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Abstract
We prove that the pluriclosed flow preserves the Vaisman condition on compact complex
surfaces if and only if the starting metric has constant scalar curvature.
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1 Introduction

After the groundbreaking achievements of Hamilton and Perelman, geometric flows play
a crucial role in Geometric Analysis and Differential Geometry. In the Kéhler setting, the
Kdihler Ricci flow has been used to provide alternative proofs of major results, such as [13, 14].
Subsequently, Streets and Tian introduced the pluriclosed flow [28] to apply these analytic
techniques to the study of complex, non-Kéhler manifolds.

The pluriclosed flow evolves in the class of pluriclosed metrics, that are Hermitian metrics
o on a complex manifold (M, J) satisfying dJdw = 0, via the parabolic equation

¥ o) = —p@®)' (1.1)
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Here, we recall that the Bismut connection of (M, J, w) is the unique Hermitian connection
with totally skew-symmetric torsion [10] and p(w)"! denotes the (1, 1)-component of the
Bismut Ricci form obtained by tracing the second two indexes of its curvature.

In complex dimension 2, pluriclosed metrics are Gauduchon, hence by [21, Théoreme
1], they always exist in any conformal class on compact Hermitian surfaces. This makes the
pluriclosed flow particularly well-suited for studying the topology and geometry of compact
non-Kéhler surfaces, with important implications also in their geometrization [25, 29]. Up
to now, the long-time behavior of the flow is well understood only in specific cases, in the
presence of symmetries [5, 12, 18, 19] or curvature restrictions [7, 8, 20, 27]. Therefore, at
this stage, it is natural to impose additional conditions to understand the pluriclosed flow
solutions better. In this paper, we address the evolution of Vaisman metrics.

We recall that, on a complex manifold (M L ), we can associate to any Hermitian metric
w a 1-form @, called Lee form, uniquely determined by the condition dw”~! = 6 Aw"~!. The
metric w is called Vaisman if 6 is Levi-Civita parallel, non-vanishing and dw = n—llé A w.
We refer to [24] and the references therein for an introduction to Vaisman metrics.

In complex dimension n = 2, Vaisman metrics are pluriclosed. Moreover, compact Vais-
man surfaces have been classified in [11]: they are properly elliptic surfaces, Kodaira surfaces,
and Hopf surfaces of class 1. The first natural question is whether or not the flow preserves
this class of metrics. In [17], it is proved that this condition is preserved if the initial Vaisman
metric has constant scalar curvature. Furthermore, as shown in [15, 16], the pluriclosed flow
preserves T2-invariant Vaisman metrics on the Kodaira-Thurston surface if and only if the
initial metric has constant scalar curvature. Notice that, for Vaisman surfaces, the Riemannian
scalar curvature and the Bismut scalar curvature differ by constants. So, the nomenclature
constant scalar curvature indicates that both are constant. The main result of this paper is
the following.

Theorem A Let (M*, J, wg) be a compact Vaisman surface and let {w(t)};c(0,7) be the
solution to the pluriclosed flow starting from wg. Then, w(t) is Vaisman for all t € [0, T) if
and only if wy has constant scalar curvature.

To prove this theorem, we use the fact that the Lee vector field 930 and the anti-Lee vector
field J 680 of the initial metric wg are both holomorphic and Killing. Therefore, they give rise
to a free action of a complex abelian Lie algebra t, which preserves both the complex structure
J and the initial Vaisman metric wq (see Sect.?2 for the relevant definitions). Consequently,
(t) is t-invariant for any ¢ € [0, T'). We remark that, in general, this Lie algebra action does
not integrate to a compact Lie group action, so one cannot use the theory of principal bundles
directly. However, the action of t is enough to perform a dimensional reduction argument.
Therefore, we obtain the result using characteristic classes, defined as in [1, Proposition 7.5],
and the fact that the transverse geometry has real dimension 2.

