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A Vertex Function–Based Radial–Angular
Quadrature for the Numerical Evaluation of Surface

Test Integrals in the Method of Moments
Javier Rivero , Vı́ctor F. Martı́n , Member, IEEE, Donald R. Wilton , Life Fellow, IEEE,

William A. Johnson , Senior Member, IEEE, and Francesca Vipiana , Senior Member, IEEE

Abstract—A novel integration scheme is proposed for the
accurate numerical evaluation of test (reaction) integrals needed
for solving complex direct or inverse electromagnetic problems
using surface integral equation (SIE) formulations and the
method of moments. Significant effort has already been devoted
to improving the numerical evaluation of source integrals yielding
potentials (or their derivatives), especially for triangular ele-
ments. However, numerical techniques for accurately evaluating
the subsequent test integrals have been largely neglected, with
simple numerical integration schemes being used that either
ignore or are developed with incomplete knowledge of the detailed
behavior of potentials (or their derivatives) near edges and
vertices. Consequently, simple numerical quadrature schemes
are found to be either of limited accuracy or slowly convergent
with respect to increasing the sampling for self, edge- or vertex-
adjacent source, and test triangle pairs. Here, we describe a
simple model derived from static potential integrals that properly
describes and bounds the potentials and their derivatives near
vertices. From it, we are able to construct appropriate, separable
radial-angular quadrature schemes that are both exponentially
convergent and applicable to all potential forms of interest arising
from both EFIE and MFIE operators. Numerical results are
presented that demonstrate the wide-ranging applicability and
improved convergence rates of the proposed scheme, and these
are compared to some previously reported testing schemes. The
method’s sensitivity to test triangle shape and the ratio choice of
angular-to-radial sampling rates is also briefly explored.
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I. INTRODUCTION

TO ACCURATELY solve direct or inverse electromag-
netic problems of complex structures using surface

integral equation (SIE) formulations via the method of
moments (MoMs), a cost-effective numerical evaluation of
double surface reaction integrals is necessary. The accuracy
and performance of SIE methods rely heavily on the effi-
cient and accurate evaluation of double surface (reaction)
integrals and have been the subject of intense research.

In the evaluation of the source (inner) integral, the earliest
studies used singularity subtraction to remove the dominant
singular terms from the integrand that could be separately
integrated analytically [1], [2], [3]. More recently, singularity
cancellation schemes, which used a transform Jacobian to
cancel the singularity, were found to be more effective (see
[4], [5], [6], [7], [8], [9], [10]). Accelerations using so-
called double exponential transformed quadrature rules can,
in principle, handle any singularity type [11] but are typically
not as efficient as quadrature schemes tailored to the given
problem.

Regarding the evaluation of the test (outer) integral, often
simple conventional numerical integration schemes are used,
assuming that standard numerical integration of the test inte-
gral will converge rapidly as the number of integration points
increases. Nevertheless, this assertion is not entirely valid.
As shown in, e.g., [12] and [13], a brute force evaluation
of such test integrals can be very inefficient and surprisingly
inaccurate.

Accordingly, Gurel and Ergul [14], [15] developed a sin-
gularity extraction method also for the test integral, while,
in computing the gradient of Green’s function, Yla-Oijala and
Taskinen [16] proposed to modify the test integrand to remove
the logarithmic singularity of the source integral.

Recently, in [17], [18], [19], [20], [21], [22], and [23], novel
methods to evaluate the source and test integrals together have
been presented, showing the possibility of achieving machine
precision in the 4-D reaction integral evaluation. However,
these implementations are nontrivial and may require extensive
modifications to an existing MoM code and are usually specific
to a Green’s function kernel [24], [25].
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In this article, we present a novel test integral quadra-
ture scheme designed specifically to handle the singular
behavior of so-called vertex functions [26], whose static limit
both describes and bounds the source integral behavior. The
behavior suggests the use of the 1-D Ma–Rokhlin–Wandzura
(MRWlog) [27], [28] samples and weights for handling loga-
rithmic singularities along both radial lines emanating from a
common source/test vertex and along angular arcs orthogonal
to the radial lines with angles measured from the closest source
edges. For some cases (depending on test and source triangle
geometries and conductivities), either a radial or angular
singularity may not actually be present and the associated
integral can be replaced by a Gauss–Legendre (GL) scheme
with approximately twice the sampling efficiency.

Vipiana et al. [12] presented a technique applied to the
MFIE kernel for test integrals using a Duffy transform and
MRWlog scheme. This technique is extended to the EFIE
kernel and compared with the novel one developed here.
Moreover, we compare the original and the newly proposed
scheme with the two approaches presented in [13], where
geometrically symmetrical quadrature rules are derived from
the logarithmic singularities arising over the test domain for
the case of the EFIE. One of our goals is the development of
a numerically based (i.e., sample-based) testing approach that
is highly convergent, yet independent of the method used for
source integration.

This article is structured as follows. Section II reviews
some pertinent background information. Section III briefly
summarizes the technique presented in [12] and extends it
to the EFIE. In Section IV, the general description of the
custom integration scheme derived from the vertex function
is described. In Section V, several numerical results are
presented, and finally, Section VI discusses conclusions and
possible extensions of the proposed approach. Preliminary
numerical results were recently presented in [29] and [30].

II. BACKGROUND

The accuracy and performance of any MoM simulation
ultimately rest on the efficient and accurate evaluation of the
double surface (reaction) integrals

ITS =

Z
T

Z
S

F(r, r′) dS ′dS (1)

where F(r, r′) is typically expressed as

F(r, r′) = t(r)g
�
r, r′

�
b
�
r′
�

(2)

where t(r) is either a scalar or a vector component of a testing
function; b(r′) is similarly defined for a basis function; and
g(r, r′) is either a scalar or a scalar component of a vector or
dyadic Green’s function, with a O(|r − r′|−1) or O(∇|r − r′|−1)
singularity. Here, r denotes the position vector of a test
observation point, whereas r′ denotes the corresponding source
point quantity. Finally, S is the source integral domain and T
is the test domain.

