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Abstract

Lithium-ion batteries (LIBs) are the backbone of today’s portable electronics, elec-
tric mobility and grid integration thanks to intercalation chemistries supplanting
metallic-lithium anodes. However, accelerating innovation is hampered by costly,
material-intensive experimentation and by models that either oversimplify electrode
morphology or are too slow for decision-making. This thesis addresses both chal-
lenges by (i) building a high-fidelity, pore-scale 4D model (3D in space + time)
that resolves morphology-induced heterogeneity of concentration and potential; and
(ii) deriving a fast, physics-based surrogate via rigorous homogenization to predict
charge–discharge behavior with quantified accuracy. The most employed compu-
tational model for charge-discharge simulation of LIBs is the so called pseudo-2D
Doyle–Fuller–Newman (P2D/DFN) framework, which assumes monodisperse spher-
ical particles and lateral uniformity. While effective for long cycling, this approxi-
mation is inadequate for graphite anodes: their flake-like, anisotropic microstructure
alters transport pathways, reaction surface availability, and local overpotentials. To
capture these effects, we developed an automated workflow that automatically gener-
ates pore-scale COMSOL Multiphysics models through the Java API. All geometric
and physicochemical inputs, such as particle positions, size distributions, anisotropic
diffusion, kinetics and electrolyte properties, are supplied via human- and machine-
readable text files, enabling rapid, reproducible campaign design and large-scale
dataset creation. We employed this script to construct three anode morphologies of
increasing realism: monodisperse spheres, polydisperse spheres, and polydisperse
triaxial ellipsoids. This last kind of geometrical representation was selected to ap-
proximate the flat morphology of graphite while preserving credible inter-particle
contacts. Transient simulations resolved the coupled mass and charge transport
in solid and liquid phases with Butler-Volmer boundary condition enforced on the
solid–electrolyte interfaces. We quantified intra-particle lithiation patterns, pore-
scale concentration gradients, and the resulting voltage response. Discharge curves



iv

and morphological quantities were compared with experimental data, demonstrating
that the three system generated were similar enough to be compared. We concluded
that ellipsoidal ensembles reproduce spatial heterogeneity and effective kinetics more
faithfully than sphere-based models, highlighting the sensitivity of performance to
porosity and particle size dispersion. Second, to enable near-real-time inference
without sacrificing morphological insight, we searched for a an accurate model, that
can deliver the requested response in few seconds. Therefore we decided to adopt
homogenization via multiple-scale asymptotic expansion to derive macroscopic equa-
tions for coupling diffusion–electromigration–reaction with a rigorous mathematical
framework. Under standard LIB scale separation (pore size ℓ « electrode thickness L)
and periodicity assumptions, we obtained closed-form cell-scale balances augmented
by morphology-dependent effective transport tensors. Boundary conditions at the
current collectors were included explicitly, obtaining a mathematical relationship
that links micro-scale geometry, represented by the geometrical scale parameter
ε = ℓ/L, to macro-scale operating conditions, expressed by the external applied
electric current density. The upscaled model has been verified against pore-scale
simulations for concentration and voltage, and we mapped applicability regimes and
error estimation in terms of the geometrical scale parameter ε . Within these regimes
the reduced-order predictive model well reproduces full-order dynamics at a fraction
of the cost, with a designable control over the error, supporting in-line estimation
tasks such as state-of-health tracking where latencies of seconds are required.
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Chapter 1

Introduction

The demand for lightweight, high-energy rechargeable batteries led to the develop-
ment of lithium-based electrochemical systems in the 1970s. Early attempts using
metallic lithium anodes offered high capacity but suffered from several safety is-
sues. A major breakthrough was achieved with the introduction of intercalation
electrodes: M.S. Whittingham proposed titanium disulfide as a cathode material [1],
J.B. Goodenough demonstrated lithium cobalt oxide as a high-voltage cathode [2],
and A. Yoshino introduced a carbonaceous anode to replace metallic lithium [3].
These advances culminated in Sony’s commercialization of the first lithium-ion
rechargeable battery in 1991 and in the recent Nobel prize for the three researchers
in 2019 [4]. Since then, lithium-ion batteries have become the state-of-the-art energy
storage technology, enabling the rapid expansion of portable electronics, electric
mobility, and renewable energy integration. Nowadays, LiB are currently the domi-
nant electric energy storage system adopted at all scales: from portable electronic
devices to urban and aerospace vehicles, and likely they will play a major role in
the construction of net zero energy buildings. Studies have predicted an increase of
approximately 27% per year until 2030 in the global battery demand [5–7]. Com-
pared with alternative battery technologies, Li-ion batteries provide an excellent
energy-to-weight ratios and experience low self-discharge when not in use. These
properties have established Li-ion batteries as a leading candidate for the next gen-
eration of non-fossil fuel-powered systems [8]. The design of Li-ion batteries has
been primarily based on (1) matching the capacity of anode and cathode materials
to find the best material combination, (2) trial-and-error investigation of thickness,
porosity, active materials, electrolyte, and additive loading, (3) manufacturing con-
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venience and cost, (4) detailed microscopic models to understand, optimize, and
design these systems [9–11]. However, experimental tests, which include assembling,
forming, and cycling of batteries, require an enormous amount of materials with a
non-negligible cost. Recent studies had estimated that in the total price of a battery
cell, materials account for about 47% [12] and this could be a huge limitation for the
experimental exploration of the phenomena involved in LiB. To avoid this problem,
the solution is a good and accurate planning of the experimental campaign in order
to minimize the waste of materials and time as well. In this context, the use of
computational tools has become increasingly important. Computational models for
LiBs offer enormous support in the design of experiments, in studying complex
phenomena, not observable with classical experiments [13], for in-line monitoring,
and State of Health (SoH) prediction. The use of these models ensures a saving
in time and resources by minimizing experiments, and reduce battery aging with
a real-time measurement of the State of Charge (SoC) which is fundamental at all
scales of energy storage. They are multiscale-multiphysics models [14] because the
macroscopic behavior at the cell scale of a variable of interest, like lithium concen-
tration and electric potential in both liquid and solid phases, is strongly influenced
by the microscopic behavior that acts at the pore-scale [15]. Furthermore, several
physics principles are involved in LiB models since the solution of mass, charge,
and thermal transport is required[16, 17]. Unfortunately, often these models are too
simple or require a long amount of time, which can span between minutes or hours,
to obtain a solution. They rely on a reduced-order description (e.g. one-dimensional
in the collector-separator direction) of the electrochemical behavior in the electrode,
justified by the assumption that the behavior in the other two dimensions is uni-
form. One of the models that follows this assumption is the Doyle–Fuller–Newman
(DFN) model [18, 19]. The DFN model solves a set of non-linear partial differential
equations that describe the mass and charge transport in the solid (i.e. electrode
particles) and liquid (i.e. electrolyte) phases. An extension of the Newman model is
its homogenized version, the pseudo-2D model, and in which all electrode particles
are considered spheres of the same size (i.e. monodisperse) [18, 20], neglecting
the complex and rich heterogeneity characterizing by real electrodes, constituted by
polydisperse non-spherical particles. In fact, batteries often exhibit a non-uniform
behavior in the current distribution, with local heterogeneities which can adversely
affect battery performance and lifetime. As mentioned, one of the aspects that is the
most responsible for this non-uniformity is the electrode morphology [21].The P2D
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(DFN) framework is excellent for simulating long sequences of charge–discharge
cycles and capturing long-term trends. By contrast, its simplifying assumptions lead
to unavoidable uncertainties when used for first-cycle optimization where formation,
wetting, and parameter transients dominate; it is also typically too slow to support
in-line monitoring or control across both the initial formation and the aging process.
Motivated by this observation, we pursued two complementary goals: (1) to develop
a high-fidelity 4D model (3D in space + time) that resolves morphology-induced,
local variations in concentration; and (ii) to derive a fast, physics-based surrogate
that predicts charge–discharge behavior within seconds without overly simplifying
the electrode microstructure.

Starting from point (i), we note that the P2D model’s assumption of isotropic,
spherical particles may be reasonable for some cathodes (e.g., NMC), but it is
not appropriate for graphite anodes, whose platelet-like morphology and strongly
anisotropic transport violate this approximation. This carbon form, which is the
most stable one, is an anisotropic material, as atoms are arranged in a hexagonal
pattern forming a layered structure [22], with the valence electrons thus free to move
within the carbon layers, being therefore able to conduct electricity [23]. Due to
their layered structure, the graphite particles are flake-shaped, with one characteristic
dimension smaller than the other two, as shown in the Field Emission Scanning
Electron Microscopy (FESEM) image reported in Figure 1.1.

Fig. 1.1 a) FESEM image of an electrode of a half cell: graphite and separator; b) FESEM
image of a graphite layer. c) Zoomed FESEM image of a graphite layer. d) FESEM image of
a graphite particle.
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For this material the spherical shape is therefore a strong approximation and
very far from the real form of graphite flakes, and is nonetheless still widely used in
literature [24–26]. Furthermore, [27] recently concluded that a correct representation
of an in-silico electrode geometry, to be used in computational models, has a great
impact on the intra-particle lithiation prediction. Nowadays, electrode morphology
is one of the most studied aspects to improve the performances of LiBs [28–32] but
this analysis often requires complex coding when performed with computational
modelling means, or expensive experimental tools.

These reasons well delineate the challenge of this dissertation’s work, whose
focus firstly lies in trying to build more accurate models for describing the chemical
and electrochemical transport at the pore-scale, with an emphasis on an accurate
description of the active material at the forefront. This objective quickly led to the
difficulty previously identified, namely that manual efforts in building non-standard
(e.g.: uniform-spheres models) heterogeneous models are complex, costly, and ulti-
mately impractical in the repeated testing campaigns necessary for manufacturing
design optimization. This then in turn, led to the decision of tackling this issue by
means of developing an automatic script in Java for the generation of a pore-scale,
three-dimensional (3D) transient computational model, also known as 4D model, of
a LiB half-cell. The script interfaces with the software COMSOL Multiphysics 6.1
API and simplifies user input in setting up the simulation, gathering all relevant input
parameters explicitly in text files. These input text files contain all the information
needed to run the simulation, such as the position of the particles or the physicochem-
ical properties of the material of interest. The use of this script has several advantages,
especially in added flexibility for the user, such as being able to easily vary both the
physical and geometric properties of the system, leading to easier automated data
set creation. One example of the possibilities offered by this more flexible approach
would be in allowing to study and treat the different existing types of graphite, having
different physical properties, such as particle size distribution, equilibrium potential,
and lithium diffusion coefficient inside the active material, among others. Beyond the
physicochemical setup of the computational model, this process also makes it easier
to represent different anode geometrical morphologies or electrodes with different
physical behaviors. These, as it has been mentioned and will be shown later in the
Results Chapter, are very impactful parameters on charge-discharge behavior, which
could be expanded, by a suitable modification in the code developed in this study,
to include other relevant mechanical phenomena during electrode formation, e.g.
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cracking, particle rearrangement during packing, surface roughness changes, and
so on. In this work, we used this script to produce, in an easy way, three different
electrodes of increasing geometric complexity: one with monodisperse spheres, one
with polydisperse spheres, and one with polydisperse ellipsoids. The rationale for
these choices was led by the search for a geometric shape that could better represent
graphite particles. The triaxial ellipsoidal shape was selected as the basic shape
most closely similar to the realistic morphology, since other shapes with an oriented
face, like a parallelepiped or a cylinder, would not correctly represent the contact
points between the particles. An ellipsoid, the generalization of a sphere with three
principal semi-axes, provides a convenient way to tune one axis with respect to the
other two, mirroring the aspect-ratio variability observed in graphite particles. The
pore-scale simulation of the charge-discharge dynamics in the cell involves the sepa-
rate solution of the mass and charge transport equations in all the specified domains
of the battery, and setting the boundary conditions on the actual solid-electrolyte
domains interfaces. In the first part of this work three main domains, for a half cell,
have been considered: the porous separator, the liquid electrolyte, and the anode
electrode. At the pore scale, electrodes are characterized by a porous structure, as
it has been widely observed in the literature by means of electron microscopy and
X-ray tomography imaging analysis [33]. This means that solid (active material) and
liquid (electrolyte) phases coexist, and their relative distribution is quantified by the
porosity, which is defined as the liquid volume fraction in the electrode. The porous
structure of the electrode is reproduced in-silico and then employed in the electro-
chemical simulations. The separator is considered an inert porous media filled by the
electrolyte. Its function is to avoid the direct contact between anode and cathode ac-
tive materials, that would lead to dangerous short circuits, but it permits the passage
of lithium ions from one side to the other one [34, 35]. The active material particles
are assumed to be ellipsoidal or spherical and different geometries have been tested
here in order to investigate their effect on the overall cell performance. From this
kind of analysis on the three systems, it is possible to demonstrate the importance
of an accurate electrode geometrical representation and the flexibility of the code
that we developed. To do so, we analyzed the intercalated lithium concentration
within the particles and we compared also the discharge curves with experimental
ones. The previously described model is well suited for first-cycle optimization,
where high fidelity is required and and simulations with high runtimes, performed
once (or a few times) off-line, are acceptable. However, its computational burden
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makes it unsuitable for real-time measurements: solver stiffness and the large state
dimension lead to latencies on the order of minutes rather than seconds, preventing
closed-loop, in-line use. For in-line monitoring, a tool must deliver SoH estimates
within seconds while retaining essential morphological detail. Over-simplifying the
electrode morphology (e.g., assuming isotropic spherical particles) can bias transport
pathways, distort local overpotentials, and degrade SoH predictions—precisely when
early detection matters. Therefore, we sought a model that combines near-real-time
inference with morphology-aware physics, preserving predictive accuracy without
resorting to coarse geometric abstractions. Up-scaling methods, such as volume
averaging, homogenization, extensions to evolving micro-structures, thermodynami-
cally consistent averaging, and renormalization group theory, serve to bridge the gap
between pore-scale mechanisms and their continuum-level descriptions [36–39]. A
growing body of research has focused on deriving macroscopic models systemati-
cally from microscale conservation laws [40]. This trend highlights the importance
of validating reduced-order models and understanding how microscopic processes
shape the macroscopic behavior of electrochemical systems [41–45]. However, to
the best of our knowledge, there has not yet been a rigorous validation of these
derived up-scaled equations for charge and mass transport in lithium-ion batteries,
which include electro-migration, diffusion, and reaction. To do this, we apply the
homogenization via multiple-scale expansion [40, 37, 45, 46]. This mathematical
technique allows the derivation of macroscopic equations under two major hypothe-
ses: the separation of scale and the periodicity of the domain of interest [47–49].
The first condition is well satisfied in LiBs since the characteristic dimension of the
electrode pores is very low compared to the electrode dimension [50]. Also, the
second condition is fulfilled since the Particle Size Distribution (PSD) is not too large
and we can easily individuate a unit cell that well describes the morphology of the
system [51]. In this work, we mathematically derived the macroscopic equations for
LiBs, similarly to what has been done by ref. [45]. For completeness, we reproduce
the derivation here and provide a clarified and corrected version of the steps, which
streamlines the presentation and avoids potential ambiguities present in earlier ac-
counts. Particularly, we adopted microscale equations for mass and charge transport
in the electrolyte that are considered the actual state of the art for LiB modeling,
and they differs from the ones of Arunachalam et al.[45]. Furthermore we tried to
include the boundary conditions at the anodic and cathodic current collectors in the
mathematical homogenization, since they have an influence in the applicability of
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the method. Subsequently, we tested the concentration, and obtained applicability
ranges in which it is possible to employ these upscaled and simplified models, at
much lower cost than pore-scale simulations, albeit with a comparable accuracy.

Finally, this thesis is structured in the following way: in the first part, chapter two,
we have the theoretical background, divided in four parts. First, we introduce the pore-
scale governing equations for transport of mass and charge in Lithium-ions batteries.
Then we have a short look of the Discrete element method adopted to generate the
active material layer. The third section is about the homogenization technique and
it contains the Darcy’s law derivation, as an example, and the application to LiBs
equations. Finally, a short discussion about Finite Element Method closes the chapter.
The third chapter contains the information to reproduce both the simulation and the
experimental tests carried out to find the morphological and physical properties of
the active material particles. The fourth chapter summarizes the results obtained
from the pore scale simulation and the validation of the reduced order model. Finally,
the fifth chapter concludes the thesis, discusses the results previously obtained, and
proposes some futures perspectives.



Chapter 2

Theoretical Background

In the second chapter of the manuscript, the theoretical background is presented.
This is divided in three parts: in the first one, the governing equations for mass
and charge transport are presented; the second one describes the Discrete Element
Method; the third one contains general information about the homogenization with a
particular attention on the multiple-scale expansion variant; finally, the fourth section
presents the Finite Element Method used to run the simulations.

