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Abstract: We study the simultaneous homogenization and dimension reduction of an energy
functional with linear growth defined on the space of manifold valued Sobolev functions. The study
is carried out by I'-convergence, providing an integral representation result in the space of manifold
constrained functions with bounded variation.
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1. Introduction and main results

The study of variational problems constrained to manifold-valued functions has attracted increasing
attention due to its relevance in various fields such as micromagnetics and liquid crystals (see, for
instance, [1-4]). In this paper, we investigate the simultaneous process of homogenization and
dimension reduction for a class of energy functionals with linear growth, defined on the space of
functions taking values in a smooth manifold without boundary. Specifically, we consider a one-
parameter family of functionals defined on W'! functions with values in a compact, connected
manifold M < R3, and study their behavior under the joint asymptotic regime of periodic
homogenization and thin domain limit.

The joining of this two processes is a classical field of study, indeed the simultaneous
homogenization and dimension reduction of an integral functional defined on real valued Sobolev
functions has been studied in [5] in the case p > 1, while the case p = 1 can be covered by the
global method [6], but without explicit formulae which connect the limiting energy density with the
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original ones. In the application framework, regarding either the solely study of homogenization or
the study of thin structures we refer to [7-23] among a wider literature, Having in mind applications
in the superlinear setting we refer, for instance, to [24-28]. As far as we know, there are no rigorous
derivation on dimensional reduction for functionals with linear growth defined on manifold-valued
Sobolev functions.

Our analysis is carried out in the framework of I'-convergence (see [29]), which provides a rigorous
tool for deriving effective models and capturing the asymptotic behavior of infimizers. A key feature
of our approach is the use of blow-up techniques and relaxation arguments adapted to the manifold
setting.

The main result of the paper establishes the I'-limit of the rescaled energy functional in the space
BV(w; M), where w C R? represents the cross-section of the thin domain.

We assume that the domain is an inhomogeneous cylinder, whose microstructure is distributed with
periodicity within the material described by the small parameter 7 comparable with the height of the
domain. The equilibrium configurations are detected as minimizers of an integral functional of the

form
h h
f f()—C,Vu) dx u:wx(——,—)—>R3,
wX(—g,%) h 2 2

under suitable boundary conditions, where w C R? is a bounded open set, and f : R® x R¥*3 — R
is a periodic integrand with respect to the first variable, and u is a manifold-valued Sobolev field,
that will be specialized in the sequel. Due to the many applications, it is worth to recall that solely
the homogenization of integral functionals depending on x and Vu and defined on manifold-valued
Sobolev fields has been studied in [12] for u € W'? and in [11,30] for u € W', we also refer to [2]
for other related models. Analogously the dimensional reduction of micromagnetic and ferromagnetic
energy has been studied, in several contexts, we recall [31-36] among the others.

Given a Carathéodory function f : R® x R¥® — R we consider the functional

1

Ef f(%,Vu) dx,  ue W' wu M),
W hn

with w, 1= wx (—’%, %) ,h >0, w c R? open and bounded, and M a smooth submanifold of R? without

boundary. In particular, here and in the sequel, when not stated otherwise, we always assume that f
has the following properties:

(H1) f(-, x3,&) is 1-periodic, i.e., for every (x,, x3) € R? and & € R**3, it holds

f(xa+eiax3’§) :f(-x(wx?ﬁ’g), Vi = 1’27

where {e;, e,} is the canonical basis of R?;
(H2) f has linear growth: there exists @, 8 > 0 such that

all < f(x, &) < B + &), (1.1)

for a.e. x € R? and for every & € R3*;
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(H3) f is a Lipschitz continuous function with respect to the second variable uniformly in the first
variable, i.e., there exists L > 0 such that it holds

lf(x,&) = flx.ml < L& =7l

fora.e. x € R? and &, 17 € R¥S;
(H4) there exist C > 0 and 0 < g < 1 such that

1f(x,€) = [P, 6) < C1 + 1879,

fora.e. x € R? and £ € R*3 and where £ : R? x R¥3 — R is the (strong) recession function of

f and it is defined as
S (x, 18)

f2(x, &) ;= limsup - (1.2)
We observe that by (1.1) it holds
alfl < f7(x,6) < BIE, (1.3)

for a.e. x € R and every & € R¥<,
We consider the functional I : L'(w ,; M) — R,

1
o) f F(5vu) s ifue W M),
u) .= wp

+00, elsewhere.

By a change of variable, to study the I'—limit of /* is equivalent to study the I'-limit of the rescaled
functional /" defined as

o fg f(%,x3,th) dx, if e WH(Q: M),

+00, elsewhere

(1.4)

with
0 o0 190

Axi dx, hoxs
From now on, given an appropriate matrix A and vector b we denote by (A|b) the matrix that has b as
the last column and the columns of A in the remaining columns. It follows that if V,, := [% 6672] and

11
Q::wx(——,—):w,l and V;, =

Vs = 6‘373, then V,, = [VQ|%V3]. Moreover, we denote with &, an element of R¥? and with & an element
of R¥3,

Theorem 1.1. Assume M compact and connected, and let f : R? x R®>? — R be a Carathéodory
function satisfying (H1)—(H4). Then, the T—limit of I" with respect to the L'-topology is the functional
I defined as

aD¢
I(u) = f Tfl?om(u, Vit)dx, + f Tf}?(;z (u, d|D—(51L:|) d|D{ul + f O™, u,v,)dH", (1.5
w w a wnSy,
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if u € BV(w; M) and I(u) = +oo elsewhere, with Tft?om : R? x R¥™? — R defined as

1
Tfl?om(s, &,) := liminf inf {—2 f(Xgy X3, &0 + Vool Vi) dx,dxs :
t—+00 @ t (t0")4

pE Wl’m((tQ’),l; T,(M)), @(x,,x3) =0 forevery (x,,x3) € (tQ") X (—%, %)}, (1.6)

2
where Q' = (—1 l) , (10 = tQ' X (—%, %), and T(M) denotes the tangent space to M in s.

2°2
3 0,00 0 .
Moreover, for every s € R°, Tf, = hom(S> ), L.e., for every

(s5,&,) € R? x R¥2;

(s,-) is the (strong) recession function of T

0
T fiom(Ss 60)
l’ b

T1o2(s, &) = (T o7 (s,&,) = limsup (1.7)
t—+00
while 0 : Mx M x S' — R, is defined as
) . 1
6(a, b,v) := lim,_, . inf, {— ¥ (xa, X3, Vo)dx,dxs -
r Jaug,),
¢ € WH((tQ)1, M),¢ = aon d(tQ,) x (=3, 3) N {x, - v > O} and (1.8)

¢ =bondtQ,)x(-3.3)Ni{x, v < 0}},

where Q, is an open cube of R? centered at the origin and with two of its faces parallel to v, Q. :=
0, X (—%, %) and S' is the unit sphere in R.
2. Notation and preliminaries

This section is devoted to fix notation, recall previous results that will be useful in the sequel and
establish properties of the energy densities appearing in the main results. In what follows Q := w X
—%, %), w C R?is open and bounded, and M is a smooth submanifold of R3? without boundary, further
assumptions on M will be stated explicitly if needed. Given s € M, we write T,(M) for the tangent

space to M in 5. Given a, b € M, we introduce the family of geodesic curves between a and b by
Gla.b):={y e CCR: M) 1 y(1) =@, if 12 1/2,

y(t) = b, if t<-1/2, fm dt = dy(a, b)}, (2.1)
R

where d denotes the geodesic distance on M.

We denote by A(Q) the family of all open subsets of Q and with A(w) the family of all open subset
of w. We write B*(s, r) for the closed ball in R, k € N, of center s € R and radius r > 0. Moreover, we
denote by Q the cube (—%, %)3 and with Q(xo, p) the rescaled and translated cube x, +pQ, with x, € R?,
p > 0. In a similar way, given v € S!, Q, stands for the open unit square in R? centered at the origin,
with the two sides orthogonal to v; we set Q,(xo, 0) := xo + pQ,.
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Furthermore, given a set A C w we denote by A, with h > 0, the set A X (-%,%) and so A :=
A X (—%, %). It follows that, in particular, Q = w;. We also denote by Q' the cube (—%, %)2, SO
Q) = (=3.3° X (=4,%) for h > 0, while &'} = (3,3 = Qand Q,; = O, X (-3,3). M(Q)

is the space of real valued Radon measure in Q with finite total variation, £¥, is the k-dimensional
Lebesgue measure, with k € N. Finally, given A,u € M(Q) we denote by fz_ﬁ the Radon-Nykodym
derivative of A with respect to u. By a generalization of Besicovitch differentiation theorem, see for
instance [37, Proposition 2.2], there exists a Borel set £ such that u(E) = 0 and fl—ﬁ(x) = 0 for every
x € supp A\ E.

