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ARTICLE INFO ABSTRACT
Communicated by P. Pennacchi During operation, turbomachinery blades are subjected to dynamic excitations, which are the

primary drivers of high-cycle fatigue, the leading cause of failure in bladed disks. Therefore,

K.eyw o.rdS: accurate measurement of their dynamic response under resonance is critical for reliable design.
Vibrations L. .

Bladed disks Traditional contact-based measurement techniques suffer from drawbacks such as added mass,
Spinning test limited lifespan, and complex data transmission, prompting interest in non-contact alternatives.
Optical technique This paper explores the application of digital image correlation (DIC) for analyzing synchronous
DIC vibrations in bladed disks. The proposed approach employs low-speed, high-resolution cameras
Downsampling combined with downsampling strategies to enable cost-effective, full-field, high-resolution

measurements. A signal processing technique, the circumferential harmonic fit (CHF), is
proposed and applied to extract system parameters from downsampled displacement data. The
methodology is applied on a simplified bladed disk mounted on a spinning rig, demonstrating
successful identification of operational deflection shapes at resonance.

1. Introduction
1.1. Background and motivation

Bladed disks, sometimes referred to as blisks, are subject to variable loads in turbine or compressor stages. These loads can
lead to forced vibration responses that may occur at or near a blade’s natural frequencies. Synchronous blade response occurs
when a blade’s vibration frequency is an integer multiple of the engine rotation speed. Synchronous vibrations can result from
mechanical effects, such as residual rotor imbalance, or aerodynamic effects, such as uneven pressure distribution within the
airstream caused by the engine intake geometry, combustors and the wakes produced by the upstream stators. Vibration can lead to
crack formation, which significantly reduces the fatigue life of blades. Therefore, measuring the dynamic behavior of these structures
under resonant conditions is crucial for design purposes. A further complication arises from mistuning, i.e., unintentional deviations
in disk geometry, material distribution, or boundary conditions. These break the cyclic symmetry of the system and can cause
mode localization and frequency splitting, leading to a significant change in vibration response [1]. Because mistuning is highly
sensitive to manufacturing, it is difficult to accurately predict by using numerical simulations alone. Therefore, experimental testing
remains essential to assess mistuning effects and to validate or calibrate mistuning models used in design. An extensive review of the
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literature on mistuning is provided in [2]. This paper focuses on the prediction and understanding of the forced response of mistuned
bladed disks, with particular emphasis on mitigating the harmful effects of mistuning on blade vibration and the associated stresses.
Reduced-order modeling and simulation are also discussed in this paper. A reduced-order model with variable speed together with
a mistuning identification method is proposed in [3].

Traditionally, strain gauges have been the most reliable method of monitoring vibrations of the rotor blade [4]. However, they
require complex wireless systems or slip rings to transmit data, and their added mass and stiffness can alter the dynamic behavior
of the system. In addition, strain gauges offer limited service life and provide data only at localized points.

In this context, non-contact measurement techniques are gaining interest. Blade tip timing (BTT) has emerged as a valid
alternative [5]. BTT relies on optical probes mounted on the engine casing to record the time instants at which each blade tip
passes in front of the probes. By comparing these measured arrival times with the expected timings assuming rigid-body motion,
the vibration of the blades can be measured. The effective sampling frequency of BTT is determined by both the number of probes
and the rotational speed of the disk. In cases where the blade response signal is downsampled, that is, when the sampling frequency
is below the Nyquist-Shannon limit, specialized identification techniques must be employed to estimate the modal parameters
of the blade. These techniques can be categorized as indirect or direct methods. Indirect methods require data from one or two
probes, while the disk rotation speed varies in such a way that the frequency of the excitation sweeps a range of frequencies around
its natural frequency. A well-known example of such an approach is the Single Parameter Method [6], which estimates modal
parameters by fitting experimental data to the response of a single degree of freedom (SDOF) vibrating system. Several extensions
have been proposed to account for more complex dynamic behaviors. For instance, the multi degree of freedom method [7] allows
the identification of modal parameters in mistuned rotating blades and an improved SDOF-based identification model [8] that
incorporates the transient response of the system, enables a more accurate estimation of dynamic parameters when the blade crosses
resonance rapidly.

Direct methods use data recorded by a number of probes (typically four) over a limited number of revolutions at a nominally
constant rotation speed. These methods usually perform a least-squares sine fit of the probe data. Circumferential Fourier Fit [9] is
one of the most common direct methods used for parameter identification. The method is based on a fitting procedure applied at
each rotational speed to identify the vibration amplitude and phase of each blade.

While BTT sensors are typically oriented radially inward, alternative configurations have been explored to capture different
displacement components [10]. However, BTT remains inherently one-dimensional and limited to asynchronous measurement at
specific points, usually the blade tips.

