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Highlights
e Prescribed-time fault-tolerant control for surgical continuum robots
e Descriptor observer estimates sensor delays and faults jointly
e Composite DNN learning improves transient performance

e Compensator mitigates delay and saturation effects

e Outperforms a robust baseline in realistic scenarios
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Abstract:

Fault-tolerant control is essential for surgical continuum robots, where actuator and sensor faults,
time-varying delays, input saturation, disturbances, and nonlinearities can rapidly degrade
accuracy and safety. This paper proposes a prescribed-time fault-tolerant framework that
guarantees convergence within a user-defined settling time, independent of initial conditions,
under stated assumptions. A descriptor-form observer simultaneously estimates sensor delays and
fault signals, while a deep neural network (DNN) approximates unmodeled dynamics. Adaptive
laws compensate for disturbances and approximation errors, and a time-base generator enforces
prescribed-time convergence of the estimation errors. Building on these estimates, a resilient near-
optimal controller is synthesized, whose residual term is learned online by a DNN via composite
learning that combines tracking and observer errors. An auxiliary compensator mitigates input-
delay and saturation effects. Lyapunov analysis provides sufficient LMI conditions for prescribed-
time closed-loop stabilization. Simulations on a tendon-driven continuum robot under
simultaneous actuator and sensor faults, time-varying delays, and saturation demonstrate superior
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tracking accuracy, faster convergence, and lower control effort compared with a representative
robust baseline, highlighting the framework’s strong potential for safe and precise surgical
manipulation.

Keywords: Surgical continuum robots, fault-tolerant control, prescribed-time stabilization, descriptor-form
observer, deep neural networks, composite learning, adaptive robust control

1. Introduction

Robotics has profoundly transformed human life. In surgery, systems such as the da Vinci robot
have revolutionized minimally invasive procedures by enhancing precision while reducing patient
discomfort, costs, and recovery times. However, these platforms require bulky operating-room
setups and rigid instruments, limiting access to complex anatomies. To overcome these limitations,
flexible continuum robots [1, 2] have emerged, enabling dexterous navigation and manipulation
through narrow anatomical pathways with smooth, continuous bending and compliant interaction
with soft tissue. Despite their clinical potential, continuum robots still face significant challenges
in real surgical environments, including complex multi-actuator architectures and highly dynamic
conditions [3, 4]. Existing models and control approaches often neglect one or more of these
phenomena or treat them independently under idealized assumptions. The present work tackles the
simultaneous presence of four major difficulties: (i) time-varying delays in both measurement and
actuation channels, (ii) actuator input saturation, (iii) simultaneous sensor and actuator faults, and
(iv) the requirement of convergence within a surgeon-specified time while preserving near-optimal
performance. Addressing all four pheniomena simultaneously in a unified fault-tolerant framework
with proven prescribed-time convergence and online optimality has not yet been achieved in the
literature. Key issues include measurement-channel delays, actuation-channel delays, sensor
faults, actuator saturation, and nonlinear disturbances [5—8]. Such conditions can degrade
performance or cause instability, with sensor faults posing direct risks to patient safety.
Consequently, there is an urgent need for controllers that ensure stable operation under the
simultaneous presence of faults, delays, and disturbances [9—13]. Numerous control strategies have
been investigated, but each exhibits critical limitations when facing the combined challenges.
Classical PID schemies [14] lack theoretical robustness guarantees under simultaneous faults and
delays. Fuzzy-logic control methods [15] and model predictive control (MPC) [16—18] are
sensitive to model uncertainty and impose high computational burden. Robust Hoo and sliding
mode control improve disturbance rejection, yet conventional SMC achieves only finite-time
stability dependent on initial conditions [3, 19]. While active fault-tolerant control (AFTC) and
observer-based methods [20-24, 29] improve fault diagnosis and compensation, their integration
with prescribed-time stability remains limited. Recent works have addressed only subsets of the
problem, such as prescribed-performance fault-tolerant control [27] and prescribed-time neural
control without fault-tolerant design [28], time-delay systems with saturation but without
prescribed-time guarantees [30-33], or fuzzy-approximation-based FTC neglecting simultaneous
input/output delays [34, 35]. None of them simultaneously tackles all these phenomena in a single
unified framework.
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To bridge this gap, this paper proposes a prescribed-time, deep learning—based active fault-tolerant
control framework for tendon-driven continuum robots. The approach incorporates a prescribed-
time observer for rapid and accurate estimation of sensor and actuator faults, time-varying delays,
and saturation effects. Inspired by recent advances in learning-based control [36, 37], a deep neural
network approximates online the residual of the optimal control law derived from the Hamilton—
Jacobi—Bellman equation using composite learning that exploits both tracking error and observer
estimation error. Computational complexity is drastically reduced compared with classical MPC
or offline HJB solvers, since only a single critic-like DNN with analytic weight update rules is
executed online. An auxiliary system dynamically compensates for actuator saturation, while novel
control and observer terms ensure prescribed-time closed-loop stability. The framework is
validated through simulations on a tendon-driven continuum robot subjected simultaneously to
actuator/sensor faults, time-varying input/output delays, saturation, disturbances, and nonlinear
uncertainties. Results demonstrate superior tracking accuracy, prescribed-time convergence, and
reduced control effort compared with state-of-the-art methods [25, 26, 34, 35, 38].

The main contributions of this paper, which distinctly advance the state of the art, are as follows:

e A unified model and control design that simultaneously considers time-varying input and
output delays, actuator saturation, sensor and actuator faults, and unmatched disturbances
in continuum robots, unlike [30,35], which address only partial combinations.

e A novel prescribed-time observer and controller that guarantee convergence of both
estimation and tracking errors within an arbitrary user-defined time, independent of initial
conditions, going beyond the fixed-time results in [42,50] and existing prescribed-time
delay-only approaches.

e Deep learning—based online approximation of the HJB optimal control law using composite
(tracking + estimation) learning, achieving near-optimal performance while handling
nonlinearities induced by faults and saturation.

e An adaptive auxiliary system for input saturation compensation integrated into the
prescribed-time framework, preserving the prescribed-time convergence property (absent
in [30-33]).

e A rigorous Lyapunov-based proof of prescribed-time stability for the overall closed-loop
system under the simultaneous presence of all considered adverse phenomena, a result
claimed here for the first time.

The remainder of this paper is organized as follows. Section 2 presents the mathematical modelling
of the tendon-driven continuum robot. Section 3 introduces the mathematical foundations and the
design procedure of the proposed prescribed-time fault-tolerant control framework. Section 4
presents the simulation results and comparative performance analysis. Section 5 concludes the
paper and outlines future research directions.

2. Mathematical Modeling of the Continuum Robot
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Continuum robots are highly adaptable mechanisms capable of smooth, continuous deformation,
enabling precise and flexible motion in constrained environments [43]. A two-segment continuum
robot with four degrees of freedom (DoF) is considered. Each segment is actuated by three
inextensible cables routed through intermediate spacer disks. As shown in Fig. 1, for segment i €
{1,2}, the configuration variables are the bending magnitude 8; and the bending-plane orientation
6;. The segment lengths are defined by [;and [, , and the total backbone length is | = [; + [,. The
parameters used in this study are listed in Table 1.

Table 1. Parameter values of the considered continuum robot.

Parameter Designation Value
l Bending section length 0.3m
m Disk mass 0.01 kg
Gravity constant 9.81 m/s?
Young's modulus 2.1-10'" Pa
I, Area moment of inertia of disk 3.97 10712 m*
Igs Area moment of inertia of backbone 3.06 - 1077 m*
4

Section 1 Section 2

Fig. 1. Schematic of the two-segment continuum robot [19].

2.1. Kinematic Model
Under the piecewise constant curvature (PCC) assumption, the endpoint position of segment i,
expressed in the preceding frame (i-1) is :

Pit=x yvi #z]T, i=12 (1)
with:
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l; l; l;
x; = 9—l (1 —cos(6;)) cos(6;), Vi = 9_1 (1 — cos(6;)) sin(6y), zj = 6_1_51'” (6:)
i L L

The rotation matrix from frame (i-/) to frame i is:
c5.Co, + 55, Cs55.(co,— 1) Cs,Sp,
RI™* = Rot,(8;))Rot, (8)Rot,(—68;) = cs,55,(co, — 1) sfl,cei + cgi S5,56; ()
—Cs;56; —58;56, Co;
where ¢, = cos a and s, = sin a, with a denoting a generic angle. The global endpoint position
follows by recursive composition; for two segments:
Pl =P +R).P} 3)
Closed-form expressions for (x, y, z) and the elements of RY, together with their time derivatives
(linear velocities) are available in [19].
2.2. Dynamic Model

Developing the dynamic model is a critical step in controller desigi. The dynamic model is derived
using the Euler—Lagrange formulation under the PCC assumption with zero rotation of the bending
plane (6; = 8, = 0). The Euler—Lagrange equation for the i;j, generalized coordinate 6; is:

G ~ 5 g, = Sv 112 @)
where 7 and U denote the total kinetic and potential energies, respectively, and S; represents
generalized forces. Applying Eq. (4) yields the coupled dynamic model [19]:

M(0)6+C(0,6)0+K(®6) =0 (5)
Here, M € R?*%, ¢ € R?*?, and K € R? denote the inertia matrix, Coriolis matrix, and gravity
vector, respectively, while Q€ R? is the vector of generalized input forces. The robot dynamics
can be expressed in a compact form as:

M(6)8 +C(0,6)0 + K(0) = (6)
where 6, F € RP with p = 2 .By defining the state variables as El = 6,&, = 6, and the state vector
as & = [¢],&7]T € R™ (where n = 2p) alongside the control input u = F, the nonlinear function
are defined as g(&) = M 1(0), w(§) = —(C(6,6)0 + K(6)).

