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Abstract
We extend the classical Donaldson-Fujiki interpretation of the scalar curvature as
moment map in Kéhler geometry to the wider framework of locally conformally Kéhler
geometry.
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Introduction

By the foundational work of Fujiki [11] and Donaldson [8], it is known that the
scalar curvature of Kéhler metrics arise as a moment map for an infinite-dimensional
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Hamiltonian action. More precisely, given a compact symplectic manifold (M, w,), the
space Jaim (w,) of compatible almost complex structures can be endowed with a natural
structure of infinite-dimensional Kéhler manifold (J, ) that is invariant under the
action of the automorphism group Aut(M, w,) by pullback. Here, an almost complex
structure J is said to be compatible if w,(_, J_) is a J-almost Hermitian (and hence
almost Kihler) metric. This action preserves the analytic subset 7 (@) C Jaim (@,) of
integrable almost complex structures and the map scal : Jom (w,) — C°(M, R), that
assigns to any J € Jam(w,) the scalar curvature of the metric w,(_, J_), is smooth,
Aut(M, w,)-equivariant and it verifies

/ dscal\,(v)hxwff:—% 0y (X%,v) forany J € J(wo), vE€T;Jam(@,), X €ham(M, w,) .
M

Here, ham(M, w,) denotes the Lie subalgebra of Hamiltonian vector fields, i.e., those
infinitesimal automorphisms X € aut(M, w,) such that X uw, = dhyx for some hx €
C*® (M, R), uniquely determined up to a constant, and X™* denotes the fundamental
vector field associated to X. For this reason, we say that scal is a moment map for
the action of Ham(M, w,) on J(w,), where Ham(M, w,) denotes the Hamiltonian
diffeomorphism group.

This fact has deep consequences in Kihler Geometry. In particular, the constant
scalar curvature Kihler metrics arise as zeroes of a moment map equation. More
precisely, the problem of finding constant scalar curvature Kihler metrics in a fixed
Kibhler class is reduced to finding a zero for the moment map in the orbit of the complex
structure under the complexified action. Inspired by the Hilbert-Mumford criterion in
geometric invariant theory in finite-dimension, this leads to the notion of K-stability;
see, e.g., [32].

This paper is an attempt to generalize this moment map framework to the non-
Kihler setting. More precisely, we deal with a compact almost symplectic manifold
(M, ) with dw # 0, admitting compatible complex structures. We notice here that,
in the literature, there appeared other works concerning this problem (see, e.g., [3,
12]) which are distinct from our approach. For other appearance of moment maps for
group actions on locally conformally symplectic or Vaisman manifolds, see [17, 20,
31]. However, we stress that the group action that we consider lives in an infinite-
dimensional Kéhler setting. Recently, Garcia-Prada and Salamon [13] described a
setting where the moment map is given by the Ricci form and studied moment map
interpretations of the Kidhler-Einstein condition. As the anonymous referee suggested,
it would be interesting to try to extend this construction to our locally conformally
Kahler setting.

One of the first natural non-Kihler cases of study [19] is given by the so-called
locally conformally symplectic condition, i.e., we ask that d w = 0 A w for a given
closed 1-form 6. Notice that, by introducing the twisted exterior differential operator
dy :=*d -0 A, the previous condition can be written as dgw = 0. This nomenclature is
due to the following characterization: w is locally conformally symplectic if and only
if, for any point x € M, w is locally conformal to a symplectic form in a neighborhood
of x. This shows clearly that the locally conformally symplectic condition is actually
a property for the whole conformal class [w] of w. Moreover, there is a further relation
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with the symplectic framework: indeed, (M, @) admits a unique minimal covering
map 7 : M — M such that 7*o is globally conformal to a symplectic form @, on
M and the deck transformation group acts by homotheties on (ﬁ , W) (see, e.g., [18,
Section 2] and [6, Section 2.1]). Moreover, a vector field X € X (M) lifts through
to an infinitesimal automorphism 7*X € aut(]\’/i , W) if and only if dg (X 2w) = 0 [6,
Proposition 3.3] and 7*X € ham(]VI , W,) if and only if X _w is dg-exact [6, Corollary
3.10]. Therefore, it is natural to look at the action of the generalized Lie transformation
group Aut*(M, [w]) generated by the Lie algebra of special conformal vector fields
of (M, w)
aut" (M, [o]) := {X € X(M) : dg(Xw) = 0},

(see Sects.2.1 and 2.2) on the space Jum (@) of compatible almost complex structures
on (M, w). As in the Kihler setting, one may expect the existence of a moment map,
related to the scalar curvature and the 1-form 6, when one restricts aut* (M, [w]) to
the Lie subalgebra of twisted-Hamiltonian vector fields

ham(M, [w]) :={X € X(M) : Xow = dgh for some h € C*(M, R)},

and Jam(w) to the analytic subset J(w) of integrable almost complex structures.
However, two main difficulties occur in this picture. The first one is that the group
Aut*(M, [w]) preserves just the conformal class [w], and so the map scal : Jym () —
C* (M, R) that associates with any J € Jym(w) the Riemannian scalar curvature of
w(_, J_) turns out to be non-Aut* (M, [w])-equivariant. The second one is that, during
the linearization procedure of the map scal, the term D (#%) appears, where D denotes
the Levi-Civita connection and _* the metric duality, and it seems to us that it cannot
be handled via an absorption scheme by adding extra terms depending on 6 itself.

In order to overcome these issues, we impose a further symmetry. More precisely,
we consider the symplectic dual of 6, i.e., the unique vector field V € X (M) such that
V_.w = 6, and we assume that there exists a compact, connected Lie group K acting
effectively on M such that its action preserves w, is of Lee type, i.e., the flow of V
is a l-parameter subgroup contained in the center of K, and is twisted-Hamiltonian,
i.e., the Lie algebra £ := Lie(K) is contained in ham(M, [w]) (see Sect.2.3). Then, it
turns out that the group Aut*(M, [w])K := Aut*(M, [w]) N Diff (M)K preserves the
2-form w (see (4.5)) and that, for any J € J (@)= T (@) N Tam (@)X, the endo-
morphism D(6%) is orthogonal to the tangent space T) Jam (@)X (see (3.18), (3.19)
and (3.24)). Here, we denoted by Diff(M)¥ the subgroup of diffeomorphisms that
commute with K and by Jam (a))K the subspaces of K-invariant, compatible almost
complex structures on (M, w). Therefore, if we denote by Ham(M, [w]) the gener-
alized Lie transformation group generated by ham(M, [w]) (see Sects.2.1 and 2.2),
set Ham(M, [w])X := Ham(M, [w]) N Diff (M)X, and let C>°(M; R)X be the space of
K-invariant smooth functions; the previous arguments allow us to prove the main result
of this paper, that is

Theorem 1 (see Propositions 4.1, 4.2, and Theorem 4.3) Let (M 21 w) be a compact,

connected, 2n-dimensional, smooth manifold endowed with a locally conformally
symplectic structure with non-exact Lee form 0. Assume that there exists a compact,
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connected Lie group K acting effectively on M such that its action preserves w (k1),
is of Lee type (kK2) and is twisted-Hamiltonian (k3). Then, the map

w: T (@) = c®m; RF ., pi=scal®™ +nd*o

is a moment map for the action of Ham(M, [wDK on T (w)X.

Here, we denoted by scal“" the map that assigns toany J € J (w)K the Chern-scalar
curvature of the locally conformally Kéhler metric w(_, J_) (see Appendix A.1). As
expected, the moment map framework developed in Theorem 1 leads to the existence
of a Futaki-type invariant. More precisely, if we denote by «x : ham(M, [0])K —
C>®(M, R)X the linear isomorphism that verifies X .o = dg(k(X)) for any X €
ham(M, [w])K (see (2.9) and Proposition 4.1), and by 3(£) the center of the Lie algebra
£, then the following corollary holds true.