Another promising non-contact approach for measuring vibrations of rotating structures makes use of a scanning laser Doppler
vibrometer (SLDV) combined with an optical derotator. The derotator synchronizes the laser with the disk’s rotation, effectively
making the laser beam following measurement points during rotation [11]. In [12] the laser beam was continuously swept on
a rotating fan blade, whose position was detected by real time processing of images captured by a camera. These systems enable
non-invasive, high-temporal-resolution vibration measurements at specific points. Despite its precision, the high cost and complexity
of such systems is a drawback. In [13], a custom-built derotator was used with an SLDV for fan vibration analysis. Similarly, [14]
proposed a method using a system of plane mirrors to track rotating points. However these approaches also relies on complex
hardware sensitive to misalignment and as BTT only captures one-dimensional displacements at a limited number of points.

More recently, digital image correlation (DIC) has shown potential for rotor vibration analysis. DIC can track points on the surface
of a structure, enabling its full-field 3D displacement measurements. While well established for non-rotating structures, applying DIC
to rotating systems is challenging. Traditional DIC algorithms struggle with large rigid-body displacements and rapid changes in the
field of view, which can lead to decorrelation—a failure to track points across image frames. To mitigate this issue, incremental DIC
is commonly employed. In this approach, the reference image is updated periodically when the angular displacement exceeds the
trackable limit, typically less than 10 degrees for standard DIC algorithms, thereby avoiding decorrelation through images sequence.
Incremental DIC was used for experimental modal analysis of a rotating tire [15] and of a disk [16]. However, each reference update
introduces error [17], and in rotating systems where rigid-body motion causes large rotation and displacement, frequent updates
result in noise accumulation. This is the reason why researches are proposing new DIC algorithms that account for large rotation
angles solving decorrelation problem of traditional ones [18,19].

High-speed cameras are often used for DIC measurements because their kHz-range frame rates make them ideal for capturing
high-frequency modes. However, these cameras have significant drawbacks: their high cost often makes them inaccessible for many
research institutions, and they generally offer lower spatial resolution than standard low-speed industrial cameras, limiting the
achievable DIC sensitivity. To overcome these limitations, recent advancements have enabled the use of low-speed cameras for
dynamic measurements (low-speed DIC) of non-rotating structures. It has been done by recording motion at frequencies beyond the
Nyquist-Shannon limit and processing them with downsampling techniques. For example, in [20] it was demonstrated the use of low-
speed DIC to measure turbine blade vibration frequencies up to 6.5 kHz with micrometer sensitivity by employing mono-harmonic
excitation. Similarly, Kato et al. [21] showed that images captured at 10 fps could measure vibration modes of beams oscillating at
single frequencies ranging from 170 Hz to 3210 Hz using compressive sensing (CS) [22]. CS exploits the sparsity of periodic signals
in the Fourier domain to reconstruct the signal. Other researchers have extended these methods to capture more complex dynamics.
For instance, in [23] nonlinear vibrations of a beam excited by a single harmonic force were measured by low-speed DIC. To avoid
aliasing, harmonics were fitted to the experimentally measured response frequencies, which were determined as submultiples and
multiples of the excitation frequency. Although downsampling-based methods generally cannot capture the entire spectrum, the
work presented in [24] employed low-speed cameras to randomly downsample a beam’s impulse response and reconstructed the
frequency response function (FRF) by fitting modal parameters to an impulse response model.
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1.2. Objective

This paper investigates the application of DIC using low-speed cameras combined with downsampling techniques for full-field,
high-frequency synchronous vibration analysis of a rotating blisk. The proposed methodology was designed to address the two
primary limitations of DIC in rotor applications: decorrelation resulting from large rigid displacements induced by rigid rotation,
and the requirement of high-speed cameras. By capturing one image per revolution at a fixed angular reference position, the
approach avoids decorrelation errors and allows the use of standard DIC software. Moreover, this strategy allows the use of low-
cost, high-resolution industrial cameras, offering a cost-effective alternative to high-speed cameras, with improved spatial resolution
analysis.

A novel identification technique called circumferential harmonic fit is introduced to enable analysis of rotating modes of blisk
despite sampling below the Nyquist-Shannon limit. The methodology was experimentally validated on a simplified blisk, the dummy
blisk, mounted on a custom spinning test rig. First, the dynamic behavior of the dummy blisk was predicted via finite element analysis
(FEA) and then it was validated through SLDV measurements in a non-rotating condition.

This paper is organized as follows. Section 2 provides an overview of the main steps in the proposed procedure. It describes the
relationship between engine order and nodal diameter when exciting rotating disks. Furthermore, this section thoroughly explains
the proposed method, called the circumferential harmonic fit, which is used to derive modal information from downsampled data
of rotating disks. The subject of Section 3 is the description of the experimental setup. This section provides details on the test
article, the permanent magnet excitation system, and the digital image correlation system that were used for this experiment. The
preparatory analyses conducted prior to the rotation tests, the finite element analysis, and the hammer test are described in Section 4.
This section presents the experimental and numerical modal analysis, as well as the Campbell diagram of the test article. Finally,
Section 5 summarizes the primary outcomes of the activity in terms of resonance frequencies and modal shapes. The main conclusions
are drawn in Section 6.

Notation and convention: Throughout this paper, f and w denote frequency, expressed in Hz and rad/s, respectively. €2 is used for
rotational speed in rpm.

