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Summary

The increasing use of composite materials in aerospace and mechanical structures

has led to a growing demand for reliable numerical tools capable of predicting damage

initiation, damage evolution, and fatigue life under realistic service conditions. Unlike

metallic materials, composite laminates exhibit complex failure mechanisms governed

by material anisotropy, multi-axial stress states, and the interaction of multiple dam-

age modes, such as fiber breakage, matrix cracking, and shear-driven failure. These

challenges are further amplified when structures are subjected to variable-amplitude

and stochastic loadings, where fatigue damage accumulates over a large number of

cycles and is strongly influenced by the spectral content of the excitation.

From a modelling perspective, the accurate prediction of damage and fatigue in

composite structures requires the reliable reconstruction of the three-dimensional stress

state, including interlaminar and shear components that are often neglected or poorly

approximated by classical low-order theories. At the same time, full three-dimensional

solid-element models, while accurate, remain computationally prohibitive for large-

scale structures and parametric analyses. The trade-off between accuracy and effi-

ciency represents one of the central challenges addressed in the present research activ-

ity.

Within this context, the objective of this thesis is to develop and validate a numer-

ical framework capable of accurately predicting progressive damage under quasi-static

loading and fatigue response in metallic and composite structures, while maintaining

a reduced computational cost. The research is conducted within the framework of

the Carrera Unified Formulation (CUF), which provides a systematic and hierarchi-

cal approach for the development of refined beam and shell theories. CUF enables

the construction of structural theories capable of reproducing three-dimensional stress

states by adopting advanced kinematic descriptions.

The research activity is structured into two research lines. First, the focus is

placed on the progressive damage analysis of composite laminates under quasi-static

loading conditions. A continuum damage mechanics framework is adopted and ex-

tended through the implementation of three-dimensional failure criteria. The Hashin

3D formulation is employed to model tensile-dominated damage mechanisms, while a
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combined Hashin-Puck criterion is introduced to improve the description of compres-

sive and matrix-dominated failure. The damage models are embedded within CUF-

based layer-wise finite element formulations, allowing damage initiation and evolution

to be investigated at the ply level. Numerical simulations are performed on a variety

of benchmark specimens, including notched and open-hole configurations, demonstrat-

ing that the proposed approach is able to accurately reproduce experimental responses

and reference numerical solutions while maintaining computational efficiency.

The second line of the thesis addresses fatigue life estimation under stochastic load-

ing using frequency-domain methodologies. The structural response to random excita-

tions is characterized through stress power spectral densities obtained from CUF-based

simulations. Fatigue damage is then evaluated without an explicit time-domain inte-

gration by adopting spectral fatigue methods, with particular emphasis on the Dirlik

formulation for stress-range probability density estimation. For metallic structures, the

frequency-domain framework is coupled with linear elastic fracture mechanics, enabling

crack-growth prediction through equivalent stress intensity factor ranges derived from

spectral stress information. For composite structures, the frequency-domain approach

is extended by introducing an equivalent stress definition based on the Tsai-Hill failure

criterion, allowing fatigue life estimation while accounting for material anisotropy and

multi-axial stress states. The results show that fatigue damage cannot be predicted

solely from global quantities such as the stress root mean square. A proper fatigue

assessment requires the full stress-range probability density function, which in turn

depends on an accurate three-dimensional stress reconstruction.

The proposed framework is validated through numerical applications involving

both broadband excitations defined by constant power spectral densities and phys-

ically based stochastic loading conditions derived from the von Kármán turbulence

model. The results highlight the strong interaction between the load spectral content,

structural dynamics, and fatigue damage accumulation, as well as the significant influ-

ence of laminate stacking sequence on fatigue performance and sensitivity to stochastic

loading parameters.

Overall, this thesis demonstrates that CUF-based higher-order structural models

provide a quantitatively improved balance between accuracy and computational effi-

ciency for the analysis of progressive damage and fatigue in metallic and composite

structures. In progressive damage analyses, increasing the order of the structural

theory leads to a clear improvement in agreement with experimental results. For in-

stance, in the center-notched tensile test, higher-order CUF models predict equivalent

stresses at damage initiation within the experimental scatter band, whereas low-order

formulations exhibit larger deviations. The results further show that mesh refine-

ment alone is insufficient to ensure accuracy, highlighting the dominant role of the

adopted structural theory. At the same time, CUF models are shown to be less sen-

sitive to specimen size in terms of computational cost, as accurate predictions can

be obtained using coarser meshes combined with higher-order through-the-thickness
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kinematics. For compact tension and compressive tests, CUF formulations coupled

with advanced damage models provide force–displacement responses in good agree-

ment with experiments. In particular, Hashin-based CUF models predict damage

initiation with errors below 10 % for peak force if compared with experimental results.

Discrepancies observed in low-order models are mainly attributed to the absence of

delamination modeling, while higher-order CUF approaches are shown to better cap-

ture damage localization and initiation trends. In the context of fatigue life estima-

tion under stochastic loading, quantitative comparisons highlight the importance of

three-dimensional stress reconstruction. CUF-based two-dimensional models provide

an effective framework for fatigue life prediction across different levels of kinematic

refinement. Higher-order CUF formulations, while more computationally demanding

than low-order models, enable accurate fatigue life predictions and a reliable repro-

duction of three-dimensional stress fields when compared with full 3D FEM analyses.

Low-order CUF models, instead, are primarily employed in this work for extensive

parametric analyses, where computational efficiency is essential and the focus is on

capturing global trends and sensitivities.
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7.2 Von Kármán gust PSD load cases . . . . . . . . . . . . . . . . . . . . . 111

7.2.1 T-shape composite specimen . . . . . . . . . . . . . . . . . . . . 112

7.2.2 Composite wing box–beam . . . . . . . . . . . . . . . . . . . . . 114

7.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

8 Conclusions 125

8.1 Overview of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

8.2 Main contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

8.3 Future perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

Bibliography 131

A List of publications 147

A.1 Journal articles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

A.2 Conference proceedings . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

xii



List of Tables

4.1 Material properties of IM7/8552. . . . . . . . . . . . . . . . . . . . . . 33

4.2 Comparison of equivalent strains and stresses at damage initiation and

ultimate strain for the single element [90/45/0/− 45]2s. . . . . . . . . . 35

4.3 DOF and equivalent strains and stresses at damage initiation for the

center-notched specimen . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.4 Specimen dimensions (mm) for different scales . . . . . . . . . . . . . . 38

4.5 Peak strength and percentage error relative to experimental values for

different scales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.6 Comparison of POD at damage initiation and first peak force for the

OCT specimen, with percentage error relative to experimental Fmax . . 41

4.7 Number of elements and DOF in the FE models for the CC test . . . . 45

4.8 Comparison of peak forces and POD values at peak force for different

models of the CC test . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.9 Dimensions of the open-hole specimen at different scales. . . . . . . . . 46

4.10 Number of elements and DOF for the different open-hole compression

test models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

7.1 First three natural frequencies of the intact beam for CUF and FEMAP/NX

models. Comparison with ABAQUS numerical results from [148] and

experimental values from [161]. . . . . . . . . . . . . . . . . . . . . . . 88

7.2 First three natural bending frequencies of the cracked cantilever beam.

Comparison with ABAQUS 3D and Ritz method results from [161, 148]. 89

7.3 Mesh discretisation for the CUF model as the crack size increases. . . . 89

7.4 Properties of T700 composite laminate. . . . . . . . . . . . . . . . . . . 100

7.5 Natural frequencies of the first three vibration modes of the T-shaped

composite structure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7.6 Comparison of numerical models in terms of discretization and degrees

of freedom. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7.7 Fatigue life of the T-shaped composite structure with [0/45/− 45/90]s
under constant PSD excitation for each ply and comparison with FEMAP/NX

2D and 3D model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

xiii



7.8 Fatigue life of the T-shaped composite structure with [0/90/0/90]s un-

der constant PSD excitation for each ply and comparison with FEMAP/NX

2D and 3D model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

7.9 Main characteristics of the Pilatus PC-12 aircraft [163]. . . . . . . . . . 115

7.10 Comparison of the first five natural frequencies of the composite wing

box–beam obtained with different CUF Taylor expansion orders and

the FEMAP/NX 2D model. . . . . . . . . . . . . . . . . . . . . . . . . 117

xiv



List of Figures

2.1 Reference system and geometry of a) beam and b) plate. . . . . . . . . 13

2.2 Lagrange expansion on the cross-section for 1D models (top) and thick-

ness for 2D models (bottom). . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 ESL (left) and LW (right) distributions of the primary variables through-

the-thickness of a 2D model. . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 ESL and LW assembly schemes of the 2D model. . . . . . . . . . . . . 20

3.1 Constitutive equivalent stress-displacement relation for tensile damage. 29

3.2 Example of the SPIS method based on [133]. . . . . . . . . . . . . . . . 31

3.3 Family of softening curves for compressive damage using Hashin-Puck

(H-P) criteria. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1 Stress–strain response of the single element under uniaxial traction. . . 34

4.2 Boundary conditions and geometry of the center-notched specimen un-

der tension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.3 Mesh and structural theory convergence for the stress–strain response

of the center-notched specimen . . . . . . . . . . . . . . . . . . . . . . 36

4.4 Stress–strain curves of the center-notched specimen using Hashin 3D

and CODAM2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.5 Stress–strain response of the center-notched specimen, 132 Q9 LE1,

αf = 0 and αf = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.6 Maximum peak stress for various specimen scales using different models 38

4.7 Comparison of DOF and computational time for different specimen

scales and numerical approaches . . . . . . . . . . . . . . . . . . . . . . 39

4.8 Geometry, boundary conditions, and mesh of the OCT specimen . . . . 40

4.9 Force–displacement curves of the OCT specimen comparing Hashin 3D,

CODAM2, and experimental results . . . . . . . . . . . . . . . . . . . . 40

4.10 Force–displacement curves for the OCT specimen with αf = 0 and αf = 1 41

4.11 Damage distribution at POD = 1.5 mm: matrix damage in 90° ply

(right) and fiber damage in 0° ply (left) . . . . . . . . . . . . . . . . . . 42

4.12 Stress–strain response of the single element under uniaxial compression 43

4.13 Geometry and in-plane discretization of the CC specimen; dimensions

in mm. The CUF finite element mesh contains 191 Q9 elements. . . . . 44

4.14 Force–POD curves for the CC test . . . . . . . . . . . . . . . . . . . . . 44

xv



4.15 Damage progression in the H-P LE1 model at POD values of −0.687,

−0.836, and −0.985 mm; fiber damage on the left, matrix damage on

the right. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.16 Geometry and boundary conditions of the open-hole specimen under

compressive loading. The FE mesh consists of 48 Q9 elements. . . . . . 47

4.17 Comparison of peak strength values of the [45/90/-45/0]4s open-hole

compression specimen (Scale 1) using different damage models, experi-

ments, and CUF models with linear softening. . . . . . . . . . . . . . . 48

4.18 Comparison of peak strength values of the [45/90/-45/0]4s open-hole

compression specimen (Scale 1) with different post-peak softening laws. 48

4.19 Damage progression of the [45/90/-45/0]4s open-hole compression spec-

imen (Scale 1) at displacements of -0.24 mm, -0.29 mm, and -0.31 mm

for: a) fiber and b) matrix. . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.20 Comparison of peak strength values of the [45/90/-45/0]4s open-hole

compression test across three scales. . . . . . . . . . . . . . . . . . . . . 49

5.1 Example of empirical probability distribution with α2 = 0.92 as de-

scribed in [53]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

6.1 Von Kármán and Dryden gust PSD with L = 2500 ft, V = 840 fps and

σ = 1 fps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
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Chapter 1

Introduction

1.1 Context and motivations

The introduction of high-strength and high-stiffness reinforcements, such as carbon

fibres, in conjunction with advances in polymer research that have led to the devel-

opment of high-performance resins as matrix materials,has contributed to improving

the efficiency and performance with which the aerospace industry addresses the chal-

lenges associated with increasingly complex aircraft designs. The recent utilization of

advanced composites, encompassing civil transport aircraft of diverse dimensions, heli-

copters, satellites, and launch vehicles, serves as a paramount example of the prospec-

tive capabilities of these materials; polymers are assuming a central role as structural

materials in aerospace vehicles and components [1].

The service life of aerospace structures is influenced by two fundamental aspects. On

one hand, the mechanical behaviour of composites is governed by a complex inter-

play of damage mechanisms, such as fibre breakage, matrix cracking, and interlami-

nar delamination, that evolve progressively under load [2]. On the other hand, both

metallic and composite aerospace structures are exposed to variable and uncertain

operational environments, characterised by stochastic loads such as atmospheric tur-

bulence, gusts, random vibrations, and acoustic excitations [3]. In traditional metallic

structures, particularly those made of aluminium alloys widely employed in primary

aircraft components, such variable loading conditions have long been recognised as

a major source of fatigue damage accumulation and crack propagation. As a result,

extensive research has been devoted to the development of fatigue life prediction and

fracture mechanics-based models for metals, providing a mature and well-established

framework for assessing structural integrity under stochastic loading conditions. To-

gether, these aspects make the prediction of structural integrity and residual life of

aerospace structures, especially when advanced composite materials are involved, an

intricate and unresolved challenge.
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When dealing with damage mechanisms, the failure modes in composites are inher-

ently complex, and capturing them within a numerical material model while preserving

the underlying physics of damage progression and its effects on structural integrity is

far from straightforward. As a result, the numerical modelling of progressive dam-

age in composites has become a highly active field of research, as demonstrated by

the extensive body of scientific literature developed over the past decades [4]. Typi-

cally, computational models that simulate the progressive damage in fibre-reinforced

composites are divided into discrete damage models (DDM) and continuum damage

models (CDM). In the framework of CDM, material degradation laws are governed by

failure criteria, which are employed to predict damage initiation, progressive failure

evolution, and the ultimate strength of composite laminates. Considerable research

efforts continue to be devoted to the development of increasingly accurate criteria ca-

pable of capturing the onset of failure and the formation of microcracks within the

matrix. It is important to note that the underlying damage mechanisms differ sig-

nificantly under tensile and compressive loading: under tension, failure is typically

dominated by fibre breakage and matrix cracking, often leading to crack opening and

delamination; whereas under compression, failure is usually associated with fibre mi-

crobuckling, kinking, or matrix shear instability [5, 6, 7]. This distinction leads to

tailored failure criteria capable of distinguishing between tensile- and compressive-

driven damage, thereby ensuring a more reliable prediction of the structural response

of composite laminates.

Aerospace structures are routinely subjected to variable and uncertain operational

environments, characterised by stochastic loading conditions such as atmospheric tur-

bulence, gusts, random vibrations, and acoustic excitations. These phenomena play

a key role in shaping the loading spectra experienced during flight and represent a

primary source of fatigue damage accumulation.

In recent years, growing research has highlighted how climate change is further al-

tering the operational environment of aerospace vehicles. In particular, increased

atmospheric instability, largely driven by global warming, has led to more frequent

and intense turbulence events [8]. These environmental changes exacerbate the vari-

ability and severity of in-flight loads, potentially resulting in greater fatigue damage

accumulation than previously expected.

Consequently, developing computationally efficient, and physically accurate fatigue

assessment tools is essential to support the design, maintenance, and certification of

next-generation aerospace structures operating in increasingly uncertain environments.

The effect of fatigue damage is primarily determined by two factors: the material’s

fatigue strength and the applied loading history. Since capturing the complete load-

ing history for a fatigue scenario is often impractical, a finite time interval is usually

obtained experimentally and treated as representative. Various methods can then be

used to extrapolate and characterize the full loading spectrum from this experimen-

tally measured time history [9]. Both time-domain and frequency-domain approaches
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are applicable for fatigue analysis; however, the frequency-domain method is gener-

ally preferred because it is less computationally intensive than directly integrating the

governing equations in the time domain, as noted by Calvente et al. [10].

This thesis investigates the behavior of composite materials by exploiting refined struc-

tural modeling approaches capable of reconstructing three-dimensional stress fields

from one- and two-dimensional theories. These stress states are employed for the

assessment of progressive damage under quasi-static loading and for fatigue damage

prediction under random excitations using frequency-domain analysis, thereby linking

the understanding of static failure mechanisms with those induced by variable loading.

1.2 State-of-the-art

1.2.1 Continuum damage mechanics

Computational strategies for simulating progressive damage in fibre-reinforced com-

posites are generally classified into discrete damage models and continuum damage

models [11]. DDM approaches provide a physically detailed representation of dam-

age mechanisms and their interactions by explicitly modelling the geometry of cracks

within the structure. However, this accuracy comes at the cost of a substantial increase

in computational effort. Within DDM, discontinuities across cracks are typically in-

corporated into the finite element mesh. A widely used technique is the eXtended

Finite Element Method (X-FEM) [12, 13], while another common approach relies on

cohesive formulations through the Cohesive Zone Method (CZM). In particular, co-

hesive interface elements have been successfully employed to investigate progressive

damage in laminates subjected to tensile loading and to study the interaction between

matrix cracking and delamination [14, 15].

An alternative strategy to reduce computational demand is offered by the Continuum

Damage Mechanics (CDM). In this framework, cracks within the composite matrix are

not modelled explicitly but are assumed to be distributed throughout the finite ele-

ment volume. Their influence is captured through damage variables that progressively

degrade the stiffness of the material point in the structural model [16]. A well-known

drawback of CDM is its strong sensitivity to mesh discretization. To overcome this

limitation, the crack-band theory is commonly adopted, whereby the fracture energy

is rescaled using a characteristic length associated with the dimensions of the finite

element [17].

In the case of tensile loading, CDM has been extensively applied to predict damage

initiation and growth in composite laminates. Studies have demonstrated its capa-

bility to capture matrix cracking, fibre breakage, and delamination phenomena under

uniaxial and multiaxial tension. Several authors have proposed enhanced failure cri-

teria as the maximum stress, Hashin, Puck, Hoffman, Yamada-Sun, Tsai-Hill, and

Tsai-Wu criteria [18, 19, 20, 21, 22, 23]. Arruda et al. [24] proposed an innovative
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two-dimensional orthotropic damage model based on the Tsai–Wu criterion, capable of

capturing the main failure mechanisms. In [25], a nonlinear progressive damage model

was developed by combining the Hashin and Matzenmiller–Lubliner–Taylor (MLT)

failure criteria, specifically applied to 3D woven composites. Other studies have in-

stead employed three-dimensional extensions of the Hashin failure criterion [26, 27].

Furthermore, tensile damage simulations have often served as a benchmark to validate

CDM approaches, as the mechanisms are relatively easier to characterize experimen-

tally, and the predicted size effects and notched behaviour in tension have shown good

correlation with experimental data [28, 29].

In contrast, compressive damage modeling within the CDM framework has been less

extensively investigated, due to the more complex mechanisms involved. Under com-

pressive loading, damage evolution is dominated by fiber kinking, matrix shear failure,

and inclined fracture planes, which are more challenging to capture within a contin-

uum formulation. Classical criteria such as Hashin provide a first approximation, but

more advanced formulations such as the Puck criterion have been shown to improve

predictive capabilities for matrix compression, as they explicitly account for inclined

fracture mechanisms in agreement with experimental observations [30, 31, 32].

In summary, while tensile CDM approaches are well established and widely validated,

compressive CDM remains a more active research area, where the selection of ap-

propriate failure criteria, particularly for matrix-dominated mechanisms is crucial for

accuracy.

More recently, efforts have also focused on integrating CDM with advanced struc-

tural modeling frameworks, such as the Carrera Unified Formulation (CUF). In this

context, the Composite Damage Model (CODAM) and its second-generation exten-

sion, CODAM2, have been widely employed. CODAM is a continuum damage model

specifically developed for laminated composite materials, in which damage initiation

and evolution are governed by failure criteria and associated degradation laws within

a CDM framework. CODAM2 has been successfully used to model nonlinear mate-

rial behaviour under both tensile [33] and compressive [34] loading conditions. These

works demonstrated the potential of CUF in progressive damage modeling by cou-

pling CODAM2 with a two-dimensional Hashin failure criterion. Similarly, Trombini

et al. [35] combined a 3D Hashin orthotropic model with refined one-dimensional

CUF-based finite elements to capture intralaminar damage mechanisms with high fi-

delity. Building on this framework, recent studies have further improved the modeling

of compressive failure by employing Hashin 3D and Puck criteria for the matrix, the

latter being particularly effective in describing inclined fracture mechanisms observed

experimentally [36, 37].

4



1.2 – State-of-the-art

1.2.2 Fatigue in metals

Fatigue in metallic materials has been extensively investigated over the past cen-

tury and represents one of the most mature and well-established areas of structural

mechanics. Unlike composite materials, metals generally exhibit a comparatively lim-

ited set of damage mechanisms, with fatigue behavior primarily governed by crack

initiation and subsequent crack propagation under cyclic loading. This relative sim-

plicity has enabled the development of robust theoretical, experimental, and numerical

frameworks for fatigue life prediction, which today form the foundation of most engi-

neering fatigue design standards [38].

Early fatigue studies focused on constant-amplitude cyclic loading, leading to the clas-

sical stress-life (S-N) approach introduced by Wöhler. These formulations established

empirical relationships between stress amplitude and number of cycles to failure, pro-

viding a practical basis for high-cycle fatigue assessment [39]. For low-cycle fatigue,

where plastic deformation becomes significant, strain-based approaches were intro-

duced, most notably the Coffin-Manson relationship, which explicitly accounts for

cyclic plastic strain contributions [40, 41]. Mean stress effects were later incorporated

through correction models such as Goodman, Gerber, and Smith-Watson-Topper for-

mulations [42, 43, 44].

As engineering applications increasingly involved complex loading histories, fatigue

assessment methodologies evolved to address variable-amplitude loading. Linear cu-

mulative damage models, most notably Miner’s rule, were introduced to estimate

fatigue life under spectrum loading by summing damage contributions from individual

stress cycles [45]. Despite its simplicity and widespread use, Miner’s rule is known to

neglect load sequence effects and interaction phenomena, motivating the development

of nonlinear cumulative damage models and crack growth-based approaches [46].

A major advancement in metallic fatigue analysis was the adoption of fracture me-

chanics concepts, which shifted the focus from total life prediction to crack propaga-

tion modeling. Paris and Erdogan established a power-law relationship between crack

growth rate and stress intensity factor range, enabling fatigue life estimation based

on measurable crack evolution [47]. Subsequent extensions incorporated threshold ef-

fects, crack closure, and load ratio dependencies, resulting in more accurate predictions

across a wide range of loading conditions [48].

In parallel, multiaxial fatigue criteria were developed to address non-proportional

and combined loading states. Stress-based and strain-based critical plane approaches

gained prominence, allowing fatigue damage to be evaluated on planes experiencing

maximum damage parameters [49, 50]. These methods demonstrated improved predic-

tive capability compared to equivalent stress approaches, particularly in the presence

of shear-dominated loading and phase differences between stress components.

For applications involving random and vibration-induced loading, fatigue assessment

in metals has increasingly relied on frequency-domain techniques. In this framework,
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the loading and structural response are characterized statistically through power spec-

tral densities (PSD), enabling fatigue life estimation without reconstructing long time

histories. Classical spectral methods, such as those proposed by Miles and Bendat, es-

tablished the relationship between stress PSD and fatigue damage accumulation [51].

Subsequent developments introduced cycle counting approximations based on spectral

moments, culminating in widely used formulations such as the Dirlik method, which

provides accurate stress range probability density functions directly from PSD data

[52].

Frequency-domain fatigue approaches have been successfully applied to metallic struc-

tures in aerospace, automotive, and offshore engineering, where random vibration and

broadband excitation are dominant [53, 54]. These methods offer significant computa-

tional advantages over time-domain simulations, particularly when coupled with finite

element models for structural dynamics analysis. However, their accuracy strongly

depends on the quality of the stress response prediction and on the ability of the

structural model to capture local stress concentrations.

Overall, fatigue modeling in metals has reached a high level of maturity, with well-

established methodologies spanning constant-amplitude, variable-amplitude, multiax-

ial, and stochastic loading regimes. This solid theoretical and experimental founda-

tion has made metallic fatigue a natural reference benchmark for validating advanced

fatigue analysis frameworks and extending frequency-domain methodologies toward

more complex material systems, such as composite structures.

1.2.3 Fatigue in composites

One of the key limitations in the adoption of composite materials in aerospace

structures lies in their complex and still not fully understood fatigue behavior [55].

Fatigue in composites is fundamentally different from that in metals. Whereas metal-

lic fatigue is often dominated by crack initiation and propagation under cyclic stresses,

composites exhibit multiple interacting damage mechanisms, including matrix crack-

ing, fiber breakage, fiber–matrix debonding, delamination, and progressive stiffness

degradation. It is evident that such mechanisms are concurrent with a non-linear

evolution. When the external loading is stochastic, multi-axial, and variable in ampli-

tude, as in the case of vibration, induced fatigue, the prediction of service life becomes

significantly more challenging [56, 57].

Despite the significant investment in research over several decades, existing methodolo-

gies have yet to yield universally reliable stress-based prediction models for composite

structures in such environments. The primary challenges arise from the necessity to

consider the multi-axial nature of stresses, the stochastic distribution of loads, and the

progressive degradation of material properties over time [58, 59]. Consequently, the

development of robust fatigue life prediction methods remains one of the most active

and unresolved areas.
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Initial studies on composite fatigue life were primarily based on classical strength the-

ories adapted from metallic materials. Examples of first studies on fatigue behaviour

were applied in CFRP jointed specimens [60] and the response under stochastic exci-

tation analysed by Goswami [61]. A number of fatigue models were formulated around

static strength criteria, most notably Tsai–Hill and Puck’s criterion [62, 63, 64]. These

approaches attempted to extend uniaxial fatigue principles to multiaxial domains by

introducing equivalent stresses. For example, a fatigue damage parameter derived

from the Tsai–Hill criterion incorporated a multiaxial Miner’s coefficient, allowing for

irregular stress spectra [62]. Recognizing the inadequacy of uniaxial-equivalent stress

approaches, other researchers proposed multiaxial models explicitly rooted in Puck’s

failure theory [63]. Additional studies refined these methods by modifying Tsai–Hill

with constant life diagrams, enabling the prediction of S-N curves for unidirectional

carbon fiber-reinforced laminates while accounting for fiber orientation and stress ra-

tio [65]. More advanced models acknowledged the role of strength degradation as a

function of cycle number. Fiber fatigue models were developed to incorporate the

reduction of material strength over time [64], while random vibration fatigue models

utilized equivalent stresses based on Tsai–Hill in combination with stress time histo-

ries [66]. These contributions represented a first step toward moving beyond purely

static-based predictions, but their accuracy remained limited, particularly in complex

loading environments.

