POLITECNICO DI TORINO
Repository ISTITUZIONALE

ATE-SG: alternate through the epochs stochastic gradient for multi-task neural networks

Original

ATE-SG: alternate through the epochs stochastic gradient for multi-task neural networks / Bellavia, S., Della Santa, F.,
Papini, A.. - In: OPTIMIZATION METHODS & SOFTWARE. - ISSN 1055-6788. - (2026), pp. 1-33.
[10.1080/10556788.2026.2659033]

Availability:
This version is available at: 11583/3010559 since: 2026-05-05T12:58:147

Publisher:
Taylor & Francis

Published
DOI:10.1080/10556788.2026.2659033

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

25 June 2026



wou

fill

Taylor & Francis
Taylor & Francis Group

s

—— Optimization Methods and Software
Optimization
Methods & Software

ISSN: 1055-6788 (Print) 1029-4937 (Online) Journal homepage: www.tandfonline.com/journals/goms20

ATE-SG: alternate through the epochs stochastic
gradient for multi-task neural networks

Stefania Bellavia, Francesco Della Santa & Alessandra Papini

To cite this article: Stefania Bellavia, Francesco Della Santa & Alessandra Papini (28 Apr 2026):
ATE-SG: alternate through the epochs stochastic gradient for multi-task neural networks,
Optimization Methods and Software, DOI: 10.1080/10556788.2026.2659033

To link to this article: https://doi.org/10.1080/10556788.2026.2659033

© 2026 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group.

ﬁ Published online: 28 Apr 2026.

N\
[:J/ Submit your article to this journal &

||I| Article views: 31

A
& View related articles &'

Py

@ View Crossmark data (&

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=goms20


https://www.tandfonline.com/journals/goms20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/10556788.2026.2659033
https://doi.org/10.1080/10556788.2026.2659033
https://www.tandfonline.com/action/authorSubmission?journalCode=goms20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=goms20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/10556788.2026.2659033?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/10556788.2026.2659033?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/10556788.2026.2659033&domain=pdf&date_stamp=28%20Apr%202026
http://crossmark.crossref.org/dialog/?doi=10.1080/10556788.2026.2659033&domain=pdf&date_stamp=28%20Apr%202026
https://www.tandfonline.com/action/journalInformation?journalCode=goms20

OPTIMIZATION METHODS & SOFTWARE
https://doi.org/10.1080/10556788.2026.2659033

Taylor & Francis
by informa.

8 OPEN ACCESS

ATE-SG: alternate through the epochs stochastic gradient for
multi-task neural networks

Stefania Bellavia®®, Francesco Della Santa®? and Alessandra Papini®?

ipartimento di Ingegneria Industriale, Universita degli Studi di Firenze, Firenze, Italy; °Gruppo Nazionale
aDipartimento di Ingegneria Industriale, Universita degli Studi di Fi Fi Italy; bG Nazional
per il Calcolo Scientifico, Istituto Nazionale di Alta Matematica, Rome, Italy; “Dipartimento di Scienze
Matematiche, Politecnico di Torino, Turin, Italy

ABSTRACT

This paper introduces novel alternate training procedures for hard-
parameter sharing Multi-Task Neural Networks (MTNNs). Traditional
MTNN training faces challenges in managing conflicting loss gradi-
ents, often yielding sub-optimal performance. The proposed alter-
nate training method updates shared and task-specific weights alter-
nately through the epochs, exploiting the multi-head architecture
of the model. This approach reduces computational costs per epoch
and memory requirements. Convergence properties similar to those
of the classical stochastic gradient method are established. Empiri-
cal experiments demonstrate enhanced training regularization and
reduced computational demands. In summary, our alternate train-
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ing procedures offer a promising advancement for the training of
hard-parameter sharing MTNNs.

1. Introduction

Multi-Task Learning (MTL) consists of jointly learning multiple tasks rather than indi-
vidually, in such a way that the knowledge obtained by learning a task can be exploited
for learning other tasks, hopefully improving the generalization performance of all the
tasks at hand [31]. For the case of Neural Networks (NNs), MTL is approached by build-
ing NN architectures characterized by multiple output layers, one for each task, connected
to (at least) one shared input layer; then, Multi-Task NNs (MTNNs) are characterized by
an inherent layer sharing property and, historically, can be divided into hard-parameter
sharing MTNNs and soft-parameter sharing MTNNs [27]. In this work, we focus on the
hard-parameter sharing case, i.e. on MTNNs characterized by a so-called multi-head
design architecture, where a first block of shared layers connects the inputs to multiple
task-specific blocks of layers (see Figure 1). Summarizing, the idea behind these MTNNs
is to build a shared encoder that branches out into multiple task-specific decoders [27] (e.g.
see [4,11,13,26]).

The NN model is generally trained to simultaneously make predictions for all tasks,
where the loss is a weighted sum of all the task-specific loss functions (aggregate loss
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Figure 1. Example of MTNN with 2 tasks. On the left half of the figure, there is No (with input layer in
green); on the right half of the figure, there are Ny and N, (with output layers in red).

function) [31]. This approach presents several difficulties. Descent directions of differ-
ent loss functions at the current iterate may conflict and the direction used to update the
NN parameters may produce an increase of a single loss despite the aggregate loss func-
tion decreases. Then, this approach often yields lower performance than its corresponding
single-task counterparts [22]. Different approaches have been proposed by researchers to
overcome these difficulties and obtain more robust procedures. These approaches can be
divided into two main types: i) modify the training procedure by considering also the gra-
dients of the task-specific losses, and/or by training all or a subset of the weights with
respect to single tasks, e.g. see [15,19,21,22,25]; ii) adaptively choose a good setting of the
weights in the aggregate loss function for a good balance of the magnitudes of the task-
specific losses, e.g. see [5,7,8,14,16,20]. Among these, papers [16,20] deal with a general
multiobjective problem, of which the MTNN training is a special case, and aim at approx-
imating the entire Pareto front. In order to adaptively compute the aggregate loss weights
these approaches require the solution of a minimization subproblem at each iteration.

Further, we also recall the Block Coordinate Descent (BCD) method, where the param-
eters of the MTL model are partitioned and updated with respect to the corresponding
subproblems (see [31] and the references there-in); especially in non-Deep Learning MTL
problems, such a kind of approach is useful to reduce the complexity of the optimization
learning problem (e.g. see [17]).

1.1. Contribution

In this paper we propose a novel approach for training a generic hard-parameter sharing
MTNN. Though inspired both by the approaches based on task-specific gradients and by
the BCD method, it is distinguished by the following characteristics.

e We always aim at reducing the aggregate loss function, but rather than alternating
among stochastic gradient steps for a single task as in [15,21,22] we alternate stochas-
tic estimators of the gradient with respect to the shared NN parameters and stochastic
estimators of the gradient with respect to the task-specific NN parameters. The shared
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and task-specific parameters are then updated alternately; in this way, when the task-
specific weights are updated, all specific-task losses are reduced simultaneously. This
important property depends on the multi-head architecture that characterizes the type
of MTNN we consider in this work. We stress that we do not need to solve optimization
subproblems as in the multi-gradient method in [16,20].

e Our approach is theoretically well-founded. We consider the case of nonconvex, differ-
entiable functions and analyse both the case where shared and task-specific parameters
are alternately updated at each iteration, and the case where we keep updating the shared
(task-specific) parameters of the NN for one or more epochs, and then alternate, i.e. we
alternate through the epochs. We show that the convergence properties of the classi-
cal stochastic gradient method are maintained. We carried out the convergence analysis
assuming Lipschitz continuity of the partial gradients with respect to both shared and
task-specific parameters. This yields to the use of potentially larger sequences of learning
rates.

e The alternate training we present is a new stochastic gradient training procedure for
hard-parameter sharing MTNNSs, that compared with the classical stochastic gradient
approach both reduces memory requirements and computational costs, and allows to
use different sequences of learning rates in the shared and task-specific updating phases.
Further, numerical experiments show that our approach regularizes the training phase.

e One of our objectives was to devise easy-to-apply procedures and to provide a ready-
to-use version of our proposed training routine for MTNNs (see Appendix), imple-
mentable within the most used Deep Learning frameworks in literature (e.g. see [2,6]).
We also stress that our alternate framework can be combined with any other optimizer.
As an example, in Section 4 we provide results obtained using Adam in place of the
Stochastic Gradient.