2. Methodology

The proposed methodology enables analysis of the dynamics of a rotating blisk using DIC with low-speed, high-resolution
cameras. Two synchronized cameras capture one image per revolution of a blisk as it rotates on a spin rig. The blisk undergoes
a controlled acceleration with a linearly increasing rotational speed, while being excited by a train of impulses whose frequency is
proportional to the rotational speed. The measurement process involves the following key steps:

+ Surface preparation: To ensure accurate DIC analysis, each set of pixels (subsets) representing a point on the blisk’s surface
must be unique. Typically, when the surface does not naturally meet this requirement, a black and white random pattern
(speckle pattern) is painted or sprayed to the surface to enhance measurement accuracy and precision. Guidelines on traditional
speckle pattern generation techniques can be found in [25], while a noninvasive solution using laser light to generate speckle
patterns without modifying the surface of the specimen is proposed in [26].

Excitation: The blisk is excited by a train of impulses with a frequency dependent on its rotation speed. In particular, excitation
is designed to have a frequency that is an integer multiple of the rotation speed, resulting in a sweep excitation as the speed
increases linearly.

Images acquisition and DIC: Two cameras capture an image during each revolution, with the image always taken at the same
arbitrarily chosen angle of rotation. An external optical probe triggers the cameras by sending a pulse signal to both whenever
the blisk reaches this angle. These images are processed using DIC to compute the three-dimensional, full-field displacement
of the blisk’s surface at the time in which the blisk passes from the reference position. This sampling strategy results in a
downsampling of blisk vibrations.

Data post-processing: Since displacement signals computed by DIC are downsampled, a dedicated identification algorithm,
the Circumferential Harmonic Fit (CHF), is proposed to extract modal information.

2.1. Excitation of rotating systems

In rotating systems, excitations are often characterized by a frequency f which is proportional to the angular velocity €:
EO-Q
==&

In simple terms, EO in Eq. (1) is the engine order, i.e., a dimensionless value that indicates how often an excitation repeats for each
revolution. For example, if the disk of a turbine is excited by the wakes of the upstream stator vanes, then one EO corresponds to
the number of stator vanes. Such excitations typically lead to synchronous vibrations, where the excitation frequency is an integer
multiple of the angular velocity.

Resonance occurs when the excitation frequency matches a natural frequency w, of the blisk and the EO coincides with the
associated harmonic index, h,. The harmonic index is closely related to the nodal diameter (ND), a non-negative integer that gives
a visual representation of the number of zero displacement lines passing through the center of the blisk. For a blisk with N sectors,

(€Y
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Fig. 1. Discretization of an EO = 16 excitation by a blisk with N = 12 blades. In this case, the blisk responds as if excited at EO = 4 (z = 1).

which usually corresponds to the number of blades, the number of possible nodal diameters ranges from 0 to N /2 if N is even, and
from O to (N —1)/2 if N is odd. The reader unfamiliar with periodic structures can find a comprehensive analysis of their behavior
in [27].

An engine order EO is capable of exciting more nodal diameters ND if the following condition is met:

EO=z-N+ND VzeN (2)

where z is a positive integer. Eq. (2) shows that resonance occurs when the spatial distribution of the excitation force matches the
modal shape of the structure (z = 0, EO = N D), or when the structure experiences an equivalent distribution because of spatial
aliasing effects (z # 0, EO # N D), provided that the excitation frequency is close to the natural frequency associated to that nodal
diameter. In the latter case, the rotating excitation force is downsampled by the discrete number of blades, causing the blisk to
respond as though it were subjected to an excitation with EO = N D. Appendix provides a detailed explanation of this phenomenon,
illustrated in Fig. 1.

In this work, the blisk is excited by a periodic train of impulses while undergoing constant acceleration, resulting in a linear
increase in rotational speed. Specifically, each blade receives an impulse as it passes through predefined angular positions, producing
a sweep excitation whose frequency increases linearly and is proportional to the rotational speed. According to Eq. (2), the number
of pulses per revolution EO is chosen to excite a mode shape characterized by the specific nodal diameter under consideration.

2.2. Images acquisition and DIC

DIC is a camera-based technique used to measure full-field displacement on the surface of a structure. It operates by analyzing
a series of images of a specimen undergoing deformation, tracking the motion of pixel subsets from a reference image to
subsequent deformed images. When performed with a single camera, DIC enables two-dimensional displacement analysis. Using two
synchronized cameras to capture images from different viewpoints, 3D-DIC, allows for three-dimensional motion tracking. 3D-DIC
consists of three main stages: cameras calibration, 2D-DIC images processing, and triangulation.

Calibration defines the intrinsic and extrinsic parameters of each camera using a geometric model that relates image points on
the sensor to corresponding 3D locations in space [28]. In this study, camera calibration was carried out using MATLAB’s Stereo
Camera Calibrator App [29].

