast in a three-dimensional ODE system of the form

$

’

’

&

’

’

%

9xptq “ yptq

9yptq “ ´byptq ` zptq

9zptq “ ´axptq ´ bzptq

(49)

upon introducing the following auxiliary variables:

xptq :“ vptq, yptq :“ 9vptq “ ´

ż t

0
apt ´ sqe´bpt´sqvpsqds, zptq :“ ´

ż t

0
ae´bpt´sqvpsqds. (50)

In vector formulation,

9Γptq “

¨

˚

˝

9x
9y
9z

˛

‹

‚

“

¨

˚

˝

y
´by ` z

´ax ´ bz

˛

‹

‚

“ GpΓq, (51)
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it is possible to compute the phase-space contraction rate ΛpΓq “ ∇ ¨ GpΓq “ ´2b and the
flow operator

Ss

¨

˚

˚

˚

˝

x0

y0

z0

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˝

x0
ř`8

k“0
akt3k

p3kq! 1F1p2k; 3k ` 1; ´btq

x0a
ř8

k“0
akt3k`2

p3k`2q! 1F1p2k ` 2; 3k ` 3; ´btq

x0
ř8

k“0

”

akt3k`1

p3k`1q! 1F1p2k ` 2; 3k ` 2; ´btq ` b akt3k

p3kq! 1F1p2k; 3k ` 1; ´btq
ı

˛

‹

‹

‹

‹

‚

(52)

with compatible initial conditions xp0q “ v0, yp0q “ 0, and zp0q “ 0. Assuming a multivari-
ate Gaussian distribution as the equilibrium pdf,

f0px, y, zq “
1

p2πq3{2σxσyσz
exp

ˆ

´
px ´ µxq2

2σ2
x

´
py ´ µyq2

2σ2
y

´
pz ´ µzq2

2σ2
z

˙

, (53)

the dissipation function is as follows:

Ω f0 “ ´ΛpΓq ´ ∇Γ ln f0pΓq “ ´2b ´ y
px ´ µxq

σ2
x

´ p´by ` zq
py ´ µyq

σ2
y

` pax ` bzq
pz ´ µzq

σ2
z

. (54)

Considering now the evolution of observable O “ x, that describes the system’s velocity,
being the expectation E f0rxs “ µx, the correlation function yields

E f0rΩ f0 px ˝ Ssqs

“
1

p2πq3{2σxσyσz

ż

M

˜

´2b ´ y
px ´ µxq

σ2
x

´ p´by ` zq
py ´ µyq

σ2
y

` pax ` bzq
pz ´ µzq

σ2
z

¸

ˆ

˜

x
`8
ÿ

k“0

aks3k

p3kq! 1F1p2k; 3k ` 1; ´bsq

¸

exp
ˆ

´
px ´ µxq2

2σ2
x

´
py ´ µyq2

2σ2
y

´
pz ´ µzq2

2σ2
z

˙

dxdydz.

(55)

Considering instead O “ x2, related to the energy of the system, we first recall that
E f0rx2s “ µ2

x ` σ2
x and express the correlation function as

E f0rΩ f0px2 ˝ Ssqs

“
1

p2πq3{2σxσyσz

ż

M

˜

´2b ´ y
px ´ µxq

σ2
x

´ p´by ` zq
py ´ µyq

σ2
y

` pax ` bzq
pz ´ µzq

σ2
z

¸

ˆ

˜

x
`8
ÿ

k“0

aks3k

p3kq! 1F1p2k; 3k ` 1; ´bsq

¸2

exp
ˆ

´
px ´ µxq2

2σ2
x

´
py ´ µyq2

2σ2
y

´
pz ´ µzq2

2σ2
z

˙

dxdydz.

(56)

Hence, finally, when considering O “ y, i.e., the system’s acceleration, we first recall
E f0rys “ µy, and the correlation function yields

E f0rΩ f0py ˝ Ssqs

“
1

p2πq3{2σxσyσz

ż

M

˜

´2b ´ y
px ´ µxq

σ2
x

´ p´by ` zq
py ´ µyq

σ2
y

` pax ` bzq
pz ´ µzq

σ2
z

¸

ˆ

˜

ax
8
ÿ

k“0

aks3k`2

p3k ` 2q! 1F1p2k ` 2; 3k ` 3; ´bsq

¸

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
py ´ µyq2

2σ2
y

´
pz ´ µzq2

2σ2
z

˙

dxdydz.

(57)
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Regardless of the specific choice of the observable, adopting the response formula
in (13) is sufficient to connect the correlation function with the response of the considered
physical variable at time t.