The content of this work is organized as follows. We start by introducing the MTNNs
and analysing the properties of gradients computed with respect to shared or task-specific
weights (Section 2). Then, we describe the new alternate training method, and discuss
its convergence properties (Section 3). After that, a section of numerical experiments
(Section 4) illustrates a comparison between MTNNS trained classically and trained using
the proposed alternate training. Finally, conclusions about advantages and properties of
the proposed method are summarized (Section 5).

2, Multiple-task neural networks

A hard-parameter sharing MTNN for a MTL problem made of K € N tasks isan NN model
with an architecture characterized by: one main block of layers, called trunk, connected to
the input layer(s); K independent blocks of layers, called branches, connected to the last
layer of the trunk. The last layer of the kth branch is the output layer of the MTNN for the
kth task, foreachk =1,...,K.

The main idea behind this type of architecture (see Figure 1) is that the trunk encodes
the inputs, learning the new representation characterized by features important for all the K
tasks. Then, each branch reads this representation (i.e. the output of the last trunK’s layer)
and decodes it independently from other branches, learning its task. In other words, we
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can interpret the output of a hard-parameter sharing MTNN as a concatenation of K inde-
pendent decoding operations applied to an encoding operation applied to the same input
signals.

In the following, we formalize the definition of hard-parameter sharing MTNN and
the observation about the outputs of an MTNN. From now on, for simplicity, we take for
granted that when we talk about MTNNs we are considering a hard-parameter sharing
MTNN as in the next definition.

Definition 2.1 (Hard Parameter Sharing Multi-Task Neural Network): Let N be an NN
with characterizing function F : R" x R? — R™ x ... x R™X, where the domain R" x
R? represents the Cartesian product between the space of the NN inputs ( R”) and the
space of the NN trainable parameters ( R?). Then, N is a hard parameter sharing multi-task
NN (MTNN) with respect to K tasks in R™, ..., R™X, respectively, if N’s architecture is
characterized by K 4 1 smaller NNs, Ny, . . ., Ng, such that:

(1) the characterizing function of Ny is a function ’130 : R" x RP0 — R™Mo,

(2) the characterizing function of Ny is a function ﬁk :R™ x RPk — R™k, for each
k=1,...,K;

(3) N is obtained by connecting the output layer of N to the first layers of Ny, ..., Ng.

In particular, we define Ny as the architecture’s block shared by the K tasks, while N is
defined as the architecture’s block specific of task k, foreach k = 1,..., K.

Let wx € RPk be the vector of trainable parameters (i.e. weights and biases) of Ny, for
each k = 0,..., K: the parameters in wy are defined as shared parameters of N, while the
parameters in wy of Ny are defined as task-specific parameters of N with respect to task k,
foreachk =1,...,K. Then, Zszo Pk=p and F is such that

Fy (Fo(x; wo); w1)
?(x; w) = :
Fi (Fo(x; wo); wi)

for each x € R", where w = (wl,...,whHT e RP.

2.1. Loss differentiation and multiple tasks

In MTL, the loss function of a model typically is a weighted sum of different losses, evalu-
ated with respect to each task. In Notation 2.1 below, we introduce the symbols and the
formalization we use to describe the aggregated loss and the task-specific losses of an
MTNN, as well as the batches of corresponding input-output pairs. In this work, we always
assume that the task-specific loss functions of the MTNN, and hence the aggregated loss
also, are differentiable functions with respect to all the NN parameters.

Notation 2.1 (Aggregated and task-specific batches and losses): Let N be an MTNN
as in Definition 2.1 and let B C R” x R™ be a batch of input-output pairs for N, where
m= 211521 my; a batch is always assumed finite and non-empty. Then, we introduce the
following notations:
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(1) we denoteby B ¢ R” x R™* the batch of input-output pairs related to the k™ task
of N obtained from the batch B; i.e.:

Bk .= {(.yp) e R" x R™ | (x,y) € B}, k=1,...,K,

where y, = (y(k), . ,yS,IfZ)T andy = (le, .. ,yIE)T e R™,
(2) wedenoteby {k : P*(R" x R™k) x RPOTPk — TR aloss function defined for the task
kofN, foreach k = 1,..., K, where P*(A) denotes the set of finite and non-empty
subsets of A, for each set A. For example, assuming ¢} as the Mean Square Error

(MSE), we have that

1 ~ 2
k(B wo, wi) = B Z (Ex(Fo s wo)s wi) — )
(x,yk)eBk

for each batch BX ¢ R" x R™;

(3) we denote by £ : P*(R"” x R™) x R? — R the aggregated loss function of N, such
that ¢ is a linear combination with positive coefficients of the task-specific losses
..., lk:

K
EBsw) =D dxle(B s wo, wi),  with Ay, ..., Ak € RY. (1)
k=1

Our alternate training method takes inspiration both from the BCD method and from
those methods based on exploiting the task-specific gradients (see Section 1). Indeed, it is
easily seen that the gradient of ¢ with respect to the task-specific parameters of task k is
equal to the gradient of 1y, i.e.:

Vi £ (Bs w) = Ag Vi, L (B wo, wi.),

foreachk = 1,...,K,and foranybatch B € P*(R"” x R™). Then, once observed this char-
acteristic, it is almost immediate to notice also that the gradient of £(B;w) with respect
to all the task-specific parameters is just a concatenation of the K gradients of the task-
specific losses with respect to their own task-specific parameters (and multiplied by the
coeflicients), namely:

A Vi, €1(BY; wo, wr)
Vi L (B;w) = ,
Ak Vi Cx (BX; wo, wi)

for each B € P*(R" x R™), where wis € RP* is the vector denoting the concatenation of
all the task-specific parameters; i.e.:

K
T T\T .
wis = (wy,...,wg) € RS, withp = Zpk.
k=1

As a consequence of these results, we state in Proposition 2.1 the descent properties of
the two anti-gradients of £ with respect to the shared parameters and the task-specific
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parameters, respectively, for any batch B. The proof of the proposition is omitted, since
it is trivial.

Proposition 2.1 (Gradients and Descent Directions): Let N be an MTNN as in
Definition 2.1 and let €, {1, ...,k be the losses in (1). Let w € RP be the vector of train-
able parameters of N; specifically, w is the concatenation of the shared parameters wy € RP?
and the task-specific parameters wys € RPss:

w = |: 0 | .
Wts
Then,for each ﬁxed batch B the vectors

— Vo £ (B w) 0
I S F W EL @

are descent directions for the loss €(IB; w) at w, if V,, £ (B; w) # 0 € RP° and V,, £(B; w) #
0 € RPs, respectively. Moreover, o7, —V;Ek{’ k(Bk; wo, wk))T (subvector of the second vector
in (2)) is also a descent direction for Lk (B wo, wy), foreachk =1,...,K.

We conclude this section remarking the different implications of the two descent
directions (2):

e wy-based direction: it is a descent direction for £(3; w) that updates the shared param-
eters only. It allows reducing the loss with respect to the weights that affect all the tasks,
then there are no guarantees of reducing all the task-specific losses too;

e wys-based direction: is a descent direction for £(I3; w) but also for all the task-specific
losses ¢1,...,{k, and it updates the task-specific parameters only. It allows to reduce
both the main loss and the task-specific losses with respect to the weights wy, ..., wx
that affect only the losses €1, . . ., {k, respectively (i.e. only the corresponding tasks).

Starting from these properties, in the next section we formulate new alternate train-
ing procedures and prove their convergence properties assuming Lipschitz continuity of
the gradients. Specifically, there exist shared Lipschitz constants Lo, L{, and task-specific
Lipschitz constants Ly, L?s, such that for any w = (wg , wg)T, d= (dg R d?;)T e RP:

Vo €(-5 W) = Voo 05 w+ d)|| < Lo |doll,  when dis =0, (3a)
Vo (-5 W) = Vo €(; w+ d)|| < L§|disll,  whendy =0, (3b)
Vi €5 w) — Vwl (s w+ d)|| < Llldisll, whendy =0, (3¢)
Vi (5 W) = Vgl (s w+ d)|| < L[ doll,  when dis = 0. (3d)

It can be easily seen that max{LO,Lgs,Lts,L?s} < L (see e.g. [29])), where L denotes the
standard Lipschitz constant of the gradient:

IVECs w) = VI wd)| < Liid]|.

Where not explicitly specified, as above, gradients are taken with respect to all the
parameters w.
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3. Alternate training

The idea of an alternate training can be realized in many different ways. In this work, we
define alternate training methods which are modifications of a classical Stochastic Gradient
(SG) procedure.

Proposition 2.1 defines two alternative descent directions for the loss function. Devising
a training procedure based on the alternate usage of these directions or their stochastic
estimators may yield the following practical advantages.