Corollary 2 (see Corollary 4.4) Under the same hypotheses of Theorem 1, the value

_JuprHo"

= fM o
and the map
F:38) >R, FX):= /M(M(J) — WK (X) o”

are independent of J, in the connected components of J (w)X.

We expect that our results could possibly lead to new notions of canonical metrics
and stability conditions in the context of locally conformally Kdhler Geometry, playing
an analogue role to the constant scalar curvature Kihler metrics and K-stability in
Kihler Geometry. Note that the equation . (J) = p arising from Theorem 1 and 2 does
not reduce to the constant scalar curvature Kihler equation on the minimal symplectic
covering M (see Remark 4.5). However, in the special case when J is Vaisman, i.e.,
D(®%) = 0 at J, then d*0 = 0 at J, and so we recover the constant (Chern) scalar
curvature equation on M.

The paper is organized as follows. In Sect. I, we summarize some basic facts on
locally conformally symplectic and locally conformally Kéhler geometry. In Sect. 2,
we recall some notions about generalized Lie transformation groups and torus actions.
In Sect.3, we study the properties of the space Jum (@)X, and we compute some
linearization formulas that play a role in the proof of Theorem 1. In Sect. 4, we prove
our main results. Finally, in Appendix, we collect some facts and detailed computations
concerning the Chern connection and the Weyl connection of a locally conformally
Kihler manifold.

1 Preliminaries and Notation

Let M?" be a compact, connected, orientable, smooth manifold of real dimension 2n.
For any vector bundle E — M over M, we denote by C*°(M; E) the space of smooth
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sections of E. For the sake of notation, we set X(M) :=C*(M; T M) and, for any
X € X(M), ®f : M — M will be the flow of X, 7 € R.

1.1 Locally Conformally Symplectic Manifolds

We fix an almost symplectic structure on M, i.e., a smooth 2-form w such that w,
is non degenerate for any x € M, that corresponds to an Sp(2n, R)-reduction of the
frame bundle of M. We say that w is locally conformally symplectic if, for any point
x € M, there exist a neighborhood U C M of x and a smooth function f : Uy — R
such that e~/ |y is closed. By the Poincaré Lemma, the local conformal changes are
organized in a 1-form 6, called the Lee form of (M, ), that verifies the condition

do=0Aw, d6=0. (1.D
By introducing the twisted exterior differential operator
dg:=d—06n, (1.2)

from (1.1) it follows that dgew = 0. Moreover, as 0 is closed, it is immediate to check
that dy o dp = 0 and so dy defines a cohomology H&‘; (M, R) called Morse-Novikov
cohomology. For later use, we prove the following:

Lemma 1.1 For any vector fields X, Y € X(M), the following equalities hold true:

Lxw=dg(Xuw)+60(X)w , (1.3)
dog(w(X,Y)) = Xu(dg(Yow)) — Y i(dg(Xw)) — [X, Y ]ow , (1.4)

where 1 denotes the interior product X sw = w (X, _).

Proof Equation (1.3) is a direct application of the Cartan formula and the locally
conformally symplectic condition dgew = 0. Moreover, by [22, Proposition 1.3.10(b)]
and (1.3), we get

[X,Y]ow = [Lx, Y 1l(w)
=d(XJ(Yiw)) + X2(d(Y uw)) — Y 2(dp (X uw)) — 0(X) (Y Lw)
=—-dg(w(X,Y)) —w(X,Y)0 + X 1(dg (Y 1w)) + X1(0 A (Y uw))
=Y (dg(XLw)) — 0(X)(Y w)
= —dg(w(X,Y)) + Xu(do(Yuw)) — Y 1(dg (X uw)) ,

which concludes the proof. O

Symplectic structures are recovered for & = 0. More generally, if 6 is exact, then w
admits a global conformal change to a symplectic structure: in this case, we say that
w is globally conformally symplectic. In this paper, we will focus on stricly locally
conformally symplectic structures, namely, the case when 6 is non-exact. We refer
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to, e.g., [5, 6, 9, 30] and the references therein for an up-to-date account on locally
conformally symplectic geometry. In the stricly locally conformally symplectic case,
by [35, Proposition 2.1], we have the following:

Lemma 1.2 If0 is non-exact, then HC?H (M, R) = {0}.

Werecall (see, e.g., [18, Section 2] and [6, Section 2.1]) that the locally conformally
symplectic manifold (M, w) admits a unique, up to equivalence, minimal symplectic
covering, that is the data of the following:

e A covering i : M — M with deck transformation group I'.
e An injective group homomorphism p : I' — (R, 4) and a smooth function f :
M — R verifying

foy—f=ply) foranyy el ;

e a symplectic form @, on M such that 7*w = e/ @,.

In the following, we will denote the minimal symplectic covering of (M, w) simply
by (M, @,).

We recall that an almost complex structure on M isasection J € C*°(M; End(T M))
such that J2 = —Id. Notice that J acts on T*M by Jo:=¢oJ —1 and therefore, it
extends to the whole tensor bundle over M. By the Newlander-Nirenberg Theorem,
it is known that J is integrable, i.e., M 2n admits a complex manifold structure that
induces J, if and only if the Nijenhuis tensor of J vanishes, i.e.,

N, X, Y)=[JX,JY]-[X,Y]-J[JX,Y]-J[X,JY]=0.

For the sake of notation, any integrable almost complex structure will just be called
complex structure. An (almost) complex structure J on (M, w) is said to be compatible
with w if

o(J_,J)=w and w(,J_ )y >0 foranyx € M. (1.5)

Any such (almost) complex structure induces a Riemannian metric g; :=w(_, J_)
which is said to be locally conformally (almost) Kdihler. Indeed, the pulled back
metric 7*g; to the minimal symplectic covering of (M, w) is globally conformal to
the (almost) Kihler metric @, (_, w*J_). We also remark that the Riemannian volume
form on M induced by g; coincides with the top exterior power w”.

1.2 Locally Conformally Kdhler Metrics

Let us fix a compatible complex structure J on (M, w) and denote by g := g the
corresponding locally conformally Kédhler metric. In the following, we will denote by
_Fand _" the musical isomorphisms induced by g, e.g.,

g € C¥(M; SEH(TM)) — ¢*eC®(M; Sym(T M, g)) such that g(X,Y)=g(¢*(X),Y) ,
9 €C®(M; T*M) Pt eC®(M; TM) such that  @(X)=g(¢", X) .
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Moreover, given two vector bundles of tensors E, F — M and a linear differential
operator P : C*°(M; E) — C*°(M; F),wedenoteby P* : C*°(M; F) — C®(M; E)
its adjoint with respect to the L>-pairing (_, _) 12(M,g) induced by g. We denote by D
the Levi-Civita connection of (M, g) and by

Rm(X, Y):=D|x y] — [Dx, Dyl , Ric(X,Y):=tr (Z+~ Rm(X, 2)Y), scal:=tr (Ric)ﬁ

(1.6)
the Riemannian curvature tensor, the Riemannian Ricci tensor, and the Riemannian
scalar curvature of (M, g), respectively. Furthermore, we denote by 6 the Riemannian
divergence acting on symmetric endomorphism fields of (M, g), that can be locally
written as [7, Section 1.59]

2n
8: C¥(M; Sym(TM, g))—C¥(M; T*M) , (bu)(X):= —Z 8((Dz,u)(X), éa) ,

a=1

where (€4)qefl,...,21) is any local g-orthonormal frame on M.