We remark that by [23, Proposition 6.2], a Vaisman metric on a compact surface has
constant scalar curvature if and only if its Bismut connection is Ambrose-Singer, namely, it has
parallel curvature and parallel torsion. Consequently, such metrics are locally homogeneous,
and so Theorem A immediately implies the following.

Corollary B Given a compact Vaisman surface (M*, J, wp), the solution {w(®)}iel0.1) to the
pluriclosed flow starting from wqg is Vaisman for all t € [0, T) if and only if it is locally
homogeneous.

We mention that one can construct Vaisman metrics with non-constant scalar curvature
by performing a deformation of type II of a locally homogeneous Vaisman metric. This
procedure has been exploited in [15] on the Kodaira-Thurston surface.
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Corollary B implies that forcing the pluriclosed flow to evolve within the class of Vaisman
metrics does not provide new insights into the behavior of its solutions. Indeed, the evolution
of locally homogeneous metrics on surfaces is described in [12]. However, even in the non-
locally homogeneous setting, the abelian symmetry given by a Vaisman structure induces a
dimensional reduction that may lead to a geometric characterization. This was accomplished
in the case of T?-principal bundles over compact Riemann surfaces in [26].

Theorem A also contributes to understanding whether the pluriclosed flow preserves addi-
tional geometric conditions, following the question raised in [17]. Similar problems for
Hermitian curvature flows have been addressed in the literature, e.g., in [3, 6, 31]. We recall
that, in complex dimension 2, Vaisman metrics are the pluriclosed metrics with parallel Bis-
mut torsion [32, Theorem 2], while in dimension n > 2 compact Vaisman manifolds never
admit pluriclosed metrics [4, Theorem 3.1]. Therefore, in this setting, the next natural step
is understanding if Theorem A generalizes to higher dimensional pluriclosed manifolds with
parallel Bismut torsion, that have been recently classified in [9].

The paper is organized as follows: in Sect.2 we collect some preliminary facts about
abelian Lie algebra actions; Sect. 3 contains the proof of Theorem A.

2 Preliminaries on abelian Lie algebra actions

Let (M?", J) be a compact complex manifold of complex dimension n and denote by X (M)
the infinite-dimensional Lie algebra of vector fields on M. Assume that t C X(M) is an
abelian 2k-dimensional subalgebra, with k < n, satisfying the following hypothesis:

- tpreserves J,namely LyJ = 0 forany V €
- tis free, namely the rank of the evaluation map

evy it —> TheM, ev,(V):=V,

is maximal for any x € M;
- tis J-invariant, namely Jt = t.

Here, £ denotes the Lie derivative. Notice that, by hypotheses, the complex structure J on M
induces a linear complex structure on the Lie algebra t, that we still denote by J. Moreover,
t gives rise to a regular 2k-dimensional distribution ¥V C T M by setting Vy:=ev, (t), which
is called vertical distribution. By the Frobenius Theorem, V is integrable, and each maximal
leaf of V is called t-orbit. We remark that, although M is locally equivalent to a principal
bundle, the orbit space M/t can be highly non-smooth.

We recall that a (possibly vector-valued) tensor field ® of type (r, s) on M is said to be:
t-invariant if Ly ® = Oforany V € t; horizontal if s > 1 and V_.® = O forany V € t; basic
if it is both t-invariant and horizontal. Notice that the exterior differential d f of a t-invariant
function f is basic. Moreover, the exterior differential do of a basic k-form « is basic, and
so this allows to define the basic de Rham cohomology spaces Hcll‘ (M) (see,e.g., [1, Section
7.1] and references therein).

A smooth t-valued 1-form u : TM — tis called principal connection if it is t-invariant
and verifies evy (uyx(Vy)) = Vi forany V € t, x € M [1, Section 3.1]. Consequently, the
kernel H:=ker(u) C TM is a regular 2(n—k)-dimensional distribution that is transverse
to V, which is called horizontal distribution. Fix now a basis (Vy, ..., Vo) for t satisfying
JVpi—1 = Vp; forany 1 <i < k and consider the corresponding splitting of x:

M=ur Vi +-+ uy & V.
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Then, it is straightforward to check that the curvature 2-forms
Q;:=du; 2.1

are basic. Moreover, by [1, Proposition 7.5], the basic cohomology classes [2;] € H dz (M)¢do
not depend on the principal connection w, and are called characteristic classes of (M, J, t).