The evaluation of the innermost (source) integral

IS (r) =

Z
S

F
�
r, r′

�
dS ′ (3)

Fig. 1. Quadrature construction steps for a test triangle sharing a common
vertex with a source triangle. Original scheme. (a)–(d) Sequence of steps to
follow for defining the quadrature points.

can be performed using one of the available methods [4], [5],
[6], [7], [8], [9], [10]. In this work, we employ the methods
developed in [6] for the EFIE and in [10] for the MFIE, both
of which are capable of achieving machine precision for the
source integral.1

Assuming that the inner integral has been accurately eval-
uated, we concentrate here on evaluating the outer integral

ITS =

Z
T

IS (r) dS (4)

for these critical cases: overlapping, common vertex, and
common edge source and test triangles.

III. ORIGINAL TESTING SCHEME

A. Previous Treatment of the MFIE

Vipiana et al. [12] presented a method for improving the
accuracy of the test integrals arising from the MFIE when
dealing with triangles sharing a common vertex or edge. It
used the Duffy transform, which maps the three edges of a
triangle into three edges of a rectangle, with one of its vertices
“stretched” into the fourth edge of the rectangle.

In cases where the test and source triangles shared a
common vertex, it was assumed that the quadrature rule for
the test integration should account for the known logarithmic
singularity due to the edge with the shared vertex. To address
this singularity, the Duffy transform was applied to the test
triangle such that the shared vertex of the test triangle was
“stretched” into a newly created edge, forming a rectangular
domain. The MRWlog quadrature scheme was then applied
along dimensions perpendicular to the new edge with denser
sampling near the new edge. Then, for the transverse weights
and sample points, the standard Gauss GL quadrature rule was

1One should note, however, that evaluating the interaction integrals to
machine precision does not imply similar convergence of the unknown
equivalent current(s) since we also assume that b(r′) is piecewise linear, which
may not be the case if an edge of S coincides with an edge of the problem
model.
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Fig. 2. Quadrature construction steps for a test triangle sharing a common
edge with a source triangle. Original scheme. (a)–(d) Sequence of steps to
follow for defining the quadrature points.

employed under the assumption that the transverse variations
would exhibit a nonsingular behavior. Fig. 1 shows the graphic
definition of the test points for a common vertex case.

Instead, for the common edge case, the initial step involved
applying the Duffy transform to the test integral with respect
to the triangle vertex opposite the edge shared with the source
triangle, as shown in the Fig. 2. The Duffy transform maps a
test triangle into a rectangular domain. To effectively manage
the logarithmic singularity in the integrand near the common
edge, we utilized the MRWlog quadrature points. MRWlog
defines the weights and sample points in the direction per-
pendicular to the common edge, corresponding to the radial
direction in the original triangular domain. In the direction
along the common edge, the quadrature rule must account for
a “double” logarithmic singularity, which exists at the two
vertices of the common edge. To handle this, the transverse
weights and sample points were determined using an extension
of the MRWlog quadrature; the new quadrature scheme here
mirrors the usual arrangement of MRWlog quadrature points
with higher sampling density at one interval endpoint, about
a bisector from the free vertex to the middle point of the
edge such that the denser sampling occurs nearer the common
vertices and far edges. However, a careful inspection of the
singular behavior reveals that this is not the best choice.
I.e., as we will show here, the source integral also exhibits
an angular singular behavior at both common vertices, and
with the scheme of [12], these singularities were not properly
accounted for.

B. Extension to the EFIE

The original method in [12] was applied to the MFIE only
and did not treat the self-term problem. To apply the same
scheme to the EFIE, we need only add a scheme for treating
self-terms. This can be handled by subdividing the test triangle
about its barycenter into three subtriangles, as shown in Fig. 3.

Fig. 3. Quadrature construction steps for a test triangle sharing the domain
with a source triangle (self-term). Original scheme. (a)–(c) Sequence of steps
to follow for defining the quadrature points.

Then, each subtriangle is treated as a common edge case, with
the barycenter serving as the vertex opposite the common
edge for each subtriangle (where the Duffy transformation
is applied). An example of the resulting quadrature points
obtained with this procedure is reported in Fig. 3(c).

IV. PROPOSED TESTING SCHEME

A. Brief Development of Vertex Functions

In this section, we develop a custom quadrature scheme
to efficiently perform the test integrations (4) over a pair of
adjacent planar triangle elements, S and T. Our first step is to
develop a simple yet robust model that reveals the behavior
of the desired potential(s) in the neighborhood of the source
triangle S, particularly near its edges and vertices. It is found
that the so-called static vertex functions [26] provide analytical
expressions for the potential functions that capture and bound
the essential singularities of potentials near geometrical sin-
gularities, i.e., at edges and vertices of subdomains supporting
either constant or linear source densities.

Consider a source triangle S with a nearby observation point
r. As shown in Fig. 4, S is first split into three subtriangles:
q = 1, 2, 3, about r0, the projection of r onto the source plane,
by treating r0 as a new common vertex and connecting new
edges to it from the original vertices, and q = 1, 2, 3 (index
arithmetic in the figure is modulo 3). Note that r0 needs not fall
within S. The projection point r0 is further projected onto each
of the three edges (or their extensions), further subdividing the
original subtriangles into six right triangles that we refer to as
right subtriangles.

This successive subdivision scheme depends on the obser-
vation point positions r through its projections and ensures the
following. Any (near-)singularities of the potentials (including
their derivatives) can only appear at vertices of the right
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Fig. 4. Source triangle S is split into six right subtriangles about projections
of r first onto the plane and then onto the edges of S. The static potentials
and their derivatives for constant and linear source densities on each of the
resulting right subtriangles can be expressed in closed form and used to
suggest efficient testing schemes.

subtriangles as r (and hence r0) moves about. Specifically,
for each right subtriangle, a singularity may exist: 1) at the
r0 vertex if r approaches an interior point of S; 2) at the
right angle corner if r approaches an edge of S; or 3) at the
remaining subtriangle vertex if r approaches a vertex of S.
Note that if r is on an edge of S (i.e., u = hq = 0 and d = 0)
in Fig. 4, then 2) implies a possible singularity along the edge
as well.

As illustrated in Fig. 4, for standard linear bases, the
problem thus reduces to the evaluation of potential integrals
for constant or linear sources on (up to) six right subtriangles
with perpendicular sides of length u = hq and ` = `q±, for
q = 1, 2, 3 and r an observation point d units above (d > 0) or
below (d < 0) the source plane. In the following, our focus is
on the contributions from a pair of right subtriangles associated
with a single edge only. Hence, for brevity, in the following,
we drop the vertex and edge designating superscripts q.