The 2D-DIC algorithm processes images from each camera to track the position of pixel regions (subsets). For this purpose, the
open-source software Ncorr [30] has been used in this work. Ncorr employs a subset-based approach, where each measurement
point corresponds to a circular subset in the reference image. The displacement is determined by mapping each subset to its
deformed counterpart via a transformation function. In Ncorr, this transformation is limited to a first-order linear model, allowing for
translation, shear, and normal deformation. The algorithm iteratively refines these parameters to maximize the correlation between
subsets in the reference and deformed images.

Finally, triangulation is used to reconstruct the 3D positions of the tracked points by combining the 2D-DIC results from both
cameras with the previously determined calibration parameters. This process yields accurate 3D displacement fields for each time
frame.

One of the main challenges of applying DIC to measurements of rotating systems is the decorrelation caused by wide-angle rotation
. Conventional 2D-DIC algorithms assume small angular differences between the reference and deformed subsets. When the rotation
between consecutive images exceeds approximately 7 degrees, the initial estimate for the subset transformation becomes unreliable,
often leading to failure in the correlation process.
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Fig. 2. Mode shape with ND = 6 (in red) plotted along the line denoted by the blue circumference in the left image. It appears as a sinusoidal
wave, as shown in the right plot.

This study proposes an approach that overcomes this limitation: imaging is performed only when the rotating blisk is in the same
predefined angular position. This sampling strategy eliminates the problems of decorrelation caused by large in-plane rotations,
enabling reliable DIC tracking. However, this approach is limited in terms of temporal resolution. Specifically, the image sampling
frequency f; is equal to the rotational frequency which is given by

Q

fs= 0 3
Therefore, the synchronous excitation frequency f, defined in Eq. (1) is related to the sampling frequency as follows
fy=EO- fs (€]

Consequently, the sampling frequency is lower than the actual vibration frequency (equal only when EO = 1), so it does not satisfy
the Nyquist-Shannon sampling theorem (f; < 2f,). As a result, aliasing occurs, effectively downsampling the measured vibration
signals. To correctly interpret these aliased signals, dedicated post-processing algorithms are required.

Despite this limitation, the sampling strategy offers a key advantage: it significantly reduces the required camera frame rate
compared to conventional high-speed imaging, making it compatible with low-speed cameras and enabling high-resolution, low-cost
measurement.

2.3. Displacement signal post-processing

To derive meaningful modal information from the downsampled DIC data and prevent aliasing errors, measurements are post-
processed using a method called circumferential harmonic fit (CHF). This method is conceptually aligned with the circumferential
Fourier fit (CFF) technique [31,32], which is widely used in blade tip timing (BTT) analysis. In this work, however, the CFF was
formulated in a novel way for application to DIC-based, full-field vibration measurements.

CHF assumes that, for a given excitation frequency f defined in Eq. (1), the operational deflection shape (ODS) - associated
with the synchronous response of the structure and obtained by selecting homologous points on its surface — can be represented
as a harmonic spatial wave (see Fig. 2). In a cylindrical coordinate system, where the axial axis aligns with the axis of symmetry,
homologous points are defined as those sharing the same radial (p) and axial (z) coordinates. The harmonic wave describing the
ODS has a spatial frequency equal to the number of nodal diameters characterizing the mode shape. This harmonic approximation
is valid under the assumption that a single mode dominates the structural response and that the level of mistuning is sufficiently
small so as not to completely destroy the cyclic symmetry of the blisk (small mistuning).

Accordingly, the displacement w as a function of angular position 6 and excitation frequency f can be written as:

W) = ¢y + Z(pysin (ND -0 = b)) &)

where:

* ¢(s) is the static displacement. Although c is theoretically independent of frequency, it is treated here as a function of f to
account for practical variations in excitation force with vibration frequency,

* Z; is the frequency-dependent response amplitude,

* @y is the frequency-dependent phase delay.

Eq. (5) is derived under the assumption of a linear cyclic-symmetric response of the disk when subjected to synchronous excitation.
If nonlinear effects become significant, they will manifest as additional harmonic components and the response can be calculated
as shown in [23]. Eq. (5) can be rewritten as:

2.y = ¢(5) + Ay Sin(ND - 0) + By cos (N D - 0) 6)

where Apy = Zpycos(d sy and By = Zyysin(g)-
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Given displacement measurements at N homologous angular positions §; (with i = 1,2,..., N), the best-fit values of ¢ /«), A+
and B+, for a particular excitation frequency f* can be estimated by solving the overdetermined system:

w(6y..1*) 1 sin(ND-6,) cos(ND-6;)
w (0, f*) 1 sin(ND-6,) cos(ND-6,) U
w (9;,f*) [ 1 sin (ND -0;)  cos (ND -0;) ]/;Ejf(i;
w(ej\.,,f*) 1 sin(Nb~0N) cos(Nb~6N) @
c(fM
W, f+) =M<{ A(f")
B(f*)