As applications demanded higher fidelity models, significant research attention shifted

to the fatigue behavior of composites under multiaxial loadings. Experimental cam-

paigns highlighted the detrimental effect of shear and transverse normal stresses on

fatigue life [58], while theoretical frameworks attempted to formalize prediction meth-

ods based on multiaxial fatigue strength criteria [67]. Generalized property degrada-

tion models were later introduced to simulate the evolution of material stiffness and

strength, using data derived from uniaxial tests but extended to multiaxial conditions

[68, 69]. Formulations explicitly considered stress concentrations and load ratios, pro-

viding more realistic simulations of structural fatigue behavior. Other investigations

explored the effects of biaxiality ratio, off-axis loading angle, phase differences between

stress components, and structural discontinuities such as notches [70, 71].

Comparisons between isotropic and anisotropic fatigue behaviors further enriched this

field. One significant outcome was the development of a fatigue damage criterion

based on stresses acting on the failure plane, which was experimentally validated [72].

Critical-plane approaches soon gained prominence: a unified fatigue damage model

applicable to both isotropic and anisotropic materials was proposed, incorporating

mean stress effects [73]. Experimental studies confirmed these findings: tests on uni-

directional GFRP rods under torsion and combined torsion/bending revealed that

combined loading conditions could actually extend endurance limits compared to pure

torsion [74]. A separate study proposed a predictive model for identifying the criti-

cal plane in laminates, distinguishing between fiber-dominated and matrix-dominated
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failures [75].

While early models addressed constant or controlled loading conditions, real-world ap-

plications frequently involve variable-amplitude and random vibration loadings. As a

result, fatigue life prediction models specifically designed for stochastic environments

were developed. One strand of research focused on modal analysis: changes in natural

frequencies and damping ratios were employed as indicators of fatigue damage and

residual life [76]. In [77], the influence of load ratio was systematically examined for

both constant-amplitude and block-loading regimes, resulting in more comprehensive

fatigue life models. Random vibration experiments on C/SiC laminates revealed that

reductions in natural frequency, driven by fiber fracture, could serve as reliable indica-

tors of specimen failure [78]. Microscopic examinations further identified fiber pull-out

and fiber splitting as dominant mechanisms in longitudinal and transverse directions,

respectively.

Progressive damage models emerged as a powerful tool to simulate ply-level degra-

dation. By applying stiffness degradation methods combined with Puck’s failure cri-

terion, these models accounted for sequence effects in block and spectrum loadings

[79]. The sensitivity of composite fatigue life to vibration frequency was demonstrated

for ceramic matrix composites, where acoustic loading frequency strongly influenced

fatigue performance. Frequency-based modifications of S-N curves were therefore pro-

posed [80].

Residual stiffness and residual strength models were also developed to handle stochas-

tic stress states. The residual stiffness approach treated random loadings as multilevel

variable-amplitude processes [81]. Residual strength models were initially proposed

for constant and two-level amplitudes [82], later extended to random load spectra by

assuming probabilistic distributions of strength and fatigue life [83]. A probabilistic

framework based on stress peak distributions and power spectral density was validated

experimentally on plain weave carbon/epoxy laminates [84].

In addition to theoretical and numerical developments, experimental studies have pro-

vided valuable insights into the sensitivity of fatigue life to both loading and structural

parameters. It has been demonstrated that vibration-induced fatigue is highly depen-

dent on excitation characteristics such as root-mean-square levels, frequency band-

width, and PSD amplitude. Structural factors including notches, through-holes, and

ply stacking sequence were also shown to play a decisive role in damage accumulation

and failure [85].

1.2.4 Structural theories for metallic and laminated struc-

tures

An alternative philosophy to overcome the challenges associated with the high

computational cost of full three-dimensional models is the use of refined 1D or 2D
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structural theories. They were originally developed for homogeneous and isotropic

metallic structures, with the primary objective of achieving accurate predictions of

global structural behavior at a reduced computational cost. Classical beam, plate,

and shell theories have therefore played a central role in the analysis and design of

metallic aerospace components, where the stress state is typically smooth through

the thickness and three-dimensional effects are often of secondary importance. Clas-

sical one-dimensional (1D) beam theories, such as the Euler–Bernoulli Beam Theory

(EBBT) [86] and Timoshenko Beam Theory (TBT) [87], as well as two-dimensional

(2D) plate and shell theories, such as Kirchhoff’s theory [88] and Reissner–Mindlin

plate theory [89], have been extensively applied in engineering practice. However,

these classical formulations suffer from limitations due to their restrictive kinematic

assumptions. As a consequence, these formulations may become inadequate in nonlin-

ear analyses driven by damage initiation, fatigue accumulation, or other mechanisms

that are highly sensitive to local three-dimensional stress states.

To improve the predictive capabilities of 1D theories, several techniques have been pro-

posed in the literature. A basic solution involves incorporating shear correction factors

into classical beam theories [90]. More advanced formulations include the Generalised

Beam Theory (GBT), in which the kinematics are described through cross-sectional

deformation modes [91, 92]. The method has been successfully extended to the physical

and geometrical nonlinear analysis of thin-walled structures [93, 94]. Another pow-

erful approach is the Variational Asymptotic Beam Section (VABS) technique, which

decomposes the three-dimensional elasticity problem into a 1D beam analysis along

the structural axis and a 2D cross-sectional analysis. Asymptotic expansion methods

are employed, with the structural geometry (e.g., thickness) used as the characteristic

parameter [95, 96].

Similarly, significant research has been devoted to enhancing 2D plate and shell theo-

ries, particularly for composite laminates where through-thickness effects are of critical

importance. The First-Order Shear Deformation Theory (FSDT), developed from the

works of Reissner [89] and Mindlin [97], is widely implemented in commercial finite

element codes. While FSDT accounts for transverse shear deformation, it assumes

constant shear stresses through the plate thickness and does not include thickness

stretching effects, limiting its accuracy for multilayered composite laminates. To ad-

dress this limitation, Higher-Order Theories (HOT) have been proposed, which in-

corporate higher-order terms in the displacement field to more accurately represent

through-thickness kinematics. Reddy has made significant contributions to this field

[98, 99, 100], while alternative high-order formulations can be found in the works of

Palazotto [101]. Similar higher-order kinematic enrichments have also been developed

for beam theories, where refined displacement expansions enable an improved descrip-

tion of cross-sectional deformation and transverse shear effects, extending the applica-

bility of classical 1D formulations to problems requiring enhanced three-dimensional

stress accuracy [102].
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A major advancement in the development of refined structural theories is the Car-

rera Unified Formulation (CUF), introduced by Carrera as a generalized framework

for the systematic derivation of refined structural theories [103, 104, 105]. CUF pro-

vides a unified platform to generate both 1D (beam) and 2D (plate/shell) models of

variable order without requiring case-by-case modification of the underlying structural

theory. The formulation employs one-dimensional thickness expansion functions and

two-dimensional cross-section expansion functions to represent the cross-sectional and

through-thickness kinematics, enabling a full three-dimensional description of field

variables with computational costs significantly lower than those of conventional 3D

finite element models [106].

In the past twenty years, CUF have been employed in a broad spectrum of structural

and multi-field applications including the free vibration analysis of composite beams

and plates [107, 108], aeroelastic and flutter assessments of composite aerostructures

[109, 110], and to various problems in rotordynamics [111]. Beyond purely structural

contexts, CUF has also been adapted to multi-physics environments, providing effec-

tive models for thermo-mechanical and hygrothermal behaviour of layered materials

[112, 113], for biomechanical systems [114], for the dynamic interaction of piezoelec-

tric components [115], and for functionally graded members with both compact and

thin-walled geometries [116]. In more recent developments, the framework has been

exploited to tackle nonlinear scenarios, including large-deformation responses, post-

buckling phenomena [117, 118], and inelastic effects such as hyperelasticity [119, 120]

and elastoplasticity [121, 122]. The state of the art further highlights the creation of

advanced micromechanical descriptions based on 1D-CUF models [123, 124], together

with multiscale methodologies capable of addressing the linear and nonlinear perfor-

mance of composite laminates [125, 125]. The capacity of CUF to operate within the

progressive damage model has been demonstrated in recent years by Nagaraj et al.

[33, 34]. The first step to evaluate the response of the structures under randomic loads

by using CUF approach was developed by Filippi et al. [126].

1.3 Thesis outline

The thesis is organized into two main parts. Chapter 2 introduces the higher-order

structural modeling framework adopted throughout the work. Building on this frame-

work, Part I focuses on the analysis of progressive damage in composite structures,

while Part II addresses fatigue life estimation under stochastic loading conditions. The

content of the chapters is outlined below.

Chapter 2 introduces the Carrera Unified Formulation (CUF) as the structural

modelling framework adopted in this thesis. The chapter presents the general formu-

lation for refined one-dimensional and two-dimensional structural theories, describing

the kinematic assumptions, the role of expansion functions through the thickness or
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cross-section, and the formulation of the governing equations within the finite ele-

ment method. The capability of CUF-based models to recover a three-dimensional

stress state using reduced-order formulations is highlighted, providing the modelling

foundation for the subsequent analyses.

Part I: Progressive damage analysis of composite structures

Chapter 3 presents the progressive damage modelling framework adopted for

composite laminates and implemented on top of the CUF structural formulation. A

continuum damage mechanics approach is described, and three-dimensional failure cri-

teria are introduced, including the Hashin 3D orthotropic criterion for tensile damage

and the combined Hashin–Puck formulation for compressive and matrix-dominated

failure mechanisms.

Chapter 4 reports the numerical results obtained using the CUF-based progressive

damage models under quasi-static loading conditions. Several benchmark configura-

tions are analysed, and the discussion focuses on damage initiation, damage evolution,

stiffness degradation and the influence of modelling choices on the predicted structural

response and computational efficiency.

Part II: Fatigue life estimation in the frequency domain

Chapter 5 introduces the theoretical background required for fatigue analysis in

the frequency domain, building upon the CUF-based structural response. Random vi-

bration analysis is presented through power spectral densities, and the Dirlik method

is described for estimating stress-range probability density functions. Fatigue assess-

ment strategies are discussed for both metallic and composite structures, including the

definition of an equivalent stress suitable for composite structures.

Chapter 6 addresses the modelling of stochastic aerodynamic loading and load

assessment procedures. Gust-induced excitation is described using the von Kármán

turbulence spectrum, and the associated aerodynamic load modelling is introduced,

including the use of Küssner’s function to account for unsteady aerodynamic effects.

Chapter 7 presents the numerical results of the fatigue analyses performed in the

frequency domain using stress PSD obtained from CUF-based simulations. Metallic

and composite structures are analysed under constant power spectral density excitation

and under gust loading modelled using the von Kármán turbulence spectrum. The

discussion highlights fatigue hot-spot identification, the influence of laminate stacking

sequence, and comparisons with reference finite element solutions.

Conclusions

Chapter 8 summarizes the conclusions of the thesis and discusses the most rele-

vant future perspectives, with particular emphasis on the role of CUF-based structural

11
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models in enabling accurate progressive damage and frequency-domain fatigue analy-

ses through the reconstruction of three-dimensional stress states.

12



Chapter 2

Unified formulation

This chapter introduces the Carrera Unified Formulation (CUF) and illustrates how

it can be applied to the development of refined structural theories within the finite ele-

ment framework. CUF enables the straightforward and automated construction of both

one-dimensional (beam) and two-dimensional (plate and shell) theories. The chapter

begins by outlining the notation, geometry, and variables, and then introduces the kine-

matic assumptions, material relations, and governing equations. The role of different

classes of expansion functions in enhancing structural modeling is highlighted. Finally,

the chapter introduces the explicit approach employed in the progressive damage model.

2.1 Geometrical and constitutive relations

Consider beam and plate structural model adopting a Cartesian reference system

as in Fig. 2.1. For a beam, the beam axis coincides with y-direction, whereas the

in-plane directions for a place coincide with x− y directions.

(a) (b)

Figure 2.1: Reference system and geometry of a) beam and b) plate.

The three-dimensional displacement components of a given point in the structural

13
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domain is given by

u(x, y, z) = {ux uy uz }T (2.1)

Stresses, σ, and strains, ϵ, are expressed in vectorial form. For beams and plates, they

are written as:

ϵk = {ϵkxx, ϵkyy, ϵkzz, ϵkxz, ϵkyz, ϵkxy}T, (2.2)

σk = {σk
xx, σ

k
yy, σ

k
zz, σ

k
xz, σ

k
yz, σ

k
xy}T. (2.3)

where the superscript k is the k-th layer if a laminate structure is considered and T

is the trasponse operator. For beams and plates, stresses and strains are referred to a

Cartesian coordinate system (x, y, z), where x and y lie in the structural plane, while

z denotes the thickness direction. The corresponding stress and strain components

are therefore expressed with respect to this global reference frame. Assuming small

displacements and rotations, the strain-displacement relations are

ϵ = Bu (2.4)

where B is the linear differential operator matrix that follows:

B =



∂x 0 0

0 ∂y 0

0 0 ∂z

∂y ∂x 0

∂z 0 ∂x

0 ∂z ∂y



(2.5)

The constitutive relation can be written as follows:

σk = Ckεk (2.6)

Ck is the 6×6 material stiffness matrix. The stiffness matrix Ck for an orthotropic
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2.1 – Geometrical and constitutive relations

material can be expressed as:

Ck =



Ck
11 Ck

12 Ck
13 0 0 0

Ck
22 Ck

23 0 0 0

Ck
33 0 0 0

Ck
44 Ck

45 0

sym Ck
55 0

Ck
66


(2.7)

The coefficients of the matrix Ck in Eq. (2.7) can be expressed in terms of nine

independent constants, defined through the Young’s moduli E1, E2, E3, the shear

moduli G12, G13, G23, and the Poisson’s ratios ν12, ν13, ν23. Considering

∆ = 1− ν12ν21 − ν23ν32 − ν13ν31 − 2 ν12ν23ν31. (2.8)

The components of the stiffness matrix Ck are given by:

Ck
11 =

E1 (1− ν23ν32)

∆
,

Ck
22 =

E2 (1− ν13ν31)

∆
,

Ck
33 =

E3 (1− ν12ν21)

∆
,

Ck
12 =

E1 (ν21 + ν31ν23)

∆
=
E2 (ν12 + ν13ν32)

∆
,

Ck
13 =

E1 (ν31 + ν21ν32)

∆
=
E3 (ν13 + ν12ν23)

∆
,

Ck
23 =

E2 (ν32 + ν12ν31)

∆
=
E3 (ν23 + ν21ν13)

∆
.

(2.9)

In the material reference system, the constitutive relation can be expressed as:

σk = Ck εk (2.10)

When transforming to a generic coordinate system, the stiffness matrix is obtained as:

Ck = TT Ck T (2.11)

where T denotes the rotation matrix [127].
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2.2 Carrera Unified Formulation

The Carrera Unified Formulation (CUF) provides a generalized hierarchical frame-

work for the derivation of higher-order structural models in one and two dimensions,

encompassing beams, plates, and shells. Its central idea lies in augmenting standard

finite element interpolation functions with additional expansion functions, thereby

enriching the kinematic representation of beam cross-sections and plate or shell thick-

nesses. Through this strategy, CUF enables the development of 1D and 2D models

that achieve an accuracy comparable to full 3D finite element analyses, while demand-

ing significantly lower computational resources [105].

In CUF, the 3D displacements field can be expressed as

Beam: uk(x, y, z) = F k
τ (x, z)u

k
τ (y), τ = 1, . . . ,M

Plate: uk(x, y, z) = F k
τ (z)u

k
τ (x, y), τ = 1, . . . ,M

(2.12)

Fτ denotes a family of functions related to the cross-sectional coordinates (x, z) for

beams and to the thickness expansion for plates. uτ is the generalized displacement

vector, M is the expansion order, and the repeated index τ indicates summation. Thus,

the parameters Fτ and M are defined as inputs and specify the structural theory ap-

plied in the formulation.

Over the last years, two major classes of expansion functions have been widely adopted:

the Taylor Expansion (TE) and the Lagrange Expansion (LE). For laminated com-

posite structures, two modeling strategies are generally employed: the Equivalent-

Single-Layer approach (ESL) and the Layerwise approach (LW). The TE formulation

employs a Taylor series either in x − z (for beams) or in z (for plates, shells) as Fτ .

The first-order Taylor expansion (TE1) for one-dimensional (1D) and two-dimensional

(2D) models is shown below:

1D: ux = ux1 + xux2 + zux3,

uy = uy1 + xuy2 + zuy3,

uz = uz1 + xuz2 + zuz3,

2D: ux = ux1 + zux2,

uy = uy1 + zuy2,

uz = uz1 + zuz2.

(2.13)

More detailes about TE can be found in [118]. Lagrange Expansion (LE) models

employ Lagrange polynomials to construct higher-order one- and two-dimensional the-

ories, while the isoparametric formulation is adopted to handle arbitrary geometries.

LE functions are used as Fτ functions over the cross-section in beam models and along

the thickness direction in plate and shell models. In this study, three different poly-

nomial sets were applied to both 1D and 2D formulations, as illustrated in Fig. 2.2.
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2.2 – Carrera Unified Formulation

Specifically, four-point (L4), nine-point (L9), and sixteen-point (L16) Lagrange poly-

Figure 2.2: Lagrange expansion on the cross-section for 1D models (top) and thickness for
2D models (bottom).

nomials were employed to construct beam models ranging from linear to higher-order

kinematics. For example, the bi-linear interpolation (L4) can be expressed as follows:

Fτ =
1

4
(1 + rrτ ) (1 + ssτ ) , τ = 1,2,3,4 (2.14)

In the bi-quadratic interpolation (L9), it is possible to write:

Fτ =
1

4

(
r2 + rrτ

) (
s2 + ssτ

)
, τ = 1,3,5,7 (2.15)

Fτ =
1

2
s2τ
(
s2 − ssτ

) (
1− r2

)
+

1

2
r2τ
(
r2 − rrτ

) (
1− s2

)
, τ = 2,4,6,8 (2.16)

F9 =
(
1− r2

) (
1− s2

)
(2.17)

Finally, the equations for the bi-cubic interpolation (L16) is given below:

Fτ =
81

256
(1 + rrτ ) (1 + ssτ )

(
1

9
− r2

)(
1

9
− s2

)
, τ = 1,4,7,10 (2.18)

Fτ =
243

256

(
1− r2

)(
s2 − 1

9

)(
1

3
+ 3rrτ

)
(1 + ssτ ) , τ = 2,3,8,9 (2.19)

Fτ =
243

256

(
1− s2

)(
r2 − 1

9

)(
1

3
+ 3ssτ

)
(1 + rrτ ) , τ = 5,6,11,12 (2.20)

Fτ =
729

256

(
1− r2

) (
1− s2

)(1

3
+ 3rrτ

)(
1

3
+ 3ssτ

)
, τ = 13,14,15,16 (2.21)
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where r and s are the natural coordinates and vary from −1 to +1, whereas rτ and

sτ are the coordinates of the Lagrange points.

For plates, the notation LDN (Lagrange Expansion, Displacement-based theory of or-

der N) is introduced to identify different levels of refinement. For example, LD1, LD2,

and LD3 correspond to linear (two-node), quadratic (three-node), and cubic (four-

node) Lagrange expansion functions, respectively. These functions are applied along

the thickness direction (z-axis) to generate CUF-based 2D models with progressively

enriched kinematic descriptions. For the linear model LD1:

F1 =
1

2
(1− r),

F2 =
1

2
(1 + r),

{
r1 = −1,

r2 = 1,
(2.22)

For the parabolic model LD2:

F1 =
1

2
r(1− r),

F2 = −(1− r)(1 + r),

F3 =
1

2
r(1 + r),


r1 = −1,

r2 = 0,

r3 = 1,

(2.23)

For the cubic model LD3:

F1 = − 9

16

(
r +

1

3

)(
r − 1

3

)
(r − 1),

F2 =
27

16
(r − 1)

(
r − 1

3

)
(r + 1),

F3 = −27

16
(r + 1)

(
r +

1

3

)
(r − 1),

F4 =
9

16

(
r +

1

3

)(
r − 1

3

)
(r + 1),



r1 = −1,

r2 = −1

3
,

r3 =
1

3
,

r4 = 1,

(2.24)

They are defined in the natural plane and r varies from -1 to +1.

Laminated structures are commonly analyzed using either the Equivalent Single Layer

or the Layer-Wise approach. In the ESL formulation, the variables are formulated

without dependence on the number of layers in the composite. The stiffness matrix

is assembled by homogenizing the properties of the individual layers, i.e., by sum-

ming their contributions. Due to the heterogeneous nature of multilayered structures,

ESL models inherently assume continuous transverse displacement fields through the

thickness, which results in discontinuous transverse stress distributions at the inter-

faces between layers. Despite this limitation, ESL models are still widely adopted

because of their conceptual simplicity and computational efficiency. In particular,
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2.3 – Finite Element Method

ESL theories are generally capable of providing accurate predictions of global struc-

tural responses. However, their accuracy significantly deteriorates when detailed three-

dimensional stress fields are required. For clarity, Fig. 2.3 schematically illustrates the

typical through-the-thickness behavior of the primary variables in a two-dimensional

structure. Conversely, Layer-Wise (LW) theories discretize the displacement field sep-

Figure 2.3: ESL (left) and LW (right) distributions of the primary variables through-the-
thickness of a 2D model.

arately within each material layer. This approach naturally enforces displacement

continuity at the layer interfaces, allowing for a more accurate description of both

deformation and stress distributions through the thickness. In this framework, the

homogenization process is effectively shifted to the interface level rather than being

performed over the entire laminate. In this work, by adopting Lagrange Expansions

(LE), the displacement components at the interpolation points of each layer are treated

as independent unknowns, while interfacial compatibility conditions ensure continuity

between adjacent layers. For completeness, the differences in the assembly proce-

dures associated with ESL and LW formulations for a two-dimensional structure are

illustrated in Fig. 2.4. The reader can found more detailed in [128].

2.3 Finite Element Method

The Finite Element Method (FEM) is adopted to solve the structural problem.

Regardless of whether beam or plate kinematics are employed, the FEM is used to

discretize the generalized displacement vector along the y-axis (for beams), or in the

x− y plane (for plates) as expressed below:

Beams: ukτ (y) = Ni(y) q
k
τi, i = 1, . . . , Nn

Plates: ukτ (x, y) = Ni(x, y) q
k
τi, i = 1, . . . , Nn

(2.25)

where Ni are the shape functions, qτi represents the unknown nodal variables, Nn

corresponds to the number of nodes per element, and i indicates summation. In

this research, classical 2D finite elements (FEs) with four-node linear (Q4), nine-node

quadratic (Q9) and sixteen-node cubic (Q16) are adopted for the shape functions in the
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Figure 2.4: ESL and LW assembly schemes of the 2D model.

x− y. For the beam, this work employs two-node linear (B2) to four-node cubic (B4)

finite elements. For the sake of completeness, the CUF and FEM model approximation

of typical 1D and 2D structures is illustrated in Fig. 2.2. By the combination of the

FE approximation, Eq. (2.25), with CUF, Eq. (2.12) , the 3D displacement field is

defined by the following equation:

Beam: uk(x, y, z) = F k
τ (x, z)Ni(y)q

k
τi, τ = 1, . . . ,M, i = 1, . . . , Nn

Plate: uk(x, y, z) = F k
τ (z)Ni(x, y)q

k
τi, τ = 1, . . . ,M, i = 1, . . . , Nn

(2.26)

2.4 Governing equations

For the sake of brevity, the governing equations are explicitly derived in the fol-

lowing section only for the beam formulation, while the corresponding expressions for

plate structures can be found in [105]. According to the Principle of Virtual Dis-

placements (PVD) [129], for a body in equilibrium the virtual work done by internal

stresses and inertial loads equals the work done by external loads is expressed as:

δLint = δLext − δLine (2.27)

where δLint, δLext and δLine represent the virtual variation of the strain energy, the

virtual variation of the work of external loads, and the virtual variation of the inertial

loads, respectively. The term related to the internal strain energy can be written as
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2.4 – Governing equations

follows:

δLint =

∫
V

δεk Tσk dV =

∫
V

δεk TCkεk dV (2.28)

where V is the volume of the body. The strain-displacement relation (Eq. (2.4))

can be reformulated using Eq. (2.26):

ε = Bτi qτi (2.29)

where the strain–displacement matrix in the case of beam, for example, is given by:

Bτi =



NiFτ,x 0 0

0 Ni,yFτ 0

0 0 NiFτ,z

0 NiFτ,z Ni,yFτ

NiFτ,z 0 NiFτ,x

Ni,yFτ NiFτ,x 0


(2.30)

The virtual variation of the strain tensor can then be expressed as:

δε = Bsj δqsj (2.31)

Thus, the virtual variation of the internal strain energy reads:

δLint = δq T
sj

∫
V

B T
sjCBτi dV qτi = δq T

sjkjiτsqτi (2.32)

where k τs
ji is a 3 × 3 matrix called the Fundamental Nucleus (FN) of the structural

stiffness matrix. For the sake of clarity, the k jiτs
xx component is reported below:

k jiτs
xx =

∫
V

C̃11
∂

∂x
(NjFs)

∂

∂x
(NiFτ ) dV +

∫
V

C̃16
∂

∂x
(NjFs)

∂

∂y
(NiFτ ) dV (2.33)

+

∫
V

C̃44
∂

∂z
(NjFs)

∂

∂z
(NiFτ ) dV +

∫
V

C̃16
∂

∂y
(NjFs)

∂

∂x
(NiFτ ) dV (2.34)

+

∫
V

C̃66
∂

∂y
(NjFs)

∂

∂y
(NiFτ ) dV (2.35)

The remaining terms of the FN can be derived in an analogous manner in [105]. It is

important to note that the formal expression of the FN remains the same regardless

of the structural theory or FE scheme chosen. Therefore, any structural model can be

created by simply looping on the indexes τ , i, j, and s. The virtual variation of the

inertial loads is written as:

δLine = δqT
sj

∫
V

NjFs ρINiFτ dV q̈τi = δqT
sj m

τs
ij q̈τi, (2.36)
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where mτsij is the Fundamental Nucleus of the mass matrix, evaluated in the same

way as the structural stiffness. The virtual variation of the external work reads:

δLext =

∫
V

δuTg dV +

∫
S

δuTq dS +

∫
l

δuT r dl + δuTPm, (2.37)

where g is the body force per unit volume, q the surface force acting upon the surface

S, r the line force, and Pm a concentrated point force exerted at point m. In discrete

form, this becomes:

δLext = δusj

(∫
V

NjF
sg dV +

∫
S

NjF
sq dS +

∫
l

NjF
sr dl +NjF

sPm

)
= δuT

sjp
s
j ,

(2.38)

where ps
j is the Fundamental Nucleus of the external force vector. Finally, the global

stiffness and mass matrices, as well as the global force vector, are obtained by assem-

bling the corresponding FNs over all finite elements and assuming undamped problems

and a costant mass matrix, the governing equations for the elasticity problem are ex-

pressed as:

Mq̈+Kq = F (2.39)

Here, K,M,F represent the global stiffness matrix, mass matrix, and external force

vector, respectively.