(1) Alternate training for reduced memory usage. The advantage of the alternate training
concerning memory is almost evident in situations where py % p and ps % 0 (or
vice-versa). Indeed, at each step, an alternate procedure requires the storage of a
gradient V,, ¢ with dimension py or a gradient V,, ¢ with dimension py; in both
cases, the gradient has dimension smaller than the ‘global’ gradient computed with
respect to all the NN’s weights (i.e. with dimension p = pg + ps)-

(2) Alternate training for reduced computational cost. We observe that the computation
of V,, ¢ is cheaper than the computation of both V,, ¢ and V,,¢, since only the
task-specific layers of the NN are involved during the back-propagation (see e.g.
[24] and Section 4); then, at equal number of epochs, training the model with a
procedure that alternates between V,, £ and V,, ¢ to update the current iterate is
less costly than the classical stochastic gradient which always uses V,,¢.

(3) Alternate training for regularization. Relying on the wis-based direction partially
reduces the typical difficulty of MTL models about selecting a direction that is
not a descent direction for all the tasks, and therefore reduces the possibility of
having an increase of some losses despite the overall objective function decreases
(see Section 1). This interesting regularization property of the training phase is
illustrated in the numerical experiments of Section 4.

In the next subsections, we describe a couple of alternate training strategies. To analyse
their convergence properties, we will make use of the following theorem.

Theorem 3.1 ([23]): Let U;, fi, &, pi be nonnegative A;j-measurable random variables such
that

E[Uip1| Al < Q4+ B)U + & —pi i=0,1,2....

Then, on the set {>_; fi < 00, ;& < 00}, Uj converges almost surely to a random variable
Uand D, pi < 0o almost surely.

3.1. Simple alternate training

The Simple Alternate Training (SAT) method is a two steps iterative process that alternately
updates wy and wys in an MTNN. The variable wy is updated at each iteration using a
stochastic estimator of V,,, ¢, while wy is updated using a stochastic estimator of V,, ¢. In
what follows we denote the training set as 7. We name SAT-SG this procedure in order to
emphasize the relationship with SG, and we describe one iteration in Algorithm 3.1.

Convergence properties of SAT-SG are proven in Theorem 3.3; both cases of constant
and diminishing learning rates are considered.
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Algorithm 3.1 SAT-SG - Simple Alternate Training SG for MTNNs

Data: (wg, wis) = w® (current iterate for the trainable parameters), 7 (training set), B
(mini-batch size), ;7? and ;7}5 (learning rates), £ = £(3; w) (loss function).

Iteration i:

Sample randomly a batch B; from 7 s.t. |B;| = B

wo < wo — ? Vi £ (By; w?)

Z(i) — (WO)th)

Sample randomly a batch B; from 7 s.t. |B,| = B

Wis < Wis — 15 Vg L (By; 20

witD (wo, wis)

return w(tD (updated iterate for MTNN’s weights)

N DR

Notation 3.1: From now on, to shorten the notation, we will omit to explicitly indicate the
dependence of the loss function from the batch of data when this coincides with the whole
training set 7, namely we will write £(w) for £(7;w), and V£(w) for VE(T;w).

We first provide in Lemma 3.2 an upper bound for the expected conditioned value of
the loss function ¢(w) for sufficiently small learning rates 7 and 7.

Lemma 3.2 (SAT-SG): Let {w(i)},-zo, {z(i)}izo C RP be two sequences generated by the SAT-
SG method and {77?}1‘30 {n*}i>0, be the sequences of the learning rates used. Let A; denote
the o -algebra induced by w©, 2O O D @D gnd -A,'+1 the o -algebra induced by
WO 20 O 1) 0 ) ’

Assume that the batches B, and B, are sampled randomly and uniformly, that there exist
two positive constants My and M, such that

E[[| Voo £(Bs w) P Ai] < Mo Vi Ew ) 1? + My (4)
E[| Vo LB 2P A 1] < Mo | Vi LD P + My (5)
for any batch of data BB, and that Vy,,{(-; w) and V,, (- ; w) satisfy the Lipschitz continuity

conditions (3a).
Then the following properties hold:

. . ; L
E[f(z(’))lAi] < {’(w(’)) — ;1? G? IIVWOf(W(l))”2 + ?O (’7?)2 My, (6)
with G =1 — %W?Mz > 0 foranyi>0and0 < ) < LLO 1\%’
. , : L
BN DA, ] < G0) = 18 G IV L P + 2 P M, ()
_ Ly ot 1 2

with G =1 — 2 n* My > 0 foranyi > 0and 0 < n}° < o 6
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Moreover, for sufficiently small values of the learning rates, e.g.

0 [1=Cc2 cC s . J1=-Cc2 C
0 < 50 < min — and 0 < #;® < min — (8)
Lo My Ly Ls My L

forany C € (0,1) and i > 0, the following properties hold:
G>C Gt>c 9)

. . . . L 2 L $\2
E[tw D) A;] < e(w) — ™0 G Ve ) |12 + M, 0 (1) 2 =) (10)

with G; = C — L ™™ > 0, y™" = min{n?, '} and n™* = max{n, n'*}.

Proof: First, we consider the updating of the shared parameters wy (see steps 2 and 3 of
Algorithm 3.1), and use Taylor’s theorem and inequality (3a.a) to obtain

. . . —V,. C(By; w L .
(@) < ey + 1 W’(w(’))T[ " (0”“ )]+7°(77?)2 Vs € (Brs w1

Then, taking the conditioned expected value on both sides, exploiting assumption (4) and
the fact that the subsampled gradient V,,,¢(B1; w'?) is an unbiased estimator, we have:

E[£(zD)]A;] < f(w“’) — 10 Voo LW TRV, €(By; w?)| A
4L (n" ZE[nvwoe(Bl;w@)uz |A;]

< f(w“’) — 12 IV WD) |2 + (n, N2 (My || Voo LW D) |2 4 M),

which, by settmg G=1-2 771 M,, reduces to (6), with G? > 0 for sufficiently small

15
values of 171 , namely ;71 <175

Similarly, after updating the task-specific parameters wys we have

(i+1) DY 1 5 vz T o (i)
ey < £ED) + 9P VeE?) [—ths 5(32;2(1))] 5 )2 | Vi L (Bos 2™ 2,
so that, proceeding as before in conditioned expected value and using assumption (5), we
get (7)if n® < £~ ﬁ, sothat G =1 — Lts n's M, > 0.

Further, (9) tr1v1ally follows from (8), since G? and GES are bounded below by a positive

constant C € (0, 1) for sufficiently small values of 7? and 5, respectively 5} < % 1%
1-C 2

Lts M2 .
Now, using inequality (3a.d) and the definition of z), we observe that

and 7}° <

Vo LEN? = [ Voo E WD) + V,p £(2D) =V, £(wD) |12
= | Vo LW + || Vi £(2D) = Vi LW D) |2
+ 2V L) (Vi £GD) = Vo CwD))

> |V LW 2 = 2| Vo L W) || || Vi (WD) — ¥, D)
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> [V L W) 1> = 2L 7 (| Vo €W | [ Voo (B w1
then using this last inequality in (7) we have
E[(w A, 1] < €@D) = nf 6P Vi Lw D))
+ 2L 1 GE N Vo C W) [ Vany £ (B wD) |
M. (1)
Finally, recalling that
E[(wT)A] = EE[L(w D) A1) AL
combining (6) and (11), using (9) and the upper bound Ggs < 1, we have
E[e(w )| A
< B[N A = 9 G| Vo, L) |12
+ 2L )P GE (| Vi L (WD) | ||vwof(w(’>)|| 4 L 3 () My

< tWD) — 10 GY ||V, E (W) ||? + (n, N2 My — 7 G ||V L (WD) |12

+ 2L 1 nEGE |V, L (WD) | ||Vwof(w<’>)|| 4 ls (n )2 M,
< WD) = C Y | Ve LW D) |12 + 1t ||thsf(w(’>>|| )

0 (’11 )2 + LtS (7]18)2

+ 2L 727 1| Vo LW 1 Vg EW D) || + M, :

From the last inequality, using the relations 7™ < 7%, ' < ™ and 2ab < a® + b%, we
obtain

E[Lw T A] < ewD) — Cnm ([ Vo L) 12 + |V WD) 1)
+ L gy (|| V0 E WD) 2+ | Vi LW D)]|7)

Lo ()% + Les (77,5)2
2

+ M,

which reduces to (10) by setting G; = C — L(t)S 7", with G; > 0 for ™™ < LC?S. -
Inequality (10) in Lemma 3.2 paths the way for the convergence Theorem 3.3 below, in

the spirit of classical convergence results on stochastic gradient methods (see Theorems
4.8 and 4.10 in [3]).

