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1. Introduction

The problem of classifying Kdhler immersions (i.e. holomorphic isometric immersions) into complex space

forms (i.e. Kéhler manifolds with constant holomorphic sectional curvature) goes back to the classical works

of Calabi and Bochner [9,10]. In the case of Kahler-Einstein metrics, the above problem has been solved for

Kéhler immersions into either the Euclidean or the hyperbolic spaces (see [37]), remaining largely open for
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the so-called projectively induced metrics, namely Kéhler metrics arising as the pullback of the Fubini-Study
metric via a Kéahler immersion into some complex projective space; see, for instance, [15,17,34,11,36,25].
Similar issues arise, for example, in the broader context of extremal Kéhler metrics and for notable classes
such as Kéahler—Ricci solitons, where the existence of projectively induced representatives is far from being
fully understood (see, e.g., [3,21-24] and references therein).

In this paper we investigate the problem of classifying projectively induced Kéhler-Einstein metrics
within the class of connected Kéhler manifolds admitting an effective, holomorphic and Hamiltonian action
of the real torus T" with at least one fixed point. We refer to such manifolds as T"-invariant. This class
includes, in particular, all toric Kéhler manifolds [2,13,14]. Even in the presence of such symmetry, the
above classification problem shows significant analytical and geometric challenges.

Our main result, contained in the theorem below, proves that, for n < 6, every projectively induced T"-
invariant Kéahler-Einstein metric arises from a product of projective spaces endowed with explicit multiples
of the Fubini-Study metric.

Theorem 1.1. For n < 6, the only projectively induced T™-invariant Kdhler-FEinstein manifolds are open
subsets of

CP™ x --- x CP"*, ny+ -+ ng =n,

endowed with the Kdhler metric

(I(C19Fs STRRRR Cngs)7

where gpg stands for the Fubini-Study metric, q € Z~g,
1
ci:WH(nﬂ'—i_l)’ G=ged(ni+1,....,np+1)
J#i
and ged denotes the greatest common divisor.

This extends the work of [5], who treated the case n < 4 in the toric setting. Here we reach dimension 6
and work in the more general framework of T™-invariant manifolds.

1.1. Description of the paper

The starting point of our analysis is the well-known fact that, by a simple integration, the Kéahler-Einstein
condition Ric = Ag for a Kéhler metric g can be expressed in terms of the following complex Monge-Ampére
equation for its potentials ®:

det(00D) = e~ 2 (PHet?) (1)

where ¢ denotes an arbitrary holomorphic function.

In Section 2.1, we study (1) in the T"-invariant context. Indeed, by exploiting the existence of a distin-
guished T"-invariant potential, the Calabi’s diastasis function, and by considering a suitable normalization
of the Einstein constant, we may assume, without loss of generality, that the equation (1) takes, in suitable
real coordinates x = (z1,...,,), exactly the form

det D*u=e"", u = u(z). (2)
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A key point is that, since we are assuming that the Kéhler-Einstein g is projectively induced, the solutions of
(2) have a very rigid structure. More precisely, we prove (cfr. Proposition 2.6) that they need to be written
as

u(z) = log (Z ay e”’) - in, (3)

IeT

where Z C IN" is finite, the coefficients satisfy a; > 0 for all I and a; =1 for |I| < 1.

In Section 2.2 we study the gradient map Du of solutions of (2) of type (3). We show that the closure
of its image is a convex polytope which, by results contained in [12,28], must be a smooth reflexive Delzant
polytope with barycenter at the origin. Conversely, by [8, Theorem 1.1], any such polytope arises as the
gradient image of a convex solution of (2) (although not necessarily of type (3)). Hence, taking all this into
account, the problem of classifying T™-invariant Ké&hler-Einstein projectively induced metrics reduces to
identifying which reflexive Delzant polytopes are actually produced by solutions of type (3). We underline
that the majority of the smooth reflexive Delzant polytopes, with barycenter at the origin, that are not the
closure of the gradient map of any solutions of type (3).

In Section 2.3, we illustrate a fundamental geometric ingredient that is able to select the shape of polytopes
associated with the aforementioned particular solutions. This criterion follows from [27, Lemma 2.8].