Given s € M, we consider the orthogonal projection

P, :R* = T(M, (2.2)

and we define the function P, : R¥3 — [T(M)]? as

Ps(é‘:) = [Ps(‘fl)lps(§2)|Ps(§3)] ’ (23)
for every & = [£)|&,|é3] € R¥. For a Carathéodory function f : R x R¥3 — R, we set
f(x,5,8) := f(x,Py(&)) + |€ = Py(&). (2.4)

This function will play a crucial role in our subsequent analysis, since it will appear in the formulas
to detect our limiting energy densities. By construction the function f : R® x M x R™® — R is
Carathéodory, i.e., it is measurable with respect to the first variable and continuous with respect to
the last two variables. Moreover, if conditions (H1) and (H2) are satisfied then f also satisfies (H1)
and (H2), i.e., f is 1-periodic in the first variable and there exists C > 0 such that

1 _
el = f(x5.8) < C + ), (2.5)

for every (s,&) € M x R¥3 and for a.e. x € R?. Now we extend the function f in (2.4) to the
whole space R* x R? x R¥3, This can be done as in [11, Lemma 3.1]. For &, > 0 fixed, let U :=
{s € R? : dist(s, M) < 6y} be the §y-neighborhood of M. Choosing 6, > 0 small enough, we may
assume that the nearest point projection I : U — M is a well defined Lipschitz mapping. Then
the map s € U — Py, is Lipschitz, with Pry, as in (2.2). We denote by y a cut-off function in
C>(R* [0, 1]) such that y(r) = 1 if dist(r, M) < /2, and x(t) = 0 if dist(z, M) > %. We define
P,(€) 1= x(5)Pry(€) for (5,&) € R? x R¥*3, with Py, as in (2.3). In the sequel we will consider the
integrand g : R* x R? x R¥? — [0, +o0) given by

80, 5,6) = f(, Ps(£) + 1§ = Py(&)I. (2.6)

We also recall an important property of manifold-valued Sobolev functions. The following theorem
has been proved in [38,39] and we will use it to prove Theorem 1.1.

Theorem 2.1. Let Q C R? be open and bounded, let S be the family of all finite unions of 1-dimensional
manifolds in R and let m;(M) be the fundamental group of M. Denote by D(Q, M) c W1(Q, M) the
set

WL M) N C®Q M),  ifmi (M) =0,
{ue WH@Q, M) N C=(Q\ Z, M) for some £ € S}, otherwise.

Then D(Q, M) is dense in W' (Q, M) with respect to the strong topology of W"'(Q, R?).

DEQM) := {
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Remark 2.2. Given A C A(w), the set

0
V(A) := {v e WA M) : % =0 a.e. on A,l},
3

is isomorphic to the Sobolev space W'(A; M).

2.1. Bulk part density

Now we characterize the density of the bulk part of the I'-limit. First, we recall that the extended
function g defined in (2.6) has the following properties.

Lemma 2.3. [11, Lemma 3.1] Assume that M is compact. Let f : R® x R¥*3 — [0, +00) be a
Carathéodory function satisfying (H1)—(H3). Then the function g : R? x R? x R¥® — [0, +00) in (2.6),
turns out to be a Carathéodory function such that

80, 8.8 = f(,8), &70.5.8) = 71,8, (2.7)

fora.e. y € R?, for every s € M and & € [Ty(M))’. Furthermore it satisfies
(i) 8a» y3, 5, &) is I-periodic in the first variable, with (y,,y3) € R3;
(ii) there exist 0 < o’ < 8’ such that

@'l < gy, 5,6) < (1 + 16D, (2.8)

for a.e. y € R® and for every (s,&) € R? x R¥3;
(iii) there exist constants C > 0 and C’' > O such that

80y, 5,6) — 80y, 5", &) < Cls — 5| €], (2.9)

and
lg(y, 5,8) — 8y, 5, EN < C' €= &), (2.10)
for a.e. y € R, for every s, s’ € R, and for every & € R¥3;
(iv) if (H4) holds, there exists 0 < g < 1 and C" such that

80, 5,6) = 70, 5,6)l < C"(1 + |79, (2.11)

for a.e. y € R3, for every (s,&) € R? x RS, and where g : R? x R¥3 — R is the (strong) recession
function of g and it is defined as

g7y, s,¢) = limsu

80y, s, 18)
p—
t—+00
Now we prove some properties of the bulk part 7 f}?om (see (1.6)) of I (see (1.5)).

Proposition 2.4. Given a Carathéodory function f : R® x R¥3 — R satisfying conditions (H1)
and (H2), let g : R} x R® x R¥® — [0, +00) be the functions defined as in (2.6), then following
properties hold.
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(i) For every s € Mand &, € [T (M)]?

T (5,€0) = ghon (5, Ea), (2.12)

where T fhoom is defined as in (1.6) and

1
gﬁom(s’ 'fa) = lim inf {t_2 f g(xcn X3, S, ‘fa + Va‘pr%O) dxadx3 . (213)
! Q)

—+00 @

¢ € WH((1Q)13RY), ¢(xa, x3) = 0 for every (x,, x3) € A(Q') X (—% %)}

(i1) The function T ffom is tangentially quasiconvex in the second variable, i.e.,
Tfn(60 < [ Tho(sio+ Vbl
Q/

for every s € M, &, € [T(M)?, and y € WS"X’(Q’; T,(M)). In particular, Tffom(s, -) is rank one
convex.

(i) T fl?om is uniformly 1-coercive and has uniform linear growth in the second variable (i.e., it
satisfies inequalities as in (2.5), uniformly with respect to s). Moreover, there exists C > 0 such

that for every s € M and &,,&, € [T{(M)J?

IT from (5 €0) = T from (5, )1 < Cléy = €},

(iv) Finally, if hypothesis (H4) is also satisfied, then

IT £ (5,€0) = To2(s, €| < C(1 + 1€,1"9),

for some positive constant C and for every s € M and &, € [T,(M))?, where T f}?(;z is the function
appearing in (1.7).

Proof. The proof of (i)—(iii) follows from [28, Proposition 2.1]. Now we prove (iv) following the
technique of [11, Proposition 3.1-(v)]. Consider a sequence (#,), C R such that ¢, — +coasn — +oo,
a sequence (k,), C N, and (), € W"*((0,k,)%; Ts(M)) such that ¢,(x,, x3) = 0 for every (x4, x3) €

0(0, k,)? x (—%, %) and such that for every s € M and &, € R¥?

TFO (s,t,E,
T2%(s,&,) = lim M (2.14)
n—+oo n

and

1
X f(yaa Y3, tnfa + tnva‘pnlv?aﬁon)dy < Tf}?gm(s’ tnfaf) + ;
03

By (H2) and since T f,?om has linear growth, we have that

f Vi, enldx < C(1 +1&al), (2.15)
Ok’
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for some positive C = C(a, 5). Since

. 1
lim — FOar V3ot + 6V opul V3o )dy = T2 (s,€0),
n—+oo tn (O’kn)?l

then by (2.14) we have
T from(5s€) = T (5 Ea)

< liminf f
n—o00 (O,kn)?]

Summing and subtracting f* (v, y3,&e + Ven|Vie,), we get

f(y(x’ Y3, tnfa + tnva§0n|V3§0n)
In

f(ya’ y3’§a + Voz‘pnlv3¢n) -

dy}.

T (5:E0) = Tf2(s,€4)

< lim lnf{ f R |f(,)}a’ Y3, é:a + V(l¢nlv3¢n) - foo(Y(n Y3, é:a + Va‘pnlv3¢n)| dy
(0,ky)

n—o0
+ )( dyy.
0k

By (H4), (2.14), and the 1-homogeneity of />, we get

f(ya, Y3, tn‘fa/ + thaQ0n|V3S0n)
In

foo(yom Y3, 'f(t + Va90n|V3‘10n) -

Tfo (5, €2) = T (s, &)

n—oo

1+ £7NE, + Vogal V3o, ™
+J( (& ©nlV30,)l ay\
(0kn)? In

Using Holder inequality and (2.15), we get

< lim infC{ f 1+ 1€y + Vooul Vi) ™ dy
(0,k,)?