Interestingly, the relevant vertex potential integrands of (3)
can all be integrated radially in closed form from r0 to the
opposite edge of each right subtriangle, and the remaining
integral is conveniently parameterized in terms of the subtri-
angle edge lengths `± of Fig. 4, i.e., from (3) and Figs. 4 and 5,
we may write

IS ± (r) =

Z tan−1 `±/u

0

Z |u/ cos φ± |

0
F
�
r, r′

�
PdPdφ

=

Z `±

0

"Z √
u2+`2

0

u
P

F(r, r′)dP

#
d`

where ` = u tan φ and the bracketed integral is in closed
form. For Rao–Wilton–Glisson (RWG) bases [3] and free-
space Green’s functions, each vertex function integrand also
contains the exponential factor e− jkR = 1− jkR−(1/2)k2R2+· · · ;
not surprisingly, only the leading (frequency-independent or
static) term of this series, together with any other geometrical
factors appearing in the integral, determines the singularity
orders of the vertex functions. Furthermore, in the static

Fig. 5. Coordinates for evaluating vertex function integrals in right subtrian-
gles, S ±.

case, even the remaining angular or edge vertex function
integrals above can be evaluated in closed form, as in [1],
[2], and [26], from which the dominant behavior of the source
integrals may be determined as a function of the parameters
u, `±, and d. All the higher order (frequency-dependent) terms
in the exponential expansion will lead to terms with lower
order singularities, as can be seen directly in such results as
those of [13], [16], and [31]. Furthermore, the singularities
are always of logarithmic form and amenable to integration
using the so-called MRWlog scheme that exactly numerically
integrates functions of the form PN(x) + QN(x) ln x, where
PN(x) and QN(x) are polynomials of degree N [27], [28].2

The approach of Ma, Rokhlin, and Wandzura is a generalized
approach that has been applied to other types singularities,
such as square roots (MRWsqrt). A significant advantage of
the MRW schemes is their simplicity. For integrands of the
requisite form (and in contrast to schemes employing auxiliary
transforms, for example), only sampled values of the integrand
are required.

The above discussion implies that the MRWlog scheme is
well equipped to accurately test both the dominant static term
as well as the lower order (less singular) frequency-dependent
terms arising from the source integration—as long as the
electrical sizes (max |kR|) of the integration domains remain
sufficiently small that the phase term of the exponential in
the integrand does not become oscillatory. Fortunately, these
conditions are met for the near-field interactions of essentially
all integral equation approaches and kernels.

The geometrical quantities required to define the vertex
potential integrals are first defined next and pictured in
Figs. 4 and 5. Following that, the dynamic forms of the vertex
functions and their static limits for the usual RWG bases
associated with EFIE and MFIE operators are summarized
in both rectangular (u, `, d) and spherical coordinates (R, α, β)
defined as follows:

`± = ˆ̀ · (r± − r0) = ±R cosα

2Apparently, Crow [32] independently developed the same scheme as the
MRWlog scheme, at about the same time. In recent years, the scheme has
also been extended to very high orders with the sample points and weights
computed to almost 33 significant digits and in agreement with all previously
reported results to the precisions and quadrature orders available.
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u = û · (r± − r0) = R0 cos β = R sinα cos β

d = n̂ · (r − r±) = R0 sin β = R sinα sin β

R0 = R sinα =
p

u2 + d2

where (see also Figs. 5 and 6)

R =

q
u2 + (`±)2 + d2

α = ±atan2
�
R0, `

±�
β = atan2(d, u).

The four relevant vertex functions are now defined as follows:

IΦ(u, `±, d) =

Z
S ±

e− jkR

R
dS ′

=

Z `±

0

u
P2

�
e− jkR − e− jk|d|

− jk

�
d`

k→0
−→ u sinh−1 `

±

R0
− |d|Ω

�
u, `±, d

�
= ±R sinα

�
cos β sinh−1(cotα) − | sin β|

× tan−1
�

cosα cos β
sinα+| sin β|

��
(5)

In̂·∇Φ

�
u, `±, d

�
= ∂d

Z
S ±

e− jkR

R
dS ′

=

Z `±

0

ud
P2

�
e− jkR

R
−

e− jk|d|

|d|

�
d`

k→0
−→ −sgn(d)Ω

�
u, `±, d

�
= ∓sgn(sin β) tan−1

�
cosα cos β

sinα+ | sin β|

�
(6)

Iû·∇Φ(u, `±, d) = ∂u

Z
S ±

e− jkR

R
dS ′

= −sgn(u)
Z `±

0

e− jkR

R
d`

k→0
−→ −sgn(u) sinh−1 `

±

R0

= ∓sgn(cos β) sinh−1(cotα) (7)

Iû·δA(u, `±, d) = û ·
Z

S ±

e− jkR

R
(r′ − r0)dS ′

= sgn(u)
Z `±

0

�
e− jkR − e− jk|d|

− jk

�
d`

k→0
−→

sgn(u)
2

�
`±(R−2|d|)+R2

0 sinh−1 `
±

R0

�
= ±R2sgn(cos β)

2
(cosα (1 − 2 sinα |sin β|)

+ sin2 α sinh−1(cotα)
�

(8)

where

Ω(u, `±, d) = tan−1 u`±

R2
0 + |d|R

= ± tan−1 cosα cos β
sinα+ | sin β|

(9)

is the (signed) solid angle spanned by the right subtriangle
with side `± as viewed from r [33].

In each case, the first equality merely defines the vertex
function for the designated potential quantity as a surface
integral over a right subtriangle involving Green’s function
and either a constant or linear source density. To obtain the
next equality, a radial integration is carried out on each right
subtriangle; the resultant radial integral then becomes the
integrand of the line integral along the source subtriangle edge
nearest or in common with the test triangle, ∂S . Its quasi-static
form is the limit k → 0 of the line integrals, which can be
integrated to obtain the closed form shown. The last equality
expresses the same result in terms of spherical coordinates
with origin at vertex ` = `± of the associated right source
subtriangle.