Theorem 3.3 (SAT-SG convergence): Assume that the hypotheses in Lemma 3.2 hold and
that the loss function € is bounded below by Cjy,,. Let {w?};so be a sequence of iterates
generated by Algorithm 3.1 with learning rates {n}}i>o and {n'*}i>0 satisfying (8). Then,



OPTIMIZATION METHODS & SOFTWARE . 1

(i) for sequences of learning rates such that

w .
Z it = oo, (12a)
i=0
(0.¢]
> (" < oo, (12b)
i=0
the following holds:
lim inf [|[VEWD))? =0 as,; (13)
1— 00

(ii) for fixed learning rates, n° = no and n'* = nis for all i > 0, the average-squared
gradients of  satisfy the following inequality at any iteration ] € N:

J 2 2 (0)
1 . L L 4 -
El—— > [ Ve(w) 2] <py o0 T 2t W) = low 1y
J+1 —0 2 G min{#o, s} J+1)G min{#o, 7t}
J—o0 M Loy 77(2) + Lis 77tzs (15)

1 . >
2 G min{7, 71t}

withG=C — L?S max{#o, ffis} > C/2 > 0, for C € (0,1) and max{#o, njis} < %L%
ts

Proof: In case (i) we are going to show that

[e.e]
Z:;1§T‘ir‘||V€(w("))||2 <00 as., (16)
i=0

from which (13) follows using assumption (12a). To this aim, we first rewrite (10) as
follows:
E[w V) Al = Ciow

Lo (19)? + Lis ()?
: .

< L) = Cigw = G IIVEW D) > + My
. 0y2 ts\2
Then, using Theorem 3.1 with U; = K(w(’)) —Clow > 0,& = le, pi =0,
and p; = n?linGiIIV{’ (wD)||2, we have that the sequence {£ (WD)} is convergent almost
surely and

o0
D pMGIVEwW )P < 0o as.
i=0

Since by assumption (12b) #™* — 0, G; = C — LY #™ is positive and bounded away
from zero for all i sufficiently large, so that also (16) holds.
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In case (ii), since ;7? = 7o, 77}5 =1 foralli,and G;=G=C— L?S max{#o, s} > 0
by (8), taking the total expectation of (10) we get

Lo ’7(2) + Lts 77t25

E[¢(wFD)] — E[¢(wD)] < — min{5o, 7t} GE[| VEWD)|2] + M, 5

Then summing up for i = 0to i = J and recalling that ¢ is bounded from below by ¢},,, we
obtain

liow — LW < E[e(wIHD)] — £(w?)

] , | Lon? + L 2
< —min{ro. 716} G Y BIVE) ]+ My 3 2070
i=0 i=0

By rearranging the previous inequality we finally have

Ly 7](2) + L 77t25 f(W(O)) — Llow
2G min{no, s} G min{no, s}’

J
E[D IVew )P < 0+ DM,y

i=0

from which (14) follows by dividing for J + 1. |

Let us assume to set C = % in Theorem 3.3 and compare (14) with the corresponding
result for the SG method [3, Th. 4.8]. In (14) we have on the right-hand side the additional
factor 1/G < 4 rather than a factor 2 as in the corresponding result for the SG method.
On the other hand, we expect to be able to take larger learning rates as the Lipschitz con-
stants involved are smaller than the Lipschitz constant of the full gradient. Regarding the
optimality gap, in addition to potentially smaller Lipschitz constants, also the constant M;
in (4)-(5) may be smaller than the corresponding constant used to bound the expected
value of || V£(w)]||? with SG.

We finally observe that SAT-SG can also be seen as a block stochastic gradient method
and has some similarities with the approach proposed in [30]. We stress that in [30] the
same batch B = BB = B, is used for each block and, using our notation, the convergence
analysis is carried out under the stronger assumption

IE[Vy £(B; 2D) — Vi, £ Al < A P,

where A is a positive constant, at any iteration i. Further, in [30] it is proved that such
an assumption is verified in case the batch B is a singleton and the following Lipschitz
conditions hold:

Vol (-5 W) = Vi £ (-5 w+ d)|| < LI|d]| (17)
Vi £C5 w) — Vi £ (5 w+ d)|| < Ld]l. (18)

3.2. Alternate training through the epochs

From the practical point of view, it can be more effective to alternate the training proce-
dure through the epochs, since within each epoch it is assumed that the model sees all the
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available training samples; moreover, concerning compatibility with Deep Learning frame-
works, it is easier to develop a training procedure that alternatively switches the trainable
weights (wy and wy) at given epochs instead at each mini-batch.!

With an alternate training through the epochs, the weights of the NN are alternatively
updated for some epochs with respect to wy, and for some other epochs with respect to
Wwis. We can outline the procedure as follows:

e train the MTNN with SG for Ey € N epochs, with respect to the shared parameters wy;

o train the MTNN with SG for Eis € N epochs, with respect to the task-specific parameters
Wts;

e repeat until convergence (or a stopping criterion is satisfied).

So a complete cycle of alternate training (see Algorithm 3.2) consists of Eg + Es epochs
andt - (Ep 4 Ei) updating iterations, where t € N is the number of used batches per epoch,
tipically the integer part of |7|/B for a given batch size B. We name Alternate Training
through the Epochs SG (ATE-SG) this procedure. In the rest of this section, we denote by
e the cycle counter and by i the step (or iteration) counter, namely each cycle e starts at the
iterate w') with is = (Eo + Eg) et.

To analyse the convergence properties of ATE-SG it is convenient to split the set of
iteration indexes into two subsets, Iy and I, corresponding to the shared phase and to
the task-specific phase, respectively. In other words, gradients with respect to the shared
(task-specific) parameters are evaluated at iterate w) wheni € I, (Its).

We now prove the almost sure convergence of ATE-SG assuming to use diminishing
sequences of learning rates {#;}icj, and {#;}ic1,,. We first provide, in the next Lemma, a
‘lim-inf * result for ||V, ¢ (w®)]| along the shared iterations and for [V, € (w®)]| along
the task-specific iterations.

Lemma 3.4 (ATE-SG): Given w® e R?, let {w)};~o C RP be the sequence generated by
iterating ATE-SG Algorithm 3.2, with diminishing sequences of learning rates {n;}ic1, and
{ni}ier, such that

D =00, > mi=o0, (192)

iely i€l

> < oo, (19b)
i=0

where Iy and Iis are the sets of iteration indexes corresponding to the shared phase and to the
task-specific phase, respectively. Assume that the loss function € is bounded below by {1, that
Vit (-3 w) and V, (- ; w) satisfy the Lipschitz continuity conditions (3a), and there exist
two positive constants My and M, such that for any batch B

E[[| Vit (Bs w) 12| A] < My || Voo EL W) 12+ My, fori € o,
E[| Vi L Bs w) 12| Ai] < My ||V L WD) |12+ My, fori € I,
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Algorithm 3.2 ATE-SG - Alternate Training through the Epochs SG for MTNNs

Data: (w(()i“), wg“) ) = wls) (current iterate for the trainable parameters), 7 (training set),
B (mini-batch size), t (number of mini-batches per epoch), Ey, Eis (number of epochs
for alternate training), {#;,i = i, . . ., its + (Eo + Ets)t — 1} (learning rates), £ = £(B; w)
(loss function).
Cycle e:
1: i < i (iteration counter, here i = (Eg + Ei) et)
2. forey = 1,2,.. ., Ep (epochs counter, shared phase) do
3 fort=0,1,...,t—1do
4 Sample randomly and uniformly a batch B, from 7°
st.|B:| =B
w(()l+1) « w(()l) _ ﬂivwof(Bt;W(i))
ie—i+1
wd (w(()l),wg“))
end for
end for
10: ig < i (herei = it + tEp)
11: for es = 1,2,. .., Es (epochs counter, task-specific phase) do
122 forz=0,1,...,t—1do

R S

13: Sample randomly and uniformly a batch B; from 7 s.t. |3;| = B
14: wD Wl — iV, LB w)

15 ie—it+1 )

16: w® — (w0 WD)

17.  end for

18: end for

19: 4t < i (herei =iy + tEs)
20: return wlit) (updated iterate after Eg + Ets epochs)

where A; denotes the o -algebra induced by w®,..., w\). Then

lim inf ||V, £(wD)[1? = lim inf ||V, WD) =0 ass.
iely i€l

Proof: As in the proof of Lemma 3.2, we start by considering the updating of the shared
parameters wg and the inequality:

LoDy < owD) 4 VEW DT [—Vwof(ff;w(i))} N % 12 Voo £ Bes w®) 2,
which holds for i € Iy, and in conditioned expected value becomes
ELLwWT)IAT < EvD) = 1 Vg L) |1? + % n; (M | Vg C W) 1? + My)
= () = 1 Gi 1V L)+ 22 2 b,

withG; =1 — %mMz >Gy=1-— L7°;70M2 > 0 for sufficiently small values of 7.
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Similarly, in the task-specific case we have

) . p L

ELEw )AL < €)= i Gi |V L0 ) + =5 nf My,
with G; =1 — %mMz > Gy, =1— %’hEoMZ > 0 for any i € I;; and sufficiently small
values of the initial learning rate, 75, of the task-specific updating phase.

