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Abstract
We investigate normalized solutions for doubly nonlinear Schrödinger equations on the real
line with a defocusing standard nonlinearity and a focusing nonlinear point interaction of
δ–type at the origin. We provide a complete characterization of existence and uniqueness
for normalized solutions and for energy ground states for every value of the nonlinearity
powers. We show that the interplay between a defocusing standard and a focusing point
nonlinearity gives rise to new phenomena with respect to those observed with single nonlin-
earities, standard combined nonlinearities, and combined focusing standard and pointwise
nonlinearities.

Keywords Doubly nonlinear Schrödinger · Nonlinear point interactions · Normalized
solutions · Ground states

Mathematics Subject Classification 35Q40 · 35Q55 · 35R06 · 49J40

1 Introduction

The present paper investigates normalized solutions of doubly nonlinear Schrödinger equa-
tions on the real linewith a defocusing standard nonlinearity and a focusing point nonlinearity
of δ–type located at the origin, namely solutions of the problem{

u′′ − |u|p−2u + |u|q−2δ0u = λu on R

‖u‖2
L2(R)

= μ ,
(1)

Communicated by A. Mondino.

B Simone Dovetta
simone.dovetta@polito.it

Daniele Barbera
daniele.barbera@polito.it

Filippo Boni
filippo.boni@polito.it

Lorenzo Tentarelli
lorenzo.tentarelli@polito.it

1 Dipartimento di Scienze Matematiche “G.L. Lagrange”, Politecnico di Torino, Corso Duca degli
Abruzzi 24, 10129 Torino, Italy

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-026-03312-6&domain=pdf


  143 Page 2 of 29 D. Barbera et al.

where λ ∈ R, μ > 0, and 2 < p, q < ∞. Equivalently, (1) can be rewritten as the following
nonlinear boundary value problem

⎧⎪⎨
⎪⎩

u′′ − |u|p−2u = λu on R \ {0}
u′(0−) − u′(0+) = |u(0)|q−2u(0)

‖u‖2
L2(R)

= μ ,

(2)

where u′(0−), u′(0+) denote the left and right derivative of u at the origin, respectively, and
the nonlinear boundary condition in the second line encodes the point nonlinearity of δ–type.

Even though the appearance of point perturbations of Schrödinger operators can be traced
back to Fermi’s work [23] in 1936, it is perhaps since the last decade of the previous century
that nonlinear Schrödinger equations involving point interactions of δ–type started gathering
a prominent interest. Exploiting the presence of such singular point potentials to describe,
e.g., strongly–localized defects in a medium or confinement effects in small spatial regions,
models of this kind have been proposed by now for a wide range of phenomena in solid state
and condensedmatter physics (see for instance [21, 32, 40, 41, 46, 49] and references therein).
From the technical point of view, delta–type terms have been implemented in nonlinear
models mainly in two ways: either coupling the linear Schrödinger equation with a point
nonlinearity of δ–type |u|q−2δ0u (see [52] for a comprehensive review on this approach and,
in particular, [4, 5, 8, 12, 18] for a specific focus on standing waves), or perturbing nonlinear
Schrödinger equations involving standard nonlinearities by a linear delta–interaction δ0u
(see, e.g., [1, 2, 6, 7, 9, 11, 14, 15, 22, 24, 25, 27–29, 31, 33, 35]). Conversely, up to the
last few years doubly nonlinear Schrödinger equations have been extensively studied with
standard nonlinearities only (we refer for instance to [16, 17, 20, 26, 33, 34, 36–39, 42–45,
47, 48, 50, 51]). However, the recent works [3, 12, 13] started the investigation of doubly
nonlinear models combining standard and point nonlinearities of δ–type as in (1) above.
Precisely, these papers began the study of normalized solutions of focusing–focusing doubly
nonlinear equations, i.e.

u′′ + |u|p−2u + |u|q−2δ0u = λu,

both on the real line and on metric graphs, where existence of fixed mass solutions is shown
to be governed by a nontrivial interplay between the two nonlinear terms.

The present paper pushes forward the analysis of doubly nonlinear models with point
nonlinearities of δ–type, considering the case of one-dimensional Schrödinger equations (1)
with a defocusing standard nonlinearity combined with a focusing point nonlinearity of δ–
type based at the origin. Observe that, since the standard nonlinearity in (2) is defocusing, it
is well known that, without the point perturbation, there is no function in L2(R) satisfying
the first line of (2) on the whole R. Hence, we aim at understanding whether an attractive
nonlinear point perturbation at the origin can restore the existence of normalized solutions,
and how this depends on the specific values of the two nonlinearity powers. Even though
combinations of defocusing-focusing standard nonlinearities have been studied for instance
in [16, 17, 37], when turning to δ–type interactions we are only aware of the investigations in
[22, 33], where a linear point term (that is, q = 2 in (1)) is coupled with a defocusing standard
nonlinearity on the real line [33] and on metric graphs [22]. Note, furthermore, that both [33]
and [22] are mainly focused on the study of solutions of the equation for fixed λ without the
mass constraint, and only partial information is provided on normalized solutions in [22].
Hence, to the best of our knowledge, this is the first paper considering attractive nonlinear
perturbations of δ–type of standard defocusing nonlinear Schrödinger equations.
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Let us now state our main results, with which we develop a comprehensive description of
problem (1) for every values of p, q > 2. First, we provide a complete characterization of
the set of (weak) solutions in H1(R) of the doubly nonlinear problem{

u′′ − |u|p−2u = λu on R \ {0}
u′(0−) − u′(0+) = |u(0)|q−2u(0)

(3)

for every fixed value of λ ∈ R, i.e. (2) without the mass constraint.

Theorem 1.1 Let p, q > 2. For every λ ∈ R, if u ∈ H1(R) is a nontrivial solution of (3),
then u is even and (up to a change of sign) positive and radially decreasing on R. Moreover,

(i) when λ < 0, (3) has no nontrivial solution in H1(R);

(ii) when λ = 0, (3) has a positive solution in H1(R) if and only if p ∈ (2, 6) and q �= p
2 +1,

and this solution is unique;

(iii) when λ > 0,

(a) if q >
p
2 + 1, (3) has a unique positive solution in H1(R);

(b) if q = p
2 + 1, (3) has a positive solution in H1(R) if and only if p > 8, and this

solution is unique;

(c) if q <
p
2 +1, there exists λp,q > 0 such that (3) has no nontrivial solution in H1(R)

when λ > λp,q , it has a unique positive solution in H1(R) when λ = λp,q , and it
has exactly two positive solutions in H1(R) when λ ∈ (0, λp,q).

Theorem 1.1 spots for the first time two elements that will be crucial all along our discussion:
the value p = 6, as a critical threshold for the problemwith λ = 0, and the identity q = p

2 +1.
In particular, we highlight that, even though this latter relation between p and q was already
proved to be relevant for the focusing–focusing doubly nonlinear model on metric graphs in
[3, 13], it was shown to play no role on the real line when both nonlinearities are focusing
(at least in the case 2 < p, q < 6, see [12]). Here, on the contrary, the actual location of the
point (p, q) with respect to the line q = p

2 + 1 in the pq–plane determines a sharp transition
for positive solutions of (3), that exist and are unique for every λ > 0 when (p, q) is above
this line (Theorem 1.1(iii-a)), whereas they exist only for values of λ smaller than a positive
threshold for (p, q) below it (Theorem 1.1(iii-c)), and uniqueness fails in this regime. We
also highlight that, in view of [33, Theorem 1], the lack of uniqueness identified in Theorem
1.1(iii-c) is a purely doubly nonlinear effect. Indeed, [33] considers the problem (3) with a
linear delta–potential (q = 2) multiplied by a real parameter γ . For attractive interaction
γ > 0, it is proved therein that the problem admits a positive solution in H1(R) if and only
if λ ∈ [0, γ 2/4) and p ∈ (2, 6) or λ ∈ (0, γ 2/4) and p > 6, but at fixed λ this solution is
always unique. This is in sharp contrast with Theorem 1.1(iii-c), which ensures that, for every
p > 2 and q sufficiently close to 2 (depending on p), problem (3) admits multiple positive
solutions for a whole interval of values of λ. Observe also that, even though the existence of
positive solutions occuring only for λ below a threshold is independent of the δ–interaction
being linear or nonlinear, in the linear case the threshold is γ 2/4, that does not depend on p,
whereas in our doubly nonlinear model the value λp,q is sensitive to both nonlinearities.

We then turn our attention to normalized solutions. Our first aim is to provide a complete
portrait for existence of such solutions depending on the value of μ. From this perspective,
when in the followingwe say that problem (2) admits a normalized solutionwithmassμ > 0,
we will mean that, given μ, there exist u ∈ H1(R) and λ ≥ 0 for which (2) is satisfied.
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Fig. 1 The subsets of the pq-plane identified by the straight lines p = 2, p = 6, q = 2, q = 4, and q = p
2 +1

Since the behaviour of normalized solutions turns out to be quite varied depending on the
values of p and q , to ease the statement of the next theorem we introduce the following sets
in the pq–plane (see Figure 1):

· A =
{
(p, q) ∈ R

2 : 2 < p < 6, 2 < q <
p

2
+ 1

}
;

· B = {
(p, q) ∈ R

2 : p ≥ 6, 2 < q < 4
}
;

· C =
{
(p, q) ∈ R

2 : p > 6, 4 < q <
p

2
+ 1

}
· D =

{
(p, q) ∈ R

2 : p ≥ 6, q >
p

2
+ 1

}
;

· E = {
(p, q) ∈ R

2 : 2 < p < 6, q > 4
}

· F =
{
(p, q) ∈ R

2 : 2 < p < 6,
p

2
+ 1 < q < 4

}
;

· G = {
(p, q) ∈ R

2 : 2 < p < 6, q = 4
}
;

· H = {
(p, q) ∈ R

2 : p > 6, q = 4
}
;

· I =
{
(p, q) ∈ R

2 : p > 2, q = p

2
+ 1

}
.

Observe that these sets form a partition of the region (2,∞) × (2,∞) in the pq–plane.

