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Abstract—We consider the model of a networked energy
harvester for ambient dispersed vibrations, based on coupled
mechanical resonators and a piezoelectric transduction mecha-
nism. The networked harvester is equivalent to a mechanical filter
that can be optimized for broadband energy harvesting. Using
mechanical-to-electrical analogies, we derive an equivalent circuit
model for the energy harvester, and we calculate the transfer
function, output voltage, average harvested power and power
efficiency in the frequency domain. We discuss the problem of
the energy harvester optimization. Because analytical formulas
for the objective function and its derivatives are not available,
we apply a gradient-free method, based on Particle Swarm
Optimization, to find the network parameters that maximize the
scavenged energy. We show that, after proper optimization, the
networked energy harvester collects significant more power than
a single degree-of-freedom energy harvester.

I. INTRODUCTION

Energy harvesting (EH) refers to the process of capturing
ambient dispersed energy, which would otherwise be lost, and
recycling it into usable electrical power. EH is expected to have
a major impact in areas such as sensor and actuator networks,
wearable electronics, and smart city systems, where replacing
batteries is expensive or impractical due to remote or hard-
to-reach locations. EH also holds significant potential for the
Internet of Things (IoT), which relies on compact, durable,
and energy-efficient devices. In these contexts, conventional
batteries may be unsuitable, as their size and weight can
limit the miniaturization and operational lifetime required for
these technologies. By reducing or even eliminating reliance
on batteries and external energy supplies, EH enables more
sustainable and maintenance-free solutions, making it par-
ticularly valuable for compact, remote, or difficult-to-access
applications [1]–[4].

Viable energy sources for EH include solar radiation, wind,
thermal gradients, mechanical vibrations, and even radio-
frequency emissions. While solar and wind-based harvesting
are well-established and continue to advance, they are pri-
marily suited for outdoor applications and often require large-
scale infrastructure. In many practical cases, harvesting small
amounts of energy is sufficient to power miniaturized devices
such as wireless sensors, wearable technologies, or other low-
power systems. Among the other sources, ambient mechanical
vibrations are particularly promising for EH because they are
abundant, relatively easy to harvest, and offer comparatively
high energy density. Parasitic vibrations can originate from
a wide range of sources, including household appliances,
industrial equipment, vehicle motion, human activity, or envi-
ronmental phenomena such as wind. Their frequency spectrum
typically ranges from a few hertz, as in human motion, to
several kilohertz, as in acoustic waves [5]–[7].

The typical energy harvester for mechanical vibrations con-
sists of two main components: an oscillating structure that
captures kinetic energy from vibrations, and a transducer that
converts this energy into the electrical output. The oscillating
structure is often modeled as a mass-spring system, sometimes
complemented by a dampener to account for energy losses due
to friction. This system behaves as a mechanical resonator
with a defined natural frequency, at which the oscillation
amplitude – and thus the harvested power – is maximized.
However, performance decrease sharply at frequencies away
from resonance, meaning that when ambient vibrations span a
broad frequency range, only a small fraction of the available
energy is actually harvested.

One strategy to enhance the performance of vibration energy
harvesters is the use of nonlinear resonators. Unlike linear
systems, nonlinear resonators often exhibit hysteresis, which
broadens their operational bandwidth, albeit at the cost of a



reduced peak amplitude in the frequency response [8]–[11].
Another important characteristic of nonlinear devices is multi-
stability, where multiple stable states can coexist. Transitions
between these states can induce large oscillations, increasing
power generation [12]–[14]. However, the inherent complexity
of nonlinear dynamics complicates analysis, making the design
and optimization of such harvesters more challenging [15]–
[18].

In recent works, we proposed a solution to increase the har-
vested power based on the application of impedance matching
[19], [20]. Impedance matching involves inserting a matching
network between the transducer and the load to minimize the
impedance mismatch between the mechanical and electrical
domains. This can significantly improve both the extracted
power and overall conversion efficiency. The approach is
versatile, applicable to both linear and nonlinear harvesters,
including multi-stable systems [21], [22]. A notable limitation,
however, is the need for relatively large inductances to achieve
proper matching, a constraint well-recognized in mechanical-
to-electrical impedance matching [23]. Various circuit con-
figurations can implement the matching network, many of
which incorporate resonators to enable broadband impedance
adaptation.