2.5 Explicit solution in CUF

Material and structural responses often require time-domain numerical strategies

to efficiently solve the governing equations of motion. In this context, the dynamic

problem can be addressed by adopting different time integration schemes, which are

commonly classified into implicit and explicit approaches. In the present work, an

explicit formulation is employed for the progressive damage analysis.

Explicit methods, due to their inherent formulation, typically avoid such difficulties.

The semi-discrete balance of linear momentum can be expressed as:

Mü t+∆t = F t+∆t
ext − F t+∆t

int (2.40)

where M is the mass matrix, Fext is the external force vector, and Fint is the internal

force vector. Eq. (2.40) is typically solved using the central-difference time integration

scheme [130]. The velocity within a time step is approximated at its mid-interval as:

u̇ t+ 1
2
∆t =

u t+∆t − ut

∆t
(2.41)

where u and u̇ are the displacement and velocity vectors, respectively, and ∆t is the

time increment.
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Eq. (2.41) can be reformulated to update the displacement field:

u t+∆t = ut +∆t u̇ t+ 1
2
∆t (2.42)

The updated displacements are then used to compute the strain field and, consequently,

the updated stress field. From the updated stress tensor, the internal force vector can

be evaluated as:

F t+∆t
int =

∫
V

BT σ t+∆t dV (2.43)

where BT is the transpose of the strain-displacement matrix introduced in Section 2.3.

The acceleration is obtained by rearranging Eq.(2.40):

ü t+∆t = M−1
(
F t+∆t

ext − F t+∆t
int

)
(2.44)

The mid-interval velocity at the next time step is then updated as:

u̇ t+ 3
2
∆t = u̇ t+ 1

2
∆t +∆t ü t+∆t (2.45)

Finally, the solution of the first time step (t = 0) requires the initial mid-interval

velocity u̇
1
2
∆t, which can be estimated as:

u̇
1
2
∆t = u̇0 +

1

2
∆t ü0 (2.46)

where u̇0 and ü0 are the prescribed initial velocity and acceleration of the system,

respectively, as determined from the initial conditions.
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Chapter 3

Damage model

This chapter presents the modeling framework adopted for the analysis of compos-

ite materials, building on previous developments based on the CODAM2 formulation

and its implementation within the CUF. The present study extends this framework by

incorporating the Hashin 3D orthotropic failure criteria together with Puck’s criteria

for matrix compression, implemented within a 2D finite element formulation.

3.1 Damage framework

The constitutive damage models adopted in this work are selected from well-

established literature contributions. The novelty of the present research lies in their

implementation within the CUF and in the validation of refined structural models able

to reconstruct local three-dimensional stress states and reproduce damage evolution

with reduced computational cost. Therefore, the purpose of the thesis is not to provide

a comprehensive treatment of all nonlinear phenomena that may affect the structural

response, but rather to assess the suitability of CUF-based models for progressive

damage analyses in aerospace structures. In this perspective, stiffness degradation

is mainly related to constitutive damage evolution, while additional nonlinear effects

associated with large geometric changes, boundary-condition modifications, or strong

local kinematic discontinuities are outside the scope of the present implementation.

Accordingly, although the damage variables act through a reduction of the elastic com-

ponents, the adopted model is intended to capture the macroscopic and progressive

loss of stiffness in a phenomenological sense, consistently with established literature

formulations, rather than to explicitly resolve all the micromechanical features involved

in gradual material degradation.

3.1.1 Tensile damage model

The tensile damage behavior of fiber-reinforced composites is modeled within the

framework of CDM. The onset of fiber tensile failure is governed by the Hashin 3D

27



Damage model

criterion [36], which states that damage initiates when the failure index Fft ≥ 1, with

Fft =

(
σ11
XT

)2

+ αf

[(
σ12
S12

)2

+

(
σ13
S13

)2
]
, (3.1)

where XT is the fiber tensile strength, S12 and S13 are the in-plane and out-of-plane

shear strengths, respectively, and αf is an interaction coefficient, set to zero unless

otherwise specified. Similarly, matrix tensile damage initiates when Fmt ≥ 1, where

the corresponding Hashin criterion is

Fmt =

(
σ22 + σ33

YT

)2

+
1

S2
23

(
σ2
23 − σ22σ33

)
+

(
σ12
S12

)2

+

(
σ13
S13

)2

, (3.2)

with YT being the transverse tensile strength and S23 the transverse shear strength.

Once the failure indices reach unity, the damage progression is described in terms

of equivalent displacements for fibers and matrix. For fiber tension, the equivalent

displacement is

δfteq = lc

√
⟨ϵ11⟩2 + ϵ212 + ϵ213, (3.3)

while for matrix tension it is

δmt
eq = lc

√
⟨ϵ22⟩2 + ⟨ϵ33⟩2 + ϵ212 + ϵ223 + ϵ213, (3.4)

where lc is the characteristic length set equal to the cubic root of the Gauss point

volume , lC= (VGP )
1/3, and ⟨·⟩ denotes the Macaulay bracket, ensuring that only

tensile strains contribute. The equivalent stresses are

σft
eq =

lc (⟨σ11⟩⟨ϵ11⟩+ σ12ϵ12 + σ13ϵ13)

δfteq
, (3.5)

σmt
eq =

lc (⟨σ22⟩⟨ϵ22⟩+ ⟨σ33⟩⟨ϵ33⟩+ σ12ϵ12 + σ23ϵ23 + σ13ϵ13)

δmt
eq

. (3.6)

The constitutive relation between equivalent stress and displacement is depicted in

Fig. 3.1. The ultimate equivalent displacements at damage saturation are related to

the fracture energies Gf and Gm as

δu,feq =
2Gf

XT

, δu,meq =
2Gm

T
, (3.7)

where T denotes the peak equivalent transverse stress at the onset of matrix damage,

i.e. T = σmt
eq

∣∣
Fmt=1

. The damage variable d governs the stiffness degradation and is

expressed as

d =
δueq (δeq − δ0eq)

δeq(δueq − δ0eq)
, (3.8)
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3.1 – Damage framework

Figure 3.1: Constitutive equivalent stress-displacement relation for tensile damage.

where δ0eq = δeq|F=1 is the displacement at damage initiation. Accordingly, the stiffness

matrix in the damaged state, Cdam, is

Cdam =
1

∆



C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66


, (3.9)

where

∆ = 1−(1−df )(1−dm)ν12ν21−(1−dm)ν23ν32−(1−df )ν13ν31−2(1−df )(1−dm)ν21ν32ν13.

The effective damage parameters for fiber and matrix are defined as

df = 1− (1− dft)(1− dfc), dm = 1− (1− dmt)(1− dmc), (3.10)

where dft and dmt refer to fiber and matrix tension, while dfc and dmc account for fiber

and matrix compression. Finally, the matrix components of Cdam are

C11 = [1− (1− dm)ν23ν32](1− df )E1, C12 = (1− df )(1− dm)(ν21 + ν23ν31)E1,

C22 = [1− (1− df )ν31ν13](1− dm)E2, C13 = (1− df )(ν31 + (1− dm)ν21ν32)E1,

C33 = [1− (1− df )(1− dm)ν21ν12]E3, C23 = (1− dm)(ν32 + (1− df )ν12ν31)E2,

C44 = ∆(1− df )(1− dm)G12, C55 = ∆G23,

C66 = ∆G13.
(3.11)
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Thus, the constitutive relation in the damaged state becomes

σ = Cdamϵ. (3.12)

3.1.2 Compressive damage model

The present work employs the Hashin 3D criteria to describe fiber and matrix

damage under tensile and fiber under compressive states, while for matrix compression

the Puck criterion is adopted, following the approaches of Davila et al. [32] and

Lapczyk et al. [131]. The initiation of fiber damage in compression occurs when the

failure index Ffc ≥ 1, with

Ffc =

(
σ11
XC

)2

, (3.13)

where XC denotes the fiber compressive strength. The Puck criterion, according to

which initiation occurs when Fmc ≥ 1, where

Fmc =

(
σnt

SA
23 − ηntσnn

)2

+

(
σnl

S12 − ηnlσnn

)2

. (3.14)

The coefficients ηnl and ηnt represent the internal material friction according to the

Mohr-Coulomb theory [19]. Here, σnn, σnl and σnt are the stresses acting on the

fracture plane in the normal, longitudinal shear and transverse shear directions, re-

spectively; S12 is the in-plane shear strength, and S
A
23 the transverse shear strength in

the fracture plane, are computed as

σnn = σ22 cos
2 θ + σ33 sin

2 θ + 2σ23 cos θ sin θ,

σnl = σ12 cos θ + σ13 sin θ,

σnt = −σ22 cos θ sin θ + σ33 cos θ sin θ + 2σ23(2 cos
2 θ − 1),

µnt = tan(2θ − 90◦),
µnt

SA
23

=
µnl

S12

, SA
23 =

YC
2

(
1− sinϕ

cosϕ

)
, ϕ = 2θ − 90◦.

(3.15)

The angle θ denotes the fracture inclination, typically around 53◦ for unidirectional

composites under transverse compression [132]. In this work, θ is obtained through

the Simple Parabolic Interpolation Search (SPIS) algorithm [133], which divides the

180◦ interval into 18 sub-intervals, each with 19 reference points (see Fig.3.2). For

each reference orientation θ, an equivalent failure index fe(θ) is evaluated from the lo-

cal stress state according to the adopted failure criterion. The quantity fe provides a

scalar measure of the proximity to material failure, with fe = 1 identifying the onset of

damage. Since different fracture mechanisms may become dominant depending on the

inclination angle, the failure response exhibits a pronounced directional dependence.

The progressive damage variable is therefore expressed as a two-parameter function

f = f(fe, θ), which combines the magnitude of the equivalent failure index with the
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3.1 – Damage framework

orientation of the fracture plane. Within the SPIS framework, discrete evaluations of

fe are obtained at the prescribed reference angles, and a continuous representation of

the function f(fe, θ) is reconstructed through parabolic interpolation over the angular

domain. This procedure allows the fracture inclination θ corresponding to the maxi-

mum damage driving force to be identified in a robust and computationally efficient

manner, while avoiding the need for an exhaustive angular search. Damage progres-

0.0
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0.8

1.0
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fe

θ

SRGSS Algorithm

� ��� ��

(°)

Figure 3.2: Example of the SPIS method based on [133].

sion is described in terms of the equivalent compressive displacements δfceq and δmc
eq for

fibers and matrix, respectively:

δfceq = lc ⟨−ϵ11⟩, (3.16)

δmc
eq = lc

√
⟨−ϵ22⟩2 + ⟨−ϵ33⟩2 + ϵ212 + ϵ223 + ϵ213, (3.17)

where ⟨·⟩ is the Macaulay bracket and lc = (VGP )
1/3 is the characteristic length asso-

ciated with the Gauss point volume VGP . The corresponding equivalent stresses are

defined as

σfc
eq =

lc ⟨−σ11⟩⟨−ϵ11⟩
δfceq

, (3.18)

σmc
eq =

lc (⟨−σ22⟩⟨−ϵ22⟩+ ⟨−σ33⟩⟨−ϵ33⟩+ σ12ϵ12 + σ23ϵ23 + σ13ϵ13)

δmc
eq

. (3.19)

The ultimate equivalent displacements at damage saturation are given by

δu,feq =
2Gf

T
, δu,meq =

2Gm

T
, (3.20)

31



Damage model

where Gf and Gm are the fracture energies in the longitudinal and transverse direc-

tions, respectively, and T is the peak equivalent stress at damage onset. The scalar

damage variable d governs stiffness degradation during evolution:

d =
δueq (δeq − δ0eq)

δeq(δueq − δ0eq)
, (3.21)

with δ0eq = δeq
∣∣
F=1

being the displacement at damage initiation. The damage parame-

ter d and the stiffness matrix in the damage state Cdam are computed as for the tensile

case.

The bi-linear constitutive models with linear softening often fail to capture the complex

post-peak compressive response, dominated by micro-buckling and kink-band forma-

tion, which cause a sharp strength drop followed by a stress plateau [134]. Enhanced

damage evolution laws including linear-brittle softening curves have been proposed

[135], enabling a more realistic representation of compressive failure. The curves in-

troduce a residual plateau stress, defined as a fraction of the peak value, thus allowing

to generate families of responses while preserving fracture energy. An example of such

curves is illustrated in Fig. 3.3.
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Figure 3.3: Family of softening curves for compressive damage using Hashin-Puck (H-P)
criteria.
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Chapter 4

Numerical results of progressive

damage

This chapter presents numerical case studies under tensile and compressive loading,

taken from the literature. For tension, the accuracy and efficiency of the 3D Hashin

damage model combined with 2D CUF theories are evaluated against the CODAM2

model, 2D Hashin criteria, experimental results, and Abaqus analyses. For compres-

sion, simulations developed with the combined Hashin 3D–Puck (H-P) criteria are

compared with alternative modeling approaches and experiments. The overall aim is to

verify, validate, and assess the proposed methods in terms of accuracy and numerical

efficiency. The results related to tensile loading case are present in [136], whereas the

compressive loading case are discussed in [137].

4.1 Tensile loading cases

4.1.1 Single element

The first benchmark case examines a single square element of 1mm × 1mm to

verify the predictive capability of the damage model. The material system is the

IM7/8552 carbon fiber reinforced polymer (CFRP) with a ply thickness of 0.125mm,

whose properties are listed in Table 4.1.

Table 4.1: Material properties of IM7/8552.

E1 (GPa) E2 (GPa) E3 (GPa) G12 (GPa) G13 (GPa) G23 (GPa) ν12 ν13 ν23
150.0 11.0 11.0 5.8 5.8 2.9 0.34 0.34 0.48

XT (MPa) XC (MPa) YT (MPa) YC (MPa) S12 (MPa) GT
1 (kJ/m2) GT

2 (kJ/m2) GC
1 (kJ/m2) GC

2 (kJ/m2)
2560 1960 73 250 90 120 2.6 80.0 4.2

The structural model employs a Q4 element with ply-thickness kinematics de-

scribed by LE1 [33]. Three conditions are investigated: (i) uniaxial tension in the
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Numerical results of progressive damage

longitudinal direction with fibers aligned to y, (ii) transverse loading with fibers per-

pendicular to y, and (iii) a quasi-isotropic [90/45/0/ − 45]2s laminate. Stress–strain

curves are reported in Fig. 4.1, including results from four approaches: Hashin 3D

with CUF, CODAM2 with CUF [33], CODAM2 with LS-Dyna [29], and Hashin 3D

with Abaqus continuum shell elements. Equivalent strains and stresses at damage

initiation (ϵ0eq, σ
0
eq) and the ultimate strain (ϵueq) are summarized in Table 4.2. The

verification on the single element highlights two main findings:

1. The peak stresses predicted by the present model match the fiber and matrix

strengths; after the peak, the response degrades linearly until the saturation

strain.

2. Across the three loading cases, all four modeling strategies yield very similar

stress–strain curves.
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Figure 4.1: Stress–strain response of the single element under uniaxial traction.
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4.1 – Tensile loading cases

Table 4.2: Comparison of equivalent strains and stresses at damage initiation and ultimate
strain for the single element [90/45/0/− 45]2s.

Hashin 3D/CUF CODAM2/CUF CODAM2/LS-Dyna Hashin 3D/Abaqus
ϵ0eq 0.028 0.028 0.027 0.027
ϵueq 0.185 0.186 0.199 0.185
σ0
eq (MPa) 1166.3 1166.2 1165.9 1165.8

4.1.2 Center-notched specimen

The second numerical case examines a center-notched specimen subjected to tensile

loading, following the setup described in [29], which investigates size effects. The notch

length is C = 25.4 mm, the gauge width W = 127 mm, and the gauge length L = 508

mm. The boundary conditions and geometry are shown in Fig. 4.2, where the specimen

is clamped at one edge and a displacement along the y-direction is applied at the free

edge. The material system is IM7/8552 CFRP, with ply properties given in Table 4.1.

The stacking sequence is [45/90/−45/0]4s with a ply thickness of 0.125 mm. Numerical

results are compared with models from [29], including LS-Dyna using CODAM2 and

an Abaqus-based Ladeveze damage model (ABQ-DLR), which describes fiber damage

evolution through an exponential softening law. Experimental data from [138] are

also used for validation. Figure 4.3 shows the stress–strain curves obtained using the

Figure 4.2: Boundary conditions and geometry of the center-notched specimen under ten-
sion

3D Hashin criteria, highlighting the effect of mesh refinement with 9-node elements

ranging from 74 to 184 elements. The expansion order through the thickness also

increases from linear (LE1) to cubic (LE3). These results are compared against the

minimum and maximum experimental strength values [138]. Table 4.3 summarizes

the degrees of freedom (DOF) of each model and the equivalent strains and stresses at

damage initiation. Figure 4.4 shows a comparison with CODAM2 results from CUF

[33] and LS-Dyna [29]. Figure 4.5 shows the stress–strain response for the specimen

with 132 Q9 LE1 elements for αf = 0 and αf = 1. The former removes the shear stress

contribution, whereas the latter includes it. The two curves overlap almost perfectly,

indicating a negligible effect of fiber shear stresses. The final set of results explores the

effect of specimen scale on computational cost. The specimen dimensions for different
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Figure 4.3: Mesh and structural theory convergence for the stress–strain response of the
center-notched specimen

Table 4.3: DOF and equivalent strains and stresses at damage initiation for the center-
notched specimen

74Q9-LE1 88Q9-LE1 132Q9-LE1 132Q9-LE2 132Q9-LE3 184Q9-LE1 Exp. min Exp. max
DOF 33660 39600 61380 120900 180420 79200
ϵ0eq 0.675 0.643 0.548 0.555 0.563 0.526
σ0
eq (MPa) 407.6 392.1 334.4 341.8 342.5 323.2 335.4 345.2

scales are listed in Table 4.4, where C is the notch length, W the width, and L the

gauge length. Figure 4.6 shows the maximum peak stress for each scale, compared

with CODAM2 models [33, 29] and experimental data [138], with the percentage errors

reported in Table 4.5. Figure 4.7 reports the DOF and computational time for each

scale and model, normalized relative to scale 1. Differences in DOF with [33] arise

because plies with the same orientation were combined into a single LE1 element in

their approach. The results indicate that:

1. The Hashin 3D model provides results similar to CODAM2, while being closer

to experimental values.

2. Increasing the order of the structural theory improves agreement with exper-

iments. Mesh refinement alone does not guarantee accuracy, emphasizing the

importance of structural theory as shown in Fig. 4.3.

3. The stress–strain curves with and without fiber shear contributions are nearly

identical, demonstrating that fiber shear effects are negligible (Fig. 4.5).

4. Table 4.5 shows that CODAM2-CUF exhibits more pronounced size effects due

to its damage evolution mechanism, whereas Hashin 3D-CUF shows a smoother
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Figure 4.4: Stress–strain curves of the center-notched specimen using Hashin 3D and CO-
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Figure 4.5: Stress–strain response of the center-notched specimen, 132 Q9 LE1, αf = 0
and αf = 1

trend.

5. CUF models are less sensitive to specimen size in terms of computational cost

compared to standard finite element approaches, as coarser meshes with higher-

order through-thickness kinematics can be employed [33].

4.1.3 Over-height compact tension Test

The final numerical case focuses on an over-height compact tension (OCT) speci-

men with a ply sequence of [90/45/0/− 45]4s. The geometry and boundary conditions

are illustrated in Fig. 4.8, based on [33]. The pins are opened gradually up to a

displacement of 1 mm. Numerical results are compared with experimental data from
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Numerical results of progressive damage

Table 4.4: Specimen dimensions (mm) for different scales

Scale C W L
1 3.2 15.9 63.5
2 6.4 31.8 127.0
4 12.7 63.5 254.0
8 25.4 127.0 508.0
16 50.8 254.0 508.0

 0

 100

 200

 300

 400

 500

 600

 700

1 2 4 8 16

P
e
a
k
 S

tr
e
n
g
th

 [
M

P
a
]

Specimen scale

Experiments

CODAM2-CUF

ABQ-DLR

HASHIN 3D-CUF

Figure 4.6: Maximum peak stress for various specimen scales using different models

[134] obtained via Digital Image Correlation (DIC). The finite element mesh consists

of 392 Q9 elements as in [33], with expansion order along the thickness varying from

linear (LE1) to cubic (LE3). Figure 4.9 presents the force–displacement response ob-

tained using Hashin 3D, compared with CODAM2 and experimental results. Table

4.6 reports the Pin Opening Displacement (POD) at damage initiation and the first

peak force, along with the percentage errors relative to experiments. As in the pre-

vious case, the influence of fiber shear (αf = 0 versus αf = 1) is shown in Fig. 4.10,

indicating negligible differences. Figure 4.11 illustrates the distribution of matrix and

fiber damage at peak stress. CUF was employed for both Hashin 3D and CODAM2

with 392 Q9 elements. Additional comparisons include CODAM2 with LS-DYNA and

the ABQ-DLR Ladeveze damage model. The main observations are as follows:

1. The force–displacement curves in Fig. 4.9 show a discrepancy between the pre-

dicted damage initiation in the LE models and experimental results, likely due

to the absence of delamination modeling.

2. Hashin 3D-CUF and CODAM2-CUF both predict damage initiation at POD =

1.142 mm (Table 4.6), producing similar curves. LE models predict higher peak

forces than experiments, again attributable to the neglect of delamination. In

[139], CUF models incorporating delamination achieved better agreement with

experimental data. LE1 displacement fields remain similar to other numerical

models in the literature, improving the match.
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4.1 – Tensile loading cases

Table 4.5: Peak strength and percentage error relative to experimental values for different
scales

Scale Model Peak strength (MPa) Error (%)
1 Experiments 590 -

CODAM2-CUF 598 1.4
ABQ-DLR 650 10.2
Hashin 3D-CUF 611 3.6

2 Experiments 525 -
CODAM2-CUF 520 -0.9
ABQ-DLR 530 0.9
Hashin 3D-CUF 524 -0.2

4 Experiments 452 -
CODAM2-CUF 430 -4.9
ABQ-DLR 430 -4.9
Hashin 3D-CUF 459 1.5

8 Experiments 350 -
CODAM2-CUF 343 -2.0
ABQ-DLR 330 -5.7
Hashin 3D-CUF 350 0.0

16 Experiments 260 -
CODAM2-CUF 279 7.3
ABQ-DLR 240 -7.7
Hashin 3D-CUF 281 8.1
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Figure 4.7: Comparison of DOF and computational time for different specimen scales and
numerical approaches

3. Post-peak oscillations in CUF models arise from the use of fully integrated Q9

elements without numerical damping. Experimental curves are less smooth,

reflecting heterogeneous fiber failure, manufacturing defects, and interactions of

failure mechanisms including splitting and delamination, as noted in [140].

4. Damage distributions in Fig. 4.11 indicate that, at POD = 1.5 mm, the area

near the crack initiates damage earlier for Hashin 3D than for CODAM2.
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(a) Geometry (b) Mesh

Figure 4.8: Geometry, boundary conditions, and mesh of the OCT specimen
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Figure 4.9: Force–displacement curves of the OCT specimen comparing Hashin 3D, CO-
DAM2, and experimental results
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Table 4.6: Comparison of POD at damage initiation and first peak force for the OCT
specimen, with percentage error relative to experimental Fmax

Hashin 3D-LE1 Hashin 3D-LE2 Hashin 3D-LE3 CODAM2-LE1 Experiments
POD (mm) 1.142 1.192 1.233 1.142 0.888
Fmax (kN) 12.08 12.39 13.09 12.11 9.72
Error Fmax (%) 24.3 27.5 34.7 24.6 -
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Figure 4.10: Force–displacement curves for the OCT specimen with αf = 0 and αf = 1

4.2 Compressive loading cases

4.2.1 Single element

The first compressive benchmark considers a single element of dimensions 1mm×
1mm. The material is IM7/8552 carbon fiber reinforced polymer (CFRP), with a ply

thickness of 0.125 mm. The adopted CUF structural model employs a four-node Q4

element for in-plane discretization and a linear Lagrange expansion (LE1) along the

thickness, consistent with the CODAM2-based approach in [34].

Three loading scenarios are examined: (i) uniaxial compression in the longitudinal

direction with fibers oriented along the y-axis (0°); (ii) uniaxial compression in the

transverse direction (90°); and (iii) uniaxial compression of a quasi-isotropic lami-

nate with stacking sequence [90/45/0/ − 45]2s. The corresponding boundary con-

ditions and stress–strain responses are reported in Fig. 4.12. In Figures 4.12a-

4.12b, the stress–strain responses obtained with Hashin 3D-CUF are compared against

CODAM2-CUF based on 2D Hashin criteria [34]. For the quasi-isotropic case in

Fig.4.12c, results are additionally compared with CODAM2-CUF, two LS-DYNAmod-

els, and the ABQ-DLR-UD user-defined model in Abaqus/Explicit [141]. In particular,

LS-DYNA employs CODAM2 (MAT219) and the Laminate-Based Composite Model
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(a) Hashin 3D (CUF)

(b) CODAM2 (CUF)

(c) CODAM2 (LS-DYNA)

(d) ABQ-DLR

Figure 4.11: Damage distribution at POD = 1.5 mm: matrix damage in 90° ply (right)
and fiber damage in 0° ply (left)

(MAT81), while ABQ-DLR-UD implements Ladeveze’s coupled transverse–shear dam-

age formulation [142].

The results can be summarized as follows:

1. The peak stresses predicted by the proposed model closely match the material

strengths: 1690MPa for fiber and 250MPa for matrix. These values are also

consistent with CODAM2-CUF predictions. The fracture energy, computed as

the area under the stress–strain curve, is 80 kJ/m2 in the longitudinal direction

and 4.2 kJ/m2 in the transverse direction, in good agreement with CODAM2.