2.1 Pore-scale modeling of lithium-ion batteries

The micro-scale 3D modeling of LiBs is centered on the local numerical solution of
the charge and mass conservation of intercalated lithium and lithium ion respectively
within the electrodes and the electrolyte. Figure 2.1 sketches the typical system
modeled and lists the main governing equations. The domain is composed of a liquid
electrolyte (yellow), the anode with its current collector (respectively, light gray
particles and dark gray area), the cathode with its current collector (respectively,
light orange particles and dark orange area), and the separator (central blue area).
For clarity, we will refer to the generic solid phase, either anode or cathode, with the
(.)s superscript; the liquid electrolyte will be indicated with the (.)ℓ superscript; the
anode and cathode will be represented, respectively, with the (.)a and (.)c subscripts;
(.)Li or (.)Li+ will denote the lithium or the lithium ions; the current collector will
be indicated with (.)cc. Furthermore, we want to give some definitions that will
appear several times in this manuscript. The first is the State of Charge (SoC) that is
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calculated as follows [52]:

SoC =
(1/V s)

∫
V s csdV s − cs

0%
cs

100% − cs
0%

, (2.1)

where V s is the active material volume and cs
100% and cs

0% are the average intercalated
lithium concentration at 100% and 0% SoC. From the mathematical definition, it is
clear that the SoC goes from zero to unity. The second definition is the C-rate. In
electrochemical systems, the exact current density is geometry-dependent and not
readily comparable across cells. We therefore express currents as C-rates, which is a
current normalized to cell capacity, to enable fair comparison. Therefore usually the
C-rate is defined in relative terms, as the inverse time in hours in which a charge or
discharge cycle is completed. Therefore, if we refer to a C/20 discharge we mean
that the discharge was carried out with a current value such that the discharge was
completed in 20 hours. From the C-rate, the current can be approximately calculated
as follows:

i = cs
max(SoCs

max −SoCs
min)FV sCrate, (2.2)

where cs
max is the maximum intercalated concentration within the electrode, F is the

Faraday constant and V s is the active material volume. As shown by the figure, the

Fig. 2.1 Schematic representation of the LiB cell with the most relevant equations.

mass conservation in the solid phase is implemented through the steady state Fick’s
law, which describes the diffusion behavior of the intercalated lithium within the
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solid phases:
∂cs

∂ t
= ∇ · (Ds

∇cs) (2.3)

while the charge conservation is expressed through the Ohm law:

∇ · (Ks
∇φ

s) = 0 (2.4)

In Eq. 2.3 and 2.4 Ks is the electric conductivity coefficient in the electrode, φ s is
the electric potential, Ds is the diffusion coefficient in the electrode, and cs is the
intercalated lithium concentration. In parallel, the transport equations related to the
charge and mass conservation of lithium ions in the electrolyte are solved by using
concentrated solution theory [53] as:

∂cℓ

∂ t
=

∇ ·
[(

Dℓ− 2RT
F2

(
1+

d(ln f±)
d(lncℓ)

)
(1− t+)t+Kℓ 1

cℓ

)
∇cℓ

+
t+
F

Kℓ
∇φ

ℓ

]
,

(2.5)

0 = ∇ ·
[(

−2RT
F

(
1+

d(ln f±)
d(lncℓ)

)
(1− t+)Kℓ 1

cℓ

)
∇cℓ+Kℓ

∇φ
ℓ

]
, (2.6)

where cℓ is the lithium-ion concentration in the electrolyte and φ ℓ is the electrolyte
potential, Dℓ and Kℓ are the diffusion and the electric conductivity coefficients
respectively. R is the gas constant, T is the temperature, F is the Faraday constant.
Finally, t+ is the lithium-ion transference number, and f± is the mean molar activity.
Since in this work the electrolyte has been considered ideal, this coefficient is not
dependent on the concentration and therefore the term: d(ln f±)/d(lncℓ), goes to
zero [52]. In the separator, the same equations as the liquid phase have been applied,
but the transport coefficients were calculated through the Bruggeman’s correlation:

Ψe f f = Ψη
b (2.7)

where Ψ is a generic transport coefficient, electrical conductivity or diffusivity for
LiBs, η is the porosity, and b is the Bruggeman exponent, equal to 1.5 for the case
under consideration. Now we will define the boundary conditions typically applied.
Particularly, we will distinguish between the side boundary conditions, faces parallel
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to the current direction, the current collector boundary conditions, the liquid-solid
interface reaction, and the side applied to the faces parallel to the current direction.
Starting from the side faces, we have a no-flux condition for the mass transport in
both solid and liquid phases:

ns · (Ds
∇cs) = 0 (2.8)

and

nℓ ·
[(

Dℓ− 2RT
F2

(
1+

d(ln f±)
d(lncℓ)

)
(1− t+)t+Kℓ 1

cℓ

)
∇cℓ+

t+
F

Kℓ
∇φ

ℓ

]
= 0 (2.9)

Similarly, for the charge transport we have insulation boundary conditions:

ns · (Ks
∇φ

s) = 0 (2.10)

and

nℓ ·
[(

−2RT
F

(
1+

d(ln f±)
d(lncℓ)

)
(1− t+)Kℓ 1

cℓ

)
∇cℓ+Kℓ

∇φ
ℓ

]
= 0, (2.11)

For the current collector boundary conditions, we have no-flux and insulation condi-
tions (Eqn. 2.9 and 2.11) for the liquid phase in both anode and cathode sides. For
the solid phase, we applied the no-flux condition (Eqn. 2.8) for the mass transport
in both anode and cathode sides, while we have a fixed value for the solid electric
potential in the anode side:

φ
s = 0, (2.12)

and we have a constant density current applied at the solid-current collector interface
at the cathode side:

−ns ·
[
Ks

∇φ
s]=±ns · J (2.13)

where J [A/m2] is the average entering current density, defined as:

J = F

∫
S

∂cs

∂ t dV∫
Acc

dAcc
(2.14)

where the integral at the denominator is the active material-current collector area.
The flux sign could be positive for discharge (lithium diffuses from the anode to the
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cathode) or negative for charge (lithium diffuses from from the cathode to the anode).
The last boundary condition applied in the model is the mass and charge transfer at
the liquid-solid interface. Notably, electrochemical charge–transfer reactions cause
the continuum exchange between liquid and solid phases of Li ions, intercalated
Li, and electrons following the reaction mechanism illustrated in Fig. 2.1. During a
charge process, the intercalated lithium in the cathode active material reaches the
liquid-solid interface and, thanks to the interfacial reaction, it diffuses in the liquid
medium as a lithium ion. Then, it crosses the separator and, at the anode-electrolyte
interface, the interfacial reaction transforms the lithium ion in intercalated lithium to
balance the charge. The process is reversed during discharge. therefore, the mass
and charge interfacial boundary conditions for the solid phase are:

−ns ·
[
Ds

∇cs]= k
F

f (cℓ,cs,φ ℓ,φ s), (2.15)

−ns ·
[
Ks

∇φ
s]= k f (cℓ,cs,φ ℓ,φ s), (2.16)

Similarly, for the liquid phase:

nℓ ·
[(

Dℓ− 2RT
F2

(
1+

∂ ln f±
∂ lncℓ/cs

max

)
t+(1− t+)Kℓ 1

cℓ

)
∇cℓ+

t+
F

Kℓ
∇φ

ℓ)

]
=

k
F

f (cℓ,cs,φ ℓ,φ s)

(2.17)

and

nℓ ·
[(

−2RT
F

(
1+

∂ ln f±
∂ lncℓ/cℓre f

)
(1− t+)Kℓ 1

cℓ

)
∇cℓ+Kℓ

∇φ
ℓ)

]
= k f (cℓ,cs,φ ℓ,φ s),

(2.18)

The current density developed from the electrochemical reaction at the liquid-solid
interface is called faradic current density and could be expressed through the well-
known Butler-Volmer formalism [54, 53, 55]:

f (cℓ,cs,φ ℓ,φ s) = 2
√

cℓcs(1− cs/cs
re f ) · sinh [(φ s −φ

ℓ−U)F/2RT ]. (2.19)

The last term that appears in the Butler-Volmer equation is the overpotential U ,
an interfacial quantity defined at the liquid/solid boundary and that measures the
deviation from local thermodynamic equilibrium of the charge-transfer reaction.
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Specifically, at each point on the active surface we define:

U(x, t) = φ
s(x, t)−φ

ℓ(x, t)−Es
eq(c

s(x, t)), (2.20)

meaning that in the reversible reaction

Lis ⇌ LiVs +Li+ℓ + e−s (2.21)

less energy is recovered than what thermodynamics predict. The intercalated lithium
in the electrode (LiS) is formed from the reaction between a lithium ion from the
liquid phase (Li+L ) and an electron from the solid phase (e−S ) and in the presence of a
vacancy in the electrode (LiVS ). Therefore, Es

eq is the equilibrium electric potential
difference. The overpotential is physically the local driving force for interfacial
charge transfer under the constraints imposed by microscale transport. While U(x, t)
is not directly measurable, its macroscopic manifestations are reflected in observable
polarization losses and terminal voltage. This depends on the SoC of the electrode
and could be obtained essentially in two ways: performing a galvanostatic cycling
analysis at a very low current, assuming that the cell behavior under this condition is
similar to equilibrium, or it could be calculated with semi-empirical relations like
the Redlich–Kister expansion [56, 52, 57] in which Es

eq is a function also of the
temperature.

2.2 Discrete Element Method

The most important information to define the starting state of the DEM simulations
is the position (and possibly the pose), shape, and size of the involved elements or
objects. For each of the systems explored in this work, the initial conditions were
those of a cloud of non-overlapping spheres, subjected to a vertical force along the
z-axis comparable to gravity. Given this external force, the DEM code computes
the interaction forces between the spheres and integrates the motion equation for
each sphere. The code starts reading the position of a certain sphere, xP(t), then
it calculates the new position at time t +∆t, integrating Newton’s second law for
translation and rotation:

mP
d2x
dt2 =

nC

∑
i=0

(FN
i,P +FT

i,P)+mPg, (2.22)
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IP
dω

dt
=

nC

∑
i=0

(FT
i,P ×dP(n)), (2.23)

where FT
i,P and FN

i,P are the shear and normal components of the contact force between
the two spheres considered for the calculation, respectively. The vertical component
is calculated as the product between the mass of the object (mP) and the gravitational
acceleration constant (g). In the second equation, IP is the moment of inertia and ω

is the angular velocity. dP is the distance between the contact point and the center
of the particle, and n is the contact plane normal. Finally, nC is the number of
contact points. The interaction between two neighboring particles is modeled by a
non-cohesive elastic-frictional contact model [58]. In this modeling approach, the
contact force between two spheres can be calculated as the sum of two contributions:
the normal component and the shear component. The particles are allowed to overlap
at the contact point depending on the Young’s modulus of the materials. The normal
force is calculated from a difference in linear velocity along the interaction axis:

Fn = 2
EiriEjrj

Eiri +Ejrj
un, (2.24)

where un is the normal displacement and E is the Young’s modules of i and j particles
materials and ri and rj are the radii of particles i and j. In the present work, we
considered a unique material for all the interacting particles, then Ei = Ej for any i
and j particles. The model does not considers long distance interactions, so when
uN ≥ 0, the forces are null. The shear force comes from the perpendicular component
of the linear velocity difference and the perpendicular component of the rotational
velocity summation:

FT = KTuT, (2.25)

where KT is a function of KN according to the Poisson’s law. In this work, the
materials’ properties have not been modified from Yade default setting. The Blender
simulation is similar to the previous one since it also solves Newton’s equations
of motion for a system of N particles, also allowing for the objects treated to be
non-convex (a classic limitation of most DEM codes) thanks to the implementation
of the Bullet Physics Library (BPL) [59] that can take into account the collision and
interaction between arbitrarily-shaped particles in a rigid-body simulation [60].
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2.3 Homogenization

Homogenization is a mathematical technique that allows the derivation of macro-
scopic equations and effective transport coefficients, starting from the microscopical
governing equations [47–49]. This is possible only when two hypotheses are satis-
fied: the separation of scales and the periodicity of the domain of interest. The first
hypothesis is satisfied if the characteristic length of the domain of interest L is bigger
than the characteristic pore scale length l and this is true if the scale parameter ε is
much lower than one: ε = l/L << 1. Indeed, as shown by Fig 2.2, when ε → 0 we
can consider the domain of interest homogeneous. The periodicity of the domain

Fig. 2.2 Homogenization of the porous medium as the limit of ε → 0.

of interest is necessary because we can capture the influence of the macroscopic
morphology on the effective transport coefficients by solving a closure problem over
the defined unit cell. Thanks to the separation of scales we can redefine each variable
or differential operator as:

ψε(x, t) = ψ(x,y, t)
∂ψ

∂ t
= ∑

i

∂ψ

∂τi

∇ = ∇x + ε
−1

∇y

(2.26)

where ψ is a generic physical quantity of interest, x is the "slow" spatial variable
which acts at the macroscale and captures the macroscopical behavior of the physical
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quantity, and y is the "fast" spatial variable which describes the microscopic unit
cell and it takes into account all the fluctuations related to the morphology. These
two variables are related thought the scale parameter as: x = ε−1y. Since we have
two separate scales, and we can have more than one characteristic times τi (e.g.,
reaction time, advection time, electric migration time, etc.) we have to also rewrite
the derivative operators as shown in Eqn. 2.26. The idea of the homogenization is to
rewrite the transport equations to obtain a macroscale equations which depends only
on the "slow" variables x. To do so, we apply the asymptotic expansion with respect
to the scale parameter ε:

ψ(x,y, t) =
∞

∑
n=0

ε
n
ψn(x,y, t) (2.27)

and, at the end of all the derivations, we should obtain a reduced order model for
the physics of interest. In the following sections, by means of example to the reader,
homogenization via multiple scale expansion will be applied to the Stokes’ equations
to derive Darcy’s law. Then, this same mathematical technique will be adopted
to derive the upscaled version of charge and mass transport equations for LiBs of
interest in this work. Before starting with the discussions, let us introduce some
symbols and notations that will be used during the derivations. Let us consider
consider a microscopic unit cell Y = S∪L illustrated in Fig. 2.3 constituted by a
fluid phase L that surrounds the solid material S, and let us define Γ = ∂S∩∂L as
the smooth surface between the two phases.
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Fig. 2.3 Example of a generic unit cell Y , composed of a gray solid phase S submerged in
the yellow liquid phase L.

Let us define the following local averages of a general quantity A(x):

⟨A⟩ℓ ≡
1
|Y |

∫
L(x)

Ady, ⟨A⟩s ≡
1
|Y |

∫
S(x)

Ady,

⟨A⟩L ≡ 1
|L|

∫
L(x)

Ady, ⟨A⟩S ≡
1
|S|

∫
S(x)

Ady,

⟨A⟩Γ ≡ 1
|Γ|

∫
Γ(x)

Ady.

(2.28)

The local averages are related through the porosity η = |L|/|Y |, since ⟨A⟩ℓ = η⟨A⟩L
and ⟨A⟩s = (1−η)⟨A⟩S. Furthermore, dimensional variables will be denoted with a
hat (e.g., ψ̂), while dimensionless quantities will be written without a hat (e.g., ψ).

2.3.1 From Stokes’ to Darcy

The first applications of this mathematical technique comes from the end of 1980’
[61–63] and one of the most famous implementation of the homogenization via
multiple scale expansion is the derivation of the Darcy law starting from the Stokes’
equation. Let us consider a macroscopic domain of length L formed by several
periodic unit cells Y = S∪L with characteristic length l. The two phases are non
reactive and the liquid one, an incompressible Newtonian fluid of viscosity µ̂ and
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density ρ̂ , flows through the pore space with a characteristic velocity U . We postulate
that the Reynolds number is much lower than 1 (Re = ρ̂Ul/µ̂ << 1). Therefore,
the flow is laminar and we can neglect the inertial and transient terms in the Navier-
Stokes equations. Employing these assumptions, the fluid motion can be described
by the Stokes’ equations:

−∇̂ ·
(

µ̂∇̂ûε

)
+ ∇̂ p̂ε = 0 ŷ ∈ L,

∇̂ · ûε = 0 ŷ ∈ L,

ûε = 0 ŷ ∈ Γ,

(2.29)

where ûε is the fluid velocity and p̂ε its pressure. Now we can define the dimension-
less quantities that describe the system:

x =
x̂
L
, uε =

ûε

U
, p =

p̂l2

µ̂UL
(2.30)

Therefore, we can rewrite Eqn. 2.29 as:
−∇ ·

(
ε2∇uε

)
+∇pε = 0 y ∈ L,

∇ ·uε = 0 y ∈ L,

uε = 0 y ∈ Γ,

(2.31)

Due to the separation of scales, we can replace each differential operator with the
new one defined in Eqn. 2.26:

−
(
∇x + ε

−1
∇y

)
·
[
ε

2 (
∇x + ε

−1
∇y

)
uε

]
+
(
∇x + ε

−1
∇y

)
pε = 0 y ∈ L,(

∇x + ε
−1

∇y
)
·uε = 0 y ∈ L,

uε = 0 y ∈ Γ,

(2.32)
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Now, we can apply the asymptotic expansion from Eqn. 2.27 to both velocity and
pressure:

−
(
∇x + ε

−1
∇y

)
·
[
ε

2 (
∇x + ε

−1
∇y

)(
ε

0u0 + ε
1u1 + ε

2u2
)]

+
(
∇x + ε

−1
∇y

)(
ε

0 p0 + ε
1 p1 + ε

2 p2
)
= O(ε3), y ∈ L,(

∇x + ε
−1

∇y
)
·
(
ε

0u0 + ε
1u1 + ε

2u2
)
= O(ε3), y ∈ L,(

ε
0u0 + ε

1u1 + ε
2u2

)
= O(ε3), y ∈ Γ.

(2.33)

Since we consider ε → 0, we can collect all the εn order terms, for n ∈Z, and neglect
all the εn order terms with n > 0, Eqn. 2.33 becomes:

ε
−1 [∇y p0]+ ε

0 [−∇y ·∇yu0 +∇x p0 +∇y p1] = O(ε1), y ∈ L,

ε
−1 [∇y ·u0]+ ε

0 [∇x ·u0 +∇y ·u1] = O(ε1), y ∈ L,

ε
0u0 + ε

1u1 = O(ε2), y ∈ Γ.

(2.34)

To ensure solvability with a bounded behavior as ε → 0, the O(ε−n) terms must
cancel point wise. Equating coefficients thus enforces a zero coefficient at order ε−n,
which fixes the leading-order constraint. Starting from the ε−1 order, we have that:

∇y p0 = 0, y ∈ L,

∇y ·u0 = 0, y ∈ L,

u0 = 0, y ∈ Γ.

(2.35)

Therefore p0 does not depend on the fast spatial variable: p0(x,y) = p0(x). Looking
at the ε0 order terms:

−∇y ·∇yu0 +∇x p0 +∇y p1 = 0, y ∈ L,

∇x ·u0 +∇y ·u1 = 0, y ∈ L,

u1 = 0, y ∈ Γ.

(2.36)

Let us search a solution in the form:

u0(x,y) =−υ(y)∇x p0(x)

p1(x,y) = π(y)∇x p0(x)+ p̄(x)
(2.37)
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Substituting Eqn. 2.37 into Eqn. 2.36 and 2.35 we obtain:
∇y ·∇yυ + I+∇yπ = 0, y ∈ L,

∇y ·υ = 0, y ∈ L,

υ = 0, y ∈ Γ.