Broadband impedance matching is well-established in elec-
tronics and telecommunications, with a solid theoretical foun-
dation, at least for AC systems. One effective method to
achieve broadband matching is to couple multiple resonators
in a ladder network [24]. Ladder networks have a mechanical
analogue in chains of masses connected by elastic springs.
This concept inspires the development of networked, multi-
degree-of-freedom (multi-DOF) energy harvesters composed
of coupled mass-spring elements, which can act as mechanical
filters and be optimized to extract maximum energy from
ambient vibrations. Adding mechanical DOFs improves power
conversion efficiency while reducing the need for large induc-
tors in the electrical matching circuits.

Motivated by this idea, this study investigates the design
and optimization of a multi-DOF vibration energy harvester
based on coupled resonators. In the proposed configuration,
ambient mechanical vibrations are captured by a series of
interconnected resonators that collectively function as a me-
chanical filter. Similar to an electrical filter, this system is
designed to transmit specific frequency ranges while attenu-
ating others, with the goal of maximizing harvested energy.
Parasitic mechanical vibrations are modeled as a stochastic
process. Linear system theory and the transmission matrix
formalism are applied to derive analytical expressions for
harvested power and conversion efficiency. Finally, a swarm
intelligence algorithm is applied to optimize the mechanical
resonator structure to maximize electrical power delivered to
the load. Performance is demonstrated for devices with two
and three mechanical DOFs, showing a notable increase in
harvested energy.

The paper is organized as follows: Section II introduces the
schematic representation of the networked energy harvester
and derives the governing equations. In Section III we derive
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Fig. 1. Schematic representation of a networked multi-DOF resonator for
energy harvesting applications.

an equivalent circuit representation of the energy harvester.
The analysis of the equivalent circuit in the frequency domain
is discussed in Section IV. In Section V we introduce Particle
Swarm Optimization and its application to the harvester.
Section VI discusses the results. Finally, Section VII is devoted
to the conclusions.

II. MULTI DOF ENERGY HARVESTER MODELING

Figure 1 illustrates the schematic representation of the
multi-DOF energy harvester proposed in this work. The de-
vice consists of a chain of mechanical resonators, where the
masses m1,m2, . . . ,mn are connected pairwise by springs
with stiffness constants k1, k2, . . . , kn. For simplicity, damping
is assumed to act only on the first mass, modeled by a damper
with coefficient γ. The piezoelectric element, attached to the
terminal resonator, is responsible for transducing mechanical
motion into electrical energy.

The coupling potentials due to the springs take the form:

Uj(xj , xj+1) =
1

2
kj (xj − xj+1)

2 j = 1, . . . , n (1)

where xj is the displacement of the j-th mass from the rest
position, and kj is the elastic constant of the j-th spring. Each
mass-spring couple represents one mechanical DOF, so that the
chain has n-DOF. Since the last spring is connected directly to
the transducer, we impose xn+1 = 0. The equation of motion
for the j-th resonator is

mj ẍj+γẋjδ1j+kj−1(xj−1−xj)+kj(xj−xj+1) = f(t) (2)

where δij is Kronecker’s delta function, and f(t) is the force
applied to the chains of mechanical resonators. This force is
the resultant of the external force representing ambient me-
chanical vibrations, and of the force exerted on the resonator
by the electrical load through the action of the transducer.

Ambient dispersed mechanical vibrations are typically ran-
dom in nature, and therefore they are best described as
stochastic processes. In real world applications most energy of
mechanical vibration is concentrated at low frequencies, but
for the sake of simplicity we shall assume that the frequency
spectrum is wide enough, so that mechanical vibrations can
be modelled as a white Gaussian noise [19]–[21].



For the transducer, we consider the constitutive equations
for a linear piezoelectric material [25]:[

S
D

]
=

[
sE d

dT εT

] [
T
E

]
(3)

Here S and T are the mechanical strain and stress tensors,
respectively. Symbols D and E are the dielectric displacement
and electric field vectors, sE and d are the compliance (eval-
uated at constant electric field) and the piezoelectric charge
constants tensors. Finally, εT is the absolute permittivity
evaluated at constant stress [26].

Through spatial integration of the microscopic description
(3), a lumped parameter model describing the macroscopic
behavior in terms of the mechanical force exerted by the
transducer ftr, displacement x of the mass connected to the
transducer, charge q and voltage v, can be derived. In the
quasi-static regime, neglecting the stiffness of the piezoelectric
material, the governing equations are:

ftr(t) = −α v(t) (4a)

q(t) = αx(t)− Cpz v(t) (4b)

where α is the electro-mechanical coupling (in N/V or As/m),
and Cpz is the capacitance of the transducer. Taking the
derivatives in (4b) and assuming that the load can be modeled
as a resistor with conductance GL we obtain:

dv
dt

=
α

Cpz

dx
dt

− GL

Cpz
v (5)

where GL v = dq(t)/dt is the current flowing through the
electrical load.