2. For the quasi-isotropic configuration, the peak stress aligns well with CODAM2

and ABQ-DLR-UD predictions. In contrast, MAT81 underestimates the peak by

about 30%. This discrepancy is likely due to its homogenized laminate represen-

tation, which neglects separate fiber and matrix failure mechanisms. In CUF,

each ply is modeled explicitly with one Q4 element and one LE1 expansion,

whereas MAT81 employs a stacked 3D shell approach with simplified laminate

behavior.
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(b) Transverse loading (90°)
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Figure 4.12: Stress–strain response of the single element under uniaxial compression

4.2.2 Compact compression test

The second benchmark concerns a compact compression (CC) test performed on

a quasi-isotropic [90/45/0/ − 45]4s laminate. The geometry, loading configuration,

and finite element mesh are shown in Fig. 4.13. This numerical case was originally

introduced in [140], where quasi-static fracture experiments were conducted. Later, in

[141], the same configuration was analyzed using CODAM2 and MAT81 damage mod-

els in LS-DYNA. The present CUF simulations adopt the same geometry and in-plane

discretization, consisting of 191 quadratic nine-node (Q9) elements [34]. Three kine-

matic expansions are used through the thickness, from linear (LE1) to cubic (LE3).

The number of elements and corresponding degrees of freedom (DOF) for all models

is reported in Table 4.7. Figure 4.14 presents the force–POD curves. CUF models

exhibit a linear softening post-peak response, with different expansions (LE1–LE3)
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Numerical results of progressive damage

Figure 4.13: Geometry and in-plane discretization of the CC specimen; dimensions in mm.
The CUF finite element mesh contains 191 Q9 elements.
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Figure 4.14: Force–POD curves for the CC test

through the thickness. For reference, the experimental curve and the MAT81 model

from LS-DYNA are also included. Table 4.8 summarizes the peak force and corre-

sponding POD values, along with the percentage errors relative to experiments.

The damage progression for the H-P LE1 model is shown in Fig. 4.15. The vertical

markers in Fig. 4.15a indicate the three POD values analyzed: −0.687, −0.836, and

−0.985 mm. Corresponding fiber and matrix damage distributions are illustrated in

Fig. 4.15b. The main findings can be summarized as follows:
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4.2 – Compressive loading cases

Model Elements DOF
CUF 191Q9-LE1 191 Q9 elements in-plane, 1 LE1 per ply 82467
CUF 191Q9-LE2 191 Q9 elements in-plane, 1 LE2 per ply 162435
CUF 191Q9-LE3 191 Q9 elements in-plane, 1 LE3 per ply 242403
MAT81 (LS-DYNA) 4848 shell elements N/A

Table 4.7: Number of elements and DOF in the FE models for the CC test

Approach Peak Force (kN) Error (%) POD at Peak Force (mm) Error (%)
Experiments -9.092 – 0.932 –
MAT81 (LS-DYNA) -9.912 9.0 1.005 7.8
H-P (CUF)-LE1 -9.267 1.49 0.836 -10.3
H-P (CUF)-LE2 -9.668 6.3 0.948 1.87
H-P (CUF)-LE3 -9.965 9.6 0.948 1.87
CODAM2 (CUF)-LE1 -10.671 17.4 0.887 -4.8
CODAM2 (CUF)-LE2 -11.283 24.1 0.962 3.2
CODAM2 (CUF)-LE3 -11.808 29.9 1.074 15.2

Table 4.8: Comparison of peak forces and POD values at peak force for different models
of the CC test

1. The H-P model reproduces the experimental force–POD curves with good accu-

racy.

2. In the case of linear softening, H-P provides a better match with experiments

than CODAM2, with percentage errors for both peak force and POD below 10%.

Higher-order expansions (LE2 and LE3) improve the POD prediction but intro-

duce oscillations in peak force convergence. Since this is an in-plane problem,

LE1 is sufficient to obtain accurate results. Higher-order kinematics are expected

to become more relevant in problems dominated by interlaminar effects such as

delamination.

3. Small differences in the slope of the linear branch are likely related to difficulties

in replicating the exact experimental boundary conditions.

4. Oscillations in the CUF post-peak response may be attributed to the absence of

numerical damping.

5. Compared to MAT81 in LS-DYNA, the H-P CUF approach shows lower percent-

age errors. This is due to the layer-wise description of each ply in CUF, while

MAT81 relies on a homogenized laminate representation.

4.2.3 Open-hole compression test

The third case study investigates an open-hole specimen with a quasi-isotropic

layup of [45/90/-45/0]4s subjected to compressive loading. This benchmark is based

on the numerical work presented in [34] and compared with the experimental results
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Figure 4.15: Damage progression in the H-P LE1 model at POD values of −0.687, −0.836,
and −0.985 mm; fiber damage on the left, matrix damage on the right.

reported by Lee and Soutis [143]. The geometry and boundary conditions of the

specimen are illustrated in Fig. 4.16, where the specimen dimensions W and L vary

according to the adopted scale, as listed in Table 4.9. The discretization details,

including the number of elements and degrees of freedom (DOF) for each model, are

summarized in Table 4.10.

L (mm) W (mm) d (mm)
Scale 1 32 32 6.35
Scale 2 64 64 12.70
Scale 3 128 128 25.40

Table 4.9: Dimensions of the open-hole specimen at different scales.

The first set of results concerns Scale 1. Various CUF models are analyzed, using 48,

72, and 96 Q9 elements, combined with LE1, LE2, and LE3 expansion functions. The

post-peak behavior exhibits linear softening, as illustrated in Fig. 4.17. Peak loads

are compared with experimental data [143], with numerical simulations based on the

MAT18 damage model in LS-DYNA [34], and with Abaqus simulations using Hashin
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Figure 4.16: Geometry and boundary conditions of the open-hole specimen under com-
pressive loading. The FE mesh consists of 48 Q9 elements.

Model Elements DOF
Scale 1

CUF 48Q9-LE1 48 Q9 elements in-plane and 1 LE1 per ply 22176
CUF 48Q9-LE2 48 Q9 elements in-plane and 1 LE2 per ply 43680
CUF 48Q9-LE3 48 Q9 elements in-plane and 1 LE3 per ply 65184
CUF 72Q9-LE1 72 Q9 elements in-plane and 1 LE1 per ply 33264
CUF 96Q9-LE1 96 Q9 elements in-plane and 1 LE1 per ply 44352
MAT18 (LS-DYNA) 1202 shell elements N/A

Scale 2
CUF 128Q9-LE1 128 Q9 elements in-plane and 1 LE1 per ply 57024

Scale 3
CUF 256Q9-LE1 256 Q9 elements in-plane and 1 LE1 per ply 114048

Table 4.10: Number of elements and DOF for the different open-hole compression test
models.

2D criteria with shell elements. Figure 4.18 extends the comparison to CUF models

with linear-brittle post-peak softening and the H-P damage model, benchmarking

them against experiments, MAT18 in LS-DYNA, and CODAM2-CUF predictions.

Damage evolution obtained with the H-P CUF model (96 Q9 mesh, LE1) is reported

in Fig. 4.19, at displacements of −0.24 mm, −0.29 mm, and −0.31 mm. The final

analysis considers the peak failure strength across all three scales. For this set, CUF

simulations employ LE1 with a linear-brittle (Br-50) post-peak softening. As shown

in Fig. 4.20, the H-P CUF predictions are compared with CODAM2 CUF models

(Br-30), experimental data, and MAT18 damage models in LS-DYNA [34]. The key

findings are:

1. Linear softening tends to overestimate peak stresses by approximately 20% com-

pared to experimental values. The H-P approach improves accuracy compared

to CODAM2 and Hashin 2D (Abaqus), reducing the peak load discrepancy by

about 25%.

2. A mesh with 48 Q9 elements is sufficient to achieve converged results.

3. Linear-brittle softening models provide more accurate peak strength predictions.
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Figure 4.17: Comparison of peak strength values of the [45/90/-45/0]4s open-hole com-
pression specimen (Scale 1) using different damage models, experiments, and
CUF models with linear softening.
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Figure 4.18: Comparison of peak strength values of the [45/90/-45/0]4s open-hole com-
pression specimen (Scale 1) with different post-peak softening laws.

Variations in expansion functions (LE1–LE3) have a negligible effect on the

compressive peak load.

4. The H-P CUF approach with Br-50 post-peak softening offers better agreement
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(a) Fiber damage evolution.

(b) Matrix damage evolution.

Figure 4.19: Damage progression of the [45/90/-45/0]4s open-hole compression specimen
(Scale 1) at displacements of -0.24 mm, -0.29 mm, and -0.31 mm for: a) fiber
and b) matrix.
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Figure 4.20: Comparison of peak strength values of the [45/90/-45/0]4s open-hole com-
pression test across three scales.

with experiments than MAT18 in LS-DYNA, while requiring fewer computa-

tional resources. The CUF model uses 48 Q9 elements in-plane, compared to

1202 elements in the MAT18 model.
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4.3 Discussion

This chapter has investigated the progressive damage behavior of composite lam-

inates under both tensile and compressive loading conditions, by combining higher-

order two-dimensional structural theories with advanced failure criteria within the

framework of CUF. The adoption of a layer-wise modeling strategy has allowed for an

explicit description of ply-level kinematics, thereby ensuring that the essential mech-

anisms governing damage initiation and propagation could be represented with accu-

racy. In this context, Hashin’s three-dimensional failure criteria were employed for

tensile simulations, while the combined Hashin–Puck formulation was used for com-

pressive scenarios. The aim was not only to capture the distinct failure mechanisms

associated with fiber- and matrix-dominated responses but also to provide a modeling

approach capable of balancing accuracy and computational efficiency when compared

with full 3D analyses.

For tensile cases, the numerical studies have confirmed the ability of higher-order CUF-

based theories to reproduce experimental responses with a reduced computational bur-

den. For the over-height compact tension test, higher-order CUF models reproduce the

experimental response with a strongly reduced computational cost. Compared to 3D

FEM analyses, CUF formulations require over one order of magnitude fewer degrees

of freedom and up to two orders of magnitude lower computational time. By avoid-

ing the need for excessive mesh refinement, these models provide accurate predictions

of stress–strain curves and ultimate strengths even when the specimen size increases.

This result is particularly significant because it highlights the intrinsic capability of

higher-order CUF formulations to capture the dominant kinematic and stress gradi-

ents through the thickness without relying on local mesh refinement. In conventional

three-dimensional finite element models, an increase in specimen size typically requires

a proportional refinement of the mesh in order to accurately resolve stress concentra-

tions and damage localization, leading to a rapid growth in the number of degrees of

freedom. The comparison with CODAM2 has revealed that Hashin’s 3D formulation

tends to predict more extended damage areas, a feature consistent with the physical

expectations of matrix cracking and fiber-matrix interactions. These results underline

the capacity of the proposed approach to provide reliable simulations while preserving

efficiency, especially when compared with traditional 3D solid models.

In the compressive regime, the integration of Hashin and Puck criteria has demon-

strated clear improvements over CODAM2, particularly in capturing the strength and

damage progression of open-hole specimens. The sensitivity analyses on softening laws

have shown that the choice of linear-brittle behavior is crucial to accurately predict

peak strengths, while compact compression could be effectively described even with

linear softening when coupled with the H-P approach. Furthermore, the comparison

between LW CUF models and ESL formulations has highlighted the necessity of re-

taining ply-level kinematics. ESL approximations resulted in less accurate predictions,
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whereas the layer-wise framework provided robust and consistent results across differ-

ent configurations.

Taken together, these findings confirm that the proposed CUF-based modeling strat-

egy, enriched with refined structural theories and advanced failure criteria, constitutes

a powerful and efficient tool for the progressive damage analysis of composite lami-

nates. It offers predictive capabilities that are comparable with those of more compu-

tationally demanding 3D approaches, while maintaining the flexibility to incorporate

different failure mechanisms and constitutive laws.

It should be noted that the present framework is primarily aimed at the prediction of

intralaminar damage mechanisms, namely fiber- and matrix-dominated failure within

the plies. Although the layer-wise CUF formulation enables an accurate reconstruc-

tion of three-dimensional stress fields, including interlaminar stress components, de-

lamination is not explicitly modeled in the present implementation. Therefore, the

reconstructed 3D stress state can be regarded as an indicator of potential interlaminar

critical regions, but not as a direct prediction of delamination onset and propaga-

tion. This aspect may partly explain some discrepancies with experimental results

in benchmark cases where failure is governed by the interaction of intralaminar dam-

age, splitting, and interlaminar separation. In this regard, it is worth noting that

CUF-based models have already been coupled in the literature with cohesive interface

elements for the explicit simulation of delamination, for instance in low-velocity im-

pact analyses of composite laminates [139, 144].

It is important to note that the progressive damage analyses presented here were per-

formed under quasi-static loading conditions, allowing for a detailed investigation of

the initiation and growth of damage mechanisms in composites. However, real engi-

neering structures are rarely exposed to purely static conditions; instead, they typically

operate under variable-amplitude and random cyclic loads that gradually degrade ma-

terial properties and lead to fatigue failure. For this reason, the models and findings

obtained in the quasi-static regime constitute a fundamental basis for the subsequent

transition to fatigue analyses in the frequency domain, where the cumulative effects

of random loading on structural integrity are investigated.
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Part II

Fatigue life estimation in frequency

domain
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Chapter 5

Fatigue analysis in frequency

domain

This chapter presents the theoretical and methodological foundations required to

evaluate the fatigue life of structures subjected to stochastic loading within the frequency-

domain framework. The first part introduces the fundamentals of random response

analysis, including the description of excitation and structural response through Power

Spectral Densities (PSD) and associated statistical quantities such as root mean square

(RMS) values. Building on these concepts, the Dirlik method, one of the most widely

adopted spectral fatigue approaches, is presented for estimating stress-range probability

distributions directly from PSD data. The chapter then discusses fatigue estimation

and crack propagation models traditionally employed for metallic components, provid-

ing a reference framework for spectral fatigue assessment. Finally, these concepts are

extended to composite materials, where an equivalent stress PSD based on the Tsai–Hill

failure criterion is adopted to predict fatigue life within the CUF high-order structural

modeling environment.

5.1 Random response

When a linear structural system with n degrees of freedom is subjected to random

excitations, its behaviour in the time domain can be described by the classical equation

of motion:

Mq̈+Cq̇+Kq = f(t), (5.1)

where q̈, q̇, and q denote the vectors of generalized accelerations, velocities, and dis-

placements, respectively. The term f(t) represents a vector of time-dependent random

forces acting on selected DOF, while M, C, and K are the mass, damping, and stiff-

ness matrices of the structure.

To analyse the system in the frequency domain, the Fourier transform is applied to
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Eq. (5.1), leading to the algebraic equilibrium equation [145]:

qk(ω) =
[
−ω2M+ iωC+K

]−1
F∗

k, i =
√
−1, (5.2)

where qk(ω) represents the displacement vector in the frequency domain associated

with the k-th non-zero term of the generalized force vector, and F∗
k is a unit vector

isolating the corresponding DOF. Owing to the linearity of the system, independent

frequency-response analyses can be performed for each active force component and

superimposed afterward to reconstruct the total structural response.

5.1.1 Modal reduction for random response analysis

Amore efficient approach for computing the random response of large finite element

models is based on modal reduction. As originally described by Dey [146], the method

avoids repeated matrix inversion in the frequency domain by projecting the equations

of motion onto the undamped eigenmodes of the structure.

The starting point is the free vibration eigen-problem:

(K− ω2
jM)xj = 0, (5.3)

where ωj and xj denote the j-th natural frequency and its corresponding mode shape.

Collecting nm eigenvectors into the modal matrix X = [x1 x2 . . . xnm ], the physical

displacements are expressed in terms of the modal coordinates η(t) as

q(t) = Xη(t). (5.4)

Exploiting the orthogonality of the eigenvectors with respect to mass and stiffness

[146], one obtains:

XTMX = Λ, XTKX = I, (5.5)

where Λ = diag(Λ1, . . . ,Λnm) contains the modal masses. Assuming proportional

structural damping, the modal damping matrix becomes diagonal:

XTCX = D. (5.6)

Premultiplying the transformed equation of motion by XT leads to a set of uncou-

pled single–degree-of-freedom equations:

Λj η̈j(t) +Dj η̇j(t) + ηj(t) = xT
j f(t). (5.7)

Applying the Fourier transform to Eq. (5.7), the j-th modal transfer function is

obtained as:

Hj(ω) =
1

1− (ω/ωj)2 + i gj
, (5.8)
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where gj is the structural damping factor of the mode. This expression corresponds to

the modal admittance derived in [146], but is presented here explicitly in terms of the

transfer function Hj(ω). Using the modal transfer functions, the full transfer function

matrix of the structure can be reconstructed without any matrix inversion:

H(ω) = X diag(H1(ω), . . . , Hnm(ω))X
T . (5.9)

Power Spectral Density of Random Processes

Random excitation and structural response in the frequency domain are described

using the Power Spectral Density, a key statistical descriptor of stationary stochastic

processes. The PSD quantifies how the power of a random signal is distributed over

frequency, enabling the characterization of both broadband and narrowband excita-

tions without requiring explicit time-domain simulations. For a real-valued, zero-mean

random process x(t), the one-sided PSD is defined as [147]:

Gxx(f) = lim
T→∞

(
1

T
| XT (f)|2

)
, (5.10)

where XT (f) is the Fourier transform of the truncated signal xT (t) observed over

the finite interval [−T/2, T/2]. This formulation is fully consistent with the classical

definitions employed in random vibration theory, where ergodicity and stationarity

allow the PSD to be computed as the ensemble-average spectral energy density.

The PSD plays a central role in frequency-domain analysis because it bypasses the

need to directly simulate time histories of random excitation. Instead, once the PSD

of the load is known or estimated from measurements, the corresponding PSD of the

structural response may be determined analytically through the transfer function of

the system. For a linear time-invariant system subjected to a stochastic input with

PSD Gin(f), the output PSD is given by

Gout(f) = H̄(f)Gin(f)H
T (f), (5.11)

where H(f) is the frequency-response transfer function that maps input to output

in the frequency domain, while H̄(f) and HT (f) denote the complex conjugate and

transpose, respectively. This expression follows directly from the linearity of the sys-

tem and the definition of cross-power spectral densities, and it represents how each

frequency component of the input is filtered by the dynamic properties of the struc-

ture.

In the context of finite element analysis, the PSD of displacement Gui
and stress

components Gσj
at a given point of the structure can be expressed as

Gui
(f) = H̄ui

(f)GF (f)H
T
ui
(f), i = 1,2,3, (5.12)
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Gσj
(f) = H̄σj

(f)GF (f)H
T
σj
(f), j = 1, . . . ,6, (5.13)

where GF (f) is the PSD of the applied generalized forces. These relations allow one

to estimate RMS values of displacements, stresses, and strains directly from the PSDs

by integrating over frequency, a step that is fundamental for fatigue analysis in the

frequency domain.

In practical FE implementations, the transfer function matrix H(f) is constructed by

performing as many frequency response analyses as the number of non-zero entries nnz

in the generalized load vector F. For the k-th non-zero force component, the frequency

response is assembled into the matrix

H(qk)(f) =
[
q(k1) q(k2) . . . q(kL)

]
, k = 1, . . . , nnz, L = 1, . . . , fs, (5.14)

where each column vector q(kl) represents the structural response at the L-th frequency

step, obtained by solving the frequency-domain equation of motion (Eq.(5.2)). Once

the full transfer matrix is known, the propagation of input PSD through the structure

follows directly from Eq. (5.11).

A comprehensive and rigorous introduction to the theory of random vibration, spec-

tral representations, and statistical properties of structural response can be found in

[54], which provides detailed discussions on ergodicity, spectral moments, filtering of

random processes, and numerical considerations for PSD-based analysis.

5.1.2 Force spectral density within the CUF framework

Within the Carrera Unified Formulation (CUF), stochastic external loads are in-

troduced through the spectral representation of the generalized force vector. Starting

from the Principle of Virtual Displacements, the virtual variation of the internal strain

energy δLint is equated to the virtual work of the external loads δLext,

δLint = δLext. (5.15)

The external work includes contributions from volume, surface, and point forces. In the

presence of stochastic surface pressures, which are typical of aeroelastic and acoustic

loading conditions, the generalized nodal force vector associated with a pressure field

FA acting on a surface A can be expressed as in [126]

F(t) =

∫
A

Fs(x, ξ)Nj(y)FA(x, y, t) dA, (5.16)

F(t) denotes the vector of generalized nodal forces associated with the stochastic pres-

sure field. The quantities Fτ (x, ξ) and Nj(y) represent the CUF through-the-thickness

expansion functions and the finite element shape functions along the beam axis, re-

spectively, and are written in boldface since they collect vector-valued contributions
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associated with the displacement degrees of freedom. ξ denotes the local coordinates of

the finite element. Conversely, FA(x, y, t) denotes the stochastic pressure field acting

on the surface A and is treated as a scalar quantity. As a result, the surface integral

yields a vector of generalized forces consistent with the finite element discretization

adopted in the present work.

The statistical characterization of the generalized forces is obtained by defining the

correlation matrix between two time instants t1 and t2 as [126]

RF (t1, t2) =

∫
A

Fs(x1, ξ)Nj(y1)

∫
A

Fs(x2, ξ)Nj(y2)E[FA(x1, y1, t1)FA(x2, y2, t2)] dA1 dA2.

(5.17)

Assuming the pressure field to be a stationary stochastic process, the correlation

function depends only on the time lag τ = t2 − t1. By taking the Fourier transform

of the correlation matrix, the cross-spectral density matrix of the generalized forces is

obtained as [126]

SF (ω) =

∫
A

Fs(x, ξ)Nj(y)

∫
A

Fs(x, ξ)Nj(y)SP (ω) dA1 dA2, (5.18)

where SP (ω) denotes the cross-spectral density matrix of the applied pressure field.

Under the assumption of spatially separable pressure spectra, the above expression

can be simplified as [126]

SF (ω) =

[∫
A

Fs(x, ξ)Nj(y) dA

]
SP (ω)

[∫
A

Fs(x, ξ)Nj(y) dA

]T
. (5.19)

This formulation shows that, within the CUF framework, the stochastic excitation

enters the finite element model through the force cross-spectral density matrix SF (ω),

which depends on both the spectral properties of the load and the adopted kinematic

expansion. Once SF (ω) is known, the displacement and stress power spectral densities

are obtained by propagating the force PSD through the structural transfer function,

as discussed in Section 5.1.1.

5.2 Dirlik’s method

A common approach to fatigue analysis under random loading is to work in the

time domain, reconstruct the stress time history, perform rainflow counting, and finally

evaluate damage via Palmgren-Miner’s rule. This procedure, although accurate and

conceptually straightforward, becomes computationally expensive when long-duration

signals and broadband random processes are involved, especially if the structural re-

sponse needs to be computed repeatedly, for instance within a parametric or prob-

abilistic framework. Frequency–domain methods leverage the statistical properties
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of stationary random processes, summarised by PSD, and enable fatigue assessment

without explicitly reconstructing the complete time history of the stress.

Within this class of approaches, Dirlik’s method is among the most widely adopted, as

it provides a closed-form expression for the probability density function (PDF) of the

stress directly in terms of the spectral moments of the PSD. It was originally proposed

by Turan Dirlik in his doctoral thesis [52], where a systematic Monte Carlo study

was carried out to establish a link between rainflow counting and the PSD of station-

ary and ergodic Gaussian processes. In the present work, Dirlik’s method is adopted

in combination with the PSD of the stress Gσ(f) computed via frequency-response

analysis of the structural model.

Spectral characterization of the stress

Let Gσ(f) denote the one–sided PSD of the stress history at the point of interest.

Once the random response analysis has been performed in the frequency domain, the

stress PSD is known and the corresponding spectral moments mi can be evaluated as

mi =

∫ ∞

0

f iGσ(f) df, (5.20)

where i = 0,1,2, . . . and m0 coincides with the variance of the stress process. The

root–mean–square (RMS) stress is therefore given by
√
m0.

From the spectral moments, two key dimensionless parameters are introduced. The

first is the mean frequency xm, defined as:

xm =

(
m1

m0

)(
m2

m4

)1/2

, (5.21)

which provides a measure of the average slope of the response spectrum. The second

family of parameters is the set of bandwidth coefficients αi, defined as

αi =
mi√
m0m2i

, (5.22)

with particular emphasis on α2, often referred to as the irregularity factor. In the

present context, α2 is interpreted as a measure of the spectral bandwidth: for a nar-

row–band process α2 → 1, whereas for a wide–band process α2 approaches zero. m2i

denotes the spectral moment of order 2i of the response power spectral density, defined

according to the general expression of spectral moments. Finally, the characteristic

frequency of stress occurrences, which will be used to estimate the number of cycles

per unit time, is written as

freq =

√
m4

m2

. (5.23)
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5.2 – Dirlik’s method

This expression represents the expected rate of local peaks of the process and plays an

analogous role to the mean up-crossing frequency in classical random vibration theory.

5.2.1 Dirlik Probability Density Function

As documented in [53], Dirlik analysed a total of 70 PSDs of various shapes as

rectangular, smooth, narrow-band, wide-band, and bimodal. These spectra were nor-

malised to have the same RMS value and peak rate, while the irregularity factor α2

was varied systematically. For each PSD, synthetic stress time histories were generated

through inverse FFT. From these time histories, rainflow ranges and simple peak-valley

ranges were extracted, producing the empirical distributions shown in [53].

A key observation emerged from this simulation campaign: the rainflow range distri-

bution cannot be represented by a single classical probability distribution. Instead, it

was consistently found to be well approximated by a weighted mixture of:

� an exponential distribution (dominating small amplitudes),

� a Rayleigh-like distribution with variable scale parameter (intermediate ampli-

tudes),

� a standard Rayleigh distribution (large amplitudes).

To calibrate the analytical form of the rainflow range distribution, Dirlik generated

synthetic stress time histories from prescribed PSDs using the inverse FFT. Each real-

ization consisted of 1024 points, and the procedure was repeated 20 times to obtain a

sufficiently long simulated record (20480 points), a limitation imposed by the comput-

ing resources available at the time [53]. The concatenated signal was then processed

in the time domain to extract peaks and troughs, from which fatigue cycles were iden-

tified using both rainflow counting and simple peak–valley range counting. Based on

these counted cycles, empirical probability distributions of simple ranges and rainflow

ranges were constructed as shown in Fig. 5.1. The empirical evidence provided the

foundation for Dirlik’s three-term mixed probability density function. Rainflow ranges

r are normalised according to:

Z =
r

2
√
m0

.

The Dirlik probability density function can be expressed as:

pDK(Z) =
1

2
√
m0

[
D1

1

Q
e−Z/Q +D2

Z

R2
e−

Z2

2R2 +D3 Z e
−Z2

2

]
. (5.24)
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Figure 5.1: Example of empirical probability distribution with α2 = 0.92 as described in
[53].