The Levi-Civita connections of the local Kihler metrics induced by g glue together
to a globally defined connection V, called the Weyl connection of (M, J, g) [33, 34].
By [34, Equation (2.4)], it has the following expression:

1
Vx¥ =Dy¥ — SAX.Y) . with AX.Y)=68(0)Y +6()X - g(X. Y)eh .

1.7)
By the very definition and direct computations, it satisfies [34, Theorem 2.2]

TV=0, Vo=0Q®w, VI=0, Vg=0®g, (1.8)

where TV (X, Y):=VxY — Vy X — [X, Y] denotes the torsion tensor of V. For later
use, we prove the following:

Lemma 1.3 Let X € X(M) be a vector field and ¢ € C*°(M, T*M) a 1-form. Then,
dg(Xw) = (V. X, )+ o(_, V_X) (1.9)
* # ! # 1
8¢ =V(¢ )—5(_Jde§) +§g(§,9)ld, (1.10)
where dg is the twisted differential operator defined in (1.2).
Proof By (1.2) and (1.8), we get

dg(Xow) (Y, Z) =d(X_w)(Y,Z) — (0 A (Xow)(Y, Z)
=Ly(w(X,2)) — Lz(0(X,Y)) —o(X,[Y, Z]) — 6(Y)(X, Z)
+0(Z2)w(X,Y)
=w(VyX,Z)+ oY, VzX)
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and so (1.9) follows. Fix now a local g-orthonormal frame (€4 )qe(1....,2n) On M. By
[7, Lemma 1.60] (see also [7, Errata at page 514]), we get

2n

1
GO =5 (8(Dy (%), ) + g(De, (6%), V) )éu
2

a=1
2n
1
=3 Z ((Dy¢) (o) + L5, C(Y)) — (D, Y))eéq
a=I
2n

I3 (DyO) @)+ Ly € @)+ E([Zas YD+ dE @a. V)~ £(Dg, V))a
1
(

o

2

=

LY 2Dy 0) o) — A2 (Y, 2))a

a=

1
= Dy(t%) — 3 (Y udo)F
and so, by (1.2) and (1.7), we get

B )Y =Vy (&5 + F(0)" +0(HY — ¢(¥)6) — $(Y udg¢)
—HOM)E* — ¢ (¥)6%)
=Vy(&" — (Y udgO)* + 18(2.O)Y |

which concludes the proof of (1.10). m]

We also denote by VI and scal™ the Chern connection and the Chern-scalar
curvature of (M, J, g), respectively. For the convenience of the reader, we collected
in Appendix some properties of both the connections V and V" that will play a role
afterwards.

Finally, we recall that a (real) smooth vector field X € X (M) is said to be J-
holomorphic if LxJ = 0. Notice that, as J is integrable, by (1.8), we directly get

Lemma 1.4 Forany X € X(M), we have
LxJ=[J,VX], LjxJ=JoLxJ, LxJoJ+JoLxJ=0. (1.11)

In particular, the following three conditions are equivalent:

o X is J-holomorphic,
e JX is J-holomorphic,
o [J,VX]=0.

2 Twisted Hamiltonian Diffeomorphisms and Torus Actions

Let (M 2n ) be a compact, connected, smooth, locally conformally symplggtic man-
ifold of real dimension 2n with non-exact Lee form 6. We denote by (M, @,) its
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minimal symplectic cover and by I" the deck transformation group of the projection
7 : M — M. For the sake of notation, we denote by X(M )r the closed subspace of
I"-invariant, smooth vector fields on the total space M and by

aut(M, 3,)" ==X e X(M)" : Lx®, =0} = [X € XM : d(X @,) =0} ,
ham(M, d,)" = {X e X' X B, is d-exact}
2.1
the Lie algebra of I'-invariant infinitesimal automorRhisms of (M, ®,) and the Lie
algebra of I'-invariant Hamiltonian vector fields of (M, @,), respectively.

2.1 A Remark on Infinite Dimensional Transformation Groups

We denote by Diff (M) the smooth diffeomorphism group of M endowed with the
compact-open C>°-topology [21, Section 2.1], and we recall that it has a natural struc-
ture of infinite dimensional strong ILH-Lie group in the sense of Omori [28, Definition
II1.3.1], with Lie algebra isomorphic to X(M) [27, Theorem 2.1.5]. Accordingly, we
denote by

exp : X(M) — Diff(M) , exp(X):=0Of (2.2)

its exponential map and by
Ad : Diff (M) x X(M) — X(M) , (Ad(@)X)x := (0 X)x = d@ |1 () (X1 (x))
2.3

its adjoint representation. Here and in the following, we will not go into details of the
theory of infinite-dimensional Lie groups. As a good reference, we recommend [27,
28].

We also recall that an isofopy to the identity is a smooth map

¢ :[0,1]xM— M suchthat ¢;:=¢(t,_)eDiff (M) forany ¢ € [0, 1], ¢o=1d

and that ¢ € Diff (M) is said to be isotopic to the identity if there exists an isotopy
to the identity (¢r):c[0,1] such that ¢; = ¢. Since Diff (M) is locally connected by
smooth arcs, it follows that its identity component Diff (M )( coincides with the subset
of diffeomorphisms of M that are isotopic to the identity (see, e.g., [4, Section I.1]).
We also recall that there exists a bijective correspondence between the set of all the
isotopies to the identity and the set of time-dependent vector fields on M, i.e., the
smooth maps Z : [0,1] x M — TM such that Z;|, :=Z(t,x) € TyM for any
t €[0,1],x € M (see, e.g., [24, Theorem 9.48, Exercise 9-20, Exercise 9-21]). This
relation is explicitly given by the following system of ODE’s:

d —

Letnow g C X (M) be aclosed Lie subalgebra of vector fields on M. In general, it is

not possible to find a strong ILH-Lie subgroup in the sense of Omori whose Lie algebra
is g (see [28, Section II1.5]). However, this problem of integrability can be overcome
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by considering the weaker notion of generalized Lie group in the sense of Omori [28,
Definition 1.3.1, Definition 1.3.2] in the following way. First of all, we call g-isotopy
to the identity any isotopy to the identity (¢;);c[0,1] such that the corresponding time-
dependent vector field (Z;);¢[o,1] verifies Z; € gforany ¢ € [0, 1]. Then, the following
result holds true.

Proposition 2.1 Let g C X(M) be a closed Lie subalgebra of vector fields on M and
assume that

Ad(¢;)X C g for any g-isotopy to the identity (¢;)ic[0,1], forany X € g. (D)
Then, the subset

G :={p € Diff(M) : there exists a g-isotopy to the identity (¢;):c[o,115uch that 1 =¢} .
2.5)
is a generalized Lie group in the sense of Omori, with Lie algebra g, whose exponen-
tial map and adjoint representation are given by the restrictions of (2.2) and (2.3),
respectively.

Proof Let ¢V ¢ e G, take two g-isotopy to the identity (q),(i)),e[o,l] such that
¢\ = ¢ and denote by (Z?),c(0.17 the corresponding time-dependent vector field,
withi = 1, 2. Then, it is immediate to observe that (¢;):¢[o0,1], With ¢; := ¢>t(1) o¢,(2) for
any t € [0, 1], is an isotopy to the identity and that the corresponding time-dependent
vector field (Z;);¢[o,1] is given by

Z, =7z + AdeM™z? , tel0,1]. (2.6)
By (A) and (2.6), it follows that (¢;)¢[0,1] is a g-isotopy to the identity and so, since
¢ = oM o 9@, it follows that G is a subgroup of Diff (M)y. It is straightforward
now to check that G verifies all the properties listed in [28, Definition 1.3.1, Definition

1.3.2]. O

According to Proposition 2.1, we refer to the group G defined in (2.5) as the
generalized Lie transformation group generated by g.

2.2 The Twisted-Hamiltonian Diffeomorphism Group
Following [6, 25], we consider the set of special conformal vector fields of (M, w)

aut* (M, [o]) =X € X(M) : Lxo =0(X)o} 'Z {X € X(M) : dg(X_w) = 0}

2.7)
and the subset of twisted-Hamiltonian vector fields of (M, ®)

bam(M, [@]) :={X € X(M) : Xow = dgh for some h € C*(M,R)} . (2.8)
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By (1.4), it is easy to observe that both (2.7) and (2.8) are closed Lie subalgebras of
X(M) and that

[aut* (M, [@]), aut* (M, [@])] C ham(M, [0]) C aut* (M, [»]) .

