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On the Brillouin Zones of Glide-Symmetric
Structures

Martin Petek , Member, IEEE, Jorge Alberto Tobón Vásquez , Member, IEEE,
Guido Valerio , Senior Member, IEEE, Francisco Mesa , Fellow, IEEE, Oscar Quevedo-Teruel , Fellow, IEEE,

and Francesca Vipiana , Senior Member, IEEE

Abstract—In this work, we investigate the appropriate defini-

tions of the Brillouin zones and unit cells for glide-symmetric

(GS) structures. In addition to translational periodicity, such

structures possess glide symmetry; that is, invariance after a

translation and a mirroring. Starting from basic concepts, we

show that defining GS structures only by their translational

periodicity leads to dispersion diagrams that are less clear

and practical, similar to the e↵ect observed when unnecessarily

large periods are employed. In particular, we observe that the

anisotropy of the structure is incorrectly assessed when following

the definitions commonly adopted in the existing literature.

Therefore, we introduce a modeling technique utilizing the

multimodal transfer matrix method (MMTMM). This method

can incorporate glide periodicity e↵ectively, leading to an e�cient

solution as it operates with a reduced computational domain.

It also leads to the demonstration of the e↵ects of misleading

definitions on various commonly used geometric configurations

in the literature. The framework described here is applicable to

any GS structure and facilitates the comparison of di↵erent types

of unit cells.

Index Terms—Electromagnetic bandgap materials, numerical

analysis, periodic structures.

I. INTRODUCTION

P
ERIODIC structures find many applications in antenna
engineering, as they allow the construction of tailored
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materials with properties not found in nature, designed with
a specific material property [1], [2] such as electromagnetic
band gap (EBG) materials [3], [4], or materials having unusual
dispersive properties [5]. Due to the invariance of these
structures with respect to a translation operator, their elec-
tromagnetic characteristics can be determined by restricting
the simulation’s computational domain to a single unit cell
with periodic boundary conditions (PBCs). This is achieved by
applying boundary conditions in line with the Floquet–Bloch
theorem, that is, an eigenvalue problem defined within a unit
cell on the translator operator defining the structure [6]. The
unit cell is a subregion of the structure from which we can
construct the complete structure with a translation operation.
The smallest unit cell for which this is true is referred to as
a primitive unit cell, while the larger unit cells are named
supercells [7], [8]. Henceforth, we shall refer to this property
as translational periodicity.

In recent years, the inclusion of glide symmetry in periodic
antenna and microwave designs has been revisited [9]. glide
symmetric (GS) structures are characterized by invariance
with respect to a glide operator, i.e., the composition of
a translation by half a period and a mirroring [10], [11],
[12]. They can be implemented in 1-D or 2-D lattices. In
the case of 2D-periodic structures, there exist two choices
of introducing glide symmetry: either along only one of
the lattice vectors, resulting in a 2D-periodic structure glide
symmetric along one direction (GS(1)), or along the two lattice
vectors, resulting in a 2D-periodic structure glide symmetric
along two directions (GS(2)) [13]. More recently, hexago-
nal glide symmetric (GS(hex)) structures have been studied
[14]. Depending on the application, some of these config-
urations may improve the electromagnetic performance of
antennas and other high-frequency components compared to
conventional structures [15]. Consequently, numerous designs,
using various types of unit cells, have been proposed, either
exploiting their properties as EBG materials [16], or to use
them instead of dielectric materials to implement a refractive
index [9].

The significant interest raised by the introduction of glide
symmetry has also led to the development of custom-fit
specialized modeling techniques for their unique geometrical
characteristics [17], [18], [19], [20], [21]. These techniques
are based on a generalized Floquet theorem [10], [11], i.e.,
an eigenvalue problem defined within half a unit cell on the
glide operator defining the structure. This theorem establishes
how the electric field at a specific point is related to its GS
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equivalent. The application of this theorem to GS structures
is often presented as containing two branches, describing
whether the mirroring part of the glide operation is per-
formed over a perfect electric conductor (PEC) or perfect
magnetic conductor (PMC) planes [17], [18]. In past work,
both were used to obtain the complete solution. Sometimes,
these branches are also referred to as parities [18]. These
approaches facilitate the e�cient derivation of eigenmode
solutions, characterized by modal wavenumbers (describ-
ing propagation within the structure) and their frequency
dependence. Typically, they are computed along the bound-
ary of the irreducible Brillouin zone (IBZ), which is the
smallest area encompassing unique solutions for a partic-
ular structure [6]. The plot of frequency versus the value
of the wavenumber along the IBZ results in the dispersion
diagram.

A characterizing feature of a GS structure is its particular
modal configuration [15]. The study carried out in [18],
[21], and [22] identified that these modes can be grouped in
pairs characterized by opposite parities. However, inconsis-
tencies are present in certain previously published dispersion
diagrams, especially in the case of glide symmetry within
the hexagonal lattice, as explored in our earlier research
[22]. Using the standard definition of the IBZ, we derived a
dispersion diagram that shows an apparent symmetry among
solutions. However, given the IBZ definition, all solutions
should be distinct [6]. In a square lattice, this symmetry is not
apparent, yet the two parties share identical modal solutions in
certain sections of the dispersion diagram [15]. Consequently,
a natural question is whether they can be regarded as the
same solution. A further issue is the comparison between
glide and nonglide geometries. In some previous works, such
comparisons were made using a supercell of the nonglide
structure [15], [18]. The dispersion diagram that results has
practical implications for lens design because establishing the
equivalent refractive index involves an ad hoc judgment. This
judgment depends on whether the second mode of the GS
structure is considered a continuation of the first in certain
parts of the dispersion diagram, but not in others [23], [24]. In
[24], this choice is justified by observation of the field patterns.
This work focuses on addressing these concerns; that is, is
there a theoretical framework that can unify the approaches
and tools applied to GS structures with those used for other
periodic structures?