Then, setting U; = f(w(’)) —Clow > 0 and f;i =0 for any i > 0, & = % ;71-2 M; and
pi = 1iGill Va L (WD) fori € I, & = 22 52 My and p; = 7;Gil| Vs C(wD) | for i € Io,
since assumption (19b) ensures Z?io & < 00, by Theorem 3.1 the sequence {£ (w(’))} is
convergent almost surely, and

o
> pi= D niGill Va LWNZ + D" niGill Vi t WD) < 00 as. (20)
i=0

i€l iely

Recall now that for 79 and #g, sufficiently small, 0 < min{Gy, Gig,} < G; < 1foralli > 0.
Hence from (20) it also holds

D 1l Va LW+ D il Vi WD) [P < 00 as. (21)
i€l iely
Finally, the thesis follows from assumption (19a). [ |

We are now ready to provide our main result, where we prove a ‘lim-inf * result for the
norm of the gradient of £.

Theorem 3.5 (ATE-SG convergence): Under the assumptions of Lemma 3.4, and using the
same notations, let us further assume that there exists M > 0 such that

IVEB; w2 <M forany Bc T, (22)
and that
[e.9]
21 = oo, (23)
i=0
where n™™ denotes the minimum learning rate within one cycle of Algorithm 3.2:
iﬁnin = min{zy;} forie L, (24)
jel,

withl, = {i € N: (Eg + Ew)et < i < (Eg + Ei) (e + 1)t — 1}. Then
lim inf [|[VEWD)2 =0 as. (25)
1— 00

Proof: Similarly to Lemma 3.4, we are going to show that

[e.e]
D Ivew NP < oo as,
i=0

then the thesis follows by assumption (23). To this aim, we first rewrite the above series as

o0
D IvewE =D g Vi LW+ D gV, (D)1

i=0 i€l iely
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+ A Vi LW D2+ D gV L D)2 (26)

icli iely

Since nfnin < n;, recalling (21) we only need to show that the last two terms in (26) are
bounded. Both terms can be treated in a very similar way, hence we will prove the result in
detail only for the last one. Moreover, for simplicity’s sake, we consider the case Eg = Eis =
1, where one cycle of ATE-SG consists of ¢t SG steps taken first with respect to the shared
parameters wy, and then with respect to the task-specific parameters wys. This allows us to
write down and exploit the following representations of the sets Iy and Is:

10:[0:t—1]U[2t:3t—1]U...:U[Zet:(Ze—I—l)t—l] (27)
e=0

Ly=[t:2t—1JUBt:4t—1JU... = J[@e+ Dt:2(e+ Dt —1]. (28)
e=0

Nonetheless, we remark that with a bit more technicalities the proof can be extended to the
general case Eg > 1 and Eg > 1.
So, let us consider the last term in (26), which by using (27) can be rewritten as follows:

oo t—1
2 IV LI = 3 D 5| Vo LW P
iely e=0 =0
t—1 oo t—1
= > Vi LW+ DD it Vi W) |12,
7=0 e=1 =0
(29)
where, foranye > landz =0,1,...,t — 1,
[ Vo WD) | < [V, WD) — ¥, 0w D) || 4 ||V, £ (w70
< Lyl — WD )9, e D) |
7—1
= L 12611 Vo Br—1; w2y 4 z M2et+k Vwo € (B w@hy |
k=0

+ | Vo LWy .

The idea of the proof is that, when damped by the learning rates, gradient norms can be
bounded by assumption (22). Instead, to tackle the norm of V,,, ¢ (w(zet_l)) we can resort
to Lemma 3.4, because by (28) it is easily seen that 2et — 1 € I for any e > 1. Then

7—1

Vo EWCHN ) < LEM D" taeryic 4 | Vi LW D)),
k=—1

and
2

7—1
Vi LW 2 < (L M* | D Moers
k=—1
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7—1
+2LEM* D" Maerak + [V LW D) |12, (30)
k=—1

Now using (22) and (30) in (29) we have

oo t—1

t—1 7—1
Dm0 Vi CvNZ < M2 e + LM DD it | D trers
=0

iely e=1 7=0 k=—1

oo t—1

t—1
+2LM2 DS DT ek

e=1 =0 k=—1

oo t—1

O VL) |2, (31)

e=1 =0

It is worth to point out here a technical fact that we exploit to conclude the proof: by (27)
and (28) it is easily seen that {2et,2et + 1,...,2et +t — 1} C Iy for all e > 0, and {2et —
1,2et +t,2et +t+1,...,2et + 2t — 1} C Iis for all e > 1. The corresponding sequences
of learning rates are diminishing, so that recalling definition (24) we have

ﬂ;neltrql_f min{#noettt—1> N2et42t—1} < Moet—1, Ve>1 and 0<7 <t—1. (32)

Hence the last term in (31) can be bounded almost surely by exploiting (21) as follows:

oo t—1 00
D2 et IV WP < £ e[| Vi LD
e=1 =0 e=1
<t D il Vun L WD)|* < 0.
i€l

The other terms can be bounded using the assumption Z?io 771-2 < 00.Indeed, besides (32),
since {2et,2et + 1,...,2et + t — 1} C Iy and the corresponding sequence of learning rate
is diminishing, it holds also that

’72;5” < Noettr < Maet+k < N2et» foralle>1,1<7<t—1 and 0<k<7-1

then we have

oo t—1 7—1 00 - t—1 7—1
min —
Z Maet+2 Z Met+k | = z (z ’72et+r N2et—1 + Z ’72et+f 772et+k)
e=17=0 k=-1 e=1 \7=0 =1 k=0
00 - t—1 71
< (z ’726t 1+ ”Zet)
e=1 =0 =1 k=0

00
<t zrlget—l + (- 1)2 Z”%et < %,
e=1 e=1
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and
2
oo t—1 7—1 t—1 oo t—1 t—1
min min
ZZ”/zeHz Z Maet+k | < Z Not+k ZZ”/ZH—H Z N2et+k | < OO.
e=11=0 k=—1 k=—1 e=1 =0 k=—1

Remark 3.1: It is worth to observe that assumption (22) in Theorem 3.5 can be relaxed.
Indeed, with a slight modification of the theorem’s proof, we can prove that the last term
in (26) is bounded assuming

o0 o0
2 2 2 ag2
2 Met—1 M1 < 00 and 2 MaetMier—1 < 00,

e=1 e=1

where

Moo, :max{||thsf(Bt—1;W(26t_1))||,k max 1V £ (B w0 11,
=0,1,...,t—1

These conditions are clearly weaker than (22), and can be satisfied for example whenever
{ni} = {3} and Maer—1 < (2et — 1)P with p € (0,1/2).

4. Numerical experiments

In this section we report the results of our numerical experimentation, where we com-
pare the performance of an MTNN trained with a standard stochastic gradient procedure
and by using alternate training procedures. We consider three different problems. The first
one takes into account a synthetic dataset representing a 4-classes classification task and
a binary classification task for a set of points in R?; the second experiment is based on a
real-world dataset, where signals must be classified with respect to two different multiclass
classification tasks; the third one is a three-task classification problem, based on a real-
world dataset of mammography images. In all cases, the used loss function is a weighted
sum of the task-specific losses where the weights are fixed and equal to one (i.e. 1y = 1 for
eachk=1,...,K, see (1)). Indeed, we want to analyse the effects of our method without
any balancing of the task-specific losses or emphasizing the action of a task with respect to
the other.

The alternate procedure used for the experiments of this section is illustrated in
Algorithm A.1 of Appendix: we call it implemented ATE-SG method. The main difference
between this implemented version and ATE-SG (see Algorithm 3.2) lies in the way mini-
batches are generated. Indeed, for theoretical purposes, in ATE-SG the mini-batches are
randomly sampled from the training set 7, instead of being obtained through a random
split of 7 as in Algorithm A.1. This modification is necessary for optimal compatibility
with the Deep Learning frameworks Keras [6] and TensorFlow [2] used in the experiments.
Starting from a given initial value, the learning rates are adaptively reduced as specified in
the training options below.