The system can then be expressed as:

& =6, &=9@u+m(©) (7
I
with the measured output ¢, = &;. The following matrices can be defined as A = [ pep 0 P ],
pxp  Upxp

[ pxp] (). =1 Opx-m]-

Since both u and @ (§) enter the system through M~1(8), we set G; = G. The nominal state—space
form becomes:

§=AE+Gu+Gew(§), §=S5¢ (8)
where, £, € RP and £ € R" with n = 2p. Considering fault in the actuator and sensor channel, as
well as time-delay, saturation, and external disturbances, the system in Eq. (8) is rewritten as:
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§ = A&+ Gup + Guw(§) + Gow(t) + Grafalt), ©
§o=S5¢+079(1),

where u; = sat(u(t — t(t))) is the saturated control input with actuator delay 7(t), and { =
&(t — h(t)) — &(t) represents the effect of sensor delay. The term O7¢@(t) = S { + Syf; ()
aggregates both sensor delay h(t) and sensor fault f;(t). Furthermore, w(t) and f,(t) denote
external disturbances and actuator faults, respectively. Here, G; = G because the nonlinear term
@ (&) enters through the same channel as the control input via M~1(8), whereas G,, denotes the
known disturbance distribution matrix associated with w(t). Therefore, G5 and G, are not
necessarily identical, which preserves the generality of the formulation.

Note that both actuator and sensor faults are modeled as additive faults. For simulation purposes,
the input history over the initial delay interval is initialized to zero so that the delayed input u, =
sat(u(t — t(t))) is well defined at the start of the simulation, while the delayed output is set to
the measured output &,. After this initial interval, the delayed input term remains fully active in
the system dynamics and control design. Note that A € R™", G € R™™, G, € R™™, Gg, €
R™ ™Mz, 5. € RP*9,5 € RP*™, 0 € RTP,and ¢(t) € R?** . For the considered system m = p.
The pair (A, G) is controllable, and the pair (4, S) is observable.

3. Mathematical Foundations and Design Procedure

This section presents the optimal control formulation, the neural approximation idea used later to
implement the optimal law, and the prescribed-time design principle.

3.1. Optimal Control Formulation

Consider the following general nonlinear dynamical system:

§() = @(§) + g(u() (10)
where & € R" is the state vector, u(t) € R™ is the control input, @ () represents the drift
dynamics, and g(§) is the input gain matrix. The objective of optimal control is to determine a
feedback law u* (&) that minimizes the infinite-horizon performance index :

JGow) = [, e @, uE@®))de (11)
where ¢(&,u) = ETP, & + uT (&)P,u(€) € Ris the instantaneous cost function. The matrices P; =
PI € R™™ and P, = PT € R™*™ are positive semi-definite and definite, respectively.

Let u"(§) denote the optimal control law for the system in Eq.(10). By substituting u(¢) with
u* (&) in Eq. (10), the optimal performance index function is defined as :

e = | " @@ G@dr = LA J " @ @uE@)dr (12)

The Hamilton—Jacobi—Bellman (HJB) equation is obtained by taking the time derivative of Eq.
(12):
aJ"(§,uw)

T
HE ') = TP+ uT @O @)+ (F57—) X @@ +g@u@) =0 (13)
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Since the optimal control solution u*(§) associated with J*(&,u) is unique, the optimal
performance index function in Eq. (12) is also unique. Therefore, it must satisfy the stationary
condition dH/ du* = 0, yielding :

1
W@ =-5k 9T ——
9J" ()
0
implemented directly. Substituting Eq.(14) into Eq.(13) leads to the HIB equation in terms of the
value function gradient [39]:
0" (§w\" 10]" W)
s ) @) Z( 9%

NAD)
9

, the optimal control law in Eq. (14) cannot be

(14)

Due to the uncertain gradient term

) sorrg L0 as)

HE W) = §7Pg +(
3.2. Neural Networks

3.2.1. Radial Basis Function Neural Network-Based Dynamics Approximator

A radial basis function neural network (RBFNN) is employed to approximate the drift dynamics
w(&):R™ - R™ as [40]:
@(§) ~ WTo(E) (16)

where W € R™™ is the weight matrix (so that WT & () € R™), [ is the number of basis functions,
and @ (&) = [®,(8), ..., 2;(6)]" € R is the activation vector. Each activation @; (&) is defined as

—m)I12
a Gaussian radial basis function, @;(&) = exp —M , 1=1,2,..,1 ,with center m; €
Q.

4

R™ and width g; > 0. The optimal NN weight W~ is defined as W™ £ arg Mr;leigl {gup |l w(é) —
E'Qf

WTe(é) II}, where 0y € R™ is a compact set. Using the optimal NN weights W~, the function

w (&) can be expressed as:

@(§) =WTPE) + () (17)

where the approximation error £(§) € R™ is bounded and can be made arbitrarily small by
increasing [ [40].

3.2.2. Deep Neural Network—Based Optimal Control Approximation

Finding the analytical solution of the HJB equation in Eq. (15) is challenging. To overcome this
issue, Eq. (14) can be rewritten as follows:

u(§) = F(&) —Jo(§) (18)

where F (&) € R™ is a known designer—specified stabilizing feedback (baseline term), and J,(¢) €
R™ is an unknown compensation term and can be approximated by a deep neural network (DNN)
as follows [41].

Jo(§) = ¢(§a) +6(8) (19)
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where &, = [¢T,1]T € R™* augments the state vector with a constant bias term, ¢(&,) € R™ is
the DNN output, and &§(§) is the bounded DNN approximation error, satisfying ||5 ()| <
5 forall € Q. The DNN consists of x+/ layers (including the input layer), with ideal weights
v; € RY¥4+1 ) and activation functions lljj:]Rli — RY+ for j=01,..,k with [ =n+1 and
l, = m. The network output ¢p(&,) is expressed as :
P(§a) = oo 9 hy 0 95¢, (20)

where 9, € R*™ ), € Rl and ¢(&,) = ¢, is the last layer output of the DNN. The j,;, layer
output of DNN is defined as:

T @
198—{(1' ] = 0)

Since the ideal weights 9J; are unknown, they are estimated adaptively through an update law [42].

Due to the presence of sensor delay or noise, £ may be unavailable; hence an observer is designed

to provide the estimated state & with prescribed convergence time. Therefore, the output of the
DNN defined in Eq.(20) is adaptively estimated as follows:

$(6a) = Ot o0 0lhy 0 07 ¢, (22)
where &, = [ge , 1]T denotes the augmented input vector. Here, 91- are the adaptive estimates of the
weight vectors ¥;, and P i =Y ((13 j—1) represents the activation function output at the j, layer.
The intermediate outputs ¢ ; are recursively computed as:

o T
Vo $ar Jj=0
For notational simplicity, true and estimated activations can be defined as 1; = 1; (¢>( j—1)) and
P i = P J ((]3( j_l)), respectively. The DNN estimation error for each layer can be expressed by:
bj =& — ;= 07wy =5 Py = 57; = 5P + 0 by — 57y = 5y + 9] (w; = ;) 24)
Since Y; (qb( j—1)) is generally unknown, it is approximated using a first-order Taylor expansion

around gE(j_l):
i (DG-0) = U (Dy-n) + Bjid-n + 02(B-1) = ¥ + Bjd-n + 0| dy-nl 25

where 117]' = ﬁ Y ((f)( j—1)) and 0(”(,5( j-1) ||2) denotes higher-order terms. Thus, the difference

: o . ~ ~ = - 2 L
between the true and estimated activations is ¥; — ; = ;1) + 0(||¢)(j_1)|| ) Substituting
into Eq. (24), the layer error becomes ¢7]- = 1§]Tlﬁj +ﬁJTlﬁ}i$(j_1) +A¢j, with higher-order

. ~ 2 . . .
remainder A¢j = 19]TO(||¢(J-_1)|| ). Hence, the error associated with the j;, layer can then be

reformulated as:

¢; = (Ilj+1 ® P/ ) Vec(9;) + 8 jbg-1) + By, (26)
For the input layer (j=0), this reduces to ¢, = (Il1 ® &7 )Vec(ﬁg ) By recursively applying Eq.
(26) for j=0,1,2,....,k, the overall DNN approximation error is written in compact form as (see [41,
Lemma 1]):
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K K
DE) —(6) = B =) WiVec(d) + ) Zy @7)
j=0 j=1
where ¥; € R (l+1) are regression matrices defined by ¥; = Z, (Il].+1 ® l/A)]-T),j=0,],2,....,k
with the initial case ¥y = Z¢, (Il1 ® &7 ) and Eg}. € R™4+1, Furthermore, the propagation matrices
are given by Equ = H§=j+1 97y = ﬂllﬁ;’cﬂ&_nlﬁ@_n ---'9(Tj+1)¢AEj+1)~
Since the activation functions 1;, optimal weights 9;, and states estimation error e; are bounded
therefore there is a positive constant € bound on ”Z’;:l E¢].A¢]. ” 1.€. ”Z’;:l E¢jA¢ ” < ¢; and in

a similar manner || (&) || < ¢ [41, 42].