3.3. Simple Function Memory Kernel

Another interesting example of delay equations can be constructed in terms of linear
combinations of step functions, also known as simple functions. These can, in fact, approx-
imate as accurately as needed all integrable functions. Let us begin with a free particle
subjected to a retarded friction γ made of N steps, each acting for a time τ:

γptq “

N
ÿ

i“1

γiχ
`

pi´1qτ,iτ
‰ptq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

γ1 t P p0, τs

γ2 t P pτ, 2τs

...

γN t P
`

pN ´ 1qτ, Nτ
‰

0 t R p0, Nτs

, γi P R, (58)

assuming that no memory is present up to t “ 0. By plugging this memory kernel inside
the integro-differential Equation (23) and noticing that the term ´γp0qvptq “ 0 under our
assumptions, a convenient reformulation of (58) yields

:vptq “ ´

ż t

0

B

Bt

˜

N
ÿ

k“1

γk
“

Hpt ´ pk ´ 1qτq ´ Hpt ´ kτq
‰

¸

vpsqds

“ ´

ż t

0

˜

γ1δpt ´ sq `

N
ÿ

k“2

`

γk ´ γk´1
˘

δ
`

t ´ s ´ pk ´ 1qτ
˘

´ γNδpt ´ s ´ Nτq

¸

vpsqds

(59)

which can be written as

:vptq ` γ1vptq “ ´

N
ÿ

k“2

`

γk ´ γk´1
˘

v
`

t ´ pk ´ 1qτ
˘

H
`

t ´ pk ´ 1qτ
˘

` γNvpt ´ NτqHpt ´ Nτq, (60)

that represents a harmonic oscillator subjected to a cumulative time-delayed forcing that
follows specific rules. For t P p0, τs, no forcing is present, while as time grows above τ,
additional memory effects play the role of perturbations to the original dynamics. As
time passes, new contributions to the dynamics appear due to past memory terms, whose
intensity depends on the variation rates ∆γk “ γk ´ γk´1. For t P p0, τs, we have

:vptq ` γ1vptq “ 0, (61)

which is the equation of a harmonic oscillator in M in which the role of the “position” of the
oscillator is given by the velocity and whose solution can be written as vptq “ v0 cos

`?
γ1t

˘

,
if the initial conditions are assumed to be vp0q “ v0 and 9vp0q “ 0. For t P pτ, 2τs, we have

:vptq ` γ1vptq “ ´pγ2 ´ γ1qvpt ´ τq, (62)

where vpt ´ τq is the solution coming from (61), delayed in time by a factor τ. In other
words the system at step 2 becomes

:vptq ` γ1vptq “ v0pγ1 ´ γ2q cos
`?

γ1pt ´ τq
˘

, (63)
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an ordinary delayed differential equation, whose delay is included in the forcing term; for
more details for an alternative proof see Appendix A. As time grows, additional delays
arise to continue the solution of the previous step in a differentiable fashion, which leads to

:vptq ` γ1vptq “ v0pγ1 ´ γ2q
`

cosp
?

γ1τq cosp
?

γ1tq ` sinp
?

γ1τq sinp
?

γ1tq
˘

“ v0pγ1 ´ γ2q
`

Apτq cosp
?

γ1tq ` Bpτq sinp
?

γ1tq
˘

,
(64)

where the delay is expressed by the driving terms Apτq “ cos
`?

γτ
˘

and Bpτq “ sin
`?

γτ
˘

.
With the necessary caution, this process can be repeated to reach any time t ą 0.

For the applicability of the exact response formalism to this class of delayed systems,
let us start from the first step where, for later convenience, we shall call xptq our physical
(velocity) variable and zptq its time derivative. Letting γ1 “ γ for simplicity, we can write

$

&

%

9xptq “ zptq

9zptq “ ´γxptq
or 9Γptq “ GpΓq “

˜

G1pΓq

G2pΓq

¸

. (65)

The flow operator then reads as

Ss

˜

x0

z0

¸

“

˜

x0 cos
`?

γt
˘

´
?

γx0 sin
`?

γt
˘

¸

, (66)

having assumed xp0q “ x0 and zp0q “ 0 as the initial conditions, consistently with the
original integro-differential equation. As the phase-space variation rate vanishes, ΛpΓq “ 0,
the dissipation function reads as

Ω f0pΓq “ ´
1

f0px, zq
∇ f0px, zq ¨

˜

z
´γx

¸

“
px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx. (67)

Since no memory effect is present, the time-independent exact response formula could be
initially applied to the evolution of the average of the observable. However, it is better
to use the form defined in the augmented phase space, that becomes necessary for times
larger than τ. In the second step, t P pτ, 2τs, we take γ2 “ 0 and γ1 “ γ, implying that
memory lasts only for a time τ. The delayed system becomes

:xptq ` γxptq “ x0γ cos
`?