TL) (5,€0) = TFE2(s,€0) < C(1 + 1€,

Now we have to prove the inverse inequality. First, fix k € N and ¢ € W"*((0,k)?; T,(M)) such that

©(Xq, x3) = 0 for every (x,, x3) € 6(0, k)* x (—5, 5) then from (H2), we have that for every x € (0, k)%
and for every ¢ > 0
S, 1(6q + Vap|Vip)
t

< B+ 1 + Vol Vsel),
so that
S 1 + Vagl Vi)
t
By the dominated convergence theorem, we get
JO, 1€ + VaplV39))

Tf2(s,&,) < limsup dy < 12O, Eq + Vol Vap)dy,
t—00 (0,k) 1 ! (0.k).1

e L'((0,k)%).
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which implies

TIo (5, €0) < T(f (5. €a)- (2.16)
Now, fix 7 > 0 and let ¢ € W"*((0, k)% Ts(M)) such that ¢(x,, x3) = 0 for every (x,, x3) € 4(0,k)* x
( L 1) such that

202

o2 f(ya,y3’ fa + V090|V390)dy < Tf/(,)om(sa é:oz) + n.
003

As before, by (H2), we have
f Vel < C(1 + 16, ).
007

so from (2.16) and (H4), we obtain

TL0%(5,E0) = T 1 (5, €0) < T(F°)00n(8,Ea) = T Ao (5, E0)

< f i |f* Vas Y3: € + Vol Vi) = f(Var 3. € + Vol Vi)l dy + 17
0473
<C ]( 1+ (€, + Vol Vi) dy + 1.
Ok

By Holder inequality, we get

Tf20(5, &) = Tfn(8, €) < C(L+ [E179) + 1.

By the arbitrariness of 7 this gives the desired inequality. O

2.2. Jump part density

Now we prove some properties for the density 6 defined in (1.8). To this aim, we introduce some
further notations. We remark the fact that the results below are valid for any dimension while reducing
any number of variables. We present here the main steps of the proof in dimension 3 reducing the third
variable. We also observe that when the number of “surviving” dimensions is 2 (as in our case) the
proof could be significantly simplified. In the remainder of this section there is an abuse of notation
which will not generate contradiction with (1.8) in view of the results we are going to show.

Given v = {v|,v,} an orthonormal basis of R? and (a, b) € M x M, we denote by

Q, = {lvi+ vy A, € (=1/2,1/2))
and, for x, € R?, we set

Xalboo = SUP [Xg - Vil Xy =X Vi, X=XV (2.17)
i=12
so that x, can be identified with the pair (x,, x’). We also point out that this last definition of Q, is a
slight abuse of notation, indeed at the beginning of this section Q, has been introduced as the unit cube
of R?, centered at the origin, and with two sides orthogonal to v, (with v € S'). Here v = {v},v,} is an
orthonormal basis of R?, but the notation Q, is still consistent since by definition 0, =0, =Q,.
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Letu,p, : R? x (=1/2,1/2) — M be the function defined by

a, if x, > 0,
Uypy o= i
aby b, if x, <0.

For every ¢, h > 0, we also introduce the following classes of functions
Ala,b,v) = {p € WH(IQ) ;M) 1 ¢ = thyp, o0 I1Q,) X (=1/2,1/2)},

Xy

By(a,b,v) := {u € Wl’l(Qv,l;M) su(x) = y( .

) on 0Q, X (-=1/2,1/2) for some y € G(a, b)},
(2.18)
where G is the set introduced in (2.1).

Proposition 2.5. Let f : R? x R¥3 — R be a Carathéodory function satisfying (H1)—(H4). For every
(a,b,v)) € Mx M xS', there exists

|
8(a, b, v,) := lim inf {— 2, Vé)dy : ¢ € Aa, b, v)} (2.19)
t—+00 ¢ t (TQv),l
= lim inf{ f £ (%,x_% th)dx L u€ Bya,b, v)}, (2.20)
n— u le

where v = (vy,v,) is any orthonormal base of R*> with first element v, i.e., the limit is dependent only
onvi.

Proof. The proof of Proposition 2.5 follows in a similar way as in [11], which in turn is very much
inspired by [13, Proposition 2.2] passing through the introduction of an appropriate rescaled surface
energy density. We present the main steps. First we prove that, for every (a,b) € M x M and
any orthonormal basis v, the limit in (2.20) exists (see [11, Proposition 3.3]), then we prove it also
coincides with (2.19), i.e., a result analogous to [11, Proposition 3.2] holds. It follows that the limit
in (2.20) exists and it is the same for any two v, v" are orthonormal rational bases (i.e., there exist scalars
Y1, Y1 v2, Y5 € R\ {0} such that y,vy,y|v],y2v2, and y)V] € Z?), with equal first vector v = v}. Then,
we claim that for every o > 0 there exists 6 > 0 (independent of a and b) such that if v and v’ are two
orthonormal bases of R? with |v; — vi| < ¢ forevery i = 1,2, then

lir]n iélf I,(v) - Ko < lirhn ionf I,(V) < limsup I,(v') < limsup I,,(v) + Ko, (2.21)
1= - h—0 h—0

where K is a positive constant which only depends on M, S (see (1.1)) and

L) :=I(a,b,v) = inf {f e (%,)Q,th) dx :u € Bya,b, v)}.
Q

1

LetQ,, :== (1 -nQ, where 0 <n < 1. Let o > 0 be fixed and let 0 < i < 1 be such that < i and

max{ (=m0 -2

a3 -(1- 217)} <o. (2.22)
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Consider ¢y > 0 (that may be chosen so that §p < %ﬁ). Then take any 0 < ¢ < ¢y and any pair v
and V' of orthonormal basis of R? satisfying |v; — vi| < ¢ for i = 1,2 such that one has

Qv,377 c Qv’,Zn c Qv,n (223)

and {x -v| =0} N 0Q,,, C {|x - vi| < 1/8}. Given h > 0 small, we consider u;, € B;(a, b,v") such that

f = (% xz,thh)dx <L) +o,
Qv',l

where u;,(x) = up(xy, x3) = yh( ) for some vy, € G(a,b) and for x € Q, X (- 2, 2) Then one can

construct v, € B_oyn(a, b, v) satisfying the boundary condition v,(x) = ( a 2n)h) for x € 9Q, X
(=1/2,1/2). Consider F,, : R* - R,

I =2[|Ix'|ly,00 v =1+ 2[|X'|ly0 v
Fn(xa)::( ||x||,) x +(n ||x||,) x

n 1-2n n 1-2y°
and define
w (15, 33),  ifx € @y X (=1/2,1/2),
(), i x € @\ Quay) X (<1/2,1/2),
va(x) = vi(Xa, X3) := 4 @, if x € (@ \ Q) x(~1/2,1/2) and x, > §
y(Z2),  ifxe A, N@\Qu) X (-1/2,1/2),
b, if x € (@Q\ Q) X (~1/2,1/2) and x, < 7L,

and A, := {x, @ |x,| < 1/4}.
One can check that v, is well defined for 4 small enough and that v, € B(1_»,(a, b, v). Therefore

X,
I - < * —05 5 V d
(1 27])h(V) LM f ((1 _ 27])]1 X3 hvh) X
X,
= * —Qa ,V’L d
fc;v’lr],l f ((1 - 277)]7 3 IVh) o
Xa
* o\ 5 thh) dx (2.24)
j(.av.n\Qvgz,,)x(—l /2,1/2) ((1 —2mh

Xo
+ f , X3, Vv )dx
fA,,Xu/z,lm ((1 2k’

=L +5L+1.

