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1 | INTRODUCTION

Ricci flow solutions that are defined for all negative times have a special significance and are called
ancient. Ancient solutions appear as blow-up limits of finite-time singularities for the flow, and
so they play a crucial role in the analysis of solutions near their extinction time. They have been
classified and, as a result, shown to be rotationally symmetric on compact surfaces [27] and in
higher dimensions under noncollapsing and positive curvature assumptions [15, 16]. Many other
instances in the literature also appear where ancient solutions turn out to have more symmetries
than initially assumed [3, 5, 14, 17, 18, 21, 28, 36, 54]. Furthermore, by simplifying the evolution
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equation, symmetry assumptions play an important role in the construction of examples (see,
e.g., [4,12,29, 32, 36, 42, 50, 53, 55)).

In this paper, we investigate whether this tendency for ancient solutions to be more symmetric
holds true in the compact homogeneous setting, where any ancient solution is Type I [10] and the
Ricci flow has special structural properties (see, e.g., [2, 8, 10, 20, 30, 35, 37, 54]). In this case, if an
ancient solution is noncollapsed, then the backward limit is unique and, in fact, a homogeneous
Einstein metric on the same manifold [10]. Thus, this picture is well-understood. Here, we look
at the collapsed case, where along any sequence of times approaching negative infinity, the met-
rics collapse with bounded curvature [10]. As expected from the foundational work on collapsed
Riemannian manifolds in [23-25], these metrics asymptotically develop additional toral symme-
tries in a precise sense (see [47] and Section 3), and this motivates our investigation. As a further
motivation, we show that the additional structure provided by these toral symmetries leads to the
existence of backward limit solitons for collapsed ancient solutions. Here, this limit is, in fact, a
homogeneous Einstein metric on a manifold of lower dimension.

From now on, we denote by M = G/H an almost-effective homogeneous space with G, H com-
pact and connected Lie groups, and by N(H) the normalizer of H in G. By [13, Corollary 1.4.3],
N (H)/H is isomorphic to the gauge group of G-equivariant diffeomorphisms of M. By [11] and [10,
Remark 5.13], M admits a collapsed ancient solution only if it is the total space of a homogeneous
torus bundle, that is, only if dim(Ng(H)/H) > 0. In fact, by adapting [47] to curvature-normalized
solutions g(t) := ﬁ g(t), we know more.

Theorem A (cf. [47]). Let g(t) be a collapsed, ancient solution to the homogeneous Ricci flow on a
compact manifold and & = {t"} a sequence of times with t'" — —co. Then, up to passing to a sub-
sequence, the collapsing directions of the rescaled metrics It(1”>| g(t™) converge to a limit distribution
induced by the (possibly locally defined) right action of a torus T.

Here, T is a connected, abelian subgroup of N(H)/H, possibly nonclosed. Moreover, the right
action of T gets closer to becoming g(t™)-isometric, as n — +oo, in a precise sense (see Theo-
rem 3.1). We remark that, while there must exist a collapsing torus T C Ng(H)/H, the collapsing
directions could potentially oscillate within the gauge group Ng(H)/H as t - —oo. A priori, this
allows for the possibility that different tori collapse along different sequences going to —oo (see
Section 3).

Examples of collapsed ancient solutions have been found on a case-by-case basis in [4, 10, 20, 21,
42, 54], and, more recently, in [49] the second- and third-named authors proved a general existence
result. As a matter of fact, in all known examples, the collapsing torus T is unique, that is, it does
not depend on the sequence of times, and it is compact. Moreover, the curvature-normalized met-
rics shrink the fibers of the principal torus bundle T - G/H — G/HT and converge to an Einstein
metric on the base G/HT in the Gromov-Hausdorff topology. Furthermore, all known examples
have additional symmetries; in particular, they are invariant under the right action of T for all time.

It is not known whether the phenomenon of additional toral symmetries characterizes all col-
lapsed ancient solutions on compact homogeneous spaces. We investigate this question when
solutions evolve through diagonal metrics, that is, their eigenspaces are time-independent. This
happens, for example, if the isotropy representation of G/H does not contain any pair of equiva-
lent irreducible submodules, an assumption that widely occurs in the literature. More generally,
it is guaranteed by the existence of an NR-decomposition for the isotropy representation of G/H
(see Definition 5.8). The main result of our paper is the following.

d '€ '920¢ ‘0SLL69YT

 wouy

101}IPUOD PUe SWIB | 3U) 38S *[9202/¥0/LT] Uo ARiqiauljuo A8|IM ‘outio] 1a Hjod BA (418 SIS 0uLio] 1 091ujod AQ ETS0L SWI/ZTTT 0T/I0p/A0d | 1m A

fom ArIq1RUIL

35UB0 17 SUOWILLD 9AIEB.D) 3 (et |dde au Aq pauenob afe sapiLe O 8sn Jo sajni Joj AReiqi auluo A3|ipm uo



TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW | 3 of 52

Theorem B. Let g(t) be a collapsed ancient solution to the homogeneous Ricci flow on a
compact manifold such that g(—1) is diagonal with respect to an NR-decomposition. If the col-
lapsing torus T of this solution is unique, then g(t) is invariant under the right action of T for
allt.

Note that, if M = G/H does not have any pair of equivalent irreducible submodules, the
conclusion of Theorem B follows by applying Schur’s Lemma. However, for such spaces,
dim(Ng(H)/H) <1, and so this class is rather restricted. This motivates the introduction of
NR-decompositions that generalize work of [34, 38, 46]. In particular, Theorem B applies
to all homogeneous spheres, for which the result was proved in an ad hoc manner in
[21, 54]. Furthermore, Theorem B applies to a large class of examples including, for exam-
ple, the orthogonal groups SO(n) and their quotients SO(n)/II;SO(p;) with ), p; <n—1,
the manifolds Sp(n)/II;Sp(p;) with Y, p; = n — 1, the Aloff-Wallach spaces and many oth-
ers (see Section 7). Finally, we point out that no curvature assumption is needed for
Theorem B.

To prove Theorem B, we quantify the symmetries induced by the right action of the collaps-
ing torus T in terms of the submersion tensor (see Section 6). This tensor S is defined as the
g-symmetric part of the infinitesimal action of T and vanishes if and only if the right T-action
on M is g-isometric. Results from [47], coupled with our assumptions, imply that S(T, g(t)) - 0
as t - —oo, which can be interpreted as the right action of T becoming closer to being g(t)-
isometric as t - —oo. Our main new technical result here is that, under the assumptions of
the theorem, a monotonicity result holds for the norm |S| of the submersion tensor along the
solution ¢(t), see Theorem 6.9. These two facts then imply that S is identically zero along the
flow.

Although it holds in all known examples, the uniqueness of the collapsing torus is a nontrivial
question. In the following result, we describe a case in which the uniqueness is guaranteed.

Proposition C. Let g(t) be a collapsed ancient solution to the homogeneous Ricci flow on a compact
manifold M = G/H such that g(—1) is diagonal with respect to an NR-decomposition. If No(H)/H
has rank 1, then the collapsing torus T of g(t) is unique.

We remark that the hypotheses of Proposition C are automatically satisfied in dimension 3,
where the conclusion has already been established in [21] via a case-by-case analysis.

Finally, we investigate the limiting behavior of ancient solutions in the presence of right toral
symmetries. By [43, Theorem 3.1] and [22, Theorem 4.1], if an ancient solution is noncollapsed,
then there exists a sequence of times, going to —oo, such that the corresponding blow-down
sequence converges in the Cheeger—-Gromov topology to a gradient shrinking Ricci soliton. More-
over, by [52, Theorem 1.1], all homogeneous gradient Ricci solitons are rigid, that is, locally
isometric to the product of an Einstein manifold with flat Euclidean space. However, when col-
lapse happens along the flow, the results of [22, 43] do not apply, and one cannot hope for a smooth
limit in the classical Cheeger—Gromov topology. However, we prove the following.

Theorem D. Let ¢(t) be a collapsed ancient solution to the homogeneous Ricci flow on a compact
manifold M, such that its collapsing torus T is unique and maximal. If ¢(t) is right T-invariant, then
the rescaled metrics ﬁ g(t) converge in Gromov-Hausdorff topology to an Einstein metric on M /T
ast — —oo.
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40f 52 | KRISHNAN ET AL.

Here, we do not assume the solution g¢(t) to be diagonal. Additionally, we do not strictly
require maximality of T, which is just needed to guarantee that the horizontal distribution of
the Riemannian submersion (M, ¢(t)) - M/T is time-independent (see Theorem 4.1).

To prove Theorem D, we introduce a new functional (see (4.7)) in the spirit of [41], where
immortal Ricci flow solutions were studied under local abelian symmetries. Our functional is
defined on the space of metrics on M that are both left G-invariant and right T-invariant. It is
scale-invariant, monotone along the Ricci flow, and its critical points detect G-invariant Einstein
metrics on the quotient space M /T. This allows us to prove the existence of a limit Einstein metric
on M /T. Uniqueness of the limit follows from a result of Lojasiewicz on analytic gradient flows,
applied to an appropriate gauge-normalization of the Ricci flow introduced in [49].

To the best of our knowledge, Theorem D is the first theoretical existence result for backward
limit solitons of collapsed ancient solutions, which does not presume the existence of an Einstein
metric on the base beforehand. Results concerning the existence of solitons for collapsed immortal
solutions appear, for example, in [9, 40, 41]. A different approach would be needed to drop the toral
symmetry assumption in Theorem D. This will be the subject of further studies.

The paper is organized as follows. Section 2 gathers background material on compact homoge-
neous spaces and homogeneous ancient Ricci flow solutions. Section 3 describes the collapsing
tori of homogeneous ancient solutions. The proof of Theorem D is presented in Section 4. Section 5
introduces NR-decompositions and their algebraic consequences, and it contains the proof of
Proposition C. Section 6 is devoted to the proof of Theorem B. In Section 7, we present a large class
of homogeneous spaces where Theorems B and D can be applied. Appendix A collects some basic
facts about root spaces that get used in constructing examples in Section 7. Finally, Appendix B
proves Theorem A.

2 | PRELIMINARIES
2.1 | Homogeneous ancient solutions to the Ricci flow

Let (M, g,) be a compact Riemannian manifold. The Ricci flow is the geometric partial differential
equation (PDE)

9,9(t) = —2Ric(g(t)) , g(t,) =g, - 21

Assume now that G is a compact Lie group acting isometrically on (M, g,). Since by [33] the isom-
etry group remains unchanged under the flow, Equation (2.1) restricts to a flow on the space M®
of G-invariant metrics. In this paper, we are interested in the case when the G-action is transitive.
Consequently, Equation (2.1) becomes a dynamical system, and MC is finite-dimensional.

If g, € Mf, that is it has unit volume, then the volume-normalized Ricci flow §(t) starting at
g, satisfies the ordinary differential equation (ODE)

7'(t) = —2Ric%(5(1)) , (2.2)

where Ric’(¢) denotes the traceless Ricci tensor of ¢. It is well-known that Equation (2.2) preserves
M‘f and is equivalent to the Ricci flow, up to time-dependent rescaling and time reparameteriza-
tion. Moreover, the volume-normalized Ricci flow (2.2) coincides, up to a positive constant, with
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the L?-gradient of the restricted scalar curvature functional on M‘f (see, e.g., [6, Proposition 4.17]).
This fact has remarkable consequences on the geometry of ancient solutions to the flow, that is,
those solutions ¢(¢) which are defined for any ¢ € (—o0, 0). In the rest of the paper, we use f, = —1
for formulating those conditions that may fail at the forward extinction time. We refer to [49,
section 2.3] for a more extended presentation of this topic. Here, we summarize the main facts.

Let g(t) be the solution to (2.1) with initial metric g, = g(—1) € M‘f and §(t) the corresponding
solution to (2.2). Notice that, by [54, Theorem 3.2], ¢g(t) being ancient is equivalent to §(t) being
ancient. By the maximum principle, if g(¢) is ancient, then scal(g(t)) is positive and monotonically
increasing (see, e.g., [26, p. 102]) and so the same holds true for the scalar curvature of j(t) as
well. Moreover, by [10], there exists a constant ¢ > 0, depending only on the dimension m and on
scal(g,), such that

|Rm(g(t))|g(t) <c-scal(g(t)), |t|scal(g(t)) €[c,c] foranyt<—1. (2.3)

Indeed, by rescaling and time reparameterization, the solution can be assumed to satisfy the
hypotheses of [10]. Then, the first inequality in (2.3) is stated in [10, eq. (20)]. The lower bound on
|t] scal(g(¢)) follows by [10, eq. (20)] and [10, Corollary 2], while the upper bound on |t| scal(g(¢))
follows by [10, Corollary 2] and the Cauchy-Schwarz inequality. Up to changing the constant, it
is possible to choose the same constant ¢ for all the bounds in (2.3).

In particular, any ancient homogeneous solution is of Type I, and the behavior of its scalar
curvature determines the geometry of the solution as t — —oo.

There are two possibilities for the limiting behavior of the scalar curvature under the volume-
normalized flow, and, by [10], they characterize the collapsing behavior in the homogeneous
setting. Here, we recall that the solution ¢(t) is said to be noncollapsed if the quantity

1

inj(o()([Rm(o@)) )

is bounded away from zero as t - —oo0, where inj(g) denotes the injectivity radius of the metric
g. Otherwise, ¢(¢) is said to be collapsed.

The first possibility is that scal(g(t)) - £ > 0 as t - —oo. In this case, the solution is noncol-
lapsed and, according to [10, Theorem 5.2], converges to an Einstein metricon M ast — —oo. Since
the traceless Ricci tensor is the negative L?-gradient of the scalar curvature functional, noncol-
lapsed ancient solutions are known to exist whenever M admits a G-unstable, G-invariant Einstein
metric (see, e.g., [2, 10]). The second possibility is that scal(§(t)) — 0 ast - —oo. In this case, the
solution is collapsed and, based on (2.3) and the fact that M is not diffeomorphic to a torus, it does
not admit any convergent subsequence. In this paper, we are interested in the latter case.

2.2 | Compact homogeneous spaces

Let M™ = G/H be an almost-effective homogeneous space of dimension m, with G and H compact,
connected Lie groups. We assume that M is not diffeomorphic to a torus. Fix an Ad(G)-invariant
Euclidean inner product Q on the Lie algebra g := Lie(G) and denote by m the Q-orthogonal
complement of § := Lie(H) in g. We identify m ~ T,,M by means of the induced infinitesimal

action
d
XX, = gexp(sX)H| Xem

s=0
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6 of 52 | KRISHNAN ET AL.

and, consequently, any G-invariant tensor field on M with the corresponding Ad(H)-invariant
tensor on the vector space m by the evaluation map at eH € M. This induces an identification
ME 2 2 (m*)AdM) of the space of G-invariant Riemannian metrics on M with the space of sym-
metric, positive-definite, Ad(H)-invariant bilinear forms on m. We denote by Jvtf the subset of
unit volume metrics.