The coefficients depend on α2 and xm through:

D1 =
2 (xm − α2

2)

1 + α2
2

, (5.25)

D2 =
1− α2 −D1 +D2

1

1− α2

, (5.26)

D3 = 1−D1 −D2, (5.27)

and the scale parameters:

R =

√
α2 − xm −D2

2

1− α2 −D1 +D2
2

, (5.28)

Q = 1.25
α2 −D3 −D2R

D1

. (5.29)

These relationships were obtained by least-squares fitting of the analytical PDF to the

empirical rainflow distributions. Their dependence on four spectral moments explains

the method’s superior accuracy in broadband cases.

5.2.2 Fatigue Damage using Dirlik distribution

The main challenge in linking PSD information to fatigue is that fatigue damage

depends on the distribution of stress ranges extracted by a counting algorithm, typi-

cally the rainflow method. For a narrow–band process, the peaks of a Gaussian signal

follow a Rayleigh distribution and each peak is associated with a negative minimum

of comparable magnitude. The stress ranges are therefore related in a simple way to
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5.2 – Dirlik’s method

the peak distribution. In this case, classical narrow–band approximations are avail-

able and the fatigue damage can be expressed in closed-form in terms of the spectral

moments.

However, for wide–band processes this assumption is no longer valid: the stress history

contains many interrupted cycles, nested loops and non-symmetric peaks and valleys.

The rainflow range distribution differs significantly from the distribution of ordinary

ranges, particularly in the tails of the distribution where high–amplitude cycles reside.

As shown in Dirlik’s thesis, the rainflow method tends to count more very small ranges,

fewer medium–amplitude ranges, and more large ranges than ordinary range counting

for the same PSD. This behaviour is critical for fatigue, since large ranges dominate

the damage accumulation.

Because of the complexity of the rainflow algorithm, deriving an exact analytical ex-

pression for the rainflow range distribution directly from the PSD is extremely chal-

lenging. Dirlik therefore adopted a Monte Carlo approach: given a prescribed PSD,

synthetic random stress histories were generated using inverse Fourier transformation,

rainflow counting was applied, and the empirical histogram of ranges was determined.

This extensive simulation campaign was repeated for many spectra, with varying irreg-

ularity factor and mean frequency, to cover a representative set of loading conditions.

In the notation used in this thesis, following Ref. [54], r corresponds to the stress σ

in the fatigue evaluation and normalised by the RMS value according to

Z =
σ

√
m0

. (5.30)

For an S–N curve expressed as N = Kr−b, the rainflow damage per unit time can

be computed using the continuous Miner rule:

D = νrfc

∫ ∞

0

pDK(r)

Kr−b
dr, (5.31)

where νrfc =
1
2π

√
m2

m0
is the rainflow cycle rate.

Substituting the Dirlik PDF yields the closed-form expression :

DDK =
νrfcT

K
(
√
m0)

b

[
D1Q

b Γ(1 + b) + (
√
2)b Γ

(
1 +

b

2

)(
D2|R|b +D3

)]
. (5.32)

where T is the duration of the considered loading history, K and b are the material

fatigue parameters of the S-N curve N(r) = K r−b, and Γ(·) is the Euler Gamma

function. This expression is one of the major practical advantages of the Dirlik method:

it enables fatigue assessment directly from the PSD without generating a time history

or performing cycle counting.
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Fatigue analysis in frequency domain

5.3 Fatigue for metallic structures

Fatigue in metallic structures subjected to random vibration is often governed by

the propagation of cracks under cyclic loading. While the frequency–domain approach

provides an efficient means of estimating an equivalent stress range from the stress

PSD, crack growth prediction requires the corresponding Stress Intensity Factor (SIF)

range, which represents the driving force for fatigue crack extension. In this section,

the theoretical framework linking the Dirlik stress distribution, the equivalent stress

range, the geometry factor, and Paris’ crack growth law is presented.

5.3.1 Crack growth modelling and Stress Intensity Factor

Once the PDF p(σ) is known, the expected number of stress cycles with amplitude

in the interval [σk, σk +∆σ] over a time interval ∆t can be expressed as

nk = p(σk)∆σ freq∆t, (5.33)

where freq is given by Eq. (5.23). The quantity nk plays the same role as the cycle

counts obtained from rainflow analysis.

For fatigue crack growth or S–N based life prediction, it is often convenient to define

an equivalent stress range ∆σeq that, when applied for an equivalent number of cycles,

produces the same damage as the full random spectrum. Assuming a power–law

damage relationship, as in Paris’ law for crack growth, and denoting bym the exponent

of the law, the equivalent stress range can be written as:

∆σeq =


∑
k

σm
k nk∑

k

nk


1/m

. (5.34)

This expression is discussed in Ref. [148] and provides the link between the Dirlik

distribution and the crack growth model adopted in the present work. Once ∆σeq is

known for a given crack size, it can be used to compute an equivalent stress intensity

factor range and, hence, the crack increment according to Paris’ law for the metallic

structures.

For metallic materials, the crack propagation in the Paris region is commonly expressed

as
da

dN
= C0 (∆K)m , (5.35)

where C0 and m are material constants. Thus, conversion from ∆σeq to an equivalent

SIF range ∆KSIF,eq is required for crack-growth analysis.
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5.3 – Fatigue for metallic structures

5.3.2 Geometry factors for metallic structures

The Stress Intensity Factor (SIF) for a cracked body subjected to a nominal stress

range ∆σ can be written in the general form

∆K = F (a)∆σ
√
πa, (5.36)

where a is the crack size and F (a) is a dimensionless geometry factor that accounts

for finite geometry, crack shape and loading mode. Equation (5.36) originates from

linear elastic fracture mechanics (LEFM) [149, 150] and applies to many standard

configurations, including

� edge cracks under tension: F ≈ 1.12;

� through cracks in finite plates: F (a) = sec
(
πa
W

)
, where W is half-width;

� central cracks in infinite plates: F = 1.

For more complex geometries, such as surface cracks, embedded flaws, stiffened

panels or interacting cracks, geometry factors can be obtained from handbooks (e.g.,

[151, 152]) or through numerical techniques such as finite element analysis and weight

functions [153]. Replacing the stress range with its equivalent value ∆σeq, the equiva-

lent SIF range becomes

∆KSIF,eq = F (a)∆σeq
√
πa. (5.37)

This expression forms the link between frequency–domain stress analysis and crack-

growth mechanics.

5.3.3 Equivalent SIF range and crack-growth prediction

A random stress history containing NT cycles can be interpreted as a sequence of

blocks, each with its associated SIF range ∆Kj. The cumulative crack extension is

∆aT =

NT∑
j=1

C0 (∆Kj)
m . (5.38)

An equivalent SIF range ∆KSIF,eq is defined such that it produces the same ∆aT when

applied uniformly for NT cycles:

∆KSIF,eq =

(
1

NT

NT∑
j=1

(∆Kj)
m

)1/m

. (5.39)

Substituting the geometry factor relation, one obtains a compact expression for
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the average crack growth rate:(
da

dN

)
eq

= C0 (∆KSIF,eq)
m . (5.40)

This sequence completes the theoretical framework adopted in the present work,

linking the frequency–domain stress response to fatigue crack growth. Starting from

the stress power spectral density, the associated spectral moments are first computed

and used to define the stress–range probability density function through the Dirlik for-

mulation. The resulting distribution provides the equivalent cycle counts nk, which are

employed to evaluate an equivalent stress range ∆σeq. This quantity is then converted

into an equivalent stress intensity factor range ∆KSIF,eq by means of the geometry

correction factor F (a). Finally, fatigue crack propagation is predicted by integrating

the Paris law expressed in terms of da/dN .

5.3.4 Damage indices

In metallic components subjected to fatigue, crack initiation and propagation are

accompanied by progressive changes in the structural dynamic response. As the crack

grows, local stiffness is reduced and the global dynamic characteristics, as natural

frequencies, modal damping and frequency response functions (FRFs), are modified

accordingly. Vibration-based methods (VBMs) exploit this phenomenon by monitor-

ing variations in the FRFs of the structure over time [154, 155]. In the context of

fatigue analysis in the frequency domain, and in particular when crack propagation

is evaluated through an equivalent-stress framework or Paris/Walker-type laws, DI-

based monitoring offers a complementary perspective: while the frequency-domain

fatigue model predicts the crack growth rate theoretically, the DI captures the ac-

tual structural degradation experimentally. This duality enables combined predic-

tion–verification strategies suitable for real-time structural health monitoring.

FRF-based damage indices

A first family of DI was introduced by Monaco et al. [156] following extensive ex-

perimental campaigns on metallic beams and frame-like structures. Their formulation

is based solely on the comparison between the magnitudes of the FRFs measured in the

healthy condition, FIi, and those measured after the onset or progression of damage,

FDi. Two scalar indices were proposed:

DI1 =

n∑
i=1

|FIi − FDi|

n∑
i=1

|FIi|
, (5.41)
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DI2 =
1

n

n∑
i=1

|FIi − FDi|
|FIi|

, (5.42)

where n is the number of spectral lines within the selected frequency band.

Both indices are zero when the two FRFs coincide and increase monotonically with

the severity of the structural alteration. Monaco et al. [156] additionally introduced

the concept of a repetitiveness index, allowing the establishment of an experimental

threshold that distinguishes true structural modifications from noise-induced varia-

tions. Their results demonstrated sensitivity to very small stiffness changes, including

early-stage cracks.

Damage index based on percentage FRF deviation

A second widely used DI was proposed by Mickens et al. [157] during the de-

velopment of vibration-based SHM procedures for aircraft metallic joints. For each

frequency f , the discrepancy between healthy and damaged FRFs is described by the

percentage deviation:

y(f) =

∣∣∣∣Hh(f)−Hd(f)

Hh(f)

∣∣∣∣ , (5.43)

and the global damage index is the average deviation over the frequency range

[fL, fU ]:

D =
∆f

fU − fL

N∑
i=1

y(fi), (5.44)

with ∆f being the frequency resolution. This indicator has proven effective in

detecting small reductions in local stiffness, such as rivet loosening or crack initiation,

especially at higher frequencies where the FRF is more sensitive to local damage.

Damage indices and fatigue crack growth

More recently, Marques et al. [148] integrated DI-based monitoring into a fatigue-

life estimation framework for metallic structures under random loading. In their study

on aluminium beams with edge cracks, the two Monaco indices and Mickens’ indica-

tor were evaluated after repeated excitation under random base acceleration. The

measured DIs showed the following behaviours:

� a clear monotonic increase as the crack propagates;

� an approximately linear evolution of DI1 with respect to time;

� a nearly log-linear trend in the case of DI2;
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� excellent correlation with the crack lengths predicted via frequency-domain fa-

tigue methods.

These properties demonstrate that DI-based monitoring can track stiffness degradation

throughout the fatigue process, even when cracks remain small and difficult to detect

visually. In this way, the DI becomes a diagnostic parameter that complements the

theoretical crack-growth computation obtained from the equivalent stress intensity

factor range ∆KSIF,eq.

Role of damage indices in metallic fatigue assessment

Within the present thesis, damage indices serve two major purposes:

1. Detection: they provide early identification of deviations from the healthy

structural condition, enabling the detection of crack initiation or stiffness loss

before critical growth occurs.

2. Monitoring: they offer a quantitative measure of the progression of fatigue

damage, which may be correlated with the outputs of the frequency-domain

fatigue model.

Because DIs are inexpensive to compute, require only measured structural re-

sponses, without explicit knowledge of the excitation, and do not rely on explicit FE

updating or modal identification, they constitute a practical tool for real-time SHM

of metallic components subjected to random vibration. When combined with the

previously introduced crack-growth formulation, they support a consistent method-

ology for fatigue assessment in the frequency domain, providing both predictive and

observational insight into the structural degradation process.

5.3.5 Applicability, assumptions and limitations

The combined use of PSD-based fatigue analysis, Dirlik’s distribution, and Paris’

law relies on several assumptions:

� Gaussian, stationary loading: Dirlik’s method assumes a stationary Gaus-

sian process; strong non-Gaussian effects or non-stationarity may compromise

accuracy.

� Linear structural response: PSD-based stress computation requires a linear,

time-invariant structural model.

� LEFM validity: SIF formulations assume small-scale yielding and Mode I dom-

inated behaviour.
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� Paris regime applicability: The crack-growth law is valid only in the Paris

region between threshold and unstable fracture.

Despite these limitations, the method provides an efficient and physically consistent

framework for estimating fatigue life in metallic components subjected to random

vibration, avoiding time-domain simulations while retaining compatibility with estab-

lished fracture-mechanics models.

5.4 Fatigue for composite structures

Composite laminates subjected to random vibration loads exhibit fatigue mech-

anisms that are substantially different from those of metallic structures. Instead of

a single dominant crack, damage in composites typically involves the interaction of

several mechanisms, such as fiber breakage, matrix cracking, fiber–matrix debond-

ing, and delamination [11]. In addition, the stress state in a laminate is generally

multiaxial and the material response is strongly anisotropic. These features make it

necessary to adopt fatigue damage parameters that are able to merge the contribution

of all in–plane stress components into a single scalar quantity, suitable for use in fre-

quency–domain methods.

In this context, Gao et al. [158] proposed an equivalent spectral method for the fatigue

life prediction of composite laminates under random vibration loadings. The method

is based on the Tsai-Hill strength criterion, extended to the frequency domain, and on

the construction of a power spectral density (PSD) of an equivalent Tsai–Hill stress

that acts as fatigue damage parameter. Once this equivalent stress PSD is known, the

fatigue life can be estimated in analogy with the metallic case, by combining Dirlik’s

rainflow amplitude distribution with the material S-N curve.

5.4.1 Tsai–Hill criterion and equivalent stress in the time do-

main

For a unidirectional lamina under plane stress, the Tsai–Hill strength criterion can

be written in the principal material directions (1,2) as

σ2
1(t)

X2
− σ1(t) σ2(t)

X2
+
σ2
2(t)

Y 2
+
τ 212(t)

S2
= 1, (5.45)

where σ1(t) and σ2(t) are the normal stresses in the fiber and transverse directions,

τ12(t) is the in–plane shear stress, and X, Y and S are the corresponding tensile and

shear strengths of the lamina [158]. It is convenient to collect the stresses in the
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material axes into the vector

σ(t) =

σ1(t)σ2(t)

τ12(t)

 . (5.46)

Then Eq. (5.45) can be rewritten as a quadratic form

σT(t)Qσ(t) = 1, (5.47)

where the symmetric matrix Q contains the interaction coefficients of the Tsai–Hill

criterion. Matching Eq. (5.45) with Eq. (5.47) gives

Q =


1

X2
− 1

2X2
0

− 1

2X2

1

Y 2
0

0 0
1

S2

 . (5.48)

Gao et al. [158] interpret the left–hand side of Eq. (5.47) as the square of a dimen-

sionless equivalent stress, denoted here by σ̄eq(t):

σ̄2
eq(t) = σT(t)Qσ(t). (5.49)

This quantity measures the distance of the current stress state from the Tsai–Hill

failure surface.

To obtain a stress-like fatigue damage parameter with the same units as the physical

stresses, an equivalent strength K is introduced and the equivalent Tsai–Hill stress

σeq(t) is defined by the relation

σeq(t) = K σ̄eq(t), σ2
eq(t) = K2 σT(t)Qσ(t). (5.50)

The equivalent strength K is chosen such that the contributions of longitudinal, trans-

verse and shear stress components to fatigue damage are properly balanced. In par-

ticular, Gao defines K as in [158]:

1

K2
=

1

X2
+

1

Y 2
+

1

S2
, (5.51)

which reflects the assumption that, under random vibration, all failure modes (fiber,

matrix, shear) are statistically possible and must be considered in the damage param-

eter.
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5.4.2 Equivalent stress PSD in the frequency domain

Under stationary random loading, the stresses in the laminate are modelled as

zero–mean Gaussian processes. The stochastic properties of the vector σ(t) are de-

scribed by the PSD matrix Gσ(ω), whose entries are the auto– and cross–PSDs of the

stress components:

Gσ(ω) =

 G1(ω) G1,2(ω) G1,12(ω)

G2,1(ω) G2(ω) G2,12(ω)

G12,1(ω) G12,2(ω) G12(ω)

 , (5.52)

where G1, G2 and G12 are, respectively, the auto–PSDs of σ1, σ2 and τ12, and Gi,j are

the corresponding cross–PSDs.

Taking the expectation of Eq. (5.50) and using the definition of the PSD matrix, one

obtains

E
[
σ2
eq(t)

]
= K2 E

[
σT(t)Qσ(t)

]
= K2

∫ ∞

0

Trace{QGσ(ω)} dω. (5.53)

This motivates the definition of the PSD of the equivalent stress as

Gσeq(ω) = K2Trace{QGσ(ω)} , (5.54)

the zeroth spectral moment of Gσeq coincides with E
[
σ2
eq(t)

]
. Equation (5.54) shows

that the equivalent–stress PSD is a weighted linear combination of the auto– and

cross–PSDs of the stress components, with weights directly determined by the Tsai–

Hill criterion and the equivalent strength K.

In practice, the stress components are often first computed in a global coordinate

system (x, y) by finite element analysis. If σ0(t) denotes the stress vector in global

axes and T(θ) is the standard stress transformation matrix for a ply oriented at an

angle θ with respect to the x–axis, then

σ(t) = T(θ)σ0(t), (5.55)

and the corresponding PSD matrices are related by

Gσ(ωeq) = T(θ)Gσ0(ω)TT(θ). (5.56)

This allows computing Gσeq(ω) in the material axes for each ply of the laminate,

starting from the global random vibration analysis.
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5.4.3 Fatigue hotspots identification

The RMS value of the equivalent Tsai–Hill stress is defined as

RMSσeq =

√∫ ∞

0

Gσeq(ω) dω. (5.57)

Since this quantity represents the average vibration energy of the damage parameter,

it is used to identify the most critical region of the structure: the fatigue hotspot is

defined as the point and ply for which RMSσeq attains its maximum value.

Numerical simulations performed by Gao et al. for T–shaped CFRP laminates under

random base excitation show that the predicted hotspots are located at the edge of the

notch hole, in −45◦ plies, in agreement with the experimental failure location [158].

5.4.4 Random-vibration fatigue life estimation

Once the equivalent–stress PSD at the fatigue hotspot is known, the corresponding

rainflow amplitude probability density function p(S) is obtained by means of Dirlik’s

method, applied to Gσeq(ω). Combining p(S) with the uniaxial S–N curve in the fiber

direction, N(S), the fatigue life under random vibration is estimated by an equivalent

cycle–counting approach. Following the total life NT is written as

NT =

[
ν

∫ ∞

0

p(S)

N(S)
dS

]−1

, (5.58)

where ν is the expected number of stress cycles per unit time (obtained from the

spectral moments of Gσeq). The integral in Eq. (5.58) represents the expected damage

per cycle in the sense of Palmgren–Miner; its reciprocal gives the number of cycles to

failure.

A key feature of this approach is that only the S–N curve in the fiber direction is

required: the effects of transverse and shear stresses are already embedded in the

equivalent stress definition through the Tsai–Hill weights and the equivalent strength

K. This significantly reduces the experimental effort needed to characterise the fatigue

behaviour of the laminate.

5.4.5 Applicability, assumptions and limitations

The equivalent spectral method for composites rests on assumptions that are largely

analogous to those adopted for metallic structures in the frequency domain:

� the stress processes are modelled as stationary, ergodic, zero–mean Gaussian

processes;
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� the structural response is linear and time–invariant in the considered vibration

range;

� fatigue damage accumulation follows a linear rule (Miner) when expressed in

terms of equivalent stress cycles.

In addition, the present formulation assumes that the Tsai–Hill criterion remains rep-

resentative of the failure modes under fatigue, and that the fiber–direction S–N curve

is sufficient to capture the overall fatigue resistance of the laminate.

Despite these limitations, the method proposed by Gao et al. [158] based on the work

of Zhou et al. [66] provides a computationally efficient and theoretically consistent

framework for estimating the random–vibration fatigue life of composite laminates,

and it integrates naturally with the frequency–domain fatigue methodology previously

developed for metallic structures in this thesis.

It should be noted that the fatigue framework developed in this thesis is not fully uni-

form for metallic and composite structures. For metallic components, the frequency-

domain approach is coupled with linear elastic fracture mechanics, so that damage

evolution is described through crack growth and the corresponding update of the

structural transfer matrix. For composite laminates, by contrast, fatigue assessment

is performed through an equivalent-stress formulation based on the Tsai–Hill criterion

in the frequency domain. This approach enables fatigue life estimation under mul-

tiaxial stochastic loading, but it does not explicitly account for progressive stiffness

degradation during cyclic loading. Therefore, the composite fatigue model should be

interpreted as a life-prediction tool.
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Chapter 6

Gust power spectral density and

load assessment

This chapter introduces the theoretical background and computational methodology

adopted for modeling atmospheric turbulence and deriving the stochastic aerodynamic

loads used in the subsequent fatigue analysis. The focus is on the von Kármán gust

spectrum, a widely accepted representation of atmospheric turbulence that characterises

gust intensity and spatial coherence through two fundamental parameters: the root-

mean-square gust velocity and the turbulence scale length. Building upon this spectral

description, the procedure for generating time-domain gust signals and computing the

associated unsteady aerodynamic response is detailed. After defining the von Kármán

spectrum, an inverse spectral approach is employed to reconstruct a gust velocity time

history, which is then propagated through Küssner’s unsteady aerodynamics model to

obtain the corresponding lift fluctuations. The aerodynamic loads constitute the input

for the structural random-response analysis conducted in Chapter 7, where CUF-based

finite element models are used to compute stress PSD and estimate fatigue life.

6.1 Atmospheric turbulence and the von Kármán

gust model

The stochastic loading produced by atmospheric turbulence represents one of the

primary excitation mechanisms acting on aircraft structures during flight. As discussed

extensively by Hoblit [145], turbulence may be modeled as a stationary Gaussian

random field whose energy is distributed across a continuum of spatial and temporal

scales. Although such an assumption greatly simplifies its mathematical formulation, it

remains sufficiently accurate for engineering applications provided that the turbulence

spectrum adopted for load analysis reproduces flight-test measurements. The most

relevant of these features include the finite correlation length of turbulent eddies, the

prevalence of large-scale energy-containing motions, and the gradual spectral decay
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associated with the inertial cascade.

Within this framework, the gust encountered by an aircraft travelling at speed

V is typically described through its one-dimensional power spectral density (PSD),

which relates the energy content of the gust velocity fluctuations to the encounter

frequency f . Hoblit identifies two spectra as the principal candidates for engineering

gust-load calculations: the Dryden spectrum and the von Kármán spectrum. The

former is historically appealing due to its algebraic simplicity and to the existence of

exact filters capable of transforming a white-noise input into a Dryden-shaped gust

time history. Its longitudinal PSD is expressed as

PSDD(f) =
2 σ2 L

πV

1[
1 +

(
2πLf
V

)2]2 , (6.1)

where σ denotes the root-mean-square gust velocity and L represents the turbulence

scale length. The parameters have the same physical meaning as in the von Kármán

model. Although Eq. (6.1) provides a convenient analytical form and has been widely

employed in classical gust-response analyses, Hoblit notes that the Dryden spectrum

does not accurately reproduce measured atmospheric turbulence, particularly with

respect to the −5/3 decay observed at high frequencies and to the geometry of the

knee region separating the low-frequency plateau from the inertial range.

For these reasons, and because it is more solidly rooted in turbulence theory, the

von Kármán spectrum is generally recognized as providing a substantially better fit to

flight-measured gust data and is therefore regarded as the standard choice for design

analyses. Its longitudinal PSD takes the form

PSDvk(f) =
σ2L

πV

[
1 +

8

3

(
1.339 2πLf

V

)2
][

1 +

(
1.339 2πLf

V

)2
]−11/6

, (6.2)

The comparison between these two models is plotted in Fig. 6.1.

6.1.1 Effect of the scale length L

Hoblit emphasizes that L is not merely an empirical fitting constant but a physically

meaningful measure of the characteristic size of the dominant turbulent eddies. He

demonstrates that L directly determines the frequency at which the PSD transitions

from its low-frequency plateau to the inertial-region decay. This transition, commonly

referred to as the knee of the spectrum, occurs at a frequency of order V/L and can

be identified clearly from the log–log plot in Fig. 6.2. Since structural modes are

typically excited most strongly when the gust spectrum contains significant energy

near the natural frequencies of the aircraft, the position of this knee plays a decisive

role in shaping the dynamic response and consequently the fatigue loading.
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Figure 6.1: Von Kármán and Dryden gust PSD with L = 2500 ft, V = 840 fps and σ = 1
fps.

Figure 6.2: L effects on PSD of von Kármán vertical-lateral gust with V = 840 fps and
σ = 1 fps [145].

Concerning the selection of representative values of L for engineering design, Hoblit

notes that civil aircraft regulations traditionally adopt a constant value of L = 2500 ft,

approximately 760m, reflecting a statistical interpretation of large-scale atmospheric

turbulence. Nevertheless, he remarks that lower altitudes and specific meteorological

conditions may be associated with significantly smaller values of L, especially for the

vertical gust component. Such variations have a tangible effect on the shape of the

spectrum: as L decreases, the knee shifts to higher frequencies, producing a gust field

rich in rapid fluctuations. Conversely, large L values are associated with slowly varying

gusts dominated by low-frequency content.
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6.1.2 Effect of the turbulence intensity σ

In addition to the scale length L, the second parameter governing the von Kármán

spectrum is the turbulence intensity σ, defined as the RMS value of the gust veloc-

ity fluctuations. Hoblit describes σ as the quantity that controls the overall energy

contained in the turbulent field, and therefore the magnitude of the aerodynamic dis-

turbances imposed on the aircraft. While L dictates how this energy is distributed

across frequencies, σ determines its absolute level.

A variation in σ produces a uniform scaling of the PSD amplitude. From Eq. (6.2), it is

evident that the von Kármán spectrum is proportional to σ2 for all frequencies. Thus,

a doubling of σ corresponds to a fourfold increase in the spectral density through-

out the entire frequency range. Stronger atmospheric turbulence introduces larger

gust velocity fluctuations, which in turn generate proportionally larger fluctuations in

aerodynamic loads.

Unlike the scale length L, which modifies the shape of the spectrum by translating

the location of the knee, the parameter σ does not affect the distribution of spectral

energy among different frequencies. Its influence is therefore purely energetic rather

than structural. Nevertheless, its role is crucial in the context of gust-response and

fatigue analysis. In fact, fatigue damage accumulation is sensitive to the amplitude

of stress cycles and even modest variations in σ can lead to significant changes in

predicted fatigue life.

