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Abstract: We study the simultaneous homogenization and dimension reduction of an energy
functional with linear growth defined on the space of manifold valued Sobolev functions. The study
is carried out by Γ-convergence, providing an integral representation result in the space of manifold
constrained functions with bounded variation.
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1. Introduction and main results

The study of variational problems constrained to manifold-valued functions has attracted increasing
attention due to its relevance in various fields such as micromagnetics and liquid crystals (see, for
instance, [1–4]). In this paper, we investigate the simultaneous process of homogenization and
dimension reduction for a class of energy functionals with linear growth, defined on the space of
functions taking values in a smooth manifold without boundary. Specifically, we consider a one-
parameter family of functionals defined on W1,1 functions with values in a compact, connected
manifold M ⊂ R3, and study their behavior under the joint asymptotic regime of periodic
homogenization and thin domain limit.

The joining of this two processes is a classical field of study, indeed the simultaneous
homogenization and dimension reduction of an integral functional defined on real valued Sobolev
functions has been studied in [5] in the case p > 1, while the case p = 1 can be covered by the
global method [6], but without explicit formulae which connect the limiting energy density with the
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original ones. In the application framework, regarding either the solely study of homogenization or
the study of thin structures we refer to [7–23] among a wider literature, Having in mind applications
in the superlinear setting we refer, for instance, to [24–28]. As far as we know, there are no rigorous
derivation on dimensional reduction for functionals with linear growth defined on manifold-valued
Sobolev functions.

Our analysis is carried out in the framework of Γ-convergence (see [29]), which provides a rigorous
tool for deriving effective models and capturing the asymptotic behavior of infimizers. A key feature
of our approach is the use of blow-up techniques and relaxation arguments adapted to the manifold
setting.

The main result of the paper establishes the Γ-limit of the rescaled energy functional in the space
BV(ω;M), where ω ⊂ R2 represents the cross-section of the thin domain.

We assume that the domain is an inhomogeneous cylinder, whose microstructure is distributed with
periodicity within the material described by the small parameter h comparable with the height of the
domain. The equilibrium configurations are detected as minimizers of an integral functional of the
form ∫

ω×(− h
2 ,

h
2 )

f
( x
h
,∇u

)
dx u : ω ×

(
−

h
2
,

h
2

)
→ R3,

under suitable boundary conditions, where ω ⊂ R2 is a bounded open set, and f : R3 × R3×3 → R

is a periodic integrand with respect to the first variable, and u is a manifold-valued Sobolev field,
that will be specialized in the sequel. Due to the many applications, it is worth to recall that solely
the homogenization of integral functionals depending on x and ∇u and defined on manifold-valued
Sobolev fields has been studied in [12] for u ∈ W1,p and in [11, 30] for u ∈ W1,1, we also refer to [2]
for other related models. Analogously the dimensional reduction of micromagnetic and ferromagnetic
energy has been studied, in several contexts, we recall [31–36] among the others.

Given a Carathéodory function f : R3 × R3×3 → R we consider the functional

1
h

∫
ω,h

f
( x
h
,∇u

)
dx, u ∈ W1,1(ω,h;M),

with ω,h := ω×
(
−h

2 ,
h
2

)
, h > 0, ω ⊂ R2 open and bounded, andM a smooth submanifold of R3 without

boundary. In particular, here and in the sequel, when not stated otherwise, we always assume that f
has the following properties:

(H1) f (·, x3, ξ) is 1-periodic, i.e., for every (xα, x3) ∈ R3 and ξ ∈ R3×3, it holds

f (xα + ei, x3, ξ) = f (xα, x3, ξ), ∀i = 1, 2,

where {e1, e2} is the canonical basis of R2;
(H2) f has linear growth: there exists α, β > 0 such that

α|ξ| ≤ f (x, ξ) ≤ β(1 + |ξ|), (1.1)

for a.e. x ∈ R3 and for every ξ ∈ R3×3;
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(H3) f is a Lipschitz continuous function with respect to the second variable uniformly in the first
variable, i.e., there exists L > 0 such that it holds

| f (x, ξ) − f (x, η)| ≤ L |ξ − η|

for a.e. x ∈ R3 and ξ, η ∈ R3×3;
(H4) there exist C > 0 and 0 < q < 1 such that

| f (x, ξ) − f∞(x, ξ)| ≤ C(1 + |ξ|1−q),

for a.e. x ∈ R3 and ξ ∈ R3×3 and where f∞ : R3 × R3×3 → R is the (strong) recession function of
f and it is defined as

f∞(x, ξ) := lim sup
t→+∞

f (x, tξ)
t

. (1.2)

We observe that by (1.1) it holds

α|ξ| ≤ f∞(x, ξ) ≤ β|ξ|, (1.3)

for a.e. x ∈ R3 and every ξ ∈ R3×3.

We consider the functional Ĩh : L1(ω,h;M)→ R,

Ĩh(u) :=


1
h

∫
ω,h

f
( x
h
,∇u

)
dx, if u ∈ W1,1(ω,h;M),

+∞, elsewhere.

By a change of variable, to study the Γ−limit of Ĩh is equivalent to study the Γ−limit of the rescaled
functional Ih defined as

Ih(u) :=


∫

Ω

f
( xα

h
, x3,∇hu

)
dx, if u ∈ W1,1(Ω;M),

+∞, elsewhere
(1.4)

with

Ω := ω ×

(
−

1
2
,

1
2

)
= ω,1 and ∇h := [

∂

∂x1
,
∂

∂x2
,

1
h
∂

∂x3
].

From now on, given an appropriate matrix A and vector b we denote by (A|b) the matrix that has b as
the last column and the columns of A in the remaining columns. It follows that if ∇α := [ ∂

∂x1
| ∂
∂x2

] and
∇3 := ∂

∂x3
, then ∇h = [∇α| 1h∇3]. Moreover, we denote with ξα an element of R3×2 and with ξ an element

of R3×3.

Theorem 1.1. Assume M compact and connected, and let f : R3 × R3×3 → R be a Carathéodory
function satisfying (H1)–(H4). Then, the Γ−limit of Ih with respect to the L1-topology is the functional
I defined as

I(u) :=
∫
ω

T f 0
hom(u,∇αu)dxα +

∫
ω

T f 0,∞
hom

(
u,

dDc
αu

d|Dc
αu|

)
d|Dc

αu| +
∫
ω∩S u

θ(u+, u−, νu)dH1, (1.5)
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if u ∈ BV(ω;M) and I(u) = +∞ elsewhere, with T f 0
hom : R3 × R3×2 → R defined as

T f 0
hom(s, ξα) := lim inf

t→+∞
inf
ϕ

{
1
t2

∫
(tQ′),1

f (xα, x3, ξα + ∇αϕ|∇3ϕ) dxαdx3 :

ϕ ∈ W1,∞((tQ′),1; Ts(M)), ϕ(xα, x3) = 0 for every (xα, x3) ∈ ∂(tQ′) ×
(
−

1
2
,

1
2

)}
, (1.6)

where Q′ :=
(
−1

2 ,
1
2

)2
, (tQ′),1 := tQ′ ×

(
−1

2 ,
1
2

)
, and Ts(M) denotes the tangent space to M in s.

Moreover, for every s ∈ R3, T f 0,∞
hom(s, ·) is the (strong) recession function of T f 0

hom(s, ·), i.e., for every
(s, ξα) ∈ R3 × R3×2:

T f 0,∞
hom(s, ξα) = (T f 0

hom)∞(s, ξα) = lim sup
t→+∞

T f 0
hom(s, tξα)

t
, (1.7)

while θ :M×M× S1 → R, is defined as

θ(a, b, ν) := limt→+∞ infφ

{
1
t

∫
(tQν),1

f∞(xα, x3,∇φ)dxαdx3 :

φ ∈ W1,1((tQν),1,M), φ = a on ∂(tQν) ×
(
−1

2 ,
1
2

)
∩ {xα · ν > 0} and (1.8)

φ = b on ∂(tQν) ×
(
−1

2 ,
1
2

)
∩ {xα · ν < 0}

}
,

where Qν is an open cube of R2 centered at the origin and with two of its faces parallel to ν, Qν,1 :=
Qν ×

(
−1

2 ,
1
2

)
, and S1 is the unit sphere in R2.

2. Notation and preliminaries

This section is devoted to fix notation, recall previous results that will be useful in the sequel and
establish properties of the energy densities appearing in the main results. In what follows Ω := ω ×

(−1
2 ,

1
2 ), ω ⊂ R2 is open and bounded, andM is a smooth submanifold of R3 without boundary, further

assumptions onM will be stated explicitly if needed. Given s ∈ M, we write Ts(M) for the tangent
space toM in s. Given a, b ∈ M, we introduce the family of geodesic curves between a and b by

G(a, b) :=
{
γ ∈ C∞(R;M) : γ(t) = a, if t ≥ 1/2,

γ(t) = b, if t ≤ −1/2,
∫
R

|γ̇| dt = dM(a, b)
}
, (2.1)

where dM denotes the geodesic distance onM.

We denote byA(Ω) the family of all open subsets of Ω and withA(ω) the family of all open subset
of ω. We write Bk(s, r) for the closed ball in Rk, k ∈ N, of center s ∈ Rk and radius r > 0. Moreover, we
denote by Q the cube (−1

2 ,
1
2 )3 and with Q(x0, ρ) the rescaled and translated cube x0 +ρQ, with x0 ∈ R

3,
ρ > 0. In a similar way, given ν ∈ S1, Qν stands for the open unit square in R2 centered at the origin,
with the two sides orthogonal to ν; we set Qν(x0, ρ) := x0 + ρQν.
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Furthermore, given a set A ⊂ ω we denote by A,h, with h > 0, the set A × (−h
2 ,

h
2 ) and so A,1 :=

A × (−1
2 ,

1
2 ). It follows that, in particular, Ω = ω,1. We also denote by Q′ the cube (−1

2 ,
1
2 )2, so

Q′,h = (−1
2 ,

1
2 )2 × (−h

2 ,
h
2 ) for h > 0, while Q′,1 = (−1

2 ,
1
2 )3 = Q and Qν,1 = Qν × (−1

2 ,
1
2 ). M(Ω)

is the space of real valued Radon measure in Ω with finite total variation, Lk, is the k-dimensional
Lebesgue measure, with k ∈ N. Finally, given λ, µ ∈ M(Ω) we denote by dλ

dµ the Radon-Nykodým
derivative of λ with respect to µ. By a generalization of Besicovitch differentiation theorem, see for
instance [37, Proposition 2.2], there exists a Borel set E such that µ(E) = 0 and dλ

dµ (x) = 0 for every
x ∈ supp λ \ E.