Theorem 1.2 Let p, q > 2. The following holds:

(i) if (p, q) ∈ A ∪ E, then there exists μp,q > 0 such that (2) admits a solution if and only
if μ ≤ μp,q ;

(ii) if (p, q) ∈ B ∪ D, then (2) admits a solution for every μ > 0;
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(iii) if (p, q) ∈ C ∪ F, then there exists μp,q > 0 such that (2) admits a solution if and only
if μ ≥ μp,q ;

(iv) if (p, q) ∈ G, then there exists μp,4 > 2 such that (2) admits a solution if and only if
μ ∈ (2, μp,4];

(v) if (p, q) ∈ H, then (2) admits a solution if and only if μ > 2;

(vi) if (p, q) ∈ I , then (2) has no solution for every μ > 0 when p ≤ 8, whereas it admits a
solution for every μ > 0 when p > 8.

Furthermore, if p, q, μ are as in (i), (ii), (iv), (v) and (vi), up to a change of sign the solution
of (2) is unique.

Theorem 1.2 identifies in the straight lines p = 6, q = 4, and q = p
2 +1 the edges separating

the regimesof nonlinearitieswhere the behaviour of normalized solutions is sensibly different.
On the one hand, the value p = 6 governs the existence of large mass solutions. Indeed, for
any fixed q > 2, Theorem 1.2 shows that crossing p = 6 (that is, passing from regions A to
B, G to H, or E to D) restores existence of solutions with large μ. This transition is rooted
in the lack of nontrivial solutions in H1(R) of (3) with λ = 0 for every p ≥ 6, as stated in
Theorem 1.1(ii). Indeed, as shown in Section 3 below, for every p < 6 the critical valueμp,q

in Theorem 1.2(i)–(iv) is exactly the mass of the unique positive solution in H1(R) of (3)
with λ = 0 (computed in (15)). On the other hand, the existence of solutions with small mass
is determined by q = 4 and q = p

2 + 1: in the regions enclosed between the two straight
lines (C, F, G and H) no such solution exist, whereas they do exist in the outer regions (A,
B, D and E).

Furthermore, we point out that the lack of a discussion on the uniqueness of normalized
solutions when p, q, μ are as in Theorem 1.2(iii) is not accidental. In fact, in this regime
uniqueness fails to be true in general.

Theorem 1.3 There exist p, q, μ as in Theorem 1.2(iii) for which (2) admits two different
solutions.

Recall that, as it is well-known, u ∈ H1(R) solves (2) if and only if u is a critical point of
the associated energy functional E p,q : H1(R) → R

E p,q(v) := 1

2
‖v′‖2L2(R)

+ 1

p
‖v‖p

L p(R)
− 1

q
|v(0)|q

constrained to the set of functions with mass μ

H1
μ(R) :=

{
v ∈ H1(R) : ‖v‖2L2(R)

= μ
}

, (4)

with the parameter λ in (2) popping up as a Lagrange multiplier associated to the mass
constraint. In particular, among all critical points of the energy, a specific interest is usually
devoted to the ground states, defined as global minimizers of E p,q in H1

μ(R), i.e. functions
in H1

μ(R) that attain
Ep,q(μ) := inf

u∈H1
μ(R)

E p,q(u) . (5)

Observe that, before wondering whether ground states exist, one should understand for which
values of p, q and μ the ground state energy level Ep,q(μ) is finite. In our setting, this is not
evident due to the opposite signs of the two nonlinearities. The next theorem actually shows
that the proper balance of the nonlinear terms for Ep,q to be finite is determined again by the
relation between q and p

2 + 1.
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Theorem 1.4 For every p, q > 2 the ground state energy level Ep,q : [0,+∞) → R∪{−∞}
is non–positive and non–increasing on [0,+∞). Moreover,

(i) if q < max
{
4, p

2 + 1
}
, then Ep,q(μ) > −∞ for every μ > 0;

(ii) if p ∈ (2, 6) and q = 4, then

Ep,4(μ) =
{
0, if μ ∈ (0, 2],
−∞, if μ > 2;

(iii) if q > max
{
4, p

2 + 1
}
, then Ep,q(μ) = −∞ for every μ > 0.

Finally, if q �= p
2 + 1 or p < 6, then Ep,q is continuous on every interval where it is finite

As a direct consequence of Theorem1.4, ground states never exist when q > max
{
4, p

2 + 1
}
,

i.e. regions D and E in Figure 1, since in these regimes the energy is always unbounded from
below in the mass constrained space. By [12, Theorem 1.2], the same is true also when
p ∈ (2, 6) and q = 4, i.e. region G in Figure 1, even though Ep,q is actually finite for some
values of μ (see Remark 4.3 below for details). On the contrary, in the regimes of p, q for
which the ground state energy level is finite for every value of the mass, i.e. regions A, B, C, F
and H in Figure 1, ground states display a quite nontrivial phenomenology. Finally, note that,
although Theorem 1.4 does not manage completely region I in Figure 1 (only the subregion
with p ∈ (2, 6)), we are nevertheless able to discuss ground state existence there.

The next three theorems report ourmain results on ground states existence andmultiplicity.

Theorem 1.5 Let p > 2 and 2 < q < min
{
4, p

2 + 1
}
. The following holds:

(i) if p ∈ (2, 6), then Ep,q is negative on (0,+∞), strictly decreasing on [0, μp,q), and
Ep,q(μ) = Ep,q(μp,q) for every μ ≥ μp,q , where μp,q is the value identified in Theorem
1.2(i). Furthermore, ground states exist if and only if μ ∈ (0, μp,q ] and, for all such
masses, they are unique (up to a change of sign);

(ii) if p ≥ 6, then Ep,q is negative on (0,+∞) and strictly decreasing on [0,+∞), and
lim

μ→+∞ Ep,q(μ) > −∞. Furthermore, ground states exist and are unique (up to a change

of sign) for every μ > 0.

Moreover, there exists μp,q > 0 such that Ep,q is concave on [0, μp,q ] and convex on
[μp,q ,+∞).

Theorem 1.6 Let 2 < p < 6 and p
2 + 1 < q < 4, or p > 6 and 4 ≤ q <

p
2 + 1. Then, there

exists μ̃p,q > 0 such that

Ep,q(μ)

{
= 0, if μ ≤ μ̃p,q ,

< 0, if μ > μ̃p,q ,

Ep,q is strictly decreasing on [μ̃p,q ,+∞) and

lim
μ→+∞ Ep,q(μ)

{
= −∞, if 2 < p < 6, p

2 + 1 < q < 4,

> −∞, if p > 6, 4 ≤ q <
p
2 + 1.

Moreover, when q �= 4 ground states exist if and only if μ ≥ μ̃p,q . Conversely, when q = 4
it holds μ̃p,4 = 2 for every p > 6, ground states exist if and only if μ > 2 and, for all such
masses, they are unique (up to a change of sign).
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Theorem 1.7 Let p > 2 and q = p
2 + 1. Then Ep,q(μ) is not attained for any μ > 0.

With respect to Figure 1, Theorem 1.5(i) refers to region A, Theorem 1.5(ii) to B, Theorem
1.6 to C, F, H, and Theorem 1.7 to I. In view of Theorem 1.2 above, it is no surprise that the
existence/non-existence of small mass ground states as in Theorems 1.5–1.6 depends only on
(p, q) being outside/inside the portion of the pq–plane enclosed by q = 4 and q = p

2 + 1.
Furthermore, the uniqueness of fixed mass ground states reported in Theorem 1.5 and in
Theorem 1.6 with q = 4 is a direct consequence of the uniqueness results of Theorem 1.2. In
these regimes, corresponding to regions A, B and H, normalized solutions and ground states
coincide. Conversely, when (p, q) is either in C or in F, not only we do not know whether
ground states at fixed mass are unique in view of Theorem 1.3, but we cannot even tell
whether we have ground states for every mass for which a normalized solution exists, since
we do not know whether the thresholds μp,q , μ̃p,q found in Theorem 1.2(iii) and Theorem
1.6 coincide (we only have the trivial estimate μp,q ≤ μ̃p,q ).

One of the main element of interest of Theorems 1.5–1.6 lies perhaps in some rather
unexpected properties of the ground state energy level Ep,q . First, Ep,q is bounded from
below uniformly on μ > 0 whenever q <

p
2 + 1. In particular, this automatically implies

that ground states are bounded in L∞(R) uniformly on μ > 0. To the best of our knowledge,
this is the first time that such phenomenon is observed for NLS equations, since usually both
the L∞ norm and the energy blow up along sequences of ground states with mass diverging
to infinity. Second, when one further assumes q < 4, Theorem 1.5 proves that Ep,q is neither
concave nor convex on (0,+∞). This feature is quite surprising, since the NLS ground state
energy level has been proved to be concave not only when the nonlinearities share the same
sign (see e.g. [19]), but also with defocusing-focusing standard nonlinearities [37, Theorem
6]. Thus, it seems that these new phenomena are seated not only in the competition between
defocusing and focusing nonlinearities, but also in the point nature of one of them.

Observe that, when (p, q) belongs to regionA, the fact that Ep,q is constant on [μp,q ,+∞)

is particularly interesting also from a variational point of view. Typically, when NLS ground
states at a certain mass do not exist, this is due to the presence of an energetically conve-
nient problem at infinity that makes energy minimizing sequences converge weakly to zero,
thus losing all their mass in the limit (the vanishing case in the concentration–compactness
framework). On the contrary, this is not what happens here in region A. Indeed, since
Ep,q(μ) = Ep,q(μp,q) for every μ > μp,q , but it is attained only when μ = μp,q , energy
minimizing sequences with any mass μ strictly larger than the threshold will fail to be com-
pact in H1

μ(R) because only the partial amount of mass μ − μp,q runs away at infinity (with
vanishing energy), while the rest of the mass concentrates towards a non-zero weak limit that
is a ground state with mass μp,q .

To conclude, we highlight that, even though Theorem 1.7 rules out ground states at every
mass when q = p

2 + 1, no information is given about Ep,q when p ≥ 6 and q = p
2 + 1 in

Theorem 1.4. On the contrary, combining Theorem 1.7 with Section 4 below, it is easy to see
that Ep,q(μ) = 0 for every μ when p ∈ (2, 6).