Hoblit remarks that σ exhibits substantial variability in atmospheric measurements,

depending on meteorological conditions, flight altitude, and weather phenomena such

as convective activity or wind shear. For design purposes, regulatory frameworks typ-

ically provide representative values or envelopes for σ, ensuring that load assessments

remain conservative without becoming unrealistically severe. In continuous turbu-

lence, the combined action of σ and L fully characterises the statistical environment

in which the aircraft operates.

When interpreted within the context of structural dynamics, the distinction between

the roles of L and σ becomes particularly relevant. The scale length L determines

whether the excitation predominantly occurs near or far from the structural natu-

ral frequencies, whereas the intensity σ establishes the magnitude of that excitation.

Together, these two parameters define the severity of the gust loading environment

and serve as the primary inputs for subsequent unsteady aerodynamic modelling and

structural fatigue assessment.

6.1.3 Time-domain reconstruction of von Kármán turbulence

Although the von Kármán spectrum provides a complete statistical description

of the turbulence, structural analysis requires a time–domain realisation of the gust

velocity history. Hoblit describes several procedures for generating such realisations;
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6.2 – Load assessment under von Kármán gust

among these, the inverse Fourier method is the most widely employed in modern ap-

plications. A synthetic gust signal is obtained by sampling the von Kármán spectrum

over a sufficiently refined frequency grid, assigning random phases in accordance with

the assumption of ergodicity, and enforcing the Hermitian symmetry required to pro-

duce a real-valued time series. An inverse fast Fourier transform then yields a gust

velocity time history vg(t) whose statistical characteristics conform to the prescribed

spectrum. The signal may subsequently be propagated through an unsteady aerody-

namic model, such as Küssner’s formulation, to obtain the corresponding load history

acting on the wing.

6.2 Load assessment under von Kármán gust

The load assessment procedure adopted in this work follows a classical and well-

established framework in aeroelasticity, widely used to relate stochastic gust models

to unsteady aerodynamic loads [145]. In particular, the approach adopted here, as

described by Valente et al. [159], allows the von Kármán gust velocity field to be con-

verted into time-domain lift fluctuations acting on the wing structure. This methodol-

ogy allows one to describe the stochastic gust environment through its power spectral

density (PSD), to reconstruct a physically consistent gust velocity time history, and

finally to evaluate the corresponding lift fluctuations using unsteady aerodynamic the-

ory as shown in Fig. 6.3.

Figure 6.3: Load assessment starting from von Kármán gust speed PSD to lift PSD.

The resulting load history constitutes the excitation applied to the CUF-based

structural model for the subsequent fatigue analysis.

6.2.1 Gust time-history generation

Once the atmospheric turbulence has been characterised through the von Kármán

PSD (Eq. (6.2)), a time-domain realisation of the gust velocity vg(t) is required to

excite the unsteady aerodynamic model. Following the approach described by [159],

the gust signal is synthesized using the inverse spectral method.
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Let a discrete frequency grid {fk} be defined over the bandwidth of interest. For each

frequency, the spectral amplitude is computed as

A(fk) =
√

2PSDvk(fk)∆f,

and a random phase ϕ(fk) uniformly distributed in [0, 2π] is assigned. A complex-

valued spectrum satisfying Hermitian symmetry is then constructed as

v̂g(fk) = A(fk) e
iϕ(fk).

The gust velocity time history is finally obtained by means of an inverse Fast Fourier

Transform:

vg(t) = F−1{v̂g(f)}.

The resulting signal retains the statistical and spectral characteristics of the von Kármán

turbulence and is therefore suitable as aerodynamic input for the gust–response com-

putation.

6.2.2 Küssner’s function

When an aircraft penetrates a gust, the aerodynamic load does not respond instan-

taneously but evolves according to unsteady aerodynamic effects. To account for the

effects described above, this work employs Küssner’s aerodynamic lag model, which

describes the incremental lift generated by an arbitrary gust profile [160].

For a vertical gust vg(t), the unsteady variation of the lift coefficient is expressed as

∆CL(t) =
2π

V

∫ s

0

dvg
dτ

ψ(s− τ) dτ, (6.3)

where V is the free-stream velocity, s = V t/c is the reduced time, and ψ(s) is Küssner’s

indicial response function. The classical exponential approximation is adopted:

ψ(s) = 0.5 e−0.13s − 0.5 e−s. (6.4)

Equation (6.3) naturally incorporates aerodynamic memory effects, since the instan-

taneous lift depends not only on the present gust velocity but on its past evolution

as well. The resulting time history ∆CL(t) represents the stochastic lift fluctuations

experienced by the wing while traversing the turbulent field. By applying this formu-

lation, it is possible to compute the time history of the lift coefficient variation induced

by the gust and, consequently, to derive the corresponding lift PSD. It is worth noting

that Eq. (6.3) is valid for the single airfoil, to derive the lift coefficient variation of

the entire wing, the geometrical e.g., aspect ratio, and aerodynamic parameter e.g.,
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Oswald factor, of the wing have to be known in advance. In this case, it is consid-

ered that same variation of the lift coefficient for both airfoil and wing, neglecting

three–dimensional effects that would otherwise reduce the lift response.
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Chapter 7

Numerical results of fatigue life

This chapter presents the numerical results of the fatigue analysis conducted in

the frequency domain using the stress PSD obtained from CUF-based models. The

first part focuses on both metallic and composite structures subjected to broadband ran-

dom excitation modelled through a constant input PSD white noise. The computed

stress spectra are used to evaluate crack-growth behaviour in metallic components, to

compute fatigue damage indices, and to estimate fatigue life for both material classes

according to established frequency-domain formulations. In the second part, the anal-

ysis is extended to more realistic loading conditions characteristic of aerodynamic en-

vironments, represented by a von Kármán gust PSD. This enables assessing the fa-

tigue response of laminated composites under both idealized broadband excitation and

physically-based turbulent spectra. Overall, the chapter aims to validate the proposed

CUF-based frequency-domain framework across different materials, stochastic loading

models, and fatigue metrics.

7.1 Constant PSD load cases

This subsection presents a first set of numerical cases aimed at assessing the ac-

curacy and robustness of the proposed frequency-domain fatigue framework under

simplified stochastic loading conditions. In particular, the applied excitations are de-

fined through constant Power Spectral Density functions, which represent broadband

random loads with uniform energy distribution over a prescribed frequency range.

Although such loading conditions do not directly correspond to specific physical exci-

tation mechanisms, constant PSD inputs are commonly employed as benchmark cases

in frequency-domain fatigue studies. Their main advantage lies in the ability to iso-

late structural and material effects, such as geometry, boundary conditions, laminate

stacking sequence, and stress transfer mechanisms, without the additional complex-

ity introduced by frequency-dependent load spectra. As a result, constant PSD load
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cases provide a controlled environment for method verification and comparative as-

sessment. Two representative structures are analyzed within this framework. The first

case considers a cantilever aluminum beam, selected as a reference metallic structure

for validating fatigue life predictions against experimental and numerical data avail-

able in the literature. The second case involves a composite T-shaped structure, which

introduces material anisotropy and laminate-dependent stress distributions, thereby

offering a more challenging test for the fatigue methodology. The results discussed in

this subsection focus on the identification of fatigue hot-spots, the comparison between

different modeling approaches, and the influence of structural idealizations on fatigue

life estimates.

7.1.1 Aluminum beam

The overall procedure adopted to evaluate the fatigue life of the structure under

stationary random loading is summarised in the workflow reported in Fig. 7.1. The

analysis begins with the definition of the reference test case, consisting of a cantilever

beam containing two pre-existing cracks and subjected to a broadband random excita-

tion. The structural response is computed through the two-dimensional CUF model,

which provides the stress field along the beam. From this response, the corresponding

stress power spectral density is obtained. The resulting PSD is subsequently used as

input to Dirlik’s formulation to derive the PDF of the stress amplitudes, as expressed

in Eq. 5.24, which forms the basis for the ensuing fatigue-damage evaluation. Fatigue

Figure 7.1: Methodological workflow for assessing the fatigue behaviour of a structure un-
der stationary random loads.

damage is then computed iteratively by employing the average crack-growth-per-cycle

law of Eq. 5.35, C0 = 2.71× 10−8 mm/cycle

(MPa
√
m)

m and m = 3.70 are the material parameters

of Walker’s equation as described in [148]. The evolution of the crack length as a

function of the accumulated number of cycles is obtained through a time-marching

procedure based on the forward Euler scheme, which updates the crack size and cycle
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7.1 – Constant PSD load cases

count at each iteration according to:{
ak+1 = ak +∆ak,

Nk+1 = Nk +∆Nk,
(7.1)

where ak denotes the crack length at the k-th iteration, ak+1 its updated value, ∆ak
the crack increment which is evaluated by advancing the crack tip over a non-uniform

spatial discretisation, characterised by a locally refined mesh between the two cracks,

Nk the cumulative number of cycles, and ∆Nk the corresponding cycle increment

associated with each step.

The procedure is repeated until the crack size ak reaches the value af = 12mm which

is chosen such that the corresponding stress intensity factor range remains well below

the material fracture toughness, ensuring the validity of the linear elastic fracture

mechanics framework adopted in the present analysis.

Test case definition

This section presents the numerical simulations carried out on the benchmark con-

figuration experimentally investigated by Marques et al. [148]. The structure is a can-

tilever beam made of Al7075-T6, with a Young’s modulus of 71 GPa, a Poisson’s ratio

of 0.33, and a mass density of 2800 kg/m3. The beam has a thickness of 1.27 mm,

and its geometry together with the clamped-free boundary condition are shown in

Fig. 7.2a. The specimen contains two initial cracks of length 7 mm, each with a root

radius of 0.2 mm. The total mass of the beam is 11 g, and an additional point mass

of 4.5 g is attached at the free end of the beam.

(a) Geometry

Concentrated mass

(b) Mesh

Figure 7.2: Test case definition: a) geometry and boundary condition of the aluminium
clamped-free beam and b) 2D CUF mesh with 1280 Q9 elements and high-
density elements modelling the added mass.
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Two distinct numerical models were developed for the cantilever beam, one based

on the CUF formulation and the other on FEMAP. In the CUF framework, the struc-

ture is represented by a two-dimensional model composed of 1280 bi-quadratic Q9

elements, with the thickness kinematics described by two LE1 expansions, leading

to a total of nDOF = 47655 in the initial healthy condition with 7 mm pre-cracks.

The tip mass is represented through high-density elements placed at the free end, as

illustrated in Fig. 7.2b. To enable a direct comparison with the experimental and nu-

merical results reported by Marques et al. [148, 161], simulations were also performed

using FEMAP/NASTRAN. In this case, a three-dimensional Hexmesh with 8168 solid

elements was adopted, resulting in nDOF = 111348.

Concerning the excitation, in the experimental setup described in [148, 161], an elec-

trodynamic shaker ,hereafter referred to as the base, is attached to the rigid clamped

region of the beam. The base is driven with a random acceleration along the z-direction

in the frequency range 34–100.5 Hz, with a constant acceleration power spectral den-

sity of 0.2 g2/Hz. The base acceleration induces inertial forces in the beam, which,

due to the rigid attachment at the clamped end, generate bending stresses and pro-

mote crack propagation along the x-direction. The inertial loads can be defined in

a reference frame attached to the beam, whose origin follows the motion of the base

while maintaining a fixed orientation, as sketched in the upper part of Fig. 7.3. The

resulting inertial load distribution along the beam is shown in Fig. 7.3b, whereas in

Fig. 7.3c it is approximated by three equivalent concentrated forces. In this simplified

representation, the load is condensed into three forces acting at the centres of three

regions of the beam: F1 over 0 < y < L1, F2 over L1 < y < L, and F3 associated with

the concentrated mass Mc. This approximation is introduced to simplify the inertial

load representation while preserving the bending moment at the section y = L1, which

is crucial for an accurate evaluation of the stress PSD at the strain gauge (SG) location

and, consequently, for the subsequent PDF estimation using Dirlik’s method.

Modal analysis

The first three bending modes were calculated using different mesh densities for

both FEMAP/NASTRAN (FEMAP/NX) and CUF, in order to perform a convergence

study. The corresponding results are summarised in Table 7.1 and compared with the

experimental measurements reported in [161]. On the basis of this study, a mesh with

1280 Q9-LE1 elements for the CUF model and 8040 HEX elements for the FEMAP/NX

model was selected for the subsequent analyses, which consider different crack lengths

and a frequency range from 10 to 2048 Hz.

The first three bending modes were then evaluated for different crack configurations

and compared with the numerical results presented in [161], as reported in Table 7.2.

For the initial configuration with 7 mm pre-cracks, the first three bending modes of

the CUF model are shown in Fig. 7.5. The initial mesh consists of 1280 Q9 elements at
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Figure 7.3: Loading condition of the clamped-free beam using three equivalent concen-
trated forces to reproduce the effect of the base acceleration.

a = 7 mm; as the crack grows, the mesh is locally modified and the number of elements

gradually decreases to 1256 Q9, as summarised in Table 7.3. As already discussed in

Fig. 7.1, the evolution of the crack is evaluated through an iterative procedure. At

each crack increment, the mesh is regenerated to correctly capture the stress PSD.

The reduction in the number of elements with increasing crack size is not linear, since

a non-uniform spatial discretisation ∆a is adopted to refine the mesh between the two

cracks, as shown in Fig. 7.4.

Figure 7.6 reports the evolution of the first natural frequency as a function of crack

length for both CUF and FEMAP models, together with the ABAQUS and Ritz

method results from [148]. The ABAQUS 3D finite element model employs 47400

solid elements.

Based on the modal analysis results, the following observations can be made:

1. For the crack size a = 7 mm, both the CUF and FEMAP/NX solid models

provide a reasonable prediction of the first natural frequency when compared

with the ABAQUS 3D reference solution (Table 7.2). The FEMAP/NX 3D

model exhibits a slightly closer agreement with the reference value, while the
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Figure 7.4: Mesh refinement in the crack region with different crack step sizes.

Table 7.1: First three natural frequencies of the intact beam for CUF and FEMAP/NX
models. Comparison with ABAQUS numerical results from [148] and experi-
mental values from [161].

Natural frequencies (Hz)
Method Nele 1st 2nd 3rd

CUF 1472 Q9-LE1 57.2 457.3 1251.5
1280 Q9-LE1 57.2 457.3 1252.3
754 Q9-LE1 57.3 457.5 1253.1
546 Q9-LE1 57.4 457.4 1253.3

FEMAP/NX 18960 HEX 58.2 465.4 1347.1
8040 HEX 58.2 465.4 1347.2
4748 HEX 58.3 465.5 1346.4
2010 HEX 58.4 465.9 1348.3

ABAQUS Ref. [148] 47600 C3D20R 56.4 440.7 1258.8
Experimental Ref. [161] - 57.4 455.1 1327.3

CUF solution shows a modest overestimation. Nevertheless, the discrepancy

remains limited, and the CUF model captures the correct order of magnitude

of the fundamental bending frequency. Differences between the two numerical

approaches can also be attributed to the different modeling of the concentrated

mass at the beam tip, which is inherently defined in a different manner in the

2D CUF formulation and in the 3D solid discretisation adopted in FEMAP.

2. Table 7.2 and Fig. 7.6 show that the first natural frequency decreases as the

crack length increases, and both CUF and FEMAP models capture this behavior

accurately.
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Table 7.2: First three natural bending frequencies of the cracked cantilever beam. Com-
parison with ABAQUS 3D and Ritz method results from [161, 148].

Natural frequencies (Hz)
Method 1st 2nd 3rd Crack size a (mm)
CUF (1280 Q9-LE1) 56.1 474.8 1383.3 7
FEMAP/NX 3D 55.6 463.2 1327.7
CUF 55.2 473.8 1373.0 8
FEMAP/NX 3D 54.8 462.2 1317.7
ABAQUS 3D Ref. [161] 53.1 448.6 1299.9
Ritz method Ref. [161] 53.8 445.0 1306.5
CUF 49.6 386.3 1311.6 12
FEMAP/NX 3D 49.5 311.5 1263.1
ABAQUS 3D Ref. [161] 48.1 443.9 1245.0
Ritz method Ref. [161] 49.4 444.8 1265.2

Table 7.3: Mesh discretisation for the CUF model as the crack size increases.

Crack size (m) Number of Q9 elements

7 1280
8 1278
9 1276
10 1272
11 1264
12 1256

3. For all crack configurations, the CUF model exhibits a difference lower than 4%

with respect to both reference solutions (ABAQUS and Ritz method) for the

first natural frequency.

4. The FEMAP 3D model shows slightly better agreement with the reference values

but at the cost of a much larger number of degrees of freedom due to the solid

discretisation. In contrast, the CUF model achieves comparable accuracy with

a significantly reduced computational effort.

Random response analysis

Starting from the modal properties, the random dynamic response analysis is car-

ried out following the loading configuration depicted in Fig. 7.3. Experimental inves-

tigations in [148] reported a modal damping ratio of 0.30% for the first bending mode;
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(a) Mode 1 (b) Mode 2

(c) Mode 3

Figure 7.5: First three bending modes of the cracked cantilever beam with a = 7 mm,
modelled with 1280 Q9-LE1 elements in the CUF framework.
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Figure 7.6: Variation of the first natural frequency with crack size. Comparison between
CUF, FEMAP/NX, ABAQUS and Ritz method results.

this value is adopted here in the random response simulations. Since a modal reduction

strategy is used, it is necessary to verify that a sufficient number of modes is retained

to accurately reproduce the structural response. As shown in Fig. 7.7, considering the

first ten modes ensures that more than 95% of the mass is involved in the response

along the z-direction.

Figure 7.8 presents the FRF of the stress component σyy at the SG point, located
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Figure 7.7: Cumulative mass participation as a function of the number of modes.

between the two cracks at 15 mm along x and 25 mm along y. In Fig. 7.8a, the FRFs

obtained with the FEMAP model are shown for two different load representations:

the direct excitation through base acceleration and the equivalent three-force scheme.

The numerical results are compared with the experimental data reported in [148],

showing good agreement. In Fig. 7.8b, the response predicted by the CUF model

with 7 mm pre-cracks is compared with the FEMAP/NX model using the three-force

approximation, and with the experimental and FEM–ABAQUS results from [148].
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Figure 7.8: Frequency response functions (FRFs) of the stress σyy at the SG point:
a) FEMAP/NX model, comparison between base-acceleration excitation and
three-force approximation; b) CUF model with 7 mm pre-cracks compared with
FEMAP/NX, experimental data and ABAQUS results from [148].
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From the random response analysis, the following conclusions can be drawn:

1. As shown in Fig. 7.7, the inclusion of ten modes is sufficient to ensure more than

95% mass participation in the z-direction, thus guaranteeing an accurate modal

representation of the dynamic response.

2. The simplified three-force loading model reproduces accurately the FRF of the

stress at the SG point when compared with the direct base-acceleration excita-

tion, as illustrated in Fig. 7.8a.

3. The CUF model with 7 mm pre-cracks yields FRFs in good agreement with

both the experimental measurements and the solid-element finite element re-

sults, while requiring significantly fewer degrees of freedom and thus a lower

computational cost.

Damage index

As outlined in Section 5.3.4, one possible way to quantify the effect of damage

on the dynamic response is through a damage index. In the present work, the DI is

evaluated using the magnitude of the velocity FRF at the free tip of the beam (point P1

in Fig. 7.2a), following the approach proposed in [148]. Figure 7.9 shows the evolution

of the velocity FRF vz (along the z-direction) at point P1 for different damage states,

represented by crack lengths ranging from 7 mm to 12 mm in the frequency interval

34–100 Hz. Figures 7.9a and 7.9b display the results for the FEMAP and CUF models,

respectively.
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Figure 7.9: Velocity FRFs along z at point P1 for different damage states: a) FEMAP
model; b) CUF model.

For the calculation of the damage index, a wider frequency band from 34 Hz to

550 Hz with a resolution of 0.25 Hz is adopted, as depicted in Fig. 7.10. This choice is
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motivated by the fact that the dominant contribution to the DI arises from the FRF

amplitudes around the first two natural frequencies. In the experiments reported in

[148], the DI is computed over the frequency range 34–2048 Hz with a resolution of

0.125 Hz, using a scanning laser vibrometer to measure the velocity in the z-direction

at point P1. Figure 7.11 shows the DI as a function of crack size for both CUF

and FEMAP/NX models, together with the 95% prediction band derived from the

experimental data in [148], which is based on four tested specimens.

Figure 7.10: Velocity FRFs along z at point P1 in the 34–550 Hz range used for the DI
computation. Comparison between the intact and final damage states for
FEMAP/NX and CUF models.

Figure 7.11: Damage index as a function of crack size. Comparison between CUF and
FEMAP/NX predictions and the experimental 95% prediction band.

From the damage index analysis, the following remarks can be made:

1. As seen in Fig. 7.9, in the vicinity of the first natural frequency, the velocity FRFs

at point P1 exhibit a similar trend for both numerical models. The percentage
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reduction in the first natural frequency between a = 7 mm and a = 12 mm is

about 11.0% for FEMAP/NX and 11.5% for CUF.

2. Figure 7.10 highlights that, near the first two natural frequencies, the CUF model

predicts lower FRF amplitudes than the FEMAP/NX model.

3. As shown in Fig. 7.11, after reconstructing the absolute tip velocity in the numer-

ical post-processing, the damage index predicted by both CUF and FEMAP/NX

models exhibits a much closer agreement with the experimental 95% prediction

band over the entire range of crack sizes. The differences are limited and can

be attributed to modeling assumptions, such as the representation of the crack,

damping, boundary conditions, and the implementation of the tip mass.

Fatigue life estimation

The final step of the analysis concerns fatigue life estimation. As described in Sec-

tion 5.2.1, the stress amplitude PDF can be obtained using Dirlik’s method, assuming

a stress ratio R = −1. In Fig. 7.12, the stress PDF computed with Dirlik’s method

from the CUF-based stress PSD is compared with the numerical reference from [148]

for the initial configuration with crack size a = 7 mm. The PDF corresponding to the

subsequent crack lengths a = 7, 8, 9, 10, 11, and 12 mm are reported in Fig. 7.15.

Figure 7.12: Stress PDF at a = 7 mm obtained via Dirlik’s method using the CUF model,
compared with numerical reference data from [148].

In [148], it is not explicitly stated whether the PDF used in the iterative crack-

growth process is kept constant (evaluated at 7 mm) or updated as the crack propa-

gates. To clarify this aspect, an analytical study was performed in which the modal
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7.1 – Constant PSD load cases

damping was adjusted to reproduce a FRF more closely aligned with the reference

model, as illustrated in Fig. 7.13.

Figure 7.13: Comparison of stress FRFs for modal damping ratios of 0.30%, 0.35% and
0.40%.

The effect of varying the modal damping between 0.30% and 0.40% on the stress

PDF is shown in Fig. 7.14a. The CUF model with a damping ratio of 0.40% provides

the best match with the reference PDF.

Using a constant PDF evaluated at a = 7 mm, the fatigue life in terms of time can

be derived from the crack growth analysis. Figure 7.14b shows the crack length versus

time for the CUF model with the three considered damping ratios (0.30%, 0.35% and

0.40%).

The decision to keep the PDF fixed at the initial crack length of 7 mm rather than

updating it as the crack grows can be motivated by several reasons. First, using a con-

stant PDF simplifies the numerical procedure by avoiding the additional complexity

associated with recalculating the stress distribution at each crack increment. Second,

the reference model may have been calibrated based on the initial stress conditions

at 7 mm, ensuring consistency of the fatigue life predictions. Third, allowing the

PDF to evolve with crack size introduces further variability that may not be explic-

itly addressed in the original numerical or experimental framework. In the present

study, however, the influence of PDF variation is explicitly examined, as illustrated in

Fig. 7.15, where the PDFs corresponding to crack sizes a = 7, 8, 9, 10, 11 and 12 mm

are reported.

To quantify the impact of this variability, Fig. 7.16 compares the crack growth

curves obtained with the CUF approach for two scenarios: a constant PDF equal
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(a) Stress PDF

(b) Crack size versus time

Figure 7.14: Effect of modal damping (0.30%, 0.35% and 0.40%) on a) stress PDFs and
b) crack growth curves.

to that at a = 7 mm and a variable PDF updated as the crack propagates. The

results are compared with the experimental and numerical data reported in [148].

Maintaining a constant PDF corresponding to a = 7 mm in Fig. 7.18, the influence

of mesh refinement on the predicted crack growth history is investigated. Since the

PDF is kept fixed, the iterative update of the probabilistic description with increas-

ing crack size is not considered. Under this assumption, progressively coarser meshes

with a modal damping of 0.40% are employed to assess their impact on the crack

size–time evolution. This analysis is not intended to represent a formal mesh conver-

gence study, as convergence was already verified for the intact beam through modal

analyses; rather, it aims at evaluating the sensitivity of the crack growth predictions
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7.1 – Constant PSD load cases

Figure 7.15: Stress PDFs obtained by Dirlik’s method using the CUF model for crack sizes
a = 7, 8, 9, 10, 11 and 12 mm.

Figure 7.16: Crack size versus number of cycles obtained with the CUF model, comparing
a constant PDF (evaluated at a = 7 mm) with variable PDFs updated for
each crack size with a modal damping of 0.30%.

to mesh refinement under controlled probabilistic loading conditions. The comparison

highlights a clear sensitivity of the predicted crack growth rate to the mesh density:

as the number of elements is reduced, the numerical response shifts toward shorter

propagation times, indicating an accelerated crack growth. This behavior can be at-

tributed to the reduced capability of coarser meshes to accurately resolve local stress
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gradients in the vicinity of the crack tip, which directly affects the damage driving

quantities entering the growth law. Conversely, the finest mesh provides a smoother

and more gradual crack propagation curve, closer to the numerical reference solution.

For reference, Fig. 7.17 shows the finite element discretization corresponding to the

coarsest configuration, consisting of 538 Q9-LE1 elements. In addition, Fig. 7.18 also

reports the results obtained by adopting a higher-order CUF expansion (LE2) on the

coarsest mesh. The 538 Q9-LE2 model provides a crack growth curve that closely

approaches the response obtained with the finest 1280 Q9-LE1 configuration. This

result highlights the capability of higher-order kinematic expansions to compensate

for mesh coarsening, yielding comparable accuracy with a significantly reduced num-

ber of degrees of freedom. In particular, the 538 Q9-LE2 model involves 34065 DOF,

whereas the 1280 Q9-LE1 model requires 47655 DOF, demonstrating a substantial

gain in computational efficiency without a noticeable loss of accuracy.

Figure 7.17: Mesh discretization of the structure with 538Q9 in CUF-2D.