Given s ∈ M, we consider the orthogonal projection

Ps : R3 → Ts(M), (2.2)

and we define the function Ps : R3×3 → [Ts(M)]3 as

Ps(ξ) :=
[
Ps(ξ1)|Ps(ξ2)|Ps(ξ3)

]
, (2.3)

for every ξ = [ξ1|ξ2|ξ3] ∈ R3×3. For a Carathéodory function f : R3 × R3×3 → R, we set

f̄ (x, s, ξ) := f (x,Ps(ξ)) + |ξ − Ps(ξ)|. (2.4)

This function will play a crucial role in our subsequent analysis, since it will appear in the formulas
to detect our limiting energy densities. By construction the function f̄ : R3 × M × R3×3 → R is
Carathéodory, i.e., it is measurable with respect to the first variable and continuous with respect to
the last two variables. Moreover, if conditions (H1) and (H2) are satisfied then f̄ also satisfies (H1)
and (H2), i.e., f̄ is 1-periodic in the first variable and there exists C > 0 such that

1
C
|ξ| ≤ f̄ (x, s, ξ) ≤ C(1 + |ξ|), (2.5)

for every (s, ξ) ∈ M × R3×3 and for a.e. x ∈ R3. Now we extend the function f̄ in (2.4) to the
whole space R3 × R3 × R3×3. This can be done as in [11, Lemma 3.1]. For δ0 > 0 fixed, let U :=
{s ∈ R3 : dist(s,M) < δ0} be the δ0-neighborhood of M. Choosing δ0 > 0 small enough, we may
assume that the nearest point projection Π : U → M is a well defined Lipschitz mapping. Then
the map s ∈ U 7→ PΠ(s) is Lipschitz, with PΠ(s) as in (2.2). We denote by χ a cut-off function in
C∞c (R3; [0, 1]) such that χ(t) = 1 if dist(t,M) ≤ δ0/2, and χ(t) = 0 if dist(t,M) ≥ 3δ0

4 . We define
Ps(ξ) := χ(s)PΠ(s)(ξ) for (s, ξ) ∈ R3 × R3×3, with PΠ(s) as in (2.3). In the sequel we will consider the
integrand g : R3 × R3 × R3×3 → [0,+∞) given by

g(y, s, ξ) = f (y,Ps(ξ)) + |ξ − Ps(ξ)|. (2.6)

We also recall an important property of manifold-valued Sobolev functions. The following theorem
has been proved in [38, 39] and we will use it to prove Theorem 1.1.

Theorem 2.1. Let Ω ⊂ R3 be open and bounded, letS be the family of all finite unions of 1-dimensional
manifolds in R3 and let π1(M) be the fundamental group ofM. Denote byD(Ω,M) ⊂ W1,1(Ω,M) the
set

D(Ω,M) :=

W1,1(Ω,M) ∩C∞(Ω,M), if π1(M) = 0,
{u ∈ W1,1(Ω,M) ∩C∞(Ω \ Σ,M) for some Σ ∈ S}, otherwise.

ThenD(Ω,M) is dense in W1,1(Ω,M) with respect to the strong topology of W1,1(Ω,R3).
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Remark 2.2. Given A ⊂ A(ω), the set

V(A) :=
{

v ∈ W1,p(A,1;M) :
∂v
∂x3

= 0 a.e. on A,1

}
,

is isomorphic to the Sobolev space W1,p(A;M).

2.1. Bulk part density

Now we characterize the density of the bulk part of the Γ-limit. First, we recall that the extended
function g defined in (2.6) has the following properties.

Lemma 2.3. [11, Lemma 3.1] Assume that M is compact. Let f : R3 × R3×3 → [0,+∞) be a
Carathéodory function satisfying (H1)–(H3). Then the function g : R3 ×R3 ×R3×3 → [0,+∞) in (2.6),
turns out to be a Carathéodory function such that

g(y, s, ξ) = f (y, ξ), g∞(y, s, ξ) = f∞(y, ξ), (2.7)

for a.e. y ∈ R3, for every s ∈ M and ξ ∈ [Ts(M)]3. Furthermore it satisfies
(i) g(yα, y3, s, ξ) is 1-periodic in the first variable, with (yα, y3) ∈ R3;
(ii) there exist 0 < α′ ≤ β′ such that

α′|ξ| ≤ g(y, s, ξ) ≤ β′(1 + |ξ|), (2.8)

for a.e. y ∈ R3 and for every (s, ξ) ∈ R3 × R3×3;
(iii) there exist constants C > 0 and C′ > 0 such that

|g(y, s, ξ) − g(y, s′, ξ)| ≤ C |s − s′| |ξ|, (2.9)

and
|g(y, s, ξ) − g(y, s, ξ′)| ≤ C′ |ξ − ξ′|, (2.10)

for a.e. y ∈ R3, for every s, s′ ∈ R3, and for every ξ ∈ R3×3;
(iv) if (H4) holds, there exists 0 < q < 1 and C′′ such that

|g(y, s, ξ) − g∞(y, s, ξ)| ≤ C′′(1 + |ξ|1−q), (2.11)

for a.e. y ∈ R3, for every (s, ξ) ∈ R3 × R3×3, and where g∞ : R3 × R3×3 → R is the (strong) recession
function of g and it is defined as

g∞(y, s, ξ) := lim sup
t→+∞

g(y, s, tξ)
t

.

Now we prove some properties of the bulk part T f 0
hom (see (1.6)) of I (see (1.5)).

Proposition 2.4. Given a Carathéodory function f : R3 × R3×3 → R satisfying conditions (H1)
and (H2), let g : R3 × R3 × R3×3 → [0,+∞) be the functions defined as in (2.6), then following
properties hold.
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(i) For every s ∈ M and ξα ∈ [Ts(M)]2

T f 0
hom(s, ξα) = g0

hom(s, ξα), (2.12)

where T f 0
hom is defined as in (1.6) and

g0
hom(s, ξα) = lim

t→+∞
inf
ϕ

{
1
t2

∫
(tQ′),1

g(xα, x3, s, ξα + ∇αϕ|∇3ϕ) dxαdx3 : (2.13)

ϕ ∈ W1,∞((tQ′),1;R3), ϕ(xα, x3) = 0 for every (xα, x3) ∈ ∂(Q′) ×
(
−

1
2
,

1
2

)}
.

(ii) The function T f 0
hom is tangentially quasiconvex in the second variable, i.e.,

T f 0
hom(s, ξα) ≤

∫
Q′

T f 0
hom(s, ξα + ∇αψ)dxα,

for every s ∈ M, ξα ∈ [Ts(M)]2, and ψ ∈ W1,∞
0 (Q′; Ts(M)). In particular, T f 0

hom(s, ·) is rank one
convex.

(iii) T f 0
hom is uniformly 1-coercive and has uniform linear growth in the second variable (i.e., it

satisfies inequalities as in (2.5), uniformly with respect to s). Moreover, there exists C > 0 such
that for every s ∈ M and ξα, ξ′α ∈ [Ts(M)]2

|T f 0
hom(s, ξα) − T f 0

hom(s, ξ′α)| ≤ C|ξα − ξ′α|.

(iv) Finally, if hypothesis (H4) is also satisfied, then

|T f 0
hom(s, ξα) − T f 0,∞

hom(s, ξα)| ≤ C(1 + |ξα|
1−q),

for some positive constant C and for every s ∈ M and ξα ∈ [Ts(M)]2, where T f 0,∞
hom is the function

appearing in (1.7).

Proof. The proof of (i)–(iii) follows from [28, Proposition 2.1]. Now we prove (iv) following the
technique of [11, Proposition 3.1-(v)]. Consider a sequence (tn)n ⊂ R such that tn → +∞ as n → +∞,
a sequence (kn)n ⊂ N, and (ϕn)n ⊂ W1,∞((0, kn)2

,1; Ts(M)) such that ϕn(xα, x3) = 0 for every (xα, x3) ∈
∂(0, kn)2 ×

(
−1

2 ,
1
2

)
and such that for every s ∈ M and ξα ∈ R3×2

T f 0,∞
hom (s, ξα) = lim

n→+∞

T f 0
hom(s, tnξα)

tn
, (2.14)

and ∫
(0,kn)2

,1

f (yα, y3, tnξα + tn∇αϕn|∇3ϕn)dy ≤ T f 0
hom(s, tnξα) +

1
n
.

By (H2) and since T f 0
hom has linear growth, we have that∫

(0,kn)2
,1

|∇tnϕn|dx ≤ C(1 + |ξα|), (2.15)
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for some positive C = C(α, β). Since

lim
n→+∞

1
tn

∫
(0,kn)2

,1

f (yα, y3, tnξα + tn∇αϕn|∇3ϕn)dy = T f 0
hom(s, ξα),

then by (2.14) we have

T f 0
hom(s, ξα) − T f 0,∞

hom (s, ξα)

≤ lim inf
n→∞


∫

(0,kn)2
,1

∣∣∣∣∣ f (yα, y3, ξα + ∇αϕn|∇3ϕn) −
f (yα, y3, tnξα + tn∇αϕn|∇3ϕn)

tn

∣∣∣∣∣ dy

 .
Summing and subtracting f∞(yα, y3, ξα + ∇αϕn|∇3ϕn), we get

T f 0
hom(s, ξα) − T f 0,∞

hom (s, ξα)

≤ lim inf
n→∞


∫

(0,kn)2
,1

| f (yα, y3, ξα + ∇αϕn|∇3ϕn) − f∞(yα, y3, ξα + ∇αϕn|∇3ϕn)| dy

+

∫
(0,kn)2

,1

∣∣∣∣∣ f∞(yα, y3, ξα + ∇αϕn|∇3ϕn) −
f (yα, y3, tnξα + tn∇αϕn|∇3ϕn)

tn

∣∣∣∣∣ dy

 .
By (H4), (2.14), and the 1-homogeneity of f∞, we get

T f 0
hom(s, ξα) − T f 0,∞

hom (s, ξα)

≤ lim inf
n→∞

C


∫

(0,kn)2
,1

1 + |(ξα + ∇αϕn|∇3ϕn)|1−qdy

+

∫
(0,kn)2

,1

1 + t1−q
n |(ξα + ∇αϕn|∇3ϕn)|1−q

tn
dy

 .
Using Hölder inequality and (2.15), we get

T f 0
hom(s, ξα) − T f 0,∞

hom (s, ξα) ≤ C(1 + |ξα|
1−q).

Now we have to prove the inverse inequality. First, fix k ∈ N and ϕ ∈ W1,∞((0, k)2
,1; Ts(M)) such that

ϕ(xα, x3) = 0 for every (xα, x3) ∈ ∂(0, k)2 ×
(
−1

2 ,
1
2

)
, then from (H2), we have that for every x ∈ (0, k)2

,1
and for every t > 0

f (x, t(ξα + ∇αϕ|∇3ϕ))
t

≤ β(1 + |ξα + ∇αϕ|∇3ϕ|),

so that
f (·, t(ξα + ∇αϕ|∇3ϕ))

t
∈ L1((0, k)2

,1).