The novelty of this work lies in our analytical demonstration
that, in GS structures, the two appearing branches exhibit
identical frequency–wavevector behavior when the wavevector
is shifted by a specific value. Furthermore, we propose a
new approach to define the IBZ of GS structures. The new
definition yields a more complete understanding of the elec-
tromagnetic characteristics of GS structures, particularly their
anisotropy. We use the multimodal transfer matrix method
(MMTMM) to set up the glide PBCs according to the gener-
alized Floquet theorem, as previously done in [18]. However,
we provide a more e�cient solution of the eigenproblem
than [18] by integrating the unit cell reduction approach
with the linearization procedures reported in [22] and [25].
Additionally, the modeling approach introduced here can also

handle structures GS(1) and GS(hex), which were not addressed
in [18].

The results of this article shed new light on the dispersion
diagrams of GS structures and their possible use. The proof
that there exists a relationship between the two (+) and (�)
branches of the dispersion diagram implies that it su�ces to
obtain one branch with the eigensolver, whereas the other can
be subsequently derived. This fact, together with the unit cell
reduction method, means less computational work is necessary
to obtain dispersion diagrams of GS structures. The new
definitions of the Brillouin zone provide a better framework
to assess anisotropic e↵ects and enable a better comparison
with nonglide geometries. As dispersion diagrams are used as
an initial step in designing periodic structures, this facilitates
the design of components where they are used, for example,
in lenses [23], [24], and EBG materials [26].

This article is organized as follows. In Section II, we present
the theoretical fundamentals and describe the e↵ects of ana-
lyzing the GS structures with the usual PBCs. In Section III,
we describe numerical modeling with the MMTMM, which
enables us to define the glide PBCs. Then, in Section IV,
results using the method are presented and compared to the
theoretical predictions. Further insights, comments, and con-
sequences of this work are given in Section V. The conclusion
is given in Section VI.

II. THEORETICAL CONSIDERATION

This section provides a concise overview of the generalized
Floquet theorem [10], [11], [17], which is subsequently further
developed to explain the properties of the two modal branches
typically observed in GS structures. Ultimately, we find that
one branch is equivalent to the other when the wavevector is
shifted by a specific amount. The discussion is centered on
the electric field, although equivalent relations hold for the
magnetic field. A time-harmonic dependence ej!t is assumed
and suppressed throughout.

A. 1-D Glide Symmetry
Consider a 1D-periodic structure (characterized by a 1-D

lattice) that is glide periodic along the x-axis. For such a
structure, the Floquet theorem states that the electric field E

for any point in the structure is related to the electric field at
the point after a translation by the period px as

E (x + px, y, z) = e�jkx px E (x, y, z) (1)

where kx is the Floquet wavenumber. A periodic structure can
be defined by di↵erent choices of the period, but choosing the
minimal period is optimal, as choosing a larger period than
minimal results in the appearance of extra modes [27]. This
e↵ect is analogous to aliasing in sampling of signals [28].

If glide symmetry is present, the theorem can be further
generalized following derivations in [10] and [11]. First, we
define the “glide period” as

pgx = px/2. (2)

The generalized Floquet theorem is then

E
�
x + pgx, y,�z

�
= ±e�jkx pgx E (x, y, z) (3)
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which provides a relation between a point in the structure and
the point after a translation by glide period and a mirror image.
Next, we note that

�e�jkx pgx = e�j⇡e�jkx pgx = e�j(kx+⇡/pgx)pgx . (4)

Therefore, the (�) branch provides the same solution as the
(+) branch, but at a shifted value of the wavevector

ks =
⇡

pgx
=

2⇡
p
. (5)

In other words, the dispersion relation of the (+) branch, !+,
and the (�) branch, !�, are related by

!+ (kx) = !� (kx + ks) . (6)

In the case of a structure GS(1), this relation holds along the
glide-periodic dimension.

B. 2-D Glide Symmetry
In a 2D-periodic structure (characterized by a 2-D lattice),

the translational periodicity can be described with the lattice
vectors s1 and s2 [7]. The Floquet theorem applies to each
lattice vector and their sum and di↵erence [18], that is

E (⇢+ as1 + bs2, z) = e�jkt·(as1+bs2)
E (⇢, z) (7)

where a, b = 0,±1, ⇢ = xx̂+yŷ is the position vector in the xy-
plane and kt = kxx̂+ kyŷ is the transverse Floquet wavevector.
The generalized Floquet theorem can be derived in a manner
similar to that for 1-D glide-periodic structures. To do so,
we first introduce the concept of glide-periodic lattice vectors,
analogous to periodic lattice vectors [7]. As in the 1-D case,
the “glide-periodic lattice vectors” describe the translation part
of the glide symmetry operation. In [18], they are implicitly
defined as half of the sum and di↵erence of the lattice vectors.
Thus, a structure GS(2) is invariant after a mirroring in z and
a translation by either

sg1 =
s2 + s1

2
sg2 =

s2 � s1

2
(8)

which leads to the generalized Floquet theorem in 2-D

E
�
⇢+ sg⇠,�z

�
= g⇠E (⇢, z) (9)

with ⇠ = 1, 2. After a double glide symmetry operation, the
electric field is related by the glide eigenvalues g⇠ as

E
�
⇢+ 2sg⇠,� (�z)

�
= g2

⇠E (⇢, z) (10)

which again yields

g2
⇠ = e�jkt·(s2�(�1)⇠ s1) ) g⇠ = ±e�jkt·sg,⇠ . (11)

Here, (�1)⇠ is introduced to switch between the sum or
di↵erence in (8). For either value of ⇠, the same branch (±)
must be taken [18]. If we express the glide-periodic lattice
vectors as sg⇠ = sg⇠ ŝg⇠, where sg⇠ = |sg⇠ |, and define

kt,⇠ = kt · ŝg⇠ (12)

we can write the generalized Floquet theorem as

E
�
⇢+ sg⇠,�z

�
= ±e�jkt,⇠ sg⇠E (⇢, z) ⇠ = 1, 2. (13)

Fig. 1. 2-D lattice with nonorthogonal lattice vectors. (a) Direct space.
(b) Reciprocal space.