Organization of the paper

The paper is organized as follows:

· Section 2 addresses the problem (3) without the mass constraint, providing the proof of
Theorem 1.1;
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· Section 3 investigates the dependence on λ of the mass of the solutions of (3) and proves
Theorems 1.2–1.3;

· in Section 4 we derive preliminary properties of the ground state energy level, including
Theorem 1.4;

· in Section 5 we complete the proof of our main results about ground states, namely
Theorems 1.5–1.6–1.7.

Notation

Whenever possible, in the rest of the paper we will use the shorthand notation ‖u‖r for the
Lr–norm of u.

2 Proof of Theorem 1.1

In this section we present the proof of the first result of the paper, namely Theorem 1.1. For
the sake of simplicity, we split the proof in three preliminary lemmas. The first one concerns
qualitative features of the solutions of (3).

Lemma 2.1 Let u ∈ H1(R) be a nontrivial solution of (3), for some λ ∈ R. Then, λ ≥ 0.
Moreover, u is even and, up to a change of sign, positive on R and strictly decreasing on R

+.

Proof Let u ∈ H1(R) be a nontrivial solution of (3), for some λ ∈ R. A standard bootstrap
argument shows that u ∈ H2(R+) ⊕ H2(R−), so that lim|x |→+∞ u(x) = lim|x |→+∞ u′(x) = 0.

Multiplying the equation in (3) by u′ and suitably integrating one has

u′(x)2 = λu(x)2 + 2

p
|u(x)|p, ∀x ∈ R \ {0}. (6)

Combining the continuity of u on R and u′ on R \ {0}, the boundary condition in (3) and (6),
one sees that u cannot vanish on R (otherwise, u ≡ 0 by the Cauchy–Lipschitz Theorem)

and, consequently, that λ ≥ 0 (otherwise 0 <
(

p|λ|
2

) 1
p−2 ≤ |u(x)| → 0, as |x | → +∞).

Furthermore, owing again to the continuity of u and u′, the boundary condition in (3) and
(6), it holds that u′(0−) = −u′(0+) �= 0. Thus, with a suitable change of variable, one
finds that u solves somehow the same Cauchy Problem on R

+ and R
−, which proves even

symmetry. Finally, in order to obtain decreasing monotonicity on R
+ of a positive solution

u, assume by contradiction that u′(x) > 0 for some x ∈ R
+. Then, (6) implies u′(y) =√

λu(y)2 + 2|u(y)|p

p > 0, for every y ≥ x , contradicting lim
s→+∞ u(s) = 0. ��

Now, in view of Lemma 2.1, in order to discuss existence and multiplicity of nontrivial
solutions in H1(R) of (3), it suffices to focus on positive solutions. We present below such
discussion dividing the cases λ > 0 and λ = 0 (recall that Lemma 2.1 also prevents the case
λ < 0).

Lemma 2.2 Let p, q > 2. The following holds:

(i) if q >
p
2 + 1, then (3) has a unique positive solution in H1(R), for every λ > 0;

(ii) if q <
p
2 + 1, then there exists λp,q > 0 such that (3) has exactly:
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· two positive solutions in H1(R) for every λ ∈ (0, λp,q),

· one positive solution in H1(R) for λ = λp,q ,

· no positive solution in H1(R) for λ > λp,q ;

(iii) if q = p
2 + 1, then, for every λ > 0, (3) has:

· no positive solution in H1(R) for p ∈ (2, 8],
· a unique positive solution in H1(R) for p > 8.

Proof First, let u ∈ H1(R) be a positive solution of (3) for some λ > 0. By Lemma 2.1 and
(6),

1 = − u′(t)√
λu(t)2 + 2

p u(t)p
, ∀t > 0.

Integrating on (0, x), with x > 0, the change of variable s = ( 2
pλ

) 1
p−2 u(t) and some simple

computation yield

x = − 1√
λ

∫ ( 2
pλ

) 1
p−2 u(x)(

2
pλ

) 1
p−2 u(0)

ds√
1 + s p−2

.

Thus, by the change of variable y = s
p−2
2 and [30, Eq. 2.275.4, pag. 101],

x = 2√
λ(p − 2)

⎡
⎣arccoth

⎛
⎝
√
2u(x)p−2

pλ
+ 1

⎞
⎠− arccoth

⎛
⎝
√
2u(0)p−2

pλ
+ 1

⎞
⎠
⎤
⎦ .

Hence, suitably rearranging terms and recalling that u is even, one obtains that it has to be
of the form

u(x) =
{

pλ

2

[
coth

(
p − 2

2

√
λ(|x | + a)

)2

− 1

]} 1
p−2

, ∀x ∈ R, (7)

for some constant a ∈ R
+ that satisfies

2
√

λ coth

(
p − 2

2

√
λ a

)
= u(0)q−2, (8)

where this last condition on the constant a follows from the boundary condition in (3) (and,
again, the fact that u is even). On the other hand, it is easy to check that a function defined as
in (7), with a ∈ R

+ satisfying (8), is a positive solution in H1(R) of (3). Hence, in order to
discuss existence and multiplicity of solutions of (3) it suffices to investigate existence and
multiplicity of the solutions a ∈ R

+ of (8), on varying λ ∈ R
+.

To this aim, define the family of functions

tλ(a) := coth

(
p − 2

2

√
λ a

)
(9)

and set t = tλ(a) in (8) so that, in view of (7), one obtains

t

(t2 − 1)
q−2
p−2

= 1

2

( p

2

) q−2
p−2

λ
2q−p−2
2(p−2) . (10)
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Note that, since tλ(·) is a continuous and strictly decreasing bijection of R+ onto (1,+∞),
for every λ > 0, we can equivalently study existence and multiplicity of the solutions
t ∈ (1,+∞) of (10), on varying λ ∈ R

+. Now, let

f (t) := t

(t2 − 1)
q−2
p−2

and g(λ) := 1

2

( p

2

) q−2
p−2

λ
2q−p−2
2(p−2) , (11)

so that (10) becomes f (t) = g(λ). Clearly,

f ′(t) =
p+2−2q

p−2 t2 − 1

(t2 − 1)
p+q−4

p−2

and g′(λ) = 2q − p − 2

4(p − 2)

( p

2

) q−2
p−2

λ
2q−3p+2
2(p−2) .

If q >
p

2
+ 1, then lim

t→1+ f (t) = +∞, lim
t→+∞ f (t) = 0, and f ′(t) < 0 for every t > 1,

whereas lim
λ→0+ g(λ) = 0, lim

λ→+∞ g(λ) = +∞, and g′(λ) > 0 for every λ > 0. Hence, for

every fixed λ > 0, (10) is satisfied for a unique value of t > 1, which proves point (i).
If, on the contrary, q <

p
2 + 1, then lim

t→1+ f (t) = lim
t→+∞ f (t) = +∞ and f ′ has a unique

zero in (1,+∞), whereas lim
λ→0+ g(λ) = +∞, lim

λ→+∞ g(λ) = 0, and g′(λ) < 0 for every

λ > 0.Hence, denotingbyλp,q > 0 the unique solutionof the equation g(λ) = min
t∈(1,+∞)

f (t),

we obtain that (10) is satisfied for exactly two values of t in (1,+∞) when λ ∈ (0, λp,q),
for exactly one value of t in (1,+∞) when λ = λp,q , and for no value of t ∈ (1,+∞) when
λ > λp,q , which proves point (ii).

Finally, if q = p
2 + 1, then

f (t) = t√
t2 − 1

and g(λ) =
√

p

2
√
2
. (12)

In particular, lim
t→1+ f (t) = +∞, lim

t→+∞ f (t) = 1, and f ′(t) < 0 for every t > 1, whereas

g(λ) is constant onR+. Hence, (10) is satisfied by a value of t if and only if the quantity
√

p

2
√
2

is greater than 1, and in this case such value is unique. Since this requires p > 8, also the
proof of point (iii) is complete. ��
Lemma 2.3 Let p, q > 2 and λ = 0. Then, (3) admits a positive solution in H1(R) if and
only if p ∈ (2, 6) and q �= p

2 + 1, and such solution is unique.

Proof Arguing as in the proof of Lemma 2.2, one can check that u ∈ H1(R) is a positive
solution of (3) with λ = 0 if and only if p < 6 and u is of the form

u(x) = cp

(|x | + a)
2

p−2

, ∀x ∈ R, with cp :=
( √

2p

p − 2

) 2
(p−2)

, (13)

for some constant a ∈ R
+ such that

cq−2
p = 4a

2q−p−2
p−2

p − 2
, (14)

(note that, for p ≥ 6, positive solutions are still of the form (13), but do not belong to
L2(R)). Hence, existence and multiplicity of positive solutions of (3) can be reduced again
to existence and multiplicity of solutions a ∈ R

+ to (14). If q �= p
2 + 1, then it is immediate
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to see that (14) has a unique positive solution. Conversely, if q = p
2 + 1, then (14) has no

solution whenever p ∈ (2, 6) (it is always fulfilled when p = 8, but this give rise to a solution
that is not in H1(R)). ��

Finally, we can sum up all the previous results to obtain

Proof of Theorem 1.1 The first features of the solutions and point (i) follow by Lemma 2.1;
whereas, points (ii) and (iii) follow by Lemmas 2.2 and 2.3, respectively. ��

3 Proofs of Theorems 1.2–1.3

In this section we present the proofs of Theorems 1.2–1.3. Note that throughout the section
we focus only on positive and even solutions of (2), strictly decreasing on R

+, since this is
not restrictive by Lemma 2.1.

The proofs of the mentioned results relies on a detailed analysis of the masses of the
stationary states identified in the previous section. In the case λ = 0, letting u0 be the sole
positive solution in H1(R) of (3) provided by Lemma 2.3, a straightforward computation
shows

‖u0‖22 = 2
3(q−p+2)
2q−p−2 p

q−4
2q−p−2

6 − p
=: μ0. (15)

In the case λ > 0 the computation is far from being immediate and, to obtain some infor-
mation, we essentially use the fact that, by the argument of the proof of Lemma 2.2, given
p, q > 2, each solution u of (3), with λ > 0 fixed, corresponds to a value t ∈ (1,+∞) that
satisfies (10). In particular, we exploit this relation to obtain an explicit formula for the mass
of u in terms of the associated value of t .