To compare the performance of the implemented ATE-SG procedures with the standard
SG procedure, we investigated their dependence both on the initial learning rate and on
the number of alternate update epochs Ey = Ei,. In addition, each test case was repeated
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several times using different random seeds. Specifically, we trained the MTNN for each
combination of the following hyperparameters:

11 distinct random seeds;
e Starting learning rates: 1072, 1073;
e Alternate training sub-epochs: Ey = Es = 1, 10, 100.

Training options common to both experiments are the following:

e Preprocessing: standard scaler for inputs (based on training data only);

e Optimization: maximum number of epochs 50,00; early stopping (patience 350, restore
best weights); reduce learning rate on plateaus (patience 50, factor 0.75, min-delta
0.0001).

Additionally, for the third multi-task problem (the one based on mammography images)
we combined our ATE strategy also with Adam [12] and tested the new ATE-Adam alter-
nate training strategy. The motivation of this test is to show that the behaviour observed
for the ATE-SG method is confirmed also when another reference optimization method is
used, though the theoretical analysis was carried out assuming to use SG.

For classification tasks, typical performance measures of the methods are the weighted
average precision, the weighted average recall, and the weighted average F;-score [1].

For the reader’s convenience, we report a brief description of the quantities: precision,
recall, and F;-score, for any class C of a general classification problem (see [18]). The pre-
cision is the percentage of correct predictions among all the elements predicted as C; the
recall is the percentage of elements predicted as C among all the C elements in the set;
the F-score is defined as the weighted harmonic mean of precision and recall. Then, the
weighted average precision/recall/F;-score is the weighted average of these quantities with
respect to the cardinalities of each class in the set. For this reason, we have that the weighted
average recall is equivalent to the accuracy.

Performance measures reported in Tables 2-3, 5-6, and 8 are averaged with respect
to the 11 models trained with different random seeds. We also analyse the behaviour of
the loss functions (on both the training and the validation set) over the epochs and over
the computational cost. Plots are reported in Figures 3-4, 6-7, and 8-9 where coloured
areas represent the values between the minimum and the maximum loss obtained after
11 realizations; coloured lines are the median values. The computational cost is estimated
as a function of the number of full-gradient evaluations: namely, one unit corresponds
to the cost of one full-gradient epoch. These plots allow to show the saving in terms of
computational cost of ATE-SG due to the fact that SG computes and stores the full gradient
Vywt, while ATE-SG computes and stores either V,, £ or V,,, £ and one task-specific epoch
costs pis/p units, because the back-propagation [24] stops before propagating through the
trunk fo of the MTNN (see Definition 2.1).

4.1. Experiments on synthetic data

We consider a dataset D made of N = 10,000 points uniformly sampled in the square D =
[—2,2]? c R? and labelled with respect to two different criteria: (1) to belong to one of the
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Multiclass Classification (task 1) Binary Classification (task 2)
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Figure 2. The synthetic dataset D with respect to its two tasks. Task 1 on the left, task 2 on the right.
Different colours denote different labels for the points.

Table 1. Synthetic dataset cases. Keras [2,6] architecture of the MTNN.

Layer name Layer type (Keras) Output shape Param. # Param. # (Grouped) Connected to
input InputLayer (None, 2) 0 - -
trunk_01 Dense (relu) (None, 512) 1536 (wo-param.s) input
trunk_02 Dense (relu) (None, 512) 262656 526 848 trunk_01
trunk_03 Dense (relu) (None, 512) 262 656 trunk_02
quad_01 Dense (relu) (None, 512) 262656 (wis-param.s, task 1) trunk_03
quad_02 Dense (relu) (None, 512) 262656 527 364 quad_01
quad_out Dense (softmax) (None, 4) 2052 quad_02
circ_01 Dense (relu) (None, 512) 262656 (wis-param.s, task 2) trunk_03
circ_02 Dense (relu) (None, 512) 262656 525825 circ_01
circ_out Dense (linear) (None, 1) 513 circ_02

four quadrants of R? (4-classes classification task); (2) to be inside or outside the unitary
circle centred in the origin (binary classification task). For simplicity, we denote these tasks
by task 1 and task 2, respectively.

Then, the dataset D is made up of samples (x;, (¢;, ¢i)) such thatx; € D = [-2, 2], qi €
{0,...,3},and ¢; € {0, 1}, for each i = 1, ..., N (see Figure 2), where g; and ¢; denote the
quadrant label and the circle label of x;, respectively.

We randomly split D, so that the training set 7, the validation set ), and the test set
‘P are made up of T = 5600 samples, V = 1400 samples, and P = 3 000 samples, respec-
tively. Then, we build an MTNN with architecture as described in Table 1 and, both for the
classic SG and the implemented ATE-SG procedures, we train it by setting the mini-batch
size to 256 and minimizing the sum of the following task-specific loss functions:

o task 1: categorical cross-entropy;
e task 2: binary cross-entropy (from logits).
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Table 2. Synthetic dataset. Starting learning rate 102, Performance measures of the MTNNs on the test

set P.

Recall (accuracy) Precision Fy-score
Training Type task 1 task 2 task 1 task 2 task 1 task 2
ATE-SG (Eg = Ets = 1) 0.997909 0.996667 0.997914 0.996677 0.997909 0.996665
ATE-SG (Eg = E¢s = 10) 0.997727 0.996758 0.997730 0.996766 0.997727 0.996758
ATE-SG (Eg = Ers = 100) 0.997848 0.996576 0.997851 0.996587 0.997848 0.996575
Classic SG 0.997788 0.996697 0.997791 0.996703 0.997788 0.996694

Table 3. Synthetic dataset. Starting learning rate 103, Performance measures of the MTNNs on the test

set P.

Recall (accuracy) Precision F1-score
Training type task1 task 2 task1 task 2 task1 task 2
ATE-SG (Eg = Ets = 1) 0.998061 0.996606 0.998063 0.996614 0.998060 0.996605
ATE-SG (Eg = E¢s = 10) 0.998030 0.996606 0.998033 0.996616 0.998030 0.996606
ATE-SG (Eg = Ets = 100) 0.998333 0.996818 0.998335 0.996826 0.998333 0.996817
Classic SG 0.998242 0.996758 0.998244 0.996767 0.998242 0.996757

After training the model with respect to all the configurations, the first thing we observe
is that the performance measured in terms of recall, precision, and F;-score is almost
identical for all the training methods and all the starting learning rate values. See Tables 2-3
for the average performance measures of the MTNN on the test set.

We also analyse the behaviour of the loss functions in Figures 3 and 4 for # = 10~2 and
n = 1073 respectively.

As already noticed, at an equal number of epochs, ATE-SG is less expensive and
requires less memory than SG. In our test, the dimension of V,,{ is approximately one-
third of V,,{’s dimension (see Table 1). Then, when computing V,, ¢ in the task-specific
phase, ATE-SG saves one-third of memory allocation and one-third of back-propagation
operations. The computational savings are shown in Figures 3(b,d) and 4(b,d).

We further observe what follows.

e For the case Ey = Eis = 1, ATE-SG appears to have regularization effects on the train-
ing, leading to a marked reduction in its oscillations with respect to SG as well as to
larger values of Ey and Ejs, both in the training set and in the validation set.

e Forthe case Ey = Eis = 10, we observe a particular phenomenon for ATE-SG: the train-
ing yields oscillations for the loss function which show spikes approximately every 10
epochs and are characterized by a range of values larger than the typical fluctuations
of the loss of a classic MTNN training. Nonetheless, the overall trend of the loss on the
validation set is still decreasing with the epochs (see Figures 3(c) and 4(c)). Analogously
to the other cases, these oscillations tend to reduce when decreasing the learning rate
(e.g. compare Figures 3(c) and 4(c)).

e The larger the value chosen for Ey = Ey, the more similar the loss behaviour of ATE-
SG is to the loss of SG. In particular, with Ey = E¢; = 100 the loss behaviours versus
the epochs (on both training and validation set) are very similar, both in the range of
values and in the stochastic oscillations (see Figures 3(a,c) and 4(a,c)). In general, these
oscillations tend to reduce with smaller learning rates due to the shorter steps in the
domain.
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Figure 3. Synthetic dataset case. Starting learning rate 102, (a) Training loss through the epochs. (b)
Training loss with respect to the computational cost. (c) Validation loss through the epochs and (d)
Validation loss with respect to the computational cost.

o In Figure 5 we plot the used learning rate against the epochs for each seed and for each
method, for the starting learning rate 107>, We can observe that SG and ATE-SG with
Ey = Eis = 100 shows a similar behaviour, while with Ey = Eis = 1, 10 the initial learn-
ing rate is used for a larger number of epochs in ATE-SG, resulting in overall larger
sequences of learning rates. We observed a similar behaviour also with the starting
learning rate equal to 1072

4.2. Experiments on real-world data

For the experiments on real-world data, we consider two multi-task learning problems
based on different datasets: in Subsection 4.2.1 we report the results obtained on a
dataset used for wireless signal recognition tasks [10], while Subsection 4.2.2 is devoted
to the experiments we conducted on a dataset for mammography calcification recognition
tasks, available from the multi-domain, multi-task MedIMeta dataset (see mammo_calc
sub-dataset at [28]).