As before, for each ⇠ index, we can demonstrate that the
branch (�) is a shifted branch (+); that is,

�e�jkt⇠ sg⇠ = e�j(kt,⇠+⇡/sg⇠)sg⇠ . (14)

This shift occurs twice, for each ⇠. Thus, for pairs of the (�)
and the (+) branches, the following relation holds:

!� (kt) = !+ (kt + kts) (15)

where kts is the shift of the wavevector, given as a solution of
the linear system of equations obtained from (14)

kts = ⇡
sg2 ⇥ ẑ

ẑ ·
�
sg1 ⇥ sg2

� + ⇡
ẑ ⇥ sg1

ẑ ·
�
sg1 ⇥ sg2

� . (16)

C. Construction of Unit Cells and Brillouin z Ones
Taking into account the earlier considerations, we now

discuss the significance of defining and constructing the first
Brillouin zone for periodic and for GS structures. Initially, a
point and its periodic equivalents (�) are expressed in direct
space through the lattice vectors. In Fig. 1(a), the set of all
these points forms a periodic lattice. Subsequently, the glide-
periodic lattice vectors are defined in accordance with (8).
Again in Fig. 1(a), the GS lattice points (+) are obtained with
a translation of the central point by an integer combination of
or glide-periodic lattice vectors (8), thus forming a GS lattice.

Taking into account that the reciprocal lattice vectors are
obtained as [6]

S1 = 2⇡
s2 ⇥ ẑ

ẑ · (s1 ⇥ s2)
S2 = 2⇡

ẑ ⇥ s1

ẑ · (s1 ⇥ s2)
(17)
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Fig. 2. Constructed (a) unit cells in the direct space, and (b) first Brillouin
zone in the reciprocal space. The light-gray area is constructed from periodic
lattice vectors, while the dark-red area is constructed from glide-periodic
lattice vectors.

the key step in obtaining the appropriate Brillouin zone for GS
structures is to replace the lattice vectors in (17) with those
describing the smallest translations defining the structure. For
the case of GS(1) structures with glide symmetry along s1, we
replace this vector with the glide period sg = s1/2 to obtain

Sg = 2S1 = 2⇡
s2 ⇥ ẑ

ẑ ·
�
sg ⇥ s2

� S2 = 2⇡
ẑ ⇥ sg

ẑ ·
�
sg ⇥ s2

� . (18)

For GS(2) with lattice vectors given by (8), we have

Sg1 = 2⇡
sg2 ⇥ ẑ

ẑ ·
�
sg1 ⇥ sg2

� Sg2 = 2⇡
ẑ ⇥ sg1

ẑ ·
�
sg1 ⇥ sg2

� . (19)

The reciprocal lattice and its associated vectors are presented
in Fig. 1(b), with the (�)-markers associated with periodic
reciprocal lattice points, obtained after a translation of the
central point with an integer sum of (17). The (+)-markers are
equivalently obtained with the glide-periodic reciprocal lattice
vectors (19). The regions of both the primitive unit cell and the
first Brillouin zone can now be constructed by plotting bisec-
tors of the lines connecting the central point [(x, y) = (0, 0) for
the direct lattice or (kx, ky) = (0, 0) for the reciprocal lattice] to
its adjacent points. This is done in Fig. 2(a) for the direct lat-
tice. This figure shows an example with nonorthogonal lattice
vectors where the primitive cell constructed by considering
only the periodic lattice points is found to be a hexagon;
this is the usual unit cell, which can be used to build the
entire structure by multiple translation operations. The study

of the periodic structure can be restricted to this single cell by
imposing PBCs on its boundaries. By incorporating the GS
periodicity, a di↵erent cell can be defined by means of the
glide periods, whose area is reduced to the rectangular red
region. This cell can be used to build the entire structure by
multiple glide operations. The study of the periodic structure
can be restricted to this single cell by enforcing glide PBCs
on its boundaries. It is therefore clear that the glide-periodic
structure is completely defined by a subdomain of its (gray)
unit cell, which is called here the GS unit cell (in red in the
figure).

The first Brillouin zones associated with these two regions
are presented in Fig. 2(b). Note the inverse relationship
between the physical size of the cell and the span of its
associated first Brillouin zone, as a consequence of (19). In
Fig. 2, we introduce a rotated (primed) coordinate system, as
it is more natural to the GS unit cell.

The first Brillouin zone can often be further reduced to the
IBZ. At this stage, the symmetries of the periodic structure are
examined, such as mirror and rotational symmetries, and then
directly applied to the reciprocal space. Furthermore, for any
reciprocal (linear and time-invariant) structure, the solutions
of +kt are equal to �kt. Further details on the construction of
Brillouin zones and determining the IBZ can be found in [29]
and [6].

III. NUMERICAL MODELING

In this section, we use the generalized Floquet theorem
to set the appropriate glide PBCs in the MMTMM. The
MMTMM is a hybrid method with two steps. First, we
need to obtain the coupling matrices of the multimodal ports
surrounding the primitive unit cell in the frequency range of
interest. In the scenario of a 1-D lattice, there exist two ports,
while in the situation of a 2-D lattice, there are four. The solver
used in this step is usually the CST frequency domain solver
(CST FDS) with hexahedral meshing, as it allows placing
the open boundary condition with touching ports [8], [30].
In a second postprocessing step, the translational periodic
(or, where possible, glide-periodic) boundary conditions are
set up, and the associated eigenvalue problem is solved. The
solutions are obtained as complex wavenumber values for a
given frequency, each of them associated with a Bloch mode
of the structure.