γpt ´ τq
˘

, (68)

which can be cast in the form
$

&

%

9xptq “ zptq

9zptq “ ´γxptq ` x0γ cos
`?

γpt ´ τq
˘

“ ´γxptq ` Fwpt, τq,
(69)

where the term Fwpt, τq, with F “ x0γ, accounts for a time-delayed forcing and is not
present in the first step. To account for such forcing we move from the basic dynamics
9Γptq “ GpΓq to

9̃Γptq “

¨

˚

˚

˚

˝

G1pΓq

G2pΓq ` Fwptq
ϕ

´ω2θ

˛

‹

‹

‹

‚

. (70)
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This is done by introducing two auxiliary variables, θ and ϕ, that obey

$

&

%

9θ “ ϕ

9ϕ “ ´ω2θ
(71)

in the corresponding extended phase space Mθϕ. This allows us to re-write the delay Fwptq
as a time-independent term in M̃ :

Fwptq “ Apτqϕ ` Bpτqθ “ wpθ, ϕq, (72)

with pθ, ϕq “ psinpωtq, cospωtqq. In Equation (15), we now have a single frequency, which
is

?
γ, and αn “ δn,1 where δi,j is the Kronecker symbol. Therefore, the dynamics of

the system can now be approached as an autonomous dynamical system in M̃ given by
the following equations:

9̃Γptq “ G̃pΓ, θ, ϕq “

¨

˚

˚

˚

˝

G1pΓq

G2pΓq ` Fwpθ, ϕq

ϕ

´γθ

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˝

z
´γx ` Apτqϕ ` Bpτqθ

ϕ

´γθ.

˛

‹

‹

‹

‚

. (73)

Referring to the dynamics in (73), the flow operator, with generic initial conditions
pxτ , zτ , θτ , ϕτq, can be expressed as

S̃s

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

xτ

zτ

θτ

ϕτ

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

ˆ

Apτqxτ ´
BpτqK2

2
?

γ ´
Bpτqzτ?

γ ´
pt´τq

2
?

γ pBpτqK1 ` ApτqK2q

˙

cos
`?

γt
˘

`

ˆ

Bpτqxτ `
ApτqK2

2
?

γ ´
Apτqzτ?

γ `
pt´τq

2
?

γ pApτqK1 ´ BpτqK2q

˙

sin
`?

γt
˘

ˆ

Apτqzτ ´
BpτqK1

2
?

γ ` Bpτqxτ
?

γ `
pt´τq

2 pApτqK1 ´ BpτqK2q

˙

cos
`?

γt
˘

`

ˆ

Bpτqzτ `
ApτqK1

2
?

γ ´ Apτqxτ
?

γ `
pt´τq

2 pApτqK2 ` BpτqK1q

˙

sin
`?

γt
˘

ˆ

Apτqθτ ´
Bpτqϕτ?

γ

˙

cos
`?

γt
˘

`

ˆ

Bpτqθτ `
Apτqϕτ?

γ

˙

sin
`?

γt
˘

ˆ

Bpτqθτ
?

γ ` Apτqϕτ

˙

cos
`?

γt
˘

`

ˆ

´ Apτqθτ
?

γ ` Bpτqϕτ

˙

sin
`?

γt
˘

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(74)

where
K1 “ Bθτ ` Aϕτ , K2 “

Bϕτ
?

γ
´ A

?
γθτ . (75)

As in the previous example, we take the initial probability density in the augmented phase

space given by Equations (19) and (32) and g0pθ, ϕq “ 1{2πρ, with ρ “

b

θ2
0 ` ϕ2

0. This
allows us to write the following:

rΩ f̃0pΓ, θ, ϕq “ ´Λ̃pΓ, θ, ϕq ´
d
dt

ln f̃0pΓ, θ, ϕq “ ´
1

f̃0pΓ, θ, ϕq
∇ f̃0pΓ, θ, ϕq ¨ G̃pΓ, θ, ϕq

“ Ω f0pΓq ´
1

f0px, zq

„

B f0px, zq

Bz
wpθ, ϕq

ȷ

“ Ω f0pΓq `
pz ´ µzq

σ2
z

`

Apτqϕ ` Bpτqθ
˘

.