(2.38)

The Eqn. 2.38 is called a closure problem and it takes into account the effect of the
morphology over the velocity and pressure fields, field. The two variables introduced,
υ and π , have no direct correspondence to dimensioned physical variables, and they
are Y-periodic. We impose also the condition null average of the variable π over the
fluid volume (⟨π⟩L = 0) to have a unique solution. If we take the proposed solutions
from Eqn. 2.37, particularly the one for the velocity field, and we integrate both
members over the fluid volume, with respect to y, we obtain:∫

L
u0(x,y)dy =−

∫
L

υ(y)∇x p0(x)dy (2.39)

From the second integral, only υ(y) depends on y and therefore we can rewrite
the previous equation, adopting the local averages definitions mentioned above
(Eqn. 2.28) as:

⟨u0(x,y)⟩L =−K(y)∇x p0(x) (2.40)

Eqn. 2.40 is the so called Darcy’s equation and K(y) =
∫
Lυ(y)dy is the permeability

tensor. Darcy’s derivation is an easy and particular case of applicability of the
homogenization technique, since the Stokes’ equation is linear and stationary. Here
are all the general steps of the homogenization procedure via multiple scale expansion
that have been followed for the mathematical derivation of LiBs reduced order model:

1. Identification of the pore scale governing equations and the related boundary
conditions

2. Dimensionless formulation of the pore scale governing equations

3. Linearize the equations (if they are not already) with a MacLaurin expansion

4. Substitute the derivative operators in the pore scale governing equations
(Eqn.2.26) and apply the asymptotic expansion (Eqn. 2.27)

5. Rewrite the resulting equations in the form: ∑
N
i=1 εN−i fi(x,y,τI,τII, ...) = 0

and solve for fi(x,y,τI,τII, ...) = 0
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6. Derive and solve the closure problem and calculate the effective transport
coefficients

7. Define the applicability regimes of the method for the system under considera-
tion

8. Derive reduced order transport equations

2.3.2 Lithium-ions battery reduced order model

Here is the mathematical derivation of the homogenized 1D model for lithium-ion
batteries. Even if the derivation is present in other scientific papers [45] we decided
to rewrite it for two main reasons. First, the pore scale equation used in other
papers may be different and the derivation may not be complete. Additionally, we
introduced a homogenization over the boundary conditions at the current collector
which might represent a novelty in the field. In this section, only the most relevant
steps are reported, while the remaining parts are in the Appendix section:

1) Governing Equations

The governing equations for lithium ion batteries have already been reported in
Sec. 2.1 above. The only difference is that the side boundary conditions are periodic
instead of having insulation and no-flux conditions for charge and mass respectively.

2) Dimensionless formulation

A crucial step in asymptotic homogenization is to cast the governing equations in
non-dimensional form. Non-dimensionalization makes the relative magnitude of the
different terms explicit through dimensionless groups and through their dependence
on the scale parameter ε . By specifying the regime of the relevant dimensionless
numbers (e.g., whether they are the same order of magnitude as ε , smaller or larger),
we clarify the range of validity of the homogenized model and the conditions under
which it provides an accurate approximation of the pore-scale behavior. During
the charge and discharge process, we can define four characteristic time scales,
associated to the macroscopic length scale L: the heterogeneous reaction time t̂R, the
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ionic diffusion time t̂D j , the ionic migration time t̂M j , and the charge-discharge time
t̂C which are calculated as follow:

t̂R =
LF
k
, t̂D j =

L2

D j , t̂M j =
F2L2ĉs

max
RT K j , t̂C =

LFĉs
max

J
(2.41)

where j = ℓ,s and D j and K j are the characteristic values of the diffusion coefficient
and electrical conductivity tensors in the solid ( j = s) and liquid ( j = ℓ) phases.
Now we can outline the dimensionless Damköhler, electric Péclet and dimensionless
IR-drop numbers as:

Da j :=
t̂D j

t̂R
=

Lk
FD j ; Pe j :=

t̂D j

t̂M j

=
RT K j

F2D jĉ j
re f

; Nohm :=
t̂Ms

t̂C
=

JLF
RT Ks (2.42)

Moreover, we can define φ
j

ε = φ̂
j

ε F/2RT and c j
ε = ĉ j

ε/ĉ j
re f as the dimensionless

electric potential and concentration, respectively, and c j
re f is equal to the maximum

intercalated lithium concentration (cs
re f = cs

max) or the maximum lithium-ions con-
centration in the electrolyte (cℓre f = cℓmax). Furthermore, we can set D j = D̂ j/D j and
K j = K̂ j/K j as the dimensionless diffusivity and electric conductivity coefficients,
respectively. Finally, imposing t = t̂/t̂Dℓ

as the dimensionless time and x = x̂/L as

the dimensionless spatial variable, remembering that
(

∂ ln f±
∂ ln ĉℓε/ĉs

max

)
= 0, we can

rewrite the mass and charge transport equations, with the corresponding boundary
conditions, as follows. For the electrolyte (Eqn. 2.5 and Eqn. 2.6, subject to Eqn. 2.17
and Eqn. 2.18) we obtain:

∂cℓε
∂ t

= ∇ ·
[(

Dℓ−2t+(1− t+)PeℓKℓ 1
cℓε

)
∇cℓε +2t+PeℓKℓ

∇φ
ℓ
ε

]
, (2.43)

and

0 = ∇ ·
[(

−2(1− t+)PeℓKℓ 1
cℓε

)
∇cℓε +PeℓKℓ

∇φ
ℓ
ε

]
, (2.44)

subject to:

nℓ ·
[(

Dℓ−2t+(1− t+)PeℓKℓ 1
cℓε

)
∇cℓε +2t+PeℓKℓ

∇φ
ℓ
ε )

]
= Daℓ f (cℓε ,c

s
ε ,φ

ℓ
ε ,φ

s
ε)

(2.45)
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and

nℓ ·
[(

−2(1− t+)PeℓKℓ 1
cℓε

)
∇cℓε +PeℓKℓ

∇φ
ℓ
ε )

]
= Daℓ f (cℓε ,c

s
ε ,φ

ℓ
ε ,φ

s
ε),

(2.46)

where

f (cℓε ,c
s
ε ,φ

ℓ
ε ,φ

s
ε) = 2

√
cℓεcs

ε(1− cs
ε) · sinh [φ s

ε −φ
ℓ
ε −U ]. (2.47)

where U = ÛF/2RT is the dimensionless equilibrium potential. The no-flux and
insulation conditions in the electrolyte (Eqn. 2.9 and Eqn. 2.11) assume the form of:

nℓ ·
[(

Dℓ−2t+(1− t+)PeℓKℓ 1
cℓε

)
∇cℓε +2t+PeℓKℓ

∇φ
ℓ
ε )

]
= 0 (2.48)

and

nℓ ·
[(

−2(1− t+)PeℓKℓ 1
cℓε

)
∇cℓε +PeℓKℓ

∇φ
ℓ
ε )

]
= 0, (2.49)

Similarly, the dimensionless formulation of the mass and charge transport equations
in the electrode (Eqn. 2.3 and Eqn. 2.4, subject to Eqn. 2.15 and Eqn. 2.16) is given
by:

∂cs
ε

∂ t
= DaℓDa−1

s ∇ ·
[
Ds

∇cs
ε

]
, (2.50)

0 = ∇ ·
[
Ks

∇φ
s
ε

]
, (2.51)

subject to
−ns ·

[
Ds

∇cs
ε

]
= Das f (cℓε ,c

s
ε ,φ

ℓ
ε ,φ

s
ε), (2.52)

−ns ·
[
2PesKs

∇φ
s
ε

]
= Das f (cℓε ,c

s
ε ,φ

ℓ
ε ,φ

s
ε), (2.53)

and the boundary conditions at the current collectors assume the form

−ns ·
[
Ds

∇cs
ε

]
= 0 (2.54)

φ
s
ε = 0, (2.55)

−ns ·
[
Ks

∇φ
s
ε

]
=−ns ·Nohm (2.56)
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Once the dimensionless formulations have been defined, we can proceed with the
multiple-scale asymptotic expansion [40, 45, 46] to derive a continuous model that
can approximate the pore-scale equations. Furthermore, we are going to individuate
the applicability regimes and the error estimation.

3) Linearization of the equations

Before applying the asymptotic expansion, all the non-linear terms must be linearized,
if any appear. For the physics under consideration, we have non-linear terms in the
mass and charge transport equations in the liquid phase due to the electro-migration,
and the Butler-Volmer term in all the liquid-solid boundary conditions. This lin-
earization is mathematical, and it does not restrict the validity of the homogenization
to near-equilibrium regimes. Indeed, the dependence of the electric current with
respect to the electric potential remains exponential. As will be shown later, the
model is still valid at high current value. The linearization has been done with a
MacLaurin series, for ε → 1 and is reported in Appendix A (Eqn. A5).

4) Asymptotic expansion

The method of asymptotic expansion consists of the introduction of a fast space
variable y ∈ Y and four time variables: one related to the reaction (τr), two related to
the electric migration in the electrolyte (τmℓ) and in the active material particles (τms)
and, the last one associated to the discharge time (τc). Remembering that t = t̂−1

Dℓ
t̂

we obtain several definitions. According to Eqn. 2.26, specifically for LiB models,
following the characteristic times definition from Eqn. 2.41, they assume the form:

y := ε
−1x τr := t̂−1

R t̂ = Daℓt τmℓ := t̂−1
Mℓ

t̂ = Peℓt

τms := t̂−1
Ms

t̂ = PeℓDaℓDa−1
s t τc := t̂−1

C t̂ = PeℓDaℓDa−1
s Nohmt

(2.57)

Then, we can replace each pore-scale quantity ψε(x, t) with ψε(x,y, t,τr,τmℓ,τms,τc)

and obtain the following relations for the space and time derivatives:

∇ψε = ∇xψ + ε
−1

∇yψ

∂ψε

∂ t
=

∂ψ

∂ t
+Daℓ

∂ψ

∂τr
+Peℓ

(
∂ψ

∂τme
+

Daℓ
Das

(
∂ψ

∂τms
+Nohm

∂ψ

∂τc

)) (2.58)
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Additionally, we represent ψ = {cℓ;φ ℓ;cs;φ s} as an asymptotic series in integer
powers of ε , as explained in Eqn. 2.27 where ψn are Y -periodic functions in y.
Finally, we set

Peℓ = ε
−α , Daℓ = ε

β , Das = ε
γ , Pes = ε

−δ , Nohm = ε
ζ (2.59)

where the exponents α, β , γ, δ , ζ are arbitrary and determine the system behavior in
the electrolyte and electrode phases. With the definitions in Eqn. 2.59, we are going
to find the applicability regimes of the method. These conditions strictly depend on
the separation of scales, and for this reason they were defined as a dependence on
the scale variable ε .

5) Rewrite the equations

For solving and simplifying the model it is a good practice rewriting the expanded
equations in the following form: ∑

N
i=1 εN−i fi(x,y,τI,τII, ...) = 0 and solve for each

fi(x,y,τI,τII, ...) = 0. This is a pure mathematical step and is reported in the Ap-
pendix A section.

6) Closure problem

Thanks to homogenization, is it possible to obtain a PDE to calculate analytically
the effective transport coefficients. In this section, only the closure problem and the
transport coefficient formula are reported, while the whole derivation is reported
in the Appendix A section. The effective diffusivity and electrical conductivity
coefficients are given by:

Di⋆⋆ = ⟨Di(I+∇yχ
i)⟩ (2.60a)

Ki⋆⋆ = ⟨Ki(I+∇yχ
i)⟩ (2.60b)

The closure variable χ i(y) has zero mean, ⟨χ i⟩i = 0 and is defined as the solution of
the local problem

∇y ·
(

I +∇yχ
i
)
= 0 (2.61a)
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ni ·
(

I +∇yχ
i
)
= 0 (2.61b)

where i = {ℓ,s}. The variable χ has no physical meaning but it capture the morpho-
logical variation in the unite cell.

7) Applicability regimes

Homogenization guarantees that the reduced order model well reproduce the pore
scale results with an error of order ε . This statement is always true if the operating
regime, defined with the dimensionless numbers, falls into the applicability regimes.
They consist in a range of values that the dimensionless numbers can assume to
ensure the physical separation of scale. Thanks to the assumption made in Eqn. 2.59,
we can determine the order of magnitude, relative to the scale parameter ε , that the
dimensionless numbers should have to ensure the model’s accuracy. Applicability
regimes come out during the mathematical derivation in Appendix A, and here we
report only the obtained conditions:

1. ε << 1

2. Daℓ < 1

3. Peℓ < 1

4. Daℓ/Peℓ < 1

5. Das < 1

6. Das/Pes < 1

7. Nohm < 1

8. ⟨χℓ⟩Γ ≈ ⟨χℓ⟩L

9. ⟨χs⟩Γ ≈ ⟨χs⟩S

Constraints 1.-6. ensure separation of scales. While constraint 1. is almost always
met in practical applications, since the pore size is generally much smaller than the
electrode dimension, constraints 2.-6. depends on the relative importance of the
diffusion, electrical migration, and reaction mechanisms, i.e., they impose constraints
on the transport regimes that can be appropriately modeled by the continuum scale.
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Constraints 8. and 9. are not necessary for scale separation, but facilitate the deriva-
tion of the effective parameters. As shown in Appendix A, these constraints allows
one to interchange the surface and volume averages within errors on the order of ε2.
A separate discussion is required for the dimensionless IR-drop. This is defined as
the ratio between the ohmic voltage loss across the electrode and the thermal voltage
(Nohm = JL/K

RT/F = ∆φohm
RT/F ). Intuitively, it counts how many thermal-voltage units are

dissipated ohmically over the macroscopic length. Small values indicate weak ohmic
driving, while large values indicate strong macroscopic fields. Homogenized coeffi-
cients and the classical applicability regimes derive from the microscopic boundary
conditions at the internal liquid–solid interface and from scale separation. They
are independent of how the macroscopic problem is forced. However, macroscopic
boundary conditions control the magnitude of the macroscopic gradients. Large im-
posed currents increase Nohm, which in turn can induce macroscopic boundary layers
and spatially varying overpotentials that challenge the assumption of near-uniform
sources within a unit cell. Thus, while the regimes are founded on microscopic
physics, macroscopic forcing determines whether the solution actually resides in
those regimes. Classical homogenization theory presumes that macroscopic gradients
are moderate, ensuring that microscopic fields respond approximately linearly to unit
macroscopic perturbations and that volumetric source terms remain nearly uniform
within each representative cell. When Nohm is large, the macroscopic potential drop
is substantial, the overpotential becomes markedly nonuniform, and Butler–Volmer
kinetics amplify local reaction heterogeneity; in this regime, the homogenization
error can increase. On the other hand, for small Nohm, the macroscopic driving is
smooth, the interfacial source remains well distributed at the pore scale, and the
upscaled equations give accurate results. Hence, Nohm becomes a direct bridge
between geometry and operating conditions: increased tortuosity, anisotropy, binder
content, or loss of percolation lower the effective conductivity, thereby increasing
Nohm. This makes the metric useful for design: shortening the electrode, improving
solid and electrolyte networks, or distributing current injection reduces Nohm and
enlarges the parameter space where homogenization is reliable. All the formalized
constraints for both both liquid and solid phases are sufficient but not necessary
conditions. Indeed, homogenization ensures an error of order ε if the model is within
the applicability regimes determined through the constraints over dimensionless
numbers, but this does not mean that working outside of these boundaries would
lead to an error greater than ε . Suppose the dimensionless numbers are greater than
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ε . In that case, we can not predict the error a priori, and we are forced to explore
the dimensionless numbers space through simulation and calculate the error of the
variable of interest. The constraints were imposed considering each term in the
dimensionless formulation of order O(1). This assumption is conservative since
the concentrations in the two active materials have been divided by their respective
maximum value, and the electric potential is normalized with respect to a value
that is greater than the maximum absolute value assumed by the electric potential
during the simulation. In the model validation, we will show examples in which
the applicability regimes conditions are not met, but the error is still on the order of
magnitude of ε .

8) Reduce order transport equations

Mass and charge transport and boundary conditions equations in the electrolyte
(Eqn. 2.43- 2.44- 2.45- 2.46- 2.48- 2.49) can be homogenized up to an order of ε2

by the following effective mass and charge transport equations:

η∂t⟨cℓ⟩L = ∇x ·
[(

Dℓ⋆⋆−2t+(1− t+)PeℓKℓ⋆⋆(1/⟨cℓ⟩L)
)
∇x⟨cℓ⟩L

+2t+PeℓKℓ⋆⋆
∇x⟨φ ℓ⟩L

]
+2ηε

−1K⋆Daℓ f (⟨cℓ⟩L,⟨cs⟩S,⟨φ ℓ⟩L,⟨φ s⟩S)
(2.62)

∇x ·
[(
−2(1− t+)PeℓKℓ⋆⋆(1/⟨cℓ⟩L))∇x⟨cℓ⟩L+2PeℓKℓ⋆⋆

∇x⟨φ ℓ⟩L
]

=−2ηε
−1K⋆Daℓ f (⟨cℓ⟩L,⟨cs⟩s,⟨φ ℓ⟩L,⟨φ s⟩s)

(2.63)

where:

f (⟨cℓ⟩L,⟨cs⟩s,⟨φ ℓ⟩L,⟨φ s⟩s) =

⟨A0⟩L⟨B0⟩L+ ε(⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L) =

2
√

⟨cℓ⟩L⟨cs⟩s(1−⟨cs⟩s)sinh((⟨φ s⟩s −⟨φ ℓ⟩L−U))

(2.64)

and the dimensionless effective reaction rate constant in the electrolyte phase (K⋆) is
determined by the pore geometry:

K⋆ =
|Γ|
|L| , (2.65)
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and the mass and charge boundary conditions at the liquid-current collector interface
become:

nℓ ·
[(

Dℓ⋆⋆−2t+(1− t+)PeℓKℓ⋆⋆(1/⟨cℓ⟩L)
)
∇x⟨cℓ⟩L+2t+PeℓKℓ⋆⋆

∇x⟨φ ℓ⟩L
]
= 0

(2.66)

nℓ ·
[(
−2(1− t+)PeℓKℓ⋆⋆(1/⟨cℓ⟩L))∇x⟨cℓ⟩L+2PeℓKℓ⋆⋆

∇x⟨φ ℓ⟩L
]
= 0 (2.67)

Similarly, mass and charge transport and boundary conditions equations in the
electrode (Eqn. 2.50 - 2.51 - 2.52 - 2.53 - 2.54 - 2.55 - 2.56) can be homogenized up
to an order of ε2 by the following effective mass and charge transport equations:

∂t⟨cs⟩s = DaℓDa−1
s ∇x ·

[
Ds⋆⋆

∇x⟨cs⟩s

]
−2ε

−1
ηDaℓK⋆ f (⟨cℓ⟩L,⟨cs⟩s,⟨φ ℓ⟩L,⟨φ s⟩s)

(2.68)

and

∇x ·
[
2PesKs⋆⋆

∇x⟨φ s⟩s

]
= 2ε

−1
ηDasK

⋆ f (⟨cℓ⟩L,⟨cs⟩s,⟨φ ℓ⟩L,⟨φ s⟩s) (2.69)

where f (⟨cℓ⟩L,⟨cs⟩s,⟨φ ℓ⟩L,⟨φ s⟩s) is expressed in Eqn. 2.64. The mass and charge
boundary conditions at the solid-current collector interface become:

−ns ·
[
Ds⋆⋆

∇x⟨cs⟩s

]
= 0 (2.70)

and

−ns ·
[
Ks⋆⋆

∇x⟨φ s⟩s

]
=−ns ·Nohm (2.71)

⟨φ s⟩s = 0 (2.72)

with Eqn. 2.71 and Eqn. 2.72 applied at the cathode and anode sides, respectively.