where M is a matrix containing the sinusoidal basis functions evaluated at each 6;. A least-squares solution provides the optimal
parameters minimizing the residual between measured and fitted data. If the number of nodal diameters ND is not prior known, it
can be identified iteratively by selecting the value that minimizes the residual of a least squares fit, or alternatively, by performing
a Discrete Fourier Transform in the spatial domain of the experimental data. Once A ;) and B, are computed for each measured
excitation frequency f, the vibration amplitude and phase delay are given by:
Zip) =\ A+ By
By

tan(y)) = A,

®

Since the mode is rotating, the evolution of the amplitude, Z ), and phase, ¢,), as functions of the excitation frequency allows
for the identification of resonance frequencies. Resonances can be detected by the characteristic 90° phase shift, provided that the
frequency sweep starts sufficiently far from resonance, so that the initial deflection shapes are approximately in phase with the
excitation. Additionally, if the excitation amplitude remains constant throughout the frequency sweep, resonance frequencies can
be identified by peaks in the amplitude response Zy).

The CHF method did not account for variations in response amplitude caused by asynchronous components arising after
resonance crossing. Nevertheless, advanced identification techniques can address such contributions. For example, the work
presented in [8] fits experimental data using a single degree of freedom model that incorporates transient effects, while in [33]
wavelet transforms where used to isolate asynchronous dynamics and extract modal parameters.

3. Test rig

The methodology proposed in Section 2.3 was tested on a blisk with a simplified flat geometry, hereafter referred to as the
dummy blisk. Made of aluminum, the dummy blisk has an outer diameter of 400 mm and consists of N = 12 blades. Each blade
is shaped like a cantilever beam, measuring 150 mm in length, 25 mm in width, and 5 mm in thickness. Although the test article
features a simplified geometry, the concepts and algorithms developed in this work are general and can be readily extended to more
complex disks.

The dummy blisk was mounted in a laboratory spinning rig with a vertical axis, where the electric motor is located below the
blisk. This architecture enables the two cameras to fully frame the blisk. As shown in Fig. 3, the dummy blisk is clamped by a flange
at the upper end of the shaft.

3.1. Excitation system

The excitation system is sketched in Fig. 4. It consists of cylindrical permanent magnets that are fixed to the ground and interact
with the rotating permanent magnets that are incorporated into the blisk. There is one magnet for each blade. The number of fixed
magnets determines the engine order EO. This interaction results in a periodic train of force impulses at a fundamental frequency
corresponding to the engine order, which increased linearly as the blisk’s rotational speed. The polarity of the magnets was chosen
so that the force would be repulsive, and this choice was based on the understanding that an attractive force could increase the
risk of contact between magnets if the blade tip undergoes significant deformation. The permanent magnets (1) are mounted in the
housing at the tip of a threaded rod (2) with an interference fit and glue. The threaded rod is screwed in a support (3). A bolt (4)
locks the rod in place so that the permanent magnet (1) is at the desired height. This height defines the distance, the gap, between
the fixed and permanent magnets, which regulates the magnitude of the magnetic force. The magnitude of the magnetic repulsion
force is inversely proportional to the square of the gap. In the current tests, the gap was approximately 20 mm.

The support (3) is clamped between two coaxial rings. A lower ring (5) is bolted to the ground, and a upper ring (6) is bolted to
the lower ring. A graduation is marked on the upper ring so that each support can be located at the desired angle. The permanent
magnets were mounted at equally spaced angular positions. Four rods have been split in half, (7) and (8), so that a piezoelectric
load cell (9) can be inserted below the fixed permanent magnet, allowing the excitation force to be measured.

One drawback of the proposed excitation system, based on permanent magnets, is the variability of the excitation force during
testing. This is due to changes in the gap between the fixed and rotating magnets as the blisk vibrates. The magnetic force is
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(a)

Fig. 3. (a) Sketch and (b) picture of the spinning rig.

Fig. 4. Details of the excitation system with permanent magnets.

inversely proportional to the square of this gap. Increasing the initial gap would reduce the vibration amplitude, which would
minimize fluctuations in the gap and excitation force. However, with the current setup, positioning the magnets farther from the
blisk was not possible because the gap was already at its maximum. This issue is less significant in stiffer, more realistic blisks,
where vibration amplitudes, and thus gap fluctuations, are smaller.

The blisk was excited with an engine order of sixteen, EO = 16. According to Eq. (2), this EO excites the mode shapes with
nodal a diameter of four, ND = 4, when the excitation frequency is close to the natural frequency of these modes. The results of
both the hammer test and the finite element analysis, as presented in Section 4, indicate that the first modal family with ND = 4
occurs near 150 Hz. According to the blisk’s Campbell diagram, see Fig. 6, this resonance condition is expected to occur at rotational
speeds below 600 rpm. Therefore, a linearly increasing speed profile was implemented, ramping the blisk from 0 to 600 rpm over
a duration of 11 min.