A. 1-D Lattice
Using N modes in the waveports of the primitive unit cell,

the equation for a one-dimensional (1-D)-MMTMM problem
for a GS structure is given by [8], [18]

[T] [Fx] = [Q][C]�x [Fx] (20)

where [T] is the 2N ⇥ 2N (ABCD) transfer matrix obtained
with N modes, [Fx] is the (unknown) eigenvector

[Fx] =


Vx
Ix

�
(21)

with Vx and Ix being N ⇥ 1 arrays containing the equivalent
voltages and currents in the input/output ports. The eigenvalue
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�x represents the phase factor relating the eigenvectors at the
input and output ports and is given in terms of the phase shift
kx pgx as

�x = e�jkx pgx (22)

where kx = �x � j↵x is the modal wavenumber, with � and ↵
being the phase and attenuation constants, respectively. Note
that we use here pgx because this is the distance between
the two ports in the MMTMM (the ports are defined at the
GS boundaries, pgx = pg). The correction matrix [C] is a
diagonal matrix, introduced in this work to correct for an
eventual di↵erence in phase or amplitude of the port modes
at the boundaries of the unit cell. The port eigensolver of
CST FDS typically assigns the same phase and amplitude to
a specific mode in the input and output ports. However, we
found instances where the solver generates the same mode at
opposite ports with a phase shift of 180�. The structure of this
matrix is

[C] =


[cx] [0]
[0] [cx]

�
(23)

where the diagonal matrix [cx] = diag[cx,1, . . . , cx,N] contains
the elements selected to carry out the necessary adjustment
for the respective port mode.

Another key di↵erence from the standard approach [8] is
the introduction of the parity matrix [Q] [18]. This is again a
diagonal matrix

[Q] = ±
⇥

qx
⇤

[0]
[0]

⇥
qx

⇤
�

(24)

with entries of [qx] = diag[px,1, . . . , px,N] set to + 1(�1) if the
corresponding port mode is even(odd) along the direction z.
This matrix accounts for the mirroring operation of the glide
periodicity and includes the possibility of choosing the (±)
branches of (3). A detailed discussion on how to obtain the
matrices [Q] and [C] is given in Section IV-A.

The solution to (20) is straightforward since the following
linear eigenvalue problem is obtained by left-multiplying with
([Q][C])�1:

([Q][C])�1 [T] [Fx] = �x [Fx] . (25)

The eigenvalue �x can be determined using any standard linear
eigenvalue problem solver. Subsequently, the wavenumber can
be derived by rearranging (22) as

kx = ln (�x) /
�
�jpx

�
. (26)

B. 2-D Lattice
For a 2-D lattice, we can set the eigenvalue problem for

glide-periodic boundaries as

[eT]


Fx
Fy

�
= [Q][C]


�xFx
�yFy

�
(27)

where [eT] is the permuted transfer matrix defined in [25], and
the correction diagonal matrix [C] is given by

[C] =

2
664

[cx]
[cx] ⇥

cy
⇤

⇥
cy

⇤

3
775 (28)

with [cx] defined in the same way as in (23), and [cy] similarly
but now regarding the port modes in the y-direction. The
internal structure of the diagonal parity matrix [Q] depends
on the type of glide symmetry. For a GS(1) structure, where
the glide symmetry is along x, it is defined as

[Q1D] =

2
664
±

⇥
qx

⇤
±

⇥
qx

⇤
[I]

[I]

3
775 (29)

where [qx] is defined as in (24) and the PBC along y is set
with the identity matrix [I]. For a GS(2) structure, the diagonal
parity matrix is given by

[Q2D] = ±

2
664

⇥
qx

⇤
⇥
qx

⇤
⇥
qy

⇤
⇥
qy

⇤

3
775 (30)

with [qy] similarly defined as [qx] but now for the port modes
in the y-direction. It should be noted that the two (±) branches
appearing in (13) are now reflected in the signs ± associated
with [Q].

The original eigenvalue problem (27) is better rewritten as
the following nonstandard eigenvalue problem:

[eTg]


Fx
Fy

�
=


�xFx
�yFy

�
(31)

where

[eTg] = ([Q][C])�1 [eT=]


[eTg, xx] [eTg, xy]
[eTg, yx] [eTg, yy]

�
. (32)

The e�cient solution of this eigenvalue problem for di↵erent
cases of interest is discussed in the appendix.

IV. NUMERICAL RESULTS

We now provide the specifics of the implementation and
the results of the MMTMM analysis applied to periodic
structures composed of pins. The structures are fully metallic,
and losses are neglected by replacing the metal with the PEC.
Incorporating conductor and dielectric losses does not alter
the methodology in Section III because these losses can be
inherently included via the multimodal transfer matrix com-
puted using the full-wave simulator. In addition to validating
the numerical method itself, we demonstrate the e↵ects of
using PBCs instead of glide PBCs to solve the eigenproblem
of the GS structure. We analyze four distinct cases: 1-D-
periodic structures, two-dimensional (2-D)-periodic structures
with GS(1), GS(2) and GS(hex). For each case, we present the
results of scanning the cell path usually employed in the
literature, and the proposed primitive cell path, which accounts
for the glide periodicity. Both the (+) and (�) branches are
calculated and discussed. In practice, one may only compute
one of the branches and then follow the tables in this work to
obtain the behavior of the other one. Henceforth, we will refer
to the unit cell with only periodic boundaries as a periodic unit
cell, and the minimum computational domain, defined with all
possible glide-periodic boundaries, as the GS unit cell.
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Fig. 3. Geometry of the GS structure in a 1-D lattice. (a) periodic unit cell
(left) can be reduced to the GS unit cell (right). The dotted red lines mark the
boundaries of the half-cell. (b) Top-down schematic of the structure, where
the two dotted circles are pins at the top of the structure.

TABLE I
GEOMETRY PARAMETERS FOR STRUCTURES IN THIS WORK

A. 1-D Lattice

Consider the example of a rectangular waveguide with
glide-periodic pins, as in the left of Fig. 3(a). The pins are
alternately connected to the top and bottom metallic walls
and are separated from the other wall by a small gap. The
geometric parameters of the structure are given in Table I. In
Fig. 3(a), the dotted red line marks the GS unit cell (depicted
on the right), which is used with the MMTMM procedure. The
top-down view of the lattice is presented in Fig. 3(b), where
the glide period is

pg = p/2. (33)

To apply the MMTMM, first we must find the entries of
the matrices [C] and [Q] in (25). The matrix [C] corrects
the definition of the zero phase of two opposite ports, and its
entries are determined by the algorithm employed to compute
the port modes. Therefore, these entry values might vary for
di↵erent solver settings, such as the mesh used. As an example,
we examine the electric field configurations of the first, third,
and fifth modes in Fig. 4(a), (c), and (e), respectively. These
modes correspond to the same port and are arranged by
frequency. Next, we compare these with the equivalent modes
in Fig. 4(b), (d), and (f). We note that after a translation by pgx̂,
the first modes remain in phase. However, the third and fifth
modes exhibit a 180� phase di↵erence. Consequently, their
contributions to the matrix [C] are 1, �1, and �1, respectively.