Since w is non degenerate, from Lemma 1.2 it follows that there exists a unique linear
isomorphism

K ham(M, [w]) — C®°(M,R) suchthat X.w =dy( (X)) forany X € ham(M, [w]) .
2.9)

Moreover, by (1.4), the isomorphism « verifies

k([X,Y]) = —w(X,Y) forany X,Y € aut"(M, [w]) .
It is remarkable to notice that, by [6], the Lie algebras (2.7) and (2.8) are related to
the Lie algebras defined in (2.1) by the following
Proposition 2.2 ([6, Proposition 3.3, Corollary 3.10]) The covering map 7 : M—M
induces the following two Lie algebra isomorphisms:

Ty aut(ﬂ, o) = autr (M, [0]) , 7. : ham(ﬁ, Do)T = ham(M, [w]) .

where I is the deck transformation group of 7.

As a direct corollary of Proposition 2.2, by using a lifting argument, one can prove
the following

Corollary 2.3 Boththe Lie algebras aut* (M, [w]) and ham (M, [w]) verify the property
(D).

According to Proposition 2.1 and Corollary 2.3, we denote by Aut*(M, [w]) and
Ham (M, [w]) the generalized Lie transformation groups generated by aut*(M, [w])
and ham(M, [w]), respectively. We call them special conformal automorphism group
and twisted-Hamiltonian diffeomorphism group of (M, w), respectively.

2.3 A Note on Twisted-Hamiltonian Group Actions

We denote by V € X(M) the symplectic dual of 9, i.e., the unique vector field on M
defined by the condition V uw = 6. Notice that from (1.2) and the very definition, we
get

Vow =do(=1), 6(V)=0 (2.10)

and therefore, by (1.3), it follows that
Lyw=0. 2.11)

Let now K be a compact, connected Lie group that acts effectively on M and
t:=Lie(K) C X(M) its Lie algebra. By compactness, K can be written as the product
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K = Z(K) - [K, K], where Z(K) and [K, K] denote the center and the commutator of K,
respectively. At the Lie algebra level, this decomposition corresponds to ¢ = 3(¢) &
[€, £]. We make the following assumptions on the group K:

(k1) The K-action preserves w.
(k2) The K-action is of Lee type, i.e., V € 3(8).
(k3) The K-action is twisted-Hamiltonian, i.e., K C Ham(M, [w]).

Let us notice that condition (k1) is not too restrictive, in view of the following:

Lemma 2.4 Let K be a compact, connected Lie group acting effectively on M. If M
admits a locally conformally symplectic form, then it also admits a K-invariant locally
conformally symplectic form.

Proof Fix K a locally conformally symplectic form on M with Lee form 6. Since the
cohomology of M is K-invariant (see, e.g., [10, Proposition 1.28]), we can perform
a conformal change in order to make 6 K-invariant. Then, the statement follows by
standard averaging methods. O

Notice that, by condition (k2), the group K cannot be semisimple. For example, the
standard actions of SU(2) on the Hirzebruch surfaces are not of Lee-type. A less trivial
example of a non-Lee-type action is given by the homogenous action of U(2) on the
linear Hopf manifold. Indeed, one can directly check that the vector V turns out to be
tangent to the semisimple part of U(2); see [2, Prop. 3.17].

Remark 2.5 Let L be the flow of V, i.e., the 1-parameter subgroup of Diff (M) defined
as
L:={0) :teR}. (2.12)

We notice that L ¢ Ham(M, [w]) thanks to (2.10). Consider now its closure L in
Diff (M) with respect to the compact-open topology. Notice that, if there exists an
almost complex structure J compatible with @ such that

LyJ =0, (2.13)

then, by (2.11), V is a Killing vector field for the Riemannian metric g5 = w(_, J_).
Therefore, by the Myers-Steenrod Theorem, it follows that L = T is a torus, whose
action on M clearly satisfies conditions (k1) and (k2). We stress that, if (M, w) admits
a compatible complex structure J whose associated Riemannian metric is Vaisman,
then condition (2.13) is automatically satisfied, and thus, it admits a torus action of Lee
type. On the other hand, in [26], the authors construct examples of compact locally
conformally Kéihler manifolds satisfying (2.13) which are not Vaisman.

Concerning Remark 2.5, it is worth mentioning that, in general, even when T = L
is compact, it is not obvious that condition (k3) is satisfied, i.e., that T is contained
in Ham(M, [@]). Indeed, by means of Proposition 2.2, it follows that the special
conformal automorphism group Aut*(M, [w]) is closed in Diff (M) and so, since
dy (Viw) = 0, we get t:=Lie(T) C aut*(M, [@]). On the other hand, it is not known,
to the best of our knowledge, whether the twisted-Hamiltonian diffeomorphism group
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Ham (M, [w]) is closed or not, and therefore, we do not know whether the inclusion
t C ham(M, [w]) holds in general or not. We remark that the corresponding problem in
the classical setting has been solved in [29], where the author proved, as a corollary of
his main theorem, that the Hamiltonian diffeomorphism group of a compact, connected
symplectic manifold is closed in the diffeomorphism group with the C°>°-topology.

3 K-Invariant, Compatible Complex Structures

Let (M?", w) be a compact, connected, smooth, locally conformally symplectic man-
ifold of real dimension 2n with non-exact Lee form 6. Assume that K is a compact,
connected Lie group that acts effectively on M and verifies (k1), (k2), and (k3) as in
Sect. 2.3. In the following, for any vector bundle of tensors E — M over M, we denote
by C°°(M; E)X the closed subspace of smooth sections of E that are K-invariant.

3.1 The Space of K-Invariant, Compatible AlImost Complex Structures

Let us define

Jalm (a))K = {J almost complex structure on M compatible with w as in (1.5) and K-invariant } .
3.1
Following [11, Remark 4.3], the space Juim (@)X has a natural structure of smooth
ILH manifold in the sense of Omori [28, Definition I.1.9], since it can be regarded as
the space of K-invariant smooth sections of a fiber bundle with typical fiber the Siegel
upper half-space; see also [23, Theorem A]. Note indeed that, in the classical picture
for almost Kihler structures, one does only need w to be non-degenerate.

Remark 3.1 By Remark 2.5, it follows that if the closure L of the 1-parameter group
generated by V is non-compact, then the space of L-invariant almost complex structure
on M compatible with w is empty.

We recall now the characterization of the tangent space of Jaim (@)X, In the follow-
ing, we denote by sp(T M, @) C End(T M) the subbundle defined fiber-wise by

sp(TeM, wy) :={a € End(TxM) : o (a_, ) + ox(_,a_) =0}, xeM.
Lemma 3.2 The tangent space of Jum (@)X at J is given by

T Jaim (@) = {u € C°(M; sp(T M, ) : Ju +uJ =0}

3.2
={a;:=[J,al:a € C®(M;sp(TM, )"} . G2

Proof Let (J;); C Jaim (@)K be a curve starting at J = Jy with initial tangent vector
u= Jé S Tjjalm(w)K. In particular, J; satisfies J,2 =—-Idand w(J;_, J;_) = w, and
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SO

d 2 / !
0=V |,—o = Jodo+ JoJo=Ju+ul

d
0=—F oW/ o=0W_ )—o(l_ul)=o_)+ou),
which proves the first inclusion
Ty Jam (@) C {u € C°(M; sp(TM, ) : Ju +uJ =0} .