We denote by m,, the trivial Ad(H)-submodule of m, that is,

my :={Xem:[hX]=0}. (2.4)

By [7, Lemma 4.27], m, is the Lie algebra of a compact, connected complement of H inside the
normalizer Ng(H). In the following, we identify this compact, connected complement with the
identity component (Ng(H)/H),. By [13, Corollary 1.4.3], Ng(H)/H acts by right multiplication
on M = G/H and it is isomorphic to the gauge group of G-equivariant diffeomorphisms of M.
Therefore, any abelian subalgebra t C m, gives rise to a homogeneous torus bundle

T—-G/H—- G/HT, (2.5)

where T C Ng(H)/H is the connected Lie subgroup of G satisfying Lie(T) = t. Note that T can be
nonclosed in G. In that case, one can still define G/HT as a local quotient (see [48, Proposition
6.1]) and (2.5) becomes a locally homogeneous torus bundle. Since we are interested in collapsed
ancient solutions to the homogeneous Ricci flow, we are in the case where dim(m,) > 1 (see Sec-
tion 3). We also denote by mé the Q-orthogonal complement of the trivial submodule m, inside
m.

We recall that the isotropy representation of G/H is equivalent to the adjoint representation of
H on m. Since m is finite-dimensional and H is compact, this representation can be split into a
sum of Q-orthogonal, irreducible, Ad(H)-submodules

m=m +my+..+m,. (2.6)
Two Ad(H)-submodules m;, m j € m are said to be equivalent if there exists
L : m; —» m; linear map such that LoAd(h) = Ad(h)oL for any h € H. 2.7)

In that case, we write m; ~ m;, and any map as in (2.7) is called an Ad(H)-intertwining map. If
m is multiplicity-free as an Ad(H)-representation, that is, its irreducible submodules are pairwise
inequivalent, then the decomposition (2.6) is unique up to order.

In Section 3 and Appendix B, we will need to allow for the possibility of the decomposition
@ changing, while elsewhere in the paper the choice of a specific decomposition plays a cen-
tral role. Hence, for the sake of notation, we denote by FC the set of ordered, Q-orthogonal,
Ad(H)-invariant, irreducible decompositions of m. By [7, Lemma 4.19], FC inherits the structure
of a compact homogeneous space. Moreover, the number ¢ of irreducible submodules and the
dimensions d; := dim(m;) do not depend on the specific choice of ¢ € FC.

Remark 2.1. The conjugation action of the gauge group N;(H)/H yields an infinitesimal action on
m that preserves the splitting m = m, + mé. Its restriction to m, coincides with its adjoint action
as a Lie group. Moreover, by (2.4) and (2.7), Ng(H)/H acts on m by Ad(H)-intertwining maps.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW | 7 of 52

Fix a decomposition ¢ = (my,..., m,) € FC. An equivalence class of modules in ¢ under the
relation induced by Ad(H)-intertwining maps is called an isotypical class. Notice that the number
of isotypical classes does not depend on the specific choice of ¢. Up to reordering, we can assume
that

fO
m0=2mp, wheredpzlforanylspsfo. 2.8)
p=1

A basis {e, } for m is said to be ¢-adapted if it respects the decomposition ¢. Let

lijkl, == D, ). D) QUeq.egle,)* foranyl<i,jk<?. (2.9)

e, eEm; eﬁemj eyemk

Notice that (2.9) does not depend on the choice of the p-adapted, Q-orthonormal basis. Since ad(X)
is Q-skew-symmetric for any X € g, the coefficients [ijk], are symmetric in all three entries. Fur-
thermore [ijk], > 0, with [ijk], = 0 if and only if [m;, m;] and m, are Q-orthogonal. Moreover,
the correspondence ¢ — [ijk], is a continuous function on FC (see [7, section 4.3]). We also define
the coefficients b,, ...,b, € R by

(_Bg)lm@m; = binmi®m[ ) (2.10)

where B3 is the Cartan-Killing form of g. Since G is compact, it follows that b; > 0 and b; = 0 if
and only if m; C 3(g), where 3(g) denotes the center of g.

For any g € M there is a decomposition ¢ = (my, ..., m,) € FC© with respect to which g is
diagonal, that is,

g = xl Q|m1®m1 + ...+ XK le[®m/ . (211)

Notice that, in general, this condition does not uniquely determine the decomposition ¢. If
the adjoint representation is multiplicity free, then any G-invariant metric on M is diagonal
with respect to the (essentially) unique decomposition of m. If ¢ is diagonal with respect to ¢
(¢-diagonal for short) and has eigenvalues X, ..., x, as in (2.11), then its Ricci tensor satisfies

Ric(g)lmi(@mi =X rici(g)Q|mi®mi for any 1< i < ¢ ’

with

ric;(9) ;=2_;__% Y, lijk] LM Y lijk] T (212)

Notice that, although the metric g is gp-diagonal, in general Ric(g) has off-diagonal terms. Finally,
the scalar curvature of g takes the form

scal(g):% Y dibi _ 1 3 ikl — . 2.13)

. ?x.
1<i<e X 1<i, k<t XXk
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8 of 52 | KRISHNAN ET AL.

In the rest of the paper, when a distinguished decomposition ¢ is fixed and there is no ambiguity,
we will write [ijk] instead of [ijk].

3 | COLLAPSING TORI OF HOMOGENEOUS ANCIENT SOLUTIONS

As mentioned in the introduction, a compact homogeneous space admits a collapsed ancient solu-
tion only if it is the total space of a principal torus bundle (see [11] and [10, Remark 5.13]). In this
section, we describe the collapsing behavior of these solutions along the toral fibers in more detail.

Let ¢(t) be a collapsed ancient solution to the homogeneous Ricci flow on M = G/H. By the dis-
cussion in Subsection 2.1, the scalar curvature of the corresponding volume-normalized solution
g(t) satisfies scal(g(t)) — 0 ast — —oo. Then, since the first inequality of (2.3) is scale-invariant,
we obtain

Jim [Rm(3(0)] ;) =0,

which implies that §(¢) cannot admit any convergent subsequence of metrics in M‘f More pre-
cisely, fix a sequence of times & = {t(} c (0, +0) such that 7 — 400 as n — +oo. Then,
{g(—=t™)} c MC is a divergent sequence of unit volume G-invariant metrics with bounded cur-
vature, and so [47, Theorem 4.3] applies. In fact, a similar characterization also holds for the
curvature-normalized metrics, from which Theorem A follows immediately.

Theorem 3.1. Let ¢(t) be a collapsed, ancient solution to the homogeneous Ricci flow on M and let
¢ = {t(M} be a sequence such that T — +oco. Then, up to passing to a subsequence, the following
properties hold.

(i) There exists a sequence of decompositions ™) = (m(ln), m(f")) € FC, with
)y _ () (n)
g(=7") = x| le(ln)®m(1n) +..+x, le(fn)®m(fn) ,

(c0)

(c0)
L e M )asn — +oo.

such that {p™} converges to a limit decomposition ¢(®) = (m
(ii) Up to reordering, there exist 1 < s < ¢ and § > 0 such that

(n)

lim -2
n—+oo 7(n)

X

=0 forany1<p<s§,

3.1

x?”) > 67 foranys; <i<?, foranyn €N .

(c0) (c0)

(iii) Thesumty 1= m™" + ..+ mg "~ is an abelian subalgebra of m,.

(iv) Foranyl< p < sgandforanyl<i<j<¢,

(m
X
. _ . . j
[Pijlyer =0 = lm [pijloem ol 0, (3.2)
i
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 9 of 52

x™

[pij]¢<m> >0 = lim 1. (3.3)

n—-+oo xl@) -

(v) Up to reordering, there exists C > 0 such that

xg’)ﬂ <Ct™ foranyn eN.
Since the proof of Theorem 3.1is technical and is an adaptation of the proofs of [47, Theorems 4.1
and 4.3] to this context, we provide it in Appendix B.
Notice that the subalgebra t; obtained in Theorem 3.1 could depend on the sequence of times
&. Within this context, we give the following.

Definition 3.2. Let g(¢) be a collapsed, ancient solution to the G-homogeneous Ricci flow. We
say that a connected, abelian subgroup T C N;(H)/H is a collapsing torus of g(t) if there exists a
sequence § = {7}, with 7 - 400, such that Lie(T) = te asin Theorem 3.1.

Notice that any collapsing torus T of g(¢) acts on the right on M and gives rise to a (possibly
locally) homogeneous torus bundle

Te > G/H— G/HT; . (3.4)

Moreover, condition (3.3) can be interpreted as the (possibly locally defined) right action of T
getting closer to being isometric along the sequence of times & as n — +oo. Indeed, condition
[pij ]¢(m) > Oimplies that the right action of T, intertwines the submodules mgm) and m§°°), which

are limits of mgn) and mg."), while the right-hand side of (3.3) implies that the metric eigenvalues

x™

. and x™ are getting closer to each other as n — +o0.

To draw the geometric conclusions that we are interested in, we need collapsing tori to satisfy
additional properties.

Definition 3.3. Let ¢(¢) be a collapsed, ancient solution to the G-homogeneous Ricci flow. We say
that a collapsing torus T of ¢(¢), with t = Lie(T), is rigid if the following conditions are satisfied:

1
(i) forany V' € t, we have lim,_,_, [¢|"2[V] ) = 0;
(ii) tand its Q-orthogonal complement t* inside m are g(t)-orthogonal for any ¢ < 0;
(iif) there exists § > 0 such that [X]| ) > 61X|,_;) forany X € tt and for any t < —1.

Notice that if a collapsing torus T of g(¢) is rigid, then T is also unique. Interestingly, the col-
lapsing torus is rigid in all known constructions in the literature. We remark that it is unknown
whether this is generally true. However, we can prove it under the assumptions of Proposition C
(see Remark 5.9).

4 | LIMIT SOLITONS FOR HOMOGENEOUS ANCIENT SOLUTIONS

For noncollapsed ancient Ricci flow solutions, [22, 43] give us a sequence of times, going to
—oo, along which the metric converges to a gradient shrinking Ricci soliton. Moreover, in the
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10 of 52 | KRISHNAN ET AL.

homogeneous case, the limit is an Einstein metric on the same manifold, obtained as a full
backward limit (see [10]).

In the collapsed setting, one cannot hope for a limit soliton metric on the same space, but the
behavior of known examples, along with the results of Section 3, suggest seeking a limiting Ein-
stein metric on a quotient by a collapsing torus. Here, we verify this claim for flows that satisfy
additional structural assumptions. The main result of this section is the following.

Theorem 4.1. Let g(t) a collapsed ancient solution to the homogeneous Ricci flow on M. Ifits collaps-
ing torus T is rigid and ¢(t) is right T-invariant, then (M , |Tl|g(t)) converges in Gromov-Hausdorff
topology to an Einstein metricon M /T ast — —oo.

As a corollary, we obtain Theorem D.

Proof of Theorem D. We need to show that, under the assumption of T being unique and maximal,
if g(¢) is right T-invariant, then T is also rigid (see Definition 3.3). Let t = Lie(T) and consider the
Q-orthogonal splitting

m=t+t.

By maximality of t, there exists no trivial Ad(HT)-submodule in t*. Therefore, since g(¢) is right
T-invariant for any t < 0, it follows from Schur’s Lemma that t and its Q-orthogonal comple-
ment t are g(t)-orthogonal for any t < 0. By maximality of t and Theorem 3.1, there exists
6 > 0 such that |X| ) > 8|X|,_y for any X € t+ and for any ¢ < —1. Finally, since the split-
ting m =t + t* is g(¢)-orthogonal for any ¢t < 0 and the collapsing torus T is unique, it follows

that lim,_,_, [¢]" 2|V, = 0 for any V € t, because every sequence of times t™ - —oco admits
a subsequence along which the limit is zero (see the first equation in (3.1)). O

Theorem 4.1 illustrates the important role of right toral symmetries and provides further moti-
vation for Theorem B. In the presence of right T-invariance, the metric ¢ on M has extra structure,
namely it is a Riemannian submersion onto a homogeneous metric on G/HT. Following [44], this
simplifies the expression for Ric(g). We begin by introducing the notation required for this.

4.1 | Riemannian submersions on homogeneous torus bundles

Let M™ = G/H be as in Section 2 and fix a torus T C Ng(H)/H. This gives rise to a (locally)
homogeneous torus bundle

T>M=G/H— B :=G/HT (4.1)

and the corresponding Q-orthogonal splitting at the Lie algebra level:

m
—

g=h+t+b, withb~T, B. (4.2)

We say that a left G-invariant metric g on M is of submersion type with respect to the bundle (4.1)
if it preserves the decomposition (4.2) and its restriction to the subspace b is Ad(HT)-invariant.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 11 of 52

We denote the set of all such metrics by M®T. Any g € M®T can be written as

g =gyt gy,

where g; is an inner product on t and g is an Ad(HT)-invariant inner product on b. Notice that
(M, g) - (B, gp) is a Riemannian submersion with totally geodesic fibers (see, e.g., [47, Lemma
3.5]). The failure of the horizontal distribution b to be integrable is measured by the O’Neill tensor
A defined in [44, section 2], which is characterized by the following (see [6, chapter 9.C]):

AxY = -[X, Y]y, AypX=AypV =0, g(AxU,V)=0, g(AxU,Y)=—g(AxY,U), (43)

1
2
where X,Y € b, U,V €t and [+, -]; denotes the orthogonal projection of the bracket onto t. Note

that if A = 0, then g is (at least locally) a Riemannian product T X B (see [6, Remark 9.26]). One
can express the quantity |A|? in terms of the eigenvalues xi, ..., x, of g € M®" as

A2 = Z Z ukLp : (4.4)

k=11i,j=s+1

where ¢ = (m, ..., m,) is a decomposition with respect to which ¢ is diagonal and the integer
1<s</Zissuchthatt=m; +..+m_,b=mg ; +.. +m,.

By [6, Proposition 9.36], for a metric ¢ € M%7, the vertical and the horizontal components of
its Ricci tensor are given by

Ric(9lge = Ay »  Ric(9)lpgp = Ricp(gp) — 24, , (4.5)

where the tensors A, € S2(t*) and A, € S%(6*)AYHT) are given by

AU, V) = Y g(Ax U Ax V), A (XY) = ) g(AxX;, AyX) = ) g(AxUj, AyU))
i i j

(compare with [6, Formula (9.33a), Formula (9.33c)]). Here, {X;} (resp., {U;}) denotes a g-
orthonormal basis of b (resp., t). Observe that, whereas the tensor A depends only on the principal
connection on the fiber bundle (4.1), the tensors A ,and A , depend on the metric g. For later use,
we provide the following estimates.