Preliminarily, recall that, by (7), a solution u of (3) with λ > 0 satisfies

‖u‖22 = 2
∫
R+

|u(x)|2 dx = 2

(
pλ

2

) 2
p−2

∫ +∞

a

(
coth

(
p − 2

2

√
λ x

)2

− 1

) 2
p−2

dx ,

By the change of variable s = coth

(
p − 2

2

√
λ x

)
, one can check that the previous formula

reads

‖u‖22 = 2
2p−6
p−2 p

2
p−2

p − 2
λ

6−p
2(p−2)

∫ t

1
(s2 − 1)

4−p
p−2 ds , (16)

where t is the number in (1,+∞) associated to u by (10) (in view of (9)), which depends
in general by λ. However, it is worth recalling that, whenever p > 8 and q = p

2 + 1, the
proof of Lemma 2.2 shows that t depends in fact only on p and q , and is independent of λ.
This means that, in this regime of p, q , the mass of the solution u of (3), with λ > 0 fixed,
is given by

‖u‖22 = Mp,q λ
6−p

2(p−2) =: μ(λ), (17)

with

Mp,q := 2
2p−6
p−2 p

2
p−2

p − 2

∫ t

1
(s2 − 1)

4−p
p−2 ds .

Thus, we can start characterizing the mass of the stationary states by this last, and easy, case.
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Lemma 3.1 Let p > 8 and q = p
2 + 1. Then, for every μ > 0, there exists a unique positive

solution of (3) in H1
μ(R) (H1

μ(R) being defined by (4)).

Proof It is sufficient to note that the map λ �→ μ(λ) defined in (17) is a bijection of R+ onto
itself. ��

Let us, now, focus on the case q �= p
2 +1. Using the one–to–one correspondence between

solutions u of (3), with λ > 0 fixed, and solutions t ∈ (1,+∞) of (10), the relation between
t and λ given again by (10) and the definition of f (t) given by (11), we can rewrite the right
hand side of (16) as a function of t (note that this is possible since the function g defined by
(11) is a bijection of R+ onto itself whenever q �= p

2 + 1). Precisely,

‖u‖22 = μ(t)

with μ : (1,+∞) → R
+ given by

μ(t) := C p,q f (t)
6−p

2q−p−2 I (t), (18)

where

I (t) :=
∫ t

1
(s2 − 1)

4−p
p−2 ds and C p,q := 2

3(q−p+2)
2q−p−2 p

q−4
2q−p−2

p − 2
. (19)

Note also that I (t) is well defined since 4−p
p−2 > −1 for every p > 2, and that, in view of

(15), if p ∈ (2, 6) and q > 2, (with q �= p

2
+ 1), then

μ0 = p − 2

6 − p
C p,q . (20)

It is, thus, crucial to establish the qualitative behavior of μ(t) in (1,+∞). We begin with
the analysis of its asymptotic behaviours.

Lemma 3.2 Let p, q > 2 with q �= p
2 + 1. It holds that

μ(t) ∼ p
q−4

2q−p−2 2
6−p

2q−p−2 (t − 1)
q−4

2q−p−2 , as t → 1+. (21)

Moreover, there exist cp,q > 0 (depending on p, q) such that

μ(t) ∼

⎧⎪⎨
⎪⎩

μ0, if p ∈ (2, 6),

C6,q log(t), if p = 6,

cp,q t
p−6
p−2 , if p > 6,

as t → +∞,

with μ0 defined by (15) and C6,q defined by (19).

Proof By (18), the analysis of the asymptotic behaviour of μ(t) relies on those of f (t)
(defined by (11)) and I (t) (defined by (19)). As for f (t), it is easy to check that

f (t) ∼
⎧⎨
⎩2

− q−2
p−2 (t − 1)−

q−2
p−2 , as t → 1+,

t
p+2−2q

p−2 , as t → +∞.
(22)

Let us turn to I (t). A straightforward application of de l’Hôpital shows that

I (t) ∼ 2
6−2p
p−2 (p − 2)(t − 1)

2
p−2 , as t → 1+, (23)
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which, together with (22), yields (21).
Focus, then, on the case t → +∞. First, discuss powers p ∈ (2, 6). Note that, if p = 4,

then I (t) = t − 1, that combined with (22) gives f (t)
6−p

2q−p−2 I (t) → 1, as t → +∞, whence
we conclude in view of (20). Conversely, if p ∈ (2, 4), then we have∫ t

1
(s − 1)

2(4−p)
p−2 ds ≤ I (t) ≤

∫ t

1
(s + 1)

2(4−p)
p−2 ds,

whereas, if p ∈ (4, 6), then it holds∫ t

1
(s + 1)

2(4−p)
p−2 ds ≤ I (t) ≤

∫ t

1
(s − 1)

2(4−p)
p−2 ds. (24)

Computing explicitly the integrals in the previous estimates and coupling again with (22)
entail, for every p ∈ (2, 6),

f (t)
6−p

2q−p−2 I (t) ∼ p − 2

6 − p
as t → +∞,

whence, again, we conclude by (20).
Let, then, p ≥ 6 and write

I (t) =
∫ 2

1
(s2 − 1)

4−p
p−2 ds +

∫ t

2
(s2 − 1)

4−p
p−2 ds.

As the former integral is finite for every p ≥ 6, it is sufficient to focus on the latter. Here,

using (again) de l’Hôpital for p = 6 and the fact that
4 − p

p − 2
< −1

2
for p > 6, we find that

∫ t

2
(s2 − 1)

4−p
p−2 ds ∼

{
log(t), if p = 6,

K p, if p > 6,
as t → +∞,

so that

I (t) ∼
{
log(t) if p = 6

K p, if p > 6,
as t → +∞,

for a suitable constant K p > 0. Combining again with (22), the proof is complete. ��
In the next lemma we establish the regimes of p, q where μ(t) is strictly increasing.

Lemma 3.3 Let p > 2. If

q ∈ (2, 4] and q <
p

2
+ 1 , or q ≥ 4 and q >

p

2
+ 1 , (25)

the map t �→ μ(t) defined in (18) is strictly increasing on (1,+∞).

Proof By definition, μ(t) is of class C1 on (1,+∞) and

μ′(t) = C p,q
f (t)

2(4−q)
2q−p−2

(t2 − 1)
p+q−6

p−2

h(t) ,

where C p,q is as in (19) and

h(t) := 6 − p

p − 2

p−2
p+2−2q − t2

(t2 − 1)
2

p−2

I (t) + t . (26)
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Since f (t) and t2 − 1 are strictly positive for every t ∈ (1,+∞), in order to conclude it
suffices to establish that, if p, q satisfy (25), then h(t) > 0 for every t > 1.Note preliminarily
this is straightforward when p ≥ 6 and q >

p
2 +1.We divide the discussion on the remaining

range of powers in three parts.

Part 1: p ∈ (2, 6) and 2 < q <
p
2 + 1. Since t2 ≤ p−2

p+2−2q immediately yields h(t) > 0,

it is left to study the case t2 >
p−2

p+2−2q . Assume first p < 4. Integrating by parts we have

I (t) = t(t2 − 1)
4−p
p−2 − 2(4 − p)

p − 2

∫ t

1
s2(s2 − 1)

6−2p
p−2 ds.

Since, for every s > 1,

s2(s2 − 1)
6−2p
p−2 = (s2 − 1)

4−p
p−2 + (s2 − 1)

6−2p
p−2 ,

plugged into the previous identity we obtain

I (t) = p − 2

6 − p
t(t2 − 1)

4−p
p−2 − 2(4 − p)

6 − p

∫ t

1
(s2 − 1)

6−2p
p−2 ds.

Thus, combined with (26), we find

h(t) = 2(q − 2)t

(p + 2 − 2q)(t2 − 1)
− 2(4 − p)

p − 2

p−2
p+2−2q − t2

(t2 − 1)
2

p−2

∫ t

1
(s2 − 1)

6−2p
p−2 ds,

which shows that, h(t) > 0. Assume, then, p ∈ [4, 6). By the second inequality in (24) we

have I (t) ≤ p−2
6−p (t − 1)

6−p
p−2 for every t > 1, so that

h(t) ≥
p−2

p+2−2q − t2

(t2 − 1)
2

p−2

(t − 1)
6−p
p−2 + t >

1 − t2

(t2 − 1)
2

p−2

(t − 1)
6−p
p−2 + t

= t − (t2 − 1)
p−4
p−2 (t − 1)

6−p
p−2 = t − (t + 1)

p−4
p−2 (t − 1)

2
p−2 ,

the second inequality coming from the fact that p−2
p+2−2q > 1. Since p−4

p−2 < 1
2 and 2

p−2 < 1
2 ,

the right–hand side of the previous estimate is strictly positive for every t > 1 and so, also
in this case, h(t) > 0, which concludes the proof of Part 1.

Part 2: p ≥ 6 and 2 < q ≤ 4. When p = 6 there is nothing to prove, since h(t) = t > 0
on (1,+∞). Assume, then, p > 6. In this case, it is obvious that h(t) > 0, whenever
t2 ≥ p−2

p+2−2q . Let us focus, then, on the values of t > 1 such that t2 <
p−2

p+2−2q . Since

I (t) < 2
4−p
p−2

∫ t

1
(s − 1)

4−p
p−2 ds = 2

6−2p
p−2 (p − 2)(t − 1)

2
p−2 ,

reminding that 1 < t <

√
p−2

p+2−2q , we obtain

h(t) > 2
6−2p
p−2 (6−p)

p−2
p+2−2q − t2

(t + 1)
2

p−2

+t > 2
6−2p
p−2 (6−p)

p−2
p+2−2q − 1

2
2

p−2

+1 = (p − 2)(4 − q)

2(p + 2 − 2q)
≥ 0,

where we used that the function s �→ 2
6−2p
p−2 (6 − p)

p−2
p+2−2q −s2

(s+1)
2

p−2
+ s is strictly increasing on

the interval
(
1,
√

p−2
p+2−2q

)
.
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Part 3: p ∈ (2, 6) and q ≥ 4. By (26) and the assumptions on p, q , in order to prove that
h(t) > 0 for every t > 1, it is enough to check that

ϕ1(t) := I (t)

(t2 − 1)
2

p−2

<
p − 2

6 − p

t

t2 + p−2
2q−p−2

=: ϕ2(t), ∀t > 1. (27)

Observe that ϕ2(1) = (p−2)(2q−p−2)
2(6−p)(q−2) , whereas (23) gives lim

t→1+ ϕ1(t) = p−2
4 , so that it is easy

to see that ϕ2(1) ≥ lim
t→1+ ϕ1(t) whenever p ∈ (2, 6) and q ≥ 4. Moreover,

ϕ′
1(t) = 1

t2 − 1

(
1 − 4t I (t)

(p − 2)(t2 − 1)
2

p−2

)
and ϕ′

2(t) = p − 2

6 − p

p−2
2q−p−2 − t2(

t2 + p−2
2q−p−2

)2 .