Notice now that any u € C>°(M; sp(T M, w)) satisfying Ju + uJ = 0 can be written

as 1
u= [J,—Eju]

with

1 1 1 1
w(—EJu_, Dt w(, —zJu_) = Ea)(u_, J_)+ Ea)(_, uJ_)=0,

which proves the second inclusion

{u e C®WM;sp(TM, o)X Ju+ul =0} c {a;:=1J,al:a e C®(M; sp(TM, w)X} .
Finally, for any a € C*°(M; sp(T M, )X, we define J; := exp(—ta)J exp(ta), and
we observe that J; € jalm(a))K forany t € R, Jo = J and Jé = [J,a] = ay, which

proves the remaining inclusion. O

As a consequence of (3.2), any K-invariant tensor field a € C®°(M; sp(T M, )X
determines a vector field on Jym ()X by

a € C®(Jam(@); T Tam(@)) . ay:=1J,4a] . (3.3)

Any vector field of the form (3.3) will be called basic. As in [16, Equation 9.2.7], we
prove the following:

Lemma 3.3 The Lie bracket of two basic vector fields a, b on Jalm (a))K is basic and
given by
[a,b] = [a,b], with [a,b] =ab—ba . (3.4)

Proof Take a, b € C°°(M; sp(T M, w))X and notice that the flow of the basic vector
field a is

0% : R X Jam(@)X = Tam (@)X . ©%(J) = exp(—ta)J exp(ta) .
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Therefore, for any J € Jalm(a))K, we get

82
dat ds
2

0
= 52 05 exp(ta) exp(—sb) exp(—ta)J exp(ta) exp(sb) exp(—ta) ’(t,s):(0,0)

=[J, ab — ba]

[a, b1 (0%, 00200

() |(t,s)=(0,0)

which proves (3.4). O

Following [11, page 179] (see also [16, page 227]), we define the tautological
complex structure J and the tautological symplectic structure () by setting

J € C%(Fam (@) End(T Taam (@))) . Jyi=J ,

Ge C®(Jam(@); ST(T* Tam(@))) , Gy, v) = (U, v) 21,4, = /M tr(uv) "
3.5)

Ne C®(Jum (@) A2(T* Tam(@))), 0y, v) =06, yu, v)= / tr(Juv) " .
M

Here, (_,_) L2(M.g)) denotes the standard Lz-pairing induced by g;. We refer to the

triple (J, G, N) as the tautological Kéihler structure of Jaim (w)X. This nomenclature
is due to the following result (compare with [11, Theorem 4.2]).

Proposition 3.4 The tautological Kéhler structure (J, G, 0) defined in (3.5) is a Kcih-
ler structure on the ILH manifold Taim (@) with respect to which the basic vector
fields (3.3) are holomorphic Killing.

Proof By the very definitions, it is straightforward to realize that (J;, Gy) is a linear
Hermitian structure on T Jaim (a))K forany J € Jam (a))K. Since the flow ©J4 of the
vector field Ja is given by

©/4(J) = exp(—tJa)J exp(tJa) ,
a direct computation shows that for any J € ._lem(w)K

R 2 . g
(@, Ibl; = = — (0%, 00, 0 %) ()|
82
= 55 exp(ta) exp(—s exp(—ta)J exp(ta)b) exp(—ta) - J-
s

(t,5)=(0,0)

exp(ta) exp(s exp(—ta)J exp(ta)b) exp(—ta) |(t’s):(0’0)

= %(—J exp(ta)b exp(—ta)J —exp(ta)bexp(—ta)) |,_,
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=—JabJ + JbaJ — ab + ba
= J[J,[a,b]]

= (JJ[&’[;])J

and so, by (3.2), it follows that
L;0=0. (3.6)

An analogous computation shows that £ j;J = 0 and so
Ny(@, b):=[Jda, Jb] — [a, b] — J[Ja, b) — Jla, Jb] =0 . (3.7)

By [23, Proposition 1.4], the integrability of J is equivalent to the vanishing of the
Nijenhuis tensor N j, and so, by (3.2) and (3.7), it follows that J is integrable.
A straightforward computation shows that for any J € Jyim (@)®

te(J[J, allJ, b]) = 2tr(Ja, b])

and so

A

. d R d A
L;(Nb.0), = a Do) (boi sy Coin) limo = 24 /Mtr(®§‘(1)[b, cho”|

= 2/ tr(ay[b, c]) 0" .
M
Therefore,
(La0) (b, 0) s = L4(N(b. 8)), — N(la, b]. &)y — N(b, [a,¢])y
= 2/ (tr(@y[b, c) — r(J[[a, b], c]) — r(J[b, [a, c]]) &"
M

=0.

Notice that, in virtue of (3.2), this implies that
L;N=0 3.8)

and so, from (3.6) and (3.8), it follows that the basic vector fields are holomorphic
Killing. Finally,

AN, b, &)y =(La(Nb, &) + L;(N(E, &) + La(N(@, b)) — N([a, b1, ¢)
—0([b, &1, a) — N((é. al, b)),
=N([a, b], &) + 0(1b, &1, @)y + N, al, b);
=2 /M (tr(J[[a, b], ¢]) + tr(J[[b, c], al) + t(J[[c, al, b])) &"
=0
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and this concludes the proof. O

Remark 3.5 By (3.2) and (3.4), it follows that the infinite dimensional Lie algebra
C®(M; sp(TM, w))K acts effectively and transitively on Jaim (w)X (see, e.g., [1, Sec-
tion 2] for the notation). Moreover, by Proposition 3.4, the Kihler stucture defined in
(3.5) is invariant with respect to such Lie algebra action.

Finally, we introduce the subset
T (@) :={J € Jum(®)" : J is integrable} . (3.9)

In the same spirit as [11, Theorem 4.2], one can show that [ (a))K is an analytic subset
of Jaim (a))K. As already mentioned in Sect. 1, any element J € J (W)X yields a locally
conformally Kéhler structure (J, g7 = w(_, J_)) on M, with fundamental (1, 1)-form
w, such that K C Aut(M, J, gj).

3.2 Linearization Formulas

The aim of this subsection is to compute the linearization of some geometric quantities
related to the locally conformally Kihler structures induced by elements in 7 (w)X.

Fix J € J (w)X and adirection @y € Ty Jam (@)X, forsomea € C>°(M; sp(T M, w))X.
For the sake of shortness, we set g := g; and

&:=—J€lj.

An easy computation shows that the endomorphism & is g-symmetric, J-anti-invariant
and trace-free, i.e.,

g@(X),Y)=g(X,a(Y)), Ja+al=0, t(@d)=0. (3.10)

In the following, for the sake of shortness, given any function F defined on Taim (),
we will denote by F’ the differential of F at J in the direction of ;. A straightforward
computation proves the following:

Lemma 3.6 The following equalities hold true:

g(X,Y)=ga(X),Y), (3.11)
©% = —a®" , (3.12)
(161> = —g(a,0 @ 6%) . (3.13)

As for the Riemannian scalar curvature, we have

Proposition 3.7 The linearization of the Riemannian scalar curvature reads as

1
scal’ = d*(84) + ”Tg(&, 0 ® 0% . (3.14)
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Proof By [7, Theorem 1.174], (3.10), and (3.11), we know that
scal’ = d*(8a) — g(a, (Ric)*) . (3.15)

Moreover, if we denote by RicV the Weyl-Ricci tensor of (M, J, g), then it follows
that

—1 1 —1
RicV)? — (Ric)* = (n — 1)(8*0) + "Te ®6% — E(d*@)ld — ”T|9|21d
(see (A.22) in Appendix). Therefore, since dgf = 0, by (1.10), it follows that
o N N o . VAE o f n—1 . # 1. o
—g(a, (Ric)”) = —g(a, Ric")" )+ (n—1)g(a, V(67)) + Tg(a, 0Q0%) — E(d 0)g(a,l1d) .
(3.16)
We recall that the endomorphisms (Ric")* is g-symmetric and J-invariant (see Corol-
lary A.5 in Appendix), and so, by (3.10), we get
g@@, RicY)H =0. (3.17)

In the same way, since Ly J = 0 and pt =Jv, by Lemma 1.4 it follows that V(6%
is J-invariant and so, by (3.10), we get

2(a, V(%) =0. (3.18)

Finally, again by (3.10), we get
2@, 1d) =tr(d) =0 . (3.19)
Therefore, (3.14) follows from (3.15), (3.16), (3.17), (3.18), and (3.19). u]

Finally, regarding the codifferential of 6, we get

Lemma 3.8 The linearization of d*0 reads as
(d*0) = —(8&)(6%) . (3.20)
Proof Since d*0 = —tr(D(6%)), we get
(d*0) = —tr(D'(6%)) — tr(D(O%)) . (3.21)

Fix a local g-orthonormal frame (€4)ae(1
and (3.11), it follows that

2n) on M. Then, by [7, Theorem 1.174]

.....