Proposition 4.2. There exists C = C(m) > 1, depending only on the dimension, such that
CHAP <141, <CIA . CTUAPR <14, <ClAP (4.6)
forany g € MCT,

Proof. We will give the proof of the inequalities for | A, |, since the proof for | A

For convenience, we set A; g = g(AXpX ¢ Up)- Since

is very similar.

ng’ .‘]lg

AL = ) g(Ax Xg, U = YL (A,

p.q,r p.q,r

2
LJ

Lj
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12 of 52 | KRISHNAN ET AL.

the Cauchy-Schwarz inequality implies that

14,12 <)) ((Z(A;,Y)(Z(A{;I)Z» <m?|Al%
i,j k,l k,l

On the other hand, by the equivalence of norms on a finite-dimensional space, we obtain

2 2
) > c1<m><2 ALl |A;;l|> = CymylAl!

ikl

14,12 > q(m)(Z

i,j

i At
Z AklAkl
[
and this concludes the proof. O
Finally, the Ricci tensor generally has off-diagonal entries, namely Ric(g)|t®b # 0. However,
under the assumptions of Theorem 4.1, this cannot happen.
4.2 | Ricciflow solutions on homogeneous torus bundles

In this subsection, we introduce a functional F with monotonicity properties along collapsed
ancient Ricci flow solutions on compact homogeneous spaces. More precisely:

2
F:M5T SR, F(g):= (scal(g) +2|A1° )VolB(gb)F , 4.7)
where volg(gg) is the volume of (B, g) and k = dim(B). Notice that F is scale-invariant.
The following theorem establishes a monotonicity property of F. To state it more conveniently,
we consider a solution ¢(7) to the backward Ricci flow defined for any 7 > 0, that is,

¢'(t) = +2Ric(¢(1)), 7 €(0,+x). (4.8)

Notice that this is equivalent to considering an ancient solution for the forward flow, but we prefer
to work with positive times for the sake of readability.

Theorem 4.3. Let ¢(7) be a collapsed homogeneous solution to the backward Ricci flow on M exist-

ing for all T > 0 and assume that its collapsing torus T is rigid and that ¢(7) is right T-invariant for
any t > 0. Then, the first variation of the functional F defined in (4.7) is given by

4

2
TF(g(0) = ~2voly(g5) (IRica(gy)12, — fscals(gp)’

+ascaly(g)|ALZ = 14,12 = 414,12 + 21411) . (49)
As a consequence, there exists T > 0 such that
d
EF(g(r)) <0 foranyt>T. (4.10)

In particular, F is bounded from above.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW | 13 of 52

We need two preparatory lemmas to prove Theorem 4.3. For the rest of this section, assume
that the collapsing torus T of g(7) is rigid and that ¢(7) is right T-invariant for any 7 > 0. Then,
the solution ¢(7) evolves through submersion metrics with respect to the (locally) homogeneous
torus bundle (4.1), that is,

9(0) = (D) + gp(1) , 7€ (0, +c0) . (4.11)

Since ¢(t) is of the form (4.11) for any 7 > 0, it follows that its Ricci tensor is block diagonal,
namely, Ric(¢(7))(U,X) =0foranyU € t,X € b.

Lemma 4.4. Along a solution as in (4.11), the first variation of the quantity |A|§ is given by

d " « . .
T2 1Al = 214,15 + 814, I — 49(Ricg(g5), 4,) - (4.12)

Proof. Let {X;} be a g(1)-orthonormal basis for b and denote by X;(r) the vector fields evolving
through

L X,(0) = “Rie@FE@), X=X, .

Then, {X;(7)} is g(r)-orthonormal. Notice that A itself does not depend on g, so that

d > _ d
ar |A o = dr { Z g(AXinaAXin)}
l’.}
= Z 2Ric(9(f))(AXin,AXin) - ZQ(A(RiC(g(f))nXi)Xj, AXin)
i

— 2g(Ax, (Ric(g())"X ), Ax X))

= ) 2Ric(g(0))(Ax, X, Ax X ;) — 49(Ax, (Ric(g (D)X ), Ay X)) .
L,

Notice that the fibers of M — B are abelian and totally geodesic. At any fixed time 7 > 0, we can
consider a g(7)-orthonormal basis {U ,} for t. Therefore, by [6,9.21 and Proposition 9.36], we have

L,J LJ

=2 Y AU, Ug(t)(Ax Uy X g()(Ax Uy, X))
ixj)psq

~ 2
=2) AU, Uy
b.q

_ N 2
= 2|4,
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14 of 52 | KRISHNAN ET AL.

and
4 Y 9(Ax, Ric(9(0)FX ), Ax X)) = 4 } Ric(g(D))(Ax Ax X} X))
i,j LJ
=—4 zk Ric(g(D)X}, Xi)g(D)(Ax, X Ax X ;)
i,
=4 Z;{ Ric(g(D)X j, Xi)A 0 (X ) X))
i,
= —4g(D)(Ric(g(D), A ;7)) -
Finally, by (4.5) we obtain (4.12). .

The following lemma will be used in the proof of Theorem 4.3.

Lemma 4.5. Under the assumptions of Theorem 4.3, we have

. 2 _
lim 7]AP2 =0, (4.13)

Proof. Since the collapsing torus T is rigid, it follows that

x"T(T)—>0 asT — +oo, foreveryl1 < k<s,

@25 foranyt > 1,foreverys <i<? .

Therefore, by (4.4) we obtain

lim_|A],

T—>+00

y=0

T

which completes the proof. O
Finally, we are ready to prove Theorem 4.3.

Proof of Theorem 4.3. By [6, Theorem 1.174] and homogeneity, we have

d — _YIR; 2
—oscal(g()) = —2[Ric(9)]?

and, by [6, Propositions 1.186 and 9.36],

L voly(g5(r)) = Tr(Ric(9)le)vols(ge) = (scaly(ge) = 2142 Voly(ge)
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 15 of 52

Therefore, by using (4.12), we have
L o) = 2(—IRic)P + 214, + 814, 2 — 4g(Ric(g0), A, Jvols(g)7 +
+ 2 (scal(g) +21AP? ) (scals(gy) — 21412 voly(g5)t
= —2voly(gy)7 (IRic(9)I2 — |4, 12 — 414, 2 + 4g(Ricg(g5), 4,) — Lscals(gy )

+Lscaly(goIAL — A, 12 — 414, + §|A|f;> .

Since
IRic()I} = |4, 17 + [Ricg(gp)l5 + 414, |7 —49(Ricg(gp). 4,) ,
we obtain (4.9). Moreover, by the Cauchy-Schwarz inequality, we have
IRicg (g5 (I, o) = g5cals(gs(r))’ > 0

with equality if and only if Ric% (gp(1)) = 0. By (4.6), the remaining term can be estimated as

1 2 A 2 A 2 2 4 1 2 2
Fscala(au(OIAL ) = 1Ay ) = Mooy + F1ALLG > HIAL o (scals(n() = ClaT )

for some C > 0. Therefore, by (4.13), there exists T > 0 such that
scalg(gy(7)) > C|A|f](r) foranyr > T

and this completes the proof of (4.10). O

4.3 | Existence of limit Einstein metrics

We use the estimates in the previous subsections to prove Theorem 4.1, namely, the existence of a
limit Einstein metric on the base of the principal bundle (4.1).

Proofof Theorem 4.1. Let g(7) be a collapsed solution to the backward Ricci flow existing for all 7 >
0and g(7) = % ¢(7) the corresponding curvature-normalized metrics. Assume that the collapsing
torus T of g(7) is rigid, and that ¢(7) is right T-invariant. Then, g(7) splits as in (4.11), with

G(t) >0 ast — 400, Gp(t) = 6 gp(1) foranyr > 1.

By (4.13) and [6, Corollary 9.37], scal(g,(7)) converges to a positive constant as 7 — +oo. Since
F(g(r)) is bounded, it follows that volz(g,(7)) is bounded as well. Therefore, the 1-parameter
family g,(7) lives in a compact set of G-invariant metrics on B. We now prove the following
two claims.

Claim I: There exists T; — +oo such that gy(t;) = §g° asi — +oo, with Ric%(gf) =0.

To prove Claim 1, we observe that, by Theorem 4.3,

d '€ '920¢ ‘0SLL69YT

 wouy

IPUOD PUe SWB | 3Y1 39S *[9202/70/.T] uo ARiqI8ulluO A8|IM ‘outioL 1 111od A 1q1g SIS 0ULo | 1Q 091U08lj0d AQ ETS0L'SWIZTTT OT/I0pAL0D A3 1M A

fom ArIq1RUIL

35UB0 17 SUOWILLD 9AIEB.D) 3 (et |dde au Aq pauenob afe sapiLe O 8sn Jo sajni Joj AReiqi auluo A3|ipm uo



16 of 52 | KRISHNAN ET AL.

d 2 o _
TEF(!J(T)) = —2V013(gb)kTSC&I(!J)<|R1CB(95)|§5 - %50313(95)2
+1scaly(G)IALZ, — 1A, 12 - 414,12 + %|A|g> .

We claim that there exists 7; — +oo such that ‘L’i%F (g(z;)) — 0. Indeed, suppose that this is not
the case. Then, by (4.10), there exist T > 0 and C > 0 such that

T%F(g(f)) £-C foranyt>T. (4.14)
Then, define the function
T
Yo [T.4+00) =R, (@) = F(g(1)~Clog ()

and notice that {(T) = F(g(T)), and lim,_, , ,, () = —oco. Moreover, by (4.14), it follows that
%F(g(r)) <¢'(r) for all 7> T, from which we obtain lim,_  F(g(r)) = —co. This is a
contradiction since F(g(7)) is nonnegative.
2
Consider {7;} as above. Since the quantities volz(gy ) ¥, Tscal(g), and scalg(gy) are bounded from
above and bounded away from zero along the flow, and |A|; — 0 by (4.13), it follows that

IRicg(Gs(T )12 ) = pscalp(Gs(z))* = 0.

Up to passing to a subsequence, we can assume that gy(7;) — gy as 1 — oo Then, Claim 1
follows by applying the Cauchy-Schwarz inequality.

Claim 2: We have g(t) -> 06 gg" ast — +oo.

By the previous step, we have convergence to the degenerate metric 0 @ e along a sequence
of times. Here, we need to show full convergence along the flow. We use the theory the second-
and third-named authors developed in [49] to prove this fact.

By [49, Proposition 3.1], the Ricci curvature can be analytically extended to the space

Sz(t*) D Si(b*)Ad(HT)

of submersion metrics on M = G/H that are possibly not positive-definite on the toral fibers of
(4.1). Moreover, by [6, Formula (9.37)], the scalar curvature of a submersion metric g is given by

scal(g) = scalg(gp) — |AI2
and so, by (4.4), it follows that the scalar curvature can be analytically extended to the space
S2(t*) @ S2 (6*)AYHD as well. By [49, section 3.2], there exists an inner product (-,-)% on

S*(m*)A4M, depending on the Einstein metric g on the base, such that the following claims
hold. First, up to time reparameterization, the projection of ¢(z) on the unit sphere

2= {g €SN @SIEHNHD 1 (g, )% =1}
is a solution to the gradient flow of the restricted scalar curvature functional

g € X scal(g) . (4.15)
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Second, the degenerate metric 0 @ 95 is a critical point for the functional (4.15). Therefore, by
[39, Theorem (1)], the convergence is uniform along the flow trajectories, and this concludes the
proof of Claim 2.

Finally, arguing as in [49, Proposition 4.2], it follows that (G/H, (7)) converges to (G/HT, gl‘:")
in the Gromov-Hausdorff topology as T — +co. O

5 | NR-DECOMPOSITIONS FOR THE ISOTROPY REPRESENTATION

This section describes our main algebraic assumption in Theorem B, that is, the notion of a NR-
decomposition for the isotropy representation.

5.1 | Normalizer-adapted decompositions

We introduce a class of decompositions, for which the associated structure constants will turn out
to satisfy specific symmetry properties (see Lemma 5.4). This will be an important tool to estimate
the Ricci eigenvalues in Section 6.

Let ¢ = (my,..., m,) € FC be a decomposition for m and assume that it is ordered such that
(2.8) holds. For the sake of notation, we will also fix generators V, € m, with Q(Vp, V) =1for
any 1 < p < £,. We introduce the following definition.

Definition 5.1. A decomposition ¢ = (m, ..., m,) € FC is said to be normalizer-adapted if the
following property holds: for any 1 < p < ¢ and for any 1 <i < 7, if [m, m;] # {0}, then there
exists 1 < j < £ such that [mp, m;ln m; # {o}.

Notice that the nomenclature above is due to the fact that the action of the normalizer
intertwines the modules m; € ¢ in a precise sense described by the following lemma.

Lemma 5.2. Let ¢ = (m,,..., m,) be normalizer-adapted. Fix 1 < p < £y and 1 <i < ¢. If there
exists 1 < j < ¢ such that [pij] > O, then [pik] = 0 for any k € {1, ...,£} \ {j}. As a consequence,
m; ~ m; and ad(V,)(m;) = m;.

Proof. Fix1< p<?, 1<i<¢ and assume that there exists 1 < j < # such that [pij] > 0. By
means of Remark 2.1, the image m; := ad(Vp)(mi) is Ad(H)-equivalent to m; and thus it is con-
tained in the linear span of the isotypical class of m;. By assumption, there exists 1 < j’ < ¢ such
that m; N mj, # {0} and hence m; = m . By hypothesis, j' = j and the claim follows. O

For any 1 < p < 7, we can therefore consider the splitting

1,..,¢}= 1; u Ig , with

0 ._ . . : T . 0
I, ={1<i<? 1 ad(V))ly, istrivial } , Ilj ._{1,...,f}\Ip

(5.1

and the map

the unique 1 < j < ¢ that satisfies [pij] > 0, ifi e I;

$p (L0} = {1,y 0}, $,(0) = {

. . 0 .
i, lflEIp
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18 of 52 | KRISHNAN ET AL.

By Lemma 5.2, for any i € I; there exists a unique element j € Ig such that [pij] > 0, and hence
the map ¢, is well-defined. Moreover, since [ pij] = [pji] (see (2.9)), it follows that ¢, is bijective
with ¢;1 = ¢, For the sake of notation, we consider the splitting

+ _ ! " 3
Ip —IPUIpUIp , with

I, :={ieI;r ti< ¢y}, I; :={ieI; ti=¢,0}, I;’ :={ieI; D> @} -2

Let us also emphasize that, forany j € I ;, ad(V,)lm i is a linear Q-skew-symmetric isomorphism
and therefore the dimension d; is even. Notice also that, by Schur’s Lemma, we can find a ¢-
adapted, Q-orthonormal basis B such that the following hold:

(i) foranyi eI, if{e,} =Bnm;and{e;} =B n My (i) then
Vel =tpieq s [Vpexl=—p, e, (5.3)

for any 1 < a < d;, for some coefficients u pi ER \ {0};
(ii) forany j € II’), if {e,, ez} = B N mj, then

[Vp,ea] = Mp,j €z » [Vp’eél] = _'up,j €a

d.
forany 1< a < 7’ for some coefficients Mpj € R \ {0}.