2.4 Finite Element Method

In this section the Finite Element Method (FEM) is described. Precursors of the
matrix-based discretisation approach appeared in the 1930s by A. R. Collar and W. J.
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Duncan[64–67]. Originally, the method was developed to solve structural problems,
especially in the aeronautic and civil engineering. Forty years later, during the 1970s,
the FEM application moved on others engineering fields, like electromagnetism.
Knowing how this method works is crucial to understand how to implement uncon-
ventional equations, like the closure problem equations. Furthermore, the world of
battery modeling is almost dominated by FEM simulations and in this section we
will try to underline the most relevant features of this technique.

2.4.1 Weak formulation

To explain the method, we will take the Poisson’s equation as example, one of the
most simple and general PDE:

−∇ · (k(x)∇u(x)) = f (x) x ∈ Ω (2.73)

subject to three kinds of boundary conditions. A Dirichlet condition over ΓD, a
Neumann condition over ΓN , and a Robin condition over ΓR [68, 69]:

u(x) = gD x ∈ ΓD

n · (k(x)∇u(x)) = qN x ∈ ΓN

n · (k(x)∇u(x))+α (u(x)−u∞) = 0 x ∈ ΓR

(2.74)

where u(x) is the unknown variable, and k(x) and f (x) are the transport coefficient
and the source term that could depend on the spatial variable x. A PDE of order n,
like Eqn. 2.73, is called "strong formulation" and is characterized by a solution s∈Cn.
Since most of the PDEs of engineering interest do not admit classical solutions we
can search for solutions for the weak formulation instead of the strong one. To do so,
we multiply the PDE by a test function v(x) which is smooth (v(x) ∈C∞) and regular.
Then by integrating over the domain Ω, we can transfer one order of derivation from
the unknown function u(x) to the test function v(x) through the integration by parts
and we can add the boundary condition, by applying the Gauss theorem, to obtain
the week formulation [70, 71, 68]:∫

Ω

k∇u ·∇v dΩ =
∫

Ω

f vd Ω+
∫

Γ

n · (k∇u)v dΓ (2.75)
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and, according to Eqn. 2.74, we obtain the complete weak formulation: find u(x),
with u(x) = qD for x ∈ ΓD, such that, for any test function with v = 0 for x ∈ ΓD the
following equation is verified:∫

Ω

k ∇u ·∇vdΩ︸ ︷︷ ︸
diffusion

+
∫

ΓR

α uvdΓ︸ ︷︷ ︸
Robin

boundary term

=

∫
Ω

f vdΩ︸ ︷︷ ︸
sources

+
∫

ΓN

qN vdΓ︸ ︷︷ ︸
Neumann

prescribed fluxes

+
∫

ΓR

α u∞ vdΓ︸ ︷︷ ︸
inhomogeneous

Robin term

.
(2.76)

The cell problem obtained for the upscaled battery model represent an unconventional
equation and must be implemented by hand in COMSOL. To do so, by using the
"Weak Form PDE" interface, is it possible to write arbitrary PDE. Starting from
Eqn. 2.61a and applying Eqn. 2.75:

−
∫

Ω

(I +∇yχ
i)∇yv dy = 0 y ∈ Ω,∫

Ω

χ
iv dy = 0, y ∈ Ω,

ni · (I +∇yχ
i), y ∈ Γ.

(2.77)

2.4.2 Mesh and shape function

Once the weak formulation is defined, the domain must be divided in sub elements.
An element is defined as the region of the domain enclosed between some point, also
known as nodes [68]. In particular, we adopt segments for 1D domains, triangles
for 2D domains, and tetrahedrons for 3D domains. If gradients direction is known
is it possible to adopt a mesh that follows the gradients, with quadrilaterals (2D)
and hexahedrons (3D). During the mesh construction is important avoiding flat or
inverted elements that could lead to nonphysical results. FEM places degrees of
freedom at mesh nodes on geometry-conforming elements, so the mesh can track
curved and irregular boundaries without artificial stair-steps. As a result, complex
CAD features are represented more accurately with fewer elements, and adaptive
refinement can be focused near corners, interfaces, and thin layers [72]. This is
especially helpful for problems with rapid surface-reaction kinetics, where having
nodes on the surface makes the coupling and enforcement of boundary conditions
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straightforward. Indeed, FEM meshes are commonly very refined close to interfaces
and boundaries, and coarser in the bulk, as shown by Fig. 2.4.

Fig. 2.4 a) example of a 2D mesh with a refinement close to the bottom edge; b) 3D mesh of
a unit cell, with a finer refinement for the solid phase.

Since the domain is discretized into elements with nodes, we can approximate
the solution with:

u(x) ≈ uh(x) = ∑
j

U j N j(x), (2.78)

where the coefficients U j are the Degree of Freedom (DoF). For nodal (Lagrange)
elements they coincide with the point wise values U j = u(x j) at the nodes x j. The
functions N j are the shape functions and, in the nodal case, satisfy the interpolation
property

Ni(x j) = δi j (Kronecker delta), (2.79)

which ensures that evaluating uh at a node returns the corresponding degree of
freedom [73]. Different choices of shape functions define different approximation
spaces. The most common choice for scalar fields is the Lagrange family. Let us
consider a linear Lagrange approximation on [x1,x2] with h = x2 − x1). The two
nodal shape functions are:

N1(x) =
x2 − x

h
, N2(x) =

x− x1

h
, (2.80)
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and the interpolation function is

uh(x) = U1 N1(x) + U2 N2(x), (2.81)

which is piecewise linear and globally C0 across the mesh. This choice is usually
sufficient for weak forms that involve only first derivatives. When higher smoothness
is required (e.g., where the weak form involves second derivatives), one may use
cubic Hermite shape functions instead of the classical Lagrangian. On [x1,x2],
introduce the local coordinate s = (x− x1)/h ∈ [0,1] and take as degrees of freedom
the endpoint values, like the Lagrangian, and slopes,

U1 := u(x1), U ′
1 := u′(x1), U2 := u(x2), U ′

2 := u′(x2). (2.82)

The cubic Hermite basis functions are

H1(s) = 1−3s2 +2s3, H2(s) = s−2s2 + s3,

H3(s) = 3s2 −2s3, H4(s) =−s2 + s3,
(2.83)

and the interpolation function is

uh(x) = U1 H1(s) + hU ′
1 H2(s) + U2 H3(s) + hU ′

2 H4(s). (2.84)

Since ∂x = (1/h)∂s, these basis functions enforce

uh(xi) =Ui, u′h(xi) =U ′
i (i = 1,2), (2.85)

leading to a globally C1 function. Both mesh and discretizations influence the model
accuracy. To increase it there are two main ways: increasing the interpolating
polynomial degree (p-refinement) or decreasing the node distance (h-refinement),
even if usually the best choice is an hybrid approach (hp-refinement).

2.4.3 Global system assembly

In a complex mesh, we should evaluate the integrals of the weak formulation in each
element and to speed up this process the FEM adopt the quadrature method. To do
so, the method defines a map, an iso parametric transformation which brings the
local coordinates ξ of a reference element K̂ (e.g. the reference 1D element is the
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[-1,1] segment) to the physical coordinates x of the element K under consideration.
The map has a Jacobian J and we can use it for the coordinate transformation:

dΩ = |J|dΩ̂; ∇N = J−T
∇̂N̂ (2.86)

Then the solver uses the connectivity (the relative position of one element with
respect to the others, based on the nodes that two elements have in common) to build
the final system:

KU = F (2.87)

where, K is the sparse matrix of coefficients, F is the source vector and U is the
matrix of the DoF [68].

In a complex mesh, the integrals of the weak formulation are evaluated element-
wise. To do this efficiently and uniformly, the FEM adopts numerical quadrature on
a reference element. The method defines a map (an isoparametric transformation)
that carries the local coordinates ξ̂ of a reference element K̂ (e.g., K̂ = [−1,1] in 1D)
to the physical coordinates x of the current element Ke:

x = xe(ξ̂ ) =
nnodes

∑
a=1

xa N̂a(ξ̂ ), J(ξ̂ ) =
∂xe

∂ ξ̂
. (2.88)

The Jacobian J is used to transform measures and gradients:

dΩ =
∣∣detJ(ξ̂ )

∣∣dΩ̂, ∇xN = J(ξ̂ )−T
∇̂

ξ̂
N̂. (2.89)

Similarly, boundary integrals use the surface Jacobian:

dΓ = |Js(ξ̂ )|dΓ̂ (2.90)

The element contributions are then assembled using the mesh connectivity (the
mapping from local element DOF indices to global DOF indices) to form the global
linear system

KU = F, (2.91)

where K is the sparse global coefficient (stiffness) matrix, F is the global load
(source) vector, and U is the vector of DoF [74, 68].



2.5 Solver setup 35

2.5 Solver setup

In this section, the numerical methods adopted in the COMSOL simulation are
described. Beyond the default formulation of the battery interface, we actively
controlled the spatial discretisation through mesh refinement in regions with steep
gradients (electrode–electrolyte interfaces and near current collectors), the time
discretisation by using adaptive time stepping with user-defined output times, and
the nonlinear solution strategy by adjusting damping and relative tolerances to en-
sure robust convergence over the full operating window. In addition, we verified
mesh and time-step independence by systematically refining the mesh and tightening
the temporal resolution until the cell voltage changed negligibly. The spatial dis-
cretisation used Lagrange finite elements on an unstructured mesh. We employed
second-order (quadratic) elements for the primary field variables (concentrations
and potentials), which provide improved accuracy for diffusion–electromigration
problems at comparable degrees of freedom. For the electrochemical reaction terms
imposed on internal boundaries, the same polynomial order was used consistently.
The resulting nonlinear algebraic system was solved with a Newton-based method,
using COMSOL’s consistent Jacobian and automatic damping to enhance global
convergence. The multiphysics coupling between charge conservation and species
conservation was handled using a fully coupled approach, which was found to be
more robust for strongly coupled regimes. We adopted an iterative Krylov method
(GMRES) with algebraic multigrid preconditioning.
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Digital Model

This chapter summarizes the main steps for the geometrical model generation and
the experimental technique adopted to extract the properties needed to generate the
battery models. Specifically, we have a short explanation of the experimental analysis
performed, followed by a detailed description of the pore scale model and the code
used for its dynamic generation; lastly the reduced order model, with the closure
problem. One simplification holding throughout all the presented model formulations
is that the geometries considered are static during the charge-discharge process since
we are not considering thermal-mechanical effects that can modify the electrode
morphology, especially during high current cycling. It is important to clarify that the
experimental part has been introduced not only to validate the pore scale model, but
also for demonstrating that the developed script is capable on translating realistic
geometrical and physical features into reproducible 4D computational models.

3.1 Experimental Analysis

The experimental electrodes employed in this work were used not only for the
determination of the discharge curves, but also for the evaluation of the apparent
diffusion coefficient within the active material particles, and for the estimation of
the experimental porosity from FESEM images. The electrodes were manufactured
by using a roll-to-roll coating process on commercial Cu metal foils (Schlenk®).
The anode slurry was prepared by mixing 96.5 wt% of the active material (synthetic
graphite, TIMREX SLS30, crystallinity Lc: 200 nm, specific surface area: 6.8
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m2 g−1, interlayer distance: 0.3357 nm, Imerys Graphite & Carbon), 0.5 wt% of
conductive carbon black (TIMCAL C-NERGY™ Super C45, Imerys Graphite &
Carbon), 1 wt% of sodium carboxymethyl cellulose (Na-CMC 2200, DAICEL), and
2 wt% of styrene-butadiene rubber (SBR, TRD 102A, JSR Micro N.V.). After solvent
removal, electrode disks with an area of 1.766 cm² and a mass loading of 5.3 mg/cm2

were punched out, vacuum dried at 120°C for 4 hours (Büchi Glass Oven B-585), and
then transferred into an argon-filled glovebox (MBraun Labstar, H2O and O2 content
<1 ppm) for cell assembly. Electrochemical performance evaluation was conducted
in a half-cell configuration (Coin cells 2032) by using lithium discs (Ø 16 mm, 0.6
mm thick, MTI Corporation) as counter electrodes. All electrochemical tests were
performed at room temperature by using an Arbin BT-2000 battery tester within
the voltage range of 0.01–2 V vs. Li/Li+. Charge/discharge rates were calculated
based on the theoretical specific capacity of graphite (375 mAh g−1). The apparent
diffusion coefficient was experimentally evaluated with a specific analysis called
Galvanostatic Intermittent Titration Technique (GITT) [75–78]. This test consists of
intermittent discharge pulses at a low current value (with a Crate =C/20), alternated
by relaxation times, as illustrated in Fig 3.1. Two values of potential difference could
be extracted from each current pulse: ∆Et , which is the potential change for the
discharge pulse, and ∆Es, which is the steady state voltage change after eliminating
the voltage drop originating from the electrical internal resistance. From these, and
applying Eq. 3.1, we could obtain the diffusion coefficient in the electrode as a
function of the SoC:

Ds =
4

πtp

(
msVs

M
MsAs

)2(
∆Es

∆Et

)2

, (3.1)

where ms, Vs
M, Ms, and As are respectively the mass, the molar volume, the molar

mass, and the surface all referred to the active material. Instead, tp is the pulse time,
which for the case under exam was equal to 900 s and is equal to one third of the rest
period. In this work, we considered a constant value calculated as the average over
time of the diffusion coefficient to decrease the computational cost of the simulations
but the code we developed is open to take into account also a dynamic diffusion
coefficient, dependent on the state of charge.
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Fig. 3.1 Galvanostatic Intermittent Titration Technique. a) Discharge potential as a function
of the time for the complete GITT. b) Discharge potential as a function of the time for
one single pulse. ∆Es (red) and ∆Et (blue) are the two potential difference that appears in
the equation that expresses the lithium diffusion coefficient as a function of the SoC. c)
Lithium diffusion coefficient in the active material as a function of the SoC. The red dots are
the values obtained from Eq. 3.1. The continuous black line is the interpolation line. The
continuous blue line represents the average value.

Morphological analysis of the electrodes was performed using Field Emission
Scanning Electron Microscopy (FESEM), Zeiss SUPRA 40 equipped with a Gem-
ini column and Schottky field emission source (W at 1800 K). Electrode porosity
was evaluated by extracting the pore network from FESEM cross-sectional mi-
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crographs [79, 80]. All the techniques mentioned and the tools adopted for the
experimental part are considered part of the modern state of art regarding analysis
on graphitic half cell batteries. Furthermore, the discharge curves for validating the
modeling part fall in the acceptable ranges for this kind of electrodes[81–84].

3.2 Pore-scale model

Electrodes have been recreated by Discrete Element Method (DEM) simulations us-
ing the periodic compression routine implemented in the open-source code Yade [85]
(version 2022.01a) coupled with the open-source software Blender [86] (version
4.3.2). The choice of these two pieces of software comes from several reasons: first
of all, both of them have a Python API (version 3.10.4) that helped us to produce
different geometries in a very simple and automatic way. Moreover, this coupling
between a fast DEM code and Blender gives us the possibility to produce packings
of particles with complex geometries faster than only using directly a code for the
rigid body simulation of non-convex objects (such as Blender). Below we describe
the workflow for the geometry reconstruction. Some notions and equations about
DEM simulations have already been reported in Sec. 2.2. The first step for this work
is to analyze the best shape to reproduce graphite particle with; where the chosen
shape is to be the result of a trade-off between adherence to the real morphology and
the computational cost in reproducing the actual particle packing.

Fig. 3.2 Experimental PSD of commercial graphite powder.
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Looking at the FESEM images, from Fig. 1.1 we noticed that the shape with
the required characteristics can be an ellipsoidal one with suitably chosen lengths
for its axes. Indeed, shapes with one or more non-curved characteristic lengths (e.g.
parallelepipeds, cylinders, etc.) would cause non-realistic contact points. To produce
a polydispersed particle packing, with ellipsoidal shapes, we need a Particle Size
Distribution (PSD) and an Aspect Ratio (AR) that in this case is assumed to be
constant. In our case, the PSD comes out from an experimental analysis performed
in our laboratory [87], and it is reported in Fig. 3.2; instead, the AR was calculated as
an average from FESEM images. We noticed that graphite particles are flake-shaped,
with one size much smaller than the other two, and for this reason, we tried to
model them through flattened ellipsoids. Each ellipsoid is characterized by the three
semi-axes a, b, c, with a > b >> c for the case under consideration. The major axis
is taken from the experimental PSD, which allowed to produce a packing of particles
with different sizes. Instead the AR = a/b permits to transform each sphere in an
ellipsoid. The maximum thickness of the flake, equal to 2c, is instead kept fixed
(c = 1.5 [µm]). This value was chosen close to the average thickness measured from
the available FESEM images. This brings us to another reason for this modelling
choice. Local variations in the thickness of the graphite flakes would influence the
charge and mass transport: in this study we have chosen to represent this geometric
variations by representing the flakes as ellipsoidal shapes, whose thickness varies
along their other two main axes (a and b). Furthermore, the open-source code we
developed and used to generate the geometries and setup the simulations is capable
of considering a distribution of thicknesses or aspect ratio, should such data become
available. Once the input data have been collected, it is possible to run a DEM
simulation that can produce and realistic packing of particles.
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Fig. 3.3 Main steps of the geometry generation process: a) Packing of spheres. b) Layer of
ellipsoids. c) Final electrode.