By the dominated convergence theorem, we get

T f 0,∞
hom (s, ξα) ≤ lim sup

t→∞

∫
(0,k),1

f (y, t(ξα + ∇αϕ|∇3ϕ))
t

dy ≤
∫

(0,k),1
f∞(y, ξα + ∇αϕ|∇3ϕ)dy,
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which implies
T f 0,∞

hom (s, ξα) ≤ T ( f∞)0
hom(s, ξα). (2.16)

Now, fix η > 0 and let ϕ ∈ W1,∞((0, k)2
,1; Ts(M)) such that ϕ(xα, x3) = 0 for every (xα, x3) ∈ ∂(0, k)2 ×(

−1
2 ,

1
2

)
such that ∫

(0,k)2
,1

f (yα, y3, ξα + ∇αϕ|∇3ϕ)dy ≤ T f 0
hom(s, ξα) + η.

As before, by (H2), we have ∫
(0,k)2

,1

|∇ϕ| ≤ C(1 + |ξα|),

so from (2.16) and (H4), we obtain

T f 0,∞
hom(s, ξα) − T f 0

hom(s, ξα) ≤ T ( f∞)0
hom(s, ξα) − T f 0

hom(s, ξα)

≤

∫
(0,k)2

,1

| f∞(yα, y3, ξα + ∇αϕ|∇3ϕ) − f (yα, y3, ξα + ∇αϕ|∇3ϕ)| dy + η

≤ C
∫

(0,k)2
,1

1 + |(ξα + ∇αϕ|∇3ϕ)|1−qdy + η.

By Hölder inequality, we get

T f 0,∞
hom(s, ξα) − T f 0

hom(s, ξα) ≤ C(1 + |ξ|1−q) + η.

By the arbitrariness of η this gives the desired inequality. �

2.2. Jump part density

Now we prove some properties for the density θ defined in (1.8). To this aim, we introduce some
further notations. We remark the fact that the results below are valid for any dimension while reducing
any number of variables. We present here the main steps of the proof in dimension 3 reducing the third
variable. We also observe that when the number of “surviving” dimensions is 2 (as in our case) the
proof could be significantly simplified. In the remainder of this section there is an abuse of notation
which will not generate contradiction with (1.8) in view of the results we are going to show.

Given ν = {ν1, ν2} an orthonormal basis of R2 and (a, b) ∈ M ×M, we denote by

Qν := {λ1ν1 + λ2ν2 : λ1, λ2 ∈ (−1/2, 1/2)}

and, for xα ∈ R2, we set

‖xα‖ν,∞ := sup
i=1,2
|xα · νi|, xν := xα · ν1, x′ := xα · ν2, (2.17)

so that xα can be identified with the pair (xν, x′). We also point out that this last definition of Qν is a
slight abuse of notation, indeed at the beginning of this section Qν has been introduced as the unit cube
of R2, centered at the origin, and with two sides orthogonal to ν, (with ν ∈ S1). Here ν = {ν1, ν2} is an
orthonormal basis of R2, but the notation Qν is still consistent since by definition Qν1 = Qν2 = Qν.
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Let ua,b,ν : R2 × (−1/2, 1/2)→M be the function defined by

ua,b,ν :=
{

a, if xν > 0,
b, if xν ≤ 0.

For every t, h > 0, we also introduce the following classes of functions

At(a, b, ν) := {φ ∈ W1,1((tQν),1;M) : φ = ua,b,ν on ∂(tQν) × (−1/2, 1/2)},

Bh(a, b, ν) :=
{

u ∈ W1,1(Qν,1;M) : u(x) = γ
( xν

h

)
on ∂Qν × (−1/2, 1/2) for some γ ∈ G(a, b)

}
,

(2.18)

where G is the set introduced in (2.1).

Proposition 2.5. Let f : R3 × R3×3 → R be a Carathéodory function satisfying (H1)–(H4). For every
(a, b, ν1) ∈ M ×M× S1, there exists

θ(a, b, ν1) := lim
t→+∞

inf
φ

{
1
t

∫
(tQν),1

f∞(y,∇φ) dy : φ ∈ At(a, b, ν)
}

(2.19)

= lim
h→0

inf
u

{∫
Qν,1

f∞
( xα

h
, x3,∇hu

)
dx : u ∈ Bh(a, b, ν)

}
, (2.20)

where ν = (ν1, ν2) is any orthonormal base of R2 with first element ν1, i.e., the limit is dependent only
on ν1.

Proof. The proof of Proposition 2.5 follows in a similar way as in [11], which in turn is very much
inspired by [13, Proposition 2.2] passing through the introduction of an appropriate rescaled surface
energy density. We present the main steps. First we prove that, for every (a, b) ∈ M × M and
any orthonormal basis ν, the limit in (2.20) exists (see [11, Proposition 3.3]), then we prove it also
coincides with (2.19), i.e., a result analogous to [11, Proposition 3.2] holds. It follows that the limit
in (2.20) exists and it is the same for any two ν, ν′ are orthonormal rational bases (i.e., there exist scalars
γ1, γ

′
1, γ2, γ

′
2 ∈ R \ {0} such that γ1ν1, γ

′
1ν
′
1, γ2ν2, and γ′2ν

′
2 ∈ Z

2), with equal first vector ν1 = ν′1. Then,
we claim that for every σ > 0 there exists δ > 0 (independent of a and b) such that if ν and ν′ are two
orthonormal bases of R2 with |νi − ν

′
i | < δ for every i = 1, 2, then

lim inf
h→0

Ih(ν) − Kσ ≤ lim inf
h→0

Ih(ν′) ≤ lim sup
h→0

Ih(ν′) ≤ lim sup
h→0

Ih(ν) + Kσ, (2.21)

where K is a positive constant which only depends onM, β (see (1.1)) and

Ih(ν) := Ih(a, b, ν) := inf
{∫
Qν,1

f∞
( xα

h
, x3,∇hu

)
dx : u ∈ Bh(a, b, ν)

}
.

Let Qν,η := (1− η)Qν where 0 < η < 1. Let σ > 0 be fixed and let 0 < η < 1 be such that η < 1
34 and

max
{
η,

(1 − η)(1 − 2η)
(1 − 3η)

− (1 − 2η)
}
< σ. (2.22)
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Consider δ0 > 0 (that may be chosen so that δ0 ≤
η

2
√

2
). Then take any 0 < δ ≤ δ0 and any pair ν

and ν′ of orthonormal basis of R2 satisfying |νi − ν
′
i | ≤ δ for i = 1, 2 such that one has

Qν,3η ⊂ Qν′,2η ⊂ Qν,η (2.23)

and {x · ν′1 = 0} ∩ ∂Qν,η ⊂ {|x · ν1| ≤ 1/8}. Given h > 0 small, we consider uh ∈ Bh(a, b, ν′) such that∫
Qν′ ,1

f∞
( xα

h
, x3,∇huh

)
dx ≤ Ih(ν′) + σ,

where uh(x) = uh(xα, x3) = γh

(
xν′
h

)
for some γh ∈ G(a, b) and for x ∈ ∂Qν′ × (−1

2 ,
1
2 ). Then one can

construct vh ∈ B(1−2η)h(a, b, ν) satisfying the boundary condition vh(x) = γh

(
xν

(1−2η)h

)
for x ∈ ∂Qν ×

(−1/2, 1/2). Consider Fη : R2 → R,

Fη(xα) :=
(
1 − 2‖x′‖ν,∞

η

)
xν′

1 − 2η
+

(
η − 1 + 2‖x′‖ν,∞

η

)
xν

1 − 2η
,

and define

vh(x) = vh(xα, x3) :=



uh

(
xα

1−2η , x3

)
, if x ∈ Qν′,2η × (−1/2, 1/2),

γh

(
xν′

(1−2η)h

)
, if x ∈ (Qν,η \ Qν′,2η) × (−1/2, 1/2),

a, if x ∈ (Qν \ Qν,η) × (−1/2, 1/2) and xν ≥ 1
4 ,

γh

(Fη(xα)
h

)
, if x ∈ Aη ∩ (Qν \ Qν,η) × (−1/2, 1/2),

b, if x ∈ (Qν \ Qν,η) × (−1/2, 1/2) and xν ≤ −1
4 ,

and Aη := {xα : |xν| ≤ 1/4}.
One can check that vh is well defined for h small enough and that vh ∈ B(1−2η)h(a, b, ν). Therefore

I(1−2η)h(ν) ≤
∫
Qν,1

f∞
(

xα
(1 − 2η)h

, x3,∇hvh

)
dx

=

∫
Qν′ ,2η,1

f∞
(

xα
(1 − 2η)h

, x3,∇hvh

)
dx

+

∫
(Qν,η\Qν′ ,2η)×(−1/2,1/2)

f∞
(

xα
(1 − 2η)h

, x3,∇hvh

)
dx (2.24)

+

∫
Aη×(−1/2,1/2)

f∞
(

xα
(1 − 2η)h

, x3,∇hvh

)
dx

=: I1 + I2 + I3.

We now estimate each of the three integrals in (2.24). First, we easily get that

I1 = (1 − 2η)
∫
Qν′ ,1

f∞
(yα

h
, x3,∇huh

)
dyαdx3 ≤ Ih(ν′) + σ. (2.25)

In view of (2.23), we have

Qν,η ⊂ (1 − η)(1 − 2η)(1 − 3η)−1Qν′ =: Dη.
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Then we infer from (1.3) and Fubini’s theorem, that

I2 ≤ β

∫
(Dη\Qν′ ,2η)×(−1/2,1/2)

|∇hvh|dx (2.26)

=
β

(1 − 2η)h

∫
((Dη\Qν′ ,2η)∩{|xν |≤(1−2η)h/2)}×(−1/2,1/2)

∣∣∣∣∣∣γ̇h

(
xν

(1 − 2η)h

)∣∣∣∣∣∣ dxαdx3

= βH1((Dη \ Qν′,2η) ∩ {xν′ = 0})
1

(1 − 2η)h

∫ (1−2η)h/2

−(1−2η)h/2

∣∣∣∣∣∣γ̇h

(
t

(1 − 2η)h

)∣∣∣∣∣∣ dt

= βdistM(a, b)
(
(1 − η)(1 − 2η)

(1 − 3η)
− (1 − 2η)

)
.