From the analysis of the PDFs and the corresponding fatigue life estimates, the

following conclusions can be drawn:

1. Even small differences in the stress FRF between the CUF model and the refer-

ence solution lead to noticeable deviations in the stress PDF for a = 7 mm, as

shown in Fig. 7.12.

2. The stress amplitude PDF obtained via Dirlik’s method with the CUF model

shifts progressively towards higher stress values as the crack length increases

from 7 mm to 12 mm, see Fig. 7.15. This behaviour indicates that crack prop-

agation enhances local stress concentrations and raises the probability of high

stress amplitudes. Although the global stiffness reduction tends to lower the

natural frequencies, the modified stress field and possible modal interactions in

the vicinity of the crack front can amplify local responses. As a result, the PDFs

broaden and move towards higher stresses, indicating an increased likelihood of

damaging load cycles.
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Figure 7.18: Crack size versus number of cycles obtained with the CUF model, maintaning
a constant PDF (evaluated at a = 7 mm) reducing the number of the elements
of the mesh of the beam with a modal damping of 0.40%.

3. In the iterative procedure used to estimate fatigue life in terms of both cycles

and time, accounting for the evolving PDF leads to shorter predicted life. For a

given crack size, the case with variable PDFs results in fewer cycles and a shorter

time to failure than the constant-PDF case, as shown in Fig. 7.16.

4. Increasing the damping in the CUF model improves the agreement between the

predicted PDF and the reference, as the FRF peaks are reduced. With a modal

damping of 0.40%, the crack growth curve approaches the reference trend more

closely, as illustrated in Fig. 7.14b.

5. When the PDF is kept constant and the iterative update with increasing crack

size is not considered, the predicted crack growth history still exhibits a marked

sensitivity to mesh refinement. As the number of elements is reduced, the crack

size–time curves progressively shift towards shorter propagation times, indicating

an acceleration of crack growth. This effect is attributed to the reduced capability

of coarser meshes to accurately capture the local stress gradients near the crack

tip.

6. The use of higher-order CUF kinematic expansions LE2 is shown to effectively

reduce the sensitivity of crack growth predictions to mesh refinement, providing

accuracy comparable to finer LE1 discretizations with a lower number of degrees

of freedom.
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7.1.2 T-shape composite specimen

This subsection introduces the fatigue assessment of a T-shaped composite struc-

ture subjected to broadband random excitation. The study is aimed at defining a

representative composite test case, analysing its modal behaviour, and evaluating the

random stress response and fatigue life for different laminate stacking sequences within

a frequency-domain framework.

Test case definition

The investigated structure is a clamped-free T-shaped composite specimen manu-

factured in carbon-fibre reinforced polymer of T700 7.4. The in-plane geometry has

an overall height of 166 mm and a maximum width of 110 mm. The vertical web has

a width of 60 mm, while the root region is narrowed to 18 mm. A circular cut-out

with radius R = 15 mm is introduced in the central region as illustrated in Fig. 7.19,

producing a significant local stress concentration.

Table 7.4: Properties of T700 composite laminate.

Property Symbol Value
Modulus of elasticity along fibre direction E11 126 GPa
Modulus of elasticity across fibre direction E22, E33 8.7 GPa
Shear modulus in plane 1–2 and 1–3 G12, G13 4 GPa
Shear modulus in plane 2–3 G23 3.258 GPa
Poisson’s ratio ν12, ν13 0.3
Poisson’s ratio ν23 0.335
Longitudinal tensile strength of lamina XT 1800 MPa
Longitudinal compressive strength of lamina XC 550 MPa
Transverse tensile strength of lamina YT 25 MPa
Transverse compressive strength of lamina YC 90 MPa
Shear strength of lamina in plane 1–2 and 1–3 S12, S13 180 MPa
Shear strength of lamina in plane 2–3 S23 50 MPa
Density ρ 1540 kg/m3

The baseline laminate adopted for the reference configuration is a symmetric stack-

ing sequence [90/− 45/45/0]s, which is representative of quasi-orthotropic composite

layouts commonly used in lightweight structural components. Additional symmetric

laminations are subsequently analysed to investigate the influence of ply orientation

on the dynamic response and fatigue behaviour. Each layer of the laminate has a

thickness of 0.125 mm. The geometry refers to the work developed in [66, 158].

Modal analysis

A preliminary modal analysis is performed in order to identify the dominant vibra-

tion modes and define the frequency range of interest for the random response analysis.
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Figure 7.19: Geometry and mesh of T-shape T-700 composite laminate.

For the baseline laminate configuration, the first three natural modes are extracted

and retained for the construction of a reduced-order modal basis. The structure is dis-

cretized in CUF-2D model by using 798 bi-quadratic element Q9 in plane and with a

linear Lagrange expansion function LE1 for each layer along the thickness, resulting in

90828 DOFs. First, a modal analysis is conducted in order to evaluate and compare the

natural frequencies obtained by 2D-CUF model and commercial software FEMAP/NX

with both 2D and 3D approach as shown in Table 7.5. Table 7.6 compares the nu-

Table 7.5: Natural frequencies of the first three vibration modes of the T-shaped composite
structure.

Natural frequencies CUF–2D (Hz) FEMAP/NX 2D (Hz) FEMAP/NX 3D (Hz)
f1 28.26 28.42 28.36
f2 156.32 156.39 156.30
f3 365.38 365.40 365.38

Table 7.6: Comparison of numerical models in terms of discretization and degrees of free-
dom.

Model Elements DOF
CUF–2D 798 Q9–LE1 90 828
FEMAP/NX 2D 728 shell 2 652
FEMAP/NX 3D model A 850 CHEXA 19 284
FEMAP/NX 3D model B 2 434 CHEXA 53 955

merical models in terms of discretization strategy and number of degrees of freedom.

The FEMAP/NX 2D model is based on a laminated plate formulation using quadratic

shell elements with eight nodes. The FEMAP/NX 3D models employ quadratic solid-

laminate elements with twenty nodes. Two different meshes are considered, namely a

coarser discretization (Model A) and a refined one (Model B). It should be noted that,

when using solid-laminate elements, it is not straightforward to increase the number

of elements along the thickness direction. Achieving a more refined through-thickness
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(a) FEMAP model (b) CUF model (c) CUF model

Figure 7.20: First three shape modes at a) f1= 28.26 Hz, b) f2= 156.32 Hz and c)f2=
365.38 Hz.

stress representation would therefore require a different three-dimensional discretiza-

tion strategy, which would lead to a substantial increase in the computational cost. As

a consequence, the CUF approach represents an effective compromise between accu-

racy and computational efficiency for the analysis of laminated composite structures

under random vibration.

Random response analysis

Following the modal characterization of the structure, a random vibration anal-

ysis is performed in order to evaluate the stochastic stress response of the T-shaped

composite structure under broadband excitation. The analysis is carried out in the

frequency domain, assuming linear elastic behavior, stationary Gaussian input load-

ing and ten modes in the modal reduction strategy. The structure is subjected to a

two concentrated forces described by a constant power spectral density of 0.5 g2/Hz,

representative of broadband random excitation, as shown in Fig. 7.21. The response

Figure 7.21: Boundary and loading condition of the T-shape composite structure.

is computed by exploiting the modal reduction introduced in the previous subsection.

Only the first three vibration modes are retained, as they are sufficient to accurately

capture the dynamic response within the frequency range of interest.

For a linear time-invariant system, the displacement response in the frequency domain

is obtained by solving the reduced equilibrium equations in modal coordinates. The

corresponding stress response is then reconstructed and expressed in terms of power

spectral density functions.
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Due to the multiaxial stress state arising within each composite ply, the individual

stress components are combined into an equivalent stress extending the Tsai-Hill fail-

ure criterion, allowing the construction of an equivalent stress PSD at each material

point. This approach enables the reduction of the multicomponent stochastic response

to a scalar quantity while preserving the anisotropic nature of the laminate.

The spatial distribution of the equivalent stress RMS highlights the presence of a crit-

ical region in the vicinity of the geometric discontinuity introduced by the circular

cut-out. This location is identified as the fatigue hot-spot and is therefore selected for

subsequent fatigue life estimation, Fig. 7.22. The stress response is also evaluated at

the ply level, allowing the identification of the critical ply governing damage initiation.

For the [90/−45/45/0]s laminate, Fig. 7.23 shows the equivalent stress power spectral

Figure 7.22: Maximum value of root mean square of the equivalent stress near the hole
representing the fatigue hotspot by using FEMAP/NX.

densities evaluated in the 90◦, −45◦ and 0◦ plies. In addition to the CUF-2D results

obtained using a linear expansion (LE1), the figure also includes the corresponding

predictions obtained with a higher-order CUF formulation (LE2). For the outer 90◦

ply, the CUF-2D results are compared with those obtained from FEMAP/NX using a

two-dimensional shell model and two three-dimensional solid-laminate models charac-

terised by different mesh densities.

A very good agreement is observed between the CUF-2D solution and the refined

FEMAP/NX 3D model (Model B), whereas larger discrepancies are found when us-

ing the coarser three-dimensional discretization (Model A) and the two-dimensional

shell model. The CUF-LE2 solution shows a slightly improved agreement with the

3D reference compared to LE1, confirming the enhanced through-thickness stress re-

construction provided by higher-order expansions. For the subsequent analyses, the

comparisons are performed with respect to the FEMAP/NX 3D Model A. This choice

is motivated by the need to balance accuracy and computational cost.

From the equivalent stress PSDs, it is also observed that the responses associated with

the 0◦ plies are almost coincident across the different modeling approaches. In con-

trast, larger discrepancies arise in the ±45◦ plies, where the stress state is dominated

by shear components. In these plies, the accuracy of the stress prediction is more sen-

sitive to the through-thickness discretization, which explains the increased differences

between the CUF formulation and the solid-laminate FEMAP/NX models.
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Although the CUF-2D model involves a larger number of degrees of freedom than

the FEMAP/NX models considered (see Table 7.6), the additional DOFs arise from

higher–order kinematic terms introduced along the thickness direction. This allows an

accurate reconstruction of the through-thickness stress distribution without resorting

to a fully three-dimensional mesh. It is worth noting that refining the thickness resolu-

tion in solid–laminate models typically requires additional through–thickness discreti-

sation, which may increase the overall model size. In the present study, the observed

convergence of the FEMAP/NX results towards the CUF predictions is accompanied

by a marked growth in degrees of freedom (Table 7.6). However, the improved accu-

racy obtained with the LE2 formulation is accompanied by a substantial increase in the

number of 233223 degrees of freedom, resulting in significantly higher computational

times. Since the subsequent analyses involve random vibration and fatigue simula-

tions over long time histories and multiple parameter combinations, the LE2 models

are therefore employed here as an accuracy benchmark, while the LE1 formulation is

adopted for the subsequent parametric and fatigue analyses.

In order to compute the fatigue life in the fatigue hot-spot (point P), appropriate

S–N curves must be introduced. In the reference work by Zhou et al. [66], the fatigue

behavior of the composite material is described by means of normalized S-N curves

derived from unidirectional specimens, expressed in terms of the equivalent stress ratio

S/X, where X denotes the corresponding static strength. The failure of the laminate

is assumed to be governed by the fatigue life of the critical ply.

The reference formulation provides different S-N relationships for several stress ratios

R, and accounts for mean stress effects by interpolating the fatigue strength as a

function of R at the cycle level. In the present work, in order to maintain consistency

with the adopted frequency-domain fatigue framework and to avoid the introduction

of additional cycle-by-cycle corrections, a constant stress ratio R = −1 is assumed for

the equivalent stress. This choice corresponds to a fully reversed loading condition

and represents a conservative approximation for broadband random vibration, where

both tensile and compressive stress excursions are expected.

Accordingly, the S-N curve corresponding to R = −1 is employed for fatigue life

estimation at the critical location and is expressed in the following logarithmic form:

S

X
= 1− 0.0515 log10N, (7.2)

where N denotes the number of cycles to failure. The corresponding S-N curve is

shown in Fig. 7.24. While a variable stress ratio formulation could further refine the

fatigue life prediction, the adopted assumption ensures robustness and consistency in

the comparative assessment of different laminate configurations under random vibra-

tion loading. In order to compute the fatigue life, the stress-range probability density

function must be introduced. Figure 7.25 shows the probability density functions of

the equivalent stress amplitude evaluated at the fatigue hot-spot for the individual
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Figure 7.23: Equivalent stress PSD for [90/ − 45/45/0]s laminate in a) ply at 90°, b) ply
at -45 ° and c)ply at 0°. Comparison with FEMAP 2D and both 3D model A
and B for ply 90°

plies of the [90/− 45/45/0]s laminate. The distributions are obtained from the equiv-

alent stress power spectral density and describe the statistical occurrence of stress
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Figure 7.24: S-N curve of tension-compression with R = −1 [66].

cycles of different amplitudes under random vibration loading. As expected, the prob-

ability density functions exhibit higher values at low stress amplitudes, corresponding

to a large number of small-amplitude cycles, while the probability of high-amplitude

stress cycles rapidly decreases. Differences among the plies reflect the influence of

ply orientation on the local stress response and, consequently, on the fatigue damage

accumulation. Finally, the fatigue life estimates obtained for the different plies of the

Figure 7.25: Probability density function of cycle stress amplitude for [90/ − 45/45/0]s
laminate.

[90/− 45/45/0]s laminate are shown in Fig. 7.26. The results are reported in terms of

the normalized fatigue life ratio T/Tmin and are compared against FEMAP/NX solu-

tions using both a two-dimensional shell model and a three-dimensional solid-laminate

model (Model A). Tmin represents the minimum value of fatigue time, obtained as the

lowest value of fatigue time among all laminate layers, consistently evaluated for both

CUF-based theories and the FEMAP/NX model. In Fig. 7.26a, corresponding to the

comparison with the FEMAP/NX 2D model, significant discrepancies are observed for
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most plies. In particular, the predicted fatigue lives obtained from the shell-based for-

mulation tend to deviate markedly from the CUF results, especially for the ±45◦ plies.

This behaviour can be attributed to differences in the stress reconstruction strategy

adopted by the two formulations. Although both models are based on two–dimensional

kinematics, the CUF approach employs a refined layer–wise representation that allows

a more accurate evaluation of in–plane shear stress components. In contrast, the

shell–based formulation relies on classical laminate assumptions, which may lead to

less accurate predictions of shear–dominated stress states.

Figure 7.26b plot reports the comparison between the CUF–2Dmodel and the FEMAP/NX

3D Model A. In this case, a much closer agreement is observed for all plies, with the

majority of the points lying near the bisector. Points located above the bisector corre-

spond to cases in which FEMAP/NX predicts a longer fatigue life than CUF, whereas

points below the bisector indicate more conservative CUF predictions. Overall, the

results confirm that the CUF approach provides fatigue life estimates consistent with

those obtained from a three-dimensional formulation, while maintaining a controlled

computational cost.

As already observed in the stress PSD comparison, the best agreement is obtained for

the 0◦ plies, whose response is mainly governed by normal stresses. Larger deviations

are found for the ±45◦ plies, where shear stresses dominate and the accuracy of the

fatigue prediction is more sensitive to the through-thickness stress reconstruction. For

(a) Comparison with FEMAP/NX 2D (b) Comparison with FEMAP/NX 3D

Figure 7.26: Fatigue life comparison of [90/−45/45/0]s laminate between CUF-2D and a)
FEMAP/NX 2D and b)FEMAP/NX 3D.

completeness, Fig. 7.27 additionally reports the comparison between the fatigue life

estimates obtained with the CUF LE1 and LE2 formulations and the FEMAP/NX

3D Model A. The figure is included for illustrative purposes, in order to highlight

the effect of increasing the expansion order on the predicted fatigue life. The results

show that the adoption of the higher-order LE2 formulation generally leads to fatigue

life estimates that move closer to the three-dimensional reference, particularly for the

±45◦ plies. This behavior is consistent with the trends observed in the stress PSD
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analysis and reflects the improved through-thickness stress reconstruction provided by

the higher-order CUF theory. For the 0◦ plies, whose response is mainly governed by

normal stresses, the differences between LE1 and LE2 remain negligible. The influence

Figure 7.27: Comparison of the normalized fatigue life estimates obtained with CUF LE1
and LE2 formulations against the FEMAP/NX 3D Model A for the [90/ −
45/45/0]s laminate.

of the laminate stacking sequence on the random response is investigated by repeating

the analysis for other two symmetric layups, [0/45/ − 45/90]s and [0/90/0/90]s. Sig-

nificant variations are observed in both the magnitude of the equivalent stress RMS

and the shape of the stress PSD, reflecting the strong dependence of the dynamic be-

haviour on ply orientation and laminate anisotropy. These differences directly affect

the statistical properties of the stress cycles and, consequently, the fatigue life pre-

dicted in the frequency domain. Figure 7.28 shows the probability density functions

of the equivalent stress amplitude evaluated at the fatigue hot-spot located in point

P (see Fig. 7.22 )for the individual plies of the [0/45/ − 45/90]s laminate. In Fig.

Figure 7.28: Probability density function of cycle stress amplitude for [0/45/ − 45/90]s
laminate.
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7.29 and Fig. 7.30 the fatigue life estimates obtained for the different plies of the

[0/45/− 45/90]s and [0/90/0/90]s laminate reported and listed in Table 7.7 and 7.8.

(a) Comparison with FEMAP/NX 2D (b) Comparison with FEMAP/NX 3D

Figure 7.29: Fatigue life comparison of [0/45/−45/90]s laminate between CUF-2D and a)
FEMAP/NX 2D and b)FEMAP/NX 3D.

(a) Comparison with FEMAP/NX 2D (b) Comparison with FEMAP/NX 3D

Figure 7.30: Fatigue life comparison of [0/90/0/90]s laminate between CUF-2D and a)
FEMAP/NX 2D and b)FEMAP/NX 3D.

For the [0/45/− 45/90]s laminate, both CUF and FEMAP/NX identify the 45◦ ply

as the fatigue hot-spot. In this case, the predicted fatigue lives show good agreement

between CUF and FEMAP/NX, especially when compared with the three-dimensional

model.

In the [0/90/0/90]s laminate, the fatigue hot-spot is located in the same ply for all

approaches. The resulting fatigue lives exhibit a very good agreement between CUF

and FEMAP/NX, with relative differences below approximately 16% for the three-

dimensional model, as shown in Fig. 7.31. The reduced sensitivity to modelling

assumptions in this configuration is associated with the dominance of normal stresses

and the limited contribution of shear effects. Overall, the results clearly show that

109



Numerical results of fatigue life

Table 7.7: Fatigue life of the T-shaped composite structure with [0/45/ − 45/90]s under
constant PSD excitation for each ply and comparison with FEMAP/NX 2D and
3D model.

Lamination TCUF2D
f (s) TFEMAP 2D

f (s) TFEMAP 3D
f (s)

0◦ 2.11× 1018 1.60× 1018 1.71× 1018

45◦ 1.17× 1018 7.52× 1016 4.28× 1017

−45◦ 2.60× 1018 2.29× 1018 2.32× 1018

90◦ 2.77× 1018 2.79× 1018 2.76× 1018

Table 7.8: Fatigue life of the T-shaped composite structure with [0/90/0/90]s under con-
stant PSD excitation for each ply and comparison with FEMAP/NX 2D and
3D model.

Lamination TCUF2D
f (s) TFEMAP 2D

f (s) TFEMAP 3D
f (s)

0◦ 2.12× 1018 1.48× 1018 1.78× 1018

90◦ 2.01× 1018 1.46× 1018 2.15× 1018

0◦ 2.56× 1018 2.37× 1018 2.48× 1018

90◦ 2.56× 1018 2.57× 1018 2.52× 1018

the laminate stacking sequence plays a key role in determining both the location

of the fatigue hot-spot and the magnitude of the predicted fatigue life. Discrepan-

cies between CUF and FEMAP/NX are more pronounced in laminates where off-axis

plies govern the response and shear stresses dominate, whereas excellent agreement

is obtained for laminates dominated by 0◦ and 90◦ plies. From a modeling perspec-

tive, FEMAP/NX 2D shell models tend to underestimate or overestimate the fatigue

life in configurations where through-thickness stress effects are relevant. In contrast,

the CUF-2D formulation provides fatigue life estimates that are consistently close to

those obtained with the three-dimensional FEMAP/NX model, while maintaining a

controlled computational cost. These findings confirm the suitability of the CUF ap-

proach for frequency-domain fatigue analysis of laminated composite structures under

random vibration loading. In particular, Fig. 7.32 summarises the effect of the lami-

nate stacking sequence on the fatigue response at the fatigue hot-spot and in the most

critical ply. Figure 7.32a reports the probability density functions of the equivalent

stress amplitude for the four laminate configurations [90/−45/45/0]s, [0/45/−45/90]s,

[0/90/0/90]s and [−45/45/− 45/45]s, while Fig. 7.32b shows the corresponding RMS

values of the equivalent stress. The resulting fatigue life predictions obtained with the

CUF–2D formulation are finally reported in Fig. 7.32c.

The comparison clearly indicates that the laminate configuration exhibiting the lowest

RMS stress does not necessarily correspond to the longest fatigue life. Although the

RMS provides a global measure of the energy content of the stress response, it does

not capture the distribution of stress amplitudes governing fatigue damage. As shown

in Fig. 7.32a, significant differences arise in the shape of the stress-range probability
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Figure 7.31: Differences in fatigue life prediction with respect to the CUF solution for
each laminate ply of the [0/90/0/90]s laminate. Results obtained using
FEMAP/NX 2D and FEMAP/NX 3D models are compared.

density functions, particularly in the distribution tail associated with higher stress

amplitudes, which plays a dominant role in fatigue damage accumulation.

Furthermore, laminates characterized by similar RMS levels may still exhibit markedly

different fatigue lives due to differences in the stress-cycle rate and in the overall shape

of the PDF. As a consequence, a direct correlation between RMS and fatigue life cannot

be established, as also evidenced by the comparison between Fig. 7.32b and Fig. 7.32c.

These findings are fully consistent with the fundamental principles of frequency-domain

fatigue analysis. Bishop and Sherratt [162] demonstrated that fatigue damage cannot

be inferred from the stress variance alone, while Dirlik [52] and Lutes and Sarkani [54]

showed that fatigue damage is governed by the stress-range probability density func-

tion and by the cycle rate rather than by the RMS value of the stress process. Similar

conclusions were reported for composite laminates subjected to random loading by

Zhou et al. [80], further supporting the physical consistency of the present results.

7.2 Von Kármán gust PSD load cases

This section addresses fatigue analyses performed under stochastic aerodynamic

excitations modeled through a von Kármán (VK) turbulence spectrum. Two rep-

resentative structural configurations are investigated in this subsection. The first

case considers the composite T-shaped structure previously analyzed under constant

PSD loading, now subjected to VK gust excitation in order to assess the influence of

turbulence-driven loads on fatigue hot-spot location and life prediction. The second

case involves a more complex wing box–beam model, representative of a simplified

aircraft lifting structure, allowing the evaluation of the proposed frequency-domain fa-

tigue framework under conditions that closely resemble real operational environments.
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(a) PDF (b) RMS

(c) Fatigue life

Figure 7.32: Comparison of the fatigue response at the critical location for different lami-
nate stacking sequences in terms of a) PDF of the equivalent stress amplitude,
b) RMS values of the equivalent stress, and c) corresponding fatigue life pre-
dictions obtained with the CUF-2D formulation under broadband random
excitation.

For both configurations, fatigue life predictions obtained using the CUF-based formu-

lation are compared against reference finite element models, with particular attention

paid to the role of laminate stacking sequence, load transfer mechanisms, and the

interaction between aerodynamic excitation and structural dynamics.

7.2.1 T-shape composite specimen

Following the baseline analyses performed under constant PSD excitation, the same

T-shaped composite specimen with [90/ − 45/45/0]s lamination is now investigated

under stochastic aerodynamic loading modeled through a von Kármán gust spectrum.

The discretization of CUF-2D model is of 798Q9-LE1, as in the previous case. In the

present analysis, three different von Kármán spectra are considered by varying the

scale length (L = 0.5, 1, and 2 m), while keeping the mean flow velocity constant.

The selected values of L are chosen such that the knee of the gust PSD occurs in the
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vicinity of the first natural frequency of the structure, in order to emphasize dynamic

amplification effects, as in Fig 7.33. The gust velocity PSD is transferred to the

Figure 7.33: Gust von Kármán PSD varying by varying the scale length (L = 0.5, 1, and
2 m), while keeping σ = 0.1 m/s.

structural domain through the adopted load-assessment procedure, yielding the stress

PSD at the most critical location of the structure. The fatigue assessment is carried

out in the frequency domain using Dirlik’s method, while multiaxial stress effects are

accounted for through an equivalent stress definition based on the Tsai-Hill criterion.

Consistently with the results obtained under constant PSD loading, the most critical

ply is identified as the +45◦ lamina, where shear-dominated stress components govern

the fatigue damage accumulation as seen in Fig. 7.34 . The numerical results highlight

Figure 7.34: Fatigue response by varying the scale length (L = 0.5, 1, and 2 m), while
keeping σ = 0.1 m/s for [90/ − 45/45/0]s laminate of T-shape composite
structure.

a strong sensitivity of the predicted fatigue life to the characteristics of the von Kármán
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spectrum. As L increases, significant variations in fatigue life are observed for all plies,

with different trends depending on the lamina orientation, as reported in Fig. 7.34. In

contrast to the constant PSD cases, the von Kármán excitation leads to non-uniform

changes in fatigue life across the laminate, highlighting the influence of the turbulence

parameters on the fatigue response. These results indicate that the fatigue behaviour

of the T-shaped composite structure under VK excitation strongly depends on the

characteristics of the imposed gust spectrum.

7.2.2 Composite wing box–beam

In order to investigate the applicability of the proposed frequency-domain fatigue

framework to a more realistic aerospace structure, a composite wing box-beam model

is considered in this subsection. The analyzed component represents a simplified struc-

tural approximation of the wing of the Pilatus PC-12 aircraft, selected as a represen-

tative example of a light turboprop configuration.

The wing is modeled as a straight box–beam structure with constant cross-section,

whose geometry and material layout are designed to reproduce the main load-carrying

mechanisms of the actual wing. This modeling choice allows retaining the essential

features of the wing structural response, such as bending, torsion, and shear coupling,

while enabling an efficient fatigue analysis within the CUF-based one-dimensional for-

mulation.