We now estimate each of the three integrals in (2.24). First, we easily get that

h=a-2p | £ (% s, vhuh)dyadxs <L)+ o (2.25)
Q.1

In view of (2.23), we have

Q,c-pd-2p1-3p~'Q, =
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Then we infer from (1.3) and Fubini’s theorem, that

L <p |Vyvildx (2.26)
(D@ 2X(—1/2,12)
5. (= 5)
— dx,dx;
(I =2mh Jwpa, spnimica-2pmx-12172) | \(1 = 2m)h

. t
”&Lamﬁpt

Now we estimate /3. In order to do so, we observe that from (2.23), we get

7_11 o 1 (1-2m)h/2

= D v Vo= a7

BH ((Dy \ Qv 2y) N {x })(1 - 2n)h j:(]_zn)h/z
a-md-2n

: (
= Bdistpq(a, b -1 -2n].
ﬂme>( TR nﬂ
Vo Fp(x)llzoa, 22 < C (2.27)
for some absolute constant C > 0, and
|V01Fn(xa) . Vll > 1, (228)

for a.e. x, € A,. Combining (1.3), (2.27), and (2.28), we get

(F (xa))

|V0Fn(-xa/) Vi |dxoz

I; Sﬁf \Vivildx, <

(F( a))
174 (v + X))
Cﬁf L 5572)

where we used Fubini’s theorem in the last equality and A := A, N {x, = 0}. By the change of variable
s = (1/h)F,(tv; + x') it follows that for H'-a.e. x’ € A,

174 A Fy(tvi +X7)
Y| ———
~1/4

h
Combining the previous two inequalities we get

a

IV Fotvy + X) - vildt dH' (x),

Vo Fy(tvi + x) - vildt < fb/'h(s)lds = distp(a, b).
R

I; < CBH' (A distp(a, b) = CBndist(a, b) (2.29)
By (2.22), (2.25), (2.26), and (2.29), we get
I 2pn(v) £ L,(V') + Ko,

with K = 1 + B6(1 + C), ¢ diameter of M and C the constant from (2.27). Passing to the limit # — 0
and by the arbitrariness of v and v/, we get (2.21). Arguing as in [13, Proposition 2.2, Step 4], we get
that for any orthonormal basis v and v with first element v; € S!, we get the existence of the limit of

I, for every v and
}in& I(v) = }lir% I,(V). (2.30)
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Now we prove the equality between (2.19) and (2.20). Fix &2 > 0 and an orthonormal basis v =
(Vl, V2) of Rz. Let

Jyv) = Jy(a, b,v) := inf {f f (ﬁ,x3, th)dx cu € Aia,b, v)} ,
Q,x(-1/2,1/2) h

by a change of variable we have also that

Ji(v) = inf hf 2 (xe, x3,Vu)dx : u € Ayp(a,b,v) ;.
1Q,x(-1/2,1/2)

We want to prove that
}in& Ju(v) = }lirrcl) I,(v). (2.31)

For h small enough, set h := h/(1 — h) and consider uj, € Bj(a, b,v) such that

Xo
f = (T, X3, V;zuz,)dx < L;(v) + h,
Q,x(=1/2,1/2) h

with u;(x) = y;l(xv/ﬁ) in 0Q, x(—1/2,1/2), for some y; € G(a, b). Now, for every x € Q, x(—1/2,1/2),

we define
uj(
vp(x) 1= X, .
Vi (m) , otherwise.

1x_"h ) x3)’ lf X € QVJH

It follows that

Ty(v) < f s (ﬁ s, thh) dx (2.32)
Q,x(-1/2,1/2) h
00 ‘x(Y 00 x(l
< f f (—,xa,Vth)dX+f f (—,X3,thh)dx
Quix(=1/2.1/2) h @\QuX(-1/2.1/2) h

=1+ L.

Now we estimate /; and I,. For I; we have that by construction

L =(-h f & (ﬁ x, V;,u,;)dx < (1 = (L) + h). (2.33)
Qx(~1/2,1/2) h

Now we turn to I,.

X, 1 12, IV o (11X |ly,00)1
TN (YT [T
(@QN\Qyn)x(-1/2,1/2) " I- zll-x,”v,oo I - 2”x/”v,oo (1 - 2||x’||v,oo)2
Xy 1
@ @<ty |\ = 20 e ]\ T = 211¥ [0

where, in order, we used the growth condition of f*, the fact that y; (m) = 0 on the
complementary set of {x, < (1 —2||x||,.~)/2}, and the fact that ’

IVo(llX o)l @ 2) < 1.
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Denoting @, := Q, N {x, = 0} and Q;, := @, N {x, = 0}, then by Fubini’s theorem, we get

(1-21x"[ly,00)/2 ¢
h=2p f f 7’3(1 TR )
@\Q ) J-(1-2||x'|l1,00)/2 v,00

< 2Bdisty(a, HYH (Q,\ Q)

dtdx’
(1 - 2||X'||v,oo)

< 2pdistpq(a, b)h, (2.34)
and so from (2.32)—(2.34) and (2.30), we infer that

lim sup J,(v) < lim I,,(v).
h—0 h—0

On the other hand, if we fix 4 > 0 small enough and &, € A;(a, b, v) such that

f = (%,X%Vhﬁh)dx < Jw(v) +h,
Qx(=1/2,1/2)

and we denote for x € Q, X (—1/2,1/2),

~ X, .
Up (l_ah’ X}) ) lf Xo € QV,/’H
wp(x) = {

X, .
Y ((2|\X'||v,oo—l+_h)(1—h)) ,  otherwise,

with y € G(a, b), then it is easy to check that w;, € B(_pu(a, b, v). Arguing as in the previous estimates
we get that

Io—pn(v) < (1 = h)(Jp(v) + h) + 2Bhdisty(a, b),

which leads to
.. o T
11121_)10nf Ju(v) > }21_{% I,(v),

and this concludes the proof. m|

Proposition 2.6. The function 0 defined is (1.8) is continuous on Mx Mx S! and there exist constants
Cy,Cy > 0 such that

|6(ai, by, vy) — 6(az, by, vi)| < Ci(lay — az| + |by — ba), (2.35)
O(ay,bi,v1) < Crla; — by, (2.36)

for every ay, by, ax,b, € Mand v, € S".

Proof. It follows in a similar way to [11, Proposition 3.4], taking into account similar modifications as
we did in Proposition 2.5. For the reader’s convenience, we present a short proof. For shortness sake,
we use the same notation as in the previous proof. From the previous proof it is clear that 8(a, b, -)
is uniformly continuous on S' so it is enough to prove (2.35) in order to prove the continuity of 6 on
Mx M x S!, and thus we start from there. Fix v; € S' and let v = (v}, v») be an orthonormal base of
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R2. For h > 0, we denote h := h/(1 — h) and we consider y;, € G(ay, by) and u;, € Bj(a,, by, v) such that
up(x) = y;(3) on (AQ,); and

o

As in the previous proof, now we construct a function v, € A;(ay, by, v) starting from u;. Fix vy, €
G(az,a1), vy € G(b2, by), and define

%,xg, V;lu;,)dx < Li(ay, by,v) + h.

—_—

(15, 35),  x€Qux(=1/2,1/2),
(o), xeAix(=1/2,1/2),
by 1= 78 (z:::%mj +1). xeAyx(-1/2,1/2),
yo (L=t 1 1) x e Ay x (=1/2,1/2),
Ya(EP=T 4 1) xe Agx(=1/2,1/2),
v (= + 1), xe Asx(=1/2,1/2),

with

1-h 1 1
Ay = { 7 S IWlheo < 5 and x| < —[1X]eo + 5},

Ay = (Qv \ Qv,h) N {xv = h/2} s
Az = (Q\ Q) Nix, < —h/2},

h 1 1
A4 = {O <Xx, < 57 5 - X, < ”x,”v,oo < 5},
h 1 1
A5 = {—5 <x, < 0, E +x, < ”.X,”V’oo < 5} .
Since by construction v, € Aj(ay, b,, v), then
x(}’
Ju(ar, ba,v) < f fw(T,x3,thh)dx.
Qv,] h
By the same argument as in the proof of Proposition 2.5, we get
f e (ﬁ,)@,vhvh)dx < I(an, bi,v) + I,
Qv,l h

and

f e (%, X3, thh)dx < Cdisty(ay, by)h,
A1x(=1/2,1/2)

where disty denotes the geodesic distance on M. Now we estimate the integrals over A, and A4. The
integrals on A; and As follow in a similar way. We start with A,. First, we define

2||xa||v,oo - 1 1
Filxg) 1= ===+ 0.
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From the linear growth of f*, Fubini’s theorem, the fact that A, C F,:l([—l /2,1/2)), the Coarea
formula, and the fact that v, does not depends on x3 on A,, we get

x(l .
f i (?, X3, thh) dx <B | Wa(Fr(Xa))IVaFn(xe)ldxy
Apx(=1/2,1/2) Ay

Sﬁf I’}./u(Fh(x(t)N|V(2Fh(xa)|dxw
F 1 ([-1/2,1/2))
<p FaOIH' (F, (1)dt.