Now we estimate I3. In order to do so, we observe that from (2.23), we get

||∇αFη(xα)||L∞(Aη,R2) ≤ C (2.27)

for some absolute constant C > 0, and

|∇αFη(xα) · ν1| ≥ 1, (2.28)

for a.e. xα ∈ Aη. Combining (1.3), (2.27), and (2.28), we get

I3 ≤ β

∫
Aη
|∇hvh|dxα ≤

Cβ
h

∫
Aη

∣∣∣∣∣∣γ̇h

(
Fη(xα)

h

)∣∣∣∣∣∣ dxα

≤
Cβ
h

∫
Aη

∣∣∣∣∣∣γ̇h

(
Fη(xα)

h

)∣∣∣∣∣∣ |∇αFη(xα) · ν1|dxα

= Cβ
∫

A′η

1
h

∫ 1/4

−1/4

∣∣∣∣∣∣γ̇h

(
Fη(tν1 + x′)

h

)∣∣∣∣∣∣ |∇αFη(tν1 + x′) · ν1|dt dH1(x′),

where we used Fubini’s theorem in the last equality and A′η := Aη ∩ {xν = 0}. By the change of variable
s = (1/h)Fη(tν1 + x′) it follows that forH1-a.e. x′ ∈ Aη∫ 1/4

−1/4

∣∣∣∣∣∣γ̇h

(
Fη(tν1 + x′)

h

)∣∣∣∣∣∣ |∇αFη(tν1 + x′) · ν1|dt ≤
∫
R

|γ̇h(s)|ds = distM(a, b).

Combining the previous two inequalities we get

I3 ≤ CβH1(A′η)distM(a, b) = CβηdistM(a, b) (2.29)

By (2.22), (2.25), (2.26), and (2.29), we get

I(1−2η)h(ν) ≤ Ih(ν′) + Kσ,

with K = 1 + βδ(1 + C), δ diameter ofM and C the constant from (2.27). Passing to the limit h → 0
and by the arbitrariness of ν and ν′, we get (2.21). Arguing as in [13, Proposition 2.2, Step 4], we get
that for any orthonormal basis ν and ν′ with first element ν1 ∈ S

1, we get the existence of the limit of
Ih for every ν and

lim
h→0

Ih(ν) = lim
h→0

Ih(ν′). (2.30)
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Now we prove the equality between (2.19) and (2.20). Fix h > 0 and an orthonormal basis ν =

(ν1, ν2) of R2. Let

Jh(ν) = Jh(a, b, ν) := inf
{∫
Qν×(−1/2,1/2)

f∞
( xα

h
, x3,∇hu

)
dx : u ∈ A1(a, b, ν)

}
,

by a change of variable we have also that

Jh(ν) = inf

h
∫

1
hQν×(−1/2,1/2)

f∞ (xα, x3,∇u) dx : u ∈ A1/h(a, b, ν)

 .
We want to prove that

lim
h→0

Jh(ν) = lim
h→0

Ih(ν). (2.31)

For h small enough, set h̃ := h/(1 − h) and consider uh̃ ∈ Bh̃(a, b, ν) such that∫
Qν×(−1/2,1/2)

f∞
( xα

h̃
, x3,∇h̃uh̃

)
dx ≤ Ih̃(ν) + h,

with uh̃(x) = γh̃(xν/h̃) in ∂Qν× (−1/2, 1/2), for some γh̃ ∈ G(a, b). Now, for every x ∈ Qν× (−1/2, 1/2),
we define

vh(x) :=

uh̃( xα
1−h , x3), if x ∈ Qν,h,

γh̃

(
xν

1−2||x′ ||ν,∞

)
, otherwise.

It follows that

Jh(ν) ≤
∫
Qν×(−1/2,1/2)

f∞
( xα

h
, x3,∇hvh

)
dx (2.32)

≤

∫
Qν,h×(−1/2,1/2)

f∞
( xα

h
, x3,∇hvh

)
dx +

∫
(Qν\Qν,h)×(−1/2,1/2)

f∞
( xα

h
, x3,∇hvh

)
dx

= I1 + I2.

Now we estimate I1 and I2. For I1 we have that by construction

I1 = (1 − h)
∫
Qν×(−1/2,1/2)

f∞
( xα

h̃
, x3,∇h̃uh̃

)
dx ≤ (1 − h)(Ih̃(ν) + h). (2.33)

Now we turn to I2.

I2 ≤ β

∫
(Qν\Qν,h)×(−1/2,1/2)

∣∣∣∣∣∣γ̇h̃

(
xν

1 − 2||x′||ν,∞

)∣∣∣∣∣∣
(

1
1 − 2||x′||ν,∞

+
|xν||∇α(||x′||ν,∞)|
(1 − 2||x′||ν,∞)2

)
dx

≤ 2β
∫

(Qν\Qν,h)∩{xν≤(1−2||x′ ||ν,∞)/2}

∣∣∣∣∣∣γ̇h̃

(
xν

1 − 2||x′||ν,∞

)∣∣∣∣∣∣
(

1
1 − 2||x′||ν,∞

)
dxα

where, in order, we used the growth condition of f∞, the fact that γ̇h̃

(
xν

1−2||x′ ||ν,∞

)
= 0 on the

complementary set of {xν ≤ (1 − 2||x′||ν,∞)/2}, and the fact that

||∇α(||x′||ν,∞)||L∞(Qν,R2) ≤ 1.
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Denoting Q′ν := Qν ∩ {xν = 0} and Q′ν,h := Qν,h ∩ {xν = 0}, then by Fubini’s theorem, we get

I2 ≤ 2β
∫

(Q′ν\Q′ν,h)

∫ (1−2||x′ ||ν,∞)/2

−(1−2||x′ ||ν,∞)/2

∣∣∣∣∣∣γ̇h̃

(
t

1 − 2||x′||ν,∞

)∣∣∣∣∣∣
(

1
1 − 2||x′||ν,∞

)
dtdx′

≤ 2βdistM(a, b)H1(Q′ν \ Q
′
ν,h)

≤ 2βdistM(a, b)h, (2.34)

and so from (2.32)–(2.34) and (2.30), we infer that

lim sup
h→0

Jh(ν) ≤ lim
h→0

Ih(ν).

On the other hand, if we fix h > 0 small enough and ũh ∈ A1(a, b, ν) such that∫
Qν×(−1/2,1/2)

f∞
( xα

h
, x3,∇hũh

)
dx ≤ Jh(ν) + h,

and we denote for x ∈ Qν × (−1/2, 1/2),

wh(x) :=

ũh

(
xα

1−h , x3

)
, if xα ∈ Qν,h,

γ
(

xν
(2||x′ ||ν,∞−1+h)(1−h)

)
, otherwise,

with γ ∈ G(a, b), then it is easy to check that wh ∈ B(1−h)h(a, b, ν). Arguing as in the previous estimates
we get that

I(1−h)h(ν) ≤ (1 − h)(Jh(ν) + h) + 2βhdistM(a, b),

which leads to
lim inf

h→0
Jh(ν) ≥ lim

h→0
Ih(ν),

and this concludes the proof. �

Proposition 2.6. The function θ defined is (1.8) is continuous onM×M×S1 and there exist constants
C1,C2 > 0 such that

|θ(a1, b1, ν1) − θ(a2, b2, ν1)| ≤ C1(|a1 − a2| + |b1 − b2|), (2.35)
θ(a1, b1, ν1) ≤ C2|a1 − b1|, (2.36)

for every a1, b1, a2, b2 ∈ M and ν1 ∈ S
1.

Proof. It follows in a similar way to [11, Proposition 3.4], taking into account similar modifications as
we did in Proposition 2.5. For the reader’s convenience, we present a short proof. For shortness sake,
we use the same notation as in the previous proof. From the previous proof it is clear that θ(a, b, ·)
is uniformly continuous on S1 so it is enough to prove (2.35) in order to prove the continuity of θ on
M×M× S1, and thus we start from there. Fix ν1 ∈ S

1 and let ν = (ν1, ν2) be an orthonormal base of
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R2. For h > 0, we denote h̃ := h/(1− h) and we consider γh̃ ∈ G(a1, b1) and uh̃ ∈ Bh̃(a1, b1, ν) such that
uh̃(x) = γh̃( xν

h̃ ) on (∂Qν)1 and ∫
Qν,1

f∞
( xα

h
, x3,∇h̃uh̃

)
dx ≤ Ih̃(a1, b1, ν) + h.

As in the previous proof, now we construct a function vh ∈ A1(a2, b2, ν) starting from uh̃. Fix γa ∈

G(a2, a1), γb ∈ G(b2, b1), and define

vh(x) :=



uh̃

(
xα

1−h , x3

)
, x ∈ Qν,h × (−1/2, 1/2),

γh̃

(
xν

1−2||x′ ||ν,∞

)
, x ∈ A1 × (−1/2, 1/2),

γa

(
2||xα ||ν,∞−1

h + 1
2

)
, x ∈ A2 × (−1/2, 1/2),

γb

(
2||xα ||ν,∞−1

h + 1
2

)
, x ∈ A3 × (−1/2, 1/2),

γa

(
2||x′ ||ν,∞−1

2xν
+ 1

2

)
x ∈ A4 × (−1/2, 1/2),

γb

(
1−2||x′ ||ν,∞

2xν
+ 1

2

)
, x ∈ A5 × (−1/2, 1/2),

with

A1 :=
{

1 − h
2
≤ ||x′||ν,∞ <

1
2

and |xν| ≤ −||x′||ν,∞ +
1
2

}
,

A2 := (Qν \ Qν,h) ∩ {xν ≥ h/2} ,
A3 := (Qν \ Qν,h) ∩ {xν ≤ −h/2} ,

A4 :=
{

0 < xν ≤
h
2
,

1
2
− xν ≤ ||x′||ν,∞ <

1
2

}
,

A5 :=
{
−

h
2
< xν ≤ 0,

1
2

+ xν ≤ ||x′||ν,∞ <
1
2

}
.

Since by construction vh ∈ A1(a2, b2, ν), then

Jh(a2, b2, ν) ≤
∫
Qν,1

f∞
( xα

h̃
, x3,∇hvh

)
dx.

By the same argument as in the proof of Proposition 2.5, we get∫
Qν,1

f∞
( xα

h
, x3,∇hvh

)
dx ≤ Ih̃(a1, b1, ν) + h,

and ∫
A1×(−1/2,1/2)

f∞
( xα

h
, x3,∇hvh

)
dx ≤ CdistM(a1, b1)h,

where distM denotes the geodesic distance onM. Now we estimate the integrals over A2 and A4. The
integrals on A3 and A5 follow in a similar way. We start with A2. First, we define

Fh(xα) :=
2||xα||ν,∞ − 1

h
+

1
2
.
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From the linear growth of f∞, Fubini’s theorem, the fact that A2 ⊂ F−1
h ([−1/2, 1/2)), the Coarea

formula, and the fact that vh does not depends on x3 on A2, we get∫
A2×(−1/2,1/2)

f∞
( xα

h
, x3,∇hvh

)
dx ≤ β

∫
A2

|γ̇a(Fh(xα))||∇αFh(xα)|dxα

≤ β

∫
F−1

h ([−1/2,1/2))
|γ̇a(Fh(xα))||∇αFh(xα)|dxα

≤ β

∫
(−1/2,1/2)

|γ̇a(t)|H1(F−1
h (t))dt.