The PSD is the input for Yade, that produces in turn a packed cloud of spheres in
a box, each of them characterized by a radius equal to the major axis of the eventual
corresponding ellipsoidal particle. This setting is fundamental to avoid particle-
particle interpenetration in the next step. Therefore, from Yade, we characterize each
particle with three spatial coordinates (its center position) and one radius and these
parameters will become, together with the AR, the input for Blender. In Blender,
we can substitute in place each sphere with a differently shaped object, an ellipsoid
in this case, so that it is inscribed in the sphere itself. With procedure, we are sure
that each particle, independently of the final shape, will be free to roll and fall to
recreate a packed arrangement (due to virtual gravitational/compaction force). The
ellipsoids are initially placed aligning the shorter axes (c) orthogonally with the fall
direction. With this choice, we want to emulate the calendering process and the
ordering it forces on the final electrode particles or flakes. During this manufacturing
operation, graphite particles are compressed to increase the volume density, and,
due to the lamellar conformation, they tend to orient themselves parallel to the
surface of the current collector [88]. Finally, we can run the Blender rigid-body
simulation to increase the compaction of the particle bed and finalizing the particle
sedimentation process. Now, from Blender, we characterize each particle with nine
degrees of freedom: three for the center position, three for its dimensions, and three
for the rotation around the axes, and these are the geometrical input parameters
for COMSOL Multiphysics 6.1. The script takes as input the geometrical and the
physical parameters, specified in Tab. 3.1. In the first group there is the spatial
characterization of each particle and the dimensions of the half cell: thickness and
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width of both electrode and separator, and are varied for each different packing
realization. The physical parameters instead concern everything that is a material
property, like equilibrium potential, diffusion coefficient, electrical conductivity
and so on. The Java code works in the following way. First of all, the particles are

Parameter Value Description

cs
0 0 [mol/m3] Initial Li concentration in solid

cℓ0 1000 [mol/m3] Initial Li+ concentration in liquid
cs

max 31507 [mol/m3] Maximum Li concentration in solid
SoCmax 0.95 Final particle lithiation level
SoCmin 0 Initial particle lithiation level

Ks 100 [S/m] Electrode electrical conductivity
Kℓ 0.743 [S/m] Electrolyte electrical conductivity
Ds 1.317×10−14 [m2/s] Electrode diffusion coefficient
Dℓ 3.613 ×10−10 [m2/s] Electrolyte diffusion coefficient
αa 0.5 Anodic symmetry factor
αc 0.5 Cathodic symmetry factor
t+ 0.363 Lithium-ions transference number

hmin 0.85 [µm] Minimum mesh size
hmax 6.6 [µm] Maximum mesh size
∆x 20 [µm] Electrode thickness along X direction
∆y 20 [µm] Electrode thickness along Y direction
∆z 60 [µm] Electrode thickness along Z direction
sep 20 [µm] Separator thickness

Table 3.1 Parameters used in the 4D resolved electrochemical model

generated with the input procedure just explained, together with a central block whose
dimensions depend on the REV analysis, as explained below. In order to facilitate
the meshing algorithm in the construction of the grid in the area close to the contact
point between two adjacent particles, each of them has been enlarged by the 1% in
each dimension to avoid representing contact points as zero-dimensional entities and
improve the meshing process by transforming them into surface contact with a but
non-zero area, albeit very small to avoid distorting the geometry too much. Then the
portion of particles that are outside the block or that are not in touch with the central
core of particles are eliminated. Regarding the latter, the reason for their elimination
from the geometrical model is that the particle fragments not in any contact with
the electrode would lead to a numerical error in the simulation: the developed code
automatically recognizes and deletes them. After this, the separator is placed in the
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upper part of the domain and all the domains and surfaces are named to associate
each of them with the corresponding material and the physics that will be solved
in that zone. The code automatically detects each zone or surface using boolean
selection operations already implemented in COMSOL Multiphysics. In particular,
it identifies three domains: (i) the liquid electrolyte, where the concentrated solution
theory (Eqs. 2.5 and 2.6) is applied; (ii) the separator, where the same equations as
in the liquid phase are used, but with effective parameters calculated through the
Bruggeman correlation (Eqn. 2.7); and (iii) the solid active material, where Fick’s
law and Ohm’s law (Eqs. 2.3 and 2.4, respectively) are solved. For the boundary
conditions, the no-flux constraint (Eqs. 2.8 and 2.9) is imposed on all external faces,
while the insulation constraint (Eqs. 2.10 and 2.11) is applied except at the separator
top face, treated as an infinite lithium source, and at the solid–current collector faces,
which allow electron transfer to ensure charge balance. At the liquid-solid interface,
the exchange of mass and charge is allowed thanks to Eqn. 2.19. Finally, the domain
is meshed and even this step is automatically operated by the script. The user can
select an initial mesh Refinement Level (RL), ranging from 1 (Extremely Coarse) to
9 (Extremely Fine), following in COMSOL own classification of meshing strategies.
Starting from this setting, the code attempts to generate the mesh for the domains.
If one or more surfaces can not be meshed at the chosen RL, the code identifies
them, discards the previous mesh, and restarts the procedure by first meshing the
problematic faces. If distorted elements persist, the RL is automatically increased,
and the meshing process restarts, proceeding stepwise from faces back to domains.
If the code can not produce a mesh at all, an error message is printed. Fig. 3.4
summarizes the mesh generation process.
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Fig. 3.4 Flowchart of the mesh generation.
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For the present work, we chose a starting RL=4 with element size dimension
between 0.85×10−6 [m] and 1.8×10−6 [m], resulting in a total number of elements
ranging from 180,000 to 300,000 depending on the complexity of the system. This
choice is the result of a good compromise between low computational cost and high
accuracy of the simulation results. In this study we wanted to focus our attention on
three systems with different morphology moving towards increasing complexities.
The simplest electrode has spherical mono-disperse particles, the second one has
spherical poly-disperse particles, and the most complex has flattened ellipsoids to
reproduce in a better way the realistic shape of graphite particles, as discussed
earlier. The system with polydisperse spheres was built considering particles with
a volume equal to the one in the model with ellipsoidal particles. The most simple
model, a package of monodisperse spheres, was instead built considering an average
radius calculated from the system of polydisperse spheres. From each half cell, the
discharge curve and the concentration of intercalated lithium in the active material
have been analyzed and compared. It is important to specify that, since we have
simulated a half cell, the graphite is treated as a cathode, and therefore during
discharge, lithium diffuses from the electrolyte to the active material particle and
so the concentration of lithium increases during the discharge. The half cells are
produced with a thickness of 60 [µm] for the electrode plus 20 [µm] for the separator.
To obtain a good characterization of the system, the electrodes have a width of 20
[µm] along the X and Y axes, and the discharges were performed at different current
values. The electrode and separator thicknesses are taken from FESEM images, and
the width value has been obtained from a REV (Representative Elementary Volume)
analysis performed both physically (discharge curves) and geometrically (porosity
and specific surface), as it is shown in Fig. 3.5. Among the two geometrical features,
porosity is the easiest to compare with experimental evaluation. Nonetheless, the
most meaningful insights come from the active material-electrolyte interface within
the electrode, as this directly affects lithium-ion transport and intercalation kinetics.
At the end of the analysis, we chose to perform our simulations on a domain with a
width of 25 [µm].
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Fig. 3.5 a) physical REV analysis, discharge curve comparison; b) geometrical REV analysis,
evaluation of porosity and specific surface.

Each simulation have been performed with a fully coupled solver, using GMRES
iterative algorithm with a relative tolerance of 0.0001. An adaptive time step has
been employed, with 1001 equally spaced output times, determined by the Crate

(Output times = range(0, 0.001/Crate, 1/Crate)). Simulations have been performed on
8 cores and required between 10 and 20 hours of simulation, with a consumption of
memory of approx 40 Gb.

3.3 Homogenization

In the second part of the present work, we formalized and derived the upscaled
equations of the charge and mass transport starting from the microscale ones. Then
we validated the new model by comparing it with several pore-scale simulations
under different operating conditions. As postulated by the homogenization theory,
the geometry must be periodic [40, 46]. Therefore, we built a unit cell with a solid
electrode submerged in the liquid electrolyte. For the purpose of this work, we chose
a Body Centered Cubic (BCC) unit cell with an edge dimension of l = 5 [µm] [89, 17].
The representation of the unit cell is shown in Fig. 3.6. This unit cell is the same for
both the anode and cathode side, and each electrode is composed of 20 unit cells in
the separator-current collector direction. In this way, we have an electrode length of
L = 20 · l = 100 [µm] [90] and then the scale parameter is ε = l/L = 0.05. Therefore,
in the comparison between the reduced order model and the pore-scale one, we are
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expecting an error of err = |ψup −ψps| = O(ε), where ψ = {cℓ,cs,φ ℓ,φ s}. The
two electrodes are divided by the separator, which is considered as a pure liquid
domain and not a porous zone. Therefore, the homogenized model will be a 1D
model divided into three domains: two porous electrodes with a length of L = 100
[µm], divided by the liquid separator. We adopted these approximations because we
are mainly interested in demonstrating the validity of homogenization theory applied
in lithium-ion batteries. As such, to obtain this previously untested validation and
in order to minimize spurious computational errors not related to the theoretical
upscaling, we started from the simple (hence, most robust) system, and the BCC
repeating unit was built by uniformly shaped spheres. The implementation of a
more accurate model, e.g., considering different morphologies for the active material
particles, will be one of our future works.

Fig. 3.6 Unit cell with the closure problem solution. a) Magnitude of the vector field χs in
the solid phase. b) Magnitude of the vector field χℓ in the liquid phase.

After the determination of the macroscopic equations, the first step is to find the
solution of the closure problems (Eqn. 2.61a) to determine the effective diffusion
coefficient and electrical conductivity in both liquid and solid phases. Since the
geometry is symmetric along three orthogonal planes, we are expecting to have a
symmetric distribution of the closure variables, as shown in Fig. 3.6. Furthermore,
since the transport coefficients are considered constants and independent of the
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concentration, we have that the effective coefficients reduce to scalar tensors:

⟨I+∇yχ
ℓ⟩ℓ =

 1.617 ·10−1 −3.051 ·10−7 −5.203 ·10−8

−3.051 ·10−7 1.617 ·10−1 1.003 ·10−7

−5.203 ·10−8 1.003 ·10−7 1.617 ·10−1

≈ 0.1617 · I

⟨I+∇yχ
s⟩s =

 3.763 ·10−1 1.439 ·10−4 −3.390 ·10−5

1.439 ·10−4 3.763 ·10−1 −1.445 ·10−5

−3.390 ·10−5 −1.445 ·10−5 3.763 ·10−1

≈ 0.3763 · I

If a non-cubic or non-symmetric unit cell were considered, the homogenised response
would generally become anisotropic. In that case, the correction tensor would remain
diagonal (for a unit cell aligned with the coordinate axes), but its diagonal entries
would no longer be equal, i.e., T11 ̸= T22 ̸= T33. For our analysis, we explored
different ranges of the variables influencing and defining the dimensionless numbers
in Eqn. 2.42 and observed their impact on both the dimensionless numbers and the
resulting upscaled model error.
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Value
Parameter

Anode Electrolyte Cathode
Description

cs
0 [mol/m3] 0 0 0 Initial Li concentration in solid

cℓ0 [mol/m3] 1000 1000 1000 Initial Li+ concentration in liquid

cs
max [mol/m3] 31507 31507 31507 Maximum Li concentration in solid

SoCmax 0.95 0.95 0.95 Final particle lithiation level

SoCmin 0 0 0 Initial particle lithiation level

Ks [S/m] 100 100 100 Electrode electrical conductivity

Kℓ [S/m] 0.743 0.743 0.743 Electrolyte electrical conductivity

Ds [m2/s] 1.317E-14 1.317E-14 1.317E-14 Electrode diffusion coefficient

Dℓ [m2/s] 3.613E-10 3.613E-10 3.613E-10 Electrolyte diffusion coefficient

αa 0.5 0.5 0.5 Anodic symmetry factor

αc 0.5 0.5 0.5 Cathodic symmetry factor

t+ 0.363 0.363 0.363 Lithium-ions transference number

L [µm] 100 100 100 Electrode length

sep [µm] 25 25 25 Separator thickness

Table 3.2 Operating conditions explored for testing the upscaled model.

Das,neg Daℓ,neg Pes,neg Peℓ,neg Nohm,s,neg

2.69E+00 8.78E-04 6.46E+03 2.00E-02 3.09E-04

Das,pos Daℓ,pos Pes,pos Peℓ,pos Nohm,s,pos

5.09E+00 1.26E-03 5.47E+03 1.29E-02 3.09E-04

Table 3.3 Dimensionless numbers values explored for testing the upscaled model.
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We started from the coefficient values detailed in Tab. 3.2, obtained from com-
mon literature values [17, 45, 91–93]. In the present work, we decided to look at
the impact of two parameters, the Damköhler number in the solid phase and the
dimensionless IR-drop, over the error. Particularly, we varied the charging C-rate
from C/5 up to 1C, and we increased the solid diffusion coefficient by one and two
orders of magnitude.



Chapter 4

Results

4.1 Morphology comparison

The focus of the first part of the present work is the development of a computational
workflow aimed at the study of the operational behavior of a lithium ion battery.
We focus in particular on the effect of different geometrical shapes on the particles
constituting the anode, to observe the impact of the electrode morphology in the
discharge process. The three systems analyzed are: A) mono-disperse spheres,
B) poly-disperse spheres, and C) poly-disperse ellipsoids. For each system, the
discharge curve and the concentration of intercalated lithium were analyzed, consid-
ering also the effect of different initial conditions. In particular, we considered four
different discharge rates: C/10, C/5, C/3, and 1C. This step, the generation of the
model of the electrode geometry, is the point in this workflow where experimental
data can most effectively inform the computational model. In this case, the PSD was
obtained from image analysis of FESEM scans: an alternative could be to obtain the
whole PSD directly via static light scattering. Moreover, with a scanning electron
microscope, it is possible to obtain more information about particle morphology,
giving the opportunity to create electrodes composed by particles with different
shapes. In order to have a good validation of the model analyzed, the discharge
curves have been compared with an experimental one. All the information needed to
reproduce the experiments (materials adopted for the battery assembly, experimental
equipment for the analysis, and other technical details) are available in the Appendix
B. The experimental discharges were made with a current value such as to complete



52 Results

the process in 10 hours. Therefore, the comparison is performed only with the model
discharged at C/10. This hypothesis is necessary for one important reason: discharge
cycles at a higher C-rate would show a marked effect of the polarization phenomena,
due to an higher internal resistance, that are not taken into account in the present
work. The main operating conditions and geometrical features are summarized in
Tab. 3.1. The physical coefficients reported for the liquid phase are averaged values,
since they are function of the lithium-ion concentration and the complete curve is
available in the script itself. Tab. 4.1 compares the average porosity of the anode
measured experimentally from three independent experiments (affected by an experi-
mental error of approximately 10 %) with the values obtained from the three digital
replicas. We would like to underline again that the porosity values were evaluated
from 2D FESEM images, as previously reported in Sec. 3.2. As it can be seen, both
the polydisperse ellipsoids and the polydisperse spheres fall within the experimental
range, with the porosity of the monodisperse spheres replica, falling outside of this
range. Nonetheless, given the numerical dispersion of the experimental data, from
this porosity evaluation both polydisperse spheres and ellipsoids would result in
geometrically fitting models. Significantly different are instead the resulting compu-
tational specific surface, calculated as the ratio between the solid-liquid interface area
and the electrode volume, and the tortuosity, evaluated by the TauFactor algorithm
on Matlab [94], in the separator-current collector direction. We did not report any
experimental value for a comparison since the common specific surface data available
for commercial graphite particles, and already reported in Section 3.1, considers the
internal channel connection which are not directly accessible or represented in the
computational model developed in COMSOL. As a result, the computational values
in Tab 4.1 are significantly lower than the experimental values. As it will be shown
later, the latter choice will prove more accurate from a physical evaluation standpoint.
What can be already be inferred from these preliminary results, is that by using

Geometry Exp. Comp. Comp. specific area Tortuosity
porosity porosity [m2/m3]

Monodisperse spheres 0.376 9.29 ×105 2.05
Polydisperse ellipsoids 0.300 0.271 9.90 ×105 7.8
Polydisperse spheres 0.301 5.93 ×105 2.33

Table 4.1 Geometrical descriptors of the three types of reconstructed electrodes, compared
with the experimental value.
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a simplified model considering spherical shapes of uniform size for the particles
results in an electrode that has very different characteristics from the real one. After
these considerations regarding the pure geometrical aspect of the electrodes we can
look at the physical behaviors. In the following figures, the continuous red line will
represent the system with ellipsoidal particles, the blue dashed dot line will refer to
the electrode with polydisperse spheres, the green dashed line to the system formed
by monodisperse particles, and the black dotted line will refer to the experimental
discharge curve. For a better visualization, we chose a double-logarithm plot to show
the results. Indeed, this representation highlights the different stages of graphite
lithiation. First of all, the discharge curves at C-rate =C/10 have been compared
with an experimental curve obtained in our laboratory. The experimental curve
has been obtained from the first discharge cycle of a coin cell. In this way, and
thanks also to the low current value, we can neglect degradation effects. Fig. 5
shows that the three systems analyzed reproduce the experimental discharge curve
reasonably well. This result has two important implications: first, it serves as a
second confirmation, after the geometrical analysis in Tab. 2, that the three generated
electrodes are similar and comparable in structure. Second, it suggests that the
morphology has a limited impact on the discharge behavior when the current is low.
To further quantify the deviation between the experimental discharge curve and the
computational predictions, we calculated the root mean square error (RMSE) using
Eqn. 4.1:

RMSE =

√
N

∑
i=1

(ymodel,i − yexperiment,i)2 (4.1)

where ymodel,i and yexperiment,i represent the simulated and experimental data points,
respectively. Table 4.2 reports the RMSE values for the three systems. Although the
system with ellipsoidal particles shows a slightly higher RMSE (0.3861) compared
to the monodisperse (0.3638) and polydisperse (0.3046) spherical systems, the
differences are moderate and do not compromise the main conclusions of this work.
The use of a double logarithmic scale in Fig. 5 was intentionally chosen to emphasize
these differences, highlighting the superior representativeness of the ellipsoidal
geometry in replicating the actual discharge behavior of the system.
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System RMSE
Ellipsoidal 0.3861
Monodisperse 0.3638
Polydisperse 0.3046

Table 4.2 Root mean square error for the three simulated discharge curves with respect to the
experimental one.

Fig. 4.1 Discharge curves as a function of the SoC, comparison between modeling and
experimental results. The continuous red line represents the system with ellipsoidal particles,
the blue dashed dot line refers to the electrode with polydisperse spheres, the green dashed
line alludes to the system formed by monodisperse particles, and the black dotted line refers
to the experimental discharge curve.

If we apply an higher value of the electric current, moving to higher C-rates, we
start see some differences. In particular, from Fig. 4.2, we can immediately notice
that an increase in the C-rate value leads to an increment in the difference between
the curves. If we want to go more into detail, when C-rate =C/10 the three curves
are almost overlapping, even if there is a small difference between the polydisperse
system and the other two. If we look at the cases b) and c), where C-rate =C/5 and
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Fig. 4.2 Discharge curves as a function of the SoC. The continuous red line represents
the system with ellipsoidal particles, the blue dashed dot line refers to the electrode with
polydisperse spheres, and the green dashed line to the system formed by monodisperse
particles. a) C-rate =C/10; b) C-rate =C/5; c) C-rate =C/3.