4.2.1. Wireless signal dataset
Typically, signal recognition is segmented into sub-tasks like the modulation recognition
or the wireless technology (i.e. signal type); nonetheless, in [11] the authors suggest an
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Figure 4. Synthetic dataset case. Starting learning rate 1073. (a) Training loss through the epochs. (b)

Training loss with respect to the computational cost. (c) Validation loss through the epochs and (d)
Validation loss with respect to the computational cost.

approach to the problem that exploits a multi-task setting for classifying at the same time
both the modulation and the signal type of a wireless signal.
Here we focus on signals characterized by 0dB Signal-to-Noise Ratio (SNR). The dataset
D is made of N = 63 000 signals, each one represented as a vector s; € R?>® obtained from
128 complex samples of the original signal. In the dataset, associated to each signal s;, we
have a label u; € {0,...,5} for the corresponding modulation (task I) and a label g; €
{0,...,7} for the corresponding signal type (task 2). For more details about the data see
[10,11].
We split D randomly, so that the training set 7, the validation set V, and the test set
‘P are made of T = 35280 samples, V' = 8 820 samples, and P = 18 900 samples, respec-
tively (i.e. same ratios used for the synthetic data in Section 4.1). Then, we build an MTNN
with architecture as described in Table 4 and, both for the classic SG and the implemented
ATE-SG procedures, we train it by setting the mini-batch size to 512 and minimizing the
sum of the task-specific loss functions (categorical cross-entropy for both tasks). In par-
ticular, given this architecture (see Table 4 and Remark 4.1 below) when computing V,, ¢
in the task-specific phase, ATE-SG saves one-half of memory allocation and one-half of

back-propagation operations; on the other hand, in the shared phase, one-half of memory
allocation is saved.

Remark 4.1 (MTNN architecture and hyper-parameters): Since the aim of the exper-
iment is to study how the training performance of an MTNN change when using an
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Figure 5. Synthetic dataset case. Learning rate sequence, starting value: 10~3. From left to right, from
top to bottom: ATE-SG Ey = Ets = 1, ATE-SG Ey = Eis = 10, ATE-SG Ey = Eis = 100, and SG.

Table 4. Wireless signals dataset. Keras [2,6] architecture of the MTNN.

Layer name Layer type (Keras) Output shape Param. # Param. # (Grouped) Connected to
input InputLayer (None, 256) 0 - -
trunk_00 Reshape (None, 128, 2) 0 input
trunk_01 Conv1D (relu) (None, 128, 64) 576 (wo-param.s) trunk_00
trunk_02 Conv1D (relu) (None, 128, 32) 8224 12928 trunk_01
trunk_03 Conv1D (relu) (None, 128, 32) 4128 trunk_02
trunk_end GlobalMaxPooling1D (None, 32) 0 trunk_03
mod_01 Dense (relu) (None, 64) 2112 (wys-param.s, task 1) trunk_end
mod_02 Dense (relu) (None, 64) 4160 6662 mod_01
mod_out Dense (softmax) (None, 6) 390 mod_02
sig_01 Dense (relu) (None, 64) 2112 (wrs-param.s, task 2) trunk_end
sig_02 Dense (relu) (None, 64) 4160 6792 sig_01
sig_out Dense (softmax) (None, 8) 520 sig_02

alternate training procedure, we do not focus on hyper-parameter and/or architecture tun-

ing for obtaining the best predictions. Then, for simplicity, in this experiment we choose a

simple but efficient architecture (see Table 4) based on 1-dimensional convolutional layers,
after a brief, manual hyper-parameter tuning. The 1-dimensional convolutional layers are
useful to exploit the signals reshaped as 128 complex signals (see layer trunk_00in Table 4),
keeping the NN relatively small.
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Figure 6. Wireless signals dataset. Starting learning rate 10~2. (a) Training loss through the epochs.
(b) Training loss with respect to the computational cost. (c) Validation loss through the epochs and (d)
Validation loss with respect to the computational cost.

Table 5. Wireless signals dataset. Starting learning rate 10~2. Performance measures of the MTNNs on
the test set P.

Recall (accuracy) Precision Fq-score
Training Type task 1 task 2 task 1 task 2 task 1 task 2
ATE-SG (Eg = Es = 1) 0.916840 0.961592 0.921696 0.962326 0.917194 0.960846
ATE-SG (Eg = E¢s = 10) 0.922131 0.964031 0.923422 0.964155 0.922331 0.963479
ATE-SG (Eg = Eis = 100) 0.923906 0.965613 0.925943 0.965629 0.924248 0.965063
Classic SG 0.926763 0.967181 0.927541 0.967079 0.926777 0.966837

Looking at Tables 5-6, all the trained models show approximately the same perfor-
mance, but from Figures 6-7 we can see that experiments on this test case are more
challenging than the previous ones. Although achieving good accuracy, with the initial
learning rate 10~2 overfitting is reached; starting with learning rate 10~ overfitting is no
longer a problem, rather a plateau appears to be reached, and the training procedures have
difficulties in further decreasing the validation loss.

Further, some general trends are confirmed:

the choice Ey = Eis = 1 yields a regularization effect on the training;

oscillations tend to reduce with smaller learning rates;

for larger values of Ep and Ei, the loss behaviour of ATE-SG is closer to that of SG.
Figures 6(b) and 7(b) clearly show that the ATE-SG procedures are generally less
expensive than SG.
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Figure 7. Wireless signals dataset. Starting learning rate 1073, (a) Training loss through the epochs.
(b) Training loss with respect to the computational cost. (c) Validation loss through the epochs and (d)
Validation loss with respect to the computational cost.

Table 6. Wireless signals dataset. Starting learning rate 10~3. Performance measures of the MTNNs on
the test set P.

Recall (accuracy) Precision Fq-score
Training Type task 1 task 2 task 1 task 2 task 1 task 2
ATE-SG (Eg = Es = 1) 0.921241 0.964786 0.921954 0.964736 0.921131 0.964292
ATE-SG (Eg = Es = 10) 0.924411 0.965830 0.924818 0.965756 0.924168 0.965472
ATE-SG (Eg = Ets = 100) 0.923430 0.965166 0.924457 0.965090 0.923388 0.964671
Classic SG 0.923516 0.965527 0.923931 0.965450 0.923406 0.965076

4.2.2. Mammography calcification dataset

In the mammography calcification dataset taken from [28], we have N = 1872 black and
white, 224 x 224 images split into training set (1332 images), validation set (214 images),
and test set (326 images). Three different labels, y’, p”, y””, are associated to these images,
each one corresponding to a different task; specifically, we have two multi-binary classifi-
cation tasks of 5 classes and 14 classes, respectively, and a binary classification task, that is
Yy €{0,1)°, " € {0,1}14, 9" € {0, 1}.

For this three-task problem, we build an MTNN with architecture as described in
Table 7 and we train it by setting the mini-batch size to 32 and minimizing the sum of the
task-specific loss functions. For simplicity, in this experiment we choose for the trunk of
the MTNN (i.e. the encoding phase of the MTNN) one of the typical NN architectures used
for image recognition, the ResNet50 [9]. In particular, the architecture used is based on a
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Table 7. Mammography calcification dataset. Keras [2,6] architecture of the MTNN.