Since F−1
h (t) = ∂Qν, h(1−2t)

2
for every t ∈ (−1/2, 1/2), then it holds H1(F−1

h (t)) ≤ H1(∂Qν) = 2, which
gives us ∫

A2×(−1/2,1/2)
f∞

( xα
h
, x3,∇hvh

)
dx ≤ 2βdistM(a1, a2).

Now we estimate the integral on A4. We define

Gh(xα) :=
2||x′||ν,∞ − 1

2xν
+

1
2
.

As before, by the linear growth of f∞ and Fubini’s theorem, we get∫
A4×(−1/2,1/2)

f∞
( xα

h
, x3,∇hvh

)
dx

≤ β

∫
(0,h/2)

∫
G−1(·,xν)([−1/2,1/2))

|γ̇a(G(x′, xν))||∇αG(x′, xν)|dx′dxν.

Since |∇x′G(xα)| = 1/xν and |∇xνG(xα)| ≤ 1/xν for a.e. xα ∈ A4, we get that |∇αG(xα)| ≤ 2|∇x′G(xα)|
and thus ∫

A4×(−1/2,1/2)
f∞

( xα
h
, x3,∇hvh

)
dx

≤ 2β
∫

(0,h/2)

∫
G−1(·,xν)([−1/2,1/2))

|γ̇a(G(x′, xν))||∇x′G(x′, xν)|dx′dxν.

By construction, G(·, xν) is Lipschitz for every xν ∈ (0, h/2) and so by the Coarea formula we get again
that ∫

A4×(−1/2,1/2)
f∞

( xα
h
, x3,∇hvh

)
dx

≤ 2β
∫

(0,h/2)

∫
(−1/2,1/2)

|γ̇a(t)|H0({x′ : G(x′, xν) = t})dtdxν

≤ C h distM(a1, a2),

where we used the fact that H0({x′ : G(x′, xν) = t}) = 1 for every t ∈ (−1/2, 1/2). Estimating the
integrals over A3 and A5 in a similar way we get

Jh(a2, b2, ν) ≤
∫
Qν,1

f∞
( xα

h
, x3,∇hvh

)
dx ≤ Ih̃(a1, b1, ν) + C(h + distM(a1, a2) + distM(b1, b2)).
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Passing to the limit for h→ 0 we get

θ(a1, b1, ν) ≤ θ(a2, b2, ν) + C(distM(a1, a2) + distM(b1, b2))),

since distM is equivalent to the Euclidean distance, and by the arbitrariness of a1, a2, b1, and b2 inM
we get (2.35).

Now we prove (2.36). Fix an orthonormal basis ν = (ν1, ν2) of R2 and let γ ∈ G(a1, b1). Consider
uh(x) = γ(xν/h). By construction, uh ∈ Bh(a1, b1, ν). Moreover, since limh→0 Jh(ν) = limh→0 Ih(ν) it
holds

θ(a1, b1, ν) ≤ lim inf
h→0

∫
Qν,1

f∞
( xα

h
, x3,∇huh

)
dx

≤ lim inf
h→0

β

h

∫
Qν

∣∣∣∣∣γ̇ ( xα · ν
h

)∣∣∣∣∣ dxα

≤ βdistM(a1, b1).

Again, by the equivalence of distM with the Euclidean distance we get (2.36). �

In order to prove Theorem 1.1, we need to introduce the auxiliary functional I0 defined as

I0(u, A) := inf
{
lim inf

n→+∞
Ihn(un, A) : un → u in L1(A,1;M)

}
, (2.37)

for any u ∈ BV(ω;M) and A ∈ A(ω).

Proposition 2.7. There exists a function K : M×M × S1 → [0,+∞) continuous in the last variable
and such that
(i) K(a, b, ν) = K(b, a,−ν) for every (a, b, ν) ∈ M ×M× S1,

(ii) for every finite subset T ofM,

I0(u, S ) =

∫
S

K(u+, u−, νu) dH1, (2.38)

for every u ∈ BV(ω; T ) and every Borel subset S of ω ∩ S u.

Proof. Let T be a finite subset of M and ω ⊂ R2 open and bounded. For every A ∈ A(ω) and
u ∈ BV(ω; T ) we define

GT (u, A) := I0(u, S u ∩ A),

where I0(u, S u ∩ A) is defined as in (2.37).
We aim to show that the assumptions of [40, Theorem 3.1] are satisfied by GT : BV(ω; T )×A(ω)→

[0,+∞), namely:

(1) 0 ≤ GT (u, A) ≤ ΛH1(A ∩ S u) with a fixed constant Λ ∈ R;
(2) GT (u, ·) is the restriction toA(ω) of a Borel measure on ω;
(3) GT (u, A) = GT (v, A) if u = v a.e. in A;
(4) If uh → u a.e. in A, then

GT (u, A) ≤ lim inf
h→+∞

GT (uh, A);
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(5) For every y ∈ R2, we have
GT (τyu, τyA) = GT (u, A),

where (τyu)(x) = u(x − y) and τyA = A + y, provided τyA ⊂ Ω.

Property (1) and (3) follows immediately from the definition of I0. Property (2), follows from the
fact the Borel measure I0(u, ·) on ω (see 3.1), restricted to S u, is an extension of GT (u, ·).

For (4), if uh → u a.e. on A, then the sequence (uh) is equibounded in A. It follows that (uh)h

converges to u in L1(A;M). It not difficult to see that both uh and u can be extended to Ω by taking
the extension constant in the third variable, and so that uh → u a.e. on A,1 and (uh)h converges to u in
L1(A,1;M). For every open set E ⊂ A with S u ∩ A ⊂ E, we have

I0(u, E) ≤ lim inf
h→∞

I0(uh, E).

Moreover, from (3.1), (H2), and the equiboundedness of (uh)h, we get

I0(uh, E) = I0(uh, S uh ∩ E) + I0(uh, E \ S uh) ≤ I0(uh, S uh ∩ A) + C|E|.

Taking the infimum over E ⊃ S u ∩ A, we obtain

I0(u, S u ∩ A) ≤ lim inf
h→∞

I0(uh, S uh ∩ A).

Finally, property (5) follows from the translation invariance of Ih (see (H1) and (1.4)) with respect
to the xα-variable. We can now apply Theorem 3.1 in [40], from which follows the existence of a
continuous function KT

ω : ω × T × T × S1 → [0,+∞[ such that KT
ω(xα, a, b, ν) = KT

ω(xα, b, a,−ν) and

I0(u, S u ∩ A) = GT (u, A) =

∫
S u∩A

KT
ω(xα, u+, u−, νu) dH1

for every u ∈ BV(ω; T ) and A ∈ A(ω). For xα, x0 ∈ R
2, a, b ∈ M and ν ∈ S1 define

ua,b
x0,ν1

(x) :=

a if (xα − x0) · ν1 ≥ 0,
b if (xα − x0) · ν1 < 0,

Πx0,ν1 := {xα ∈ R2 : (xα − x0) · ν1 = 0}.

The continuity of KT
ω implies that

KT
ω(x0, a, b, ν) = lim

ρ→0

I0(ua,b
x0,ν1(x), Bρ(x0) ∩ Πx0,ν1)
H1(Bρ(x0) ∩ Πx0,ν1)

,

for every (x0, a, b, ν) ∈ ω×T ×T ×S1. By the arbitrariness of T and ω it follows that KT
ω is independent

from T and ω, i.e., KT
ω = K. Exploiting the translation invariance of I0 and by a blow-up argument it

is possible to show that K does not depend from the xα-variable (for details see [13, Proposition 4.1]).
Since I0(u, ·) restricted to S u is a regular Borel measure, it follows the integral representation on the
Borel subsets of S u and this concludes the proof. �
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3. Proof of Theorem 1.1

In this section we prove Theorem 1.1. In particular, we assume f to satisfy hypothesis (H1)–(H4).
The first step in order to prove Theorem 1.1 is to localize I0.

Lemma 3.1 (Localization). Given u ∈ BV(ω;M) the set function I0(u, ·) : A(ω)→ R is the restriction
toA(ω) of a Radon measure absolutely continuous with respect to L2 + |Du|.

Proof. Fix u ∈ BV(ω;M) and A ∈ A(ω). By [41, Theorem 3.9] there exists a sequence (u′n)n ⊂

W1,1(A;R3)∩C∞(A;R3) such that u′n → u in L1(A;R3) and ||∇αu′n||L1(A;R3) → |Dαu|(A). So, if we consider
un(x) := u′n(xα), we have that (un)n ⊂ W1,1(A,1;R3) ∩ C∞(A,1;R3) and ||∇hnun||L1(A,1;R3) → |Dαu|(A).
By construction, un(x) ∈ co(M) for a.e. x ∈ A,1 and every n ∈ N, where co(M) stands for the
convex envelope of M. Following the argument of [11, Proposition 2.1], there exists a sequence
(wn)n ⊂ W1,1(A,1;M) satisfying ∫

A,1
|∇hnwn|dx ≤ C∗

∫
A,1
|∇hnun|dx,

for some constant C∗ depending only on M. Moreover, we have wn → u in L1(A,1;R3) and by the
growth condition (H2) we have

I0(u, A) ≤ β(L2(A) + C∗|Du|(A)).

Now we just have to prove that

I0(u, A) ≤ I0(u, B) + I0(u, A \ C̄),

for any A, B,C ∈ A(ω) with C̄ ⊂ B ⊂ A. The proof of the previous inequality follows from a standard
slicing argument similar to [28, Lemma 3.2]. �

Now we prove the limsup inequality.

Proposition 3.2. For every u ∈ BV(ω;M) it holds

I0(u) ≤ I(u),

with I defined in (1.5) and I0 defined in (2.37).