On the one hand, this immediately implies that ϕ2 is strictly increasing on
(
1,
√

(p−2)
(2q−p−2)

)
and strictly decreasing on

(√
(p−2)

(2q−p−2) ,+∞
)
. On the other hand, note that I (t) ∼

p−2
4

(t2−1)
2

p−2

t , as t → 1+, and

I ′(t) = (t2 − 1)
4−p
p−2 >

(t2 − 1)
4−p
p−2

t
− p − 2

4

(t2 − 1)
2

p−2

t2
=
(

p − 2

4

(t2 − 1)
2

p−2

t

)′

for every t > 1. Hence, ϕ′
1(t) < 0 for every t > 1, so that ϕ1 is strictly decreasing on

(1,+∞).
Now, assume by contradiction that (27) is not satisfied. By the monotonicity of ϕ1 and ϕ2,

this implies the existence of t > 1 such that

ϕ1(t) = ϕ2(t). (28)

ϕ′
1(t) ≥ ϕ′

2(t). (29)

Using (27) and (28), I (t) = ϕ2(t)(t
2 − 1)

2
p−2 , so that (29) reads

1

t2 − 1

⎛
⎝1 − 4t2

(6 − p)
(

t2 + p−2
2q−p−2

)
⎞
⎠ ≥ p − 2

6 − p

p−2
2q−p−2 − t2(

t2 + p−2
2q−p−2

)2 .

Thus, expanding computations and multiplying both sides times − (6−p)[(2q−p−2)t2+p−2]
p−2 ,

which is negative for the chosen range of p, q , we have

(2q − p − 2)t2 − (6 − p)

t2 − 1
≤ (2q − p − 2) − 2(2q − p − 2)(p − 2)

(2q − p − 2)t2 + (p − 2)
.

Hence, multiplying times t2 − 1 and suitably rearranging terms, we obtain

(2q − p − 2)(p − 2)(t2 − 1)

(2q − p − 2)t2 + (p − 2)
≤ 4 − q,

which is a contradiction as the left hand side positive and the right hand side is nonpositive
for the chosen range of p, q . ��
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Remark 3.4 Note that Lemma 3.3 does not cover the cases p ∈ (2, 6), p
2 + 1 < q < 4, and

p > 6, 4 < q <
p
2 + 1. This is not due to a flaw in the result, but it is rather seated in the

structure of the problem. Indeed, in these regimes the map t �→ μ(t) defined in (18) is not
monotone in general. In the latter case, this is an immediate consequence ofLemma3.2,which
entails lim

t→1+ μ(t) = lim
t→+∞ μ(t) = +∞. In the former case, the study of the monotonicity

for general p, q can be rather hard. However, taking e.g. p = 4 yields I (t) = t − 1, so that
the function h(t) defined by (26) reads h(t) = (q−3)t−1

(q−3)(t+1) , that changes sign on (1,+∞) for
every q ∈ (3, 4).

Now, we have all the elements to prove Theorems 1.2–1.3.

Proof of Theorem 1.2 If 2 < p < 6 and 2 < q <
p
2 + 1, then, by Theorem 1.1(ii) and

Theorem 1.1(ii)(iii)(c), (3) admits a nontrivial solution in H1(R) if and only if λ ∈ [0, λp,q ].
Moreover, by Lemma 3.2 the mass of such solutions satisfies

lim
t→1+ μ(t) = 0 and lim

t→+∞ μ(t) = μ0 ,

where μ0 is the mass of the solution of (3) with λ = 0 defined by (15). Since μ(t) is
continuous and, by Lemma 3.3, strictly increasing on (1,+∞), this shows that (2) admits
a nontrivial solution if and only if μ ∈ (0, μp,q ], with μp,q = μ0, and that such solution
is unique. Conversely, if 2 < p < 6 and q > 4, then, by Theorem 1.1(iii)(a), (3) admits a
nontrivial solution in H1(R) for every λ ≥ 0. However, since Lemmas 3.2 and 3.3 provide
the same asymptotics and monotonicity for μ(t), respectively, one obtains the same result,
which thus completes the proof of Theorem 1.2(i) together with the associated uniqueness
claim.

If p ≥ 6, then, by Theorem 1.1(ii) and Theorem 1.1(iii), we have that (3) admits a
nontrivial solution in H1(R) only for λ ∈ (0, λp,q ], when q ∈ (2, 4), and only for λ > 0,
when q >

p
2 + 1. Since in these cases Lemma 3.2 yields

lim
t→1+ μ(t) = 0 and lim

t→+∞ μ(t) = +∞,

again by the continuity of μ(t) one obtains Theorem 1.2(ii). In addition, the associated
uniqueness claim follows again by the monotonicity established by Lemma 3.3.

Let, now, p ∈ (2, 6) and p
2 +1 < q < 4. By Theorem 1.1, (3) admits a nontrivial solution

in H1(R) for every λ ≥ 0. Also, Lemma 3.2 shows that

lim
t→1+ μ(t) = +∞ and lim

t→+∞ μ(t) = μ0.

By continuity, this shows thatμ(t) is uniformly bounded away from zero on (1,+∞). Hence,
(2) admits a solution if and if μ ≥ μp,q , for some μp,q > 0. On the other hand, when p > 6
and 4 < q <

p
2 +1, by Theorem1.1(ii) and Theorem1.1(iii)(a), (3) admits nontrivial solution

only for λ ∈ [0, λp,q ]. However, since the behavior of μ(t) is completely analogous, with
the only difference that lim

t→+∞ μ(t) = +∞, Theorem 1.2(iii) follows.

When p ∈ (2, 6) and q = 4, (3) admits a nontrivial solution in H1(R) for every λ ≥ 0
again by Theorem 1.1(ii) and Theorem 1.1(iii)(a). Moreover, Lemma 3.2 gives

lim
t→1+ μ(t) = 2 and lim

t→+∞ μ(t) = μ0 ,

and Lemma 3.3 guarantees that μ(t) is strictly increasing on (1,+∞). Hence, (2) admits a
solution for every μ ∈ (2, μ0], which proves Theorem 1.2(iv), and such solution is unique.
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Theorem 1.2(v) and the associated uniqueness claim can be proved in the very same way,
simply replacing μ0 with +∞.

Finally, since the content of Theorem1.2(vi) is proved byLemma3.1 andTheorem1.1(iii),
we conclude. ��
Proof of Theorem 1.3 It is an immediate consequence of Remark 3.4. ��
Remark 3.5 Since we need it later, let us focus on the map that associates each t ∈ (1,+∞)

with the unique positive solution ut ∈ H1(R) of (3) with λ > 0 obtained through (7)–(10),
and +∞ with the solution u∞ ∈ H1(R) of (3) with λ = 0 given by (13) (note that this last
abuse of notation is consistent since, setting t = +∞ in (10), one obtains λ = 0). One can
check that this map is continuous from any interval I ⊆ (1,+∞] on which it is defined to
H1(R). Indeed, by (7)–(10) and (13), one can see that ut → ut pointwise onR as t → t ∈ I .
Moreover, since (ut )t∈I is equibounded in H1(R) and every ut is radially decreasing on R

(by Lemma 2.1), we have ut → ut in Lr (R) for every r ∈ (2,+∞], whereas the convergence
of ut to ut in L2(R) is a direct consequence of the continuity of the map μ(t) defined by
(18). Given that (10) also ensures that each value of t is associated with a single λ(t) and
that the map t �→ λ(t) is continuous, passing to the limit as t → t in (3) and exploiting the
convergences proved so far one can prove that ut → ut in H1(R).

4 Proof of Theorem 1.4

In this section we establish some preliminary features of the ground state energy level Ep,q ,
defined by (5), which play an important role in the rest of the paper. Precisely, we prove
Theorem 1.4.

Since we frequently use them throughout, we recall here the following Gagliardo–
Nirenberg inequalities:

‖u‖p
p ≤ K p‖u‖

p
2 +1
2 ‖u′‖

p
2 −1
2 , ∀u ∈ H1(R), p > 2, (30)

for suitable constants K p > 0, and

‖u‖2∞ ≤ ‖u‖2‖u′‖2, ∀u ∈ H1(R). (31)

Furthermore, observe that for every p, q > 2 and μ1, μ2 > 0, if one takes u ∈ H1
μ1

(R) and
sets

v(x) :=
(

μ2
μ1

)α

u

(
x
(

μ2
μ1

)2α−1
)

, ∀x ∈ R,

for any given α > 0, then one obtains that v ∈ H1
μ2

(R) and

Ep,q(μ2) ≤ E p,q(v) = 1

2

(
μ2

μ1

)4α−1

‖u′‖22+
1

p

(
μ2

μ1

)α(p−2)+1

‖u‖p
p− 1

q

(
μ2

μ1

)αq

|u(0)|q .