III. DERIVATION OF THE EQUIVALENT CIRCUIT

Mechanical-to-electrical analogies permit to transform me-
chanical problems into electrical ones and vice versa, taking
advantages of the methods and techniques developed in both
domains. In the impedance analogy, masses are replaced by
inductors, springs by capacitors, dampeners by resistors and
forces by voltage sources. Using the substitutions summarized
in table I, the governing equations can be rewritten in the form:

dqj
dt

= ij (6a)

dij
dt

= − 1

LjCj−1
(qj − qj−1)−

1

LjCj
(qj − qj+1)

+
1

Lj
(vin(t)−R ij) δj1 −

1

nt Lj
vδjn (6b)

dv
dt

=
1

nt Cpz
in − GL

Cpz
v (6c)

where j = 1, . . . , n, and nt = α−1 is the turns ratio of the
ideal transformer.

Fig. 2 shows the equivalent circuit for the energy harvester
with n mass-spring pairs. The external force modelling ambi-
ent mechanical vibrations is represented by the voltage source

TABLE I
MECHANICAL-TO-ELECTRICAL ANALOGY

Mechanical Electrical
Displacement, x Charge, q

Mass, m Inductance L
Momentum mẋ Flux linkage, φ

Force, f Voltage, v
Compliance, k−1 Capacity, C

Damping, γ Resistance, R

vin(t). For random vibrations, this voltage is modelled as a
white Gaussian noise, and equations (6) becomes a system of
stochastic differential equations1. The chain of mass-spring
pairs is represented by the ladder of electrical resonators,
composed by L-connected inductor and capacitor pairs. The
piezoelectric transducer is represented by an ideal transformer,
responsible for transferring energy from the mechanical do-
main to the electrical load, modeled by the resistor RL. The
capacitive behavior of piezoelectric material is described by
the capacitor Cpz.

+
−

R L1

vin(t)
C1

L2

C2

Ln Cn

RL

+

−
vout

1 : nt
+

−
vpz Cpz

iniin i2 iout

Fig. 2. Equivalent circuit for a multiple mass-spring pairs energy harvester
for ambient mechanical vibrations.

IV. EQUIVALENT CIRCUIT ANALYSIS

In the frequency domain, a linear time invariant (LTI)
system is characterized by its input-output relationship:

SY (ω) = |H(ω)|2 SX(ω) (7)

where H(ω) = Ŷ (ω)/X̂(ω) is the transfer function, Ŷ (ω)
and X̂(ω) denote the Fourier transforms of the output and
input signals, respectively, and SY (ω) and SX(ω) are the
corresponding power spectral densities (PSDs). The total out-
put power is obtained by integrating the PSD over the entire
frequency spectrum.

The input function represents the mechanical vibrations
modeled as a white Gaussian noise with intensity D:

vin(t) = D
dWt

dt
(8)

Consequently, the PSD for the input is:

SVin(ω) = D2 (9)

Using (7) and (9), the average harvested power becomes:

PGL = GLE[v2(t)] =
D2

2π
GL

∫ +∞

−∞
|H(ω)|2 dω (10)

where H(ω) = V̂out(ω)/V̂in(ω) is the transfer function of the
equivalent circuit.

1Since the noise is additive (or un-modulated), the stochastic equation can
be interpreted indifferently as Itô or Stratonovich. We we will interpret all
stochastic differential equations as Itô.



Similarly, the average power injected by the noise in the
harvester is

Pin = E[vin(t) iin(t)] =
D2

2π

∫ +∞

−∞
Re[Y (ω)] dω (11)

where Y (ω) = Îin/V̂in is the input admittance, and Re[·]
denotes the real part.