(-1/2,1/2)

Since F,'(1) = GQV’@ for every ¢ € (—=1/2,1/2), then it holds H'(F;' (1)) < H'(4Q,) = 2, which
gives us

f = (% i thh)dx < 2Bdist (a1, ).
Asx(=1/2,1/2)

Now we estimate the integral on A;. We define

2[xlyeo =1 1
Gi(xe) 1= I T + 5

As before, by the linear growth of f* and Fubini’s theorem, we get

X
f fm (—Q,X&thh)dx
Agx(=1/2,1/2) h

<p f f Ya(G(X', x, DIV, G(X, x,)ldx dx, .
©.1/2) JG1 (0 ([-1/2,1/2))

Since |V G(x,)| = 1/x, and |V, G(x,)| < 1/x, for a.e. x, € A4, we get that |V,G(x,)| < 2|V, G(x,)|
and thus

f fZ (&,X&thh)dx

Asx(=1/2,1/2) h

<2 f f Y (G(X', x VIV G(X, x,)ldX dx, .
0.1/2) JGCx)(1=1/2,1/2))

By construction, G(:, x,) is Lipschitz for every x, € (0, 4/2) and so by the Coarea formula we get again
that

X,
f = (—a,x3,Vth)dx
Aux(=1/2.1/2) h

< Zﬁf f YaOIH (X' : G(X', x,) = t})dtdx,
©0.1/2) J(=1/2.1/2)

< C hdistyp(ay, an),

where we used the fact that H°({x’ : G(x’,x,) = t}) = 1 for every t € (—=1/2,1/2). Estimating the

integrals over A3 and As in a similar way we get
Jilaz by, v) < f IS (% s, vhvh)dx < Ii(ar, b1, v) + C(h + disty(ar, az) + disty(bi, b)),
Q

v,1
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Passing to the limit for # — 0 we get
8(a1, by, v) < 0(az, by, v) + Cdistp(ar, az) + distm(by, br))),

since disty, is equivalent to the Euclidean distance, and by the arbitrariness of a;, a,, by, and b, in M
we get (2.35).

Now we prove (2.36). Fix an orthonormal basis v = (v;,v,) of R? and let y € G(a;, b;). Consider
up(x) = y(x,/h). By construction, u;, € By(a;, by, v). Moreover, since lim;,_o J,(v) = limy,_ I,(v) it
holds

0y, by, v) < liminff fm(ﬁ,xg,vhuh)dx
=0 Jq,, h
. ﬁ . (-xa/ . V)
< =
< hrhn_) 1(§1f 7o "N\ dx,
< ,BdistM(a], b])
Again, by the equivalence of disty with the Euclidean distance we get (2.36). O

In order to prove Theorem 1.1, we need to introduce the auxiliary functional I° defined as
°(u,A) := inf {lim inf I" (u,, A) : u, — u in L'(A ;; M)} , (2.37)
n—+00

for any u € BV(w; M) and A € A(w).

Proposition 2.7. There exists a function K : M x M x S! — [0, +00) continuous in the last variable
and such that

(i) K(a,b,v) = K(b,a, —v) for every (a,b,v) € M x M x S!,

(ii) for every finite subset T of M,

P,S) = f KW, u,v,)dH', (2.38)
N

for every u € BV(w; T) and every Borel subset S of wN S ,,.

Proof. Let T be a finite subset of M and w C R? open and bounded. For every A € A(w) and
u € BV(w; T) we define
Gr(u,A) := I°u, S, N A),

where I°(u, S, N A) is defined as in (2.37).
We aim to show that the assumptions of [40, Theorem 3.1] are satisfied by Gr : BV(w; T) X A(w) —
[0, +00), namely:

(1) 0 < Gr(u,A) < AH'(AnNS,) with a fixed constant A € R;
(2) Gr(u,-) is the restriction to A(w) of a Borel measure on w;
3) Gr(u,A) = Gr(v,A)ifu =vae. in A;
4) If u, > ua.e. in A, then
Gr(u,A) < hhrgigf Gr(uy, A);
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(5) For every y € R?, we have
Gr(tyu, 7yA) = Gr(u, A),

where (7yu)(x) = u(x —y) and 7,A = A +y, provided 7,A C Q.

Property (1) and (3) follows immediately from the definition of I°. Property (2), follows from the
fact the Borel measure /°(u, -) on w (see 3.1), restricted to S, is an extension of Gy (u, -).

For (4), if u, — u a.e. on A, then the sequence (u;,) is equibounded in A. It follows that (u),
converges to u in L'(A; M). It not difficult to see that both u;, and u can be extended to Q by taking
the extension constant in the third variable, and so that ;, — u a.e. on A and (u;,), converges to u in
L'(A 1; M). For every open set E C A with S, N A C E, we have

I"(u,E) < lim inf °(uy, E).
Moreover, from (3.1), (H2), and the equiboundedness of (u;),, we get
P, E) = Iy, S, N E) + °(up, E\ S ) < P(up,, S, N A) + CIE].
Taking the infimum over £ D §, N A, we obtain

Pu,S,NA)< lim inf L@, S, NA).

Finally, property (5) follows from the translation invariance of I" (see (H1) and (1.4)) with respect
to the x,-variable. We can now apply Theorem 3.1 in [40], from which follows the existence of a
continuous function K7 : w x T x T x S' — [0, +oo[ such that K'(x,,a, b,v) = K. (x4, b,a,—v) and

Pu,S,NA) =Gru,A) = f K! (xoou u”,v,) dH'

SuNA

for every u € BV(w;T) and A € A(w). For x,, xo € R?, a,b € M and v € S! define

ab () a 1if (x, —xp)-v1 20, (x, R : ( ) 0)
uy’, (x) = [1,,, :={xs € R": (x4 —x0) - v =0}
o b if (x, — xp) - v <0, o 0

The continuity of K? implies that

a,b
K" (x0,a,b,v) = lim - (w3 (0, By(x0) 0 Iy )
w y U, U, p—0 Hl(Bp(xo) N H_xo’yl) s

for every (xp,a, b,v) € wx T xT xS!. By the arbitrariness of T and w it follows that K 5 is independent
from T and w, i.e., KI = K. Exploiting the translation invariance of I and by a blow-up argument it
is possible to show that K does not depend from the x,-variable (for details see [13, Proposition 4.1]).
Since I°(u, -) restricted to S, is a regular Borel measure, it follows the integral representation on the
Borel subsets of S, and this concludes the proof. O
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3. Proof of Theorem 1.1
In this section we prove Theorem 1.1. In particular, we assume f to satisfy hypothesis (H1)—(H4).
The first step in order to prove Theorem 1.1 is to localize 1°.

Lemma 3.1 (Localization). Given u € BV(w; M) the set function I°(u, ) : A(w) — R is the restriction
to A(w) of a Radon measure absolutely continuous with respect to £* + |Dul.

Proof. Fix u € BV(w; M) and A € A(w). By [41, Theorem 3.9] there exists a sequence (u),), C
WE(A; RDNC™(A; R?) such that u, — win L'(A; R?) and ||V out) || 11az3) — |Dgul(A). So, if we consider
un(x) = u(x,), we have that (), € W"'(A ;R N C(A1;R?) and ||V, unllia,m3) — |Daul(A).
By construction, u,(x) € co(M) for ae. x € A; and every n € N, where co(M) stands for the
convex envelope of M. Following the argument of [11, Proposition 2.1], there exists a sequence

(Wa)n € WHI(A 3 M) satisfying
f Vi, waldx < C*f IV, unldx,
A,l A’l

for some constant C* depending only on M. Moreover, we have w, — u in L'(A;R?) and by the
growth condition (H2) we have

I°(u, A) < B(L2(A) + C'|Dul(A)).
Now we just have to prove that
’(u,A) < I°(u,B) + I’(u,A\ C),

for any A, B, C € A(w) with C C B C A. The proof of the previous inequality follows from a standard
slicing argument similar to [28, Lemma 3.2]. O

Now we prove the limsup inequality.