Fig. 4. Determining the entries of [C][Q] matrix. For each mode, we
compare the z-component of the electric field at one port to its glide-periodic
counterpart (in full line boxes). (a) Mode 1 at port 1. (b) Mode 1 at port 2.
(c) Mode 3 of port 1. (d) Mode 3 of port 2. (e) Mode 5 of port 1. (f) Mode
5 of port 1.

We now determine the values of the parity matrix [Q]. We
start by examining the z-component of the electric field for
the first mode in Fig. 4(a). When we compare the orientation
of the two arrows shown in the figure, we can see that this
mode has even parity (z-components of the electric field are
in-phase). The same observation can be made in Fig. 4(c) for
the third mode. Similarly, the fifth mode can be determined
to have odd parity in Fig. 4(e), as the vertical components
are out-of-phase and the horizontal components are in-phase.
Thus, the first, third, and fifth diagonal entries to [Q] would be
1, 1, �1. Note that, if the z-component is 0 for the entire field,
the y-component may be used. If it is in-phase after mirroring
(i.e. the mirroring plane is a PMC), the parity is �1, and if it is
out-of-phase (i.e. the mirroring plane is a PEC), the parity is +
1.

The product of [Q] and [C] is better considered as a single
matrix, and its values are obtained by comparing the electric
field of the mode at one port to the electric field at the
other port after a translation and a mirroring. Specifically,
each entry is determined by checking if one mode transitions
to the corresponding one in the opposite port via reflection
across a PEC or PMC plane. However, separating them into
two contributions may help to understand the e↵ects of GS
structures better. In establishing the glide PBCs (3) instead
of the traditional PBCs (1), the distinction lies solely in the
[Q] matrix, resulting from the mirroring operation. There-
fore, given the same GS unit cell, if the most important
port modes in MMTMM only have even parity, there is no
discernible di↵erence between solving the glide-periodic or
periodic eigenproblem, and the electromagnetic performance
of the associated structures will be similar [18].

The results of the MMTMM using N = 13 port modes
for the structure in Fig. 3 are shown in Fig. 5. In the figure,
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Fig. 5. Dispersion diagram for the GS structure in a 1-D lattice.

Fig. 6. Geometry of the GS(1) structure. (a) periodic unit cell (left) can be
reduced to the GS unit cell (right). The dotted red lines mark the boundaries
of the GS unit cell. (b) Top-down schematic of the structure. The full circles
are bottom pins, and the dotted circles are top pins. (c) First Brillouin zone
of the structure. The IBZ of the periodic unit cell is in a black dashed line.
The IBZ of the GS unit cell is in a red dotted line.

an excellent agreement is observed between the proposed
method and CST eigenvalue solver (CST ES), which uses the
translation PBCs. Note that with the MMTMM, we directly
obtain the full range of values of �x p/⇡ from �2 to 2, and
we can distinguish between the (+) and (�) branches in the
dispersion diagram. As predicted by (4), the phase shift of the
branch (�) is that of the branch (+), shifted by 2⇡ (5).

B. 2-D Lattice, 1-D Glide Symmetry
In this section, we examine a 2D-periodic structure that

exhibits glide periodicity along the x-axis, referred to as GS(1).
The unit cell of this structure is depicted in Fig. 6(a). The
values of parameters are given in Table I with the only
di↵erence of the replacement of the PEC walls in Fig. 3
with PBCs at the y edges of the unit cell in Fig. 6(a). The
translational periodic lattice vectors are given by

s1 = px̂ s2 = pŷ (34)

Fig. 7. Dispersion diagrams of the GS(1) structure: (a) neglecting the
glide periodicity (commonly scanned path) and (b) accounting for the glide
periodicity (proposed path).

and the glide-periodic lattice vector is (pg = p/2)

sg = s1/2 = pgx̂. (35)

The top-down view of the structure is presented in Fig. 6(b).
The first Brillouin zone of the periodic unit cell and the GS
unit cell shown in Fig. 6(a) are depicted in Fig. 6(c). In this
figure, the IBZ of the periodic unit cell and the GS unit cell are
the dashed black and dotted red lines, respectively. The IBZ is
here reduced to a quarter, since the structure possesses mirror
symmetry over xz- and yz-planes, but not a 90� rotational
symmetry about ẑ.

The results of the MMTMM analysis are presented for
two paths of the Brillouin zone. Fig. 7(a) shows the results
concerning the path defined using only the period p and
Fig. 7(b) shows the results when the glide periodicity is also
considered. The first six modes are retained in the MMTMM
to resolve the eigenproblem. Since the paths are always along
a constant value of kx or ky, we use (43) or (44), according
to the wavevector values (kx, ky) for the critical points in the
Brillouin zone in Table II. Here, we keep the same conventions
as in [13], but we use the subscript g to distinguish between
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TABLE II
WAVEVECTOR COMPONENTS AT CRITICAL POINTS OF THE

IBZ OF THE STRUCTURE GS(1)

TABLE III
ACTUAL PATH OF (�) BRANCH AND EQUIVALENT PATH OF

THE (+) BRANCH FOR GS(1) STRUCTURE

Fig. 8. Isofrequency maps for the first (+) and (�) branches for the GS(1)

structure in Fig. 6. The y axis is shared in the plots. The dashed lines delimit
the first Brillouin zone of the periodic unit cell.

those obtained when considering the glide period pg. We
additionally introduce k0x and k0y, which are the wavevector
components in the coordinate system of the GS unit cell. In
this GS unit cell, the orientation aligns with both kx and ky,
as the periodic and glide-periodic boundary orientations in
Fig. 6(b) are identical.