(32)

Remark 4.1 Observe that, for every p, q > 2, the map μ �→ Ep,q(μ) is non–positive and
non–increasing on (0,+∞). To see that Ep,q(μ) ≤ 0 for every p, q > 2 and μ > 0 one
can argue as follows. Let (un)n ⊂ H1

μ(R) be such that un ≡ cn on [−n2, n2], un ≡ 0 on
R \ [−n2 − 1, n2 + 1], and un is linear both on [n2, n2 + 1] and on [−n2 − 1,−n2]. Here,
cn > 0 is chosen to guarantee that ‖un‖22 = μ. Since a direct computation easily shows
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that cn ∼ n−1
√

μ
2 , as n → +∞, it follows that Ep,q(μ) ≤ lim

n→+∞ E p,q(un) = 0. On the

other hand, to see the monotonicity of Ep,q , let 0 < μ1 < μ2 and (vn)n ⊂ H1
μ1

(R) be
such that E p,q(vn) → Ep,q(μ1) as n → +∞. Without loss of generality, assume also that
(vn)n ⊂ C∞

0 (R). Set, now, wn(x) := vn(x) + un(x − yn), where (un)n ⊂ H1
μ2−μ1

(R) is
defined as in the first part of the remark, but with mass μ2 − μ1, and yn ∈ R is such that the
supports of vn and of un(· − yn) are disjoint for every n. Then, (wn)n ∈ H1

μ2
(R) and

Ep,q(μ2) ≤ lim
n→+∞ E p,q(wn) = lim

n→+∞ E p,q(vn) + lim
n→+∞ E p,q(un)

= Ep,q(μ1) + Ep,q(μ2 − μ1) ≤ Ep,q(μ1),

where the last inequality is due to the non–positivity of Ep,q(·).
The next two lemmas discuss the lower boundedness of E p,q in H1

μ(R) depending on the
different values of p, q .

Lemma 4.2 If p > 2 and q > max
{
4, p

2 + 1
}
, then Ep,q(μ) = −∞ for every μ > 0.

Moreover, if p ∈ (2, 6) and q = 4, then

Ep,4(μ) =
{
0 if μ ≤ 2

−∞ if μ > 2 .

Proof Fix p > 2, q > max
{
4, p

2 + 1
}
and μ > 0. Setting u(x) := δe−δ2|x |, for every x ∈ R

and for a suitable δ > 0 to be chosen, we have u ∈ H1
1 (R). Then, letting

v(x) := μ
1

4−q u

(
μ

q−2
4−q x

)
,

we have that v ∈ H1
μ(R) and

E p,q(v) = −μ
q

4−q

(
δq

q
− δ4

2

)
+ 2δ p−2

p2
μ

p+2−q
4−q .

Since q > 4, taking δ sufficiently large yields E p,q(v) ≤ C

(
−μ

q
4−q + μ

p+2−q
4−q

)
, for a

suitable constant C > 0, and thus, by q >
p
2 + 1 we obtain

Ep,q(μ) ≤ E p,q(v) → −∞ as μ → 0+.

This, together with Remark 4.1, proves that Ep,q(μ) = −∞ for every μ > 0.
Consider, now, the case p ∈ (2, 6), q = 4. Recall that, by [12, Theorem 1.2], for every

μ ≤ 2 and u ∈ H1
μ(R) we have

E p,4(u) >
1

2
‖u′‖22 − 1

4
|u(0)|4 ≥ 0.

Hence, combining with Remark 4.1 yields Ep,q(μ) = 0 for every μ ≤ 2. Conversely, if
μ > 2, then, again by [12, Theorem 1.2], there exists u ∈ H1

μ(R) such that

1

2
‖u′‖22 − 1

4
|u(0)|4 < 0.

Thus, letting vα(x) := √
αu(α x), we have vα ∈ H1

μ(R) for every α > 0 and

Ep,4(μ) ≤ E p,4(vα) = α2
(
1

2
‖u′‖22 − 1

4
|u(0)|4

)
+ α

p
2 −1

p
‖u‖p

p → −∞ as α → +∞,
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since
p

2
− 1 < 2 whenever p ∈ (2, 6). ��

Remark 4.3 Incidentally, observe that the previous proof also shows that Ep,4(μ) cannot be
attained when μ ≤ 2, even though it is finite here.

Lemma 4.4 If p > 2 and q < max
{
4, p

2 + 1
}
, then Ep,q(μ) > −∞ for every μ > 0.

Proof When q < 4, finiteness of Ep,q(μ) every μ > 0 is a direct consequence of (31). It is
then left to discuss the case p > 6 and 4 ≤ q <

p
2 + 1. Assume by contradiction that there

exist μ > 0 and (un)n ∈ H1
μ(R) such that E p,q(un) → −∞. In particular, for every n,

1

2
‖u′

n‖22 + 1

p
‖un‖p

p <
1

q
|un(0)|q . (33)

Now, since, (again) for every n,

∣∣∣∣2|un(0)|q −
∫ 1

−1
|un(x)|q dx

∣∣∣∣ =
∣∣∣∣
∫ 1

−1
(|un(0)|q − |un(x)|q )dx

∣∣∣∣
≤ 2q

∫ 1

−1
|u′

n(t)||un(t)|q−1dt ≤ 2q‖u′
n‖L2(−1,1)‖un‖q−1

L2(q−1)(−1,1)
,

combining with Young inequality we obtain

1

q
|un(0)|q ≤ 1

2q
‖un‖q

Lq (−1,1) + ‖u′
n‖L2(−1,1)‖un‖q−1

L2(q−1)(−1,1)

≤ 1

2q
‖un‖q

Lq (−1,1) + 1

6
‖u′

n‖22 + 3

2
‖un‖2(q−1)

L2(q−1)(−1,1)
. (34)

Since 4 ≤ q <
p
2 + 1, then q < 2(q − 1) < p and by interpolation

3

2
‖un‖2(q−1)

L2(q−1)(−1,1)
≤ C1‖un‖2θ(q−1)

Lq (−1,1)‖un‖2(1−θ)(q−1)
L p(−1,1) ,

for some C1 > 0, where

1

2(q − 1)
= θ

q
+ 1 − θ

p
and θ ∈ (0, 1). (35)

Since 2(1 − θ)(q − 1) < p, again by Young inequality,

C1‖un‖2θ(q−1)
Lq (−1,1)‖un‖2(1−θ)(q−1)

L p(−1,1) ≤ C2‖un‖2θα(q−1)
Lq (−1,1) + 1

3p
‖un‖p

p,

with C2 > 0 and

α = p

p − 2(q − 1)(1 − θ)
,

so that, by (35),

α(q − 1) = p
p

q−1 − 2(1 − θ)
= 1

1
q−1 − 21−θ

p

= q

2θ

whence 2θα(q − 1) = q . Thus, plugging into (34), we get

1

q
|un(0)|q ≤ C3‖un‖q

Lq (−1,1) + 1

3p
‖un‖p

p + 1

6
‖u′

n‖22 ,
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with C3 > 0, and combining with (33) yields

|un(0)|q ≤ C4‖un‖q
Lq (−1,1) ≤ C5‖un‖q

p, with C4, C5 > 0, (36)

where we also used Hölder inequality combined with the condition q < p. Now, on the
one hand, since E p,q(un) → −∞, then |un(0)|q → +∞, so that ‖un‖p → +∞. On

the other hand, since (33) implies ‖un‖p
p ≤ p|un(0)|q

q , relying again on (36), we obtain

‖un‖p
p ≤ C6‖un‖q

p for a suitable C6 > 0. Hence, ‖un‖p is uniformly bounded, which
contradicts the previous claim. ��

We can now complete the proof of Theorem 1.4.

Proof of Theorem 1.4 By Remark 4.1 and Lemmas 4.2–4.4, it is left to prove the continuity
of the map μ �→ Ep,q(μ) on (0,+∞) when p > 2 and q < max

{
4, p

2 + 1
}
. Let, then,

μn → μ as n → +∞, for some μ > 0, and, for fixed ε > 0, let (un)n ⊂ H1
μn

(R) be such
that, for every n,

Ep,q(μn) ≤ E p,q(un) ≤ Ep,q(μn) + ε .

Using (30)–(31) when q ∈ (2, 4) and arguing as in the proof of Lemma 4.4 when 4 ≤ q <
p

2
+ 1, one can check that Ep,q(μn) is uniformly bounded for large n and that (un)n is

bounded in H1(R). Therefore, applying (32) with u = un , μ1 = μn , μ2 = μ, and taking
n → +∞ we obtain

Ep,q(μ) ≤ lim inf
n→+∞ E p,q(un) ≤ lim inf

n→+∞ Ep,q(μn) + ε.

Since ε > 0 is arbitrary, this yields

Ep,q(μ) ≤ lim inf
n→+∞ Ep,q(μn) . (37)

Similarly, relying again on (32) with μ1 = μ, μ2 = μn , for every u ∈ H1
μ(R) we have

lim sup
n→+∞

Ep,q(μn) ≤ E p,q(u) .

Taking the infimum over u ∈ H1
μ(R) and coupling with (37), we conclude. ��

We end this section with a couple of results that are useful to address the existence of
ground states discussed in Section 5. The former establishes a sufficient condition for the
strict monotonicity of Ep,q , the latter provides a general existence criterion for ground states.

Lemma 4.5 Let μ > 0 and u ∈ H1
μ(R) be such that E p,q(u) = Ep,q(μ). If u solves (2) for

a suitable λ > 0, then Ep,q(μ) > Ep,q(μ1), for every μ1 > μ.

Proof Note that, since u is a ground state of Ep,q(μ), then by Lemma 2.1 (up to a change of
sign) u is a positive solution of (2) for some λ ≥ 0. Assume, in addition, that λ �= 0.

Let, then, vt = u + tϕ for every t > 0, for a fixed ϕ ∈ H1(R) such that ϕ > 0. Clearly,
μt := ‖vt‖22 ↓ μ as t → 0+ and, setting f (t) := E p,q(vt ) for every t > 0, one has

f ′(t) =
∫
R

(u′ + tϕ′)ϕ′ dx +
∫
R

(u + tϕ)p−1ϕ dx − (u(0) + tϕ(0))q−1ϕ(0) ,

so that, by (2),

lim
t→0+ f ′(t) =

∫
R

u′ϕ′dx +
∫
R

u p−1ϕdx − u(0)q−1ϕ(0) = −λ

∫
R

uϕdx < 0.