Proposition 3.2. For every u € BV(w; M) it holds
(u) < I(w),
with I defined in (1.5) and I° defined in (2.37).
Proof. For every u € BV(w; M), we can write
Pu,w) =Pu,w\S,)+1I°WsSs.,), 3.1)

where S, denotes the jump set of u. It follows that in order to prove our claim we can separately
estimate the two terms on the right hand side of (3.1). First, by [28, Proposition 3.3], we have for every
A € A(w)

0 f T from(tt, Vau) dx, if u € W' (w; M),
Pu,A)<{ 4

+00, otherwise in L'(w; R?).
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By means of a relaxation argument (see [11, Theorem 7.1] which holds by Proposition 2.4)
and exploiting the coercivity of f (see H2), a standard diagonalization argument, and the lower
semicontinuity of I° with respect to L'(, R?) strong convergence we get

(u,A) < f Tf2. (u, Vou)dx,
A (3.2)

dD¢
+f Hu ,u ,v,)dH" + fT t?(;‘; (ﬁ, ot )dngul
S.NA A d\Dgul

for some function H : Mx Mx S! — [0+ o). By outer regularity, in (3.2) we can choose A = w \ S,
which leads to

0 0o [ ~ dDiu
Pu,w\S,) < | Th Vo) dx, + | T
A A

, d|D¢ ul.
! dngul) 1Dl
Now we estimate I°(u, S ). By Proposition 2.7, we have

Io(u,S):fK(u+,u_,vu)d7{],

s

for every u € BV(w; T) and every Borel subset S of w NS, so to conclude it is enough to prove that
K(a,b,v) < 6(a,b,v)

for every (a,b,v) € M x M x S'.

Since the proof is similar to Proposition 2.5 we refer to it for the notation. Let v = (v;,v,) be an
orthonormal basis of R2. Since K and 6 are continuous functions in the S! variable, we can assume that
v is a rational basis, i.e., for all i € {1, 2}, there exists y; € R \ {0} such that v; := y;v; € Z2. The general
case, then, follows by a density argument. Given an arbitrary 0 < n < 1, by Proposition 2.5 and (2.31),
there exists iy > 0, uy € By,(a, b, v) and y;,, € G(a, b) such that

uo(x>:yh0("“h'0“) and f f*(fl—‘;,xg,vhouo)dxse(a,b,vl>+n.
Qv,l

Given A € Z, let (h,), be a vanishing positive sequence and set

h
V= hydvy, QN = XV + (h—n) Oy
0

Next, we define

()
A, = {/l eZ: Qvﬁz C 0O, and )Zl € l(h— +y2)v2 +Pf0rsomel€Z},
n 0
with
P:={av, :ae€[-1/2,1/2)}.
Now we consider the sequence of functions
Uo (Z—z(xa - xﬁ,’n) . vl) , ifxe Q(fn) for some A € A,

Uy (Xq, X3) 1= { (x(,-w)

Yo (Zig™ ) > otherwise.
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By construction, u, € W"'(Q,.1; M), (Vj, u,), is bounded in L'(Q,1; R>?), and u,, — % in L'(Q,,1; R?)

as n — +oo with
ab, . Jas ifxe vy 20,
u,”(x) = .
b, ifx, vy <O0.

By a similar argument as in Step 1 of the proof of [13, Proposition 2.2], we get that
. x(l x(l’
hmsupf f (—,xg,thu,,)de f f (—,xg,VhOuo)dx
n—-+oo Qv,l hn Qv,l h()
<6(a,b,vy) +n. 3.3)

Forp > 0,let A, := 0,1 N{|x, - vil < p} and set II,, := {x, € R? : x, - v; = 0}. By construction, the
sequence (u,), is admissible for Io(u‘vzib ,Ap), so that

Io(uﬁlb’A,’ N Hyl) < Io(uzib’AU) < lim 1nff f(%, X3, thbln) dx
n—+oo Ay "

< BL(A,) + liminf f f

Ahn,l

X
i’ ’V n d
(hn X3, Vp,U ) X

< lim inf f f(ﬁ,xg,vhnu,,)dan. (3.4)
App

n—+00 h,

Here we used assumption (H2) and the fact that V, u, = 0 outside A;, ;. On the other hand, by (2.38)
we have

P’ A,N1LL,) = f K(a,b,v))dH' = K(a,b,v). (3.5)

ANl

Using (H4), the boundedness of (V;, u,), in L'(Q,1;R*?), the fact that f*(-,0) = 0, and Holder’s
inequality, we derive

f f(ﬁ,xLthun)dx—f f”(ﬁ,&,Vh,,un)dx
App.1 h" Ov1 h"

< cf (1+ 1V, 1,/ dx < c(h,, + IV, ' ) - 0. (3.6)

L@, 17>
Ahn,l "

From (3.3)—(3.6), we get
K(a,b,vy) < 6(a,b,v) + (1 +p)n,

and from the arbitrariness of n we get the desired inequality. By exploiting Propositions 2.6, 2.7, and
Lemma 3.1 we can argue as in [11, Corollary 5.1], which, in turn rely on the approximation arguments
in [42, Lemma 4.7 and Proposition 4.8], and together with (3.1) we get

P < f Tfl?om(u, V1) dx,

dD‘u
- 1 0,00 [ ~ o c _
+fs,,mw9(”+’” S0 fw T fyom (”’ dIDéul)dlDaul—I(u),

where [ is defined in (1.5), which yields the conclusion. O
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This concludes the proof of the upper bound. We now prove the lower bound using the blow up method.
Proposition 3.3. For every u € BV(w, M) it holds
1(u) > 1(w),
with I defined in (1.5) and I° defined in (2.37).
Proof. Consider u € BV(w; M) and let (u,), € W"'(Q; M) be such that

P, w) = lim f(ﬁ,x3,vhnun) dx.
Q

n—+00 hn

Define the sequence of nonnegative Radon measures

Al

T2
Possibly extracting a subsequence, we can infer the existence of a nonnegative Radon measure u €

f ((}.l)a » X3, thun((')a’ X3)) dx3] Lz L w.
) n

M(w) such that u, — u in M(w). Exploiting the Besicovitch differentiation theorem, we are able to
split  into the sum of three nonnegative measure which are mutually singular, namely

po=pl

where
u < L2, w<H'LS, < |Dul.

As long as u(w) < I°(u, w), it is sufficient to check that

d
Z%u@zzﬁ@muﬂku@) for L>—a.e. Xy € w, (3.7)
d, - dDSu .
dID/:Ciul(xO) > Tf}?(;m (u(xo), dngul(XO)) for |Dul-a.e. xy € w, (3.8)
and J
le—‘l‘_s(xo) > Ot (), 1~ (x0), va(xo))  for H'—ace. xo € S, (3.9)

Proof of (3.7). Before proving the result we recall that all the operations of sum and difference between
the functions u,, v,, Wi, w,x and u must be inteded in the sense of Remark 2.2.

Step 1. Consider xj € w to be a Lebesgue point of u and V,u, a point of approximate differentiability
of u, in a way that u(xy) € M, V,u(xy) € [Tb,(xo)(/\/()]2 and such that the Radon-Nykodym derivative of
u with respect to the Lebesgue measure £ exists and it is finite. We observe that £2—almost every
points xy € w satisfy these properties. We set

so = u(xo) &o = Vau(xy).

We may assume that, up to a subsequence, there exists a nonnegative Radon measure 4 € M(w) such
that

[ 5(1 + |thun|)dx3).£2 Lw—21  in Mw).

_1
2
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Let us consider a sequence (py); — 0" such that Q' (xo, 20,) € Q and u(0Q’ (xo, px)) = AQ(x9, 1)) = 0
for each k € N. Since u is the limit of y,, we have that

’ . Xa
u(Q'(x0, p1)) = lim f(—,
O’ (x0,01)1

n—+00 hn

X3, thun) dx. (3.10)

Since
_h [hn]EhZZ—)xO,

given r € (0, 1/2) we have that Q'(t,,, px) C Q’(xo, rpx) for sufficiently large values of k; therefore we
can define, for x € Q'(0, px)1
V(X)) = u,(xy + Ty, X3). 3.11)

The continuity of the translation in L' allows us to obtain the following estimate, holding for n — +oo

f [v,(x) — u(x, + xo)| dx f |, (x) — u(x, + x9 — 7,)| dx (3.12)
Q'(0,01)1 Q' (tn,0i01

IA

f |, (%) — u(xy + x9 — T,)|dx — 0.
Q' (x0,7Pi)1

A change of variable in (3.10) together with the periodicity condition (H1) of f(-, x3,&), the growth
condition (H2), and (3.11) lead to

lim

1(Q' (x0, 1)) (
1=+ J 0 (xo=Tn00).1

2, X3, Vi Uy (X + T, X3)) dx

= lim f(— x3, Vi, vn) dx
n=+eo (Xo TrPk).1
> lim sup ( , X3, thvn) dx
n—+oo  JO'(0,0k),1
—Blim supf (1 +|Vp,u,l)dx. (3.13)
n—+00  J O1(Ty,06) 1\ Q' (X0,01).1