Let now g be a t-invariant Hermitian metric on (M, J). Then, it induces a principal
connection u and an orthogonal splitting T M = V+H. We denote by g and ¢ the restriction of
g toV and H, respectively. As in the case of principal bundles, the triple (g, i, £) determines
uniquely the metric g. According to this splitting, the fundamental 2-form w:=g(J-, -) takes
the form

o= Z Aij i A+ o,
l<i<j<2k

where @:=g(J-, -) is a basic 2-form and A;;:=g(JV;, V;) are t-invariant functions. In the
following, we will call metric both the tensors g and w. When a t-invariant Hermitian metric
is fixed, a vector field X € X(M) is called: horizontal if X € H, for any x € M; basic if it
is both t-invariant and horizontal.

3 The Vaisman condition along the pluriclosed flow
3.1 Invariant geometry of compact Vaisman surfaces

Let (M*,J) be a compact complex surface and t C X(M) be an abelian 2-dimensional
subalgebra of holomorphic vector fields on M. We assume that t is free and J-invariant. Fix
also a basis (Vy, V,) for t satisfying J V| = V5.

Let now g be a t-invariant Hermitian metric on (M, J). Consider the splitting

= hui A2+ G.D
and the curvature 2-forms €1 = du, Q2 = du as in Sect. 2.
Lemma 3.1 The 2-form o is closed, namely

do = 0. (3.2)

Moreover, there exists a unique choice of t-invariant, R-valued, smooth functions oy, 03 on
M such that

Q] = 0] d), Qz =02 CZ) (33)
In particular, the 2-forms Q; are of type (1, 1), namely
JQ =Q1, JQ = Q. (3.4)

Proof The 3-form da is basic, and so V_idw = 0 for any V € t. Moreover, if X, Y, Z are
horizontal vector fields, then d(X, Y, Z) = 0 for dimensional reasons. This proves (3.2).
Moreover, since dim(H, ) = 2 forany x € M, (3.3) and (3.4) follow for dimensional reasons.

O

We now list some properties of t-invariant pluriclosed metrics.
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Proposition 3.2 Let g be a t-invariant Hermitian metric on (M*, J). Then, the following
claims hold true.

(1) The metric g is pluriclosed if and only if A is constant.
(i) If g is pluriclosed, then its Lee form 0 is given by

0 = A(o1 p2 — o2 (). (3.5)

(iii) If g is pluriclosed, then d6 = 0 if and only if both o1, 05 are constant.
(iv) If g is pluriclosed, then the class of @ in the basic cohomology space H(f(M )t is non-
trivial.

Proof By (2.1), (3.1) and (3.2), the exterior differential dw is given by
do=dA A A +A21 Ao — Ay A2 3.6)
and then, by (3.4), we obtain
Jdo = JdA A g Ay — Ay AR — A A Q. 3.7
We observe that
QUAQ =2 A2 =0 (3.8)
for dimensional reasons. Moreover, since dA is basic, we obtain
dAAQ =JdAAQ =dAAQ=JdA AR =0 (3.9)

for dimensional reasons. Therefore, since 2; are closed, by (3.7), (3.8) and (3.9), it follows
that

dJdw =dJdA A g A po.

Then, g is pluriclosed if and only if d/dA = 0. Being M compact, dJdA = 0 if and only if
A is constant, and this concludes the proof of claim 7).
Assume now that A is constant. Then, by (3.3) and (3.6), we get

do=Aojp AW — Aoy 4] A @
and so
dw = A(o] U2 — o2 1) A w. (3.10)

By uniqueness of the Lee form, (3.5) follows from (3.10), and this concludes the proof of
claim i7). Furthermore, by (3.3) and (3.5), we get

df = A(doy Ay + 0122 —doy A — 02821)
= Ado1 A pup —doz A 1)

and so this proves claim iii).
Finally, assume by contradiction that there exists a basic 1-form n on M such thatdn = @.
Being 2; basic forms, we have

QA= An=0
for dimensional reasons. Therefore, by (3.1), we obtain

wAw:ZAulAuzAdn+dnAdn:d(2AM1/\,uz/\n—l—n/\dn),
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which is impossible, being M 4-dimensional and compact. This completes the proof of claim
iv). ]

‘We are now able to characterize when t-invariant Hermitian metrics are Vaisman.