2n
2u(D'(6%) = ) 28(D'(Ea, 6%), %)

a=1
2n

=Y (8((Dg,@)(6%), &a) + g((Dy:a) (Bn). &a) — 8((Dz, ) (20), 6%))

a=1
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= tr(Dy:a)
= ﬁgj (tr(&))
and so, by (3.10),
tr(D'(6%)) =0 . (3.22)
On the other hand, by (3.12), we have

— (D) = tr(D(@©B")) = —(8a)(0%) + (D), &) . (3.23)

Finally, a direct computation based on (1.7) shows that
: oo Lop
D) = V(%) + §|0| Id (3.24)

and so (3.20) follows by (3.18), (3.19), (3.21), (3.22), (3.23), and (3.24). O

4 The Moment Map and the Futaki Invariant

Let (M?", w) be a compact, connected, smooth, locally conformally symplectic mani-
fold of real dimension 2n, with non-exact Lee form 6, and assume that K is a compact,
connected Lie group that acts effectively on M and verifies (k1), (k2), (k3) as in
Sect.2.3.

Let us consider the group of K-invariant, special conformal automorphisms of
(M, w)
Aut* (M, [w])K:= Aut* (M, [w]) N Diff(M)X .1

and the subgroup of K-invariant, twisted-Hamiltonian diffeomorphisms of (M, w)
Ham(M, [0])* := Ham(M, [»]) N Diff(M)* 4.2)

with Diff(M)X:={¢ € Diff(M) : ¢ oy = o ¢ for any ¥ € K}. Analogously, we
consider the Lie algebra of K-invariant, special conformal vector fields of (M, w)

aut* (M, [0])K:= aut* (M, [w]) N X (M)K (4.3)

together with the Lie subalgebra of K-invariant, twisted-Hamiltonian vector fields of
(M, w)
ham(M, [0])":=ham(M, [w]) N XM . 4.4)

By the very definitions, it is immediate to check that both aut* (M, [wDX, ham(M, [wDK
verify the property (A) and that Aut* (M, [wDX, Ham(M, [@])K are the generalized Lie
transformation groups generated by them. The first ingredient to construct a moment
map in our setting is the following:

Proposition 4.1 The following properties hold true.
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a) The Lie algebra aut* (M, [a)])Kpreserves w, ie.,
Lxw=0 forany X € aut (M, [o])¥ . 4.5)

b) The map « defined in (2.9) restricts to a linear isomorphism ham(M, [w])¥ ~
C®(M, R)X.

Proof Let X € aut*(M, [w])X. Then, by (1.4), we get
dy(0(X)) =dg(w(V, X)) = —[V, X]luw=0.

Therefore, by Lemma 1.2, this means that 6(X) = 0 and so (4.5) follows by (1.3).
Fix now X € ham(M, [w]). By definition, the action of K preserves w, and hence,
it preserves 6 as well. Therefore, for any ¢ € K, we get

W X)w = (Y H*(Xow) = (¥ H*dg(k (X)) = dg((X) o ™)

which implies, together with Lemma 1.2, that X is K-invariant if and only if « (X) is
K-invariant. O

In the following proposition, we introduce a natural action of the group
Aut*(M, [w])K on the space Juim (@)X of K-invariant, compatible, almost complex
structures and we prove that it preserves the tautological symplectic structure () defined
in (3.5) and the subset 7 (w)X defined in (3.9).

Proposition 4.2 The generalized Lie transformation group Aut*(M, [])X acts on
Taim (CU)K by pull-back

Aut* (M, [0 X Tatm(@) = Tam(@) (@, J) > ¢*J :=(dp) " o J odg (4.6)

and this action preserves both the subset J ()X C Tum(w)X and the symplectic
form 0. Moreover, for any X € aut* (M, [w])K, the fundamental vector field X* €
C®(Taim (@) T Tum(0)¥) associated with X is

X*=—LxJ . A.7)

Proof The action (4.6) is clearly well defined. Moreover, since the integrability of any
J € Jam(@)X is equivalent to the vanishing of the Nijenhuis tensor Ny, it follows
that the subset J (w)X is Aut*(M, [w])K-invariant. Formula (4.7) follows directly from
the definition of fundamental vector field and (4.6). Finally, since Aut*(M, [w])K is
connected by smooth arcs, in order to check that it preserves the symplectic form (),
it is sufficient to prove that Lx+0) = 0 for any X € aut*(M, [w])K.

Therefore, fix X € aut*(M, [w])K, J € Jum(w)X and take two basic vector fields
a, b on Taim (@)K, A straightforward computation shows that

[X* 4] = Lxa

W Birkhauser



A Moment Map for Twisted-Hamiltonian Vector Fields...

and then, by the infinite dimensional Cartan formula, we compute
(LxM)(@, by, = (d(X*2M) (@, b)y
= La(N(X*, b)) — L;(NX*, &) — N(X*,[a,b]) ],
= —0O(Lxa, b) — 0@, Lxb) + N(X*, [a, b))

J

=- / (r(J[(Lxa), b]) + te(J]a, (Lxb)]) + t((Lx I)]a, b)) o
M

- —2/ Lx((J[a, b)) o" .
M

Therefore, by (4.5), we get

(Lx<N)(@, by = —2/ Lx(e(J[a, b)) 0" = —2/ Lx(r(J[a,b]) @") =0
M M

and so the thesis follows from (3.2). O

Finally, in virtue of (3.2), Proposition 4.1 and Proposition 4.2, we are ready to prove
the main result of this paper, that is the following:

Theorem 4.3 The map p: J(0)K — C®(M: R)X defined by
wi=scal™® + nd*o (4.8)

admits a smooth extension to an Aut* (M, [a)])K-equivariant map on the whole space
Taim (@)X that verifies

R N 1 . A
/dMIJ(aJ)K(X)w :_EOJ(vaaJ)
M

forany J € J()X, a € C®°(M; sp(TM, w))K, X € ham(M, [w)X.

Proof We recall that, when J is integrable, the Chern-scalar curvature can be expressed
in terms of the Riemannian scalar curvature as

-1
scal® = scal — (n — 1)(d*0) + "T|9|2
(see (A.15) in Appendix). Therefore, the function
-1
1 Fam(@) > CEME R, jui=seal + 0 + “—— (6]
extends (4.8) to the whole Jum (@)K and one can check that it is smooth by a direct
computation in local coordinates. Moreover, since Aut*(M, [a)])K preserves the 2-
form w, it follows that g,«; = ¢*g; forany J € Tam(@)X, ¢ € Aut*(M, [w])X and

so the extended map w is Aut*(M, [a)])K—equivariant.
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Fix J € JX a € C®M;sp(TM,w)X, X € ham(M, [w])X and let
h:=k(X) € C®°(M;R)X. Set g: =gy, a:= — Jay and, for any function F defined
on Jam (@)X, denote by F’ the differential of F at J in the direction of a;. Then, by
(3.13),(3.14) and (3.20), we get

(h, )LZ(M o = (h, (scal)’ Y2, t+ (B, (d*0) YL2(M. ) + (h (o1%y YL2(M, )

—1
= (h,d*(8d)) 12y, g) +2 8(a,0 ®0%) 24 4)