The last term in (3.13) vanishes since, by the choice of p;

lim supf (1 + |V, u,l) dx
n—=+00  J Q' (1,0 1\ Q' (X0,0%).1

lim sup lim sup f (1 +|Vy,u,l)dx
Q' (x0,101),1\ Q" (%0,0k),1

r—1+ n—+oo

IA

IA

lim sup A (Q’(xo, o)\ Q,(XOapk),l)

r—1*

A00' (x0,01),1) =0

IA

Summing up, this entails

, . Xa
u(Q'(x0,p) = lim supf f(— x3,thVn) dx,
0’ (0,0).1

n—+oo hn
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where (v,,), € WHL(Q'(0, px).1; M) is such that v, — u(xo + (-),) in L'(Q’(0, pr).1; R?) thanks to (3.12).
At this point, let us consider, for every n a sequence (v, j); € C*(Q’(0, px) 1; R?) (not necessarily taking
values in M!) such that v, ; — v, in W"'(Q'(0, 1) 1;R?), v, ; = v, and Vv, ; — Vv, a.e. in Q'(0, p1)
as j — +oo and consider the function g introduced in (2.7). It is possible to prove that

Xa

llm g (h » X3, v}’l,j’ thvn’.j) dx
0'(0,0),1 n

Jj—=+oo

X
f g(—,xg,vn,thvn) dx
Q' (0,01),1 h’l

X
f f(—a, X3, Vh,,vn) dx,
Q'(0,01).1 hy,

therefore, by possibly passing to a diagonal sequence v, := v, ;, such that ¥, — u(xy + (-),) in
LY(Q'(0, pp).1;R?), we may deduce

H(Q'(x0, 1) = lim Squ g (ﬁ X3, Vn, Vh,,‘_/n) dx.
0’ (0,001

n—+oo hn
If we perform a change of variable in the previous inequality and set

_ V(prXa» X3) — So
Wn,k(x) = 0 )
k

we may deduce

d o
_IJZ(XO) > lim sup lim sup f 8 (pkx » X3, ‘_}n(pkxaa X3), V‘i‘_}n(pkxa, x.’a)) dx
dL k—+c0  n—o+o0 JQ hy, hn
. . PiXa
= lim sup lim sup f g (—, X3, 80 + PiWn ks VpkWn’k) dx. (3.14)
k—>+0c0  n—+oo 0 hn fin

Since x is a point of approximate differentibility of u and ¥, — u(xo + (-),) in L'(Q’(0, o) 1; R?), we
have

lim lim | [w(x) — &x,]dx = lim lu(xa) — S0 —3§o(xa — Xo)| J

k=toon—teo g k=400 J 0 (x,00) o

xe = 0. (3.15)

At this point, (3.14) and (3.15) allow us to take a diagonal sequence h, < p; in such a way that
Wi i= Wy — wo in LY(Q; RY) with wo(x) := &x, and

——(xp) > limsu —, X3, 80 + OxWi, Vs, Wi | dx,
dLZ( 0) m sup Qg 5 S0+ P Va i
where 6, ::%—>0.

Step 2. This second step can be performed following the lines of [12, Lemma 5.2], which, in turn, rely
on [43, Theorem 2.1]. In fact we observe that the rescaled gradient can be seen as the gradient of a
composed function. Moreover, the dependence on x; and the "’homogenization procedure’ in the first
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two variables and the dimension reduction with respect to the third one do not influence the strategy
and the estimates, which rely only on the growth of f.

Thus we can show the existence of a sequence (wy); € W'*(Q; R?) such that w;, — wy in L¥(Q; R?),
Wy is uniformly bounded in W!!(Q; R?) and V;,w is bounded in L'(Q; R3*?).

AL (xo) > 11£folip f (5k X3, S0 + PxWr, V(;kwk) dx. (3.16)
Step 3. Thanks to the fact that (wy); € L¥(Q;R?) and (Vs,wi) € L=(Q; R¥?) are uniformly bounded
in L', (2.9) gives

dx =0,

lim
k—+00

X, _
((‘5 , X3, S0 + PkWi, Vakwk) g (5—, X3, 50, V(Skwk)
k k

which in turn entails, together with (3.16)

du o _
—(xo) > limsupfg(;c—,xg,so,V(gkwk)dx.
0 k

d‘£2 k—+o00
Now we claim that
o x(y I
lim sup f g (—, X3, S0, V(;kwk) dx = gﬁom(so, &), (3.17)
k—+c0 0] 6k

with the latter defined in (2.13). This concludes the proof since by (2.12) we have

du
d_ﬁ(x()) > gp (50, &0) = T £ (S0, €0)-

The proof of (3.17) is the following. Consider the family of integral functionals

(w,A) € WH(Q';R?) x A(Q) — G%*(w, A) _ffl ( , X3, S0, Vs, W )dx3dxa,

for some vanishing sequence (6;);. Let G : BV(Q',R*) x A(Q’) — R be
G(w,A) := inf {likm inf G%(wy, A) : wy — w in L'(A; M)}.
—+00

It follows that G is L' lower semicontinuous. Moreover, since g satisfies hypothesis (H1) to (H4), then
by the same argument as Lemma 3.1 we get that G is the restriction on A(Q’) of a positive Radon
measure. Furthermore, by Lemma 2.3-(ii) it easy to see that

@/ |Dyul(A) < G(w, A) < B'(L2(A) + |D,ul(A)),

for every (w,A) € BV(Q’;R?) x A(Q’). Standard arguments ensure that G(w + ¢, A) = G(w, A) for any
c € R?and (w,A) € BV(Q';R?) x A(Q).
By Lemma 2.3-(i) and classical arguments in homogenization theory, it is possible to deduce that

G(ryu,y +A) = G(u, A),
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forany A € A(Q’), y € R?suchthat y + A ¢ @', u € BV(Q’; M), and with Tw(x) == wx — ).
Combining the last to identities we get that

G(ryw+c,y+A) =Gw,A).

Now we apply [6, Theorem 3.12, and Remark 3.8 (1) and (2)] and we obtain that

Gw,A) = f ©" (50, Vaw)dx, + f @’ (50, W™ = w") @ v, )dH ' (xa)
A SwnA

+f bco dD"w ch .
1 8o, w
RN T

for every (w,A) € BV(Q’;R?) x A(Q’). In what follow, we prove that, for every &, € R¥?,

—+00 @

(so,fa) = hm 1nf{ J( gy, 50, &0 + Voo W)IV3(y)) dy :
01
o € WH((tQ") 13 RY), @(xar x3) = 0 for every (x,, 13) € A(tQ) X (_% %)}
= gpom(50: €a)s

in (2.13). The proof of this identity follows the same argument as [5, pages 1390-1391], and reasoning
as in [44, Proposition 2.4] we can substitute the space W' with W',

Proof of (3.8). For this proof we follow the strategy of [30, Section 5.1]. Let G : BV(w,R?*) — R be
defined as

Gu) = fg?wm(u, V.u)dx,.
By (3.7) we have that for every u € BV(w, M) it holds
’(u) > G(u).

So, in particular, it holds _
°(u) > Gu), ueBV(w, M),
with
G(u) := inf {hm inf GQu,) ¢ u, —* uin BV(w. R3)}.

For & > 0, consider now the function g(s, &,) : R? x R*? — R defined as

2:(5,£2) 1= &hom(S, ) + €léal.

Fixed u € BV(w, M) and a sequence (u,), € BV(w, M) such that u, —* u in BV(w, M), then in
particular u, —* u in BV(w, R*) and

liminf G(u,) > hm 1nf f 8e(un, Vouy)dx, — £sup ||Vottyllprwrae)

—00
n w

. . . dDgu .
> fgs(u, Vu)dx, + fgg (u D"dlDC |)a’|D ul —ssupllV Unll L1 (0 R32)s
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where in the last inequality we used [45, Theorem 2.16]. Passing to the limit for ¢ — 0, then
considering that (s, &,) = gg;;(s, &) + gl&,| we get

P> [ ghtnVands, + [ g (u 4D 3“)d|pcu|
o o1\ diDgul )T
0 0,00 thLlu C
_ fw TfO (u, Vou)dx, + fw T [ (u —dngul)dlD"ul

wich proves (3.8), passing to densities via Besicovitch’s differentiation.

Proof of (3.9). In this step we use a strategy similar to the one employed in [11, Lemma 6.1]. In
particular, we will still rely on the blow up method together with the projection argument in [11,
Proposition 2.1] which we already used in the localization (see Lemma 3.1).