Proof. For every u ∈ BV(ω;M), we can write

I0(u, ω) = I0(u, ω \ S u) + I0(u, S u), (3.1)

where S u denotes the jump set of u. It follows that in order to prove our claim we can separately
estimate the two terms on the right hand side of (3.1). First, by [28, Proposition 3.3], we have for every
A ∈ A(ω)

I0(u, A) ≤


∫

A
T f 0

hom(u,∇αu) dx, if u ∈ W1,1(ω;M),

+∞, otherwise in L1(ω;R3).
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By means of a relaxation argument (see [11, Theorem 7.1] which holds by Proposition 2.4)
and exploiting the coercivity of f (see H2), a standard diagonalization argument, and the lower
semicontinuity of I0 with respect to L1(Ω,R3) strong convergence we get

I0(u, A) ≤
∫

A
T f 0

hom(u,∇αu) dxα

+

∫
S u∩A

H(u+, u−, νu) dH1 +

∫
A

T f 0,∞
hom

(
ũ,

dDc
αu

d|Dc
αu|

)
d|Dc

αu|
(3.2)

for some function H :M×M× S1 → [0 +∞). By outer regularity, in (3.2) we can choose A = ω \ S u,
which leads to

I0(u, ω \ S u) ≤
∫

A
T f 0

hom(u,∇αu) dxα +

∫
A

T f 0,∞
hom

(
ũ,

dDc
αu

d|Dc
αu|

)
d|Dc

αu|.

Now we estimate I0(u, S u). By Proposition 2.7, we have

I0(u, S ) =

∫
S

K(u+, u−, νu) dH1,

for every u ∈ BV(ω; T ) and every Borel subset S of ω ∩ S u, so to conclude it is enough to prove that

K(a, b, ν) ≤ θ(a, b, ν)

for every (a, b, ν) ∈ M ×M× S1.

Since the proof is similar to Proposition 2.5 we refer to it for the notation. Let ν = (ν1, ν2) be an
orthonormal basis of R2. Since K and θ are continuous functions in the S1 variable, we can assume that
ν is a rational basis, i.e., for all i ∈ {1, 2}, there exists γi ∈ R \ {0} such that vi := γiνi ∈ Z

2. The general
case, then, follows by a density argument. Given an arbitrary 0 < η < 1, by Proposition 2.5 and (2.31),
there exists h0 > 0, u0 ∈ Bh0(a, b, ν) and γh0 ∈ G(a, b) such that

u0(x) = γh0

(
xα · ν1

h0

)
and

∫
Qν,1

f∞
(

xα
h0
, x3,∇h0u0

)
dx ≤ θ(a, b, ν1) + η.

Given λ ∈ Z, let (hn)n be a vanishing positive sequence and set

x(λ)
n := hnλv2, Q(λ)

ν,n := x(λ)
n +

(
hn

h0

)
Qν,1.

Next, we define

Λn :=
{
λ ∈ Z : Q(λ)

ν,n ⊂ Qν,1 and
x(λ)

n

hn
∈ l

(
1
h0

+ γ2

)
ν2 + P for some l ∈ Z

}
,

with
P := {αv2 : α ∈ [−1/2, 1/2)} .

Now we consider the sequence of functions

un(xα, x3) :=

u0

(
h0
hn

(xα − x(λ)
n ) · ν1

)
, if x ∈ Q(λ)

ν,n for some λ ∈ Λn,

γh0

(
xα·ν1

h0

)
, otherwise.
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By construction, un ∈ W1,1(Qν,1;M), (∇hnun)n is bounded in L1(Qν,1;R3×2), and un → ua,b
ν1 in L1(Qν,1;R3)

as n→ +∞ with

ua,b
ν1

(x) :=

a, if xα · ν1 ≥ 0,
b, if xα · ν1 < 0.

By a similar argument as in Step 1 of the proof of [13, Proposition 2.2], we get that

lim sup
n→+∞

∫
Qν,1

f∞
(

xα
hn
, x3,∇hnun

)
dx ≤

∫
Qν,1

f∞
(

xα
h0
, x3,∇h0u0

)
dx

≤ θ(a, b, ν1) + η. (3.3)

For ρ > 0, let Aρ := Qν,1 ∩ {|xα · ν1| < ρ},1 and set Πν1 := {xα ∈ R2 : xα · ν1 = 0}. By construction, the
sequence (un)n is admissible for I0(ua,b

ν1 , Aη), so that

I0(ua,b
ν1
, Aη ∩ Πν1) ≤ I0(ua,b

ν1
, Aη) ≤ lim inf

n→+∞

∫
Aη,1

f
(

xα
hn
, x3,∇hnun

)
dx

≤ βL2(Aη) + lim inf
n→+∞

∫
Ahn ,1

f
(

xα
hn
, x3,∇hnun

)
dx

≤ lim inf
n→+∞

∫
Ahn ,1

f
(

xα
hn
, x3,∇hnun

)
dx + βη. (3.4)

Here we used assumption (H2) and the fact that ∇hnun = 0 outside Ahn,1. On the other hand, by (2.38)
we have

I0(ua,b
ν1
, Aη ∩ Πν1) =

∫
Aη∩Πν1

K(a, b, ν1) dH1 = K(a, b, ν1). (3.5)

Using (H4), the boundedness of (∇hnun)n in L1(Qν,1;R3×2), the fact that f∞(·, 0) ≡ 0, and Hölder’s
inequality, we derive∣∣∣∣∣∣

∫
Ahn ,1

f
(

xα
hn
, x3,∇hnun

)
dx −

∫
Qν,1

f∞
(

xα
hn
, x3,∇hnun

)
dx

∣∣∣∣∣∣
≤ C

∫
Ahn ,1

(
1 + |∇hnun|

1−q
)

dx ≤ C
(
hn + hq

n‖∇hnun‖
1−q
L1(Qν,1;R3×2)

)
→ 0. (3.6)

From (3.3)–(3.6), we get
K(a, b, ν1) ≤ θ(a, b, ν1) + (1 + β)η,

and from the arbitrariness of η we get the desired inequality. By exploiting Propositions 2.6, 2.7, and
Lemma 3.1 we can argue as in [11, Corollary 5.1], which, in turn rely on the approximation arguments
in [42, Lemma 4.7 and Proposition 4.8], and together with (3.1) we get

I0(u) ≤
∫
ω

T f 0
hom(u,∇αu) dxα

+

∫
S u∩ω

θ(u+, u−, νu) dH1 +

∫
ω

T f 0,∞
hom

(
ũ,

dDc
αu

d|Dc
αu|

)
d|Dc

αu| = I(u),

where I is defined in (1.5), which yields the conclusion. �
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This concludes the proof of the upper bound. We now prove the lower bound using the blow up method.

Proposition 3.3. For every u ∈ BV(ω,M) it holds

I0(u) ≥ I(u),

with I defined in (1.5) and I0 defined in (2.37).

Proof. Consider u ∈ BV(ω;M) and let (un)n ⊂ W1,1(Ω;M) be such that

I0(u, ω) = lim
n→+∞

∫
Ω

f
(

xα
hn
, x3,∇hnun

)
dx.

Define the sequence of nonnegative Radon measures

µn :=
∫

(− 1
2 ,

1
2 )

f
(
(·)α
hn
, x3,∇hnun((·)α, x3)

)
dx3

L2 ω.

Possibly extracting a subsequence, we can infer the existence of a nonnegative Radon measure µ ∈

M(ω) such that µn

∗

⇀ µ inM(ω). Exploiting the Besicovitch differentiation theorem, we are able to
split µ into the sum of three nonnegative measure which are mutually singular, namely

µ = µa + µ j + µc,

where
µa � L2, µ j � H1 S u µc � |Dc

αu|.

As long as µ(ω) ≤ I0(u, ω), it is sufficient to check that

dµ
dL2 (x0) ≥ T f 0

hom(u(x0),∇αu(x0)) for L2−a.e. x0 ∈ ω, (3.7)

dµ
d|Dc

αu|
(x0) ≥ T f 0,∞

hom

(
ũ(x0),

dDc
αu

d|Dc
αu|

(x0)
)

for |Dc
αu|−a.e. x0 ∈ ω, (3.8)

and
dµ

dH1 S u
(x0) ≥ θ(u+(x0), u−(x0), νu(x0)) forH1−a.e. x0 ∈ S u. (3.9)

Proof of (3.7). Before proving the result we recall that all the operations of sum and difference between
the functions un, vn,wk,wn,k and u must be inteded in the sense of Remark 2.2.

Step 1. Consider x0 ∈ ω to be a Lebesgue point of u and ∇αu, a point of approximate differentiability
of u, in a way that u(x0) ∈ M,∇αu(x0) ∈ [Tu(x0)(M)]2 and such that the Radon-Nykodým derivative of
µ with respect to the Lebesgue measure L2 exists and it is finite. We observe that L2−almost every
points x0 ∈ ω satisfy these properties. We set

s0 := u(x0) ξ0 := ∇αu(x0).

We may assume that, up to a subsequence, there exists a nonnegative Radon measure λ ∈ M(ω) such
that ∫ 1

2

− 1
2

(1 + |∇hnun|)dx3

L2 ω
∗
⇀ λ inM(ω).
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Let us consider a sequence (ρk)k → 0+ such that Q′(x0, 2ρk) ⊂ Ω and µ(∂Q′(x0, ρk)) = λ(∂Q(x0, ρk)) = 0
for each k ∈ N. Since µ is the limit of µn, we have that

µ(Q′(x0, ρk)) = lim
n→+∞

∫
Q′(x0,ρk)1

f
(

xα
hn
, x3,∇hnun

)
dx. (3.10)

Since

τn := hn

[
x0

hn

]
∈ hnZ

2 → x0,

given r ∈ (0, 1/2) we have that Q′(τn, ρk) ⊂ Q′(x0, rρk) for sufficiently large values of k; therefore we
can define, for x ∈ Q′(0, ρk)1

vn(x) := un(xα + τn, x3). (3.11)

The continuity of the translation in L1 allows us to obtain the following estimate, holding for n→ +∞∫
Q′(0,ρk)1

|vn(x) − u(xα + x0)| dx =

∫
Q′(τn,ρk)1

|un(x) − u(xα + x0 − τn)| dx (3.12)

≤

∫
Q′(x0,rρk)1

|un(x) − u(xα + x0 − τn)| dx→ 0.

A change of variable in (3.10) together with the periodicity condition (H1) of f (·, x3, ξ), the growth
condition (H2), and (3.11) lead to

µ(Q′(x0, ρk)) = lim
n→+∞

∫
Q′(x0−τn,ρk),1

f
(

xα + τn

hn
, x3,∇hnun(xα + τn, x3)

)
dx

= lim
n→+∞

∫
Q′(x0−τn,ρk),1

f
(

xα
hn
, x3,∇hnvn

)
dx

≥ lim sup
n→+∞

∫
Q′(0,ρk),1

f
(

xα
hn
, x3,∇hnvn

)
dx

−β lim sup
n→+∞

∫
Q1(τn,ρk),1\Q′(x0,ρk),1

(1 + |∇hnun|) dx. (3.13)

The last term in (3.13) vanishes since, by the choice of ρk

lim sup
n→+∞

∫
Q′(τn,ρk),1\Q′(x0,ρk),1

(1 + |∇hnun|) dx

≤ lim sup
r→1+

lim sup
n→+∞

∫
Q′(x0,rρk),1\Q′(x0,ρk),1

(1 + |∇hnun|) dx

≤ lim sup
r→1+

λ
(
Q′(x0, rρk),1 \ Q′(x0, ρk),1

)
≤ λ(∂Q′(x0, ρk),1) = 0.