2
o n - o
— (h, (88)(0%)) 12(p1.g) — T”“ 8@, 0 ®6%) 124 .4)
= (5*((1/1), &)LZ(M,g) - (5*(h9)1 601)1,2(M,g)
= (8" (doh). &) [2(a1.g) - (4.9)

Since dgh = X.w = g(J X, _), it follows that (dgh)* = J X and so, from (1.10) and
d2h = 0, we get

1
8*(dgh) = J o VX + EQ(JX)Id . (4.10)
Moreover, since dg (X 1w) = 0, by (1.11) and (1.9)
O0=w(VyX,Z)4+w(lY,VzX)

=g(JVyX,Z) +3g(JY,VzX)
=g(Vyy X, 2) +g(JY,VzX) +8(Lx )Y, Z)

and so, using again (1.11), we obtain
2Sym,(VX) = —JoLxJ . 4.11)

Therefore, by (3.5), (3.10), (4.9), (4.10), (4.11), and (4.7) and the fact that a; is g-
symmetric, we obtain

. 1 . 1 .
(ho iy p2mg) = —(VX,a7) 12(0.0) = —E(ﬁxJ, Jaj)2om,g) = 3 Ny (X%, ay),

which concludes the proof. O
As a direct consequence of Theorem 4.3, we get the following:

Corollary 4.4 The value
fM n(J) "

£= Ju"

and the map

F: 360 >R, FX):= /M(/L(J) — WK (X) o”
are independent of J, in the connected components of J (w)X.
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Proof We use the same notation as in the Proof of Theorem 4.3. If X € 3(£) and
h:=«k(X), then by Lemma 1.4, (4.9), (4.10), it follows that

d : ,
3 (U0 W20 —o = (87 (@doh), @) 201, = =(VX, @) 201,9) =0 -

In particular, notice that, since x (V) = —1, we get the thesis. O

Notice that the existence of a complex structure J € J (@)X such that u(J) = ®
forces JF to vanish, and thus, it is an obstruction to the existence of these special locally
conformally Kihler metrics.

Remark 4.5 Fix J € J(w), and let g, = w,(_, 7*J_) be the corresponding Kihler
metric on the minimal symplectic covering (1\7 , @,); see Sect. 1.1. Then, by the stan-
dard formulas for conformal changes (see, e.g., [7, Theorem 1.159]) and (4.8) (see
also (A.15) in Appendix), the Riemannian scalar curvature scal(g,) can be computed
in terms of w(J) as

scal(2,) = e (u(J) —2nd*0 — n(n — 1)|0*) o7 ,

where 7 : M — M denotes the projection and f : M — R is the smooth function
that verifies 7*w = e/ @,. Therefore, the moment map p defined in (4.8) does not
correspond to the scalar curvature map on the minimal symplectic covering.

Appendix
Let (M, J, g) be acompact, connected, locally conformally Kéhler manifold of dimen-
sion dimgrM = 2n with fundamental 2-form w :=g(J_, _) and Lee form 6. In this

Appendix, we report some useful formulas that we use in the text. These are well
known by the experts, but we decided to collect them here for the sake of readibility.

A.1.The Chern Connection of a Locally Conformally Kdhler Manifold

The Chern connection of (M, J, g) is the linear connection defined by
1
VY = DY — EAC“(X, Y), (A.1)

where D denotes the Levi-Civita connectionof (M, g) and A" (X, Y) :=dw(J X, Y, ).
By the locally conformally Kéhler condition dw = 6 A w, it follows that

AKX, Y) =0(JX)JY +0(Y)X — g(X, Y)o" . (A.2)
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The Chern connection is characterized by the following properties (see, e.g., [15, p.
273])

vehe =0, vhy=0, JTNX,Y)=T"UX,Y)=T"X,JY),
(A.3)
where TN (X, ¥) :=V{Y — VX — [X, Y] is the torsion tensor of V. By (A.1)
and (A.2), the tensor Téh takes the form (compare with [14, p. 500])

TNX,Y) = %(G(X)Y —0(Y)X —0(JX)JY +0(JY)JX) . (A.4)

Moreover, by (A.1), (A.2) and (A.3), the covariant derivative DJ can be expressed in
terms of 6 as

(DyJ)(X) = %(G(JX)Y —0(X)JY —g(UX, V)07 + g(X,Y)J0%) .  (AS)

For later use, we also mention that a straightforward computation based on (A.1),
(A.2) and (A.4) shows that the covariant derivative VERT R can be expressed in terms
of 6 as

1
28(VETMY (X, Y), W) = —(Dz0)(Y)g(X, W) — 5(6>(Y)9(Z) +0(JY)0(JZ)
—101%g(Y, Z))g(X, W) + (Dz0)(X)g(Y, W)

1
15 (OX)OZ)+6(X)0(12)~ 165(X. 2))g(Y. W)

+(Dz0)(JY)g(JX, W)+ 1(G(JY)G(Z) 0(Y)o(JZ2)
—10178(JY . 2))g(JX, W) — (Dz0)(JX)g(JY. W)
—%(9(1){)9(2) —0(X)0(JZ)

—101’¢(JX,Z2))g(JY, W) . (A.6)

We denote by
QMX,Y):=VRy — VS VP (A7)

the Chern curvature tensor of (M, J, g), by

2n
scal®:= 3" e(QM (@, ép)éa. p) (A.8)
o,B=1

the real trace of QM and by

n
scal™:=2 )" g(QM(ei, Jeiej, Je,) (A.9)
i, j=1
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the Chern-scalar curvature of (M, J, g). Here, (éa)ae(l,...2n) = (€i, Jei)ie(1,... n} 1S
any local (J, g)-unitary basis on M.

On a locally conformally Kéhler manifold, the function scal*~" and the Riemannian
scalar curvature are related as follows (compare with [14, Eq. (32)]).

ICh

LemmaA.1 The function scal®® defined in (A.8) can be expressed in terms of the
Riemannian scalar curvature scal and 0 as.

scal™™ = scal — 2(n — 1)(d*0) — (n — %)(n — Do) (A.10)

Proof For the sake of notation, we set
Ric™(X, Y) :=tr(Z > QM(X, 2)Y) . (A.11)
Then, by (A.1) and (A.7)
Ch Ch Ch
QMNX,2) = VR 4 — [V VS
1 Ch 1 Ch
= Dix,71 — [Dx, Dz] + E[DX’ A-NZ, )] - E[DZ’ A-N(X, O]
1 1
—~ EAC*‘([X, Z1, ) — Z[ACh(X’ 0, A%z, )]
1 1
=Rm(X, Z) + E(DXAChxz, DE E(DZAC*U(X, D

- i[ACh(X,_x ANz, )]

and so, by (A.11), we get

2n
~ . 1 N N
Ric™™(X, ¥) — Ric(X, Y) =3 > g((DxA)(Ey. Y), éa)
a=1
2n

- Z (D3, AM)(X, Y), &)

(x 1

2n
- % > g(ANX, AT @, V). )

a=1
2n

+ 1) 8(AM @, ANX, 1)), 8
a=1
where (€q)wefl,...,21) 1s any local g-orthonormal basis on M. Since

dFo=—-mn-1J0, (A.12)
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by (A.2), (A.5) and (A.12) it follows that

2n
D g((DxA™) @y, Y), &) = 2(n — 1)(DxO)(Y) ,

a=l1

2n
> g((Ds, AM)(X. Y). &a) = (Dx0)(Y) + (Dy0)(J X) + 30(X)0(Y)
a=1
+(n— HOUTX)OY) , +(d*0)g(X,Y)
—51017g(X, ) ,
2n
D (AT, AN @y, 1)), ) = 0(X)O(Y) +0(JX)O(TY) — 101°8(X, Y)
a=1
2n
D (A @y, ANX, X)), &) = 2(n — DOX)OY) +2(n — DO X)O(JY)
a=1

—2(n - 1)01%g(X, Y)
and so

Ric™™ (X, Y) — Ric(X, ¥) = (n — $)(Dx0)(¥) — $(Dyy0)(J X) — $(d*0)g(X., Y)
+(2 = DOX)OY) — 30(JX)O(JY)
—(3 - Do g(X.Y) . (A.13)

By taking the trace of (A.13), we get (A.10). O

Analogously, the function scal®™ and the Chern-scalar curvature are related, in the
locally conformally Kihler setting, as follows (compare with [14, Eq. (19)]).