(76)

We note that this dissipation function equals the dissipation function for the original
dynamics with an extra term concerning the contribution of the auxiliary dynamics, which
is linear in both θ and ϕ. Even if the dynamics may look formal without memory, because
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the corresponding kernel is piecewise constant, some kind of dissipation arises because it
still changes in time. The exact response formula now reads as

E f̃t
rOs “ E f0rOs `

ż t

0
E f̃0

rpO ˝ S̃sq rΩ f̃0sds

“ E f0rOs `

ż t

0

ż

M
pO ˝ S̃sqΩ f0 f0pΓqdΓds

`

ż t

τ

ż

M̃
pO ˝ S̃sq

`

Apτqϕ ` Bpτqθ
˘ pz ´ µzq

σ2
z

f̃0pΓ̃qdΓ̃ds

“ E f0rOs `

ż τ

0

ż

M
pO ˝ SsqΩ f0 f0pΓqdΓds

`

ż t

τ

ż

M
pO ˝ S̃sqΩ f0 f0pΓqdΓds

`

ż t

τ

ż

M̃
pO ˝ S̃sq

`

Apτqϕ ` Bpτqθ
˘ pz ´ µzq

σ2
z

f̃0pΓ̃qdΓ̃ds.

(77)

This equation shows that the exact response in M̃ is the one for the time-dependent
perturbation with an additional term produced by the variables of the auxiliary space.
That represents the possibility of considering the initial values of the time-dependent
perturbation to be random and distributed according to some given law, while usually
these initial values are fixed. Nevertheless, in some cases, the existing symmetries yield
zero for this term. Consider, for instance, the observable O “ x, since trivially E f0rxs “ µx,
we can write

ż τ

0

ż

M
px ˝ SsqΩ f0 f0pΓqdΓds “

1
2πσxσz

ż τ

0

ż

M

`

x cosp
?

γsq
˘

ˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds “
µz
?

γ

ˆ

sin
`?

γt
˘

´ sin
`?

γτ
˘˘

˙ (78)

and
ż t

τ

ż

M
px ˝ S̃sqΩ f0 f0pΓqdΓds “

1
2πσxσz

ż t

τ

ż

M

„

Apτqx ´
BpτqK2

2
?

γ
´

Bpτqz
?

γ

´
pt ´ τq

2
?

γ
pBpτqK1 ` ApτqK2q

˙

cosp
?

γsq `

ˆ

Bpτqx `
ApτqK2

2
?

γ
´

Apτqz
?

γ

`
pt ´ τq

2
?

γ
pApτqK1 ´ BpτqK2q

˙

sinp
?

γsq

ȷˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
1

2πσxσz

ż t

τ

ż

M

„

`

Apτq cosp
?

γsq ` Bpτq sinp
?

γsq
˘

x

´
`

Apτq sinp
?

γsq ` Bpτq cosp
?

γsq
˘ z

?
γ

˙ȷˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds,

(79)

while
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ż t

τ

ż

M̃
px ˝ S̃sq

`

Apτqϕ ` Bpτqθ
˘ pz ´ µzq

σ2
z

f̃0pΓ̃qdΓ̃ds

“
1

2πρ

ż

Mθϕ

`

Apτqϕ ` Bpτqθ
˘

dθdϕ

ż t

τ

1
2πσxσz

ż

M

pz ´ µzq

σ2
z

„

Apτqx ´
BpτqK2

2
?

γ

´
Bpτqz
?

γ
´

pt ´ τq

2
?

γ
pBpτqK1 ` ApτqK2q

˙

cosp
?

γsq `

ˆ

Bpτqx `
ApτqK2

2
?

γ
´

Apτqz
?

γ

`
pt ´ τq

2
?

γ
pApτqK1 ´ BpτqK2q

˙

sinp
?

γsq

ȷ

exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
1

p2πq2ρσxσz

ż

Mθϕ

`

Apτqϕ ` Bpτqθ
˘

dθdϕ

ż t

τ

ż

M

pz ´ µzq

σ2
z

„

`

Apτq cosp
?

γsq ` Bpτq sinp
?

γsq
˘

x

´
`

Apτq sinp
?

γsq ` Bpτq cosp
?

γsq
˘ z

?
γ

˙ȷ

exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds.

(80)

Considering instead O “ x2, since E f0rx2s “ µ2
x ` σ2

x , we can write

ż τ

0

ż

M
px2 ˝ SsqΩ f0 f0pΓqdΓds “

1
2πσxσz

ż τ

0

ż

M

`

x cosp
?

γsq
˘2

ˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds
(81)

and
ż t

τ

ż

M
px2 ˝ S̃sqΩ f0 f0pΓqdΓds “

1
2πσxσz

ż t

τ

ż

M

„

Apτqx ´
BpτqK2

2
?

γ
´

Bpτqz
?

γ

´
pt ´ τq

2
?

γ
pBpτqK1 ` ApτqK2q

˙

cosp
?