3.3. Prescribed-time stability
Definition 1 [44]: Consider the nonlinear system & = £ (&, t,d), where & denotes the state vector
and d(t) is a bounded disturbance. The system is prescribed-time input-to-state stable (PT-ISS)

over the interval [to, to + Tp), with T, >0 ,if there exist a class kL function f and a class k
function y such that:

1€ < B(IEC) p1(t o)) + ¥ (Ild (D) llzerey,) (28)
With the time-base generator p and its integral pydefined by

t
o pitit)) = [, p(r.to)dr, pltt)) >1
e p;(t,ty) > +oo monotonically as t — ty + Tj.

Many functions satisfy the above condition. For instance, by selecting:

=k, (Y’ 29
p(tl tO) — Mp (Tp+t0—t) ’ ( )
T, T, '
p1(tity) = kpg 1 (Tp - t) -1 (30)

where k, > 0 is a scaling constant, and g > 2 is a design parameter that adjusts the convergence

rate. Therefore, p; (¢, ty) = o as t - t, + T, thereby enforcing prescribed-time convergence.
3.4. Novel Prescribed-Time Fault Observer

This section presents an adaptive observer for reconstructing the system states from outputs
affected by actuator/sensor faults, delays, saturation, and external disturbances. A distinctive
feature of the proposed design is the use of scaling-based terms in the adaptation laws, which
enforce prescribed-time stability. Acting as high-gain forgetting factors, these terms dynamically
regulate the adaptation process, enabling fast convergence and robustness against uncertainties
[45]. The observer design is developed based on the state-space model in Eq. (9):

EE = AE + Guy + Gow(t) + Grafo(t) + Guw(§) + Nésy (31)
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where & = [¢7, E}TS] is the system state, {rg = 0T ¢(t) denotes sensor faults/delay from Eq.(9),

fa(t) captures actuator faults/noise, w(t) denotes the exogenous disturbances, E = [8 0 ] is
PXp

the descriptor matrix, A = 61 2 I is the system matrix, G = [GT, Omxp]T ,G, =
(62, 0mxp]' Gra =[G Omynp] Gy =[G, Omoxp] are known  input/disturbance/fault
distribution matrices, and, N = [0y, Ip]T is the fault distribution matrix. Since directly designing
an observer for Eq. (31) is nontrivial because of its nonsingular structure, a new variable is
introduced: m =& — H™'T¢,, where H=E+7S, S = [S, Ip] where T = [OI,Xn, YT]Tis the
design matrix, and Y = diag{Yl, Y, .., Yp}, with ¥; > 0 for j = 1,2, ..., p. Thus, the transformed
state-space model can be expressed as:

it = A€ — polIE + H7ULE + Gyu, + G (t) + Gafy () + &(Eup) + M (32)
= /TLf__ ponf_'l' H_lLéo + G_lu‘t + G_Zw(t) + 63fa(t) + WTCD(f_' us)
+ g(sf)urrus) + M‘ffs
Where, A, =HY(A-15),G, =H G~ Gy, G, = |G], mxp] ,G, =H™'G,,Gy =
H_léfa, M = H™N, and the term Il > 0 is a prescribed-time design matrix. L is a design gain
that is determined so that A; is Hurwitz. The term p,II¢ is added to ensure the prescribed-time
stability, where p, (t) is the prescribed-time scaling from Eq. (29). An RBFNN term approximates
the composite & (&, u;) = G (&) + polI€ + Guu, with &(&) = WTd(E, u) + &(&, up, us),
(& urus) ~ &(Eue) + WT (05 ur) = @(&us)). Based on Eq. (32), the following novel
adaptive prescrlbed time observer is proposed:
f= A, — pTIE + HTULE, 4 Gy + Gyvy + Govy + Gavg + WTO(E uy) + H v, + My,  (33)
E=f+H\TE, (34)
ug = sat(u(t)) (3%5)
where, ? , f,, and W denote the estimates of the state f_ , the gain matrix L, and NN weight matrix
W, respectively. Note that, in the proposed observer, u; is used instead of u; because the input
delay is assumed to be unknown. The compensation terms v;, v,, V3, V,, and v, are introduced to
cope with the unknown bounds of the delay mismatch, disturbances, actuator faults, approximation
errors, and sensor fault/delay terms, respectively Specifically, these terms correspond to @t = u; —
Ur, w(t), fo(t), & and &rs. The following bounds are assumed: [|@] < py, lw(@)I < Py,

IOl < pp, [|ECE & ueun)|| <

Appendix D. Based on the estimation error € =
proposed as:

< Pes ||€fs|| prs-The term £(¢, 5 u;, Ug) will be defined in

E — & = ft — m, the compensation terms are

vy = —pusign(Q:5€) (36)
vy = =P, sign(Q,S5e) (37)
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vy = —pysign(Q;5€) (38)
Ve = —p,sign(Q.Se) (39)
vy = —PrsSign(QsSe) (40)
The adaptive update laws for the unknown bounds are given by:
A . s\ A &= A
Bu = 1u ((sign(:58)) 0,52 - p,py,) (41)
A . s\~ &= A
Pw = Yo ((Slng(QZSe)) Q,5¢é — popw) (42)
A . s\~ &= A
br =vr ((sign(Qs$8)' 0552 - oy ) (43)
A . s\~ &= A
pe =ve ((sign(Q.52)) Q.52 — pop. ) (44)
A . s\ A &= A
Prs = Yrs ((SLgn(Q4Se)) Q,5¢ — popfs) (45)

The observer gains and NN weights adaptation are updated as:
L= Q(nge_y-r - poﬁ)
W =1, (®(,u)e"STQL - p, W) (47)

Yw Yo V5 Yes Yps > 0 are positive constants, [} and [}, are positive definite matrices, and p, =

(46)

k, (Tp,::f - t)go , g, = 2 ensure prescribed-time convergence.
Theorem 1: The designed observer Eq. (33), utilizing the compensation terms Eq.(36)-Eq.(40)
and the adaptation laws Eq. (41)-Eq. (47), guarantees prescribed-time convergence of the
estimation error and reconstructs the system states and sensor-fault components from
delayed/compromised outputs within the prescribed time T, provided that positive definite

matrices P and Q exist satisfying:

HTP=0.S5=09,§ (48)
G{P=09,8 (49)

G;P =Q,S (50)

GIP =Q5S (51)
MT™P =9,S (52)
P=0,S (53)

PA, +A[P=-Q<0 (54)

where @, = HQ,,.
Proof: Refer to the Appendix D.
3.5. Novel Composite Deep Learning-Based Proximate Adaptive Optimal Control

This section develops a composite adaptive learning-based optimal controller that minimizes both
the tracking error and the control effort within the optimal control framework introduced in Section
3.1. To guarantee closed-loop stability, prescribed-time convergence, and robustness against
model uncertainties, the control law combines analytically derived compensators with a deep
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neural network (DNN). Because the exact optimal control policy cannot be computed explicitly,
the DNN approximates its residual online, utilizing the real-time adaptation mechanism detailed
in Section 3.2.2.

Fig. 2 shows the overall block diagram of the proposed control architecture for the surgical
continuum robot. It includes the reference trajectory generator, the prescribed-time descriptor
observer (Egs. (41)—(47)), the DNN-based optimal policy approximator (Eq. (75)), the radial basis
function neural network for fault approximation, the auxiliary saturation compensator (Eq. (78)),
and the adaptation mechanism (Eq. (79)) that combines tracking and estimation information to
generate the final control input.