In practice, vertex function source integrals are evaluated
for pairs of right subtriangles associated with the same edge
of S (e.g., edge q in Fig. 4) as a difference of anti-derivatives
evaluated at endpoints of an edge as IX(u, `+, d)− IX(u, `−, d),
with u = h as the common height of the pair, ` = `± as
the respective right subtriangle edge lengths of the pair for an
edge of total length ` = `+−`−, and for an observation point d
units above or below the planar triangle S comprising the six
right subtriangles. The subscripts X = Φ, n̂ · ∇Φ, û · ∇Φ, and
û · δA of the vertex functions IX(u, `±, d) of (5)–(8) denote
the (static) scalar potential, the normal, and the tangential
components of the potential gradient for a constant source
density and for a radially varying vector source contribution to
the vector potential, respectively. Some of the vertex potentials
in (5)–(8) have simpler forms than those found in [26], the
main simplification being that terms related to interior edges of
a subtriangle cancel with similar terms of adjacent subtriangles
of S do not appear in (5)–(8).3

B. Extracting From Vertex Functions Dominant Potential
Singularities Near Isolated Vertices and Edges

In Section IV-A, we briefly developed and evaluated the
static forms of the vertex functions used in computational
electromagnetics. Their forms dictate the basic behaviors at
vertices and edges that any testing scheme should be able to
integrate. In this section, we extract this information from the
vertex functions. Once this is done, however, it is important to
note that we need no longer be concerned with the method we
employ to evaluate the source integrals (though their accuracy
should at least be commensurate with that of the testing
scheme in order to ensure overall accuracy in MoM matrix
elements).

Quantities (u, `, and d) and (R, α, and β) associated with
an observation point at r in a test triangle T having a vertex

3Though the static vertex potential expressions in [26] are all correct, they
often do not appear to agree with (5)–(8) when compared term by term. The
differences may be attributed to the manner in which they were derived, i.e.
using direct integration over isolated or local subtriangles in [26], but in
(5)–(8) first applying a Gauss law in a global sense over a parent triangle S,
then noting that for continuous integrands, subdivision of the parent merely
produces artificially induced interior edges (see Fig. 4) across which the
resulting line integral contributions must cancel, leaving only contributions
from outer edges, and involving only the (local) normal û components along
the outer edges. When summed over all the local subtriangles, in principle, the
two approaches must yield identical results. Together, the canceling terms, for
example, can often be expressed in the form ∇s×A, which vanishes identically
if A is a gradient, i.e, of the form A = ∇sΦ, as occurs with (6) and (7).
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Fig. 6. Highlighted edge (in solid, thick black and gray) of source triangle S
is bounded by vertices r− and r+. It is assumed that vertex r− is encountered
first when traversing the boundary of S in a counterclockwise sense relative
to n̂, the unit normal to S. The observation point r is assumed to lie on an
arbitrarily oriented test triangle T (not shown) with a common vertex at r−.
T thus contains not only r but also the radial line from r− to r. Angle α
is assumed measured from the highlighted edge to the radial line, while the
angle β is measured about the edge from the half-plane containing S to r. The
length `− = ˆ̀ · (r−r0) is the signed distance from r− to the projection point
of r0 onto the highlighted edge.

in common with r− of the highlighted edge are illustrated
in Fig. 6. Note that R = |r− − r| and α is measured from the
edge between r− and r+ (i.e., not from either of its extensions
beyond S). Also, β is measured from the half-plane containing
S. If the observation point r is in a test triangle T but with
its common vertex at r+ instead, then R = |r+ − r|, while the
definitions above still apply to measuring α and β.

In (5)–(8), we note that the solid angle factor Ω appearing in
(5) and (6) satisfies −2π ≤ Ω ≤ 2π and hence is bounded. On
the other hand, the vertex functions (5), (7), and (8) involve the
term sinh−1(`±/R0) that approaches sgn(sinα) log (2| cotα|) as
α → 0, and hence, vertex potentials containing sinh−1 either
become unbounded or have unbounded derivatives, depending
on their multiplicative factors. The quantity sinh−1(`±/R0) is
constant, however, on any fixed cone such that α is constant,
while its multiplicative coefficients may vary with respect to
both α and β. Note that by contrast, the radial variation of any
static vertex function along a radial line with α and β fixed is
polynomial-like since each varies as either Rn, n = 0, 1, 2.4

Fig. 7 shows a test triangle T with vertices 1–3, where
vertex 1 is in common with vertex a of source triangle S
(with vertices a, b, and c). Position vectors to the vertices
are rx, x ∈ (1, 2, 3, a, b, c), where r1 = ra. Each of the six
angles αx,y, x , y ∈ (a, b, c), is associated with vertex x of
edge y and is assumed to be measured from edge y to the
line connecting r and r1 as shown in the figure. Two vertex

4It may seem surprising that individual static vertex functions are constant
or increasing with increasing R, but this occurs because the source domain
(and in the vector potential case, even the source density) also increases
with increasing R. Hence, the expected 1/R or ∇1/R static far-field potential
behaviors can only result from cancellations in summing vertex function
contributions over the six source subtriangles. These cancellations render the
approach numerically unstable for large R. For such cases, it is often preferable
to simply integrate by quadrature over both source and test triangles, i.e., over
electrically small domains, straightforward numerical integration is inherently
a summation process, while evaluating integrals from their anti-derivatives
often involves an inherently unstable differencing process.

Fig. 7. Vertices of test triangle T are indexed 1–3 and each edge of T is
given the same index as that of the corresponding opposite vertex. Similarly
for the vertices and edges of source triangle S, but with indices a, b, and
c. Position vector r locates an observation point in T, and position vectors
rx, x ∈ (1, 2, 3, a, b, c) locate the corresponding vertices of S and T where, for
the common vertex case shown, r1 = ra. The angle αx,y, x , y ∈ (a, b, c), is
associated with vertex x of edge y and is measured from edge y to the line
connecting r and rx.