3.2. DIC system
The DIC system employed two Optomotive Spinosaurus cameras, each equipped with a 23 MP Fujinon lens featuring a 12 mm

focal length. These cameras were mounted above the blisk using a rigid aluminum support frame, as shown in Fig. 5(a). To avoid
motion blur during image capture of the rotating blisk, a short shutter time of 5 ps was used. Due to the limited light, associated with
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Fig. 5. (a) DIC cameras setup and (b) close-up view of the dummy blisk and probe that triggers cameras.

such a short shutter duration, additional high-intensity illumination was necessary to achieve sufficient image quality. Two 200 W
LED lights were used, verified to provide uniform and bright illumination across the entire surface of the blade. This requirement
is facilitated by the imaging strategy adopted, in which a single image is captured for each revolution. Under these conditions, the
disk appears stationary from the camera’s perspective, which greatly reduces sensitivity to uneven lighting or shadows. In contrast,
when images are taken at varying angular positions, differences in illumination and reflections can introduce decorrelation and
reduce measurement accuracy. In the present setup, the camera arrangement and field of view were selected to limit extreme
viewing angles in the region of interest, ensuring that the angle between the viewing direction and surface normal remains within a
range commonly considered acceptable for accurate correlation. Image acquisition was synchronized between the two cameras via a
common TTL trigger signal. To ensure that an image was acquired at a consistent angular reference position on the blisk, an optical
probe was mounted on the stationary rig structure and aligned with the upper flange of the rotating blisk, as shown in Fig. 5(b). A
reflective tape patch was attached to the flange. Each time this patch passes in front of the probe, a trigger signal was generated
and converted into a TTL square wave by a National Instruments I/O acquisition board. Given the maximum rotational speed of
600 rpm, the resulting maximum DIC sampling rate f; was approximately 10 Hz. In addition to triggering the image acquisition, the
optical probe also functioned as an encoder for measuring the instantaneous rotational speed. Since the rotational speed increased
slowly during the ramp, it was assumed to remain constant over the duration of each revolution.

4. FEA and hammer test

The analyses presented in this section aimed to inform and guide the design of the subsequent rotation test, rather than to obtain
a detailed modal characterization of the blisk.

A finite element (FE) analysis was performed to predict the dynamics of the blisk, considering the effects of rotational speed. The
FE model nodes corresponding to the portion of the blisk clamped by the upper flange within a 90-mm diameter were constrained
in all degrees of freedom. The modal analysis predicts the presence of the seven modes of the first modal family of the blisk in the
140 + 155 Hz range, and it allows to plot the Campbell diagram of the dummy blisk, as shown in Fig. 6.

Additionally, the non-rotating dummy blisk was experimentally tested using hammer impact excitation, while its out-of-plane
vibrations were measured by sampling at 50 kHz with a SLDV, as shown in Fig. 7(a). The scanning laser Doppler vibrometer
was preferred over traditional sensors such as strain gauges because strain gauges measure strain rather than displacement, which
requires additional postprocessing to be compared with the camera’s displacement measurements. Moreover, uncertainties in the
strain gauge positioning and in the post-processing of the measured data motivated the choice of a more direct means of comparison.

Twelve hammer impact tests were performed to record the vertical displacement at the tip of each blade. During each test, a
modal hammer impacted a point at the root of a blade, while the SLDV recorded the response at the tip of the blade. The resulting
FRFs, represented in terms of mobility functions, are shown in Fig. 7(b). Six modes - each characterized by distinct amplitude peaks
and a 360° phase shift — were identified in the frequency range of 130-160 Hz. The mode with nodal diameter ND = 0 was not
clearly observed during hammer tests, possibly due to low excitation at the impact point, which lies in a low-mobility region for
that mode.

Comparison with FEA results suggests that the observed modes belong to the first bending modal family, expected in the
frequency range of 140 + 155 Hz (see Fig. 6). However, the experimental FRFs reveal a small mistuning effect. Specifically, the
mode with four nodal diameters (ND = 4) is split into two nearly orthogonal modes at close frequencies, as highlighted in the
zoomed view in Fig. 7(c) and confirmed by the stabilization diagram shown in Fig. 8.
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Fig. 9. ODSs measured by SLDV: (a) Experimental ODSs at 150.8 Hz and 151 Hz, extracted from FRFs at the blade tips. (b) Harmonic fitting
of the experimental ODSs using a spatial frequency corresponding to ND = 4. Continuous lines show the fitted curves; dashed lines show the
original data.

The stabilization diagram was obtained by processing the experimental FRFs in Mart.as® using the Least-Squares Complex
Exponential (LSCE) algorithm [34,35]. This algorithm identifies two stable poles at 150.8 Hz and 151.0 Hz, with corresponding
modal damping ratios of 4.46 - 10~* and 4.41 - 10~*, respectively. This mode splitting is an effect of mistuning, that the numerical
simulation does not capture, because FEM assumes perfect cyclic symmetry. Fig. 9(a) illustrates the ODSs obtained by extracting
displacement amplitude and phase for each blade at the two split mode frequencies. To enhance result interpretation, the
experimental ODSs — available only at the discrete blade tip locations and shown as dashed lines — were fitted using a harmonic
function with a spatial frequency corresponding to four. This harmonic fitting increases the spatial resolution of ODSs, allowing for
a clearer visualization of their characteristics. Notably, it reveals that the two split modes are approximately in quadrature. These
results are presented in Fig. 9(b), where the dashed lines indicate the experimental data extracted from the FRFs, and the continuous
lines represent the fitted harmonic curves.
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Fig. 11. CHF fitting (continuous lines) of experimental out-of-plane displacement data (dots) acquired at the blade tips at three different rotation
speeds corresponding to blade-synchronous vibrations at f* = 147.8, 151.36, and 151.6 Hz.