The efficiency of the harvester is

η =
PGL

Pin
= GL

∫ +∞
−∞ |H(ω)|2dω∫ +∞
−∞ Re[Y (ω)]dω

(12)

To find the transfer functions, we use the transmission
matrix formalism. The transmission, or ABCD matrix T(ω),
defines the relationships between the input and output quanti-
ties: [

V̂in(ω)

Îin(s)

]
= T(ω)

[
V̂out(ω)

−Îout(ω)

]
=

[
A(ω) B(ω)
C(ω) D(ω)

] [
V̂out(ω)

−Îout(ω)

]
(13)

For the resistive load of Fig. 2, Îout = −GLV̂out. Thus:

H(ω) =
V̂out

V̂in
= (A(ω) +B(ω)GL)

−1 (14a)

Y (ω) =
Îin

V̂in
=

C(ω) +D(ω)GL

A(ω) +B(ω)GL
(14b)

The equivalent circuit in Fig. 2 is composed by n + 1
cascade connected two-ports, each one described by its own
transmission matrix Tk(ω). For cascade connected two-ports,
the total transmission matrix is:

T(ω) =

n+1∏
k=1

Tk(ω) (15)

The first stage of the transmission matrix describes the
first mass-spring pair and the damper, corresponding to the
first RL1 C1 structure in Fig. 2. Using Kirchhoff current and
voltage laws (KCL and KVL), the transmission matrix for the
first stage is easily found as:

T1 =

[
1 + jωRC1 + (jω)2L1C1 R+ jωL1

jωC1 1

]
(16)

where j =
√
−1.

Similarly, for the intermediate mass-spring pairs, repre-
sented by the Lk Ck ladder stages, with k = 2, . . . , n − 1,
the following transmission matrix is found:

Tk =

[
1 + (jω)2LkCk jωLk

jωCk 1

]
(17)

The transmission matrix for the last mass-spring pair is:

Tn =

 1 jωLn +
1

jωCn

0 1

 (18)

Parameter Value
R 0.12 Ω
D 10−3 V

nt = α−1 238.0952
Ln 10 mH
Cn 1 mF
Cpz 80.08 nF
RL 10 kΩ

TABLE II
VALUES OF THE EQUIVALENT CIRCUIT’S PARAMETERS FIXED IN THE

ANALYSIS.

Finally, using KVL/KCL and the constitutive relationships
of the ideal transformer the transmission matrix of the stage
corresponding to the piezoelectric transducer is:

Tn+1 =

[
1/nt 0

jω nt Cpz nt

]
(19)

Using (14)-(19), the transfer function for a energy harvester
composed by an arbitrary number of mass-spring pairs can be
calculated. The transfer function is then substituted into (10),
(11) and (12) to find the average scavenged power and the
power efficiency.

V. ENERGY HARVESTER OPTIMIZATION

We consider the problem of the optimization of the energy
harvester. For the sake of simplicity and for a fair comparison
with a single DOF energy harvester, we fix the value of
some parameters, summarized in table II. The optimization
is performed using the equivalent circuit and the results of
section IV

The vector collecting the energy harvester’s free parameters
is denoted as µ = [L1, . . . , Ln−1, C1, . . . , Cn−1]

T . To make
the comparison fair, we use fixed values for the last inductance
Ln and the last capacitance Cn, equal to the values of L and C
used for the single DOF harvester. The optimization problem
is the following: Find

µ∗ = argmax
µ∈S

PGL (20)

where S ⊂ R2n−2 is the parameter space.
Since the average harvested power and the power efficiency

are found solving the integral equation (10), closed-form
analytical expressions for the harvested power and its deriva-
tives are not available. Therefore, gradient-based optimization
methods are ill-suited for this problem.

Gradient free methods are widely used for solving com-
plex optimization tasks efficiently, including Particle Swarm
Optimization (PSO), inspired by the collective behavior of
bird flocks or fish schools; Genetic Algorithms, inspired by
natural selection; Simulated Annealing, based on the annealing
process in metallurgy; and Ant Colony Optimization, which
mimics how ants find shortest paths. Although many gradient-
free methods could in principle solve the optimization prob-
lem, PSO is particularly well suited because of its effectiveness
and reliability when the objective function must be evaluated
numerically.



In particular, as a gradient-free algorithm, PSO does not re-
quire derivative information, it is simple to implement, requires
minimal parameter tuning, and is inherently parallelizable,
thereby enabling broad exploration of the search space while
also effectively converging toward promising solutions through
social learning mechanisms.