A direct computation shows that the coefficients u1,,; can be explicitly determined, up to a sign,
by the relation

[pi¢, (D] = d;(u,;)* foranyie I; ) (5.4)

As a matter of notation, we set 1, ; :=0foranyi € Ig, so that (5.4) holds true forany 1 < i < 7.
For later use, we observe that for any 1 < p, g < £, by the Jacobi identity we have

[Vpqu] =0 = ¢p°¢q = ¢q°¢p . (5.5)

We also prove the following two results about the structure constants of ¢, which will play a crucial
role in the proof of our main result.

Lemma 5.3. Let ¢ = (my,..., m,) be normalizer-adapted. Forany 1 < p< £yand 1 <i< ¢, we
have

di = d¢p(l) ) (56)

bi = b¢p(l) . (57)

Proof. It is sufficient to prove the lemma for i € I,,. Equation (5.6) is true since m; and my () are
Ad(H)-equivalent and so, in particular, are isomorphic as linear spaces. Moreover, since m; and
My (i) are intertwined by the adjoint action of a vector V', € m,, it follows that both m; and My (i)
are contained in a single simple ideal of g. Therefore, since Q is Ad(G)-invariant, (5.7) follows. []

Lemma 5.4. Let ¢ = (my, ..., m,) be normalizer-adapted. Fix1 < p < ¢yandi €I,
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 19 of 52

(a) IfjeI;andlsksf,then

(6,08, ()k] = [ijk] . (538)

() If j,k € Ig, then

[¢p(D)jk] = [ijk] . (5.9)

(c) If1 < g < ¢ywith [Vp, Vq] =0, then
g6, (Dpg (@, (D] = [gicpg ()] (510)

Proof. Fix1< p<?,y, i€ Ip and, for the sake of shortness, setr := qbp(r) forany 1 <r < 7.Fixa
p-adapted, Q-orthonormal basis B for m and assume that it diagonalizes ad(Vp) asin (5.3). Then,
forany 1 < j,k < £ we have

Mp i Qles, egliey) + up jQleg ezl e,) — 1, ;Qle, e5l,e,) =0,

(5.11)
:up,kQ([ea’ e,@]’ 6}7) + :up,iQ([eéu e,,;], ey) - :up,jQ([ezx’ eﬁ]’ ey) =0

foranye, € Bnm;, eg € Bn mj,e, € B N my. Indeed, by (5.3), the Ad(G)-invariance of Q and
the Jacobi Identity, it follows that
Mp i Qlex, egl.ey) + up jQleg. ezl e,) — 1y ;Q(ley, €5l e,) =
= _Q([Vps [85(7 eﬁ]]? ey) - Q([eéu [eﬁ’ Vp]]7 ey) - Q([eﬁ’ [Vpa eé(]]’ ey) =0.

The second equation in (5.11) is obtained similarly.
By taking the squares of (5.11), we have

w2 Qles,egliep)” = w2 Qless eglie,)” + 12 Qlleas gl e,)

= 2up ity jQes, €51, €,)Qeq, egl ¢,)
K Qleq ezl ep))” = 12 Qles ezl e,)” + 1 Qleqs egl,e))?

=2, iup jQles €], €,)Q([ey, €5l €)),

and so

K Qless egliep)” —p2 QUless egl e,)” — 2 Qlle egl.e,)” =
w2 Qleq, ezl ep))” — iy Qles, ezl e))* = u2 QUleqs eglie,)” . (5.12)
Taking sums in (5.12), we get

M;’k[i‘]k] - /"12,,] [ijk] - Mlz,,l[l.]k] = ,L{lz)’k[ljk] - M?),i [ij] - :u;’] [l]k] . (5-13)
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20 of 52 | KRISHNAN ET AL.
By applying cyclic index permutations and the index transformations
to (5.13), we obtain the following linear system:
( 2 T 2 _ 2 Pt _ 2 T .7 _ 2 _ 2 .. —
#5”" [f{k] +(u, #p’zk)[l{lf] 2 ;;p,,- [fﬂf] (#% i Mlz,,k)[ljk] =0
ngj[f{k] i —,l;p’j[l{’f] +(#’§’i —Mg’k [fﬂf] —(u, ;= 1 2k)[ljk] =0
I ,uzp,k[f{k] —(u,; = #pz’j)[l{lf] +u,; = #pz,j)[fﬂf] 2 —p;p,k[ljk] =0 (5.14)
(s =ty LK) TR R G 46 k] = 0
/«t%j - “g,k)[f{"] 2 +/;tp,i[l{lf] —(u, ;= #p’zk)[fﬂf] _#5”"[ Jjk] =0
ey 9 LV B S DIV 9 +u, lijk] —u, lijk] =0

Let us write the system (5.14) in the form

A~ ([Ejk), [i7RL [E7RL i) =0

Then, the matrix A factorizes as the product A = P - A/, where P is the invertible matrix

1 1 1 1
5 732 3 0
0 0 0 O 1
0 0 0 O 0
P .=
1 1 0 O 0 -1
1 1 1 1
> 2 2 2 0
0 0 1 -1 -1 O
and A’ is given by
2 2 2 2 2 2
K‘p,i 'up,j +ﬂp,k 'upi +'upJ ’up,k 5 S 5 ) 02 5
0 0 Fpi = Hpj T Hpk THpi T Hp — Hp
2 2,2 —y2 — 2
Al = it Mo ™ Fpk 5 S X 5 02 5 Hpi ~Hp T H
2 'up,i+'up,2j_'up,k _’up,iz_“p,j;_’up,k , 0 ,
Hp.j “Hpj Mpi ™ Mp ke THpi T Hp
2 .2 2 2 2 2
'up,k 'up,i +‘upJ 'upi 'up,j 'up,k

Notice that, since u,, ; # 0 by assumption, the quantities

) 2 2 2 2
'up,i “p,j+'“p,k’ '“pi"'“p,j “p,k

Pk

cannot vanish simultaneously. Then, by explicit computation, the row-echelon form of A’ is as

described in the following table.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW | 21 of 52

If/x;,i - M;,,- + Mz,k =0 If,ulzu. + /x;,j - ,u;,k =0 If/z;’i - /,4;’] + /lz’k #0

and ,u;J + ,u;j - ,u;’k #0

0 0 -1 -1 0 0 00 —
1 -1 0 Mo =My —Hp e, 0 10 —
O p =Ky —HpitHy 0 1 - o1 -
0 0 0 0 0 0 00 0
0 0 0 0 0 0 00 0
0 0 0 0 0 0 00 0

Therefore, we obtain the following characterization:

) ifu,; =0and /,L; L= ,uf) ;» then rank(A) = 2 and the solutions to (5.14) are

[ijk] = lijk], [ijk]=1[ijk];

(2) if u, = 0and /x;j = ,uf) ;» then rank(A) = 2 and the solutions to (5.14) are

lijk] = lijk], [ijk] = [ijk];

(3) in all the other cases, rank(A) = 3 and the solutions to (5.14) are
[ijk] = [ijk] = [ijk] = [ijk] .
Based on this characterization, we proceed as follows.

(@ Ifje I;;, then ,ulz)J > 0, and we are either in case (2) or (3). Hence, [ijk] = [ijk], that is (5.8).

(b) If j,k e Ig, then u, ; = u, . = 0, so we are in case (3). Moreover, since j = jand k = k, we
obtain [ijk] = [ijk], that is (5.9).

(c) Let1<q<?,besuchthat [V, V, ]=0andsetj:=¢,i), k :=q. Then u,;, =0, and we
are again in case (2) or (3). Hence, [ijk] = [ijk]. By (5.5), this gives (5.10).

This concludes the proof. [

5.2 | Diagonalizing the Ricci tensor

Let ¢ = (my, ..., m,) € FC be a decomposition of m and g € M® be ¢-diagonal. Its Ricci tensor
Ric(g) generally has off-diagonal terms. More precisely, for any X € m; and Y € m;, with i # j,
the following hold true:

o ifm; 2 mj, then Ric(¢)(X,Y) = 0 by Schur’s lemma;
o ifm; >~ mj, then

2
X Xj = 2%, + 2x,.X)

Ric()(X, V)= Y

1<r,k<?

Z Q([ea’eﬁ]’X)Q([ea’eﬁ]’Y) ) (5-15)

e Em,
eﬁemk

4, X,
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22 of 52 | KRISHNAN ET AL.

where {e,} is any Q-orthonormal, p-adapted basis for m (see, e.g., [34, section 3]).

For this reason, we recall the following definition introduced in [34]. A basis B adapted to ¢ is
said to be stably Ricci-diagonal if any B-diagonal, invariant metric has B-diagonal Ricci tensor. In
fact, it can be seen that this is actually a property of the decomposition ¢, so we may equivalently
define it as follows.

Definition 5.5. A decomposition ¢ € F© is said to be stably Ricci-diagonal if any ¢-diagonal,
invariant metric ¢ € MC has ¢-diagonal Ricci tensor.

The role of such decompositions in the study of the Ricci flow is given by the following
observation.

Proposition 5.6. Let g(t) be a homogeneous Ricci flow solution, t € I, on a compact manifold M
and assume that M admits a stably Ricci-diagonal decomposition ¢ for its isotropy representation.
If there exists t* € I such that g(t*) is p-diagonal, then ¢(t) is ¢-diagonal forany t € I.

Proof. Let ¢ be stably Ricci-diagonal and consider the subset
D :={tel: ¢g(t)is ¢-diagonal} .

Then, D is nonempty and closed. We show below that D is also open, which leads to D = 1.
Fix t; € D and consider the following system of ODEs:

%;(t) = —2ric; (x,(t), .., x,(1)) , 1<i<? (5.16)

where the functions ric; are defined in (2.12). By the existence theorem for ODEs, there exists
a solution (x,(t), ..., x,(t)) to (5.16) defined for t € (t; —¢,t, +¢), for some € > 0, such that
(x,(t1), ... x,(t,)) is the tuple of eigenvalues of ¢(t,). Since g(t,) is positive definite, up to choosing
a smaller ¢, it follows that

h(t) 1= %, Qly,@m, + - + X () Qlwy @m,

is a G-invariant Riemannian metric on M and (¢; — ¢, t; + €) C I. Since g is stably Ricci-diagonal,
it follows that h(t) is a Ricci flow solution. Therefore, by uniqueness of solutions to the Ricci
flow on compact manifolds, h(t) = g(t) forevery t € (t; — ¢, t; + €). In particular, (t; —€,t; +¢€) C
D. O

Stably Ricci-diagonal bases for Lie algebras were introduced and named in [46], where they
were used to study the Ricci flow on nilmanifolds. Later, in [38], the authors introduced the notion
of nice bases for nilpotent Lie algebras in terms of a condition on the structure constants and they
proved that a basis is nice if and only if is stably Ricci diagonal. Later, these two notions were
extended and generalized to compact semisimple Lie algebras and compact homogeneous spaces
in [34], where the following theorem was proved.

d '€ '920¢ ‘0SLL69YT

 wouy

NIPUOD pUe SIS | 3Y) 39S *[9202/70/LT] U0 ARiqiT auluo A|IM ‘outio] 1d 1iod PA 191G ‘SIS 0uLo | 1 001udaIIod AQ £TS0Z 'SWI/ZTTT OT/1I0p/wWod A3 1M A

fom ArIq1RUIL

35UB0 17 SUOWILLD 9AIEB.D) 3 (et |dde au Aq pauenob afe sapiLe O 8sn Jo sajni Joj AReiqi auluo A3|ipm uo



TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW | 23 of 52

Theorem 5.7 [34, Theorem A]. A Q-orthonormal, p-adapted basis B = {e_} for m is stably Ricci-
diagonal if and only if the following property holds: if m; =~ m; and i # j, then

2 Q(les e5],0) Qleg e, w) =0 foranyl<k,r<Z,veBnmyweBnm;. (517)
aem

In the special case where the homogeneous space is a compact Lie group G, the condition (5.17)
is equivalent to the following statement: the bracket of any two basis elements is a multiple of
another basis element. In this setting, this is equivalent to the nice basis condition defined by
Lauret and Will, see [34, Remark 3]. Hence, following [34], a basis B, adapted to a decomposition
@ € FC, satisfying (5.17) is called a nice basis for m. Notice that we can also restate (5.17) in a
basis-free manner as follows: if m;, m jEpare equivalent and distinct, then

Tr<ad(X)oad(Y)|mk) =0 foranyl<k<?,X€m;,YeEm;.
Finally, for the sake of shortness, we introduce the following nomenclature.

Definition 5.8. Anelement ¢ € FC is said to be an NR-decomposition of m if it is both normalizer-
adapted and stably Ricci-diagonal.

We are ready to prove Proposition C.

Proof of Proposition C. By hypotheses and Proposition 5.6 the metric g(t) is diagonal, that is, we
can write

g(t) = x](t)Q|m1®m1 + ..+ xf(t)lef®mf

for some NR-decomposition, where x; : (—o0,0) = (0,+00) are smooth functions. Since
Ng(H)/H has rank 1, and its Lie algebra is identified with m, (see Subsection 2.2), either
my=m; ~R, or my =m; +m, + m; ~ 30(3). If m; = m; ~ R, then the collapsing torus is
necessarily unique, and its Lie algebra coincides with all of my,.

Assume now that my, = m; + m, + m; ~ 80(3) and consider the continuous function

A(t) = min{x, (£), x,(t), x5(0)} .

Notice that % — 0ast —» —oo. Indeed, using Theorem 3.1, we see that for any sequence of times

) - —co, there exist a subsequence {t")} c {t("} such that

A0
[£0u) |

-

as k — +oo. Consider also the set of all times where the minimum value A(¢) is achieved by more
than one eigenvalues, that is

X :={t €(—o0,—1] : thereexist1<i < j < 3such that A(t) = x;(t) = x;(1)} .

We claim that there exists T > 1 such that X C [-T, —1], that is, there exists an eigenvalue which
is strictly less than the other two for all times t < —T.
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24 of 52 | KRISHNAN ET AL.

In fact, assume by contradiction that there is a sequence of times {t"} ¢ X such that t(™ —
—oo. Then, up to passing to a subsequence, there exist 1 < i < j < 3 such that

A1) = xi(t(”)) = xj(t(”)) foranyn e N,
which in turn implies that

1m = lum
n—+oo |t(n)| n—+oo |t(’l)|

By claim (iii) in Theorem 3.1, it follows that spang{V;, Vj} is an abelian Lie subalgebra of m,
which contradicts the hypothesis m; =~ 30(3).