LemmaA.2 The function ‘scalch defined in (A.8) can be expressed in terms of the

Chern scalar curvature scal™™ and 9 as
scal™ = scal®™ — (n — 1)(d*0) — (n — 1)20)? . (A.14)

Proof Fix alocal (J, g)-unitary basis (€x)ac(l,....2n) = (€i, J€i)ief1,....ny on M. Then,
by (A.3), (A.6), (A.8), (A.9) the first Bianchi Identity [22, Theorem II1.5.3] and the
properties of the Chern curvature tensor, one can compute

scal®™ — scal®P
2n

n
= Y QMo e 2p) —2 Y 8T (er Jeies, Tej)
a,p=1 ij=1
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n
= Z (g(QCh(ei, ejlei,ej) + g(QCh(e,-, Jejlei, Jej) + g(QCh(Jei, ej)lei,ej)
i,j=1

+8( @ (e, Jej)Jei, Jej) —28QN i, Jepe; Je)))

n
> (—28@ Wi eper Jep =25 Q@ er, Jenes. Jep) =252 e e er. Je)))
ij=1
n
> (28T er e), ), Jep+2TNT D er, Jei), e, Te)
ij=1

+2g(TNTMej. e0). Tei), Jej)+28((VSE TN (e i), Jep)+28(VE" T (T e)). Tej)

+28((VE TN e, Jer). Jep))

> (28 TN e ) = 28 (VSR T M ere)), Je)))
ij=1

Z (((Deﬂ)(é’i) +(Dye;0)(Jei))glej, ej) + (0(ei)b(ei) +0(Jei)0(Jei)
i j=1

01 g(ei, e))g(ej, e))—((De6)(e)) + (Dye,0)(Jej))glei, e))—(6(en)be)) +6(JeNb(Je))
1018 (i, ) e)))

—n(d*0) — n(n — VIO + (d*0) + (n — 1)|6]?

—(n — 1)(d*0) — (n — 1)*|6|?

which yields the proof. O
As a direct consequence of (A.10) and (A.14), we obtain the following relation
between the Riemannian scalar curvature and the Chern scalar curvature in the locally

conformally Kihler setting (compare with [14, Eq. (33)])

Corollary A.3 The difference between the Riemannian scalar curvature and the Chern
scalar curvature can be expressed in terms of 0 as

scal — scal ™ = (n — 1)(d*0) — “5110)% . (A.15)
A.2 The weyl connection of a locally conformally kdhler manifold
Let V be the Weyl connection of (M, J, g) as in (1.7). We denote now by
QV(X, Y):=Vixy; —[Vx, Vr] (A.16)

the Weyl curvature tensor of (M, J, g). Here, we collect some well-known properties
of the Weyl curvature and, for the sake of completeness, we give some details on the
proof.
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LemmaA.4 The Weyl-curvature tensor Q¥ satisfies the following properties:

VX, Z+QVy, 2)x+QV(Z, X))y =0, (A.17)
g @YX, VZ, W) +gZ, QY X, Y)W)=0, (A.18)
QV(X,Y)oJ =JoQV(X,Y), (A.19)
QVuUx, i) =QvX,Y) . (A.20)

Proof The Bianchi identity (A.17) holds since the Weyl connection is torsion-free [22,
Theorem II1.5.3]. Moreover, a straightforward computation shows that

g QV(X.NZ, W) +g(Z, Q" (X, V)W)

=gVixv1Z, W) +g(Z, Vix W) — g(VxVyZ, W) — g(Z,VxVy W)
+g(VyVxZ, W)+ g(Z,VyVxW)

= Lix,v1(8(Z, W) — (X, YDg(Z, W) — Lx(g(VyZ, W) + g(Z, Vy W))
+0(X)(g(VyZ, W) + g(Z, Yy W) + Ly (s(Vx Z, W) + g(Z, Vx W)
—0(Y)(g(VxZ, W)+ g(Z, VxW))

= (Lx(OX)) — Ly@(X)) —O(X, YD))g(Z, W) — 0(X)(Lx (g(Z, W))
—g(VyZ, W)—g(Z, VyW))+0(Y)(Lx (g(Z, W) —g(Vx Z, W) —g(Z, Vx W))

=do(X,Y)g(Z, W)

and so, as 0 is closed, this proves (A.18). Formula (A.19) follows directly from
VJ = 0. As for (A.20), we notice that, when C-linearly extended to the complexi-
fied tangent bundle TCM and then restricted to the holomorphic tangent bundle, the
(0, 1)-component of the Weyl connection coincides with the (0, 1)-component of the
Chern connection. Indeed

AN, 8) = 0(IMIE+0(E)T— (7, €)% = 0(E +0©E)T— g7, £)0" = A, &)

for any pair of complex (1, 0)-vector fields &, n on (M, J). This implies that the
(0, 1)-component of the Weyl connection is the Cauchy-Riemann operator of the
holomorphic tangent bundle of (M, J), and therefore the (0, 2)-component of Qv
vanishes. Moreover, since QV is skew-Hermitian, its (2, 0)-component vanishes, and
this completes the proof. O

By taking the trace of the Weyl curvature tensor (A.16), we define the Weyl-Ricci
tensor
RicV(X,Y):=t(Z — QV(X, 2)Y) (A21)

and we notice that Lemma A.4 has the following immediate

Corollary A.5 The Weyl-Ricci tensor RicV is symmetric and J-invariant, i.e.,
RicV(X,Y) =RicV(Y,X), RicV(JX,JY)=RicV(X.Y).
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Moreover, the difference between the two Ricci tensors RicY, Ric can be easily
expressed in terms of the Lee form 6. More precisely

Proposition A.6 The following equality holds true:
Ric")? — (Rie)* = (n — 1)(8*0) + 716 ® 67 — J(@*O)ld — “5101°1d . (A.22)

Proof Fix a local g-orthonormal frame (€q)ac(1,...,2n) On M. A straightforward com-
putation based on (1.7), (A.16) and (1.6) shows that

QY(X,Z) —Rm(X, Z) = $(DxA)(Z,_) — 3(DzA)(X, ) — {[A(X, ), A(Z, )]

and so, by (1.6) and (A.21)

2n 2n
RicY(X,Y) = Ric(X, ¥) = 3 > g((DxA)(@u. ¥), ) — 5 Y 8((Dg, A)(X,Y). &)

a=1 a=1
2n 2n
— 1D (AKX, AGw. Y)) . éa) + § Y 8(AGw. A(X.Y)). ) -

a=1 a=1
(A.23)
By (1.7), it follows that

(DxA)Y, Z) = (Dx6)(Y)Z + (Dx6)(2)Y — g(Y, Z)Dx6" ,

and so a straightforward computation shows that

2n
> g((DxA) (. Y). éa) = 2n(DxO)(Y)

a=1

2n
Zg((DéaA)(X, Y), éy) = (Dx6)(Y) + (Dy0)(X) + (d*0)g(X, Y) ,
a=1

2n

Zg(A(X, Ay, V), &) =2(n + DOX)O(Y) — 210°g(X. Y) |

a=1

2n

3 8 (Ao, ACX. V), 20) = 4n6(X)B(Y) — 2n62g(X. V) .

a=1

(A.24)

Finally, since 6 is closed, it follows that D8 is symmetric and so
(D) = D(%) =80 . (A.25)
Therefore, (A.22) follows from (A.23), (A.24) and (A.25). O
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