The original PSO algorithm was introduced in [27]. In its
basic form, a swarm of N particles explores the parameter
space seeking for the global minimum/maximum of the goal
function [28]. Each particle position µi and the corresponding
velocity vi are initialized at random, and for each iteration the
best position that has been found for particle i is denoted as
pi,best, while the best position that has been found for the
whole swarm is denoted as gbest. Each particle’s velocity and
position are updated as follows:

vi(t+ 1) = w vi(t) + c1 r1 (pi,best(t)− µi(t))

+ c2 r2 (gbest(t)− µi(t)) (21a)

µi(t+ 1) = µi(t) + vi(t+ 1) (21b)

for all i = 1 . . . , N . Here, w is called the inertial weight,
the hyper-parameters c1 and c2 are the cognitive and social
acceleration coefficients, and r1, r2 ∈ [0, 1] are two uniformly
distributed random variables.

One of the computational advantages of PSO is that it
can easily be parallelized. A large swarm of particles can
be used to explore the parameter space, and the position and
the velocity of each particle can be updated independently
from, and in parallel with, all the others. The personal best
and the global best are updated only once per iteration. PSO
offers a good balance between exploration (the tendency to
explore regions of the parameter space not visited before),
and exploitation (the contrary tendency to focus on promising
regions) [28].

VI. RESULTS

We have applied PSO to the energy harvester with two, and
three mechanical DOF described in Sec. II. The goal function
to be maximized was the average harvested power PGL given
by (10), where the transfer function is given in (14a), and the
transmission matrix was found using (15)-(19).

As a reference, we show the results for the harvester with
two mechanical DOF, because it allows for a clear visualiza-
tion of trajectories in the parameter space P . Fig. 3 shows two
examples of PSO trajectories. The average harvested power is
shown, as a function of the inductance L1, and of the capacity
C1. For the optimization the second inductance was fixed to
L2 = 10.0 H and the capacitance to C2 = 1 F, to make
a fair comparison with the single DOF system. The average
output power has also been calculated using a grid search
algorithm, shown in the figure as the background color. Only
the trajectories of 20 particles chosen at random between the
50 composing the swarm are shown. The trajectories start from
random initial positions, and converge rapidly to the same
position in the parameter space, representing the maximum
of the goal function.

Fig. 3. Two examples of trajectories in the parameter space for PSO of an
energy harvester with two mechanical DOF.

Table III summarizes the parameters of the multi DOF
energy harvesters obtained through PSO, and the correspond-
ing average harvested power. It turns out that increasing the
number of mechanical DOF improves the power performance
significantly, but offers diminishing returns. In particular,
increasing the number of DOF from two to three offers
very little increase in the harvested power, suggesting that
increasing the number of DOF beyond three/four is not worth
the additional complexity. The results prove that the three DOF
energy harvester generates more than 100% additional power
compared to the single mechanical DOF energy harvester.

Fig. 4 shows the amplitude responses for the harvesters
with one, two and three mechanical DOF. It can be seen that
the additional DOF produce a wider frequency bandwidth,
at the cost of reduced amplitude at the resonant frequency.
The efficiency of energy collection at the resonance frequency
is reduced but, in exchange, more energy is collected at
neighboring frequencies.

VII. CONCLUSIONS

We presented a methodology for the design and optimiza-
tion of a multi-DOF energy harvester for ambient mechanical
vibrations. The device consists of coupled mass-spring pairs,
arranged to form a broadband mechanical resonator.



DoF Pout Parameters

1 28.74 µW L = 10 mH
C = 1 mF

2 53.70 µW

L1 = 1.30 mH
L2 = 10.0 mH
C1 = 6.0 mF
C2 = 1 mF

3 58.15 µW

L1 = 0.70 mH
L2 = 2.60 mH
L3 = 10.0 mH
C1 = 10.0 mF
C2 = 3.10 mF
C3 = 1 mF

TABLE III
AVERAGE HARVESTED POWER AND OPTIMUM VALUES OF THE FREE

PARAMETERS.

Fig. 4. Amplitude response for the networked energy harvester with one, two,
and three mechanical DOF.

Starting from the governing equations, an equivalent elec-
trical circuit was derived, enabling simplified analysis in the
frequency domain. A transmission matrix representation was
then introduced to compute the transfer function, the average
harvested power, and the power conversion efficiency.

The optimization of the multi-DOF harvester was carried out
using Particle Swarm Optimization. Since closed-form expres-
sions for the average output power and its derivatives are not
available, gradient-free methods such as PSO are particularly
well suited for this problem. The algorithm proved both robust
and efficient. Results show that the optimized multi-DOF
harvester extracts significantly more powe – approximately a
100% increase, compared to a single-DOF system, thereby
demonstrating the effectiveness of the proposed approach.
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