Reference Trajectory ce Model
Ey = ApXn + Bur Observer Aduptation
Laws (Eq. 41 -47)
£ P

/

rescribed-time Deseriptor Based
E=8=xpn Cibserver (Eq. (33) and Eq. (34))

Ervor C

Deep NN Weights

Adaptation
Law (Eq. 79)

Deep NN Optimal
Policy Approximator

®q.79)
o« i= b2
Compasite Input a Composite Aduptive Optimal Controller | w(() u, Surgical Continuum Robot System T L =8E+0Tp(t)
rm:;""_‘:"(;q' o 0 = =K% — pK, 2 + Kab - $(2.) ™ M@+ c@E8) thE =F [ meisy marast)

Input Channel
+

Fig. 2: Block diagram of the proposed composite adaptive optimal control
The system model Eq. (9) can be expressed as:

§ =N+ Gu + GiAu =Gyl + Guw(t) + Graf, (8) + W(E, uy) (5%)
where Au = ug — u represents the input saturation mismatch, and i=us—u,denotes the input —
delay mismatch, and W (¢, u,) = Gy@w(&) + (G — G;)u, represents unknown nonlinear terms.
To enhance tracking, an integral error state is introduced:

x =[ET,6T 7, 6 =K(SE-1) (56)
where & = [I, Onxp]g is the observer state and r is the reference. The extended dynamics
become:

X = Ax + Bu + BAu — Bit + B,w(t) + Brofy (t) + BpyW(é,u,) + By v — Kjeg (57)

A nxp Gfa In

Where CA — [Kl pxp] B [Opxm] B [ pxml], Bfa - I:Opme:I) BW - [Opxn]’ Bm =
0 o

- lieh -0

Thus, the augmented system becomes:

X = Ax + Bu + BAu — Bit + B,w(t) + Brofo (t) + BypyW(é,u;) + By, 7 — Kjes (58)
Consider the model reference system as follows:
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Xm = AmXm + BT (59)
Define the tracking error as:
Z=X—Xn (60)
The tracking error dynamics can be written as:
2= = Xp = Ax + Bu+ BAu — Bil + B,w(t) + Brofu(t) + ByW(E,u) + By 7 — A — Bur (61)

Assume A,,, = A —BK < 0,s0 A = A, + BK, yielding:
zZ = Apz + BKx + Bu + BAu — Bil + B, w(t) + Brofa(t) + BaW(E, uy) (62)
To ensure the prescribed-time convergence, the term pA,.z is added to Eq.(61), where p is the
scaling factor defined in Eq.(29) and A, = A — BK,.
Z=Apz+ pA,z + BKx — pAz + pBK,z + Bu + BAu — Bil + B, w(t) + Brofo(t) + B, W(§, u;) (63)
Define estimated state £ = [£7, o7 ]T, and 2 =% — Xy, s0z—%=x—X = Keg ,where e; =

. I
& — &, denotes the state estimation error , and K = [0 "

]. Since the full state x is not available,
pXn

X is used instead so that:

z=Amz+ pA,z— pAz + BKX + pBK,Z + Bu + BAu — Bii + B, w(t) + Brofo(t) (64)
+ B,W(&, u,;) + BK(x —X) + pBK,.(z - 2)
Thus:
z=Anz+ pA,z—pAz + BKR + pBK,Z +Bu + BAu — Bii + B,w(t) + Brofo(t) (65)
+ By W(E, u,) + Keg
where X = (BK + pBK,)X . Defined the quadratic performance index as:

J(z) = f+°° (zT(D)Pz(t) + uf (tr)Ru(x))dr
t

where P and R are positive definite matrices. The optimal control law is derived by minimizing
Eq. (66):

J*(z2) = min (JHO (z"(0)Pz(7) + uT(T)Ru(T))dT> = Jw) (T (D)Pz(t) + w T (D)Ru* (7))dr (67)

ueP(Qy)

(66)

Following the procedure in Section 3.1, the HIB equation becomes:

aJ*(2)\ . (68)
0z ) 27

H(z,u*,J*) =z "Pz+u*TRu* + (
=z"Pz+uTRu"

a]"(2)

+ ( 0z

— Bil + B,w(t) + Brofu () + BypyW(€,u,) + Key)

The optimal control law is obtained by solving %j'” = 0, yielding:

1 d]"(2) (69)
* _ _ _p=1lqpT 71 N/
u = 2R B 57

T
) (Amz + pArz — pAz + BKX + pBK,Z + Bu + BAu
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9J"(2)

Since is unknown, Eq. (69) is adjusted to mitigate uncertainty, ensuring stability, prescribed-

time convergence, and addressing input saturation:

u* = —KX — pK,Z + KxA — ]4(2) (70)
where A € R™ represents the dynamic state vector of the auxiliary compensator designed to
mitigate the adverse effects of input saturation and input-delay mismatch, and K, € R™*™ is its
associated design gain matrix. Hence, the term K, A€ R™ provides an additional dynamic
corrective action that helps preserve closed-loop stability in the presence of saturation and delay
effects. For the considered system, m=p=2.

1 a]*(z
Jo(2) = =KX — pK,2 + K,A + ER‘lBT]a—i) (71)
As Jy(2) is unknown, a DNN approximator is used, as introduced in Section 3.2.2.
Jo(2) = ¢(24) + 6(2) (72)

Where ¢ (z,) = 9L, 009, 098z, with z, =[zT,1]T, ‘and §(z) is the residual
approximate error; the properties of the DNN are detailed in Section 3.2.2. Based on Egs. (69),
(70), and Eq. (72), we have:

Jd(z) = ajagz) = 2B(B"B)"IR(KX + pK,2 — KAA + ¢(2,) + 5(2)) (73)
u* = —Kx — pK,.Z2 + KyA — ¢(z,) —6(2) (74)
Since V;, i = 1,2, ..., k is unavailable, we approximate it using a DNN:
$(2a) =0 o0 9Py 0 oo (75)
With 2, = [27,1]7. Then,
J@ =2BBTB)R(Kz + pK,2 — K,A + d(2,)) (76)
The optimal control law Eq.(74) is unknown, so its estimate is used:
0" = —K% — pK, 2 + KyA — $(2,) (77
An adaptation law is proposed to mitigate input saturation effects while ensuring prescribed-time

convergence:

i 2PBAu|| + |leI M T Aul| + a || MT Aul|? (78)
A=Q<—aAA—pA_A” I+ [ley || + all ||>

Al
With du = us = u, e, =&, — é s —S & and ag > 0. The DNN weight adaptation law is designed
to ensure prescribed-time convergence:

Vec (1§j) = Iy;j(—o9;Vec(d;) — pVec(d;) + ¥ BTPz + W[ Me,) (79)
Theorem 2: The proposed composite deep learning-based proximate adaptive optimal control Eq.
(77), combined with the input saturation compensator Eq. (78) and the DNN weight adaptation
law Eq. (79), stabilizes the system described by Eq. (9), associated with the continuum robot
defined by Eq. (6). This stabilization occurs within the prescribed time T, to a specified radius
around the origin if there exist positive definite matrices P, Q4, and Q, satisfying the following

equations and inequalities:
KTPB=S"MmT (80)
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0, = ATP + PA,, + a, <0 81)
0, = ATP + PA, — 2PA + a, < 0 (82)
op—pB3>0 (83)

o9; — (as + ara)liy;,, >0 (84)
g=1l—a;5>0 (85)

a; and «a; are design margins and positive constants, where larger values are desirable.
B3, as, 14, @15 are known positive constants arising from bounding cross-terms in the Lyapunov
derivative (Young/Schur bounds), determined by chosen gains, P, and the known uncertainty
bounds .

Proof: Refer to Appendix E.

Remark 1: Theorem 1 does not explicitly include adjustable positive scalar parameters; the observer
design is fully characterized by the matrix decision variables obtained from the associated LMIs. In
practical YALMIP implementations, auxiliary numerical settings (such as variable bounds, solver
tolerances, and scaling factors) are introduced to ensure feasibility and numerical robustness. These
empirical settings do not affect the theoretical guarantees of the theorem. In contrast, Theorem 2
incorporates several explicitly tunable design parameters (., a; , 3, @5, @14, and a45) that govern
the adaptation laws of the input saturation compensator and the DNN weight update. The
parameters @g and a; are chosen to balance LMI feasibility with robustness against system
uncertainties, delays, and faults; excessively large values may render the LMIs infeasible. The
remaining parameters arise from bounding arguments in the Lyapunov analysis, as detailed in
Appendix E. In practice, all parameters are tuned via systematic trial-and-error to achieve a suitable
trade-off among convergence speed, robustness, and closed-loop stability.

Remark 2: The stability guarantees derived in this work rely on boundedness assumptions for
uncertainties and approximation errors that are explicitly incorporated into the Lyapunov analysis,
rather than on exact parameter values. Parameter variations and tuning inaccuracies appear as
norm-bounded perturbations in the closed-loop dynamics and are compensated by conservative
LMI conditions and adaptive update laws. Consequently, provided that these variations remain
within the bounds ensuring LMI feasibility, closed-loop stability is preserved, while parameter
deviations primarily affect transient behavior rather than causing instability. While our proposed
framework ensures convergence to a small ultimate bound, explicitly prescribing the exact size of
this neighborhood via Prescribed Performance Control (PPC) [46—48] remains a highly valuable
direction for future research to ensure strict safety constraints in surgical operations.

Remark 3: The proposed composite approximation, a prescribed-time baseline controller
augmented by a DNN that learns only the residual costate-dependent component of the HJB
solution, is designed to reconcile three conflicting requirements: analytical tractability, robustness
against simultaneous faults, delays, and saturation, and real-time feasibility for surgical continuum
robots. Classical MPC and direct numerical HJB solvers typically require repeated high-
dimensional optimization over long horizons and are computationally prohibitive for the multi-
DoF, delay-affected system considered here. Similarly, shallow neural networks, fuzzy
approximators, or purely robust/sliding-mode controllers must approximate the entire optimal law
and rarely achieve prescribed-time convergence under the combined adverse conditions. In
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contrast, the proposed structure provides explicit LMI-based conditions for prescribed-time
stability, maintains moderate computational complexity via simple forward propagation and
analytic weight updates, and demonstrates substantial performance gains over a robust baseline
controller in the presented simulations. It should be noted that the present optimal-control
framework is developed under an additive actuator fault model, which preserves the nominal input
gain matrix and ensures that the corresponding HIB equation remains well posed. Extending the
proposed composite deep-learning-based optimal structure to unknown multiplicative actuator
faults or loss-of-effectiveness faults, where the input matrix becomes uncertain, remains an
important direction for future research.