Layer Name Layer Type (Keras) Output Shape Param. # Param. # (Grouped) Connected to
input_00 InputLayer (None, 224, 224) 0 - -
input_01 Rescale (None, 224, 224) 0 - input_00
input_end Concatenate (None, 3,224, 224) 0 - input_01
trunk_00

: ResNet50 (None, 2048) - 26945012 input_end
trunk_end

task1_01 Dense (leaky relu) (None, 512) 1049088 (wrs-param.s, task 1) trunk_end
task1_02 Dense (leaky relu) (None, 128) 65 664 1119045 task1_01
task1_03 Dense (leaky relu) (None, 32) 4128 task1_02
task1_out Dense (sigmoid) (None, 5) 165 task1_03
task2_01 Dense (leaky relu) (None, 512) 1049 088 (wis-param.s, task 2) trunk_end
task2_02 Dense (leaky relu) (None, 128) 65 664 1119342 task1_01
task2_03 Dense (leaky relu) (None, 32) 4128 task2_02
task2_out Dense (sigmoid) (None, 14) 462 task2_03
task3_01 Dense (leaky relu) (None, 512) 1049088 (wys-param.s, task 3) trunk_end
task3_02 Dense (leaky relu) (None, 128) 65 664 1118913 task1_01
task3_03 Dense (leaky relu) (None, 32) 4128 task3_02
task3_out Dense (sigmoid) (None, 1) 1 task3_03

trunk that is an untrained, newly initialized ResNet50, followed by three branches made
of fully connected layers. Such an architecture makes extremely cheap the task-specific
phase of the alternate trainings. In fact, when computing V,, ¢ in the task-specific phase,
ATE procedures save approximately 87.5% of memory allocation and back-propagation
operations; on the other hand, in the shared phase, only 12.5% of memory allocation is
saved.

Concerning the task-specific losses, we use the binary cross-entropy loss for the third
task and a multi-binary cross-entropy loss for the first two tasks, i.e.: fork = 1,2

> D —myilog@) — po(1 — yi) log(1 — 7,

(Img,y)eBk i=1

k. _ L
k(B wo, wi)) = BF|
for any batch B* of input-output data (Img, y) € [0,255]%24*224 x {0,1}™, where ¥ €
[0, 1]™ is the predicted vector for the task, and m = 5, 14 for k = 1, 2, respectively. Namely,
£k is the average sum of the component-wise application of the binary cross-entropy loss.
The hyperparameters u; and uo are used to suitably weight the classification of positive
and negative classes, respectively; in particular, we used x9p = 0.5and u; = 1.5.

For this problem we illustrate the results obtained with starting learning rate equal to
1073, Ey = E¢ = 1,10, and using SG and Adam as optimizers. Looking at Table 8, we
can observe that all the trained models show approximately the same performance, with
a particular difficulty in learning the third task, due to overfitting (probabily caused by
the unbalanced, small training set). The overfitting phenomenon can be clearly seen in
Figures 8-9, where the validation losses start to increase while the training losses are still
decreasing. In addition we observe what follows:

e Adam-based training is characterized by higher oscillations in the losses, both in clas-
sic training and ATE procedures; nonetheless, for the ATE procedures, we observe a
smoother shape of the min-max range, describing a weak regularization effect on the
training;
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Figure 8. Mammography calcification dataset. Starting learning rate 1073, SG as reference optimization
method. (a) Training loss through the epochs. (b) Training loss with respect to the computational cost.
() Validation loss through the epochs and (d) Validation loss with respect to the computational cost.

Table 8. Mammography calcification dataset. Starting learning rate 10~3. Performance measures of the

MTNNSs on the test set P.
Recall (Accuracy) Precision Fy-score

Training Type task 1 task 2 task 3 task 1 task 2 task 3 task 1 task 2 task 3
ATE-SG (Eg = Es = 1) 08679 09145 0.6430 0.8797 09189 0.6324 0.8725 09165 0.6315
ATE-SG (Eg = Ets = 10) 0.8698 09110 0.6534 0.8821 09178 0.6418 08746 09141 0.6364
Classic SG 0.8721 09116 0.6485 0.8838 0.9169 0.6383 0.8767 09141 0.6323
ATE-Adam (Eg = Ets = 1) 08741 09180 0.6368 0.8848 0.9197 0.6296 0.8783 09186 0.5853
ATE-Adam (Ep = E;s = 10)  0.8783 09176 0.6301 0.8849 09189 0.6202 0.8809 0.9181 0.5619
Classic Adam 08726 09186 0.6436 0.8822 0.9202 0.6376 0.8765 09194 0.5846
e Adam-based trainings reach lower values of the training loss than the SG-based pro-

cedures. Indeed, the training loss at the end of the training is of the order of 10~ for
ATE-Adam and Adam, while ATE-SG and SG do not manage to push the loss below
1072 (see Figures 8(a) and 9(a)). However, the accuracy reached on the test set is almost

the same.

(see Figures 8(b) and 9(b)).

All the alternated procedures are less expensive than the corresponding standard ones

With this latest experiment, we confirm the general behaviour of ATE-SG in training
MTNN:S, as compared to standard SG. More importantly, we show that the ATE procedure
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Figure 9. Mammography calcification dataset. Starting learning rate 103, Adam as reference optimiza-
tion method. (a) Training loss through the epochs. (b) Training loss with respect to the computational
cost. (c) Validation loss through the epochs and (d) Validation loss with respect to the computational
cost.

can also be successfully combined with other optimization methods, such as Adam, with
a behaviour similar to that of ATE-SG against to SG.

5. Conclusion

In this work we presented new alternate training procedures for hard-parameter shar-
ing MTNNs. We started illustrating the properties of the task-specific gradients of the
loss function of an MTNN, and explaining the motivations behind the proposed alternate
method. Then, in Section 3, we introduced a first formulation of alternate training called
Simple Alternate Training (SAT) and a second one called Alternate Training through the
Epochs (ATE); both formulations are based on the Stochastic Gradient (SG). For these
methods we provided a stochastic convergence analysis.

We concluded the work illustrating the results of three numerical experiments, where
the prediction abilities of an MTNN trained using the implemented ATE-SG algorithm are
compared with the prediction abilities of the same MTNN trained using the SG. The exper-
iments show very interesting properties of the implemented ATE-SG; in particular, in the
training phase, we observe a reduction of the computational costs and regularization effects
on the training (i.e. marked reduction in loss value oscillations), when high-frequency
alternation between the shared parameters and the task-specific parameters is adopted. We
also provided numerical results using the new ATE-Adam method obtained combining the
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ATE strategy with the Adam method in place of SG; obtained results are very encouraging
and motivate a future work to analyse how the convergence properties of the ATE strategy
may change by replacing the stochastic gradient with other optimization methods.
Additionally, we will focus on studying the behaviour of ATE-SG varying adap-
tively the number of epochs in the shared and task-specific phases along the iter-
ations, taking also into account the learning rate schedule. For a ready-to-use ver-
sion of the implemented ATE-SG algorithm (see Algorithm A.I1, Appendix A), visit
https://github.com/Fra0013To/ATEforMTNN.

Note

1. For example, in our TensorFlow implementation, we just label as ‘untrainable’ the weights
wy in the task-specific training and viceversa; this approach is particularly efficient, and does
not involve any repetition of the typical overheads of initial steps of a training phase (e.g. JIT
compilation, etc.).
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Appendix. Implemented ATE-SG

The pseudo-code of the implemented ATE-SG method is given in Algorithm A.1. For simplicity, we
consider the total number of epochs as the only stopping criterion. For a ready-to-use version of this
algorithm, see https://github.com/Fra0013To/ATEforMTNN.

Algorithm A.1 Implemented ATE-SG

Data: (wy, wis) = w (initial guesses for the trainable parameters), 7 (training set), B (mini-batch
size), {#;,i > 0} (learning rates), £ (loss function), Eg, E¢s (number of epochs for alternate training),
E (total number of epochs).

Procedure:

: W(O) &~ (WO) th)

—

2: e < 0 (epochs counter, total)

3: i < 0 (iteration counter)

4: whilee < Edo

5. ey < 0 (epochs counter, shared phase)

6:  while ey < Ep and e < E (alternate training, shared phase) do
7: {Bi,...,B;} « random split of 7 into mini-batches w.r.t. B
8: fort =0,1,...,t —1do

9 wo < wo — 7V, L (B w)

10: i—i+1

11: w® — (wo, wys)

12: end for

13: eg «—ey+lande «—e+1

14:  end while

15 ey < 0 (epochs counter, task-specific phase)

16:  while es < Eis and e < E (alternate training, task-specific phase) do
17: {Bi,...,B;} < random split of 7 into mini-batches w.r.t. B
18: fort =0,1,...,t —1do

19: Wis < Wi — ”Iivwmf(Br; W(i))
20: i—i+1
21: w — (wo, wis)
22: end for
23: es <« e+ lande «—e+1

24:  end while
25: end while
26: return w®  (final MTNN’s weights)
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