As seen in Fig. 6(c), the main di↵erence between the paths
associated with the periodic unit cell and the GS unit cell
is the removal of the section XM and the introduction of
the section XXgMgM. However, this additional path increases
the amount of information in the dispersion diagram. Looking
separately in Fig. 7(a) at the (+) and (�) branches in �X, it
can be observed that they do not reach the extreme value for
this direction of propagation, as noted in Fig. 7(b) where we
can observe that (+) branches continue to higher values after
X. Thus, when reading the diagram in Fig. 7(a), we might
incorrectly interpret that the stopband in the XM direction
starts at about 20 GHz, when in fact XgMg is the proper
boundary of the stopband in that direction, starting at about
30 GHz. Furthermore, the apparent anisotropies are di↵erent,
as the XM and XgMg have di↵erent slopes. However, while
the XM region does not provide any relevant information, the
branch (�) in other sections of the IBZ in Fig. 7(a) is in fact
shifted from the missing parts of the branch (+) in Fig. 7(b).
The equivalent paths of the two branches are given in Table III.

The prediction by (6) that the solution at kx of the branch (�)
is equivalent to that of the branch (+) shifted by ⇡/pg is made

Fig. 9. Geometry of the GS(2) structure. (a) periodic unit cell (left) can be
reduced to the GS unit cell (right). The dotted red lines mark the boundaries
of the GS unit cell. (b) Top-down schematic of the structure. The full circles
are bottom pins, and the dotted circles are top pins. (c) First Brillouin zone
of the structure. The IBZ of the periodic unit cell is in a black dashed line.
The IBZ of the GS unit cell is in a red dotted line.

more evident in the isofrequency maps shown in Fig. 8. The
entire region presented in the figure is the first Brillouin zone
of the GS unit cell. The dashed vertical lines delimit the region
corresponding to the first Brillouin zone of the periodic unit
cell, neglecting the glide periodicity.

C. 2-D Lattice, 2-D Glide Symmetry
We proceed to examine the structure GS(2) shown in

Fig. 9(a). Due to the identical periodicities along x and y,
the GS unit cell, along with its corresponding coordinate axes
x0 and y0, is rotated by 45�, as illustrated in Fig. 9(b) [18].
The periodic lattice vectors are given by

s1 = px̂ s2 = pŷ (36)

and the glide-periodic lattice vectors are (pg = p/
p

2)

sg1 = pg

✓
ŷ + x̂p

2

◆
sg2 = pg

✓
ŷ � x̂p

2

◆
. (37)

As observed in Fig. 9, the structure is mirror-symmetric with
respect to xz- and yz-planes. It also possesses symmetry with
respect to a 90� rotation about ẑ. Therefore, its IBZ is a
triangular region, as depicted in Fig. 9(c). The paths �YM�
and �XM� are equivalent due to the symmetries of the unit
cell. As the GS unit cell is rotated compared to the periodic
unit cell, this results in a rotation of its associated Brillouin
zone. Furthermore, the corner point M in the first Brillouin
zone of the periodic unit cell becomes equivalent to the side
midpoint Xg of the GS unit cell. Adhering to the convention
that we scan the IBZ from � to the midpoint of the unit cell
and then the corner point, the path of the GS unit cell becomes
�XgMg�.

The results of the MMTMM analysis using the first six
modes at each port are shown in Fig. 10, with the critical
points defined in Table IV. Note that the path �Y contains
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Fig. 10. Dispersion diagrams of the GS(2) structure: (a) neglecting the
glide periodicity (commonly scanned path) and (b) accounting for the glide
periodicity (proposed path).

TABLE IV
WAVEVECTOR COMPONENTS AT CRITICAL POINTS OF THE

IBZ OF THE GS(2) STRUCTURE

the same solutions to the path �X and the critical point X is
equivalent to Y. For this unit cell, all paths except for XM
and Mg� can again be resolved using either (43) or (44). The
XM region, obtained with the primitive unit cell in the right
of Fig. 10(a), requires the use of (47) with n = �1, while Mg�
can be calculated using (42).

Scanning the IBZ of the GS unit cell �XgMg� replaces
the section XM in Fig. 7(a) with XgMgX in Fig. 7(b). This
results in a more correct interpretation of the properties of
the dispersion diagram from the structure, as the XM appears
at a lower frequency and has a smaller slope, resulting in

TABLE V
ACTUAL PATH OF (�) BRANCH AND EQUIVALENT PATH OF THE (+)

BRANCH FOR GS(2) STRUCTURE

Fig. 11. Isofrequency maps for the first (+) and (�) branches for the GS(2)

structure in Fig. 9. The y axis is shared in the plots. The dashed and the dotted
lines delimit the first Brillouin zone of the periodic unit cell and the GS unit
cell, respectively.

an incorrect assessment of both stopband and propagative
anisotropy. The equivalence paths of the branches are given in
Table V.

The isofrequency maps for the first branch pairs can be
observed in Fig. 11. In the figure, the dotted line presents
the first Brillouin zone of the GS unit cell, while the dashed
line represents the first Brillouin zone of the periodic unit cell.
Considering the lattice vectors in (36), the predicted shift from
(16) is kts = (2⇡/p)ŷ, as can be observed in Fig. 11.