γsq `

ˆ

Bpτqx `
ApτqK2

2
?

γ
´

Apτqz
?

γ

`
pt ´ τq

2
?

γ
pApτqK1 ´ BpτqK2q

˙

sinp
?

γsq

ȷ2ˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
1

2πσxσz

ż t

τ

ż

M

„

`

Apτq cosp
?

γsq ` Bpτq sinp
?

γsq
˘

x

´
`

Apτq sinp
?

γsq ` Bpτq cosp
?

γsq
˘ z

?
γ

˙ȷ2ˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds,

(82)

while
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ż t

τ

ż

M̃
px2 ˝ S̃sq

`

Apτqϕ ` Bpτqθ
˘ pz ´ µzq

σ2
z

f̃0pΓ̃qdΓ̃ds

“
1

2πρ

ż

Mθϕ

`

Apτqϕ ` Bpτqθ
˘

dθdϕ

ż t

τ

1
2πσxσz

ż

M

pz ´ µzq

σ2
z

„

Apτqx ´
BpτqK2

2
?

γ

´
Bpτqz
?

γ
´

pt ´ τq

2
?

γ
pBpτqK1 ` ApτqK2q

˙

cosp
?

γsq `

ˆ

Bpτqx `
ApτqK2

2
?

γ
´

Apτqz
?

γ

`
pt ´ τq

2
?

γ
pApτqK1 ´ BpτqK2q

˙

sinp
?

γsq

ȷ2
exp

ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
1

p2πq2ρσxσz

ż

Mθϕ

`

Apτqϕ ` Bpτqθ
˘

dθdϕ

ż t

τ

ż

M

pz ´ µzq

σ2
z

„

`

Apτq cosp
?

γsq ` Bpτq sinp
?

γsq
˘

x

´
`

Apτq sinp
?

γsq ` Bpτq cosp
?

γsq
˘ z

?
γ

˙ȷ2
exp

ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds.

(83)

Concerning O “ z instead, recalling that E f0rzs “ µz, one has

ż τ

0

ż

M
pz ˝ SsqΩ f0 f0pΓqdΓds “

1
2πσxσz

ż τ

0

ż

M

`

´
?

γx sinp
?

γsq
˘

ˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds “ µz

ˆ

cos
`?

γt
˘

´ cos
`?

γτ
˘

˙
(84)

and

ż t

τ

ż

M
pz ˝ S̃sqΩ f0 f0pΓqdΓds “

1
2πσxσz

ż t

τ

ż

M

„ˆ

Apτqzτ ´
BpτqK1

2
?

γ
` Bpτqxτ

?
γ

`
ps ´ τq

2
pApτqK1 ´ BpτqK2q

˙

cosp
?

γsq `

ˆ

Bpτqzτ `
ApτqK1

2
?

γ
´ Apτqxτ

?
γ

`
ps ´ τq

2
pApτqK2 ` BpτqK1q

˙

sinp
?

γsq

ȷˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

ˆ exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
1

2πσxσz

ż t

τ

ż

M

„

pApτq cosp
?

γsq ` Bpτq sinp
?

γsq
˘

zτ `
`

Bpτq
?

γ cosp
?

γsq

´ Apτq
?

γ sinp
?

γsqq

ȷˆ

px ´ µxq

σ2
x

z ´
pz ´ µzq

σ2
z

γx
˙

exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds,

(85)

while

ż t

τ

ż

M̃
pz ˝ S̃sq

`

Apτqϕ ` Bpτqθ
˘ pz ´ µzq

σ2
z

f̃0pΓ̃qdΓ̃ds

“
1

2πρ

ż

Mθϕ

`

Apτqϕ ` Bpτqθ
˘

dθdϕ

ż t

τ

1
2πσxσz

ż

M

pz ´ µzq

σ2
z

„ˆ

Apτqzτ ´
BpτqK1

2
?

γ
` Bpτqxτ

?
γ

`
pt ´ τq

2
pApτqK1 ´ BpτqK2q

˙

cosp
?

γtq `

ˆ

Bpτqzτ `
ApτqK1

2
?

γ
´ Apτqxτ

?
γ

`
pt ´ τq

2
pApτqK2 ` BpτqK1q

˙

sinp
?

γsq

ȷ

exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds

“
1

p2πq2ρσxσz

ż

Mθϕ

`

Apτqϕ ` Bpτqθ
˘

dθdϕ

ż t

τ

ż

M

pz ´ µzq

σ2
z

„

pApτq cosp
?

γsq ` Bpτq sinp
?

γsq
˘

zτ

`
`

Bpτq
?

γ cosp
?

γsq ´ Apτq
?