Summing up, this entails

µ(Q′(x0, ρk) ≥ lim sup
n→+∞

∫
Q′(0,ρk),1

f
(

xα
hn
, x3,∇hnvn

)
dx,
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where (vn)n ⊂ W1,1(Q′(0, ρk),1;M) is such that vn → u(x0 + (·)α) in L1(Q′(0, ρk),1;R3) thanks to (3.12).
At this point, let us consider, for every n a sequence (vn, j) j ⊂ C

∞(Q′(0, ρk),1;R3) (not necessarily taking
values inM!) such that vn, j → vn in W1,1(Q′(0, ρk),1;R3), vn, j → vn and ∇vn, j → ∇vn a.e. in Q′(0, ρk),1
as j→ +∞ and consider the function g introduced in (2.7). It is possible to prove that

lim
j→+∞

∫
Q′(0,ρk),1

g
(

xα
hn
, x3, vn, j,∇hnvn, j

)
dx

=

∫
Q′(0,ρk),1

g
(

x
hn
, x3, vn,∇hnvn

)
dx

=

∫
Q′(0,ρk),1

f
(

xα
hn
, x3,∇hnvn

)
dx,

therefore, by possibly passing to a diagonal sequence v̄n := vn, jn , such that v̄n → u(x0 + (·)α) in
L1(Q′(0, ρk),1;R3), we may deduce

µ(Q′(x0, ρk) ≥ lim sup
n→+∞

∫
Q′(0,ρk)1

g
(

xα
hn
, x3, v̄n,∇hn v̄n

)
dx.

If we perform a change of variable in the previous inequality and set

wn,k(x) :=
v̄(ρkxα, x3) − s0

ρk
,

we may deduce

dµ
dL2 (x0) ≥ lim sup

k→+∞

lim sup
n→+∞

∫
Q

g
(
ρkxα
hn

, x3, v̄n(ρkxα, x3),∇ ρk
hn

v̄n(ρkxα, x3)
)

dx

= lim sup
k→+∞

lim sup
n→+∞

∫
Q

g
(
ρkxα
hn

, x3, s0 + ρkwn,k,∇ ρk
hn

wn,k

)
dx. (3.14)

Since x0 is a point of approximate differentibility of u and v̄n → u(x0 + (·)α) in L1(Q′(0, ρk),1;R3), we
have

lim
k→+∞

lim
n→+∞

∫
Q

[wn,k(x) − ξ0xα] dx = lim
k→+∞

∫
Q′(x0,ρk)

|u(xα) − s0 − ξ0(xα − x0)|
ρ3

k

dxα = 0. (3.15)

At this point, (3.14) and (3.15) allow us to take a diagonal sequence hnk < ρ2
k in such a way that

wk := wnk ,k → w0 in L1(Q;Rd) with w0(x) := ξ0xα and

dµ
dL2 (x0) ≥ lim sup

k→+∞

∫
Q

g
(

x
δk
, x3, s0 + ρkwk,∇δkwk

)
dx,

where δk :=
hnk
ρk
→ 0.

Step 2. This second step can be performed following the lines of [12, Lemma 5.2], which, in turn, rely
on [43, Theorem 2.1]. In fact we observe that the rescaled gradient can be seen as the gradient of a
composed function. Moreover, the dependence on x3 and the ’homogenization procedure’ in the first
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two variables and the dimension reduction with respect to the third one do not influence the strategy
and the estimates, which rely only on the growth of f .

Thus we can show the existence of a sequence (wk)k ⊂ W1,∞(Q;R3) such that wk → w0 in L∞(Q;R3),
wk is uniformly bounded in W1,1(Q;R3) and ∇δkwk is bounded in L1(Q;R3×3).

dµ
dL2 (x0) ≥ lim sup

k→+∞

∫
Q

g
(

xα
δk
, x3, s0 + ρkwk,∇δkwk

)
dx. (3.16)

Step 3. Thanks to the fact that (wk)k ⊂ L∞(Q;R3) and (∇δkwk)k ⊂ L∞(Q;R3×3) are uniformly bounded
in L1, (2.9) gives

lim
k→+∞

∫
Q

∣∣∣∣∣∣g
(

xα
δk
, x3, s0 + ρkwk,∇δkwk

)
− g

(
xα
δk
, x3, s0,∇δkwk

)∣∣∣∣∣∣ dx = 0,

which in turn entails, together with (3.16)

dµ
dL2 (x0) ≥ lim sup

k→+∞

∫
Q

g
(

xα
δk
, x3, s0,∇δkwk

)
dx.

Now we claim that

lim sup
k→+∞

∫
Q

g
(

xα
δk
, x3, s0,∇δkwk

)
dx = g0

hom(s0, ξ0), (3.17)

with the latter defined in (2.13). This concludes the proof since by (2.12) we have

dµ
dL2 (x0) ≥ g0

hom(s0, ξ0) = T f 0
hom(s0, ξ0).

The proof of (3.17) is the following. Consider the family of integral functionals

(w, A) ∈ W1,1(Q′;R3) ×A(Q′) 7→ Gδk(w, A) :=
∫

A

∫ 1
2

− 1
2

g
(

xα
δk
, x3, s0,∇δkw

)
dx3dxα,

for some vanishing sequence (δk)k. Let G : BV(Q′,R3) ×A(Q′)→ R be

G(w, A) := inf
{
lim inf

k→+∞
Gδk(wk, A) : wk → w in L1(A;M)

}
.

It follows that G is L1 lower semicontinuous. Moreover, since g satisfies hypothesis (H1) to (H4), then
by the same argument as Lemma 3.1 we get that G is the restriction on A(Q′) of a positive Radon
measure. Furthermore, by Lemma 2.3-(ii) it easy to see that

α′|Dαu|(A) ≤ G(w, A) ≤ β′(L2(A) + |Dαu|(A)),

for every (w, A) ∈ BV(Q′;R3) ×A(Q′). Standard arguments ensure that G(w + c, A) = G(w, A) for any
c ∈ R3 and (w, A) ∈ BV(Q′;R3) ×A(Q′).

By Lemma 2.3-(i) and classical arguments in homogenization theory, it is possible to deduce that

G(τyu, y + A) = G(u, A),
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for any A ∈ A(Q′), y ∈ R2 such that y + A ⊂ Q′, u ∈ BV(Q′;M), and with τyw(x) := w(x − y).
Combining the last to identities we get that

G(τyw + c, y + A) = G(w, A).

Now we apply [6, Theorem 3.12, and Remark 3.8 (1) and (2)] and we obtain that

G(w, A) =

∫
A
ϕb(s0,∇αw)dxα +

∫
S w∩A

ϕ j(s0, (w− − w+) ⊗ νw)dH1(xα)

+

∫
A
ϕb,∞

(
s0,

dDc
αw

d|Dc
αw|

)
d|Dc

αw|,

for every (w, A) ∈ BV(Q′;R3) ×A(Q′). In what follow, we prove that, for every ξα ∈ R3×2,

ϕb(s0, ξα) = lim
t→+∞

inf
ϕ

{ ∫
(tQ′),1

g(y, s0, ξα + ∇αϕ(y)|∇3ϕ(y)) dy :

ϕ ∈ W1,∞((tQ′),1;R3), ϕ(xα, x3) = 0 for every (xα, x3) ∈ ∂(tQ′) ×
(
−

1
2
,

1
2

)}
=: g0

hom(s0, ξα),

in (2.13). The proof of this identity follows the same argument as [5, pages 1390-1391], and reasoning
as in [44, Proposition 2.4] we can substitute the space W1,p with W1,∞.

Proof of (3.8). For this proof we follow the strategy of [30, Section 5.1]. Let G : BV(ω,R3) → R be
defined as

G(u) :=
∫
ω

g0
hom(u,∇αu)dxα.

By (3.7) we have that for every u ∈ BV(ω,M) it holds

I0(u) ≥ G(u).

So, in particular, it holds
I0(u) ≥ G(u), u ∈ BV(ω,M),

with
G(u) := inf

{
lim inf

n→∞
G(un) : un ⇀

∗ u in BV(ω,R3)
}
.

For ε > 0, consider now the function g̃(s, ξα) : R3 × R3×2 → R defined as

g̃ε(s, ξα) := g0
hom(s, ξα) + ε|ξα|.

Fixed u ∈ BV(ω,M) and a sequence (un)n ⊂ BV(ω,M) such that un ⇀∗ u in BV(ω,M), then in
particular un ⇀

∗ u in BV(ω,R3) and

lim inf
n→∞

G(un) ≥ lim inf
n→∞

∫
ω

g̃ε(un,∇αun)dxα − ε sup
n
||∇αun||L1(ω,R3×2)

≥

∫
ω

g̃ε(u,∇αu)dxα +

∫
ω

g̃∞ε

(
u,Dc

α

dDc
αu

d|Dc
αu|

)
d|Dc

αu| − ε sup
n
||∇αun||L1(ω,R3×2),
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where in the last inequality we used [45, Theorem 2.16]. Passing to the limit for ε → 0, then
considering that g̃∞ε (s, ξα) = g0,∞

hom(s, ξα) + ε|ξα| we get

I0(u) ≥
∫
ω

g0
hom(u,∇αu)dxα +

∫
ω

g0,∞
hom

(
u,

dDc
αu

d|Dc
αu|

)
d|Dc

αu|

=

∫
ω

T f 0
hom(u,∇αu)dxα +

∫
ω

T f 0,∞
hom

(
u,

dDc
αu

d|Dc
αu|

)
d|Dc

αu|

wich proves (3.8), passing to densities via Besicovitch’s differentiation.

Proof of (3.9). In this step we use a strategy similar to the one employed in [11, Lemma 6.1]. In
particular, we will still rely on the blow up method together with the projection argument in [11,
Proposition 2.1] which we already used in the localization (see Lemma 3.1).