Step 1. Let xy € S, be such that

lim lu(xy) — u™(xp)| dx, = 0, (3.18)

!
P20 Joz o)

vu(x()

where u*(xy) € M,
T H'(S u N Oyp)(X05 P))
1m =
p—0* P

L, (3.19)

and such that the Radon-Nikodym derivative of u with respect to H'L_S, exists and it is finite. By [41,
Lemma 2.1, Theorem 3.78, Theorem 2.83 (i)] with cubes instead of balls, it turns out that H!-a.e.
xo € §, satisfy these properties. Now let us set 55 := u*(xp) and vy := v,(xo). Given a sequence
(u,), € WH(Q,R3) such that liminf,_,. I"(4,) < c, then, possibly extracting a further subsequence,
we may assume that

2 .
[ 1+ |thun|)dx3).l:2 Lw—21  in Mw),
1
2
for some nonnegative Radon measure 4 € M(w). At this point, let us consider a sequence p; — 0*
satisfying
u(0Q;, (xo, o)) = AOQ,, (X0, 1)) = 0,

for each k € N. By (3.19), we have

i P G000)
AHTLS, ™"~ kv HI(S, 0 Q) (X0, 1))
. (@, (x0, 01))
= lim —8M8M8M —
k—+00 Pk

. . 1 x
lim lim —f f(_“,x3,thu,, dx.
k—-+o0 n—+c0 O 05, (x0.010).1 hn

By exploiting [11, Theorem 2.1], it is possible to assume, without loss of generality, that u,, € D(Q; M)
(see Theorem 2.1) for each n € N. Therefore, arguing as in the proof of (3.7) (with Q) (xo,0x)
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instead of Q'(xo, o)) we get a sequence (v,), € D((Q; (0,01))1; M) such that v, — u(xo + ) in
L'((Q,,(0,p1))1:R?) as n — +co0 and

Xa

. X3, thvn) dx.

du 1
——————(xp) = limsup lim sup — f (
d?‘(l I_ S u k—+0c0 n—+oo Pk (Q(/O(O,Pk)),l

It is worth mentioning that the construction process to get v, starting from u, does not affect the
manifold constraint.
By means of a change of variable, setting w, ; = v, (0xX,, X3) We get

%ﬁ&,(m) 2 li,?:fip lirfgfgppk f , f (pZ:a,x3,/)lkVaWn,k hinv3wn,k) dx.
ool
At this point, let us define
st ifx-vy >0,
to(x) = { sg, if x-vy <0.
By using (3.18), we obtain
lim lim [Whx — uoldx = 0.

k—+00 n—+00 o
V-1

Exploiting a standard diagonal argument, we are able to find a sequence n; — +oo such that (i), =
(M ks Ok := hyJpx = 0, wi = wy i € D(Q,,.1;R?) converges to ug € L'(Q,,; R?) and

du ) X 1 1
—(x) > 1 —, X3, —Vaewi|—V d
dH! |_Su(x0) 2 llfr_l,fgppk L lf(5k X3 Py Wi I 3Wk) X
Y0
. Xq 1
= hmsuppk f 5—,x3,—V5ka dx. (320)
k—+o0 Q, k Pk

Exploiting (H4), the positive 1-homogeneity of f*(y,-) and Holder’s inequality (being 0 < g < 1)

,

vo,l

:L

vl

dx

Xy 1 o [ *Xa
pkf(é_k’ X3, p—kvakwk) - f (5—k, X3, dewk)

Xy 1 o [ Xa 1
ok (—, X3, _V(Skwk) - pif (—, X3, _Vékwk)
Pk k Pk

dx

< Cpx f (1 +p! ' |Vswil' ™) dx

Qvo,l

S C (pk + pZ”Vékwk”;;(qu 1;R3><3)) M (3'21)
v0»

On the other hand, from (3.20) and the coercivity condition (H2), it follows that the sequence (Vs wy)x
is uniformly bounded in L'(Q; ;R¥>?). Putting together (3.20) and (3.21), we obtain

= (x—“ X3, Vakwk) dx. (3.22)

du .
—_— > 1
JHILS, " 2 1,5352pr 5

7
vl
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Step 2. In this second and last step it remains to modify the value of w; on a neighbourhood of 4Q;,
with the aim to get an admissible test function for the surface energy density. The computations follow
similarly as in [30, Lemma 5.2].

We consider y € G(s{}, s7) (see (2.1) and (2.17)) and set

Yi(x) = 7( 5 )

Using a De Giorgi type slicing argument, we shall modify w; in order to get a function which matches
i t0 0Q; ;. In order to reach this purpose, we introduce

1/2
rk :: ||Wk - wk”L/I(Q/ 1'R3)’
vp,1”

M, :=k|1+ ||Wk||W1v1(Q’V0,1;R3) + ”wk”W“(Q’VO,];W) ’

As long as i and w; converge to u, in LI(Q;O s R?), we have that r, — 0 and it is possible to assume
that 0 < r;, < 1. We set

V= (1= +i€)Q,),  fori=0,..., M.

For every i € {1,..., M}, we consider a cut-off functions ga(’) € CX((1 = + it)Q,, 5 10,1]) and we
extend go(l) to Q(i) setting ga ) constant in the third variable. For simplicity of notation we still denote

) this extension. By construction (p(’) =1on Q(’ D and IV(;kgo,(f)l < c¢/{x. We further define

Vo’

7= @ wiet (L= ¢ € WH Q1 R,
in such a way that

1
2'=w, Q™ and "=y, inQ,\0

Since z() is smooth outside a finite union of sets contained in some 1—dimensional submanifolds and

k) (x) € colM) fora.e. x € Q, |, it is possible to apply a similar argument to [11, Proposition 2.1] to

obtain new functions 2 A(’) e wh 1(Q : M) such that

vp,1°

2 i—1
=) on (@10 U0L

and

\f~'wﬁﬂsafvvmﬁwx
oo™ 0\

1
<C, f , (|V6ka| + Vsl + —Iwi — il
0"\ gD €y
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In particular z(’) € Bs,(s5, 5y, vo) and by the growth condition (H2),

f = ﬁ,x3,V5k iy dxﬁf e al , X3, Vs, wi | dx
. Ok o &

v0» v0+

+C Vs Wil dx
2.\

1
+C f , (|V6ka| + Vs il + —Iwi — lﬁk|) X.
oo i

Summing up over all i = 1,..., M, and dividing by M;, we get that

f (— x;,VakA(’)) dx

C 12
+C f Vsl dx + — + Cliwe =l gy
’ k v,1”
Qvo I\Qk 0

Since

L/ \0® Vol dx < dM(SO’ 50 )7,(2 ((Qvo 1 \ Q(O)) N{x-v= 0}) -0

as k — +oo, there exists a sequence 17, — 0* such that

i oo [ Xa
Mk Zf, (— X3,V(5k ()) dXS f/ lf ((5k X3,V§kwk) dx+7]k
V0,

Hence, for each k € N it is possible to find some index i, € {1,...M,} satisfying

Xa i oo | Xa
f, foo (5_k’ X3, \vJ kZE(A)) dx < f/ f (5_k’ X3, V5kwk) dx + Nk- (323)
vl Vo1

Putting together (3.22) and (3.23), we finally obtain

d/.l . Xa AiK)
> (22 1y, 95,50 dx.
s, ™= lgfipfgvolf (& S ) '

Since z(”‘) € Bs, (55, 55> vo) (see (2.18) for definition), we infer by Proposition 2.5 that

du
AH'LS,

which finally concludes the proof. O

(x()) > O(Sga s67 VO)

From the proofs of Theorem 1.1, it should be clear that both results hold in dimensions N > 3. In
particular, we can assume N,k,d € N withthe 1 < k < N, w c RV~ Q= wx (—5, 5)" and M
submanifold of R.
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4. Conclusions

In this paper, we have established a I'-convergence result describing the simultaneous
homogenization and 3D-2D dimension reduction for functionals with linear growth in the setting
of manifold-valued maps. The obtained integral representation highlights the interplay between
oscillations at the microscale, geometric constraints, and the emergence of lower-dimensional effective
energies in the BV framework.

Our results extend previous analyses in the unconstrained or superlinear setting to the more
delicate case of linear growth and manifold constraints, providing explicit formulas for the limiting
densities. This contributes to a better understanding of variational models arising in applications such
as micromagnetics and thin structures.

Possible directions for future research include the study of more general growth conditions, non-
periodic settings, or the extension to higher codimension reductions and more complex geometrical
constraints.
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