D. Hexagonal Lattice
The last, and most complex example, is the case of GS(hex)

structure. Here, we will consider equilateral hexagons, which
can alternatively be defined by a rhombic unit cell [31]. In this
configuration, there are three equivalent choices of the rhombic
geometry, resulting in a unit cell of the same size. Our choice is
illustrated in Fig. 12(a), with its geometric parameters given in
Table I. The sides of the rhomb are described by the following
lattice vectors:

s1 = ax̂ s2 = a
⇥
sin (⇡/6) x̂ + cos (⇡/6) ŷ

⇤
. (38)

As these lattice vectors are not orthogonal, no e↵ective di↵er-
ence is found between the structures obtained through either
GS(1) or GS(2), as only one unique structure can be obtained
[14]. Note that, after reducing the structure to the GS unit cell
with glide-periodic boundaries, the GS unit cell on the right
of Fig. 12(a) becomes rectangular, with the periodicities in the
x0y0-coordinates given by

pgx0 = a cos (⇡/6) pgy0 = a/2. (39)

The glide-periodic lattice vectors in the xy-coordinate system
are [see Fig. 12(b)]

sg1 = pgx0 cos (⇡/6) x̂ + pgx0 sin (⇡/6) ŷ

sg2 = �pgy0 sin (⇡/6) x̂ + pgy0 cos (⇡/6) ŷ. (40)
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Fig. 12. Geometry of the GS(hex) structure: (a) periodic unit cell (left) can be
reduced to the GS unit cell (right). The dotted red lines mark the boundaries
of the GS unit cell. (b) Top-down schematic of the lattice. The full circles
are bottom pins, and the dotted circles are top pins. (c) First Brillouin zone
of the structure. The IBZ of the periodic unit cell is in a black dashed line.
The IBZ of the GS unit cell is in a red dotted line.

TABLE VI
WAVEVECTOR COMPONENTS AT CRITICAL POINTS OF THE IBZ OF THE

GS(HEX) STRUCTURE

TABLE VII
ACTUAL PATH OF (�) BRANCH AND EQUIVALENT PATH OF THE (+)

BRANCH FOR GS(HEX) STRUCTURE

Similar to the structure GS(2), the two coordinate systems here
are rotated, although here by 30�. This rotation also appears in
the Brillouin zone, as illustrated in Fig. 12(c). It is important
to mention that, although the translational periodic lattice
vectors are nonorthogonal, the glide-periodic lattice vectors
are orthogonal. Thus, the first Brillouin zone of the periodic
unit cell is a hexagon, while the first Brillouin zone of the GS
unit cell is the rectangular region.

The results of the MMTMM analysis using the first six
modes in the input/output ports are presented in Fig. 13.

Fig. 13. Dispersion diagrams of the GS(hex) structure: (a) neglecting the
glide periodicity (commonly scanned path) and (b) accounting for the glide
periodicity (proposed path).

The wavevector components at critical points are given in
Table VI. All sections, except for K5K, are obtained using the
linearized formulations (43) or (44). The section K5K requires
the resolution of the polynomial eigenvalue problem (47),
as in [22]. As previously noted, Fig. 13(a) illustrates some
insu�ciencies caused by the use of the previously identified
IBZ [14], [22]. It is notable that the branches in �K5 intersect
and terminate suddenly, displaying a clear symmetry around
the midpoint of the K5K section. Furthermore, we note that
unlike for �X in the case of GS(2), the (�) branch may not
be used to extend the (+) branch in �K5, as evident in
Fig. 13(b). The equivalence of di↵erent sections in the dis-
persion diagram is given in Table VII. Considering (40), the
computed shift with (16) is

kts =
2⇡

a cos (⇡/6)
ŷ (41)

which is exactly the value observed in Fig. 14, where the
isofrequency plots are presented for the first pair of each
branch.
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Fig. 14. Isofrequency maps for the first (+) and (�) branches for the GS(hex)

structure in Fig. 12. The y axis is shared in the plots. The dashed and the
dotted lines delimit the first Brillouin zone of the periodic unit cell and the
GS unit cell, respectively.

E. Full-Wave Validation
Here, we further investigate whether the (�) branch is

a physically meaningful solution, located at the nonshifted
values of the wavevector. Taking into account that the (+)
and (�) branches are simply related through the shift (16),
it is worth to investigate whether the spectral components of
the (�) branch are solutions present in the periodic structure,
or they could be considered “extra modes”, as in the case of
supercells [27]. We explore this issue by deriving the spectral
components, shown as isofrequency curves, using a method
that does not inherently presuppose a particular periodicity.

The above study is carried out by exciting a finite periodic
structure and examining the resulting spectral components via
the Fourier transform of the electric field components, as
detailed in [32]. Two structures are compared: the GS(2) from
Fig. 9(a) and a conventional 2D-periodic pin structure with
the period equal to the glide period in Table I (i.e., a structure
where the top pins are instead placed on the bottom). Both
structures have a dimension of 20p ⇥ 20p and the E-field is
excited by a z-aligned discrete port, located at a central pin. An
investigation of the electric field at 10 GHz on the glide plane
is conducted. The results can be found in Fig. 15, where the
plots in the same column belong to the same structure (left
for the nonglide and right for the glide case) and the rows
depict the magnitude of the Fourier transform of the x, y,
and z field components, respectively. The white circles are the
isofrequency curves of the solution obtained by CST ES. The
results in the second column for the case of glide symmetry
demonstrate that the spectral solutions corresponding to the
(�) branch (here plotted as dotted circular lines) are present
both in the Ex and Ey components, while the Ez only shows
contributions associated with the (+) branch. This means that
the solution of the (�) branch has physical meaning by itself
and is not an alias of the solution in the (+) branch at the
shifted value of the wavevector given by (16). Therefore, (15)
must be interpreted as a relation of dispersion curves of two
distinct physical solutions, both of which exist in the structure.
This is consistent with the results in [32], where such an
analysis was done for a 1-D glide-periodic structure.

V. DISCUSSION

In this section, we o↵er additional context regarding ear-
lier research and its connection to the theory introduced

Fig. 15. Spectral components in a finite periodic structure, schematically
depicted in the top. The first column corresponds to a regular pin structure
(with p = pg) and the second to a GS(2) with geometrical parameters in
Table I. The rows show the magnitude of the Fourier transform of the x, y,
and z field components, respectively.

in this article. Some additional considerations are included
in the supplementary materials to this article. First, we
would like to reiterate that the definitions of the IBZ should
consider the glide periodicity, even if the eigenproblem is
solved with PBCs. Unfortunately, in this case, the infor-
mation on the branch of the solution in the dispersion
diagram is lost. It would be reasonable to assume that
the lowest frequency bound at � of a fundamental mode
is provided by a (+) branch, but there appears to be no
pattern with higher frequency modes. In the example with
GS(2) pins in this article, the pattern is (+), (�), (+), (�),
while for GS(2) holes it is (+), (�), (�), (+) [21]. Most
probably, this order depends on both the kind of geometry
and its specific parameters. Our recommendation is, there-
fore, whenever possible, to use a method that allows setting
glide-periodic boundaries. If not feasible, we nevertheless
recommend using the path that accounts for the glide period-
icity when computing the dispersion diagram of the structure,
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even if distinguishing between the branches is not possible
in this way.