5. Results

The DIC system provided downsampled 3D displacement measurements over approximately 27,000 points on the dummy blisk
surface. At each measurement time — corresponding to a specific rotational speed — displacement maps were generated. For instance,
Fig. 10(a) illustrates the out-of-plane displacement (along the blisk axis) measured at 567 rpm. The spatial distribution confirms
the excitation of a mode shape with four nodal diameters (ND = 4), consistent with the predicted resonance. As shown in Fig.
10(b), the time histories of the blade tip displacements exhibit pronounced oscillations following peak values, indicating significant
transient responses. This behavior suggests that the resonance crossings are rapid enough to produce vibration beating, where the
synchronous (steady-state) response coexists with a decaying transient component [8]. As detailed in [36], this effect becomes more
prominent with increasing sweep rates.

As can be seen from the peak displacement signals, direct modal identification is prevented due to aliasing. However, the CHF
method enables the extraction of modal information despite this limitation. For each excitation frequency f*, as defined in Eq. (1),
the displacement values w(f*, ;) at the ith blade tip — located at angular positions 6; — are used to solve the overdetermined system
in Eq. (7). Fig. 11 presents the results of fitting the experimental blade-tip displacement data (dots) recorded at rotational speeds of

* = 554.3, 567.6, and 568.5 rpm using a spatial harmonic function with ND = 4. These speeds correspond to blade synchronous
vibration frequencies of f* = 147.8, 151.36, and 151.6 Hz, respectively.

By repeating the CHF procedure across all rotational speeds, the evolution of both amplitude and phase of the ODSs as functions
of excitation frequency can be obtained (see Fig. 12). While the amplitude trend shows two peaks, the non-uniform excitation force
complicates interpretation. Indeed, the magnetic excitation force depends on the gap between fixed and rotating magnets, which
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varies with blade deflection amplitude. Since this force scales inversely with the square of the gap, significant variation occurs near
resonance, making amplitude plot unreliable for accurately detecting modal parameters.

In contrast, the phase trend gives information on resonance crossing. A characteristic phase shift of z/2 indicates the occurrence
of resonance. While, below 147 Hz, phase data are noisy due to low vibration amplitudes, and above 152 Hz the response is affected
by transient beating, two resonance frequencies are identified at 151.3 Hz and 151.8 Hz. The corresponding ODSs are illustrated in
Fig. 13(a) , which shows the out-of-plane displacement maps recorded at 567.6 rpm and 569.2 rpm, i.e. near resonance. Blade tip
displacements (dots) are extracted and fitted with a spatial harmonic of N D = 4 (lines) to enhance visualization. As shown in Fig.
13(b), the two ODSs are approximately in quadrature, clearly demonstrating the mode-splitting effect.

As further verification, the Discrete Fourier Transform of the ODSs at the resonance frequencies is plotted in Fig. 13(c), confirming
that the excited mode is characterized by a nodal diameter of four. Other spectral components can be attributed to small mistuning
effects and measurement noise.

Besides the deformed shape of the blisk, the performed DIC test also provides the 3D point cloud of the object. This information
can be exploited to verify the triggering procedure: in principle, since a trigger is used to acquire frames always at the same angular
position, the rigid motion of the blisk should be zero. On the other hand, due to experimental issues such as potential inaccuracies
in the triggering procedure and vibration of the whole test bench, some discrepancies could be found in the measurements. To
assess the extent of this inaccuracy, the first point cloud was set as a reference, and the best-fit rigid body transformation to align
all the subsequent point clouds was computed by using the function contained in Caltech’s camera calibration toolbox [37]. This
function requires as input two point clouds (composed of corresponding points), and provides as output six scalars to define the
3D roto-translation, i.e. three rotation angles and three translation values along the three main axes. The angles were computed
in degrees, while the translations were computed in millimeters. Finally, the norm of the three-component vectors was computed
to give a metric of total deviation with respect to the theoretical condition of no motion. These values were plotted against the
excitation frequency in Fig. 14.

Fig. 14 highlights that in the low frequency range (i.e. about 144 - 147 Hz) there is no relevant vibration of the test bench. On
the other hand, a significant increase in vibration amplitude is observed near the resonance region, e.g. between 151 and 152 Hz.
Moreover, a noticeable vibration region appears between 147 and 150 Hz, which is attributed to a loss of triggering caused by
external vibrations affecting the optical probes. Nevertheless, the amplitudes of the deviations were found to be less than 0.5 degrees
for the rotations, and less the 1 mm for the translations, and were considered negligible, thus demonstrating the reliability of the
proposed testing procedure.