functions from each of the three vertices of S contribute to each
total potential quantity of interest at the observation point r
in T, with most contributions to the total potential at r vary-
ing as either log(cot 2αxy) (singular) or sin(αxy) log(cot 2αxy)
(singular derivative) for small angles αxy, x , y ∈ (a, b, c). A
contribution is clearly singular (or has a singular derivative)
if any of the associated angles αxy vanish. Referring to the
figure, the angles αay, y = b, c, are both nonvanishing and
constant as r approaches r1 along a radial line connecting
them, while the angles αxa, x = b, c, are nonconstant, but
also nonvanishing. However, the angles associated with the
vertices of S opposite a and that share edges with a, i.e., the
angles αbc and αcb, clearly do vanish as r → r1; hence, their
contributions become logarithmically singular near vertex 1 of
the test triangle. This suggests using MRWlog quadrature for
radial integration on T to properly handle the logarithmically
singular contributions (from opposing vertices) there. As r
varies across T, however, since none of these angles vanish
for the common vertex only case, a GL quadrature scheme
may be sufficient. Exceptions to this, however, occur in those
(perhaps rare) instances when an angle between an edge of T
and an edge of S becomes very small (e.g., αx,y � π/2 for
some x, y). A frequently encountered exceptional case occurs,
however, for the common edge case, where T actually shares
two vertices (and hence a common edge) with S. In this case, a
singularity in potential (or in its derivative) occurs everywhere
along the common edge and at both vertices of the edge.
Indeed, for the common edge case, it is best to subdivide the
test triangle so as to isolate each of the common edge vertices,
treating each test subtriangle separately and using MRWlog
quadrature along both radial and (pseudo-)angular directions
for each. Note also that since the MRWlog quadrature points
are unsymmetrically spaced within its domain, one must orient
the sampling both radially and angularly such that higher
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Fig. 8. Quadrature construction steps for a test triangle sharing a common
vertex with a source triangle. Proposed scheme. (a)–(d) Sequence of steps to
follow for defining the quadrature points.

sampling densities occur near (sub)triangle vertices and the
common edges. Note that for good convergence, it is not
enough to merely sample with higher density near the vertices;
we must also properly distribute the points along both the
radial and angular directions near each vertex.

C. Common Vertex Case

We focus first on the common vertex case, as illustrated in
Fig. 8. In this case, only one singular region occurs at the
test triangle vertex for each source vertex–edge pair attached
there. In order to achieve the expected layout of the integration
points, we first parameterize the edge opposite the common
vertex to form a (pseudo-)angular scheme using MRWlog
quadrature points with the higher sampling density nearest
the test edge closest to the (nontouching) source edge, as
shown in Fig. 8(b). Then, the radial quadrature points use
MRWlog with increasing sample density as the common vertex
is approached, as illustrated in Fig. 8(c).

An example of the resulting quadrature point distributions
obtained via this procedure is shown in Fig. 8(d), where
each observation point r defined on the test triangle can be
mathematically expressed as

r = rs − ξr (`c + `sξa) (10)

where ξr ∈ (0, 1) and ξa ∈ (0, 1) are the 1-D MRWlog
quadrature points used to parameterize the radial and angular
directions, respectively; rs represents the position vector of the
singular (i.e., the common) vertex; `s is the test triangle edge
vector defined on the edge opposite the singular vertex; and
`c is the test edge vector defined along the closest edge to the
source triangle, both defined in the counterclockwise sense on
the test triangle as shown in Fig. 8(a). Following the vertex
and edge numbering of Fig. 8, these quantities correspond to

rs = r1, `c = `2, `s = `1. (11)

Fig. 9. Quadrature construction steps for a test triangle sharing a common
edge with a source triangle. Proposed scheme. (a)–(d) Sequence of steps to
follow for defining the quadrature points.

As the observation point moves from r1, i.e., the common
vertex, toward the opposite edge, `1, the point density of the
MRWlog radial points, ξr, decreases, as shown in Fig. 8(c).
As the observation point moves from the edge closer to
the source triangle, `2, toward `3, the angular density of
points ξa in the MRWlog scheme decreases, as shown in
Fig. 8(b).

Then, the integral (4) can be calculated as

ITS � J
X

a

X
r

wa wr IS
�
r(a,r)� (12)

where a and r index the selected angular and radial quadrature
points, respectively; wa and wr are the quadrature weights; and
J = 2A (with A the area of the test triangle) is the Jacobian of
the transformation between global and parametric coordinates
on the test triangle.

D. Common Edge Case

For source and test triangles with common edges, two
singular regions appear within the edge-adjacent test triangle,
one caused by each source vertex–edge pair. The definition
of the quadrature points for this case can be followed in
Fig. 9. To treat both singular regions, we first split the
test triangle into two subtriangles [T+ and T− as shown in
Fig. 9(a)] about the line from the middle (centroid) of the
common edge to the opposite vertex. Then, we apply the
scheme previously described for the common vertex case (10)
independently on each of the two newly created subtrian-
gles. The line from the middle of the common edge to the
opposite vertex now becomes the edge opposite the common
vertex for both subtriangles. This line is parameterized using
MRWlog points, as shown in Fig. 9(b). Finally, considering
these points as endpoints, we add sample points radially
from each common vertex, using the MRWlog point distri-
bution to form a double radial–angular scheme, as shown in
Fig. 9(c).
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Fig. 10. Quadrature construction steps for a test triangle sharing the domain
with a source triangle (self-term). Proposed scheme. (a)–(d) Sequence of steps
to follow for defining the quadrature points.

To mathematically define an observation point using the
described quadrature [see an example of quadrature points
in Fig. 9(d)], we apply (10) to each T+ and T− triangle
[see Fig. 9(a)]; thus, the parameters rs, `c, and `s can be
assigned as

T+: rs = r1, `c =
1
2
`2, `s =

1
2

(r1 + r3) − r2

T−: rs = r3 `c = −
1
2
`2, `s =

1
2

(r1 + r3) − r2 (13)

where `s is the vector from r2 to the midpoint of the common
edge of both triangles and `c is the vector defined over the
common edge. Note the change of sign of `c relative to that
in T+ when applying expression (10) to T− because `c is
chosen to point toward the singular vertex rs = r3.

E. Self-Term Case

The self-term case has six singular regions, one for each
vertex–edge pair. The definition for the corresponding quadra-
ture points follows as in Fig. 10. For this case, we first split the
triangle into three subtriangles (T1–T3) with common vertex
at the barycenter rB = (r1+r2+r3)/3, as shown in Fig. 10(a).
We denote each subtriangle Ti, i = 1, 2, 3, with associated edge
vectors, `i. Each subtriangle is then parameterized just as for
the common edge case (shown in Fig. 9). In other words, each
subtriangle is split in two from the middle of the common
edge to the barycenter, providing six right subtriangles, as
shown in Fig. 10(a). In turn, the resulting right subtriangle
is parameterized using the procedure of the common vertex
case (shown in Fig. 8).