Step 1. Let x0 ∈ S u be such that

lim
ρ→0+

∫
Q±
νu(x0)(x0,ρ)

|u(xα) − u±(x0)| dxα = 0, (3.18)

where u±(x0) ∈ M,

lim
ρ→0+

H1(S u ∩ Qνu(x0)(x0, ρ))
ρ

= 1, (3.19)

and such that the Radon-Nikodým derivative of µ with respect toH1 S u exists and it is finite. By [41,
Lemma 2.1, Theorem 3.78, Theorem 2.83 (i)] with cubes instead of balls, it turns out that H1-a.e.
x0 ∈ S u satisfy these properties. Now let us set s±0 := u±(x0) and ν0 := νu(x0). Given a sequence
(un)n ⊂ W1,1(Ω,R3) such that lim infn→∞ Ihn(un) ≤ c, then, possibly extracting a further subsequence,
we may assume that ∫ 1

2

− 1
2

(1 + |∇hnun|)dx3

L2 ω
∗
⇀ λ inM(ω),

for some nonnegative Radon measure λ ∈ M(ω). At this point, let us consider a sequence ρk → 0+

satisfying
µ(∂Q′ν0

(x0, ρk)) = λ(∂Q′ν0
(x0, ρk)) = 0,

for each k ∈ N. By (3.19), we have

dµ
dH1 S u

(x0) = lim
k→+∞

µ(Q′ν0
(x0, ρk))

H1(S u ∩ Q′ν0
(x0, ρk))

= lim
k→+∞

µ(Q′ν0
(x0, ρk))
ρk

= lim
k→+∞

lim
n→+∞

1
ρk

∫
Q′ν0 (x0,ρk),1

f
(

xα
hn
, x3,∇hnun

)
dx.

By exploiting [11, Theorem 2.1], it is possible to assume, without loss of generality, that un ∈ D(Ω;M)
(see Theorem 2.1) for each n ∈ N. Therefore, arguing as in the proof of (3.7) (with Q′ν0

(x0, ρk)
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instead of Q′(x0, ρk)) we get a sequence (vn)n ⊂ D((Q′ν0
(0, ρk))1;M) such that vn → u(x0 + ·) in

L1((Q′ν0
(0, ρk))1;R3) as n→ +∞ and

dµ
dH1 S u

(x0) ≥ lim sup
k→+∞

lim sup
n→+∞

1
ρk

∫
(Q′ν0 (0,ρk)),1

f
(

xα
hn
, x3,∇hnvn

)
dx.

It is worth mentioning that the construction process to get vn starting from un does not affect the
manifold constraint.

By means of a change of variable, setting wn,k = vn(ρkxα, x3) we get

dµ
dH1 S u

(x0) ≥ lim sup
k→+∞

lim sup
n→+∞

ρk

∫
Q′
ν0 ,1

f
(
ρk xα

hn
, x3,

1
ρk
∇αwn,k

∣∣∣∣∣∣ 1
hn
∇3wn,k

)
dx.

At this point, let us define

u0(x) :=
{

s+
0 , if x · ν0 > 0,

s−0 , if x · ν0 ≤ 0.

By using (3.18), we obtain

lim
k→+∞

lim
n→+∞

∫
Q′
ν0 ,1

|wn,k − u0| dx = 0.

Exploiting a standard diagonal argument, we are able to find a sequence nk → +∞ such that (hk)k :=
(hnk)k, δk := hnk/ρk → 0, wk := wnk ,k ∈ D(Qν0,1;R3) converges to u0 ∈ L1(Qν0,1;R3) and

dµ
dH1 S u

(x0) ≥ lim sup
k→+∞

ρk

∫
Q′
ν0 ,1

f
(

xα
δk
, x3,

1
ρk
∇αwk

∣∣∣∣∣∣ 1
hk
∇3wk

)
dx

= lim sup
k→+∞

ρk

∫
Q′
ν0 ,1

f
(

xα
δk
, x3,

1
ρk
∇δkwk

)
dx. (3.20)

Exploiting (H4), the positive 1-homogeneity of f∞(y, ·) and Hölder’s inequality (being 0 < q < 1)∫
Q′
ν0 ,1

∣∣∣∣∣∣ρk f
(

xα
δk
, x3,

1
ρk
∇δkwk

)
− f∞

(
xα
δk
, x3,∇δkwk

)∣∣∣∣∣∣ dx

=

∫
Q′
ν0 ,1

∣∣∣∣∣∣ρk f
(

xα
δk
, x3,

1
ρk
∇δkwk

)
− ρk f∞

(
xα
δk
, x3,

1
ρk
∇δkwk

)∣∣∣∣∣∣ dx

≤ C ρk

∫
Q′
ν0 ,1

(1 + ρ
q−1
k |∇δkwk|

1−q) dx

≤ C
(
ρk + ρ

q
k‖∇δkwk‖

1−q
L1(Q′

ν0 ,1
;R3×3)

)
. (3.21)

On the other hand, from (3.20) and the coercivity condition (H2), it follows that the sequence (∇δkwk)k

is uniformly bounded in L1(Q′ν0,1
;R3×2). Putting together (3.20) and (3.21), we obtain

dµ
dH1 S u

(x0) ≥ lim sup
k→+∞

∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δkwk

)
dx. (3.22)
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Step 2. In this second and last step it remains to modify the value of wk on a neighbourhood of ∂Q′ν0,

with the aim to get an admissible test function for the surface energy density. The computations follow
similarly as in [30, Lemma 5.2].

We consider γ ∈ G(s+
0 , s

−
0 ) (see (2.1) and (2.17)) and set

ψk(x) := γ

(
xν0

δk

)
.

Using a De Giorgi type slicing argument, we shall modify wk in order to get a function which matches
ψk to ∂Q′ν0,1

. In order to reach this purpose, we introduce

rk := ‖wk − ψk‖
1/2
L1(Q′

ν0 ,1
;R3),

Mk := k
[
1 + ‖wk‖W1,1(Q′

ν0 ,1
;R3) + ‖ψk‖W1,1(Q′

ν0 ,1
;R3)

]
,

`k :=
rk

Mk
.

As long as ψk and wk converge to u0 in L1(Q′ν0,1
;Rd), we have that rk → 0 and it is possible to assume

that 0 < rk < 1. We set

Q(i)
k := ((1 − rk + i`k)Q′ν0

),1 for i = 0, . . . ,Mk.

For every i ∈ {1, . . . ,Mk}, we consider a cut-off functions ϕ(i)
k ∈ C

∞
c ((1 − rk + i`k)Q′ν0

; [0, 1]) and we
extend ϕ(i)

k to Q(i)
k setting ϕ(i)

k constant in the third variable. For simplicity of notation we still denote
ϕ(i)

k this extension. By construction ϕ(i)
k = 1 on Q(i−1)

k and |∇δkϕ
(i)
k | ≤ c/`k. We further define

z(i)
k := ϕ(i)

k wk + (1 − ϕ(i)
k )ψk ∈ W1,1(Qν0,1;R3),

in such a way that

z(i)
k = wk in Q(i−1)

k and z(i)
k = ψk in Q′ν0,1 \ Q(i)

k .

Since z(i)
k is smooth outside a finite union of sets contained in some 1−dimensional submanifolds and

z(i)
k (x) ∈ co(M) for a.e. x ∈ Q′ν0,1

, it is possible to apply a similar argument to [11, Proposition 2.1] to
obtain new functions ẑ(i)

k ∈ W1,1(Q′ν0,1
;M) such that

ẑ(i)
k = z(i)

k on (Q′ν0,1 \ Q(i)
k ) ∪ Q(i−1)

k

and ∫
Q(i)

k \Q
(i−1)
k

|∇δk ẑ
(i)
k | dx ≤ C∗

∫
Q(i)

k \Q
(i−1)
k

|∇δkz
(i)
k | dx

≤ C∗

∫
Q(i)

k \Q
(i−1)
k

(
|∇δkwk| + |∇δkψk| +

1
`k
|wk − ψk|

)
dx.
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In particular ẑ(i)
k ∈ Bδk(s+

0 , s
−
0 , ν0) and by the growth condition (H2),∫

Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δk ẑ

(i)
k

)
dx ≤

∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δkwk

)
dx

+ C
∫

Q′
ν0 ,1
\Q(i)

k

|∇δkψk| dx

+ C
∫

Q(i)
k \Q

(i−1)
k

(
|∇δkwk| + |∇δkψk| +

1
`k
|wk − ψk|

)
dx.

Summing up over all i = 1, . . . ,Mk and dividing by Mk, we get that

1
Mk

Mk∑
i=1

∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δk ẑ

(i)
k

)
dx

≤

∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δkwk

)
dx

+C
∫

Q′
ν0 ,1
\Q(0)

k

|∇δkψk| dx +
C
k

+ C ‖wk − ψk‖
1/2
L1(Q′

ν0 ,1
;Rd).

Since ∫
Q′
ν0 ,1
\Q(0)

k

|∇ψk| dx ≤ dM(s+
0 , s

−
0 )H2

(
(Q′ν0,1 \ Q(0)

k ) ∩ {x · ν = 0}
)
→ 0

as k → +∞, there exists a sequence ηk → 0+ such that

1
Mk

Mk∑
i=1

∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δk ẑ

(i)
k

)
dx ≤

∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δkwk

)
dx + ηk.

Hence, for each k ∈ N it is possible to find some index ik ∈ {1, . . .Mk} satisfying∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δk ẑ

(ik)
k

)
dx ≤

∫
Q′
ν0 ,1

f∞
(

xα
δk
, x3,∇δkwk

)
dx + ηk. (3.23)

Putting together (3.22) and (3.23), we finally obtain

dµ
dH1 S u

(x0) ≥ lim sup
k→+∞

∫
Qν0 ,1

f∞
(

xα
δk
, x3,∇δk ẑ

(ik)
k

)
dx.

Since ẑ(ik)
k ∈ Bδk(s+

0 , s
−
0 , ν0) (see (2.18) for definition), we infer by Proposition 2.5 that

dµ
dH1 S u

(x0) ≥ θ(s+
0 , s

−
0 , ν0)

which finally concludes the proof. �

From the proofs of Theorem 1.1, it should be clear that both results hold in dimensions N ≥ 3. In
particular, we can assume N, k, d ∈ N with the 1 ≤ k < N, ω ⊂ RN−k, Ω := ω × (−1

2 ,
1
2 )k, and M

submanifold of Rd.
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4. Conclusions

In this paper, we have established a Γ-convergence result describing the simultaneous
homogenization and 3D–2D dimension reduction for functionals with linear growth in the setting
of manifold-valued maps. The obtained integral representation highlights the interplay between
oscillations at the microscale, geometric constraints, and the emergence of lower-dimensional effective
energies in the BV framework.

Our results extend previous analyses in the unconstrained or superlinear setting to the more
delicate case of linear growth and manifold constraints, providing explicit formulas for the limiting
densities. This contributes to a better understanding of variational models arising in applications such
as micromagnetics and thin structures.

Possible directions for future research include the study of more general growth conditions, non-
periodic settings, or the extension to higher codimension reductions and more complex geometrical
constraints.
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