123



Normalized solutions of one-dimensional defocusing NLS… Page 21 of 29   143 

Thus, there exists ε > 0 such that

Ep,q(μ) = E p,q(u) > E p,q(vt ) ≥ Ep,q(μt ), ∀t ∈ (0, ε).

The result follows combining with Remark 4.1. ��
Lemma 4.6 Let q �= p

2 + 1 or p < 6. If μ > 0 is such that −∞ < Ep,q(μ) < Ep,q(μ) for
every μ < μ, then there exists a ground state of E p,q at mass μ.

Proof Let un ∈ H1
μ(R) be such that E p,q(un) → Ep,q(μ). Observe that, by the standard

theory of rearrangements (see e.g. [10, Section 3]), we can assume, without loss of generality,
un to be even and non–increasing onR+. Moreover, by the assumptions on Ep,q(μ), Theorem
1.4 ensures that q < max

{
4, p

2 + 1
}
. Hence, arguing as in the proof of Theorem 1.4 we

obtain that (un)n is bounded in H1(R), so that, up to subsequences, un⇀u in H1(R) for
some u ∈ H1(R). Since un is radially decreasing, this implies un → u in Lr (R) for any
r ∈ (2,∞]. In particular, un(0) → u(0), that together with

0 ≥ Ep,q(μ) > Ep,q(μ) = E p,q(un) + o(1) ≥ − 1

q
|un(0)|q + o(1), as n → +∞,

(the first inequality coming fromRemark 4.1 and the second by assumption), yields u(0) �= 0.
Set, then, m := ‖u‖22, so that by lower–semicontinuity 0 < m ≤ μ. We have

Ep,q(μ) = lim
n→+∞ E p,q(un) = lim

n→+∞

(
1

2
‖u′

n‖22 + 1

p
‖un‖p

p − 1

q
|un(0)|q

)

≥ lim inf
n→+∞

1

2
‖u′

n‖22+
1

p
‖u‖p

p− 1

q
|u(0)|q = E p,q(u)+lim inf

n→+∞
1

2

(‖u′
n‖22 − ‖u′‖22

) ≥ Ep,q(m),

the last inequality coming again by lower semicontinuity. Since, by assumption, Ep,q(μ) <

Ep,q(μ) for every μ < μ, it follows that m = μ. Hence, u ∈ H1
μ(R) and all the above

inequalities are in fact equalities, so that E p,q(u) = Ep,q(μ), i.e. u is a ground state at mass
μ. ��

5 Ground states: proof of Theorems 1.5–1.6–1.7

This section provides the proofs of the main results of the paper concerning ground states of
E p,q . We begin with Theorem 1.5, namely the case

p > 2 and 2 < q < min
{
4,

p

2
+ 1

}
. (38)

Before proving Theorem 1.5 we state the next lemma, showing that for the nonlinearity
powers as in (38) the ground state energy level is bounded uniformly in μ.

Lemma 5.1 Let p, q satisfy (38). Then

lim
μ→+∞ Ep,q(μ) > −∞ .

Proof Assume by contradiction that lim
μ→+∞ Ep,q(μ) = −∞ (existence of such limit is guar-

anteed by themonotonicity of Ep,q ). Then, there exists a sequence (μn)n such thatμn → +∞
and such that Ep,q(μn) < Ep,q(μ) for everyμ < μn and for every n. Lemma 4.6 thus implies
that there exists (un)n such that un ∈ H1

μn
(R) and E p,q(un) = Ep,q(μn) for every n. Since

123



  143 Page 22 of 29 D. Barbera et al.

Ep,q(μn) → −∞, it follows that un(0) → +∞. However, since un is a ground state of E p,q

at mass μn , then it satisfies (2) for some λn ≥ 0 (see Lemma 2.1). Combining the boundary
condition in (2) and (6) with the radial symmetry and positivity of un one obtains

un(0)2(q−1)

4
= λnun(0)2 + 2

p
un(0)p.

Thus, since λn is non-negative,

un(0)p+2−2q ≤ p

8
, (39)

which then contradicts un(0) → +∞ and concludes the proof. ��
Proof of Theorem 1.5 As a preliminary step, observe that Ep,q(μ) < 0 for every μ > 0.

Indeed, taking e.g. u(x) = δe−δ2|x |, for every x ∈ R and for a suitable δ > 0 to be chosen,
and setting

v(x) = μ
1

4−q u

(
μ

q−2
4−q x

)
,

it holds that v ∈ H1
μ(R) and, since q < min

{
4, p

2 + 1
}
implies 0 <

q
4−q <

p+2−q
4−q , that

Ep,q(μ) ≤ E p,q(v) < 0 as soon as δ and μ are sufficiently close to zero. This proves that
Ep,q(μ) is strictly negative in a right neighborhood of 0, and thus for everyμ > 0 by Remark
4.1.

Now, since Ep,q(0) = 0 and Ep,q(μ) < 0 for every μ > 0, continuity and again Remark
4.1 imply that either Ep,q(μ) is strictly decreasing on [0,+∞), or there exists at least one
value μ̂ > 0 such that Ep,q(μ̂) < Ep,q(μ) for every μ < μ̂ and Ep,q(μ̂) = Ep,q(μ) for every
μ in a right neighborhood of μ̂. In the latter case, by Lemma 4.6, there exists u ∈ H1

μ̂(R)

such that E p,q(u) = Ep,q(μ̂). Moreover, by Lemma 4.5, since Ep,q is locally constant on a
right neighbourhood of μ̂, such u must solve (2) with λ = 0. However, by Lemma 2.3, when
p ≥ 6 this is impossible, whereas when p ∈ (2, 6) it can happen only if μ̂ = μ0, where
μ0 > 0 is the mass of the unique positive solution in H1(R) of (3) with λ = 0 defined by
(15).

As a consequence, in the case

p ≥ 6 and 2 < q < 4,

the ground state energy level Ep,q is strictly decreasing on (0,+∞), so that ground states
exist for everyμ > 0 by Lemma 4.6.Moreover, since Lemma 3.3 ensures that, for this choice
of p, q , there exists a unique positive solution of (2) for every μ > 0, it follows that (up to a
change of sign) the ground state of E p,q is unique for every μ > 0. In view of Lemma 5.1,
this completes the proof of Theorem 1.5(ii).

Conversely, when

p ∈ (2, 6) and 2 < q <
p

2
+ 1,

the previous argument implies that there exists at most one value of μ > 0 such that Ep,q is
locally constant on a right neighborhood ofμ and that, if such a value of the mass exists, then
it coincides with μ0 defined by (15). Note also that, by Theorem 1.2 (in view of Lemmas
3.2–3.3), in this regime of p, q (2) admits a positive solution if and only if μ ∈ (0, μ0].
In particular, this implies that there exist no ground state of E p,q with mass larger than
μ0. By Lemma 4.6, it entails that Ep,q cannot be strictly decreasing for large masses, i.e.
Ep,q(μ) = lim

ν→+∞ Ep,q(ν) for every μ large enough. However, this means that there exists

at least one value of μ > 0 such that Ep,q(μ) is locally constant on a right neighborhood
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of μ, so that we conclude that Ep,q is strictly decreasing on (0, μ0] and it is constant on
(μ0,+∞). By Lemma 4.6, this yields existence of ground states for every μ ≤ μ0, and
such ground states are unique (up to a change of sign) again by Theorem 1.2. Note that, by
Lemmas 3.2–3.3, the threshold value μ0 coincides with the value μp,q in Theorem 1.2(i),
which completes the proof of Theorem 1.5(i).

It is thus left to show that, whenever p > 2 and 2 < q < min
{
4, p

2 + 1
}
, there exists

μp,q > 0 so that Ep,q is concave on (0, μp,q ] and convex on [μp,q ,+∞). To this end, note
first that, since we already proved that positive ground states of E p,q at mass μ are unique
whenever they exist, the map μ �→ λ(μ) given by

λ(μ) := uμ(0)q − ‖u′
μ‖22 − ‖uμ‖p

p

μ
,

where uμ ∈ H1
μ(R) is such that E p,q(uμ) = Ep,q(μ), is well defined on (0, μ0] when

p ∈ (2, 6) and on (0,+∞) when p ≥ 6. By definition, uμ solves (2) with λ = λ(μ). Now,
we claim that, whenever λ(μ) is well–defined, it satisfies

E ′
p,q(μ) = −λ(μ)

2
. (40)

Indeed, for ε > 0 we have

Ep,q(μ + ε) − Ep,q(μ)

ε
≤

E p,q

(√
μ+ε
μ

uμ

)
− E p,q(uμ)

ε

=
1
2

(
μ+ε
μ

− 1
)

‖u′
μ‖22 + 1

p

((
μ+ε
μ

)p/2 − 1

)
‖uμ‖p

p − 1
q

((
μ+ε
μ

)q/2 − 1

)
uμ(0)q

ε

=
‖u′

μ‖22+‖uμ‖p
p−uμ(0)q

2μ ε + o(ε)

ε
= −λ(μ)

2
+ o(1), as ε → 0+,

so that

lim sup
ε→0+

Ep,q(μ + ε) − Ep,q(μ)

ε
≤ −λ(μ)

2
.

Similarly,

Ep,q(μ + ε) − Ep,q(μ)

ε
≥

E p,q(uμ+ε) − E
(√

μ
μ+ε

uμ+ε

)
ε

=
1
2

(
1 − μ

μ+ε

)
‖u′

μ+ε‖22 + 1
p

(
1 −

(
μ

μ+ε

)p/2
)

‖uμ+ε‖p
p − 1

q

(
1 −

(
μ

μ+ε

)q/2
)

uμ+ε(0)q

ε

=
‖u′

μ+ε‖22+‖uμ+ε‖p
p−uμ+ε(0)q

2(μ+ε)
ε + o(ε)

ε
= −λ(μ)

2
+ o(1) as ε → 0+ ,

where we exploited the strong continuity in H1(R) of uμ+ε as ε → 0 given by Remark 3.5.
Passing to the liminf as ε → 0+ and coupling the previous estimates yield

lim
ε→0+

Ep,q(μ + ε) − Ep,q(μ)

ε
= −λ(μ)

2
.