Finally, an observation point defined on each subtriangle can
be mathematically expressed following the same procedure as
in the previous cases by applying (10) to each right subtriangle.

We can generalize the parameters at each subtriangle Ti, with
i = 1, 2, 3, as

T+
i : rs = ri+2, `c =

1
2
`i, `s =

1
2

(ri+2 + ri+1) − rB

T−i : rs = ri+1, `c = −
1
2
`i, `s =

1
2

(ri+2 + ri+1) − rB (14)

where (ri+2+ri+1)/2 is the midpoint of each subtriangle edge.
In (14), the index arithmetic is performed modulo three. Note
the change in the sign of `c in the right subtriangle T−i relative
to subtriangle T+

i , as in the common edge case (13).

V. NUMERICAL RESULTS

In order to examine the accuracy of the proposed test
integration scheme, we analyze the convergence behavior of
the integral (4) for different sets of triangles, considering three
different configurations: a test triangle sharing a common ver-
tex with the source triangle, a test triangle sharing a common
edge with the source triangle, and a self-term case where the
test and the source domains are coincident. We first ensure
for each simulation that the source integral in (3) is accurately
evaluated to machine double precision by performing all the
evaluations using very high order quadratures (tabulated in
quad precision), but then in the calculations limiting the results
to 16 digits. We also use the radial angular singularity can-
cellation scheme [6] for the evaluation of the EFIE integrals,
and the hybrid subtraction-cancellation procedure described in
[10] for the evaluation of the integrals arising in the MFIE. The
reference values for the test integrals are computed applying
the proposed scheme and our highest order available MRWlog
quadrature rule (128 sample points) achieving a reference
value accuracy of no less than 16 significant digits.

In all the following numerical results, we compare the
proposed and original schemes, labeled as such, to the standard
Gauss triangle scheme, labeled as “GT” [34] and the two
symmetric logarithmic triangle quadrature rules presented in
[13], labeled “ST1” for the approach 1 and “ST2” for approach
2. These two methods have been designed for modeling
the singular behavior of the EFIE integrals; in this article,
we also apply them for solving the MFIE integrals, and in
all the numerical reported results, the number of quadrature
sample points used are up to the highest value available in
[13]. Moreover, the integration domain is a test triangle with
a maximum edge of about λ/5 (where λ is the working
wavelength), and the chosen basis functions are RWG basis
functions. The aspect ratio (AR) of all the considered test
triangles, defined here as the ratio between the triangle height
and the length of the closest edge to the source triangle, is
0.5.

The integral evaluation accuracy is measured in terms of
the number of significant digits of the computed integral

SD(K) = − log
�ˇ̌̌̌

Iref − IK

Iref

ˇ̌̌̌
+ δ

�
(15)

where IK and Iref are the evaluated integrals with K sample
points and with the highest number of sample points (refer-
ence), respectively. The term δ = 10−16 is inserted in (15) in
order to merely limit the claimed precision to no more than
16 digits (double precision).
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Fig. 11. Triangle configurations for the common edge and common vertex
cases. For each case, both the source and test triangles are isosceles triangles
with a 2-m base and a height-to-base AR of 0.5. In common edge case (a),
their base edges are shared; in common vertex case (b), the source and test
triangles share a base vertex from each. The working wavelength used for all
convergence comparison studies is λ = 10 m.

In all the following graphs, the obtained SD is reported with
respect to the number of quadrature sample points per linear
dimension, i.e., equal to

√
K since we are performing a 2-D

surface integral. The relation between the number of radial
and angular points is selected to obtain optimal convergence
in all cases; in the case of a different number of quadrature
sample points between the two directions, i.e., K1 and K2,√

K =
√

K1K2. At the end of this section, a preliminary
study is included that provides a rough guide to choosing
a near-optimal selection of the ratio of K1 and K2 for good
accuracy.

A. Accuracy Analysis for Different Triangle Configurations

We first study the interaction integrals between a source
and test pair in the common vertex configuration of Fig. 11.
The source and test triangles, labeled “1” and “5” or “6,”
respectively, are described in the figure; the basis function
on each is the RWG basis associated with the closest edges
of the pair (hence it is nonvanishing at the common vertex).

Fig. 12. Number of significant digits versus number of quadrature points
per linear dimension; coupling between triangles “1” and “5” in Fig. 11(b).
Comparison between the GT quadrature rule, the original method, the ST1
method, the ST2 method, and the proposed method for the integrals belonging
to (a) EFIE and (b) MFIE.

The closest edges are highlighted in Fig. 11(b). In the two
configurations considered, the test triangle lies in the plane
containing the test edge and is orthogonal to the source plane.
Figs. 12 and 13 show the accuracy in evaluating the interaction
integrals between source triangle “1” and test triangles “5” and
“6,” respectively, for interactions employing both (a) EFIE
and (b) MFIE operators in each case. Note that the minimum
edge angle separation for the two cases is 15◦ and 90◦,
respectively.

It is evident that the proposed and original schemes out-
perform the usual GT scheme. We observe that, in the case
of the EFIE, the GT provides reasonable convergence for
low-moderate accuracies, but for higher accuracies, the con-
vergence rate worsens, and only the original and proposed
methods are able to achieve machine precision, requiring
about 15–20 points per linear dimension. We can see that
even the symmetrically distributed points of the ST1 and
ST2 methods capture the logarithmic behavior of the EFIE
integrals with a convergence similar to the proposed and
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Fig. 13. Number of significant digits versus number of quadrature points
per linear dimension; coupling between triangles “1” and “6” in Fig. 11(b).
Comparison between the GT quadrature rule, the original method, the ST1
method, the ST2 method, and the proposed method for the integrals belonging
to (a) EFIE and (b) MFIE.

original methods. Regarding the integrals belonging to the
MFIE, the behavior of the proposed and original schemes are
similar, and the dramatic improvement with respect to GT is
even more evident, which, in this case, exhibits a loss of up to
eight significant digits with respect to the proposed scheme.
Moreover, the convergence of the ST1 and ST2 methods is
poorer than for the proposed and the original methods, as both
the ST1 and ST2 methods were designed around the EFIE.