γ sinp
?

γsqq

ȷ

exp
ˆ

´
px ´ µxq2

2σ2
x

´
pz ´ µzq2

2σ2
z

˙

dxdzds.

(86)
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To better understand the time evolution of such observables, we choose to consider a wider
time interval compared to the one introduced at the beginning of the section. For the sake
of this representation, we considered the case where system (62) is defined for t ď 10τ,
meaning that the piecewise memory kernel has been picked as γpt ´ sq “ γ for t P pτ, 10τs

and 0 otherwise. Initial conditions at t “ τ have been set in order to guarantee continuity
and differentiability of the trajectory coming from the interval t P p0, τs, meaning that
xτ “ x0 cos

`?
γτ

˘

and zτ “ ´
?

γx0 sin
`?

γτ
˘

.
We remark that the method we showed for a two-step kernel can be iterated for a

bigger number of steps thus approximating more complex functional forms. This approach
suggests an algorithmic scheme suitable for treating the problems numerically, whose point
of view is often necessary for a wide variety of phenomena [39,40].

4. Comparison Between Linear Response and Exact Response
Let us now show how the exact response method performs against a linear response:

for the sake of simplicity, we consider the memory kernel for the two steps and we restrict
to the case where µv “ 0, µp “ 0, σ2

v “ 1{βγ and σ2
p “ 1{β. Let us consider a perturbation

of a simple Hamiltonian, whose variables of position and momentum are denoted by pv, pq:

Hpv, p, tq “
1
2

p2 ` γ
1
2

v2 ´ wptqv

“ H0pv, pq ` Hppv, p, tq,
(87)

where H0pv, pq :“ 1
2 p2 ` γ 1

2 v2 is the unperturbed Hamiltonian describing the un-
perturbed dynamics of the harmonic oscillator of (61) and Hppv, p, tq :“ ´wptqv “

´vpApτq cos
`?

γt
˘

` Bpτq sin
`?

γt
˘

q corresponds to the perturbation that starts acting on
the system at time t “ τ. Within this formalism, pv, pq represent the coordinates in the
symplectic space in which H is defined and are physically equivalent to px, zq supposing
the “mass” is set to 1.

Under these assumptions, the response function (8) is a two-time equilibrium correla-
tion function, in which only the unperturbed dynamics is used,

Rptq “ ´βE f0rpO ˝ Ss
0q 9πpΓqs (88)

and since this is for a Hamiltonian dynamics JpΓq “ ´
dπpΓq

dt , the linear response Equation (7)
takes the following form:

Eplinq

ft
rOs “ E f0rOs ` β

ż t

0
wpsqE f0rpO ˝ Ss

0q ¨ 9πsds, (89)

in which β “ 1
kBT and f0pΓq “ e´βH0pΓq{Z is the canonical equilibrium distribution.

The unperturbed flow Ss
0 considers the dynamics before the perturbation acts on

the system at time τ and therefore follows from the equations of motion of H0 for the
variables pv, pq.

We now focus on comparing the linear response with the exact response for three
observables, v, p and v2.

The linear response for O “ v reads as

Eplinq

ft
rvs “ E f0rvs ` β

ż t

0
wpsqE f0rpv ˝ Ss

0q ¨ 9πsds. (90)

Direct calculations leads to
Eplinq

ft
rvs “ 0. (91)
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The evolution of v according to the exact dynamics is compared graphically with the
evolution to the linear one and showed in the left panel of Figure 1.

O “ p instead has a linear response that evolves according to

Eplinq

ft
rps “ E f0rps ` β

ż t

0
wpsqE f0rpp ˝ Ss

0q ¨ 9πsds, (92)

which is equal to
Eplinq

ft
rps “ 0 (93)

The same comparison for the p variable is represented in the right panel of Figure 1.
Finally, regarding the observable O “ v2, direct calculation leads to a vanishing

response, i.e.,

Eplinq

ft
rv2s “ E f0rv2s “

1
βγ

. (94)

The linear response theory leads to a time-constant term, which is a strong approximation
of the actual dynamics, as proven in the previous section.

For a valid comparison between the linear and exact responses, computed for velocity,
acceleration and squared velocity, we set the parameters of the equilibrium distribution f0,
involved in the exact response calculation, to match the ones of the canonical distribution
involved in the linear approach. The following pictures, comparing the evolution of the
response of different observables, refer then to µx “ µz “ 0, σ2

x “ 1{βγ and σ2
z “ 1{β with

β “ 1000 in order to ensure that the variance σz is small enough to approximate a Dirac
delta centered on z0 “ 0.