4. Simulation and Results

This section evaluates the performance of the proposed prescribed-time fault-tolerant controller
under demanding operating conditions, including actuator (input) faults, sensor (output) faults,
nonlinear disturbances, parametric uncertainties, input delay, and actuator saturation. Since the
target application is surgical continuum robotics, fast transient response and small steady-state
error are essential to prevent performance degradation that could compromise tissue safety. The
proposed approach is implemented on the two-segment continuum robot model, while the above
adverse conditions are introduced at different time instants. For comparison, the robust strategy in
[38] is used as a benchmark. Two reference trajectories, namely a multi-step profile and a
sinusoidal profile, are considered to evaluate both transient and steady-state performance. All
simulations were carried out in the Simulink environment using MATLAB R2020a on a Windows
10 platform equipped with an Intel Core 17-7600HQ processor and 8 GB DDR4 RAM.

4.1. Required Parameters

The simulations employ- the two-segment continuum-robot model of [38], with physical
parameters taken from Table 1 and [49]. The reference model in Eq. (59) employs the following

matrices:
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
A = —18.27 —3.44e—16 —-11.68 —-7.03e—16 -10 —4.19 |0 0 (86)
m —3.69¢ — 16 —18.27 —1.58 —11.68 —3.29¢—-16 =10 [’"™ | o 0
1 0 0 0 0 0 -1 0
0 1 0 0 0 0 0 -1

The proposed framework consists of three main components: a deep neural network (DNN), an
observer, and a controller. The DNN contains three hidden layers with 7, 8, and 9 neurons,
respectively. The activation functions are hyperbolic tangent, hyperbolic tangent, and logistic
sigmoid, followed by a linear output layer. The observer and controller gains, together with the
remaining design constants, are summarized in Table 2. These parameters were tuned through trial
and error to ensure fast error convergence, limited transient overshoot and undershoot, and
compliance with the robot’s physical constraints, such as actuator saturation and mechanical limits.
No optimization tool was used, since satisfactory performance was obtained after a few trials. The



Journal Pre-proof

numerical parameters associated with the observer and controller in Theorems 1 and 2 are reported

in Appendix F.

4.2. Step Reference Trajectory

The reference signal used in this simulation is a multi-step input defined as follows: for the time
interval t = [0, 10], the signal value is w/8; for t = [10, 20], it is w/2; and for t = [20, 30], it is

/4.

Table 2. Parameters of the Observer and Controller
I Tp %o Po Ye yf s 12 l k o Iy w Yu Yo yf

Observer’s 1 7 7 N
e- e- e- e-
Parameters le- 1 1 1 le- le- le- le-
e-3 3 3 3 3 0 10 e-3 e-3 e-6 e-3
Controller’s g k K, Oy9j p K, I, Qg Oy Ly
Parameters 3 1 1 1 1 1 1 1 1 1

As shown in Fig. 3, the proposed method converges significantly faster than the method in [38],
with an approximately 17-fold reduction in settling time. This rapid convergence is particularly
desirable for surgical robotic systems, where fast stabilization after abrupt changes is essential.
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Fig. 3: Comparison of continuum robot bending angles tracking under step signal.

Fig. 4 presents the tracking error of the bending angles for the two-segment continuum robot. The
proposed prescribed-time fault-tolerant controller clearly outperforms the method in [38] in both
convergence speed and safety-critical transient behavior. While the controller in [38] exhibits a
noticeable tracking error for nearly 5 s after each step change, the proposed controller reduces the
tracking error to essentially zero within approximately 0.3 s after the reference changes at t=10 s
and t=20 s. This rapid suppression is achieved despite simultaneous disturbances, model
uncertainties, input saturation, input/output delays, actuator faults, and sensor faults, thereby
ensuring closed-loop stability and high-precision tracking throughout the task.
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Fig. 4: Comparison of continuum robot bending angles tracking error under step signal.

Fig. 5 highlights two important observations regarding control effort. First, the proposed method
achieves the desired response with substantially lower control effort than [38], which implies
reduced energy consumption and less actuator wear. Second, after disturbances and faults are
introduced, the control effort in [38] increases by nearly 4.4 times, whereas the proposed method
maintains the control mput at a moderate level, indicating effective compensation of delay,
saturation, and fault effects. Fig. 6 compares the system states and their estimates. The observer
accurately reconstructs the states in the presence of output-sensor faults, allowing the controller to
operate with reliable feedback. The close agreement between the estimated and true states indicates
robust fault accommodation and rapid estimation convergence.
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4.3. Sinusoidal Reference Signal

To further evaluate robustness beyond step responses, particularly in the presence of external

. . . . . . Vs
disturbances and sensor faults, two sinusoidal reference trajectories are considered: r; = St

%sin ®and rp, = % + gcos (t). These waveforms also represent the tortuous vascular pathways

that continuum robots are expected to follow during surgical navigation. The method in [38] is
used as a representative robust benchmark, and both controllers are tested under identical
conditions to ensure a fair comparison. Fig. 7 presents the tracking responses of the proposed
method and the benchmark in [38] with respect to the sinusoidal reference trajectories. The
proposed controller tracks the references rapidly and accurately despite the simultaneous presence
of external disturbances, time delays, and injected faults. In contrast, the method in [38] exhibits
clear tracking degradation under the same adverse conditions, which limits its suitability for safety-
critical surgical applications. Fig. 8 shows the corresponding tracking errors. The proposed method
maintains a near-zero error envelope, demonstrating rapid convergence and effective
compensation of input/output faults, delays, saturation, and model uncertainties. By comparison,
the benchmark in [38] produces substantially larger and miore oscillatory errors under identical test
conditions. Fig. 9 illustrates the control inputs. Since excessive control amplitudes may induce
mechanical vibration and reduce actuator lifespan, the control signal is an important performance
indicator. The proposed method generates smoother control inputs with smaller magnitude and
reduced oscillation amplitude than [38], indicating lower actuator stress and improved energy
efficiency. Fig. 10 compares the actual system states with their observer-based estimates. The close
agreement between the estimated and true states confirms that the proposed observer can
accurately reconstruct the system states even in the presence of faulty sensor measurements. This
ensures that the control loop operates with reliable state information and maintains stable and
accurate tracking.

T
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01 [41)
601: Ref

1.5

—

05F

Bending Angle 1 (rad)

== =62 Proposed
602 [41]
5L 62: Ref

Bending Angle 2 (rad)

L L f L L
0 5 10 15 20 25 30
Time (s)

Fig. 7. Comparison of continuum robot bending angles tracking under sinusoidal reference signal.
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4.4. Fault resilience

To further assess fault resilience, the proposed method is evaluated under simultaneous actuator
faults, sensor faults, and time-varying input delays, and is compared with the advanced method in
[50]. First, an additive actuator fault and an input delay are introduced as follows:

0,t < 20 , (87)
fai(t) = %+3—T)cos(3t),t >20t= 1,2
7,(t) = 0.2 + 0.155in(0.5¢), i = 1,2 (88)

The actuator fault propagation matrix is defined as: Gr, = [zeros(2); eye(2)]. To evaluate the
method under more challenging output-channel conditions, a sensor fault is considered as follows:

0,t <35 ‘
() = 3—7Z)sin(0.57rt) t>3517 1,2 (89)

where S¢¢ = ones(2,1).

Fig. 11 demonstrates the superior tracking performance of the proposed strategy under this
combined fault scenario. Following the actuator fault, the proposed system recovers rapidly and
returns to stable tracking within approximately 0.2 s. In contrast, the method in [50] exhibits more
pronounced oscillatory behavior and requires about 0.4 s to mitigate the fault effect. This
highlights the improved responsiveness and robustness of the proposed prescribed-time control
scheme. In the presence of sensor faults, the proposed method also compensates effectively for
degraded measurements and preserves accurate trajectory tracking. By contrast, the method in [50]
suffers from noticeable tracking degradation due to the propagation of faulty feedback signals.
This ability to handle both actuator and sensor faults robustly is a key advantage of the proposed
approach in realistic surgical scenarios. Fig. 12 compares the system states with their
corresponding observer estimates, showing that the observer successfully reconstructs the true
states from corrupted measurements. Fig. 13 further illustrates the rapid detection and isolation of
sensor faults, which is a central component of the overall fault-tolerant architecture.

Moreover, the integration of the DNN further enhances fault resilience by compensating for
residual nonlinearities and fault-induced effects online. This predictive capability helps maintain
stable operation and accurate tracking even when healthy sensor measurements become
intermittently unavailable, thereby improving the overall resilience of the surgical robotic system.
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4.5. Parameter sensitivity analysis

The performance of the proposed controller depends on several key design parameters. To evaluate
sensitivity, three scenarios were considered. In the first two scenarios, corresponding to the step
and sinusoidal references, the nominal parameters listed in Table 2 were used and yielded
consistently good performance. In the third scenario, involving a more complex reference
trajectory together with simultaneous actuator and sensor faults and a time-varying input delay,
parameter retuning was necessary to preserve prescribed-time convergence and robustness. The
retuned observer parameters were selected as T, = 0.2 s, k, = 1.5, I}, = 5,1 = 20, I}, = 10,
Yu =1 ve =1, ¥y = 1. Reducing T, accelerated fault estimation. Increasing k,, [, I}, and I},
improved fault separation, state-estimation accuracy, approximation of unknown nonlinearities,
and convergence of the unknown gain estimate. Increasing vy, ¥,,, and y; further enhanced

robustness against disturbances, approximation errors, and fault bounds.