Next, we characterize the performance of the methods for
evaluating the test integrals on a triangle sharing a common
edge with the source triangle. Three different cases are con-
sidered where the source triangle, labeled “1,” is coupled with
the test triangles “2,” “3,” and “4” [shown in Fig. 11(a)].
The selected RWG functions are associated with the common
edge. Fig. 14 shows the accuracy in evaluating the integrals
belonging to the EFIE (a) and MFIE (b) in the case of
triangles “1” and “3,” which form an angle of 90◦. It can
be observed that both the proposed and original approaches

Fig. 14. Number of significant digits versus number of quadrature points
per linear dimension; coupling between triangles “1” and “3” in Fig. 11(a).
Comparison between the GT quadrature rule, the original method, the ST1
method, the ST2 method, and the proposed method for the integrals belonging
to (a) EFIE and (b) MFIE.

exhibit a dramatic performance improvement compared with
the GT for both EFIE and MFIE integrals. However, although
the convergence of both the proposed and original approaches
is similar for low-to-moderate accuracy, the proposed method
exhibits exponential convergence, reaching machine precision
in around 20 points per linear dimension. Concerning the
ST1 and ST2 methods, the results are consistent with the
previous examples, exhibiting good convergence for the EFIE
integrals, similar to the proposed and original schemes, but
with a significant loss of accuracy when evaluating the MFIE
integrals. It is important to point out that the convergence of
the original scheme is comparable to the convergence of the
proposed scheme when applied to the electric equation, but
a loss of accuracy of up to four digits can be observed for
the first when applied to the magnetic equation. Note also
that convergence of the GT scheme stagnates at about seven
significant digits for the EFIE and about 3 for the MFIE as
the number of quadrature sample points increases.
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Fig. 15. Number of significant digits versus number of quadrature points
per linear dimension; coupling between triangles “1” and “2” in Fig. 11(a).
Comparison between the GT quadrature rule, the original method, the ST1
method, the ST2 method, and the proposed method for the integrals belonging
to (a) EFIE and (b) MFIE.

A similar picture is observed in Fig. 15 for the case of
triangles “1” and “2” [shown in Fig. 11(a)], which form an
angle of 45◦. All schemes generally exhibit a slower conver-
gence rate, but the proposed method still achieves exponential
convergence to machine precision. Moreover, what stands out
is the excellent stability of the proposed method, both for the
evaluation of the EFIE and MFIE integrals.

The last configuration for the common edge case study
involves the coplanar triangles “1” and “4” [shown in
Fig. 11(a)]. This case is notable for the original scheme,
because although its capability was demonstrated in [12] for
the MFIE integrals, it has not been applied to calculating the
coupling between two coplanar triangles (whose interactions
vanish for the MFIE). The behaviors of the various methods
for this example are shown in Fig. 16. We observe a behavior
similar to the orthogonal case (see Fig. 14), where all the non-
polynomial methods (including those proposed) dramatically
outperform the GT scheme, with the proposed scheme being

Fig. 16. Number of significant digits versus number of quadrature points
per linear dimension; coupling between triangles “1” and “4” in Fig. 11(a).
Comparison between the GT quadrature rule, the original method, the ST1
method, the ST2 method, and the proposed method for the integrals belonging
only to the EFIE.

Fig. 17. Number of significant digits versus number of quadrature points
per linear dimension; self-coupling of triangle “1’ in Fig. 11(a). Comparison
between the GT quadrature rule, the original method, the ST1 method, the
ST2 method, and the proposed method for the integrals belonging to the EFIE.

the fastest to achieve machine precision, at around 20 points
per linear dimension, and with an exponential convergence
rate.

Finally, we study the behavior of the proposed method
for the coupling between two RWG basis functions defined
within the same triangle, that is, the triangle labeled with “1”
in Fig. 11, and the considered RWG basis function is that
associated with the highlighted edge in the same figure. This
is a very representative example to show the capabilities of
the methods because they are able to be applied to improve
the performance of the singular integrals arising in the self-
terms of the EFIE, which are not present in the MFIE. The
convergence for this case is shown in Fig. 17, where it is
observed that, as expected, the average number of needed
points increases due to the multiple singularities present.
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Fig. 18. Example of shape variation of the test triangle. The source triangle
(green) is fixed equilateral with 0.1λ edge length. The test triangle shares
a common edge with the source triangle. The noncommon edges vary from
0.002λ to 0.1λ edge length, locating the free vertex in the beige area, and
generating test triangles whose edges are no longer than their common edge
of length 0.1λ.

However, the proposed schemes provide a faster convergence
than the GT scheme and are able to achieve machine precision.
We also see that although the convergence rate of the proposed
scheme is exponential, in this case methods such as ST1 and
ST2, which are not exponentially convergent can be more
efficient choices for low-to-moderate required accuracies.

B. Stability Study With Respect to Test Triangle Shape

In previous examples, all test triangles were isosceles with
a fixed AR of 0.5. In order to characterize the overall perfor-
mance of the methods when applied to a realistic problem
in a MoM solver, the stability of evaluations with respect
to different-shaped test triangles is next investigated. For the
sake of conciseness, this study is carried out only for triangles
sharing a common edge. For this, we perform a comparison
between the number of significant digits obtained in each case
for a set of test triangles with different shapes, as shown in
Fig. 18. For this case, the source triangle is fixed with equal
edge lengths of 0.1λ and the test triangle shape is changed
by varying the noncommon edges from 0.002 to 0.1λ. This
analysis is performed using the proposed and original methods
for the evaluation of the integrals arising in the EFIE; very
similar results have been obtained for the MFIE but are not
included here for the sake of conciseness.

The results are shown in Fig. 19. The plot shows the accu-
racy behavior for 128 quadrature sample points (eight points
in angular dimension and 16 points in radial dimension) for
the original and the proposed schemes versus the test triangle
shape, as shown in Fig. 19(a) and (b), respectively. The color
at each point (x, y) represents the number of significant digits
for the test triangle with the free vertex located at that point. In
general, the obtained results are quite stable, showing a limited

Fig. 19. Number of significant digits versus different test triangle shapes; the
color at each point (x, y) represents the number of significant digits for the test
triangle with the free vertex located at that point for the integrals belonging to
the EFIE for (a) original and (b) proposed methods. A total of 128 quadrature
sample points are considered for the test triangles, eight quadrature sample
points in the angular direction, and 16 samples in the radial direction.

dependency on the shape of the test triangles, especially for
the central (x, y) positions. Moreover, the behavior is also
reasonable even for the extremely deformed cases (close to the
common vertices), demonstrating the method’s applicability to
arbitrarily shaped triangles in a realistic MoM example.