Proposition 3.3 Let g be a t-invariant Hermitian metric on (M*, J). Then, g is Vaisman if
and only if A, o1 and o5 are constant.

Proof Assume that g is Vaisman. Then, since 0 is Levi-Civita parallel, it is both closed and
co-closed. Being 6 co-closed, g is pluriclosed for dimensional reasons. Then, by Proposition
3.2, it follows that A, o1 and oy are constant.

Assume now that A, o1 and o7 are constant. Then, a direct computation based on (2.1),
(3.3) and (3.5) shows that

O AJO =2 07 +0F) 1 A pa, (3.11)
dJo = —1 (0f + 03) @. (3.12)

Since g1, 1) = g(ua, n2) = A" and g(u1, w2) = 0, from (3.5) we have
101 = A (6% + 07). (3.13)
Therefore, by (3.1), (3.11), (3.12) and (3.13) we get
1017w =60 A JO —dJ6b. (3.14)

Since X, o1 and o7 are constant, (3.5) implies that the Lee vector field of g is holomorphic.
Then, by [22, Proposition 1] and (3.14), g is Vaisman. This concludes the proof. O

Remark 3.4 Notice that characterizing Vaisman metrics among t-invariant Hermitian metrics
isnotrestrictive. Indeed, by [30, Corollary 2.7], all the Vaisman metrics on a compact complex
surface are invariant under the same t-action.

Remark 3.5 We recall that a Hermitian metric on a compact complex surface is called locally
conformally Kdhler (LCK for short) if its Lee form 6 is closed. Therefore, by Proposition 3.2
and Proposition 3.3, it follows that a t-invariant Hermitian metric g on a compact complex
surface is Vaisman if and only if it is pluriclosed and LCK. While on compact surfaces the
Vaisman condition implies g being both pluriclosed and LCK, the converse generally is not
true. Indeed, up to conformal change, a LCK metric on a compact surface can be chosen to
be pluriclosed, but not all LCK surfaces admit a Vaisman metric.

Finally, we recall that the Bismut Ricci form of Vaisman surfaces is horizontal. Namely,
the following result holds true.

Lemma 3.6 (c.f. Lemma 3.13 of [2] and (4.4) of [9]) Let g be a t-invariant Hermitian metric
on (M*, J). If g is Vaisman, then its Bismut Ricci form p and its Bismut scalar curvature s

verify

0 =Ss0. (3.15)
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3.2 Pluriclosed flow solutions that are Vaisman for all times

Let (M*, J, wp) be a compact Vaisman surface, {w(#)};¢[0,7) the solution to the pluriclosed
flow starting from wp and denote by g(¢) the associated symmetric tensors. We denote by
0(t) the Lee form of w(¢). Since wq is Vaisman, the vector fields

Vii=J0(0)%0,  Vai= — 0(0)%© (3.16)

generate an abelian, 2-dimensional Lie algebra t of holomorphic vector fields on (M, J) that
is free and J-invariant. Moreover, being wg t-invariant, it follows that w(¢) is t-invariant for
all t € [0, T). Accordingly, we write

w(t) = A1) pi (1) A pa(t) + o), (3.17)

where A(t) = g(t)(Vi, V1), ni(t) are the components of the principal connection ()
induced by g(¢) with respect to the basis (V}, V2) and () is the restriction of w(?) to
H(t) = V1«0 . We also denote by s(¢) the Bismut scalar curvature of (), by ©; () = du; (¢)
the curvature 2-forms of ©(¢) and by o; () the functions defined in (3.3).