In Section 2.4, the aforementioned geometrical ingredient is suitably applied to the list of smooth re-
flexive Delzant polytopes, with barycenter at the origin, given in [31,32] up to dimension 6. As there exist
numerous of such polytopes beyond products of simplices, the geometric condition we use becomes essential
in excluding the more intricate cases, finally leading to Theorem 1.1.

Notation and conventions

If I = (I1,...,I,) € N" is a multi-index, its length is |I| :== Y. _ I,. For w = (wy,...,w,) we denote
by w! the monomial []/_, wle.

2. Proof of Theorem 1.1
2.1. Calabi’s diastasis and polynomial solutions of an n-dimensional Monge-Ampére equation

Since Kéhler potentials of the Fubini-Study metric gpg are real analytic functions, a Kéhler potential ¢
of a Kahler metric defined as the holomorphic pullback of grg is itself real analytic. Thus, in a holomorphic
coordinate system on an open set U C C"

22(217"'7271)7

the function ® coincides with its power expansion around the origin:
D(z) = Z aryz'z’. (4)
The series (4) extends complex analytically to a function ® on a neighborhood of the diagonal in U x U,
where U denotes the conjugate of U. This defines the diastasis function Dy : U — R associated with ¢:
Do(2) = ®(z,2) — ®(2,0) — ®(0, 2) + @(0,0).

Moreover, for any Kéhler manifold with real analytic metric, there exists a coordinate system, still denoted
z=(21,.-.,2n), in a neighborhood of each point such that
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Do(2) = > |zal® + ¥, (5)
a=1

where v is a power series of degree > 2 in both z and Zz.

Definition 2.1. A coordinate system (21, ..., z,) for which (5) holds is called a system of Bochner coordinates
for the metric g.

Bochner coordinates are uniquely determined up to unitary transformations (see [9,10,16,17,35]).

Lemma 2.2. Let (M,g) be a projectively induced T™-invariant Kéahler manifold. Let z = (2z1,...,2,) be
Bochner coordinates for g centered at a fixed point p of the T™-action. Then the diastasis function Dg(z)
can be written as

Do(z) = log (P(2)), (6)

where

P(z) = al"]%, (7)

1T

with ay >0 and ay =1 for oll |I| < 1. Here T is a finite subset of IN™.

Proof. Let Zy,...,Zy be homogeneous coordinates on CPY, N > n, and let ¢; = Z;/Zy be affine co-
ordinates around the point [1,0,...,0] on Uy = {Zy # 0}. Let f: M — CPY be a Kihler immersion.
Up to a unitary transformation of CPY, and possibly shrinking the domain of f, we may assume that
f(p) =11,0,...,0] and f(V) C Uy for a neighborhood V of p.

By [10, Theorem 7], one can choose Bochner coordinates on Uy so that, in Bochner coordinates z =

(21,...,2n) for g centered at p, the map f is expressed in coordinates as the graph of a holomorphic
function:

z2=(21,.y2n) = (21, oy Zny frt1(2)s -, [N (2)),
where

fi(z) = ZOéjIZI, j=n+1,...,N.
IeN®

The affine coordinates ¢; on Uy are Bochner coordinates for the Fubini-Study metric grg. Moreover, the
diastasis is hereditary (see [10, Prop. 6]), meaning that the diastasis of g is the composition of the diastasis
of the ambient space,

N
lOg 1+ Z |<j|2 )
j=1
with the immersion f. Hence
N

Do(z) =log [ 14> |z [P+ Y Ifi(2)]?
J=1

j=n-+1
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Since the diastasis at a fixed point of a T"-action depends only on the moduli |z,| (see e.g. [4]), each f;
must be a monomial, and (6) follows. 0O

Lemma 2.3. The Finstein constant of a projectively induced T™-invariant Kdahler-Einstein manifold is a
positive rational number.