As a consequence, up to a permutation of the indices {1, 2, 3}, it follows that ﬁxl(t) — 0 for
t — —oo. By applying claim (iii) in Theorem 3.1 as above, since the rank of my is 1, it follows
that ﬁxz(t) and ﬁx3(t) are bounded away from zero as t - —oo. Hence, the collapsing torus is
unique, and its Lie algebra coincides with m;. O

Remark 5.9. The proof above shows that, under the assumptions of Proposition C, the collapsing
torus T of g(¢) is not only unique, but is also rigid. Indeed, by the proof of Proposition C, the
Lie algebra of T is the 1-dimensional trivial submodule m;. Since g(¢) is diagonal with respect to
an NR-decomposition ¢ such that m; € ¢, condition (ii) of Definition 3.3 follows. Moreover, the
proof also shows that ﬁ’ﬁ (t) > 0ast — —oo, and that ﬁxi(t) are uniformly bounded away from
Oast — —oo, for 2 < i < #. Hence, conditions (i) and (iii) of Definition 3.3 follow.

6 | EXISTENCE OF TORAL SYMMETRIES

This section is devoted to the proof of Theorem B and consists of two subsections. In Subsec-
tion 6.1, we introduce the so-called submersion tensor, which describes quantitatively how far the
action of a subgroup of the gauge group is from being isometric. In Subsection 6.2, we study sub-
mersion tensors associated to collapsing tori of homogeneous ancient solutions. In particular, we
prove a monotonicity formula, which is the key ingredient in proving Theorem B.

6.1 | The submersion tensor and a formula for the Ricci eigenvalues

We begin this subsection by introducing the following tensor that is of central importance for
proving Theorem B. We recall that (N;(H)/H), is identified with a compact subgroup of G (see
Subsection 2.2).

Definition 6.1. Let L C (Ng(H)/H), be a connected Lie subgroup, with Lie(L) = [ C m, and
g € MC. We define the submersion tensor associated to the pair (L, ¢) as the g-symmetric part of
the adjoint action of [ on m, that is, the multilinear form S = S(L, ¢) : [ ® m ® m — R defined
by

28(V,X,Y) :=g([V,.X],Y)+ g([V,Y],X) . (6.1)
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Notice that the nomenclature is due to the fact that S(L, g) = 0 if and only if the Lie subgroup
L acts g-isometrically on the right (see Remark 2.1). The latter is equivalent to the existence of
a G-homogeneous metric § on G/HL for which the natural projection (G/H, g) - (G/HL, §) is a
Riemannian submersion with totally geodesic fibers.

Assume now that ¢ = (my, ..., m,) is an NR-decomposition, let 1 < s < £ be such that, up to
reordering, the subspace

ti=my 4+ +my (6.2)

isan abelian subalgebra of m, and denote by T the corresponding connected Lie subgroup. Let also
g € MC be p-diagonal as in (2.11). Fix Q-unitary generators V, in each trivial submodule m, € ¢,
with1 < p < s, asdiscussed in Section 5.1. We will now describe the corresponding bilinear forms

Sy = ST, (V- 9) s (6.3)

which will play a crucial role in proving our main theorem.

Pick a Q-orthonormal, p-adapted basis B for m. It is worth noting thatifi € I,,,e; € m; n Band
e, € B, then S,(e;,e,) # Oonlyife, € My (i) Here, the index set I, and the map ¢, are defined
in Subsection 5.1, after the proof of Lemma 5.2. Therefore, for any i € I b We define

S (e, e:)?
i 1= 1 _ opfefa) (6.4)
' [pl¢p(l)] e, EM; g(ea’ ea)g(eéu ed)
ea€m¢p(i)
so that
2 e
(Ip1,)" = X [pig, (D16, - (6.5)
iel,
Moreover, a direct computation shows that, if g is of the form (2.11), then
X, () X;
@p,i=l<ﬂ+—l>—l . (6.6)
4 X; x¢p(i) 2

Observe that the quantity |S, |, is scale invariant.
We conclude this subsection by proving a preparatory formula.
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26 of 52 | KRISHNAN ET AL.

Proposition 6.2. Let g € MC be of the form (2.11) with respect to an NR-decomposition ¢ and ric;(g)
its Ricci eigenvalues. For any 1 < p < s, with s asin (6.2), and for any i € I,, the following holds:

ricy »(9) — ric(g) =

Xg (i) — X;

$p() ~ Xi b; x X

=#§,ip— Xg,) X — % +% Z “fn — - -
XpXiXg, (i) 24, ; 15g<s XiXp () X¢,(0)%¢g(p,(0))

q#p
2
L1 Kai [ Xeq)  X¢g(¢p(0) N X (D) X;
2,554 Xq \ % Xg,() Ko@) X0
q#p
X X Xp,() X
- L D [ijk]< k__ & >+L > [ijk]< LA __l> (6.7)
2d; s<ir<s x¢p(i)xj XX 4d, s<ir<s XiX o XX
jelg, kelg jelg, kelg
X X .
¢, (k) x ¢, X;
- 3w >+% 5w e - )
2d; s<jk<t Xg,0%j  XiXj 4d; s<jk<t XjXg,k)  XjXk
jelg, ker; jelg, ker;
x x X, () X;
i s<jlst Xe,0%¢,()  Xi¥j ls<Jk<f Xe,(N*k  XjXk
j€I+ j€I+

Proof. An explicit computation shows that

ricy »(9) — ric(g) =

b. ..
212) P¢,0) b; 1 Lo X
2 L Y [k s Y [k
Xop() =% $p() 1<) k<t z)xj i 1<) k<t XiXj
1 X600 1 X
[¢,(D)jk ] — [ijk]—
4d¢p(i) 1<j§gf P Xk 4di 1<),k<? Xj Xk

¢q(¢p( 2 ¢q( D)

s Y g, (08B + o Y ig 01

L 1<q<s L 1<qss

40 LS figg )1

i 159%s X4, (9p(0) 4dz 145 x¢q<z)

tid 4d [6p(Dq84(¢ (D]

-5 2 4,08,6,00a——+ = ¥ li4,a

15qss X (D%, (8p) Zdl 150%s XiXg, ()
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X, i)
[¢,(D94(#,(D)g ]— lig (l)q
zlg‘q PRy ¢q(¢p(i»x 4d; 1<Zq:<s !
1 1 Xk
- = [¢,(D)jk] + [ijk]—
2d; s<j,2k<f ! X, (z)x 2d; s%:'sf XiXj

ie70 0
jGIp, keIp

1
—— ) [$,(D,0)kK]
L s<jkst
jeI;;,keIg
1
-= ) [¢p(z)mp(k>]
Zdi s<j,k<t
jelg, kerf
1

PRGNS

I s<jk<t
JEIY, kel
L3 (k-
4d b

I s<jk<t
i =70 0
]eIp, keIp

1
tig 2 BOROK T

I s<jk<t
jel;;,kelo
1
ti 2 [¢p(1)1¢p(k>]
i s<j,k<t

ie70 +
]eIp, keIp

1

i 2 B0kl ——
I s<jk<t
Jjert, kert

¢p< h)

;=70 0
]eIp, keIp

+L Z [ijk]x—

x¢p<1)x¢po) 2d; (T, XiXj

Tt 0
]eIp,keIp

1 L1 Xk
+ 7 E [l_]k]—
i s<jkst XiXj
0 +
Jelp, keIp

foo X Lk

x¢p(l)x¢p(n 2d; S, i

it +
]GIP, kelp

1 R

44, Z [l]k]x-;c

L os<jk<t Jj7k
i=70 0
]eIp, keIp

X, (i) X
D Y 17
(DX 4d; s<jk<t XjXk

el 0
]elp, kelp

¢p<> _Ly gt
o0 Adi AT, XX

ieT0 +
jEIP, kelp

X, () 1

X
- k] —— .
(])xk 4 Z [l] ]X X

4o Jikest J7k
JEI, kelf

Therefore, by using (5.4), (5.5), (5.8), (5.9), and (5.10), we obtain

ricy )(9) —ric;(9) =

a '€ ‘9202 ‘05LL69vT
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X$,(,3) X,(0) 1 Yo x;
——Z[qqsq()(x - >+2—d_ Z[qmsq()]( )

di \ 5L $p0*q  XqXey(p,(0) i 15g<s XiXg  Xg,()%q

- L Z[qmbq(l)( T )

i 15g<s XD Xpg (@, XiXey (i)
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_ 1

[ijk]

i<, k<f x¢p<z>x'

JelO keIO

x Xo, () x;
_ Tk + L Z [l]k]< p _l>
X;X; 4d; < XjXp o XjXp

it
;=70 0
jEIp, kelp

Jer}, keI0

1
7 ]<x x
i s<j, k<f ¢p(D ¢p(J)

X X¢,() X;
<)+ id >olijk]| —— - —
xiXj ) Ad (e, Xp,(HXk XXk

el 0
jEIp, keIp

x .
> 8,00 X;
Xj) 4 Ee XjXp (k) XjXk

=70 +
jGIp, keIp

. jkl

2di <], k<zf x¢ (l)x
jGIO kel
i <), k<z,’ x¢p<z>x¢po)
j€I+ keI+

2\ x X, (i) P\ x;x,

Xk 1 » X¢, () X;
xlxj i s<jkse Xe,(N*k  XjXk

jeI;;, keI;;
T
X, Xp

N 60 X
Xo @p@)  Xoq()

L1 ¥ Mi (xqsq(z) X, (6,0
2 1<g<k Xq Xi x¢p(i)
q#p
1 z Xq Xq
2,55 T\ X, (0% 8,0, () xix¢q(i)
q#p

1 .. Xk
- = [ij k](
2d; s<§'« X4, ()%]

;=70 0
]EIP, kelp

L)

x Xop() X
X;X; 4d; < XjXp  XjXp

i =70 0
jEIP, keIP

x X, (0) X;
k >+L Z [l‘]k]<L__l>
xpxj ) Adp (A, Xg,(0 %k XX

el 0
]EIP, keIp

Xg,(i) X;
k +L Z [l]k] $p _ i
xp ) 4di XjXg () XXk

ic70 +
]EIp, keIp

1
vy [ijk]
2d; (% k<f <x¢p<z>x¢po>
]EI+ keIO
1
- = lijk] -
2d; (£ k<f (’% %;
]EIO ker}
ios<g, k<f <x¢p(l)x¢p(1)
JeIJr keIJr

which concludes the proof.

X Xp, (1) X;
e Y k| - ),
xiX; ) A A, Xp,(DXk XX

et +
]EIp,kEIp
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We remark that formulae (6.4), (6.5), (6.6), and Proposition 6.2 are true even if we replace NR
with normalizer-adapted.

6.2 | Vanishing of the submersion tensor for ancient solutions

Let ¢g(7) be a solution to the G-homogeneous, backward Ricci flow on M that is defined for any
positive time 7 > 0. We also make the following assumptions.

(D) The starting metric g(1) can be diagonalized by an NR-decomposition ¢ = (my,..., m,).

Therefore, by Proposition 5.6, g(t) is diagonal with respect to ¢ for any t > 0, that is,

9(1) = X1(1) Qlim,@m, + -+ X(1) Qlim, @m, (6.8)

for some smooth functions x; : (0, +c0) — (0, +0).

(R) The collapsing torus T of g(7) is rigid. Therefore, up to reordering, there exists 1 < s < £, such
that

X,(0)
lim =0 foranyl<p<s,
T—>+00 T (69)

. x(D .
lim inf >0 foranys<i<?.
T—>+00 T

Following (6.3), we can associate to g(7) the 1-parameter families of bilinear forms S D (1) for any
1 < p < sand forany 7 > 0. For convenience, in the proofs below, we refer to the indices1 < p < s
as toral and to the indices s < i < ¢ as nontoral. However, despite this terminology, we emphasize
that we are not assuming that t is maximal in my,.

As a consequence of Theorem 3.1, the submersion tensors along the directions tangent to the
collapsing torus of g(7) vanish asymptotically, that is, the following is true.

Proposition 6.3. Let g(t) be asin (4.8), satisfying (D) and (R). Let S b (t) be the 1-parameter families
of bilinear forms defined as in (6.3). Then,

TEIPOO |Sp(f)|g(f) =0 foranyl<p<s. (6.10)

Proof. From (3.3) and (6.9), it follows that

X, )(T)
———— =1 foranyl<p<s,foranyi €1),. (6.11)
T—>+00 xi(f)
Therefore, (6.10) follows by (6.5), (6.6), and (6.11). O

In the following, we will prove that these tensors actually vanish identically, that is, S,(7) =0
for any 1 < p < s, from which Theorem B follows. For any 1 < g < sand forany j € I, P let Gq, j(r)
be the functions defined in (6.4). By (6.5), it follows that (6.10) is equivalent to

lim 6, (r)=0 foranyl<gqg<sandforanyje€l,. (6.12)

T—>+00

Moreover, from (6.6) and the Ricci flow equation, we obtain the following.
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Lemma 6.4. Forany1 < q < sand forany j € I,, we have

d 1 %, 0@ x;() ,
Eeq,j(r) = 5( ;j(f) - x¢qj(j)(r) > (rlc¢q(j)(g(r)) — I'le(g(T))> foranyt >0. (6.13)

Fix a toral index 1 < p <s. For any 7 > 0, let t = «(p,7) €I » be the index that satisfies the
following property:

Op.u(pr)(T) = max {ep,j(f) 1JE Ip} . (6.14)
To prove Theorem B, we need to estimate the derivative

d
——6pu(p.e) (D)

i (6.15)

T=7%

for any 7* > 0 large enough. To achieve this, we need some preparatory work. For the sake of
notation, we set

1<j<t
Qg := max { max{|u, ;| 1 j € I}, (minflu, ;| @ j € Iq})_l} foranyl<gq<s, (6.17)
Xp,(H()
qu(‘[) = ——1‘ foranylgqss,foranyjqu R (6.18)
’ xj(T)
x(7) :==min{x;(z) : s < j <} (6.19)

Here, the coefficients d g and b j were defined in Subsection 2.2, while the coefficients Mq,j Were
defined in Subsection 5.1. We also remark that, by assumption (R), the quantity scal(g(z))x(r) is
bounded away from zero (see Subsection 6.2).

By (6.9) and (6.11), up to scaling, we can assume that the following inequalities hold for any
T>1:

1 X, x;(7)

1
1-—< s <1+ — foranyl<g<sandforanyjel,, 6.20
10~ "X, Xg )@ 10 yisd V&g (6:20)
q
3ocq
xq(1) < —x(r) foranyl<g<s. (6.21)
bg

We start now by proving the following two lemmas.