The dispersion diagram is often used to identify the stop-
band of the structure. Fortunately, the overall stopband, where
the unit cell functions as an EBG in all possible directions,
remains unchanged when the periodic unit cell or one of its
supercells is used for simulation. However, following the pre-
vious conventions, the stopband anisotropy may be improperly
read from the diagrams. Thus, when interpreting the previously
published results of the stopband attenuation evaluation [20],
[21], [22], [24], [30], it is important to consider the missing
section of the proposed path (for example, XgMg in Fig. 10).
This missing section may be extracted by consulting the
Tables III, V, and VII in Section IV. Furthermore, previous
research reveals a notable observation regarding the stopband
behavior of GS(2) structures: at X, no stopband modes are
present [21], [30]. Similar behavior was found for GS(hex)

structures, where there are no stopband modes in KK5 [22].
The theory outlined here clarifies that these points are not
genuinely the critical points; instead, they are the intermediate
points within the first Brillouin zone.

Another use of the dispersion diagram is to extract the
equivalent refractive index for di↵erent directions of prop-
agation, which is used for lens antenna design. In a recent
article, using a GS(2) structure, the second mode is considered
an extension of the first in �X, but only the first mode is used
in the M� section [24]. This choice is justified by looking
at the field patterns. Presenting the graphs in the way as in
Fig. 10(b) makes it more apparent that the (+) branch in �X
continues and reaches the maximum at Mg, while the two
branches in �Xg may not be used as a continuation of one
another.

An alternative technique that makes it possible to work
with reduced unit cells is the method of moments employing
a specialized Green’s function [21]. Comparing the results
presented here to [21], we can note that the (+) and (�)
branches are switched. This is because of the di↵erent def-
initions of (+) and (�) parities: in [21], the branch (�) is
defined to correspond to the one where the current is translated
and subsequently mirrored over PEC, while the branch (+) is
mirrored over the PMC. Therefore, this discrepancy is only in
the nomenclature, as here we define the PEC-related branch
to be (+).

Furthermore, we note that the e↵ect of merging of the
modes is also apparent in other kinds of higher symme-
tries, for example, twist symmetries [10], [33]. However,
when translation is not involved in the higher symmetry,
this behavior is not observed, as exemplified by the mir-
ror half-turn symmetry studied in [14] and [21]. Therefore,
we may conjecture that the results of this work may be
extended to higher symmetries that involve a translational
operator.

Finally, it should be noted that the theory discussed in
this study is rigorous only under conditions of perfect glide
symmetry. Deviations from glide symmetry will induce the
formation of a stopband around the meeting point of the (+)
and (�) branches [34]. In that case, standard definitions of the
Brillouin zones apply.

VI. CONCLUSION AND PERSPECTIVES

In this work, we demonstrated that neglecting the glide
periodicity results in a definition of the Brillouin zone anal-
ogous to that of a supercell. We provide a recipe for the
construction of proper Brillouin zones for GS geometries and
propose an e�cient numerical method based on MMTMM
to easily resolve the paths in IBZ. This method was used to
demonstrate the e↵ects of inappropriate definitions of the unit
cell and Brillouin zone. As dispersion diagrams are frequently
used to understand the properties of periodic structures, the
results of this work facilitate the understanding and design of
GS structures.

The concepts presented in this work are likely to be
extendable to other kinds of higher symmetries, where a
generalization of the Floquet theorem exists, for example, as
with twist symmetries [10], [33].
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APPENDIX

The eigenproblem (31) can be directly resolved for the case
where �x = �y as it defines a linear eigenvalue problem

[eTg]


Fx
Fy

�
= �x


Fx
Fy

�
. (42)

However, this only resolves the diagonal path kx px = ky py in
the Brillouin zone. For other paths, (31) defines a nonlinear
eigenproblem since it contains two eigenvalues. For paths
where one of the eigenvalues is constant (fixed), it can be
linearized to [25]

�y fixed:
�
[eTg, xx] + [eTg, xy][Ry][eTg, yx]

�
Fx = �xFx (43)

�x fixed:
�
[eTg, yy] + [eTg, yx][Rx][eTg, xy]

�
Fy = �yFy . (44)

Above, [R⌫] contains the value of the fixed wavenumber k⌫ as

[R⌫] =
�
�⌫[I] � [eTg,⌫⌫]

��1
⌫ ⌘ x, y. (45)

For paths defined the following linear relationship between the
phase shifts:

ky py = skx px + kx0 px (46)

we can use a di↵erent method. In (46), kx0 px is the o↵set and
s the slope. In this case, we can express the problem as [22]�⇥

Mn+1,x
⇤
�n+1

x +
⇥
Mn,x

⇤
�n

x +
⇥
M1,x

⇤
�x +

⇥
M0,x

⇤�
Fx = [0]

(47)
with ⇥

Mn+1,x
⇤
= �y0[eTg ,xy]�1

⇥
Mn,x

⇤
= ��y0[eTg ,xy]�1[eTg ,xx]⇥

M1,x
⇤
= �[eTg ,yy][eTg ,xy]�1

⇥
M0,x

⇤
= [eTg ,yy][eTg ,xy]�1[eTg ,xx] � [eTg ,yx]. (48)

The factor �y0 = e�jkx0 px arises due to the o↵set in (46). If s is
an integer, (47) can be solved as a polynomial eigenvalue prob-
lem [22] making use of companion matrices [35]. If required,
an equivalent relationship can be derived by substituting x! y
and y! x into (46)–(48) [22].
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