C-rate =C/3 respectively, also the curve of monodisperse spheres begins to diverge
from the electrode with ellipsoidal particles and this difference is more appreciable
close to the graphite lithiation state changes, occurring at the points with a visually
evident change in slope of the curves. The biggest differences appear when we
have a current value such as C-rate= 1C. Now, also the system with monodisperse
particles start to diverge from the system with ellipsoids, in particular at the end of
the discharge process. The contour plots are taken at half of the discharge time, so
when SoC=0.5, and in each row, the half cells are discharged at the same C-rate
value.
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Fig. 4.3 Local intercalated lithium concentration within the electrode. Images taken at half
discharge, SoC=50%. (a, b, c): C-rate=1C; (d, e, f): C-rate=C/3; (g, h, i): C-rate=C/5; (j, k,
l): C-rate=C/10.

As it is shown by the figure, even if the three systems are at the same total lithia-
tion level, the local concentration of lithium is very different. When the discharge
current is low (first row), the vertical gradient of concentration in the electrode is
almost null in all the systems. It is easy to notice that the half cell with ellipsoids
reaches concentration values quite higher close to the separator, and the concentration
field is more or less constant. On the other hand, the spherical polydisperse system
has a negligible concentration gradient along the Z direction, but there is a small
radial gradient within the biggest particles. If we look at the second row, in which
the current value is such that discharge occurs in 5 hours, the differences explained
above are more evident. The first half cell shows a marked vertical gradient. Instead,
the second system start to show a vertical gradient of concentration but also the
radial one is increased. The electrode with monodisperse particles does not show
almost any difference from the previous case: even if the discharge current value
is double, the concentration gradient value is close to zero as in the previous case.
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When we move to the third row, with a C-rate =C/3 the anode made of ellipsoidal
particles exhibits a strong gradient from top to bottom, but one important considera-
tion is related to the radial gradient that is practically null. By contrast, the second
electrode shows a very evident radial gradient as well as a vertical gradient. Finally,
the electrode with monodisperse particles continue showing a null gradient, both
radial and vertical. The last row, with C-rate= 1C underlines better the consideration
carried out for the previous case. Now, the applied current value is so high that also
the system with monodisperse spheres shows a vertical gradient of concentration.
Furthermore, the radial gradient in the biggest spherical particle in case k) is more
evident. Looking at the system j) with ellipsoidal particles, it is clear that the vertical
gradient is extremely evident and with the concentration behavior that varies a lot
along the separator-current collector direction.

The presence of the vertical gradient, widely observed with X-ray analysis [95],
is caused by the increased tortuosity within the electrodes, which is effectively higher
for configurations with ellipsoidal particles, as shown in Tab. 4.1. The ellipsoidal
particles, due to their elongated shape, create a more complex network of pathways
through the electrolyte, forcing lithium ions to take longer paths compared to systems
with spherical particles. This geometric constraint leads to a reduction in the effective
diffusivity in the electrolyte phase and contributes to the observed vertical gradient
in concentration.

The anode made of spheres, both monodisperse and polydisperse, offers a lower
hindrance and for this, the local lithiation is almost homogeneous. This clearly
demonstrates that only considering polydisperse ellipsoidal particles can result in
a realistic representation of electrodes. We can therefore infer that the local and
instant concentration profiles of intercalated lithium in the electrode, of lithium
in the electrolyte and, therefore, of lithium at the electrode-electrolyte interface,
are more accurately predicted only with a realistic anode (or electrode in general)
geometrical representation. Since all irreversible degradation phenomena occur
locally and depend on local concentrations, only such computational models can
accurately describe them. These phenomena, and the SEI formation in particular,
will be the focus of our future work.
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4.2 Reduced order model validation

In the previous section, we demonstrated the importance of the realistic representation
of the electrode morphology. However, full pore-scale models are often slow and
require long simulation times, on the order of hours or days. The approach proposed
in this work is the application of the homogenization via multiple scale expansion on
the microscale governing equation to effectively derive macroscopic fast equations.
For the validation, we calculated the volume average of the variables of interest in
each unit cell that forms the 3D electrode. Then, we obtained the same variable from
the 1D model at the corresponding position of the 3D model, and we evaluated the
normalized error. As representative cases, we chose simulations with Crate = 1C, that
corresponds to Nohm = 0.0030. We remember that if the constraints mentioned in
Sec. 2.3.2 are satisfied, the error calculated between the 1D upscaled model and the
3D pore-scale model is on the same order of magnitude as the geometrical parameter
ε . According to literature, two numbers A and B have the same order of magnitude
if 0.1 < A/B < 10 [96, 97]. We also remember that the homogenized model have
been tested against a pore scale model with a solid electrode composed only by
spherical particles disposed with a BCC conformation. Indeed, the purpose of this
part is to demonstate the validity of the mathematical technique introduced. Testing
with ellipsoidal particles, roughness surfaces or complex geometries, will be part of
future studies.
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Fig. 4.4 Charge at Crate = 1C and Das = O(1). In the first row of each group of plots, the
Pore Scale Model (PSM) is presented, then, in the second one, there is the Reduced Order
Model (ROM), and finally the Error between the two methods.
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Fig. 4.5 Charge at Crate = 1C and Das = O(ε). In the first row of each group of plots, the
Pore Scale Model (PSM) is presented, then, in the second one, there is the Reduced Order
Model (ROM), and finally the Error between the two methods.

As shown by Fig. 4.5, the maximum value of the error, equal to err = 0.072,
was obtained in the evaluation of the concentration of the intercalated lithium in
the anode side. This value is on the same order of magnitude as the geometrical
parameter ε = 0.05, as shown by the red dashed line. This significant result proves
that the derived mathematical model is predictive and capable of reproducing the
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pore-scale results with a strong control over the error. On the other hand, if we
increase the Damköler number up to Da = O(1), breaking the constraints, we notice
an increase in the maximum error for the intercalated lithium concentration in the
anode side up to err = 0.18, which is quite higher but still on the same order of
magnitude as ε . This result is in line with the theory since homogenization via
multiple-scale expansion gives a predictive model, with an error of the same order of
magnitude as the geometrical parameter, only if all the constraints are satisfied. If
the dimensionless numbers exceeded the applicability regimes’ boundaries, it is not
possible to predict the error. Indeed, if we look at the case from Fig. 4.6, we notice
an error (err = 0.083) of the same order as ε even if the operating conditions are
outside of the applicability regimes boundaries.
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Fig. 4.6 Charge at Crate = 5C and Das = O(ε). In the first row of each group of plots, the
Pore Scale Model (PSM) is presented, then, in the second one, there is the Reduced Order
Model (ROM), and finally the Error between the two methods.

However, from Fig. 4.4 we can obtain other important conclusions. First, we
notice a high error in lithium-ion concentration in the liquid phase of the anode
side, even if we did not modify the dimensionless numbers that characterize this
phase. The reason is that lithium-ion batteries are a multiphysics problem, and the
variable behavior within the two phases is strictly connected. Therefore, in order to
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have a predictive model, all the constraints must be respected. Second, we notice
that the error is maximum in the middle of the simulation, and then it decreases.
This happens because two variables, intercalated lithium concentrations in the two
electrodes, are limited: 0 < cs

i < cs
max,i, where i = {a,c}, and therefore the error is

limited as well. Thanks to the multiphysics nature of these equations, the error is
also limited. This aspect, combined with the fact that constraints 2.3.2 are sufficient
but not necessary conditions, allows the model to work very well also out of the
applicability regimes, as shown by the case from Fig.4.6. Fig. 4.7 summarizes the
errors for all the cases analyzed.
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Fig. 4.7 Cases analyzed: the color bar represents the error value.

From the heatmap, we can conclude that the 1D upscaled model well reproduces
the variables’ behaviors. Indeed, cases that are out of the applicability regimes’
boundaries have a low value for the error, compared to the scaling parameter. Fur-
thermore, we noticed that the variables that most affect the error are the concentration
in liquid and solid phases in the anode side. We explain this because of the equilib-
rium potential curve. The one referred to as the graphite anode has several inflection
points, and we notice that the error rises when one of these points is reached by
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the simulation. This indicated the direction for further studies, by testing several
materials and looking for a relation between the inflection points and the error.



Chapter 5

Conclusions

This PhD thesis focused on the computational simulation of the electrochemical
processes involved during the charge-discharge of a lithium ion battery. Nowadays,
this topic has a huge interest in the research world but, or precisely because of that,
still show many aspects where efforts in their improvement would lead to great
practical gains. In particular, there are two aspects that we considered to be of
primary interest and on which we focused our study. The first point is the electrode
morphology reproduction and the second is the computation time, especially as their
requirements grow to satisfy the detailed description as introduced in the first part.
Therefore, in the first part we addressed the limitations of traditional lithium-ion
battery modeling, particularly highlighting the importance of accurate electrode
geometrical representation. We examined the differences between conventional
spherical approximations and the actual shapes of graphite particles, demonstrating
that the anisotropic geometry of graphite significantly affects the electrochemical
behavior of batteries. By using FESEM images and electrochemical half-cell battery
models, we were able to show how a precise representation of graphite particles
improves the understanding of intra-particle lithiation processes. Additionally, we
developed an automatic script to replicate electrodes with various physical and geo-
metric properties, allowing detailed comparisons between different types of graphite
and different geometric configurations. The results highlight that adopting geometri-
cally accurate models can not only improve battery performance predictions but also
optimize the study for their design for greater efficiency and longevity. Geometry
directly influence the particle arrangements, the porosity, and the specific surface,
which has a fundamental importance in an electrochemical model governed by a
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superficial reaction. The altered ion distribution causes local variations in reaction
rates across the electrode, even under uniform current conditions. In contrast, the
spherical-particle model promotes more isotropic transport properties and more
uniform electrochemical reactions, leading to a flatter lithium concentration profile.
This work paves the way for further research on the influence of electrode mor-
phology and supports the idea that increased attention to particle geometry can lead
to significant advancements in LiB technology. Ultimately, improved models that
consider the true geometries of electrodes could play a crucial role in the evolution
of LiBs, significantly contributing to the achievement of global energy sustainability
goals. This work aimed to accurately represent the physical and morphological char-
acteristics of LiB electrodes. During the first part of this work, we noticed another
weak point of electrochemical models, closely related to the first one. Improving the
accuracy of the electrode morphology inevitably rise the computational cost of the
whole simulation. To address this limitation we searched for a way to reduce the
computational time without compromising the geometry realism. Our choice fell
on the homogenization via multiple scale expansion. This mathematical technique
allows the evaluation of effective transport and reaction coefficients, informed by
the morphology under consideration, that appear in fast macroscopic equations rig-
orously derived from microscopical ones. Therefore, the second objective of this
thesis work was the methodical derivation of the macroscopic governing equations
for mass and charge transport in a lithium-ion battery, both in liquid and solid phases,
followed by their validation. In fact, even though the derivation had already been
carried out in literature, it was considered incomplete or incorrect. To do so, we
started from the pore-scale microscopic equations and applied the homogenization
via multiple-scale expansion to the transport equations and their boundary conditions.
Then, the macroscopic electrical conductivity and diffusivity coefficients were evalu-
ated by solving the unit cell problem to take into account the morphology effect, and
we formalized the applicability regime conditions with appropriate dimensionless
numbers. Finally, we validated the one-dimensional continuum model by computing
the error with respect to a corresponding three-dimensional pore-scale simulation.
According to the mathematical derivation, the resulting error should be of the same
order of magnitude as the geometrical parameter ε = ℓ/L. This parameter is the
ratio between the characteristic length of a periodic unit cell and the electrode length.
Indeed, two mainly hypothesis of the homogenization are the periodicity of the
domain of interest and the separation of scale between the domain of interest and the
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characteristic pore-scale length. These hypotheses are both formalized with ε → 0.
For the validation, we built a 3D model with two solid electrodes divided by the
separator and submerged in the liquid electrolyte. Each electrode is composed of
twenty unit cells and therefore we expected an error of the order of ε = ℓ/L = 0.05.
We solved the mass and charge transport equations in the 3D pore-scale model and
the corresponding macroscale version in a 1D continuous model. Then, we evaluated
the error as err = |⟨ψ⟩rod −⟨ψ⟩ps| where ψ = {cs;cℓ;φ s;φ ℓ} in both in the anode
and in the cathode sides. We demonstrated that, if the analyzed system falls into the
applicability regimes, the 1D continuous model well reproduces the results of the 3D
pore-scale model with an error of the same order of magnitude as ε . Moreover, we
proved that the constraints imposed by the applicability regimes are a sufficient but
not necessary condition. Indeed, in some of the cases analyzed we noticed an error
of order ε even if the system was outside of the applicability regimes limits. Out
of these boundaries is impossible to predict the error, but this could even be of the
same order of magnitude as ε or lower. The derived model is accurate enough to be
incorporated in a Battery Mangement System software to predict the SoC, the time of
charge. There are numerous and diverse possibilities for future development in this
field, starting from the simplifying assumptions that we have adopted for the present
study. Specifically, the use of idealized particle geometries, with a smooth shape or a
fixed maximum thickness, simplifies the highly irregular and rough morphology of
real graphite particles. Furthermore, our simulations do not incorporate electrochem-
ical degradation mechanisms such as SEI formation or lithium plating, which can
play a significant role during long-term cycling. We also neglect thermal effects and
mechanical rearrangement that may arise in fast charge and very high inner current
values. Future work should aim to address these limitations by incorporating realistic
particle shapes, electrochemical aging phenomena, like SEI formation and growth,
and thermal effects into the simulation framework. Exploring these phenomena with
a too approximate geometry would lead to a useless simulation that could not help in
the design of new batteries. This would provide a deeper understanding of the wear
and tear processes that affect battery performance over time. Additionally, incor-
porating thermal effects into the models could offer insights into how temperature
variations impact the efficiency and longevity of the batteries. We demonstrated
how the computational model well reproduces the realistic electrochemical process
and the potential of mathematical techniques to speed up the simulation process.
Such fast and accurate models has the potential to become, in the near future, a
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powerful weapon to precisely plan an experimental campaign, minimizing both time
and resources. Moreover, having a computational script that can automatize the
whole process, starting from the electrode generation, going through the effective
coefficient evaluation, to ends with the concentration and electric potential fields
within the battery, would be a huge support in the performance evaluation. By pursu-
ing these lines of research, we can further highlight the necessity of precise in-silico
representations. Such detailed models are crucial for comprehensively understanding
the complex interactions between the various physical phenomena occurring within
LiBs. These advancements could lead to significant improvements in battery design,
performance, and safety, ultimately contributing to the development of more reliable
and efficient energy storage systems.
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Appendix A

Mathematical derivation of the
homogenized model

A.1 Homogenization in the Electrolyte

We set ψε(x, t) = ψ(x,y, t,τr,τme,τms,τc) with ψ = {cℓ,ψℓ,cs,ψs}. Then, combin-
ing Eqn. 2.43, 2.44, 2.45, and 2.46 with 2.26 we obtain:
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respectively, where f (cℓε ,c
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ε) is defined in Eqn. 2.47.
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Asymptotic expansion

Substituting Eqn. 2.27 and Eqn. 2.42 in the previous equations (Eqns. A1 and A2)
leads to:
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ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2t+(1− t+)ε−αKℓ(1/cℓ0)((c

ℓ
1/cℓ0)

2 − (cℓ2/cℓ0))∇ycℓ0

−2t+ε
−αKℓ

(
∇xφ

ℓ
1 +∇yφ

ℓ
2

)]}
= O(ε1)

(A3a)
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subject to:

ε
−1
{

nℓ ·
[(

Dℓ−2t+(1− t+)ε−αKℓ(1/cℓ0)
)

∇ycℓ0

+2t+ε
−αKℓ

∇yφ
ℓ
0

]}
+ε

0
{

nℓ ·
[(

Dℓ−2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ0 +∇ycℓ1
)

+2t+(1− t+)ε−αKℓ(1/cℓ0)(c
ℓ
1/cℓ0)∇ycℓ0

+2t+ε
−αKℓ

(
∇xφ

ℓ
0 +∇yφ

ℓ
1

)]
−2ε

β

√
cs

max

cℓmax
A0B0

}
+ε

1
{

nℓ ·
[(

Dℓ−2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ1 +∇ycℓ2
)

+2t+(1− t+)ε−αKℓ(1/cℓ0)(c
ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
−2t+(1− t+)ε−αKℓ(1/cℓ0)((c

ℓ
1/cℓ0)

2 − (cℓ2/cℓ0))∇ycℓ0

+2t+ε
−αKℓ

(
∇xφ

ℓ
1 +∇yφ

ℓ
2

)]
−2ε

β

√
cs

max

cℓmax
(A0B1 +A1B0)

}
= O(ε2)

(A3b)
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and

ε
−2
{

∇y ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)∇ycℓ0

+2t+ε
−αKℓ

∇yφ
ℓ
0

]}
+ε

−1
{

∇x ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)∇ycℓ0

+2ε
−αKℓ

∇yφ
ℓ
0

]
+∇y ·

[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)∇ycℓ0

+2ε
−αKℓ

(
∇xφ

ℓ
0 +∇yφ

ℓ
1

)]}
+ε

0
{

∇x ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)∇ycℓ0

+2ε
−αKℓ

(
∇xφ

ℓ
0 +∇yφ

ℓ
1

)]
+∇y ·

[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ1 +∇ycℓ2

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
−2t+(1− t+)ε−αKℓ(1/cℓ0)((c

ℓ
1/cℓ0)

2 − (cℓ2/cℓ0))∇ycℓ0

+2t+ε
−αKℓ

(
∇xφ

ℓ
1 +∇yφ

ℓ
2

)]}
= O(ε1)

(A4a)
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subject to:

ε
−1
{

nℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)∇ycℓ0

+2ε
−αKℓ

∇yφ
ℓ
0

]}
+ε

0
{

nℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)∇ycℓ0

+2ε
−αKℓ

(
∇xφ

ℓ
0 +∇yφ

ℓ
1

)]
−2ε

β

√
cs

max

cℓmax
A0B0

}
+ε

1
{

nℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ1 +∇ycℓ2

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
−2(1− t+)ε−αKℓ(1/cℓ0)((c

ℓ
1/cℓ0)

2 − (cℓ2/cℓ0))∇ycℓ0

+2ε
−αKℓ

(
∇xφ

ℓ
1 +∇yφ

ℓ
2

)]
−2ε

β

√
cs

max

cℓmax
(A0B1 +A1B0)

}
= O(ε2)

(A4b)
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Where the non-linear terms present in the electronic migration and in the Butler-
Volmer are expanded in a McLaurin series as follows:

1/cℓ = 1/cℓ0(1− ε
1(cℓ1/cℓ0)+ ε

2((cℓ1/cℓ0)
2 − (cℓ2/cℓ0)))+O(ε2)

sinh(φ s −φ
ℓ−U) = sinh(φ s

0 −φ
ℓ
0 −U)+ ε

1(φ s
1 −φ

ℓ
1)cosh(φ s

0 −φ
ℓ
0 −U)+O(ε2)

√
cscℓ(1− cs) =

√
cs

0cℓ0(1− cs
0)(1+ ε

1 cs
1

cs
0
)(1+ ε

1 cℓ1
cℓ0
)(1− ε

1 cs
1

1− cs
0
)+O(ε1)

f (cℓ,cs,φ ℓ,φ s) =
√

cℓcs(1− cs)sinh(φs −φl −U) = A0B0 + ε
1(A1B0 +A0B1)+O(ε1)

A0 = sinh(φ s
0 −φ

ℓ
0 −U)

B0 =
√

cs
0cℓ0(1− cs

0)

A1 = (φ s
1 −φ

ℓ
1)cosh(φ s

0 −φ
ℓ
0 −U)

B1 =
√

cs
0cℓ0(1− cs

0)

(
cs

1
2cs

0
+

cℓ1
2cℓ0

− cs
1

2(1− cs
0)

)
(A5)

Terms of order O(ε−2)

Collecting the leading-order terms in the mass transport equations (Eqn. A3), we
obtain:

∇y ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)

∇ycℓ0 −2t+ε
−αKℓ

∇yφ
ℓ
0

]
= 0 (A6a)

subject to:

nℓ ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)

∇ycℓ0 −2t+ε
−αKℓ

ε
−1

∇yφ
ℓ
0

]
= 0 (A6b)

Similarly, at the leading order, the charge transport equations (Eqn. A4) are:

∇y ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)∇ycℓ0 +2ε

−αKℓ
∇yφ

ℓ
0

]
= 0 (A7a)
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subject to:

nℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)∇ycℓ0 +2ε

−αKℓ
ε
−1

∇yφ
ℓ
0

]
= 0 (A7b)

Homogeneity of Eqns. A6 and A7 guarantees that cℓ0 and φ ℓ
0 are independent of y:

cℓ0 = cℓ0(x, t,τr,τme,τms,τc)

φ
ℓ
0 = φ

ℓ
0(x, t,τr,τme,τms,τc)

(A8)

Terms of order O(ε−1)

Since ∇ycℓ0 = 0 and ∇yφ ℓ
0 = 0, the mass balance equations (Eqns. A1) at order

O(ε−1) simplifies to:

∇y ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ0 +∇ycℓ1
)
−2t+ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
=

− ε
1+β

∂rcℓ0
(A9a)

subject to:

nℓ ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ0 +∇ycℓ1
)
−2t+ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
=

−2ε
β

√
cs

max

cℓmax
A0B0

(A9b)

By integrating Eqn. A9a over L with respect to y and Eqn. A9b over Γ with respect
to y, following the definition in 2.28 and while accounting for the periodicity of the
coefficients on the external boundary of the unit cell ∂Y, we obtain:

ε
1+β

∂rcℓ0 = 2K⋆
ε

β

√
cs

max

cℓmax
A0B0 (A10)
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where K⋆ is defined in Eqn. 2.65. Combining A9a with A10 to eliminate the temporal
derivative, we obtain:

∇y ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ0 +∇ycℓ1
)
−2t+ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
+2K⋆

ε
β

√
cs

max

cℓmax
A0B0 = 0

(A11a)

subject to:

nℓ ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ0 +∇ycℓ1
)
−2t+ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
+2ε

β

√
cs

max

cℓmax
A0B0 = 0

(A11b)

Similarly, at the leading order, the charge transport equations (Eqns. A2) are:

∇y ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
= 0

(A12a)

subject to:

nℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
= 2ε

β

√
cs

max

cℓmax
A0B0

(A12b)

Eqns. A11 and A12 form boundary value problems for both cℓ1 and φ ℓ
1 . Following

Ref. [45], we look for solutions in the form:

cℓ1(x,y, t,τr,τme,τms,τc) = χ1(y)∇xcℓ0(x, t,τr,τme,τms,τc)+ c̄ℓ1(x, t,τr,τme,τms,τc)

φ
ℓ
1(x,y, t,τr,τme,τms,τc) = χ2(y)∇xφ

ℓ
0(x, t,τr,τme,τms,τc)+ φ̄

ℓ
1(x, t,τr,τme,τms,τc)

(A13)
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Substituting A13 into A11 and A12 we obtain:

∇y ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

I +∇yχ1

)
∇xcℓ0 −2t+ε

−αKℓ
(

I +∇yχ2

)
∇xφ

ℓ
0

]
+2K⋆

ε
β

√
cs

max

cℓmax
A0B0 = 0

(A14a)

subject to:

nℓ ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

I +∇yχ1

)
∇xcℓ0 −2t+ε

−αKℓ
(

I +∇yχ2

)
∇xφ

ℓ
0

]
+2ε

β

√
cs

max

cℓmax
A0B0 = 0

(A14b)

and

∇y ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
I +∇yχ1

)
∇xcℓ0 +2ε

−αKℓ
(

I +∇yχ2

)
∇xφ

ℓ
0

]
= 0

(A15a)

subject to:

nℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
I +∇yχ1

)
∇xcℓ0 +2ε

−αKℓ
(

I +∇yχ2

)
∇xφ

ℓ
0

]
−2ε

β

√
cs

max

cℓmax
A0B0 = 0

(A15b)

Eqns. A14 and A15 define the closure variables χ1(y) and χ2(y). The coupling
of χ1(y) and χ2(y) with cℓ0(x), φ ℓ

0(x), A0(x) and B0(x) through the boundary value
problems A11 and A12 is incompatible with the closure variables’ general represen-
tation postulated in A13. This inconsistency is resolved by imposing the following
constraints on the exponents α and β . If we choose β > max0,−α and α < 0,
then the terms that contains ε−α or εβ are negligible. Considering also that the
conductivity tensor Kℓ and the diffusion tensor Dℓ are function of concentration
cℓ and potential φ ℓ, with an order ε1 approximation we have that Kℓ ≈ Kℓ(cℓ0,φ

ℓ
0)

and Dℓ ≈ Kℓ(cℓ0,φ
ℓ
0). As a result, χ1(y) = χ2(y) = χℓ(y). The closure variable χℓ(y)
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defines the cell problem and describes the behavior of the effective diffusion and
conductivity tensors due to the morphology of the system. Under these hypothesis,
Eqns. A14 and A15 simplifies to:

∇y ·
[(

I +∇yχ1

)]
= 0 (A16a)

subject to:

nℓ ·
[(

I +∇yχ1

)]
= 0 (A16b)

Terms of order O(ε0)

Collecting the zeroth-order term in the mass balance equation (Eqns A1a) and first-
order term in the corresponding boundary condition (Eqns A1b), and recalling the
results obtained in the previous steps, we have:

∂tcℓ0 + ε
1+β

∂τrc
ℓ
1 + ε

−α
(
∂τmec

ℓ
0 + ε

β−γ(∂τmsc
ℓ
0 + ε

ζ
∂τcc

ℓ
0)
)

+∇x ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ0 +∇ycℓ1
)

−2t+ε
−αKℓ

(
∇xφ

ℓ
0 +∇yφ

ℓ
1

)]
+∇y ·

[(
−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)

)(
∇xcℓ1 +∇ycℓ2

)
−2t+(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
−2t+ε

−αKℓ
(

∇xφ
ℓ
1 +∇yφ

ℓ
2

)]
= 0

(A17a)

subject to:

nℓ ·
[(

−Dℓ+2t+(1− t+)ε−αKℓ(1/cℓ0)
)(

∇xcℓ1 +∇ycℓ2
)

−2t+(1− t+)ε−αKℓ(1/cℓ0)(c
ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
−2t+ε

−αKℓ
(

∇xφ
ℓ
1 +∇yφ

ℓ
2

)]
+2ε

β

√
cs

max

cℓmax
(A0B1 +A1B0) = 0

(A17b)

integrating Eqn. A17a over L with respect to y and Eqn.A17b over Γ with respect
to y, following the definition in 2.28 and, taking into account the periodic boundary
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condition:

∂t⟨cℓ0⟩L+ ε
1+β

∂r⟨cℓ1⟩L+ ε
−α

(
∂m,l⟨cℓ0⟩L+ ε

β−γ(∂m,s⟨cℓ0⟩L+ ε
ζ

∂c⟨cℓ0⟩L)
)

+η
−1

∇x ·
[(

−Dℓ⋆⋆+2t+(1− t+)ε−αKℓ⋆⋆(1/⟨cℓ0⟩L)
)

∇x⟨cℓ0⟩L

−2t+ε
−αKℓ⋆⋆

∇x⟨φ ℓ
0⟩L

]
−2ε

β

√
cs

max

cℓmax
K⋆

(
⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L

)
= 0

(A18)

Now we recall that:

⟨cℓ⟩L = ⟨cℓ0⟩L+ ε⟨cℓ1⟩L+O(ε2) (A19a)

⟨φ ℓ⟩L = ⟨φ ℓ
0⟩L+ ε⟨φ ℓ

1⟩L+O(ε2) (A19b)

ε
1+β

∂rcℓ0 = 2K⋆
ε

β

√
cs

max

cℓmax
A0B0 (A19c)

Multiplying the temporal derivative of Eqn. A19a by ε , we obtain:

ε∂t⟨cℓ⟩L =

ε∂t⟨cℓ0⟩L+ ε
1+β

∂r⟨cℓ0⟩L+ ε
1−α

(
∂m,l⟨cℓ0⟩L+ ε

β−γ(∂m,s⟨cℓ0⟩L+ ε
ζ

∂c⟨cℓ0⟩L)
)
+O(ε2)

(A20)

Then, integrating Eqn. A19c over L with respect to y and adding to Eqn. A20 we
obtain:

ε∂t⟨cℓ⟩L−2K⋆
ε

β

√
cs

max

cℓmax
⟨A0⟩L⟨B0⟩L =

ε∂t⟨cℓ0⟩L+ ε
1−α

(
∂m,l⟨cℓ0⟩L+ ε

β−γ(∂m,s⟨cℓ0⟩L+ ε
ζ

∂c⟨cℓ0⟩L)
)
+O(ε2)

(A21)
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Multiplying A18 by ε:

ε∂t⟨cℓ0⟩L+ ε
1−α

(
∂m,l⟨cℓ0⟩L+ ε

β−γ(∂m,s⟨cℓ0⟩L+ ε
ζ

∂c⟨cℓ0⟩L)
)

=−η
−1

∇x ·
[(

−Dℓ⋆⋆+2t+(1− t+)ε−αKℓ⋆⋆(1/⟨cℓ0⟩L)
)

∇x⟨cℓ0⟩L−2t+ε
−αKℓ⋆⋆

∇x⟨φ ℓ
0⟩L

]
+2ε

1+β

√
cs

max

cℓmax
K⋆

(
⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L

)
+O(ε2)

(A22)

Combining Eqn. A21 and A22, we obtain:

ε∂t⟨cℓ⟩L =

− εη
−1

∇x ·
[(

−Dℓ⋆⋆+2t+(1− t+)ε−αKℓ⋆⋆(1/⟨cℓ0⟩L)
)

∇x⟨cℓ0⟩L−2t+ε
−αKℓ⋆⋆

∇x⟨φ ℓ
0⟩L

]
+2ε

β

√
cs

max

cℓmax
K⋆

[
⟨A0⟩L⟨B0⟩L+ ε

(
⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L

)]
+O(ε2)

(A23)

Combining the result of Eqn. A23 with the expansions:

ε⟨cℓ⟩L = ε⟨cℓ0⟩L+O(ε2) = εcℓ0 +O(ε2)

ε⟨φ ℓ⟩L = ε⟨φ ℓ
0⟩L+O(ε2) = εφ

ℓ
0 +O(ε2)

(A24)

and recalling the definitions of Daℓ= εβ and Peℓ= ε−α and assuming ⟨ψℓ⟩Γ = ⟨ψℓ⟩L
and ⟨ψs⟩Γ = ⟨ψs⟩s, where ψ = {c,φ}, leads to the homogenized equation of the
mass transport within the liquid phase:

η∂t⟨cℓ⟩L = ∇x ·
[(

Dℓ⋆⋆−2t+(1− t+)PeℓKℓ⋆⋆(1/⟨cℓ⟩L)
)
∇x⟨cℓ⟩L+2t+PeℓKℓ⋆⋆

∇x⟨φ ℓ⟩L
]

+2ηε
−1K⋆Daℓ

√
cs

max

cℓmax
f (⟨cℓ⟩L,⟨cs⟩S,⟨φ ℓ⟩L,⟨φ s⟩S)

(A25)

where:

f (⟨cℓ⟩L,⟨cs⟩S,⟨φ ℓ⟩L,⟨φ s⟩S)≈ ⟨A0⟩L⟨B0⟩L+ε(⟨A0⟩L⟨B1⟩Γ+⟨A1⟩Γ⟨B0⟩L)+O(ε2)

(A26)
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Similarly, collecting the zeroth-order term in the charge balance equation (Eqns A2a)
and first-order term in the corresponding boundary condition (Eqns A2b):

∇x ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
+∇y ·

[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ1 +∇ycℓ2

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2t+ε

−αKℓ
(

∇xφ
ℓ
1 +∇yφ

ℓ
2

)]
= 0

(A27a)

subject to:

nℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ1 +∇ycℓ2

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2ε

−αKℓ
(

∇xφ
ℓ
1 +∇yφ

ℓ
2

)]
−2ε

β

√
cs

max

cℓmax
(A0B1 +A1B0) = 0

(A27b)

By multiplying Eqns. A27 by ε and adding them to Eqns. A15:

ε∇x ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2ε

−αKℓ
(

∇xφ
ℓ
0 +∇yφ

ℓ
1

)]
+ ε∇y ·

[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ1 +∇ycℓ2

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2t+ε

−αKℓ
(

∇xφ
ℓ
1 +∇yφ

ℓ
2

)]
+∇y ·

[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
I +∇yχ1

)
∇xcℓ0

+2ε
−αKℓ

(
I +∇yχ2

)
∇xφ

ℓ
0

]
= 0

(A28a)
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subject to:

εnℓ ·
[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
∇xcℓ1 +∇ycℓ2

)
+2(1− t+)ε−αKℓ(1/cℓ0)(c

ℓ
1/cℓ0)

(
∇xcℓ0 +∇ycℓ1

)
+2ε

−αKℓ
(

∇xφ
ℓ
1 +∇yφ

ℓ
2

)]
+nℓ ·

[
−2(1− t+)ε−αKℓ(1/cℓ0)

(
I +∇yχ1

)
∇xcℓ0

+2ε
−αKℓ

(
I +∇yχ2

)
∇xφ

ℓ
0

]
= 2ε

β

√
cs

max

cℓmax

(
A0B0 + ε

(
A0B1 +A1B0

))
(A28b)

By integrating Eqn. A28a over L with respect to y and Eqn. A28b over Γ with respect
to y, following the definition in 2.28 and, taking into account the periodic boundary
condition:

εη
−1

∇x ·
[(
−2(1− t+)ε−αKℓ⋆⋆(1/⟨cℓ0⟩L))∇x⟨cℓ0⟩L+2ε

−αKℓ⋆⋆
∇x⟨φ ℓ

0⟩L]

=−2ε
β

√
cs

max

cℓmax
K⋆[⟨A0⟩L⟨B0⟩L+ ε(⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L)]

(A29)

Combining the result of Eqn. A29 with the expansions:

ε⟨cℓ⟩L = ε⟨cℓ0⟩L+O(ε2) = εcℓ0 +O(ε2)

ε⟨φ ℓ⟩L = ε⟨φ ℓ
0⟩L+O(ε2) = εφ

ℓ
0 +O(ε2)

(A30)

and recalling the definitions of Daℓ = εβ and Peℓ = ε−α and assuming ⟨ψs⟩Γ = ⟨ψs⟩s

and ⟨ψℓ⟩Γ = ⟨ψℓ⟩L, where ψ = {c,φ}, leads to the homogenized equation of the
charge transport within the liquid phase::

∇x ·
[(
−2(1− t+)PeℓKℓ⋆⋆(1/⟨cℓ⟩L))∇x⟨cℓ⟩L+2PeℓKℓ⋆⋆

∇x⟨φ ℓ⟩L
]

=−2ηε
−1K⋆Daℓ

√
cs

max

cℓmax
f (⟨cℓ⟩L,⟨cs⟩S,⟨φ ℓ⟩L,⟨φ s⟩S)

(A31)
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where:

f (⟨cℓ⟩L,⟨cs⟩S,⟨φ ℓ⟩L,⟨φ s⟩S)≈ ⟨A0⟩L⟨B0⟩L+ε(⟨A0⟩L⟨B1⟩Γ+⟨A1⟩Γ⟨B0⟩L)+O(ε2)

(A32)

A.2 Homogenization in the Electrode

We set ψε(x, t) = ψ(x,y, t,τr,τme,τms,τc) with ψ = {cs,ψs}. Then, combining
Eqns. 2.50, 2.51, 2.52, 2.53 and 2.55 with 2.26 we obtain:

∂cs

∂ t
+Daℓ

∂cs

∂τr
+Peℓ

(
∂cs

∂τme
+

Daℓ
Das

(
∂cs

∂τms
+Nohm

∂cs

∂τc

))
=

DaℓDa−1
s ∇x ·

[
Ds(∇xcs + ε

−1
∇ycs)

]
+ ε

−1DaℓDa−1
s ∇y ·

[
Ds(∇xcs + ε

−1
∇ycs)

] (B1a)

subject to:

−ns ·
[
Ds(∇xcs + ε

−1
∇ycs)

]
= Das

√
cℓmax
cs

max
f (cℓε ,c

s
ε ,φ

ℓ
ε ,φ

s
ε) (B1b)

and

∇x ·
[
Ks(∇xcs + ε

−1
∇ycs)

]
+ ε

−1
∇y ·

[
Ks(∇xcs + ε

−1
∇ycs)

]
= 0

(B2a)

subject to

−ns ·
[
2PesKs(∇xcs + ε

−1
∇ycs)

]
= Das

√
cℓmax
cs

max
f (cℓε ,c

s
ε ,φ

ℓ
ε ,φ

s
ε) (B2b)

and

−ns ·
[
2Ks(∇xcs + ε

−1
∇ycs)