The experimentally determined resonance frequencies for the two orthogonal ND = 4 modes of the dummy blisk are summarized
in Table 1. A slight shift in resonance frequency was observed between the stationary and rotating tests, which is attributed to
centrifugal stiffening effects.

6. Conclusion

This paper has presented a methodology for using Digital Image Correlation (DIC) with low-speed cameras to experimentally
analyze the dynamics of rotating blisks. The proposed approach overcomes limitations of traditional sensors, such as challenges in
data transmission and the influence of added sensor mass, while enabling the simultaneous measurement of thousands of points
across the blisk surface, capabilities unique to those offered by image-based techniques. Moreover, this methodology is designed to
overcome the traditional limitations of DIC in rotor applications, such as decorrelation due to large displacements and the need for
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Table 1

Resonance frequencies of the two orthogonal modes with ND =
4 of the first modal family, identified experimentally from non-
rotating (SLDV) and rotating (CHF) tests.

Resonance frequency Non-rotating test Rotating test
SLDV CHF

fuy (Hz) 150.8 151.3

Sup (Hz) 151.0 151.8
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Fig. 14. Estimation of the test bench vibration during operation: comparison between rotational and translational vibrations.

expensive high-speed cameras. By acquiring images at a fixed angular position, the approach eliminates decorrelation issues and
enables the use of standard DIC software. This acquisition strategy also reduces sensitivity to lighting variations, as only one image
is required per revolution. From the camera’s perspective, the disk therefore appears stationary, which minimizes the influence of
uneven lighting or shadows. In contrast, when images are acquired at varying angular positions, differences in shading and reflections
can lead to decorrelation and reduced measurement accuracy. Thus, the proposed methodology allows tracking the evolution of the
phase and amplitude of the ODSs as a function of the excitation frequency, which increases linearly but can be assumed to be
constant over each revolution. By analyzing these plots, it is possible to identify resonance conditions and extract the corresponding
ODSs. However, only rotating modes can be analyzed, while the maximum amplitudes of stationary modes, ND = 0 and ND = N/2,
cannot be captured.

The proposed approach was experimentally validated on a simplified test article: a dummy blisk with a flat geometry mounted on
a dedicated rotation rig. Blade tip displacement signals were extracted and used to identify resonance frequencies. To this end, the
Circumferential Harmonic Fit (CHF) method was developed and applied to the DIC data. DIC measurements enabled visualization
of high-resolution Operational distortion Shapes (ODSs) during resonance crossing, including the two orthogonal shapes associated
with the ND = 4 mode. This represents a significant advantage, as the method simultaneously tracks a large number of surface
points, which would be impractical with traditional point-based sensors.

Although downsampling-based methods generally cannot capture the entire spectrum, this limitation can be mitigated when only
a limited frequency band is of interest. In such cases, the frequency information can be concentrated within this band, allowing
accurate spectral measurement despite downsampling. This concept represents a potential direction for future development of the
method. The proposed method has been shown to be effective in identifying resonance frequencies in the presence of mistuning.
However, it does not work properly when the mistuning is large enough to completely destroy the cyclic symmetry.

From a practical standpoint, the maximum measurable angular velocity is limited by the maximum frame rate of the camera.
When recording one image per revolution, the sampling rate is equal to the rotation rate; therefore, the maximum measurable
rotation rate corresponds to the maximum frame rate of the camera. For standard industrial cameras (such as those used in this
study) with frame rates of about 100 fps, this translates to a maximum measurable rotation frequency of approximately 6000 rpm.
In practice, such speeds are rarely achievable in air-operated systems, and standard cameras are generally unsuitable for vacuum
operation, making frame rate a secondary limitation. A more critical factor is exposure time: at high angular speeds, obtaining
sharp, blur-free images becomes difficult. This limitation depends on the minimum exposure time achievable by the camera and the
intensity of the available lighting.
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Appendix

A harmonic force F(t), whose engine order EO coincides with a nodal diameter ND, and is sampled at a frequency f; yields the
sequence of sample values

FNP[p] = Focos(zzzND2 L 4 @) = FyeosQafyp—= + @) (A1)
60 f fs
while a harmonic force generated by a generic engine order EO sampled at the same frequency f; gives the sequence
FEO[p) = FOCOS(ZWEOQ L @) = FOcos(eronl + @) (A.2)
60 f; fs
For a periodic structure the sampling frequency is driven by the number blades, or sectors more in general, N
Q
=—N A3
fs 50 (A.3)
If the two frequencies, fyp and fp(, are aliases of each other for some integer z
feo=Fnp+2f; (A.4)

they will produce identical samples: FEO[n] = FNP[x] for all n. The assumption can be easily demonstrated:

COS(2ﬂonf£ + @) = cosQa(fyp + Zfs)fi +9)

=cosQxfnp fi +2rzn + @) (A.5)

s

= cos(Zzz'fNDf1 + @)

N
Then the excitation forces at the two frequencies are fy and fj, are equivalent if Eq. (A.4) holds

Q Q Q

Since also negative frequency are possible (A.4) provides the well-known formula

EO = zN + ND (A7)

Data availability

Data will be made available on request.
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