Lemma 6.5. Fix three nontoral indices s < j,k,r < ¢ and let j € {j, ¢,k k ek, ¢, (k)3 F e
{r.¢,(r}. Then, it follows that

x](f) _ xj(‘L') - xj(‘L')
O6@  %Ox,0] " X ©Ox,{)

(Ep’j(f) +e,,(0) + sp’r(r)) foranyt>1. (6.22)
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Proof. Notice that, forany t > 1

x;(D)(1—¢, () < x5(0) < x;(0) (1 + €, (7))
and so

x;(r) - xj(f) 1+ Ep’j(‘[)
X (@Ox(1) X (0x,(1) (1€, (D)) (1 —g,,(0)

and so we have

1 +Ep,j(1’)

(1 - Ep,k(f))(l p r( ))

< (1+¢,;(0))(1+2e,,(0) (1426, ,(0))

< (1436, ;(0) + 3,1 (D)) (1 + 2¢,,(0))
<1+6(g, j(7) + £, (T) +€,,(7))

and then (6.22) follows. O

Lemma 6.6. For any nontoral indices s < j,k,r < ¢, the following inequality holds:

x;(7) - 2bg 4

X @Ox@) © x@)

[jkr foranyt > 1. (6.23)

Proof. As we mentioned in Subsection 2.1, it follows by hypothesis that scal(g(7)) > 0 for any
7 > 0. Moreover, by [56, Lemma 1.5] and the fact that t is an abelian subalgebra of m,,, we have

d,b, = Z [gjk] foranyl<g<s. (6.24)
s<j,k<t

Therefore, by (2.13) and (6.24), we have

1 dib; 1 ) x;(7)
1 = = kr| ———
scal(g()) 32, 5@ 4 Kj;wu rl e
1 dqbq 1 . xk(‘[) (T)
== - = k|l—=K2
2,4 x,@ 2 KZN l9j ]xq(‘()xj(l') 4 qu:q[ @%@
s<j,k<t s<j,k<t
1 dib; 4 ) x;(7)
- - kr|——~
"2 JZf O 4 j;rsf“ e
1 . 1 x;(7) 1 L xg(m)
== k - _= Kl—1
2 1;q<s lgj ]<xq(‘[) xq(r)xj(7)> 4 qu‘és lgj ]xj(‘[)xk(r)

s<j,k<t s<j,k<t
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db; x:(7)
1 Ihd) 1 . J
+ 2 x (1) g Z [Jkr]x ()x,.(1)
s<j<t 'l s<jk,r<t k r
2
1 o (x¢ (j)(T) - xj(T)) 1 S x,(7)
=—5 X lajo Dl -3 X gDl —=——=
1<g<s xq(T)xj (T)xqbq (J')(T) 1<q<s Xj (T)xd’q (j)(T)
jEIq jEI;
x;(7)
2 Z _1 Z [jkr]———
s<;</ xJ (T) 4 s<j,k,nr<t xk(r)x”(f)
d;b; x;(7)
< l Z _1 2 [jkr]——— |
s<j<f J(T) 4 s<j,k,r<t xk(T)x”(T)
which in turn implies that
x;(7) 2b
3 Lkl —— WAL Z o/
s<j,kr<t xk(f)x”(f) s<j<? Xj (T) x(T)

where bg 4 and x(t) were defined in (6.16) and (6.19), respectively. Therefore, (6.23) follows. []
To estimate the terms in (6.15) without toral indices, we prove the following intermediate result.

Proposition 6.7. Fix three nontoral indices s < j,k,r < ¢ and let j € {j, $,(Dh k € {k, ¢, (k)3
7 eir, ¢p(r)}. Then, there exists a constant c(m) > 0, that depends only on the dimension m, such
that

. x5(7) x;(1) 1Sp(@lyr)
[jkr] O — %@ <12 bg/H a, c(m )T foranyt > 1. (6.25)

Proof. Let us observe that, from (6.6) and (6.18), it follows that for any toral index 1 < g < s and
forany j € I,

1 %)

%= 3% X, (H(T) K

£, (0) . (6.26)

By (5.4), (6.5), (6.18), (6.20), and (6.26), there exists c(m) > 1 such that

" c(m) z EPJ(T) <|S (‘L')lg(f) o4 c(m) 2 EpJ(T) forany 7 > (6.27)
JEl, JEI,
Therefore, (6.25) follows from (6.22), (6.23), and (6.27). O

To estimate the terms in (6.15) in which toral indices different from p appear, we prove the
following intermediate result.

Lemma 6.8. Givenany t™ > 1, the following inequalities hold forany 1 < q < sand fort = «(p, *):
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X000 x @) [ F0T)  Xp,00T) o 625)
x,(7%) x¢p([)(r*) x,(7%) x¢p(,)(r*) - '
X0 x (o) Y0 x@) Y (6.29)
x(T) x0T J\ X 6,00 Xg @) )T '

x¢p(l)('['*)_ x,(7%) 1 _ 1 50 (6.30)
X(T) x0T J\ X T)xs 0T X 0 TWg 0,00T) ) T '

Proof. If x¢p(£)(r*) = x,(t¥), the statement is trivially true. Assume x¢p(l)(r*) > x,(t*) and notice
that (6.14) implies that

Xp,0(T") Xp, (D) x;(7%)
%L—*;max{%j* R *} (6.31)
x;(7%) 131\@ xj(r ) x¢q(j)(‘r )
Indeed, observe that
X ((T*)
¢p(0
= fl =1 1_
6,,(*) = f( ) > . where f(y) = }(y+ 1 -2),
so (6.31) follows from the fact that f is a nondecreasing function ofy € Rfory > 1.
Fix 1 < q < s. Then, by (5.5) and (6.31), we get
. X8,0) X3,0,0 T X,0T) (X, 0T Xg, 0,007
XL(T*) X¢q(L)(T*) X¢q(L)(T*) xl(‘r*) X¢p(£)(T*) ’
. X,00) X, Xg6,0) [ X000 x @)
x,(7%) Xp,0(T*) x (@) \ Xp4,00T)  Xg @) )
Xy n(T%) Xz n(T*)
3,0 340 i . 1 1
0< - * - - 5 x¢p(‘)(r )X¢q([)(f ) * ) * * :
(T X)) X, (T)xg, (T Xg 0(T)Xg,(g,0)(T7)

Therefore, (6.28), (6.29) and (6.30) are proved. If x¢P(,)(T*) < x,(t*), the proof goes the same
way. Ll

We are ready to prove the main estimate that allows us to obtain Theorem B, that is, the
following monotonicity formula.

Theorem 6.9. Let g(7) be as in (4.8), satisfying (D) and (R). Let also Sp(r) be the 1-parameter
families of bilinear forms defined as in (6.3) and 8, ;(7) the functions defined in (6.4). Then, there
exist a constant §(m, p) > 0, that depends only on Lie algebraic data, and a time T, > 0 such that

d (15, ge)

aep,t(p,r*)(r) . > 8(m, p) xp(_[*) foranyt* >T,. (6.32)
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34 of 52 | KRISHNAN ET AL.
Proof. By (6.7) and (6.13), it follows that
e
= %(xi:(é):)*) - XXI(T(*T)*) > {:“127,1 X x(ii(;))fr(;);xl(r;)) <X¢p(t)(f*) + x,(7%) — 2b‘2 xp(r*)>
! $,() p (75X, 0 M.

1 1
+ = My Xq(T) ~ = ,
1<zq:<s a7 X (T)xg, (T Xg ) (T)Xg (8,00 (7"

)

q#p
1 Hay ((%,0T)  Xp0,00T)  Xg 0T x ()
+§ Z x, )\ x () T T x D) X ) T3 )
1<gq<ss 74 L ¢P(L) ¢q(¢p(l)) ¢q(t)
q#p
1 . X (%) X, (T7)
-0 Z [Uk]( . — - . -
U s<iRet Xg,0@x;(T*)  x,(T)x;(T*)
jelg, kefg
L1 X5,0(7") x,(t%)
: s<]k<f X (T)x (7)) x;(T)x ()
]EIO keIO
Xg,(0(T") X ()
' s<]k<f x¢p(1)(f*)xj(f*) x,(T)x;(T%)
jEIO ker!
41 X3,0(T") x,(t*)
a5 k<f x'(T*)x¢p(k>(T*) X (T)x (%)
]eIO kerf
1 . x; () X, (t%)
“r B (e - e
ts<jkst X4, 0T NXp, (T x,(T9)x;(*)
jeI;;
1 . Xp, (") x,(T%)
tad, 2 Y e meme ) [
L s<jk<t X, (OAT )X (T X)X T
jel;;

Then, by applying (6.28), (6.29), and (6.30), we get

4
dr

Opupen(D| 2
T=T"

1, <x¢p(l)(f*) - xz(f*)>2<x¢P(L)(T*) + xl(r*)>
> =

z 27Dt xl(T*)2x¢p(l)(T*)2xp(T*)

)

(xqsp(o(f )+ x,(t7) - 3 :

2
pit

xp(r*)>
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1 1%,0T)  x,(r*)

X, (7%)

X, (7%)

4d

{ > ikl
s<j,k<t

i —70 0
jelp, kelp

x,(7%) B x¢p(l)(r*)

L

Xg,0(T) x,(t%)

X (@) x;(0)x(r%)

+ ) kK]
s<j,k<t
70 0
jEIp,kEIp

+ ) [kl
s<j,k<t
ic70 +
]elp,kelp

+ Z [tjk]
s<j,k<t
ic70 +
]EIp,kEIp

+ Y [kl

X0 x (1)
Xg,0(T)X;(T*) X, (T)x;(T*)

X3,0(7") x,(T%)

X (T 0@ X, (@)X (T)

X, (T%) ()
Xg,0(T)Xg, (n(T) X, (T)x;(T*)

s<j,k<t
jeI;
Xz (n(TF) *
. ¢p(0 x,(%)
+ ) [ujk] Zrmworn o s vy
s<j k<t X¢P(j)(‘f )X (T*) xj(T )X (T*)
jeI;

By (6.6), (6.17), and (6.25), we get

d

} |

Xg,(0(7)x;(7%) @)X

—6 * (T) =z g
dr PApTR ap x,(7%) x¢p(z>(7*)

X5,0T)  x (%)
XL(T*) X¢P(l)(T*)

1

2d

[4

Notice that, by (6.20), we obtain

§ < x¢p(z)(r*) +x1(7*) < @
3 X¢p(l)(f*) 9

and that, by recalling definitions (6.16), (6.17), (6.19) and by applying (6.20), (6.21), we get

b,
x¢p(,)(f*) + x,(7%) — %xp(f*)

{6(f —k)?-12 bgma, c(m)

bema, x,(t*)

53
x,(7%) 2 2

* 3k bi k

1Sp (T gz }

x(t*)

(6.33)

(6.34)
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Therefore, by (6.18), (6.33), and (6.34), we get

d 5 0, [ o x,(t)
—Gp «p T*)(T) = — 1-—
dr P°F r=rr O xp(r*) 3 x(t%)

80(¢Z — k)? bgm ap c(m) " 1S,(T)gz0)

g (T
d, pt x(7%)

By applying (5.4), (6.5), (6.17), (6.14), and (6.27), we get

d
37 9p o)™

2 —_ )2 3 2 % % 2
s |, bo i (1+48(Z — K> masd ec(m)? ) xc () | (1, () or))

T=1* z dlma?) 3 E(T*) xp(‘[*)

(6.35)
By (6.9) and (6.19), we can chose now a time T, > 0 such that

b o (1448 = kP mad e(m? ) (%)

> foranyt > T
3 x(*) © 5 Y

p

and so, if we set

1
m2a

é(m,p) == —,

p

(6.32) immediately follows from (6.35). I
‘We are now ready to complete the proof of Theorem B.

Proof of Theorem B. Let g(t) be a collapsed ancient solution to the homogeneous Ricci flow on
a compact manifold. By abuse of notation, we set 7 = —t and denote by ¢(t) the corresponding
backward solution. Assume that g(1), and hence ¢(r) for any 7 > 0, is diagonal with respect to
an NR-decomposition ¢. Assume the collapsing torus T of ¢(7) is unique. Then we observe that,
since the solution is p-diagonal, T is rigid (see Remark 5.9). Therefore, both the assumptions (D)
and (R) are satisfied.

Now, fix a toral index 1 < p < s and recall that, by (6.5) and (6.10),

(15,Dlye)” = X [Pigp(N16, () = 0 asT - +oo . (6.36)

J€l,

If there exists * > 1 such that |Sp(r*)| o(z+) = 0, then |Sp(r)| o(r) = 0forany 7 > 0 since isometries
are preserved under the Ricci flow. Assume then by contradiction that |S p(r)| g(r) > 0foranyz >
0. Then, by (6.14) and (6.32), it follows that the largest summand GP’L(N)(T) is strictly increasing
as T — +oo, which contradicts (6.36). O

7 | EXAMPLES

In this section, by adapting the techniques of [49], we obtain a general existence result for diag-
onal, collapsed ancient solutions. Moreover, we sharpen the nice basis condition from [34] to
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provide an algebraic criterion for NR-decompositions. Consequently, we obtain a large class of
compact homogeneous spaces where Theorems B and D can be applied.

7.1 | Existence of diagonal ancient solutions

Assume that M = G/H admits an NR-decomposition ¢ = (m, ..., m,) for its isotropy represen-
tation. Let also T C Ng(H)/H be an s-dimensional connected, abelian Lie subgroup and assume
that its Lie algebra t := Lie(T) C my, is given by t = m; + ... + m. Consider the (locally) homo-
geneous torus bundle T - M — B = M/T and the corresponding Q-orthogonal splitting at the
Lie algebra level (4.2). Then, the decomposition ¢ for the Ad(H)-action on m uniquely induces an
Ad(HT)-invariant, irreducible decomposition ¢ = (b,, ..., b,) for b by gathering together the mod-
ules in ¢ that are interchanged by the Ad(T)-action. It can be directly checked that ¢ is also an
NR-decomposition. Then, the argument used in [49] allows us to prove the following.

Theorem 7.1 (cf. [49]). Let M = G/H be a compact homogeneous space and T C Ng(H)/H a torus.
Assume that M admits an NR-decomposition ¢ for its isotropy representation and let ¢ be the induced
decomposition for B = M /T. If B admits a ¢-diagonal homogeneous Einstein metric, then M admits
a g-diagonal, collapsed ancient solution ¢(t) to the homogeneous Ricci flow, with rigid collapsing
torus T.

Proof. Consider the space of submersion metrics on M that are p-diagonal and possibly not
positive-definite on the toral fibers, that is,

N = {g = yl Q|m1®m1 + ... +yS les®ms + xl lel®bl + ...+ xr le}'@br . yl (S R, xj > 0} .
By [49, Proposition 3.1], the Ricci curvature can be extended analytically to the space N. Moreover,

since ¢ is an NR-decomposition, the Ricci curvature is diagonal, so we obtain an analytic function
Ric : N = R**". Now let

g = )\61 Q|b1®bl + ...+ )zr ler®br

be a G-invariant, unit volume, ¢-diagonal Einstein metric on B = G/HT and consider the
Euclidean scalar product on R**" defined by

! L, dim(by,) XX,
s s Vs X15 s X)L V) ey Y X0 XN =Y —— gy M— 14 . (71
(1o Yo X1 s X ) s P r Vo X e XD ; Ty kz::l Tim®) 2 (7.1)
We define then the §-projected Ricci curvature to be the tensor
. ) Ri @
RY : N — RSt , R(”)(g) = RiC(g) _ ( 10(9):9» (7.2)

(9,90

obtained by projecting the Ricci curvature to the unit sphere

TV ={g N (g, 9)” =1}.
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Therefore, by applying the Center Manifold Theorem [51, p. 116] as in the proof of [49, Theorem
4.3], it is possible to find an ancient solution to the g-projected Ricci flow

3,h(t) = —2RD(h(t))

that lives in % N (R, )" and converges to 0 @ § as t — —oo. Notice that the g-projected Ricci
flow is equivalent to the Ricci flow, and thus it yields a g-diagonal Ricci flow solution ¢(t) on M.
Arguing as in the proof of [49, Theorem 4.3], ¢(t) is ancient as well. Moreover, the corresponding
curvature-normalized solution g(t) converges, up to scaling, to § in the Gromov-Hausdorff topol-
ogy ast — —oo, and so g(¢) is collapsed. Finally, by construction, T is the collapsing torus of g(t)
and is rigid. I

‘We point out that the presence of an NR-decomposition allowed us to drop the requirement of
maximality of the torus T that was needed in the proof of [49, Theorem A]. As a by-product, this
provides a method to construct solutions that shrink a nonmaximal torus. Up until now, the only
examples of this type have been products with flat tori. Finally, we remark that the proof of the
above theorem goes through even if we replace NR with stably Ricci-diagonal.