]
= Nohm (B2c)

respectively, where f (cℓε ,c
s
ε ,φ

ℓ
ε ,φ

s
ε) is defined in Eqn. 2.47.
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Asymptotic expansion

Substituting Eqn. 2.27 and Eqn. 2.42 in the previous equations (Eqns. B1 and B2)
leads to:

ε
−2
{
−ε

β−γ
∇y ·

[
Ds

∇ycs
0

]}
+ε

−1
{

ε
1+β

∂τrc
s
0

− ε
β−γ

∇x ·
[
Ds

∇ycs
0

]
− ε

β−γ
∇y ·

[
Ds

(
∇xcs

0 +∇ycs
1

)]}
+ε

0
{

∂tcs
0 + ε

1+β
∂τrc

s
1 + ε

−α
(
∂τmec

s
0 + ε

β−γ(∂τmsc
s
0 + ε

ζ
∂τcc

s
0)
)

− ε
β−γ

∇x ·
[
Ds

(
∇xcs

0 +∇ycs
1

)]
− ε

β−γ
∇y ·

[
Ds

(
∇xcs

1 +∇ycs
2

)]}
= O(ε1)

(B3a)

subject to:

ε
−1
{

ns ·
[
Ds

∇ycs
0

]}
+ε

0
{

ns ·
[
Ds

(
∇xcs

0 +∇ycs
1

)]
+2ε

γ

√
cℓmax
cs

max
A0B0

}
+ε

1
{

ns ·
[
Ds

(
∇xcs

1 +∇ycs
2

)]
+2ε

γ

√
cℓmax
cs

max
(A0B1 +A1B0)

}
= O(ε2)

(B3b)

and

ε
−2
{

∇y ·
[
Ks

∇yφ
s
0

]}
+ε

−1
{

∇x ·
[
Ks

∇yφ
s
0

]
+∇y ·

[
Ks

(
∇xφ

s
0 +∇yφ

s
1

)]}
+ε

0
{

∇x ·
[
Ks

(
∇xφ

s
0 +∇yφ

s
1

)]
+∇y

[
Ks

(
∇xφ

s
1 +∇yφ

s
2

)]}
= O(ε1)

(B4a)
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subject to:

ε
−1
{

ns ·
[
2ε

−δ Ks
∇yφ

s
0

]}
+ε

0
{

ns ·
[
2ε

−δ Ks
(

∇xφ
s
0 +∇yφ

s
1

)]
+2ε

γ

√
cℓmax
cs

max
A0B0

}
+ε

1
{

ns ·
[
2ε

−δ Ks
(

∇xφ
s
1 +∇yφ

s
2

)]
+2ε

γ

√
cℓmax
cs

max
(A0B1 +A1B0)

}
= O(ε1)

(B4b)

and

ε
−1
{

ns ·
[
2Ks

∇yφ
s
0

]}
+ε

0
{

ns ·
[
2Ks

(
∇xφ

s
0 +∇yφ

s
1

)]
− ε

ζ

}
+ε

1
{

ns ·
[
2Ks

(
∇xφ

s
1 +∇yφ

s
2

)]}
= O(ε1)

(B4c)

Where the non-linear term present in the Butler-Volmer is expanded in a McLaurin
series as in Eqn. A5.

Terms of order O(ε−2)

Collecting the leading-order terms in the mass transport equations (Eqn. B3), we
obtain:

−ε
β−γ

∇y ·
[
Ds

∇ycs
0

]
= 0 (B5a)

subject to:

ns ·
[
Ds

∇ycs
0

]
= 0 (B5b)

Similarly, at the leading order, the charge transport equations (Eqn. B4) are:

∇y ·
[
Ks

∇yφ
s
0

]
= 0 (B6a)
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subject to:

ns ·
[
2ε

−δ Ks
∇yφ

s
0

]
= 0 (B6b)

and

ns ·
[
2Ks

∇yφ
s
0

]
= 0 (B6c)

Homogeneity of Eqns. B5 and B6 guarantees that cs
0 and φ s

0 are independent of y:

cs
0 = cs

0(x, t,τr,τme,τms,τc)

φ
s
0 = φ

s
0(x, t,τr,τme,τms,τc)

(B7)

Terms of order O(ε−1)

Since ∇ycs
0 = 0 and ∇yφ s

0 = 0, the mass balance equations (Eqns. A1) at order
O(ε−1) simplifies to:

ε
β−γ

∇y ·
[
Ds

(
∇xcs

0 +∇ycs
1

)]
= ε

1+β
∂τrc

s
0 (B8a)

subject to:

ns ·
[
Ds

(
∇xcs

0 +∇ycs
1

)]
=−2ε

γ

√
cℓmax
cs

max
A0B0 (B8b)

By integrating Eqn. B8a over S with respect to y and Eqn. B8b over Γ with respect
to y, following the definition in 2.28 and while accounting for the periodicity of the
coefficients on the external boundary of the unit cell ∂Y, we obtain:

ε
1+γ

∂τrc
s
0 =−2K⋆

ηε
γ

√
cℓmax
cs

max
A0B0 (B9)

where K⋆ is defined in Eqn. 2.65. Combining B8a with B9 to eliminate the temporal
derivative, we obtain:
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∇y ·
[
Ds

(
∇xcs

0 +∇ycs
1

)]
+2K⋆

ηε
γ

√
cℓmax
cs

max
A0B0 = 0 (B10a)

subject to:

ns ·
[
Ds

(
∇xcs

0 +∇ycs
1

)]
+2ε

γ

√
cℓmax
cs

max
A0B0 = 0 (B10b)

Similarly, for the charge balance equation at the order of O(ε−1) (Eqns B2):

∇y ·
[
Ks

(
∇xφ

s
0 +∇yφ

s
1

)]
= 0 (B11a)

ns ·
[
2ε

−δ Ks
(

∇xφ
s
0 +∇yφ

s
1

)]
+2ε

γ

√
cℓmax
cs

max
A0B0 = 0 (B11b)

and

ns ·
[
2Ks

(
∇xφ

s
0 +∇yφ

s
1

)]
− ε

ζ = 0 (B11c)

Eqns. B10 and B11 form boundary value problems for both cs
1 and φ s

1. Following
Ref. [45], we look for solutions in the form:

cs
1(x,y, t,τr,τme,τms,τc) = χ3(y)∇xcs

0(x, t,τr,τme,τms,τc)+ c̄s
1(x, t,τr,τme,τms,τc)

φ
s
1(x,y, t,τr,τme,τms,τc) = χ4(y)∇xφ

s
0(x, t,τr,τme,τms,τc)+ φ̄

s
1(x, t,τr,τme,τms,τc)

(B12)

Substituting B12 into B10 and B11 we obtain:

∇y ·
[
Ds

(
I +∇yχ3

)
∇xcs

0

]
+2K⋆

ηε
γ

√
cℓmax
cs

max
A0B0 = 0 (B13a)

subject to:

ns ·
[
Ds

(
I +∇yχ3

)
∇xcs

0

]
+2ε

γ

√
cℓmax
cs

max
A0B0 = 0 (B13b)
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and

∇y ·
[
Ks

(
I +∇yχ4

)
∇xφ

s
0

]
= 0 (B14a)

subject to:

ns ·
[
2ε

−δ Ks
(

I +∇yχ4

)
∇xφ

s
0

]
+2ε

γ

√
cℓmax
cs

max
A0B0 = 0 (B14b)

and

ns ·
[
2Ks

(
I +∇yχ4

)
∇xcs

0

]
− ε

ζ = 0 (B14c)

Eqns. B13 and B14 define the closure variables χ3(y) and χ4(y). The coupling
of χ3(y) and χ4(y) with cs

0(x), φ s
0(x), A0(x) and B0(x) through the boundary value

problems B10 and B11 is incompatible with the closure variables’ general represen-
tation postulated in B12. This inconsistency is resolved by imposing the following
constraints on the exponents γ and β . If we choose δ > max0,−γ and γ < 0, then
the terms that contain ε−γ or εδ are negligible. Moreover, we need the condition
ζ > 0 to neglect the term associated to the Charge number and consider the system
periodic. Considering also that the conductivity tensor Ks and the diffusion tensor Ds

are function of concentration cs and potential φ s, with an order ε1 approximation we
have that Ks ≈ Ks(cs

0,φ
s
0) and Ds ≈ Ks(cs

0,φ
s
0). As a result, χ3(y) = χ4(y) = χs(y).

The closure variable χs(y) defines the cell problem and describes the behavior of the
effective diffusion and conductivity tensors due to the morphology of the system.
Under these hypothesis, Eqns. B13 and B14 simplifies to:

∇y ·
[(

I +∇yχs

)]
= 0 (B15a)

subject to:

ns ·
[(

I +∇yχs

)]
= 0 (B15b)
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Terms of order O(ε0)

Collecting the zeroth-order term in the mass balance equation (Eqns B1a) and first-
order term in the corresponding boundary condition (Eqns B1b), and recalling the
results obtained in the previous steps, we have:

∂tcs
0 + ε

1+β
∂τrc

s
1 + ε

−α
(
∂τmec

s
0 + ε

β−γ(∂τmsc
s
0 + ε

ζ
∂τcc

s
0)
)

− ε
β−γ

∇x ·
[
Ds

(
∇xcs

0 +∇ycs
1

)]
− ε

β−γ
∇y ·

[
Ds

(
∇xcs

1 +∇ycs
2

)]
= 0

(B16a)

subject to:

ns ·
[
Ds

(
∇xcs

1 +∇ycs
2

)]
+2ε

γ

√
cℓmax
cs

max
(A0B1 +A1B0) = 0 (B16b)

integrating Eqn. B16a over S with respect to y and Eqn.B16b over Γ with respect
to y, following the definition in 2.28 and, taking into account the periodic boundary
condition:

∂t⟨cs
0⟩s + ε

1+β
∂r⟨cs

1⟩s + ε
−α

(
∂m,l⟨cs

0⟩s + ε
β−γ(∂m,s⟨cs

0⟩s + ε
ζ

∂c⟨cs
0⟩s)

)
− ε

β−γ
∇x ·

[
Ds⋆⋆

∇x⟨cs
0⟩s

]
+2K⋆

ηε
β
(
⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L

)
= 0

(B17)

Now we recall that:

⟨cs⟩s = ⟨cs
0⟩s + ε⟨cs

1⟩s +O(ε2) (B18a)

⟨φ s⟩s = ⟨φ s
0⟩s + ε⟨φ s

1⟩s +O(ε2) (B18b)

ε
1+γ

∂τrc
s
0 =−2K⋆

ηε
γ

√
cℓmax
cs

max
A0B0 (B18c)

Multiplying the temporal derivative of Eqn. B18a by ε , we obtain:

ε∂t⟨cs⟩s = ε∂t⟨cs
0⟩s + ε

1+β
∂r⟨cs

0⟩s + ε
1−α

(
∂m,l⟨cs

0⟩s + ε
β−γ(∂m,s⟨cs

0⟩s + ε
ζ

∂c⟨cs
0⟩s)

)
+O(ε2)

(B19)
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Then, integrating Eqn. B18c over S with respect to y and adding to Eqn. B19 we
obtain:

ε∂t⟨cs⟩s +2K⋆
ηε

β

√
cℓmax
cs

max
⟨A0⟩L⟨B0⟩L =

ε∂t⟨cs
0⟩s + ε

1−α
(
∂m,l⟨cs

0⟩s + ε
β−γ(∂m,s⟨cs

0⟩s + ε
ζ

∂c⟨cs
0⟩s)

)
+O(ε2)

(B20)

Multiplying B17 by ε:

ε∂t⟨cs
0⟩s + ε

1−α
(
∂m,l⟨cs

0⟩s + ε
β−γ(∂m,s⟨cs

0⟩s + ε
ζ

∂c⟨cs
0⟩s)

)
− ε

1+β−γ
∇x ·

[
Ds⋆⋆

∇x⟨cs
0⟩s

]
+2K⋆

ηε
1+β

√
cℓmax
cs

max

(
⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L

)
= O(ε2)

(B21)

Combining Eqn. B20 and B21, we obtain:

ε∂t⟨cs⟩s +2K⋆
ηε

β ⟨A0⟩L⟨B0⟩L

− ε
1+β−γ

∇x ·
[
Ds⋆⋆

∇x⟨cs
0⟩s

]
+2K⋆

ηε
1+β

√
cℓmax
cs

max

(
⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L

)
= O(ε2)

(B22)

Combining the result of Eqn. B22 with the expansions:

ε⟨cs⟩s = ε⟨cs
0⟩s +O(ε2) = εcs

0 +O(ε2)

ε⟨φ s⟩s = ε⟨φ s
0⟩s +O(ε2) = εφ

s
0 +O(ε2)

(B23)

and recalling the definitions of Das = εγ and Pes = ε−δ and assuming ⟨ψℓ⟩Γ = ⟨ψℓ⟩L
and ⟨ψs⟩Γ = ⟨ψs⟩s, where ψ = {c,φ}, leads to the homogenized equation of the
mass transport within the solid phase:

∂t⟨cs⟩s = DaℓDa−1
s ∇x ·

[
Ds⋆⋆

∇x⟨cs⟩s

]
−2ε

−1
ηDaℓ

√
cℓmax
cs

max
K⋆ f (⟨cℓ⟩L,⟨cs⟩s,⟨φ ℓ⟩L,⟨φ s⟩s)

(B24)
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where:

f (⟨cℓ⟩L,⟨cs⟩S,⟨φ ℓ⟩L,⟨φ s⟩S)≈ ⟨A0⟩L⟨B0⟩L+ε(⟨A0⟩L⟨B1⟩Γ+⟨A1⟩Γ⟨B0⟩L)+O(ε2)

(B25)
Similarly, collecting the zeroth-order term in the charge balance equation (Eqns B2a)
and first-order term in the corresponding boundary condition (Eqns B2b):

∇x ·
[
Ks

(
∇xφ

s
0 +∇yφ

s
1

)]
+∇y

[
Ks

(
∇xφ

s
1 +∇yφ

s
2

)]
= 0 (B26a)

subject to:

ns ·
[
2ε

−δ Ks
(

∇xφ
s
1 +∇yφ

s
2

)]
+2ε

γ

√
cℓmax
cs

max
(A0B1 +A1B0) = 0 (B26b)

The charge external boundary condition (Eqn. B2c) is less restrictive than the Butler-
Volmer equation, and so it will not be reported anymore. By multiplying Eqns. B26
by ε and adding them to Eqns. B14:

ε∇x ·
[
2ε

−δ Ks
(

∇xφ
s
0 +∇yφ

s
1

)]
+∇y ·

[
2ε

−δ Ks
(

∇xφ
s
0 +∇yφ

s
1

)
+2ε

1−δ Ks
(

∇xφ
s
1 +∇yφ

s
2

)]
= 0

(B27a)

subject to:

ns ·
[
2ε

−δ Ks
(

∇xφ
s
0 +∇yφ

s
1

)
+2ε

1−δ Ks
(

∇xφ
s
1 +∇yφ

s
2

)]
=

−2ε
γ

√
cℓmax
cs

max
(A0B0 + ε(A1B0 +A0B1))

(B27b)

By integrating Eqn. B27a over S with respect to y and Eqn. B27b over Γ with respect
to y, following the definition in 2.28 and, taking into account the periodic boundary
condition:

ε∇x ·
[
2ε

−δ Ks⋆⋆
∇xφ

s
0

]
= 2K⋆

ηε
γ

√
cℓmax
cs

max

(
⟨A0⟩L⟨B0⟩L+ ε(⟨A0⟩L⟨B1⟩Γ + ⟨A1⟩Γ⟨B0⟩L)

)
(B28)
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ε⟨cs⟩s = ε⟨cs
0⟩s +O(ε2) = εcs

0 +O(ε2)

ε⟨φ s⟩s = ε⟨φ s
0⟩s +O(ε2) = εφ

s
0 +O(ε2)

(B29)

and recalling the definitions of Das = εγ and Pes = ε−δ and assuming ⟨ψℓ⟩Γ = ⟨ψℓ⟩L
and ⟨ψs⟩Γ = ⟨ψs⟩s, where ψ = {c,φ}, leads to the homogenized equation of the
charge transport within the solid phase::

∇x ·
[
2PesKs⋆⋆

∇x⟨φ s⟩s

]
= 2ε

−1
ηDas

√
cℓmax
cs

max
K⋆ f (⟨cℓ⟩L,⟨cs⟩s,⟨φ ℓ⟩L,⟨φ s⟩s)

(B30)

where:

f (⟨cℓ⟩L,⟨cs⟩S,⟨φ ℓ⟩L,⟨φ s⟩S)≈ ⟨A0⟩L⟨B0⟩L+ε(⟨A0⟩L⟨B1⟩Γ+⟨A1⟩Γ⟨B0⟩L)+O(ε2)

(B31)



Appendix B

Results of the homogenized model

In this Appendix section, all the cases analyzed for validating the reduced order
model are reported. We remember that, for this work purpose, we studied the effect
of the Damköhler number and the C-rate over the error evaluation. We remember
that the C-rate influences the current value and the Nohm number consequently. For a
more clear understanding and interpretation of the data collected, we chose to show
the plot at different C-rates values, since this information is more understandable.
The system with Da = 0.05 falls into the applicability regimes and therefore we
were expecting an error comparable to the geometrical parameter ε . Indeed the error
exceed the dashed red line of 0.05 only at high current values. Looking more into
details the maximum error reached is equal to 0.093 and is obtained evaluating the
lithium ion concentration in the liquid phase in the anode side. This result totally
confirms the up-scalability of the LiBs pore-scale governing equations. The obtained
reduced order model well reproduces the pore-scale results except for a certain error
(ε = 0.05) chosen a priori. The two sets of cases with Da = 0.5 and Da = 5, even
if are out of the applicability regimes boundaries, presents errors in the acceptable
range. This confirms that the applicability regimes are sufficient but not necessary
conditions, as better explained in the main text.
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Fig. B.1 Charge at Crate = 1C. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.2 Charge at Crate =C2. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.3 Charge at Crate =C3. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.4 Charge at Crate =C4. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.5 Charge at Crate =C5. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.6 Charge at Crate = 1C. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.7 Charge at Crate =C2. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.8 Charge at Crate =C3. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.9 Charge at Crate =C4. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.10 Charge at Crate =C5. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.11 Charge at Crate = 1C. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.12 Charge at Crate =C2. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.13 Charge at Crate =C3. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.14 Charge at Crate =C4. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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Fig. B.15 Charge at Crate =C5. In the first row of each group of plots, the Pore Scale Model
(PSM) is presented, then, in the second one, there is the Reduced Order Model (ROM), and
finally the Error between the two methods.
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