Proof of Theorem A 1If wg has constant scalar curvature, then w (¢) is Vaisman forall ¢ € [0, T')
by [17, Theorem B]. Assume now that w(¢) is Vaisman for all # € [0, T'). According to
Proposition 3.3, A(¢), o1(¢) and 0> (¢) are constant on M for all ¢ € [0, T'). Moreover, by [1,
Proposition 7.5], the basic cohomology classes [€21(¢)], [€22(¢)] do not depend on ¢, and so,
by (3.16), we obtain:

01(t) #0 forall t+ €[0,7), (3.18)
o2(t) =0 forall t€[0,T). (3.19)
By the evolution equation of the pluriclosed flow (1.1), (3.17) and (3.15), we get
3 (@) 1 (1) A pa (1)) =0, (3.20)
3 o) = —st) o). (3.21)
By (3.20), we get
N (@) i (0) A pa(t) + A0 (301 () A o (t) 4+ 1 (1) A dpa(r)) =0
and so, since
O (1) A 2 (t), 1 () A 2 () = A1) 72,
g (31 (1) A pa(0), 1 (1) A pa(0)) = A1) () (31 (1), m1(1)),
we obtain
gD (1), (1) = =3 OAD 2. (3.22)
Moreover, since d and 9; commute, by (3.19), (3.20) and (3.21), we obtain

0= 3 d(A(r) 1 (1) A 2 (1))
=0 (A1) Q1) A pa(t) — A1) 1 (1) A (1))
=3 (A1) o1 (1) pa(t) A (1))
=M (0 01(1) pa(t) A @) + 1) (0] (1) w2 (t) + o1 (1) 2 () Ad(E) + A1) o1 (1) 1o t) A 3 (t)

= (V0010 120 +20(0] (1) 120 + 010 B2 () = 1 (O 51) 2 () ) A D)
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Therefore, since w(t) # 0, we get
A (@) o1(2) pa () + A(0) (0] (1) 2 (1) 4 01(1) a2 (1) — 01(1) (1) 2 (1)) = 0. (3.23)
By contracting with () and recalling that g (¢) (u; (¢), wi (1)) = AL, we get
N (OM0 " o1(1) + o] (1) + A(D)a1 (1) g(1) (B 2 (8), pa(1) — o1 (D)s(t) = 0.
Finally, by (3.22), we obtain
V(O o1(t) + A1) o () — Moy (1)s(t) = 0. (3.24)

Being A(¢) and o (¢) constant and non-vanishing on M, it follows that s(¢) is constant on M
for all ¢ € [0, T), and this concludes the proof. O

With these techniques based on dimensional reduction and the independence of character-
istic classes, it is possible to further describe the evolution of a Vaisman metric with constant
scalar curvature on a compact surface along the pluriclosed flow. More precisely, the fol-
lowing computations show that the flow only affects the transversal geometry. To see this,
assume that w (¢) is a solution of the pluriclosed flow that is Vaisman for all ¢ € [0, T'). Then,
since the basic cohomology class [€21(#)] does not depend on 7, and the functions o (¢), s()
are constant in space, we get

0 =022 (®)]
= [0;(o1(t) D(1))]
= o[ (O[] + o1()[0; &(1)]
= o (O[0@)] — o1(t)sO)[@(®)].

Since [@(¢)] # 0 by Proposition 3.2, we get

a((t) = o1(t) s(@). (3.25)
Therefore, by (3.18), (3.24) and (3.25), we obtain

MNit)=0
and so A(¢) is also constant in time. Finally, by (3.20), we get
01 (1) A pa(t) + pi (1) A drpa(t) =0
and so, by (3.22) and (3.23), we conclude that
O 1 () = 9 p2(r) = 0.

Therefore, the principal connection u and the horizontal distribution H do not depend on ¢.

Remark 3.7 The fact that u and H do not vary with time for a Vaisman solution to the
pluriclosed flow can also be deduced by the construction of an explicit solution as in [17,
Proof of Theorem B].
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