7.2 | Examples of NR-decompositions
We introduce the following definition in light of (5.17) and of Definition 5.8.

Definition 7.2. A Q-orthonormal basis B for m is said to be strongly nice if there exists a decom-
position ¢ = (my, ..., m,) € FC with respect to which B is p-adapted and the following property
holds true: if m; ~ m; andi # j, then

Q([e;,e,],v)Q([eg,e,],w) =0 foranye;,e, € B,veBnm,weBn m; . (7.3)

Clearly, every strongly nice basis is also nice. Moreover, if M = G is a Lie group, that is, H = {e},
then a Q-orthonormal basis B for the Lie algebra g is strongly nice if and only if it is nice (see
Subsection 5.2). The significance of Definition 7.2 is illustrated by the following observation.

Proposition 7.3. Let ¢ € FC be a decomposition and assume that there exists a strongly nice basis
B that is p-adapted. Then, ¢ is an NR-decomposition.

Proof. Let ¢ = (my,...,m,)and B as in the hypotheses. Notice that, by Theorem 5.7, the decom-
position ¢ is necessarily stably Ricci-diagonal. We must prove it is also normalizer-adapted
(see Definition 5.1). Fix 1 < p < £, 1 €i < ¢ and assume that [mp, m;] # {0}. Since the action
of ad(Vp) is by intertwining maps, the image [m,, m;] is an irreducible Ad(H)-module equiv-
alent to m;. Moreover, since [m,, m;] # {0}, there exist e; € BN m; and e, € Bnm; such
that Q([V . e;],€;) # 0, for some m; ~ m;. By (7.3), for any other m; ~ m;,, it follows that
Q([V,,e;],w) =0 forany w € B nmj, and so we get [m,, m;] = m;. O

As far as we know, all examples of stably Ricci-diagonal decompositions admit a strongly nice
basis. In particular, all known stably Ricci-diagonal decompositions are NR-decompositions. In
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the remainder of this section, we give examples of strongly nice bases by using well-known facts
from the theory of root spaces. We refer to Appendix A for more details and notations.

Example 7.4. Consider M = SO(n) and define E;; to be the nxn matrix with 1in the (i, j)-entry,
—1 in the (j,i)-entry, and 0 in all other entries. The collection By = {E;;}; ;< j<, is called the
standard basis for $o(n). By explicit computations, one can check that B is nice, hence also
strongly nice.

Example 7.5. Consider the homogenous space M = G/H, with G = SO(n) and

k
H =SO(p;) X ... X SO(py) C G in block embedding , with g :=n— ) p;>1.

i=1

Then, m, ~ 30(q) and m admits a decomposition ¢ whose irreducible modules are subspaces
of 8o(n) defined by the off-diagonal blocks. Since By = {E;;}1<<j<, is @ nice basis for g which
respects both the splitting ¢ = § + m and the decomposition ¢, it follows that By, N m is a strongly
nice basis for m.

Example 7.6. Consider the homogenous space M = G/H, with G = Sp(n) and

k

H = Sp(p;) X ... X Sp(py) C G in block embedding , with n — Zpi =1.
i=1

Then, m; ~ 3p(1) and m admits a decomposition ¢ whose irreducible modules are subspaces of
8p(n) defined by the off-diagonal blocks. Since H is regular in G, one can consider the real Cartan—
Weyl basis B for m (see Appendix A). One can check that each module of ¢ is either Ad(H)-trivial,
or a sum of real root spaces of g, so B is p-adapted. Moreover, the Q-orthogonal complement of
m, inside m does not contain any pair of equivalent Ad(H)-modules. Therefore, using (A.2), one
can check that B is strongly nice.

Notice that any collapsed ancient solution on Sp(n)/IL;Sp(p;) is gauge-equivalent to a diagonal
solution. More generally, the following is true.

Proposition 7.7. Let g(t) be a collapsed, ancient solution to the homogeneous Ricci flow on M =
G/H. Assume that m, ~ 30(3) and the Q-orthogonal complement of m,, inside m does not contain
any pair of equivalent Ad(H)-modules. Then, there exists f € Ng(H)/H such that the solution f* g(t)

is diagonal.

Proof. Notice that, by Schur’s lemma, m, is always g(t)-orthogonal to its Q-orthogonal
complement mé inside m for any ¢ < 0, that is, the metric ¢(t) splits as

g(t) = go(t) + gOL(t) foranyt <0,
with

90(8) 1= 9Olm,@m, € S1(mg) and gy () 1= g(O)] y1gmt € S3((mg) YA .
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Then, the identity component of the gauge group N(H)/H is isomorphic to SO(3) or Sp(1) and,
by Remark 2.1, it acts transitively on the space of Q-orthonormal bases for m,. Thus, up to isom-
etry, we may assume that g,(—1) is diagonal with respect to the standard basis B of m, that is
{E12, Ey3, E13} for 80(3), or {1, j, k} for 3p(1).

Suppose (Ng(H)/H), =~ Sp(1). The imaginary unit quaternions i, j,k € Sp(1) give rise, via the
conjugation action, to diffeomorphisms ¥;, ¥, ¥, : M — M, with derivatives ¢;,%;,1, : m —
m, whose restrictions to m,, switch the signs two at a time, that is,

P =+1i, $:;0G)=-3, ;K =-k,
PO =-1, ;D =+3, ;& =-k,
Y1) =-1, P(G)=-7, (k) =+k.

Assume mé does not contain any pair of equivalent Ad(H)-modules. By Remark 2.1, the linear
maps ¥;, %5, P, preserve the Ad(H)-invariant submodules of mbL. As a consequence, the diffeo-
morphisms ¥, ¥;, ¥, willin fact be isometries if g,(¢) is diagonal in the basis By;. Since isometries
are preserved under the flow, ¥;, ‘Pj , ¥, are isometries for ¢(¢) at any ¢ < 0. Finally, a metric for
which these maps are isometries must be diagonal in the basis Bg;. This shows that g(t) remains
diagonal along the flow.

If (Ng(H)/H), = SO(3), the same argument goes through with the discrete isometries coming
from the elements diag(1, —1, —1), diag(—1, 1, —1), diag(—1, —1, 1) € SO(3). O

We remark that, by Proposition C, the collapsing torus of any solution as in Proposition 7.7 (in
this case, a circle) is unique, hence rigid (see Remark 5.9).

Next, we describe a general criterion that guarantees the existence of strongly nice bases when
the gauge group N;(H)/H has rank 1. This can be seen as a direct generalization of Example 7.6.
We refer the reader to Appendix A for the necessary notation and terminology.

Proposition 7.8. Let G be a compact, connected Lie group and let H be a regular subgroup such that
Ng(H)/H has rank 1. Let Rt = R; U R} be the decomposition of positive roots according to the
splitting ¢ = ) @ m and assume that for every pair a, 8 € R, at most one of a + f,a — 3,8 —«
liesin R} . Suppose further that there exists o = (my, ..., m,) € FC such that each nontrivial m; € ¢
is a sum of real root spaces of g. Then, the real Cartan—-Weyl basis of m is strongly nice.

Proof. We can assume m,, ~ 3$0(3), and the case m, ~ R can be treated similarly. By assumption,
there is a unique a, € R} such that m = spang{H, } + ., . Then, the real Cartan-Weyl basis of
mis

B={H,}U{X,, Y, 1 a€ R} (7.4)

By hypothesis, there exists a decomposition ¢ = (my, ..., m,) such that each nontrivial m; € ¢ is
a sum of real root spaces of g. Then, one can assume that

my =spang{H, }, m,=spang{X,}, m;=spang{Y, }
and therefore B is gp-adapted. Fix 2 < i < j < and take two vectorse; € BNnm;, e, € Bnm;.

By (7.4), there exist a, § € R, such thate; € r, and e, € r4. By assumption, at most one of & +
B,a — B, —aliesin R} and so, by (A.2)and (A.3), either [e;,e,] € for there existse; € B N my,
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such that [e;, e,],, = 3, for some 1 < k < Z. In particular, for any 1 < r,s < ¢ with m, ~ m and
r # s, we get

Q([e;,e,],v) Q([eg,e,],w) =0 foranyve Bnm,, we Bnm,.

Finally, by the properties of the root spaces, it follows that [H,, ,e;] = a(H, )¢, where ¢, is
the unique vector contained in (B N t,) \ {e;}. Therefore, we obtain that for any 1 < r, s < £ with
m, ~ mgand r # s, the following condition holds:

Q([H%,el],v) Q([H%,el],w) =0 foranyveBnm,weBnNnm,.

This concludes the proof. O

Corollary 7.9. Let G = U(n), G = SU(n + 1) or G = SO(2n) and let H be a regular subgroup such
that Ng(H)/H has rank 1. If there exists ¢ = (m,, ..., m,) € FC such that each nontrivial m; € ¢ is
a sum of real root spaces of g, then the real Cartan-Weyl basis of m is strongly nice.

Proof. In both cases, by Remark A.1,if ¢, 8 € R*, then at most one of a + 8, &« — 8, § — a lies in
R*. Therefore, the result follows from Proposition 7.8. O

‘We now list some examples that can be derived from Proposition 7.8 and Corollary 7.9, using
the notation introduced in Remark A.1.

Example 7.10. Let us consider the Aloff-Wallach spaces, that is W(7p D= G/Hpg =

1 . . 1 . .
SU(3) /S(p’q), with p,q € Z coprime, where S(p’q) is the circle

st = {diag(eip“ etan e_i(p+q)”> ‘u€ IR} .
(P.9) ’ ’
By explicit computations, one can check that the isotropy representation of W(7p 9

free for any choice of (p,q) ¢ {(0,1),(1,1)}.

is multiplicity-

* If(p,q) = (1,1), then
by = spang{Hy o, + Hg, o}, mg=spang{Hy g }+ 15 _g, = $0(3)
and mé splits into two equivalent, irreducible Ad(H(Ll))—modules, that is

L_ ; — —
my =my+ms, with my=r15 o, my=1g_ 4 .

* If (p,q) = (0,1), then
B, =spang{Hy, ¢}, my=spang{Hy o +Hp o} ~R

and mé splits into three irreducible Ad(H, ;))-modules, that is

L_ : _ _ -
my=my+my+my, with my=1y_o, my=19 g, Mmy=14 g .

In this case, m, ~ m; as Ad(H( ;))-modules.
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Therefore, by means of Corollary 7.9, the real Cartan-Weyl basis for the isotropy representation
7 . .

of W(p,q) is always strongly nice.

Example 7.11. Consider M = G/H, where G = U(n) and H is the connected subgroup of G with

Lie algebra

13<i<n—1}+spang{Hg 5, Ho 40,} + Z To—o; = u(l)du(n-2).

3<i<j<n

= spang{Hs,

i+1
In this case, the trivial submodule is
mg = spang{Hy g } + ¥ _g, = 31(2)

and mé splits into two Ad(H)-equivalent submodules

my = Z Yo,x0, > M5 = Zfeziek .
k>3 k>3
By Corollary 7.9, the real Cartan-Weyl basis for the isotropy representation of U(n)/H is
strongly nice.

Example 7.12. Consider M = G/H, where G = SO(2n) and H is the connected subgroup of G with
Lie algebra

[} = SpanR{H@l —92’H63’ ,H@n} + rel -0, + Z rsii@j =~ §0(3) &) 30(21’1 - 4) .

3<i<j<n

In this case

— ~ 1 _
my = SpanR{H61+92} + r91+92 = §D(3) , My = z reliek + z rezi@k .
k>3 k>3

Therefore, since mé is irreducible, by Corollary 7.9, the real Cartan-Weyl basis for the isotropy

representation of SO(2n)/H is strongly nice.

Example 7.13. Consider M = G/H, where G = SO(2n + 1) and H is the connected subgroup of G
with Lie algebra

f) = spanR{Hel_ez,H93, ,H@n} + 1391_92 + 2 rek + z reiiej =~ 30(3) (&) §o(2n - 3) .

k>3 3<i<jgn
In this case

— ~ 1 _
m, = spang{Hg 40} + ¥ 40, 2 80(3), my =15 +71g + Z o .0, + Z To,16, -

k>3 k>3

Therefore, since mol is irreducible, by Proposition 7.8, the real Cartan-Weyl basis for the isotropy

representation of SO(2n + 1)/H is strongly nice.

We remark that, by Proposition C, in the cases listed in Example 7.5 with g = 3, Example 7.10,
Example 7.11, Example 7.12, and Example 7.13, the collapsing torus of any diagonal ancient
solution is unique, hence rigid (see Remark 5.9).
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Up until now, the only examples of compact homogeneous spaces G/H, with rank (Ng(H)/H) >
1, admitting an NR-decomposition are those listed in Example 7.4 and in Example 7.5 with g > 3.
Using the theory from Appendix A, we present below a method to construct examples whose
gauge group has a higher rank. In the following, given a pair of groups H C G, we denote by AH
the diagonal

AH :={(h,h) : h€H} C GXG .

Proposition 7.14. Let G be a compact, connected, semisimple Lie group and HC G a reg-
ular subgroup. Assume also that the isotropy representation m of G/H satisfies the following
assumptions:

(i) its real Cartan-Weyl basis is strongly nice;
(ii) m does not contain any Ad(H)-module that is equivalent to an Ad(H)-module in its Lie algebra

b.

Then, the homogeneous space GXG/AH admits a strongly nice basis for its isotropy representation.

Proof. Denote by Rt = R; U R} the set of positive roots of G/H according to the splitting g =
b & m, by By the real Cartan-Weyl basis for the Lie algebra fj, by B,,, the real Cartan-Weyl basis
for m and let ¢ = (m,, ..., m,) be a decomposition with respect to which B is p-adapted. Then,
g @ g splits as

3 14
g®q=Ah+Ap+ Y m+ Y m?, (7.5)
i=1 i=1
with

Ap :=Lie(AH) = {(H,H) : He b}, Ah:=Ah n(Heh) ={H,~H): Hebh},
m = {X,0: X em}, mP :={0X):Xem}.