Figure 7.35 provides a schematic overview of the reference aircraft and the corre-

sponding box–beam idealization adopted in the present study. The von Kármán gust

excitation is applied assuming a constant flight velocity, corresponding to the cruise

condition of the aircraft, while turbulence parameters are varied to assess their influ-

ence on the fatigue response. The main geometric and operational characteristics of

Figure 7.35: Wing box-beam approximation of Pilatus PC-12.

the Pilatus PC-12 aircraft, used as reference for the definition of the box–beam model

and loading conditions, are summarized in Table 7.9 and derived from publicly avail-

able manufacturer data for the Pilatus PC-12 aircraft of EASA [163]. The box–beam
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Table 7.9: Main characteristics of the Pilatus PC-12 aircraft [163].

Aircraft characteristic Value
Length 14.40 m
Wingspan 16.28 m
Height 4.26 m
Wing area 25.81 m2

Maximum take-off weight (MTOW) 4740 kg
Passengers 9 (standard)
Cruise speed 519 km/h

structure is assumed to be entirely made of composite material. Specifically, a T700

carbon fiber reinforced laminate is adopted as for T-shape specimen, whose elastic

properties and strength parameters are reported in Table 7.4. This choice allows a

realistic representation of the anisotropic mechanical behavior of modern composite

wing structures while maintaining consistency with the fatigue material model em-

ployed in the subsequent analyses.

The thickness t of the box-beam skins is determined through a preliminary static sizing

procedure, rather than being prescribed a priori. The sizing is performed by consid-

ering the maximum lift force acting on the wing under limit flight conditions, which

is evaluated as

Lmax = nmaxMTOW g, (7.3)

where nmax is the maximum load factor and MTOW is the maximum take-off weight

of the aircraft. According to the EASA Type Certificate Data Sheet No. EASA.A.089,

the Pilatus PC-12 aircraft is characterized by nmax = 3.4 and MTOW = 4740 kg.

Assuming a bending-dominated response and a thin-walled box-beam behavior, the

maximum normal stress in the skins can be approximated as

σ ≈ M

bh t
, (7.4)

where M is the bending moment, and b and h denote the width and height of the

box cross-section, respectively. The thickness t is therefore selected so as to satisfy a

strength-based constraint in compression, expressed as

t ≥ M

bhσallow
, (7.5)

where the allowable stress is conservatively taken as the longitudinal compressive

strength of the lamina, σallow = XC = 550 MPa, as reported in Table 7.4.

The composite box-beam is modeled as a clamped–free structure, representative of a

cantilever wing configuration. The adopted geometry and boundary conditions of the

box-beam model are illustrated in Fig. 7.36. The composite box-beam cross-section
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Figure 7.36: Geometry and boundary condition of wing box-beam structure..

is modeled using a two-layer laminate configuration, as schematically illustrated in

Fig. 7.37. The laminate is characterized by two distinct ply orientation angles, de-

noted as θ1 and θ2, which are assigned to the outer and inner layers of the box–beam

skins, respectively. This simplified layup allows investigating the influence of fiber

orientation on the dynamic and fatigue response of the structure while keeping the

model complexity limited. For the modal analysis presented in this subsection, a

Figure 7.37: Schematic representation of the composite box–beam cross-section with a two-
layer laminate configuration. The outer and inner layers are characterized by
the ply orientation angles θ1 and θ2, respectively.
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baseline configuration is considered in which both layers are aligned with the longi-

tudinal axis of the beam, i.e. θ1 = θ2 = 0◦. This choice provides a reference case

dominated by axial stiffness and bending behavior, facilitating the interpretation of

the modal characteristics and the convergence study of the CUF model. The effect of

different laminate configurations, obtained by varying θ1 and θ2, is addressed in the

subsequent random response and fatigue analyses.

Modal analysis

A preliminary modal analysis is carried out on the composite wing box-beam model

in order to identify its dynamic characteristics and to select an appropriate level of

kinematic refinement for the subsequent random response and fatigue analyses. The

structure is analyzed in a clamped–free configuration, representative of a cantilever

wing, as described in the previous subsection.

The structural model is developed within the Carrera Unified Formulation (CUF)

framework using a one-dimensional finite element discretization along the beam axis.

A total of 30 four-node beam elements (B4) are employed in the longitudinal direc-

tion. Across the cross-section, the displacement field is approximated using Taylor-

type expansion functions with increasing orders to assess the convergence of the modal

solution.

The convergence of the analysis is evaluated by monitoring the natural frequencies of

the lowest vibration modes as the expansion order increases, as shown in Table . The

results show that a Taylor Expansion of order TE7 provides a satisfactory compro-

mise between accuracy and computational efficiency, yielding natural frequencies in

close agreement with those obtained from a two-dimensional FEM model developed

in FEMAP/NX. In particular, the reference FEMAP/NX 2D shell model features a

total of 18 240 degrees of freedom, whereas the CUF-based model with TE7 expansion

requires only 9 228 degrees of freedom, while preserving comparable modal accuracy.

Increasing the expansion order beyond TE7 does not lead to significant improvements

Table 7.10: Comparison of the first five natural frequencies of the composite wing
box–beam obtained with different CUF Taylor expansion orders and the
FEMAP/NX 2D model.

Model f1 (Hz) f2 (Hz) f3 (Hz) f4 (Hz) f5 (Hz)
FEMAP 2D 5.40 19.16 22.22 22.45 47.76
CUF TE1 (FSDT) 6.23 22.87 36.74 41.89 91.41
CUF TE3 5.90 22.31 22.14 28.41 63.19
CUF TE6 5.63 20.19 22.27 24.90 52.07
CUF TE7 5.53 18.74 22.25 23.82 41.55
CUF TE8 5.53 18.60 22.25 23.16 40.65

in the predicted modal properties, while it considerably increases the computational
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cost. Based on these observations, the TE7 expansion is selected for the box-beam

model and adopted in all subsequent analyses. This choice ensures an accurate repre-

sentation of the structural dynamic behavior while preserving the numerical efficiency

required for frequency-domain random response and fatigue life estimation.

Random response results

The random response of the composite wing box-beam under von Kármán gust ex-

citation is investigated by adopting the load assessment procedure described in Chap-

ter 6, where the gust power spectral density and the associated aerodynamic load

transfer are introduced in detail. In the present analysis, the atmospheric turbulence

is modeled through the von Kármán spectrum, and its effect on the structure is rep-

resented by an equivalent time-dependent distributed load derived from the unsteady

lift response.

Specifically, the gust-induced vertical velocity fluctuations are first converted into vari-

ations of the lift coefficient by means of Küssner’s model, accounting for the aerody-

namic lag effects and the aircraft parameters in Table 7.9. The number of modes

considered in modal reduction strategy are fourteen, in order to capture the correct

dynamic behavior of the structure. The resulting lift spectrum is then transformed into

a distributed load spectrum applied along the beam span. The load representation is

shown in Fig. 7.38. The stress power spectral densities at the selected critical location

Figure 7.38: Representation of load condition of gust on the box-beam structure.

are computed using the CUF-based box-beam model with TE7 kinematic refinement.

The random stress response is subsequently characterized in terms of stress-amplitude

probability density functions (PDFs), evaluated through Dirlik’s method. The analysis

is carried out by varying the turbulence parameters, namely the turbulence intensity

σ = 0.1, 0.2, 0.3, 0.4, and 0.5 m/s and turbulence scale length L = 1, 5, 10, and

15 m, while maintaining a constant flight velocity of 519 km/h as in Table 7.9. Figure

7.39 shows the von Kármán gust spectrum varying turbulence intensity σ and scale

length L considering the knee of PSD near the first natural frequencies of the struc-

ture. The random response analysis is performed by considering two different laminate

configurations for the composite box-beam. The first configuration corresponds to a

fully aligned layup, with θ1 = θ2 = 0◦, while the second one represents a cross-ply
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Figure 7.39: Von Kármán gust spectrum varying turbulence intensity σ and scale length
L. Knees of the curves near the first natural frequencies of the structure.

arrangement, with θ1 = 0◦ and θ2 = 90◦. This choice allows investigating the influence

of laminate anisotropy on the structural response under gust-induced loading.

The results are discussed in terms of the evolution of the stress-amplitude PDFs and

their sensitivity to the gust parameters. Particular attention is paid to the broadening

of the distributions and to the increase in the probability of large stress amplitudes as

the turbulence intensity increases, which directly reflects a more severe fatigue loading

condition for the composite box-beam. The stress-amplitude PDFs obtained for the

two laminate configurations are reported in Figs. 7.40 and 7.41.

As seen in these figures, higher values of σ produces broader distributions with

longer tails, while increasing L lowers the overall probability density. This indicates

that larger turbulence intensity increases the variability of stress cycles, making higher

stresses more likely, whereas increasing the characteristic length L increases the prob-

ability of large stress excursions and therefore leads to a less severe fatigue loading. In

addition, a clear influence of the laminate configuration can be observed by comparing

Figs. 7.40 and 7.41. For the same gust parameters, the cross-ply configuration generally

exhibits broader stress-amplitude PDFs and a higher probability of medium-to-large

stress amplitudes compared to the fully aligned layup. This behavior is attributed to

the reduced load-carrying efficiency of the 90◦ plies under bending-dominated loading,

which results in a more pronounced multiaxial stress state and increased stress fluctu-

ations in the load-aligned plies. These trends anticipate a lower fatigue resistance and

a higher sensitivity to turbulence intensity for the θ1 = 0◦, θ2 = 90◦ configuration, as

further quantified in the fatigue life analysis presented in the following subsection.
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Figure 7.40: Stress-amplitude probability density functions (PDFs) evaluated at the se-
lected critical location for different values of the turbulence intensity σ =
0.1, 0.2, 0.3, 0.4, and 0.5 m/s and turbulence scale length L = 1, 5, 10, and
15 m with θ1 = θ2 = 0◦.

Fatigue life results

The fatigue life of the composite wing box-beam under von Kármán gust excitation

is evaluated by coupling the stress-amplitude PDFs discussed in the previous subsec-

tion with the adopted fatigue damage model. The results are summarized in Fig. 7.42,

which reports the iso-curves of the normalized fatigue life T/Tmin as a function of the

turbulence intensity σ and the integral scale length L for the two laminate configura-

tions under consideration.

For the fully aligned laminate (θ1 = θ2 = 0◦, Fig. 7.42a), the fatigue life exhibits a

strong dependence on the turbulence intensity. Increasing σ leads to a rapid reduction

of T/Tmin over several orders of magnitude, indicating that the fatigue response is

dominated by the energy content of the gust excitation. Tmin corresponds to the mini-

mum fatigue time obtaining by using different L and σ condition. The influence of the

turbulence scale length L is less pronounced than that of the turbulence intensity σ,

but it exhibits a clear monotonic trend. For both low and high values of σ, increasing

L leads to a progressive reduction of the fatigue life. This behavior can be attributed

to the shift of the gust spectral content toward lower frequencies, which enhances the

excitation of the dominant bending modes of the structure and results in higher stress

amplitudes.
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Figure 7.41: Stress-amplitude probability density functions (PDFs) evaluated at the se-
lected critical location for different values of the turbulence intensity σ =
0.1, 0.2, 0.3, 0.4, and 0.5 m/s and turbulence scale length L = 1, 5, 10, and
15 m with θ1 = 0◦ and θ2 = 90◦.

A different behavior is observed for the cross-ply configuration (θ1 = 0◦, θ2 = 90◦,

Fig. 7.42b). Although the same qualitative trends with respect to σ and L are pre-

served, the normalized fatigue life is generally lower compared to the fully aligned case.

In addition, although the cross-ply configuration exhibits a lower overall fatigue life,

the corresponding iso-contours are wider in the (σ, L) space. This indicates a reduced

sensitivity of the fatigue life to variations in turbulence intensity and scale length, as

the structure operates in a consistently fatigue-critical regime over a broad range of

gust parameters.

Overall, the comparison between the two configurations highlights the dominant role

of turbulence intensity σ in governing fatigue life, while the turbulence scale length

L acts as a secondary parameter modulating the severity of the response through its

interaction with the structural dynamics. The fully aligned laminate provides a more

fatigue-resistant solution under gust loading, whereas the cross-ply configuration, de-

spite offering reduced sensitivity in some regions of the parameter space, exhibits lower

fatigue life due to the less efficient load transfer in the presence of transverse plies.
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(a) 0° (b) 90°

Figure 7.42: Iso-curves of the normalized fatigue life T/Tmin of the composite wing box-
beam under von Kármán gust excitation as a function of the turbulence inten-
sity σ and the integral scale length L: (a) fully aligned laminate θ1 = θ2 = 0◦;
(b) cross-ply laminate θ1 = 0◦, θ2 = 90◦.

7.3 Discussion

The results presented in this chapter demonstrate the effectiveness of the proposed

frequency-domain framework for fatigue life prediction of both metallic and compos-

ite structures subjected to stochastic loading conditions. By combining high-fidelity

CUF-based structural models with spectral fatigue methods, the approach enables an

accurate yet computationally efficient assessment of fatigue damage under broadband

random excitations.

For constant PSD load cases, the numerical results have highlighted the capability

of the CUF formulation to capture the key features of the stress response govern-

ing fatigue damage, while maintaining a significantly reduced number of degrees of

freedom compared to conventional finite element models. In metallic structures, the

agreement with reference solutions confirms the reliability of frequency-domain fatigue

methods when the stress response can be adequately characterized by second- order

statistics. In composite configurations, the comparison between CUF and commercial

FEM models has shown that high-order kinematic descriptions are essential to cor-

rectly represent interlaminar stress components and anisotropic effects, which play a

crucial role in fatigue life estimation. Within this context, the role of higher-order

CUF theories has been explicitly assessed for T-shape composite specimen with [90/-

45/45/0]s. The comparison between linear (LE1) and higher-order (LE2) expansions

has shown that increasing the expansion order leads to a progressive convergence to-

ward fully three-dimensional finite element solutions, both in terms of stress power

spectral densities and fatigue life estimates.

When moving from constant PSD excitations to physically meaningful gust- induced

loading, the von Kármán turbulence model has provided a realistic representation
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of atmospheric excitation and its interaction with structural dynamics. The results

clearly indicate that turbulence intensity σ is the dominant parameter governing fa-

tigue life, as it directly controls the energy content of the excitation and, consequently,

the amplitude of stress cycles. Increasing σ leads to broader stress-amplitude PDFs

with heavier tails, resulting in a drastic reduction of fatigue life over several orders of

magnitude.

The turbulence scale length L plays a secondary but non-negligible role. For all in-

vestigated configurations, increasing L leads to a monotonic decrease in fatigue life,

due to the shift of the gust spectral content toward lower frequencies that are more

effective in exciting the dominant bending modes of the structure. This behavior con-

firms that fatigue damage under gust loading is strongly influenced by the interaction

between the load spectrum and the structural dynamic characteristics, rather than by

load intensity alone.

The influence of laminate architecture has been shown to be particularly relevant

for composite structures. The comparison between fully aligned ([0◦/0◦]) and cross-

ply ([0◦/90◦]) configurations in the box–beam model reveals a clear trade-off between

absolute fatigue performance and sensitivity to gust parameters. While the aligned

laminate exhibits higher fatigue life, it is more sensitive to variations in σ and L, as

reflected by steeper gradients in the fatigue life maps. Conversely, the cross-ply lam-

inate shows a consistently lower fatigue life but a reduced sensitivity to turbulence

parameters, operating in a uniformly fatigue-critical regime over a wide range of load-

ing conditions. This behavior is consistent with the broader stress-amplitude PDFs

observed in the random response analysis, which can be attributed to the presence of

transverse plies that are not aligned with the dominant bending stresses, leading to

increased stress heterogeneity across the laminate thickness.
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Chapter 8

Conclusions

8.1 Overview of the Thesis

This thesis investigated the numerical modelling of progressive damage of compos-

ite structures and fatigue response of metallic and composite structures, with partic-

ular emphasis on the role of accurate three-dimensional stress reconstruction under

quasi-static and stochastic loading conditions. The work was developed within the

framework of the Carrera Unified Formulation (CUF), which enables the formulation

of refined beam and shell models capable of reproducing three-dimensional stress states

at a significantly reduced computational cost compared to full three-dimensional solid-

element approaches.

The first part of the thesis focused on the progressive damage analysis of composite

laminates under quasi-static loading conditions (Part II). A continuum damage me-

chanics framework was adopted and extended through the implementation of three-

dimensional failure criteria. In particular, the Hashin 3D criterion was employed to

describe tensile-dominated damage mechanisms, while a combined Hashin–Puck for-

mulation was adopted to improve the modelling of compressive failure, especially in

matrix-dominated regimes. These failure criteria were embedded within CUF-based

two-dimensional finite element models, allowing the investigation of intralaminar dam-

age mechanisms while retaining ply-level kinematics.

Progressive damage analyses were conducted on a wide range of benchmark configura-

tions, including single-element tests, center-notched specimens, compact tension and

compression tests, and open-hole laminates. The numerical results showed that refined

CUF models are able to accurately reproduce experimental responses and reference

numerical solutions, capturing damage initiation, damage propagation and stiffness

degradation with good accuracy. The use of layer-wise formulations highlighted the

necessity of retaining ply-level kinematics to correctly describe damage localization

and stress redistribution, particularly in configurations governed by strong through-

the-thickness stress gradients.
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Although the progressive damage analyses were performed under quasi-static loading,

they provided a physically consistent description of the governing damage mechanisms

and stress transfer paths. These results constitute a fundamental basis for the sub-

sequent extension to fatigue analysis under variable-amplitude and stochastic loading

conditions.

Building on this foundation, the second part of the thesis (Part III) addressed fatigue

life estimation in the frequency domain for both metallic and composite structures.

The theoretical framework of random vibration analysis was introduced, and the struc-

tural response to stochastic excitation was characterized through stress power spectral

densities obtained from CUF-based simulations. The Dirlik method was adopted to

derive stress-range probability density functions directly from spectral information,

enabling fatigue damage estimation without explicit time-domain simulations.

For metallic structures, the frequency-domain framework was coupled with linear elas-

tic fracture mechanics concepts, allowing crack-growth prediction through equivalent

stress intensity factor ranges derived from spectral stress information. The results

demonstrated that CUF-based models provide stress frequency response functions

and stress power spectral densities in very good agreement with experimental data

and three-dimensional finite element solutions, while requiring a significantly reduced

number of degrees of freedom.

For composite structures, the frequency-domain approach was extended through the

definition of an equivalent stress based on the Tsai–Hill criterion, enabling fatigue

life estimation while accounting for material anisotropy and multi-axial stress states.

The analyses highlighted the strong influence of laminate stacking sequence on fatigue

hot-spot location, stress distribution and fatigue life, confirming that accurate three-

dimensional stress reconstruction is essential for reliable fatigue assessment.

Finally, fatigue analyses were performed under both idealized constant power spectral

density excitation and physically based stochastic loading conditions derived from the

von Kármán turbulence model. These investigations demonstrated the capability of

the proposed CUF-based framework to capture the interaction between aerodynamic

excitation, structural dynamics and fatigue damage accumulation under realistic op-

erational environments.

For composite laminates, the proposed fatigue framework is primarily intended as

an efficient life-prediction tool under random loading, rather than as a fully coupled

fatigue–damage evolution model. In this perspective, the adoption of a frequency-

domain formulation was also motivated by the need to preserve computational effi-

ciency, whereas a fully coupled strategy would require a blockwise incremental analysis,

with repeated re-evaluations of the structural response over successive fatigue intervals

as stiffness progressively degrades, resulting in a substantially higher computational

cost.
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8.2 Main contributions

The main scientific contributions of this thesis are summarized below. For clarity,

they are grouped according to the two main research topics addressed: progressive

damage analysis and fatigue life estimation in the frequency domain.

Progressive damage analysis of composite Structures

� A refined CUF-based modelling strategy was developed for the progressive dam-

age analysis of composite laminates, enabling the reconstruction of a full three-

dimensional stress state using two-dimensional finite elements with a reduced

computational cost.

� Three-dimensional failure criteria were implemented within the CUF framework.

The Hashin 3D criterion was adopted for tensile-dominated damage mechanisms,

while a combined Hashin–Puck formulation was employed to improve the pre-

diction of compressive and matrix-dominated failure.

� Progressive damage analyses were performed on a variety of benchmark spec-

imens, including notched and open-hole configurations, demonstrating the ca-

pability of the proposed approach to capture damage initiation, damage propa-

gation and stiffness degradation in agreement with experimental and numerical

reference data.

� The study highlighted the critical role of kinematic refinement in progressive

damage modelling. Layer-wise CUF formulations were shown to be essential for

accurately predicting damage localization and peak strength, whereas equivalent

single-layer models exhibited limitations in the presence of strong ply-level stress

gradients.

� The progressive damage analyses provided a physically consistent description of

stress redistribution mechanisms, which was identified as a fundamental prereq-

uisite for subsequent fatigue analyses under stochastic loading.

Fatigue life estimation in the frequency Domain

� A frequency-domain fatigue framework was developed using stress power spectral

densities obtained from CUF-based simulations, enabling fatigue life prediction

without explicit time-domain integration.

� For metallic structures, the framework was coupled with linear elastic fracture

mechanics concepts, allowing crack-growth prediction through equivalent stress

intensity factor ranges derived from spectral stress information.
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� For composite structures, the frequency-domain approach was extended by intro-

ducing an equivalent stress definition based on the Tsai–Hill criterion, allowing

fatigue life estimation while accounting for material anisotropy and multi-axial

stress states.

� The study demonstrated that accurate three-dimensional stress reconstruction

is essential for fatigue assessment in composite laminates. The results highlight

the importance of an accurate stress evaluation strategy for reliable fatigue as-

sessment, even within two-dimensional modelling frameworks.

� A systematic comparison with commercial finite element models confirmed that

refined CUF-based formulations provide near three-dimensional accuracy in stress

frequency response functions, stress power spectral densities and fatigue life pre-

dictions, at a significantly reduced computational cost.

� The analyses confirmed that fatigue damage cannot be inferred from RMS stress

levels alone, and that the full stress-range probability density function governs

fatigue damage accumulation, in agreement with established spectral fatigue

theory.

� The influence of laminate stacking sequence on fatigue performance and sensitiv-

ity to stochastic loading parameters was quantified, revealing a trade-off between

absolute fatigue life and robustness to variations in turbulence intensity and scale

length.

8.3 Future perspectives

The results obtained in this thesis open several promising directions for future

research. The most relevant perspectives are summarized below:

� Coupled progressive damage–fatigue modelling: extend the present framework

to directly couple progressive damage evolution with frequency-domain fatigue

analysis, allowing stiffness degradation to dynamically modify stress spectra and

fatigue life predictions.

� Nonlinear dynamic response under stochastic loading: incorporate geometrical

and material nonlinearities into the random response analysis in order to assess

fatigue behaviour in structures where damage-induced stiffness changes affect

the dynamic characteristics.

� Crack propagation and delamination in composites: extend the frequency-domain

approach to explicitly model crack growth and delamination in composite lam-

inates under stochastic excitation, bridging continuum damage mechanics and

fracture mechanics-based fatigue models.
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8.3 – Future perspectives

� Global–local and multi-scale strategies: combine CUF-based global models with

refined local analyses in damage- and fatigue-critical regions to further improve

accuracy while maintaining computational efficiency.

� Environmental and operational effects: include temperature, moisture and age-

ing effects within the fatigue framework to assess durability under realistic service

conditions.

� Integration with structural health monitoring: couple the proposed frequency-

domain framework with vibration-based damage indices and experimental data

to enable predictive–monitoring strategies for damage tracking and remaining

life estimation.

� Hybrid physics-based and data-driven approaches: use CUF-based high-fidelity

simulations as data generators for machine learning models, enabling rapid fa-

tigue assessment, uncertainty quantification and real-time decision support.

� Sensitivity analysis and uncertainty quantification: extend the present stochastic

fatigue framework to include a structured assessment of the influence of uncertain

parameters, such as damping ratios, turbulence characteristics, and material

properties, on the predicted stress spectra and fatigue life. Such an extension

would further enhance the robustness and certification relevance of the proposed

methodology.

In summary, the methodologies developed in this thesis demonstrate that the CUF-

based hierarchical modeling framework provides a versatile foundation for the unified

analysis of progressive damage under quasi-static tension and compression loads, as

well as fatigue under random excitation. A key advantage of the proposed approach

lies in its intrinsic flexibility, which enables the kinematic description to be customized

for the particular problem under consideration. By selecting an appropriate expansion

order, the framework enables an effective balance between accuracy and computational

efficiency, ensuring that higher-order theories are employed only when required to

capture relevant three-dimensional stress effects.
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[10] M. Muñiz-Calvente, A. Álvarez-Vázquez, F. Pelayo, M. Aenlle, N. Garćıa-

Fernández, and M.J. Lamela-Rey. “A comparative review of time- and frequency-

domain methods for fatigue damage assessment”. In: International Journal

of Fatigue 163 (Oct. 2022), p. 107069. issn: 0142-1123. doi: 10 . 1016 / j .

ijfatigue.2022.107069.

[11] R. Talreja and C. V. Singh. Damage and Failure of Composite Materials.

Cambridge University Press, June 2012. isbn: 9781139016063. doi: 10.1017/

cbo9781139016063.

[12] E. Rivas, M. Parchei-Esfahani, and R. Gracie. “A two-dimensional extended

finite element method model of discrete fracture networks”. In: International

Journal for Numerical Methods in Engineering 117.13 (Dec. 2018), pp. 1263–

1282. issn: 1097-0207. doi: 10.1002/nme.5999.

[13] M. J. Swindeman, E. V. Iarve, R. A. Brockman, D. H. Mollenhauer, and S. R.

Hallett. “Strength Prediction in Open Hole Composite Laminates by Using

Discrete Damage Modeling”. In: AIAA Journal 51.4 (Apr. 2013), pp. 936–945.

issn: 1533-385X. doi: 10.2514/1.j051773.

[14] S. R. Hallett, W. Jiang, B. Khan, and M. R. Wisnom. “Modelling the interac-

tion between matrix cracks and delamination damage in scaled quasi-isotropic

specimens”. In: Composites Science and Technology 68.1 (Jan. 2008), pp. 80–

89. issn: 0266-3538. doi: 10.1016/j.compscitech.2007.05.038.

[15] C. Yao, Q.H. Jiang, J.F. Shao, and C.B. Zhou. “A discrete approach for model-

ing damage and failure in anisotropic cohesive brittle materials”. In: Engineer-

ing Fracture Mechanics 155 (Apr. 2016), pp. 102–118. issn: 0013-7944. doi:

10.1016/j.engfracmech.2016.01.012.

[16] K. V. Williams, R. Vaziri, and A. Poursartip. “A physically based continuum

damage mechanics model for thin laminated composite structures”. In: Interna-

tional Journal of Solids and Structures 40.9 (May 2003), pp. 2267–2300. issn:

0020-7683. doi: 10.1016/s0020-7683(03)00016-7.
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