Since the analogous computations can be done for ε → 0−, we obtain (40).
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In view of (40), the concavity/convexity properties of Ep,q can be discussed through the
monotonicity properties of λ(μ). To this aim, recall that, since uμ solves (2) with λ = λ(μ),
it corresponds to the unique value t ∈ (1,+∞] given by (10) (recall that t = +∞ represents,
when present, the solution with λ = 0, i.e. μ = μ0). Thus λ(μ) can be equivalently seen
as a function λ(t) for t ∈ (1,+∞] (it is sufficient to invert g in (10)) and, by the proof of
Lemma 2.2, when q <

p
2 + 1 the map t �→ λ(t) has been shown to be increasing on (1,t)

and decreasing on (t,+∞), for some t > 1. Moreover, Lemma 3.3 ensures that the mass μ

of uμ can be rewritten as a function μ(t) that is strictly increasing on its domain for p, q
satisfying (38). Hence, the inverse function t(μ) is well-defined and strictly increasing on
its domain, in turn implying that there exists μp,q > 0 such that the map λ(μ) = λ(t(μ)) is
increasing on (0, μp,q) and decreasing for μ > μp,q . ��
Remark 5.2 Note that, when p ∈ (2, 6), the final part of the argument for the proof of the
concavity/convexity features of Ep,q in Theorem 1.5 only applies, in fact, to masses in the
interval [0, μp,q ]. However, as Ep,q is constant for μ ≥ μp,q , this is enough to conclude.

Let us focus, now, to Theorem 1.6, where

p ∈ (2, 6) and
p

2
+ 1 < q < 4, or p ≥ 6 and 4 ≤ q <

p

2
+ 1. (41)

Proof of Theorem 1.6 Preliminarily, set

μ̃p,q := sup
{
μ > 0 : Ep,q(μ) = 0

}
.

Observe first that, for p, q as in (41), we have μ̃p,q > 0. Indeed, if this were not the case,
there would exists a sequence (μn)n such thatμn ↓ 0 and Ep,q(μn) < Ep,q(μ) ≤ 0 for every
μ < μn and for every n. By Lemma 4.6, this would yield the existence of a sequence of
ground states (un)n at mass μn , so that (un)n would be a sequence of solutions of (2) with
mass μn → 0. Since this is impossible by Theorem 1.2(iii)-(v), it follows that μ̃p,q > 0.

Let us then show that μ̃p,q < +∞. To this end, take u(x) = δe−δ2|x | and v(x) =
μαu(μ2α−1x), for suitable α, δ to be chosen, so that v ∈ H1

μ(R) and

E p,q(v) = δ4

2
μ4α−1 + 2

p2
δ p−2μα(p−2)+1 − δq

q
μαq .

It is then easy to see that, for p, q as in (41), there always exist a choice of α and δ for which
E p,q(v) < 0 for a fixed μ large enough. Indeed, it is enough to take⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

α = 1

4 − q
, δ > 0 small enough, if p ∈ (2, 6), p

2 + 1 < q < 4,

− 1

q − 4
< α < − 1

p − 2 − q
, δ = 1, if p > 6, 4 < q <

p
2 + 1,

α < − 1

p − 6
, δ = 1, if p > 6, q = 4.

Moreover, this also gives lim
μ→+∞ Ep,q(μ) = −∞ when p ∈ (2, 6) and p

2 + 1 < q < 4.

Conversely, when p > 6 and 4 ≤ q <
p
2 + 1, arguing exactly as in the proof of Lemma

5.1 (note that to make the crucial estimate (39) significant it sufficies that q <
p
2 + 1) one

obtains lim
μ→+∞ Ep,q(μ) > −∞.

Now, we prove that Ep,q is strictly decreasing on [μ̃p,q ,+∞). When p > 6, this is
immediate because, if Ep,q were locally constant on a right neighbourhood of anyμ > μ̃p,q ,
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then by Lemmas 4.5–4.6 there would exist a ground state of E p,q solving (2) with λ = 0, but
this is impossible by Theorem 1.1(ii). Conversely, if p ∈ (2, 6) and p

2 + 1 < q < 4, then,
taking μ̃p,q < μ1 < μ2 and using (32) with α = 1

4−q yield

Ep,q(μ2) <

(
μ2

μ1

) q
4−q

E p,q(u), ∀u ∈ H1
μ1

(R) , (42)

and passing to the infimumover u ∈ H1
μ1

(R) (and using that Ep,q(μ1) < 0) gives Ep,q(μ2) <

Ep,q(μ1) as claimed.
Hence, all the properties of Ep,q listed in Theorem 1.6 are proved. Moreover, by Lemma

4.6, the strict monotonicity of Ep,q on [μ̃p,q ,+∞) implies that ground states exist for every
μ > μ̃p,q . On the contrary, no ground state exists when μ < μ̃p,q , because if u ∈ H1

μ(R)

were such a ground state, then it would be E p,q(u) = 0 that, together with (42), would imply
Ep,q(μ) < 0 for some μ ∈ (μ, μ̃p,q), contradicting the definition of μ̃p,q .

Moreover, for q �= 4, ground states exist alsowhenμ = μ̃p,q . This is a direct consequence
of Remark 3.5 and Theorem 1.2. Indeed, let μn ↓ μ̃p,q and un ∈ H1

μn
(R) be such that

E p,q(un) = Ep,q(μn) for every n. Then, un solves (2) and, by Remark 3.5, converges
strongly in H1(R) to a solution u ∈ H1

μ̃p,q
(R) of (2) such that E p,q(u) = lim

n→+∞ E p,q(un) =
lim

n→+∞ Ep,q(μn) = 0, i.e. u is a ground state of E p,q in H1
μ̃p,q

(R). Note that here the actual

value of μ̃p,q does not play any role. Since Theorem 1.2(iii) guarantees that (2) admits a
solution if and only if μ ≥ μp,q > 0, we only know that μ̃p,q ≥ μp,q .

We are thus left to discuss the case q = 4 and μ = μ̃p,4. Note that, by Theorem 1.2(v),
in order to prove that in this case ground states do not exists at the critical value of the mass
it is enough to show that μ̃p,4 = 2. Actually, in view of the previous results, it is sufficient
to establish μ̃p,4 ≤ 2, since μ̃p,4 < 2 is already ruled out again by Theorem 1.2(v). We do
this by showing that Ep,4(μ) < 0 for every μ > 2. Indeed, by [12, Theorem 1.2], for every
μ > 2 there exists u ∈ H1

μ(R) such that

1

2
‖u′‖22 − 1

4
|u(0)|4 < 0. (43)

Given σ > 0, set then uσ (x) := √
σu(σ x) for every x ∈ R, so that uσ ∈ H1

μ(R) and

E p,4(uσ ) = σ 2
(
1

2
‖u′‖22 − 1

4
|u(0)|4

)
+ σ

p
2 −1

p
‖u‖p

p ,

that by (43) and p > 6 yields E p,4(uσ ) < 0 as soon as σ is sufficiently close to zero.
To conclude, observe that the uniqueness (up to a change of sign) of ground states of E p,4

at mass μ > 2 follows by the uniqueness results for solutions of (2) given again by Theorem
1.2. ��

Proof of Theorem 1.7 Let p > 2, q = p
2 + 1, and μ > 0. By Theorem 1.2(vi) (2) has no

solution if p ≤ 8. Let then p > 8. In this setting, again by Theorem 1.2(vi), (2) admits a
unique positive solution. Since by Theorem 1.4 it is always true that Ep,q(μ) ≤ 0, to prove
that Ep,q(μ) is never attained it is enough to show that the energy of such solution is always
strictly positive. To do this, recall that, by the proof of Lemma 2.2, each solution in H1(R) of
(3) corresponds to one and only one value t ∈ (1+ ∞) via (10). Denoting by ut the solution
corresponding to t ∈ (1,+∞), we now exploit the explicit formula (7) to compute E p,q(ut ).
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Observe first that a direct computation yields

‖u′
t‖22 = 2

2p−6
p−2 λ

p+2
2(p−2) p

2
p−2

p − 2

∫ t

1
s2(s2 − 1)

4−p
p−2 ds .

Since ∫ t

1
s2(s2 − 1)

4−p
p−2 ds =

∫ t

1
(s2 − 1)

2
p−2 ds +

∫ t

1
(s2 − 1)

4−p
p−2 ds,

and an integration by parts yields∫ t

1
(s2 − 1)

2
p−2 ds = t(t2 − 1)

2
p−2 − 4

p − 2

∫ t

1
s2(s2 − 1)

4−p
p−2 ds,

one has ∫ t

1
s2(s2 − 1)

4−p
p−2 ds = p − 2

p + 2

[
t(t2 − 1)

2
p−2 + I (t)

]
, (44)

where I (t) is the function defined in (19). Hence, by (44),

1

2
‖u′

t‖22 = 2
p−4
p−2 p

2
p−2 λ

p+2
2(p−2)

p + 2

(
t(t2 − 1)

2
p−2 + I (t)

)
.

Similarly, using again (7) and (44) we obtain

1

p
‖ut ‖p

p = 2
p−4
p−2 λ

p+2
2(p−2) p

2
p−2

p − 2

∫ t

1
(s2−1)

2
p−2 ds = 2

p−4
p−2 λ

p+2
2(p−2) p

2
p−2

p + 2

(
t(t2 − 1)

2
p−2 − 4

p − 2
I (t)

)
,

and
1

q
|ut (0)|q = 1

q

(
pλ

2

) q
p−2

(t2 − 1)
q

p−2 ,

so that

E p,q (ut ) = λ
q

p−2 (p(t2−1))
2

p−2

⎛
⎜⎝ 2

p−4
p−2 λ

p+2−2q
2(p−2)

p + 2

⎛
⎝2t + p − 6

p − 2

I (t)

(t2 − 1)
2

p−2

⎞
⎠− p

q−2
p−2

q2
q

p−2
(t2 − 1)

q−2
p−2

⎞
⎟⎠ .

Taking q = p
2 + 1 and recalling (12), the previous formula becomes

E p,q(ut ) = 2
p−4
p−2 p

2
p−2 λ

p+2
2(p−2) (t2 − 1)

2
p−2

(p + 2)(p − 2)
I (t) > 0

and we conclude. ��
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