The retuned controller parameters are chosen as k =5, K; =12, Ij; = 50 together with an
expanded DNN architecture (i.e., [7, 15, 15, 15, 15, 15, 2]) compared with the lighter structure ([7,
7, 8, 9, 2]) used in the first two scenarios. Increasing k and reducing T,, accelerated control
response, while increasing K; eliminated steady-state error. In addition, increasing Iy; and
expanding the network improved optimal control approximation under faults. These adjustments
were necessary to achieve fast convergence and accurate tracking under multiple adverse
conditions, highlighting the trade-off among fault-estimation speed, nonlinear approximation
capability, and overall robustness.

Remark 4: Although the proposed framework is developed within a rigorous theoretical setting,
it remains practically feasible for real surgical continuum robots. The online implementation
mainly involves structured matrix operations, observer updates, and gradient-based adaptation
laws, which are well suited to modern embedded processors. Moreover, the DNNs used for
approximating unmodeled dynamics and residual control terms are of moderate size and updated
incrementally online, which helps keep the computational burden manageable. In practical surgical
environments, measurements are inevitably affected by noise and delays. The proposed descriptor-
form observer explicitly estimates delay- and fault-related effects without requiring noise-free or
excessively high-frequency data, while the adaptive laws compensate for bounded disturbances
and approximation errors. In addition, actuator saturation and input delays are explicitly addressed
by the auxiliary compensator using the estimated states. Since the prescribed-time convergence
property does not rely on restrictive initial conditions or excessively high sampling rates, the
overall framework is suitable for tendon-driven surgical platforms.

5. Conclusion

This paper presented a prescribed-time fault-tolerant control framework for surgical continuum
robots that simultaneously addresses actuator and sensor faults, time-varying input and output
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delays, actuator saturation, external disturbances, and model uncertainties. A descriptor-form
observer equipped with adaptive laws and neural-network approximation achieves prescribed-time
state and fault estimation independently of the initial conditions, enabling the fast and predictable
error suppression required in safety-critical surgical applications. Based on these estimates, a
composite deep learning-based controller approximates online the residual term of the Hamilton-
Jacobi-Bellman optimal control law, while an auxiliary compensator mitigates the effects of input
saturation and delay. Rigorous Lyapunov analysis provides sufficient LMI conditions
guaranteeing prescribed-time closed-loop stability. Simulations on a two-segment continuum
robot demonstrated that the proposed method significantly outperforms the robust baseline
controller, achieving approximately 17-fold faster settling time (0.3 s versus 5 s) and nearly
threefold lower control effort, while maintaining accurate tracking and state estimation under
simultaneous faults, delays, and saturation. These results highlight the strong potential of the
proposed framework for safer and more precise robot-assisted surgery.

Future work will focus on experimental validation on hardware surgical platforms under realistic
sensing and actuation constraints, extension to full three-dimensional continuum-robot dynamics
with coupled bending and torsion effects, and incorporation of more advanced learning
mechanisms to adapt the prescribed-time horizon online according to task complexity and fault
severity. Additional directions include integration of perception-driven feedback from medical
imaging and extension to cooperative multi-arm surgical systems with safety constraints.
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Appendix C. Useful Lemmas

Lemma 1 - Young's Inequality [51]: For any given a,b € R™ we have

2a7SND < aTSpsSTa+bTNTp~19b (C.1)
where p > 0, S, and 9t have appropriate dimensions.
Lemma 2 — Trace Property [52]: For real column vectors a, b € R", the trace of their outer product is equal to their
inner product.

Tr(ba™) < a’b (C2)

Where Tr is the trace operator.
Lemma 3 - PT-ISS [44]: For a nonlinear system described by ¢ = f (¢, t, d), if there exists a smooth, positive definite,
and radially unbounded function V: R™ — R* that satisfies the following conditions:

V(t) < =2k p(t, to)V(t) + p(t, ty)Ci + C; (C.3)
for positive constants k*, C; and C,, then
-2Kk°Ty, Ty ?‘1_1 c* (C4)
V() < V(te 77 (<Tp*f°‘t> ) + o

As aresult, it can be established that the system achieves prescribed-time input-to-state stability (PT-ISS) within the

time T}, and the function V (t) converges to %, t = T,. Meanwhile, p(t,t,) > 1and C* = C] + C;.

Appendix D. Proof of Theorem 1

By analyzing (32) and (33), the dynamics of the observer estimation error, can be described by the following equation.
A GR)
=Aé—pJle+H 'Ly —Git + Gyv; — G (t) + Gv, — G3f,(E) + Gyv,
—WTo(§u) + W' (?,us) = &(& upug) + H v — Méys + My,
Where #=u, —u;. If we define WD u)+ (& u,ug)= WTdE u) + H18(E & u,u;)  and
§E Eunuy) = HEE o) + HWH () — 0§ ), we  have  —WTo(§uy) + W (§u,) -

(& unu) = (W =W (§ug) ~ 78 (& & upuy) = W (§uy) — H 18 (86w us).
Consider the following Lyapunov function:
1 1 1 1 1 . - ~ - D.2
Vi =&"Pe+—pi+—pd +—pi+—pE+—pf + Tr(LI7AL) + Tr(WT I 'W) (D2)
Yu Yo yf Ye st
Whereﬁu =ﬁu_puaﬁw =ﬁw_pwy.5f =ﬁf_pf5 .58 =ﬁ€_p£7ﬁfs =ﬁfs_pf5s Z =L—L, andW =W-Ww.
The time derivative of V; is computed as follows:

2 2

. Ty = | =Tyt 2 A ~ A ~ A 2 A 2 A FT =17 (D.3)
Vi=e'Pet+e Pe+—pupu+ —Pubw + —PrPr+—PePe + —PpsPrs + 2Tr (LI L)
Yu Yo Yf Ye st

+2Tr(WT ;W)
Substituting (D.1) into (D.3) yields:

V, =& (PA, + P P)e—p,e" (PN +N"P)e+y L'TH TPe+ & "PH LTy — " G{ P& + &' PG,v, (D.4)
— [T (OGIPE + &7 PG fo(t) + v]GIPE + & PGavg + &7 (£ u,) WPE
+&TPWTD (§u,) = ETHTPE — &TPH e+ vTHTTPE + &TPH v — {] MTPE

I oo 2 . 2 _ . 2 _ . 2
— &' PMéss + v MTPE+ E"PMvy +— pupy + —PuPu + —PrPs +—PePe
Yu Yo yf Ye
2 B i 5
+— prsbys + 2T (LTIALY) + 277 (WL W)
yfs

By applying Eqs.(47)—(53) along with Lemma 1 and Lemma 2, the following result is obtained:
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y'LTH " Pe+&"PH LTy = 2y"LTH "Pe = 2Tr(L"H "Pey™) = 2Tr(L7Q,Sey™) (D.5)
~iTGIPE = —i7Q,5¢ < p,l|0: el < pu(sign(0:58))  0,5e (D.6)

—-&"PGl i =—2"S"QTi < p,(9,58)Tsign(Q,Se) (D.7)

~0T(DGIPE = —wT ()0,5¢ < p, 10,5l < po,(sign(Q,52))" 0,5¢ (D.3)
—e'PGw(t) = —&'STQTw(t) < p,(Q,58) sign(Q,5¢e) (D.9)

— 13 (©)GI PE = —f;1 (1055 < pflIQsSe|| < py(sign(Q;52)) 0s5¢ (D.10)
—€TPG3 fo(t) = —€"STQI fu(t) < pr(Q358) sign(Q55¢€) (D.11)

—&TH TPz = —£TQISe < p,(sign(Q5e))’ 0Se (D.12)

—&"PH 16 =-2"S7Q"& < p,(QCe)Tsign(QSe) (D.13)

—ELMTPE = —£1,0,5¢ < py.(sign(0,52))" 0,52 (D.14)

—&TPMEs, < pro(Q458) sign(Q,58) (D.15)

o7 (§u,) WPe+ & PWT O (£ ;) = 28"PWT o (§u,) = 21 (W (£ u,) €757 0% (D.16)

By incorporating Eqs.(36)—(39) and Eqgs.(D.5)—D.16) into the framework of Eq. (D.4), the following is derived:

V, < &"(PA, + A P)e — pe” (PN + 1"P)é + 2Tr(L7Q, 5ey™) + pu(sign(Q,5¢))" 0,5¢ (D.17)
+ pu (0150 sign(Q,58) — py(sign(0,58)) 0,52 — p,(0,58)"sign(Q,5e)
+ po(5ign(Q258))" 0,52 + p,,(0,58)" sign(Q,52) — p.,(sign(0,52))" 0, 5¢
— P (Q258)"sign(Q,52) + p; (sign(Qs58)) 0s5¢ + p(Q558)" sign(Q55¢)
— by (sign(0558))" 035¢ — p(Q45¢)"sign(Qs5¢)
+ 2Tr (WTCD (ée, us) e'T.S_'TQZ;) + pe(sign(QS_e'))TQS_é + p:(0S&)Tsign(QSe)
— pe(sign(052)) 05e = p.(Q52)"sign(QSe) + py(sign(Q.5e))’ 0,52
+ p75(0458)" sign(0,5e) — po(sign(Q458))’ 045€ — 1+(2.58)" sign(Q,52)
b2 uu i+ ey + e +—Byshys +2Tr (IT1E)

Yu Yo Yr Ve Yrs

+ 217 (WL, W)

i _ 1, _ _
V, < eT(PA, + Al P)e — p,e (PIT + ITP)é + 25, (y— Do — (sign(QlSe'))Tnge')
u

1. _ _ 1 . _ _
25 (y—ﬁw - (sign(0,52))' 0,5¢) + 26 (Zﬁf - (Sign(Q355))TQ35é>

D.18
~ 1 A . c=\\T ~&c= ~ 1 A . c=\\T A &= ( )
+2p: (y— pe - (sign(050))" 05¢) + 25, —Prs = (s1gn(Q.52)) Q.Se
& fs
+2Tr (ZT (nL+ QyS_'éyT)) +2Tr (WT (W + o (& us) éTs'TQ;))
After inserting the adaptation laws Eqgs.(40)—(46) into (D.18), the following inequality is obtained:
Vl = ET(:P/TL + /T}::P)e__ poe_T(:PH + HT:P)é = 2p0PubPu = 2p0PwbPw — Zpoﬁfﬁf = 2poPePe (D.19)
— 2poPrsPrs — 2poTr(LTL) — 2p, Tr(WTW) )
By applying Young’s inequality from Lemma 1, the following inequalities are derived:
=2p0pubu = —2PoPu(Pu + pu) < —popi; + Popi; (D.20)
—2p0PwPo = —2P0Pu(Pu + Pu) < —Poﬁf) + popf) (D.21)
=2p,f1Pr = =2poPr(Pr + Pf) < —Pobf + Pop} (D.22)

=2pofefe = —2poPe(Pe + pe) < —popi + pPopi (D.23)
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_Zpo,ﬁfsﬁfs = _Zpoﬁfs(ﬁfs + pfs) = _poﬁ]%s + pop?s (D.24)
o . 5 . LT
~2p,Tr(L"L) = ~2p,Tr(L"L) + 2p,Tr(L7L) = ~2p,Tr(L"L) + 2p, (Vec(L)) Vee(L) (D:25)
. N\ T -
< —2p,Tr(L"L) + p, (Vec(L)) Vec(L) + po(Vec(L)) Vec(L)
= =2p,Tr(L"L) + p,Tr(L"L) + po,Tr(L'L) = —p,Tr(L'L) + p,Tr(LTL)
=20, Tr(WTW) < —p, Tr(WTW) + p, Tr(WTW) (D.26)
Using Eq.(53) and (D.20)—+(D.26), the expression in (D.19) can be simplified as follows:
Vl = éTQe'__ PoéT(PH + HTP)e__ poﬁ‘lzl - poﬁZ) - poﬁ% - poﬁg - poﬁ?s - pOTT(ETZ)
— poTr(WTW)
+po (D7 + 3 + P2 + p2 + pls + Tr(LTL) + Tr(WTW)

_ o ) ) i N (D.27)
< —po€T (PI1 + II"P)E — popf — PoPis — PoP} — PoPz — Pobis
—poTr(LTL) — p, Tr(WTW)
+po (P2 + 3 + P} + p2 + pls + Tr(LTL) + Tr(WTW))
By defining 0 = pi + p + pf +pZ + pfs + Tr(LTL) + Tr(WTW) and =
. (Amin(Pa+0aTP) 1 1
mm{ Amax®) 7 Amax (7D Amax(rvsl)}’
Then,(D.27) can be expressed as:
V, < —porVy +pg0 (D.28)
Appendix E. Proof of Theorem 2
Substituting Eq.(77) into Eq.(65) yields:
2= Az + pA,z — pAz + BKyA —Bp(2,) + Bdu — Bil + B,w(t) + Byofy(t) + BpyW(,u,) ED

+:]C€€

Based on the Neural Network defined in the observer design section, W(&,u,) = W, dy, (&, u,) + ey (&, uy).
Furthermore, from the DNN estimation error, ¢(Z,) = ¢(z,) — Py Based on Section 3.2.2, ¢, = ¥h_, W;Vec(d;) +

Zf1 gy, with ¥ = 2, (1, ® 97, Wo = Eg, (I, ® za), Zg; = Mnejor OmiPm =
CARTISTASRL /A IS /o

Thus,
Z=Apz+ pA, 7+ Keg + BK,A — B (z,) + By + BAu — Bil + B, w(t) + Bro fo(t)

+ By Wy @y (€, u,) + Bew (€, u,) — pAz
K k

. » E2
= Az + pA,z + Keg + BK,A — Bp(z,) + B Z w,Vec(d) + B Z Eg,0, (E2)
Jj=0 j=1
+ BAu — Bit + B, w(t) + Byo fo(t) + By Wiy @y (€, 1) + Byey (€, u,) — pAz
Let the Lyapunov function be defined as:
1, 1. 1x T s
Vy =52"Pz+54T[7A +§Z Vec(d;) Is;'Vec(d;) (E3)

j=0
With §; = 9; — ;. The time derivative of (E.3) is:
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K

o1 1 1 1. 1 ) .
V,=52"Pi+ 52 Pr+ S AT A+ S AT+ Ez Vec(d)) I Vec (5;)
=0

K
1 a\T ~
+EZ) Ve (8;) Iytvec(d) (E.4)
]:
K

1 1 . - ;
=5 2"P2+ 52 Pz + ATIMA - Z Vec(d;) Iy Vec (9;)

Jj=0
Substituting (E.2) into (E.4) results in

o1 1 _
v, = EZT(CA,THP+Pc/lm)Z + EpZT(c/lIP + PA, —2PA)z + z" PKeg + z" PBK,A — z" PB$(z,)
K K
+ zTPB z ¥;Vec(d;) +z"PB z Epdg, + z"PBAu — z"PBii + z" PB,w(t)
j=0 j=1 (E.5)
+2TPBo fo(t) + 2" PByy Wiy @y (&, u,) + 2" PByey (§,u,) + AT, 1A
K

- z Vec(d;) Iy Vec (19])
j=0
By defining e;s = é s — &rs and using Eq.(79), we have:
K K

K
zTPBZ wvec(d;) = “TPBZ ¥;Vec(d;) —e?KTPBZ Yivec(d;) =
j=0 Jj=0 j=0

* K x (E.6)
=2"PB Z Y Vec(d;) + ey M” Z vVec(d;) + efMT Z Y;Vec(d;)
j=0 j=0 j=0
The application of (E.6) to (E.5) leads to:
. 1 1 -~
Vy = 52" (ApP+PAR)z + 5 pz" (AP + P, — 2PA)z + 2" PKeg + 2" PBKyA — 2" PBp(z,)
K K K
+2"PB z wiVec(d)) +egM” Z YVec(d;) + ef M z ¥;Vec(9))
j=0 j=0 j=0
e (E.7)
+z"PB Z Zg,dg; + z"PBAu — z" PBil + z" PB,w(t) + 2" PBs, f, (1)
=1
K
+ 2T PByWE Dy (¢, + 2T PByew (§,w,) + ATI YA — z Vec(d)) 155 vec (9))
j=0
Employing Young's inequality gives
2"PKe; = 2" PBKKeg + pz" PBK, Ke;
(E.8)

1
<az’z+ o ef K"K"B"PPBKKe; + pa,z"z + aﬁeET?CTKTTBTPPBKTI](e;
1 2

Since the observer estimation error e; is bounded, there exists positive constants ; and 8, ensuring that the inequality

ail e{ K"K"B"PPBKX ey < fB; and S ef KTKI'B"PPBK, K e; < f3, holds. Therefore,

a
zTPzﬂvCe; <azTz+ By + payzTz + pfsy (E.9)
With g, = aillmax(?CTKTBTPPBKJC)e} and B, = aiz/lmax(JCTKrTBTPPBKer)éf, llec||” < &. The other terms in
(E.7) satisfy the following inequalities:
zZTPBK,A < azz"z + AT ;A (E.10)
With f; = aig KI'BTPPBK,. Given the boundedness of the Deep Neural Network ¢(z,), as discussed in Section 3.2.2,

it follows that:
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—z'PBp(z,) < auz¥z + B,y (E.11)
Where f, = a%lmax(BTPPB)(;E, lp(zo)II* < ¢. Expanding ef MT ¥, W;Vec(d;) results in:

K
~ . . . (E.12)
ef " Z wVec(d;) = ef M (‘POVec(ﬁo) + ¥ Vec(d,) + -+ 'I’KVec(ﬁk))
j=0
= Vec (J,)PI Mess + VecT (9,) W] Meps + -+ + VecT (9, )BT Meg,
The boundedness of ‘P]-TM e, is ensured by the boundedness of ¥;, M, and ey,. A subsequent application of Young’s

inequality yields:
« B « o B (E.13)
efTst YiVec(d;) < as Z Vec(9;) Vec(d;) + Bs
=0 j=0
Given the boundedness of %_; E;}.Ag}. » €5, U, w(t) and f, (t) and employing of Young's inequalities one has:
K 1 K T K (E.14)
ZTPBZ B, < asz"z + - z Eg A BTPPBZ Bl < agzTz+ Bg
= AVES =1
z"PBAu = 2" PBAu — ef K" PBAu = 2" PBAu + ey M Au + ef M Au (E.15)

1
< 127 PBAul| + [|ef M dul| + a7 M7 Bull? + — lless||”
7

< 12"PBAu|| + |lef MTAu|| + a, [IMT Aul> + B,
In a similar way we have

1
—~2"PBil < ayz"z + — W BTPPBIL < 42”7 + By (E.16)
8
1
zTPBw(t) < aqz’z +a—wTBTPPBw < ay2"z + By (E.17)
9
(E.18)

1
Z"PBfy(t) < 102"z + a_faTBTPPBfa < @102z + Buo
10

Furthermore, the property of the Neural Network leads to: ||[Wyy || < Wy, [|@ (&, u) |l < P, llew (E,u)ll? < &y,
W3y @ (&, u)I* < c,, hence, 27 PBy, Wi,y (§,u;) + 2" PByyey (€, u;)

1
2" PBy Wy @y (§,u,) < @127z + a—d)&;(f, U)Wy B, PPBy, WI Dy, (€,u,) < ay,27z + iy (E.19)
11
1
Z"PByew (§u,) < ay,2"z +a—S£IB1§;PPBW£W < a1, 777 + Buy (E.20)
12
Thus (E.7) becomes:
(E21)

g 1 T T 1 T T T T T
V, < 57 (ARP+PA, )z + Pz (AfP+PA, —2PA)z+ ;2" z+ By + payz'z+ pB, + azz' z

K K
+ ATBA+ ayz"z + B, + 2TPB Z ¥iVec(d;) + ey M7 Z ¥;Vec(d;)
j=0 j=0

K
g Y Vec(d) Vec(d)) + s + aoz"z + o + 127 PBAul| + e 27|

j=0
+ a; [|MTAU||? + By + agzTz + fg + agzTz + B + @127 Z + 1o + 1127 Z + P11
K

+ 1,27z + By, + ATINA - Z Vec(ﬁj)Tlg}lVec (191)
j=0
Upon substituting equations Eq.(77) and Eq.(78) into (E.21), the result is:
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o1 1 E.22
v, < EzT(cALP+PcAm +a)z + EpzT(cAIP + PA, — 2PA + a,)z + P + pP + AT B3A (E22)

K K
+a, z Vec(d;)" Vec(d;) — ATopA — pATA + z Vec(d;)" 0g;Vec(d;)
j=0 j=0

+p z Vec(d;) Vec(d))
=0
where ag = 2(a; + a3 + @y + ag + ag + g + a1 + A1 + A12), A =205, Bs =By + Py + Bs + Be + By + Pg +

Bo + Bio + P11 + P12, Be = B2 @j and B, j = 1,2, ...,12 are positive constants.
Based on the definition of 19 and applymg Young's 1nequal1ty, we obtain:

(E.23)
z Vec(d;)" a5, Vec(d;) = Z Vec(d;) a5, Vec(d;) + Z Vec(d;)" a5, Vec(¥;)
-Z Vee(d;) a5, Vec(d)) + amz Vec(d))" Vec(d))
j=0 =0
1 K
+ (X_l?,; Vec(ﬁ])TO'JTO'{)JVeC('B])

K
— Z Vec(éj)T (0'19]' - a1311j1j+1)VeC(l§j) + Bl3
j=0
Similarly,
K

K g (E.24)
p ) Vec(d) Vec(d)) = =p )" Vec(d;) Vec(d)) +p.) Vec(d)) Vec(s))
j=0 j=0 j=0

K K
< —p ) Vec(§) Vec(d)) - aup ) Vec(d) Vec(d))
j=0 j=0

K K
1 ~ ~
+ a—mpz Vec(8;)" ag;Vec(9;) = —p(1 — 1) Z Vec(d;) Vec(d;) + pPia
j=0 j=0

Where 8, = aim oo Vec(ﬁj)TGg ;Vec(9;). Applying Eq.(80), Eq.(81), (E.23), and (E.24) into (E.22) yields:

. 1 1
V2 < 52" Quz+ 5 pz"Quz — A7 (0, = f3)4 — pdT4 )
K r .
- Z Vec(d;) (019,- —(as + 0(13)11j1j+1) vec(¥;)
j=0 .
~\T ~
—p(1—ay,) Z Vec(ﬁj) Vec(ﬁj) + Bis + Bs + pPra + pPe
j=0
If Eq.(82)-Eq.(84) hold and defining § = B4 + fs, B = Bis + B, & = 1 — a4 and Q = —Q,, then:
K
(E.26)

. 1 § 9 3 g
V, < —5pz"Qz— pATA—pit ) Vec(d)) Vec(d)) + B+ pf
=0

) - N in@ 2 28
Consider T = min {20, —, .
Amax(P) Amax(rit) lmax(rg_jl)

Thus, the following inequality holds:
V, < —pIV, + 6 +pf (E.27)



Journal Pre-proof

Based on Lemma 3, the state variables z of the continuum robot system exhibit prescribed-time input-to-state stability

(PT-ISS) and converge to an adjustable neighborhood of the origin, as shown by ||z|| < fﬁ t = T,, where C =
min

£ + pB. This completes the proof of Theorem 2 m.
Appendix F: Parameters of the Observer (Theorem 1) and the Controller (Theorem 2)

The unknown matrices in Theorems 1-2 were solved using YALMIP for the corresponding matrix equalities and
inequalities. The numerical values of all relevant parameters and matrices used in the simulations are given as follows.

—28.92498 2.973302e—06 1 0 —28.92498 2.973302e — 06
1.260619e — 06 —28.925106 0 1 1.260619e—06 —28.92510
i= —49.60722 5.948136e—06 0 0 —49.60722 5.948136e — 06
L 2.475317e — 06 —49.60743 0 0 2475317e—06 —49.607435
20.94359 —3.356494e — 06 0 0 19.94359 —3.356494e — 06
—1.847612e — 06 20.94370 0 0 —1.847612e —06 19.943701
0.06050 —5.9183e — 09 —0.0073 —7.3457e — 10 0.0644 —5.4808e — 09
—5.9183e — 09 0.06050 2.4842¢ — 10 —0.00732 —6.7183e — 09 0.0644
P —0.0073 2.4842¢ — 10 0.0026 9.3284e — 11 —0.0070 2.0313e — 10
—7.3457¢ — 10 —0.0073 9.32843e — 11 0.0026 —~7.1562e — 10 —0.0070
0.0644 —6.7183e — 09 —0.00707 —7.1562e — 10 0.0739 —6.2569¢e — 09
—5.4808e — 09 0.0644 2.0313e — 10 —0.00707 —6.2569e — 09 0.0739
o —0.0071 3.1648e — 10 _ [4.42444e —10 —1.37571e — 10
9=0:=0:= [—9.29168e —10 —0.0071 ] Qu = 45003e —10 —5.8937e — 11
—0.0067 8.2307e — 10 —0.0067 8.23076e — 10
—4.5187e — 10 —0.0067 —4.5187e — 10 —0.00673
0. = —0.0071 3.10417e — 10 0, = —0.00719 3.10417e — 10
€~ |-8.4515e — 10 —0.00719 |"#3 7| —8.4515e—10 —0.00719
2.4456e — 10  2.2226e — 10 —673213 10.45337
—5.0993e — 10 —2.5494e — 10 —9.61811 —673214
0.03245 —1.0268e — 07 0.0062 1.3765 0.0163 2.9170e — 08
—1.02682e — 07 0.0324 1.3765e — 07 0.0062 2.91717e — 08 0.0163
p 0.0062 1.3765e — 07 0.0064 6.7069 0.0040 9.3573e — 08
1.3765e — 07 0.0062 6.7069e — 08 0.0064 9.3573e — 08 0.0040
0.0163 2.9171e — 08 0.0040 9.3573e — 08 0.0217 3.5619¢e — 08
2.9170e — 08 0.0163 9.3573e — 08 0.00403 3.5619¢ — 08 0.0217
0 0 1 0 0 0
0 0 0 1 0 0
4 —(~12435 -1133 -—197.6337 —87240 —245777 —36092
™| -1018 —12117 —8.2486 —192.3662 —28622 —250279
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
A = —6.3333 —5.4499¢ — 16 —4.76094 2.6892¢ — 16 —3.1622 —3.5162e — 16
T [=7.3949¢ — 17 —6.3333 —7.7151e — 17 —4.7609 6.7525e — 18 —3.1622
1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0
0100
0 010 —0.3373 —0.3444
K= 0 0 0 1 M= [—0.3444 —0.3381
00 00
0000
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