0 2 4 6 8 10
t

0.02

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

f t[
v]

Exact ( = 0.5)
Linear ( = 0.5)
Exact ( = 1.0)

Linear ( = 1.0)
Exact ( = 2.0)
Linear ( = 2.0)

0 2 4 6 8 10
t

0.075

0.050

0.025

0.000

0.025

0.050

0.075

0.100

f t[
p]

Exact ( = 0.5)
Linear ( = 0.5)
Exact ( = 1.0)

Linear ( = 1.0)
Exact ( = 2.0)
Linear ( = 2.0)

Figure 1. The left (right) panel shows the comparison in the evolution of the response of observable
O “ x, indicated as v in the linear picture (O “ z, replaced by p in the linear picture), between exact
(continuous) and linear (dotted) frameworks, for different values of the forcing frequency: γ “ 0.5
(blue), γ “ 1.0 (orange) and γ “ 2.0 (green). For t P r0, τq, the dynamics are linear, and the linear
and exact response coincide, as evidenced in the magnification boxes. At t “ τ, the kernel γ changes
discontinuously, which amounts to a strong nonlinearity. The linear response does not capture this
effect, the exact one does: the response result is continuous, with a discontinuity in its time derivative.

While the linear formalism (dotted lines) predicts a null response for variables v and
p, Figure 1 shows how, within the exact formalism (continuous lines), both observables
present oscillations whose amplitude and frequency depend on the specific choice of γ.
Moreover, it is interesting to notice how the oscillation amplitudes increase consistently
with increasing values of γ, despite the non-linear dependence on the forcing frequency.
Indeed, such a parameter is present not only as the frequency of the forcing, but also
alongside x0 as a multiplying factor in the dynamics (68), influencing both the frequency
and amplitude of oscillations at the same time. The accordance between the linear and
exact regimes is perfectly captured for 0 ă t ă τ “ 1, where the system is described by the
unperturbed dynamics (61). Since the time-dependent forcing wptq is delayed by a factor τ,
differences between the two responses emerge from t ě τ when a strong nonlinearity (a
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discontinuity in the kernel γ) is switched on. Indeed, the linear form of the observables,
the piecewise constant form of γ, and the symmetry of the initial distribution prevent the
linear response from realizing that the dynamics changes at t “ τ.

Concerning variable x2 (v2 in the linear framework), displayed in Figure 2, it is
interesting to notice how, within the linear regime, such a response exhibits oscillatory
patterns that differ from the value of γ. The exact response shows instead an overall
decreasing behavior with oscillations of bigger amplitudes the greater the value of γ. In
this case, the observable is sufficiently sensitive to the perturbation, and even its linear
response evolves in time for t ą τ. It differs, however, from the exact response.

Finally, we note that we have treated a case in which the initial value of z equals
zero, according to Equation (23). This can be easily generalized by adding the constant
z0 to the right-hand side of that equation. The response can then be computed for an
initial distribution of z0 values. If this distribution has a mean of 0, the present case can be
recovered in the limit in which its variance shrinks to 0.

0 2 4 6 8 10
t

0.004

0.003

0.002

0.001

0.000

0.001

0.002

0.003

0.004

[v
2 ]

Exact ( = 0.5)
Linear ( = 0.5)
Exact ( = 1.0)

Linear ( = 1.0)
Exact ( = 2.0)
Linear ( = 2.0)

Figure 2. Comparison of the predicted response for observable O “ v2 between the exact response
(continuous line) and the linear regime (dotted line) for different values of the forcing frequency:
γ “ 0.5 (blue), γ “ 1.0 (orange) and γ “ 2.0 (green). For t P r0, τq, the linear and exact response
coincide, as expected. For t ą τ, the equivalence of the two responses is lost.

5. Conclusions
In this work we showed how the applicability of the exact response theory developed

in the field of molecular dynamics [7] extends to delay equations. The approach followed
the ideas first developed by [17,18], for time-dependent and stochastic dynamics, based on
auxiliary variables that eliminate the explicit time dependence of perturbations, without
affecting the phase-space variation rate.

We focused on simple examples to illustrate how this can be done. One needs the delay
equation to be cast in a set of ODEs, whose solution must be computed as normal. Once this
solution is available, the machinery of the response theory allows to effectively compute
the statistics of all observables of interest, including the evolution of their uncertainty. As
a first example we have an exponentially decaying memory kernel, which is common,
for example, for viscoelasticity [38]. This model is equivalent to autonomous dynamics,
with viscosity or friction, and can thus be tackled directly with the exact response theory.
Naturally, this is not always the case. Subsequently, we focused on a more general case, a
second-order Erlang-type kernel that exhibits non monotonic memory behavior, typically
employed in many problems in the context of anomalous transport.