C. Optimal Selection of the Quadrature Points

Having studied the stability of the proposed schemes for
different relative positions between the test and source trian-
gles and variations of the AR of the test triangle, a deeper
analysis is next carried out to determine the feasibility of
optimally selecting points to achieve a prescribed accuracy.
Considering the stability demonstrated by the methods in the
previous results, for the sake of conciseness, this study is
carried out only for one of the examples presented for each
triangle relationship: two triangles sharing a common vertex
with a 15◦ vertex angle, two triangles sharing a common
edge with a 90◦ vertex angle, and two triangles sharing their
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Fig. 20. Number of significant digits versus the number of quadrature points
per linear dimension in angular and radial directions using (a) proposed and
(b) original methods for the integrals belonging to the EFIE; coupling between
triangles “1” and “5” in Fig. 11(b).

integration domains. We show in Fig. 20 how the accuracy of
the EFIE integrals change relative to the number of radial and
angular points for the proposed and original schemes applied
to the common vertex case. Fig. 20 represents the number of
significant digits as a matrix [M] with respect to the number
of radial and angular points. Each element of [M]i j shows the
number of significant digits when applying the corresponding
method with i number of radial points and j number of
angular points. Hence, the rows and columns of [M]i j show
the behavior of the accuracy when the sampling along one
of the directions is fixed, suggesting, as expected, that the
best performance is obtained by simultaneously increasing
the sampling in both directions. We observe similar behavior
between both methods, as shown in the first analysis for the
common vertex case. It is also observed that the optimal
relation between both linear dimensions is to approximately
double the number of radial sample points compared to the
angular ones.

Fig. 21. Number of significant digits versus the number of quadrature points
per linear dimension in angular and radial directions using (a) proposed and
(b) original methods for the integrals belonging to the EFIE; coupling between
triangles “1” and “3” in Fig. 11(a).

Similar analyses are performed for the common edge
case, with interesting results. For the proposed approach, in
Fig. 21(a), we still see a linear relation between both direc-
tions, where the optimal case is obtained by setting the number
of radial points to twice the number of angular points. In
Fig. 21(b), this analysis is performed for the original scheme. It
can be noticed that the performance is similar to the proposed
scheme for low-to-moderate accuracies, but the convergence
deteriorates for higher numbers of significant digits, as we
lose the regular relationship between the number of angular
and radial points and the optimum ratio becomes more difficult
to predict. This behavior is also replicated in the self-term case
since it is based on the common edge case, as can be observed
in Fig. 22.

Finally, although these three configurations focused on
isosceles triangles, the conclusions described above can be
observed with other triangle shapes. For the sake of com-
pleteness, this analysis is extended for one of the very
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Fig. 22. Number of significant digits versus the number of quadrature points
per linear dimension in angular and radial directions using (a) proposed and
(b) original methods for the integrals belonging to the EFIE; self-coupling of
triangle “1” in Fig. 11(a).

Fig. 23. Number of significant digits versus the number of quadrature points
per linear dimension in angular and radial directions using the proposed
method for the integrals belonging to the EFIE; coupling between triangles
in Fig. 18 with the free vertex point located in position (x, y) = (−0.4, 0.1).

deformed triangles shapes of triangles sharing a common edge
shown in Fig. 18, with the free vertex located in position

(x, y) = (−0.4, 0.1). These results are shown in Fig. 23, where
it can be verified that even if the reachable accuracy is lower,
the number of radial points remains at about twice the number
of angular points.

VI. CONCLUSION AND PERSPECTIVES

In this work, a novel test quadrature approach is proposed
for the accurate evaluation of test (outer) integrals arising in
moment methods, both for the EFIE and MFIE operators. The
static behavior of the so-called vertex functions was studied
and a custom quadrature scheme was developed that properly
captures and accounts for the logarithmically singular behavior
of potentials and their derivatives near edges and vertices using
MRWlog quadrature and/or GL quadrature along the angu-
lar and radial dimensions, respectively. The new quadrature
scheme has been formulated for the case of a test triangle
sharing either a common vertex or a common edge with a
source triangle, as well as for the self-term associated with
the EFIE. Moreover, the proposed scheme is compared to and
found to be similar in convergence properties to the original
method of [12], which was applied only for the MFIE operator,
but which, as shown here, applies to the evaluation of EFIE
operators as well.

An analysis of the performance of the proposed method
demonstrates its improved convergence, especially with
respect to a conventional Gauss triangle scheme and, to a
lesser extent, to the original method and the two methods
described in [13]. The proposed approach yields essentially
exponential numerical convergence to machine precision of
4-D MoM integrals. In this analysis, different triangle config-
uration pairs are considered, not only with respect to realistic
angle scenarios between test and source triangles but also
over a range of test triangle ARs that validate the generality
of the proposed method. In addition, a preliminary study of
the optimal selection of angular and radial points is included.
Regarding the two methods proposed in [13], we remark that
if only low accuracies are required in the EFIE integrals, their
convergence is similar to the proposed approaches. However,
those methods were not designed with the MFIE in mind, nor
did they account for the strong angular variations of potentials
near vertices. Finally, because of the near-exponential conver-
gence (i.e., near-linear variation of the number of significant
digits with respect to the number of sample points), the
proposed method is generally more predictable in terms of
selecting the number of sample points to achieve a prescribed
accuracy.

The proposed method has been demonstrated to be a strong
candidate for improving the accuracy and performance of
the test integrals involved in the MoM for all the possible
configurations and for both the EFIE and MFIE. Impor-
tantly, it may be easily integrated into any MoM code,
independent of the source integration method (although, for
high accuracy in the MoM matrix entries, the accuracy
of both the inner and outer integrals must be considered
together).

A possible next step is to extend the proposed integration
scheme to higher order elements and basis functions and
volumetric discretizations.
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