Notice that the Ad(AH)-modules mgl) and mi.z) are irreducible, while the Ad(AH)-action on A} is
equivalent to the Ad(H)-action on J). Let us consider now the following sets of vectors:

Biy :={(H,~H) : HE By}, B :={(X,00: X €B,}, BY :={0X):XeB,}.

()

By hypothesis, there is no Ad(AH)-module in A} that is equivalent to some m;’ or m§2). Then,

one can check that B := By U B(nll) U BE,Z‘) is a strongly nice basis for the isotropy representation
of GXG/AH. O

Notice that, generally, AH is not regular in G X G. In fact, under the hypotheses of Proposi-
tion 7.14, by (7.5) we obtain

rank (Ng,(AH)) = rank(GXG) — rank([H, H]) ,
where [H, H] denotes the commutator of H. Moreover, again by (7.5), notice that

rank (Ng,(AH)/AH) = 2rank(Ng(H)/H) + dim(Z(H)) ,

d '€ '920¢ ‘0SLL69YT

 wouy

NIPUOD pUe SIS | 3Y) 39S *[9202/70/LT] U0 ARiqiT auluo A|IM ‘outio] 1d 1iod PA 191G ‘SIS 0uLo | 1 001udaIIod AQ £TS0Z 'SWI/ZTTT OT/1I0p/wWod A3 1M A

fom ArIq1RUIL

35UB0 17 SUOWILLD 9AIEB.D) 3 (et |dde au Aq pauenob afe sapiLe O 8sn Jo sajni Joj AReiqi auluo A3|ipm uo



44 of 52 | KRISHNAN ET AL.

where Z(H) denotes the center of H.

Therefore, this allows us to construct compact homogeneous spaces whose gauge group has
rank at least 2 and whose isotropy representation admits a strongly nice basis, for example, Sp(n +
1)XSp(n + 1)/ASp(n).

APPENDIX A: REGULAR SUBALGEBRAS AND REAL CARTAN-WEYL BASES OF
COMPACT LIE GROUPS

In this appendix, we collect some basic facts about root spaces and regular subgroups of compact
Lie groups, that get used in Section 7.

Let G be a compact, connected, semisimple Lie group with Lie algebra ¢ = Lie(G) and T a
maximal torus of G with Lie algebra t = Lie(T) C g. In this case, we choose as background Ad(G)-
invariant metric Q on g the negative Cartan-Killing form of G. Let R C t* be a root system for g
and denote by

g, :={E€g®xC : [H,E] =ia(H)E for any H € t}

the complex 1-dimensional a-root space, for any « € R. Fix now a choice of positive roots R* C R
and consider the corresponding real root spaces decomposition for g, that is

g=t+ 2 r,, withr, :=(g,+g_,)Ng. (A1)

aERT

For any § € t*, we denote by Hy € t the Q-dual vector of 5.
Following [31, sections II1.4-1IL.6] (see also [1, section 4.3]), for any a € R* there exists a Q-
orthonormal basis {X, Y, } for r, that satisfies the following properties:

[Xo(’Xﬁ] = na,ﬁXoH-ﬁ - Sgn(a - ﬁ)’?a,—ﬁXm_m ’
[Xa’ Yﬁ] = noc,ﬁYoc+ﬁ + Sgn(a - ﬁ)ncx,—ﬁka—m ’ (AZ)
[Ya, Yﬁ] = _na,ﬁXa+ﬁ - Sgn(a - ;B)Ua,—ﬁXm_m )

where

1 ifa—peRrRt
sgn(a —f) ;=41 iff—aeR*

otherwise
and |a — B| := sgn(a — B)(a — ). Here, the coefficients n, z € R satisty

ngeg=0 ifa+B &R,
Napg = Nga> Mg pg="Nap, (A.3)

Nap = N5 —(a+p) = N—(a+p).a -

We call it a real Cartan-Weyl basis for g.
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Remark A.1. We point out that canonical choices exist for positive roots of compact, simple Lie
groups of classical type. In the description of positive roots below, we follow the notation of [19]:

s | R
su(n+1) {6; — 9;
302n+1)||{6; £6; : 1<

3p(n) {eiiej 11ki<
30(2n) 16, +06

t1i<jgn+1}
<jsniu{f, i1
J<
01

<k<
YU{20, - 1<k <n

n
i< \I’l}

We refer to [19, section V.6] for the details.

Let H be a compact and connected subgroup of G. We recall that H is said to be regular if its
normalizer Ng(H) contains a maximal torus T of G. By [45, p. 150], it follows that H is regular if
and only if its Lie algebra ) = Lie(H) splits as

=t + Z T, (A.4)

oteRJr

Here, t’ is a torus contained in the maximal torus t, r, denotes the real a-root space defined
in (A.1), and R; C R is a closed subset of positive roots, meaning that for any «, 8 € R;, the

condition a + 8 € Rt implies a + 3 € Rg. We denote by R} :=R™*\ R; the complement of
this subset of positive roots.

As a consequence of (A.4), when H C G is regular, a real Cartan-Weyl basis for g as in (A.2)
restricts to a basis for the isotropy representation m of the homogeneous space G/H, which we
refer to as a real Cartan-Weyl basis for m. This will be used in the construction of examples in
Section 7. Notice, however, that in general a real Cartan-Weyl basis is not adapted to any Ad(H)-
invariant, irreducible decomposition ¢ of m. This occurs, for instance, for the homogeneous space

M = SO(n + 2)/SO(n), with n > 2 and SO(n) C SO(n + 2) given by the block embedding.

APPENDIX B: PROOF OF THEOREM 3.1
This appendix consists of the proof of Theorem 3.1, from which Theorem A follows. We use
the same notation as Section 3. In the interest of simplifying the notation, we omit to dif-
ferentiate between the original sequence ¢ = {t(} and its subsequences, and to specify the
subsequence extractions.

First, notice that claim (i) follows from the compactness of F¢. Claim (ii) can be deduced from
the fact that ¢(¢) is collapsed. Indeed, by (2.3), there exists a constant ¢ > 0 such that

Lg(®) < ¢ scal(vol(g(0) 7 g(0)) - vol(g(6)) 7 g() -

Moreover, since g(t) is collapsed, we have
2
mﬂ(wﬂ@UD_EmO)—>

2
as t —» —oo (see Subsection 2.1). Because vol(g(t))” m g(t) has unit volume, it then follows that
the volume of |71| g(t) tends to 0 as t — —oo. Therefore, for any sequence of times ¢ — —oo, the

smallest eigenvalue of ﬁ g(t™) goes to zero.
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From now on, we will always assume that the decompositions ¢ are ordered in such a way
that

xi") < x;") <. < x(fn) )
We denote by bl.(”) and b§°°) the coefficients defined in (2.10) with respect to @ and @(*),
respectively. For the sake of shortness, we set [ijk]™ := [i jk]¢(n), [ijk]() = [ijk] o) and

(n)

-(n) ._ 1 _+(n) =(n) . _ i .
g .—T(n)g(r ), X, = forany1 <i<?.

To prove claims (iii) and (iv), we partition the index set {1, ..., s;} into equivalence classes
according to the relative asymptotic growth of the corresponding eigenvalues:

{183 =Jy0..07, .

More precisely, the index sets J;, for 1 < i < u, are defined recursively as follows: for every p €
{1, veny Sg},

(1)
x
p € J;y; ifand only if, for every g € {1,...,s:} \ (J; U ... UJ;), we have nlirf % € [0, + ).
—+00 X
q

From the definition of the sets J;, it can be deduced that the following characterization holds:

=(n)
sifl<i<j<uandpel,q er,thenlimn_hLoo%:O;

X

q

» ifl<i<wuandp,qeJ;,thenlim, fn) =2, €(0,+00).
For the sake of notation, we set

]<h :=J1U...U]h, ‘I>h :={1,,f}\(]1uu.]h)

and we define

(n) ._ (n) (00) . _ (o0)
a, ‘—Zmp, a, .—Zmp .

pe]sh p€]<h

For any integer 1 < h < u, we consider the claim P(h) defined as follows:
a;m) is an abelian subalgebra of m, and both (3.2) and (3.3) are true for any p € J,.  (P(h))

We are going to prove P(h) by induction on h € {1, ..., u}.

Proof of claim P(1). To prove claim P(1), by (2.13), we have

1 2z
4x; 1<i, k<t XX
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Therefore, since the scalar curvature of g is uniformly bounded (see (2.3)) and x(") — 0 as
established before, we have

4 )‘cg")scal(g(”)> -0

and so there exists C > 0 such that

~(n)

X,
Z [ijk]™ (n)l S foranyn € N . (B.1)
1<ij k<t XX X,
As a direct consequence of (B.1):
[ijk]©) >0 with i,jeJ,, kefl,..,} = keJ. (B.2)

Indeed, assume by contradiction that there existi, j € J; and k € J.; such that[ij k](°°) > 0.Then,
by (B.1), up to changing the constant, we obtain

(c0)

which is not possible. Therefore, (B.2) implies that a,” is a subalgebra of g.

Let {eg{")} be a p("-adapted, Q-orthonormal basis for m and consider the quantities

(”) : Z Z sec J(n)< ("),eé")> ,

(n) m™ oM 2 ()
M eg M

where sec denotes the sectional curvature. By [47, Formulas (4.6) and (4.7)], they satisfy the
following relations forany 1 <i < j < ¢:

—(n) —(n) -(") —(n) —(n)
=(n) n() _ Pkl i i m| J_ _ _o_t K
4% sec;;” = Z[lj ] = o) Z[l]k] _() 1|1 2_() 3_() , (B.3)
1<k<? j Xk 1<k<? k xj J
J'c(")
axsec! = ad;c!™ + [iii]™ +4 Y [iik]™ =3 Y [iik]"W - (B.4)
—( )’
1<kg? 1<k<? X;
ki ki

where cl.(") are the diagonal components of the Casimir operator (see [56]). The rest of the proof is
divided into three steps.
Step 1: Since the sectional curvature of 5™ is uniformly bounded, we have

lim <4J‘c;")sec;’?) =0 foranypel,,iel,,.

n—+oo
Noticing that
)—C(n) )—C(n)
p .
1121 [plk](") G )T =0 foranypel,,iel,,kefl,.,r}
n—+oo - =

l k
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Equation (B.3) implies that

< () o)

- m| X _ L% Kk _ .

nl_l)r&(){ Y [pik] ( -1 1-2—5 43— } 0 foranypel,ie€l.,. (BS5)
1<kt xi xi

Arguing by induction as in [47, p. 537], we obtain that each summand in (B.5) is infinitesimal, that
is,

)—C(n) —(n) —(n)
nliIP [pik](”) T —-1)|1- ZT + BT =0 foranypel,,iel,;,ke{l,...}, (B.6)
X

and so the following claims hold:

-(n)
X
peJ,,i€l.,, kef{l,..,¢}, [pik]l*=0 = hm [plk](”) ’( 5= =0, (B.7)
Xie
%M
PR : :1(00) 1 _
p&€Jy, Ljely, [pjI*'>0 = lim - =1. (B.8)
X
Step 2: Since the sectional curvature of 5 is uniformly bounded, we have
: (M) (M) _
nl—l>r—|1:100 <4xp secpq> =0 foranyp,qeJ;,p#q.
Using (B.7), we have
™ —(n) —(n)
m| 2 _ _ — ;
nl_l)r)g() [pqil o 1{j1 _( 5 x( > 0 foranyp,qel;, i€l,,;. (B.9)
i q
Moreover,
£ £
. wXp *p_
nl_l)rP[x) [pqi] = _(n) =0 foranyp,q€lJ;, i€J,;. (B.10)
q l

Therefore, (B.3), (B.9), and (B.10) imply that

x(n) X(”) —(}’l) x(n) X.('/‘l)
li 1) BT B Pt PN =0 f qel., '
nirfloo{ 2 [paq’] 2 2 + o) o T orany p,q €Jy, p#q

q'el; q xqr q xq q
(B.11)
Arguing by induction as in [47, p. 538], we obtain that each summand in (B.11) is infinitesimal,

that is,

=(n) +(n) ~(n) =(n) (n)
lim [pgq']™ Zp xL+ xi—l 1—2xP +3—||=0 foranypelJ eJ ">
oo P99 PO PO o) < [1™ yP€J1,9.9 19,9 >Pp
7 ¢ q q q
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and so the following claim holds:

£

p.q.q' €1y, p<q<q = lim [pgq'|"” ?n) =0. (B12)

Xq

Step 3: Since the sectional curvature of ™ is uniformly bounded, we have

lim <4xén)secg2) =0 foranypelJ,.
n—+oo0

By (B.6) and (B.7), we have

=(n)

X,
lir}_l [ppi](”)ﬁ =0 foranypelJ,, i€l
n—+oo x

P

and so Equation (B.4) implies that
%" ()
i m)3_9_ _ — oo (c0)
lim { 2. [ppqgl™|3 w 4 } ad,, c,* +[pppl® .

q€J1\{p}
By (B.12), the limit on the left-hand side is nonpositive, and so we obtain

pgel; = ¢ =0, [ppg®™ = (B.13)
Therefore, claim P(1) follows from (B.7), (B.8), (B.12), (B.13). O

Fix now h € {1,...,u — 1} and assume that P(h") holds true for each 1 < h’ < h. By [7, Lemma
5.55], the scalar curvature can be estimated by

_(n) 1 d‘bgn) 1 .. 1(n) xi(n)
scal( )\ 5 Z o "1 2 [ijk] —x(’”x(”)' (B.14)

ielyy x i,j.kelsp i *k

By (B.14) and arguing as above, there exists C’ > 0 such that

—(n) ,

Z [ijk]™W —— (n) o < (En) forany p € J;,,,foranyn e N. (B.15)
i,jke€lsp 'J. P Xp

As a consequence of (B.15) and the inductive hypothesis:
[ijk]®) >0 with i,j €Jp,q, k €{1,.. 6} = kEJ gy - (B.16)

Indeed, we distinguish the following cases.

* Ifi, j € J, then (B.16) follows by inductive hypothesis.
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* Assume by contradiction that there existi € Jj,,, j € Jp,; andk € J. ), such that[ij k() >
0. Then, by (B.15), up to changing the constant, we obtain

which is not possible.

Therefore, (B.16) implies that agf_:)l is a subalgebra of g. Hence, to complete the proof of P(h + 1),
one can use the same steps as in the proof of P(1). This concludes the proof of claims (iii) and (iv).

Finally, to prove claim (v), we assume by contradiction that xigil — 400 asn — +o0. By (2.3),

it follows that scal(§™) > ¢=! > 0. Therefore, by (B.14), we have

~(n)

4 - (n) X 2 TrQ(_Bg)
. Z [k = S —m
Ljk>sg X Xk X1

>

which is not possible since the left-hand side is positive and bounded away from zero.
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