As a third example, we thus focused on kernels that are piecewise constant, i.e., belong
to the class of simple functions, dense e.g., in L1, and hence capable of approximating to
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any desired accuracy a very wide class of kernels. An interesting feature of these kernels is
resonant forcing, that acts on a harmonic oscillator. The oscillatory behavior of the forcing
allows a convenient parameterization of the dynamics in the augmented phase space. The
resulting dynamics is physically equivalent to the original one, but autonomous, making
the exact response theory applicable.

It is important to note that the auxiliary dynamics in Mθϕ does not alter the dynamics.
However, it comes with the benefit of one further degree of randomness, or of uncertainty,
that can be profitably quantified and used in practical applications. Indeed, not only the
initial conditions of the system of interest are usually only partially known, but also the
actions of the perturbing agents. The choice of a δ-distributed initial condition for the
augmented phase-space variables pθ0, ϕ0q therefore not only does not satisfy the ergodic
consistency but would also not be achievable as fixing specific initial conditions θ0, ϕ0

would not be desirable, being that the initial perturbation, like the initial conditions in
general, cannot be known with infinite accuracy. The comparison with the linear response
framework emphasizes the generality of the exact response machinery in capturing more
complex behaviors beyond the linear regime. Our work in this respect is introductory,
but clarifies a method for computing the response of observables of systems characterized
by time-delay satisfying integro-differential equations of the kind (23). These constitute
a vast and important branch of current research that is impossible to summarize here,
see Refs. [41,42].

Further considerations must be performed: the applicability of this method strongly
relies on the existence and uniqueness of the solutions of the dynamical system in the
restricted phase space M , which is not always guaranteed. In addition, the construction of
the piecewise kernel model is complex and computationally demanding.

Possible directions to be pursued in future research include exploring the applicability
of the exact response theory to other kinds of time-delay equations, not necessarily in the
form of integro-differential equations.
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Appendix A. Alternative Proof for the Piecewise Kernel
An alternative derivation of the dynamics governing the system with a stepwise

continuous memory kernel (58) employs careful integration steps depending on the adopted
discretization. Starting from t P p0, τs, we have

9vptq “ ´γ1

ż t

0
vpsqds (A1)
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and differentiating we obtain
:vptq ` γ1vptq “ 0, (A2)

that represents a harmonic oscillator with frequency ω “
?

γ1. Moving to t P pτ, 2τs, a
second memory step γ2 joins the dynamics, with 0 ă γ2 ă γ1. Integrating, one obtains

9vptq “ ´γ2

ż t´τ

0
vpsqds ´ γ1

ż t

t´τ
vpsqds (A3)

and differentiating again leads to

:vptq ` γ1vptq “ ´pγ2 ´ γ1qvpt ´ τq, (A4)

with vpt ´ τq “ v0 cos
`?

γ1pt ´ τq
˘

, representing a forced harmonic oscillator in resonance.
One can now continue, successively joining and keeping continuity and differentiability,
the solutions of equations of this form.

Appendix B. Alternative Choices for g0

The choice of g0 is arbitrary and free, since the dynamics must not be dependent on
the fictitious dynamics. Let us take as a matter of example the sine variant of the bivariate
von Mises distribution [43]:

g0pθ, ϕq “ Zspk1, k2, k3q exp pk1 cospθ ´ µq ` k2 cospϕ ´ νq ` k3 sinpθ ´ µq sinpϕ ´ νqq, (A5)

where µ, ν are the means for θ, ϕ, respectively, and k1, k2 are their concentrations and k3 is
related to their correlation.

Applying this distribution to the stepwise constant function, the third term for Ω̄ f̃0 is
no longer 0 but is equals to

´
1

g0pθ, ϕq

ˆ

ϕ
Bg0pθ, ϕq

Bθ
´ θ

Bg0pθ, ϕq

Bϕ

˙

“ ´ k1ϕ sinpθ ´ µq ´ k2θ sinpϕ ´ νq ` k3rθ sinpθ ´ µq cospϕ ´ νq ´ ϕ sinpϕ ´ νq cospθ ´ µqs.
(A6)

When the term (A6) is different from 0, then (22) takes an extra term of the form

´E f0rO ˝ SsΓs

ż

Mθϕ

dθdϕ

ˆ

ϕ
Bg0

Bθ
´ θ

Bg0

Bϕ

˙

. (A7)

As precisely explained in [18], this term is equal to 0 due to the interchangeable role of
the auxiliary variables.

This argument, which here has been carried out using a common known distribution,
holds for any choice of differentiable g0. For simplicity, it is often sufficient to use the
uniform distribution, which simplifies calculations.
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