Proof. Let z = (z1,...,2,) be arbitrary holomorphic coordinates. A Kéhler metric g with diastasis Dy is
Einstein if and only if

A%@éDO = —i00log det(g,3)
for some A € R. By the d0-lemma, there exists a holomorphic function ¢ satisfying
det(g,5) = e~ 2Poteto), (8)
Passing to Bochner coordinates (still denoted by z), comparison of the series expansions of both sides of
(8) shows that ¢ + @ = 0 (see e.g. [17,33]).

Since Dy is the diastasis of a projectively induced T"-invariant K&hler metric, Lemma 2.2 implies that
(8) may be written as an identity between polynomials in the real variables z,, := |z4|*:

9%p oP 9P oP "
det|:<P6xQ8a:ﬁ — mm) T +Pm5aﬁ:|

a,f=1 _2
pn-1 =L = pratniL, 9)
Comparing degrees on both sides yields A € Q and A > 0. O
Remark 2.4. In view of Lemma 2.3, we may write A = 2s/q € Q with ged(s, q) = 1. Let P(|z1|%,...,|2n]?)
be a polynomial solution of type (7) to (9). Since ged(2ng, s) = 1, P must be the ¢g-th power of a polynomial,
ie.
P(J:h...,xn):Za]xI, ar=1if |I] <1, (10)
Iez

is necessarily of the form
P(x) = R(x/q)?,

for some polynomial R of the same type. One checks that R solves

9*R AR OR OR
det |:(R8x(!8$5 — mm) T + Rméag}

e = R, (11)
Conversely, if R solves (11), then
P(z) = R(x/s)®
solves
det[(Ph — 2222 Yo+ P,
Ora0xs  Oxa Oxg Ot _pn (12)

Pn—l
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Lemma 2.5. Without loss of generality, in the sense of Remark 2.4, we may assume \/2 =1 in (9).

We now summarize the results obtained so far in this section in order to state Proposition 2.6, which
plays a central role in the proof of Theorem 1.1.

Every Kéhler metric admits infinitely many local potentials, but in the real analytic case there is a unique
one whose power series contains no terms in z or z: the diastasis Do(z). If (M, g) is a projectively induced
T"-invariant Kéhler manifold and p is a fixed point of the T™-action, then in a holomorphic coordinate
system z = (z1,...,2,) centered at p, Lemma 2.2 shows that Dy must be of the form (6). If, moreover,
(M, g) is Kahler-Einstein, then Dy arises from a solution P of (12) as described in Remark 2.4.

Proposition 2.6. There exists a bijective correspondence between projectively induced T™-invariant Kdihler-
Einstein metrics defined near a fixed point and the solutions of the real n-dimensional Monge-Ampére
equation (2) of type (3).

Proof. As explained above, projectively induced T™-invariant Kéhler-Einstein metrics correspond exactly
to solutions of type (10) of (12). The substitution x; — e® shows that (10) solves (12) if and only if (3)

solves (2). O

Example 2.7. In the one-dimensional case, (2) reduces to

and the unique solution of type (3) is

N
log (1+e2) — . (13)

Substituting = — |2|? in (13) yields a local Kéhler potential in the affine coordinate z for the metric 2grg
on CP!.

2.2. Gradient maps of the solutions to the Monge-Ampére equation (2): momentum maps and Delzant
polytopes

Lemma 2.8. Let u be a function of the form (3). Then the closure P of the image Du(R™) of the gradient

map Du is the convex hull of T translated by —1 = (—1,...,—1) and, if d = maxer |1,
PC {(ul,...,un) ER™uyr > 1, up > =1, gd—n}. (14)
i=1

In particular, P is a lattice polytope, namely a polytope whose vertices all have integer coordinates.

Proof. A straightforward computation shows that the values Du(z) of the gradient are (up to translations)
convex combinations of the elements of Z:

1
Du(lz) = =——— arel®1 — 1. 15
(=) Zlezale“”[ezz ! (15)

Thus P + 1 is the convex hull of Z. Moreover, since I € Z C IN” and |I| < d for all I € Z, we obtain
i u; <dfor any (ui,...,uy,) EP+1. O
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Remark 2.9. If u is of type (3), then
(=1, =1),(0,~1,...,~1),(=1,0,~1,...,~1),...,(=1,...,—1,0)} C P.

When w is a solution of (2), additional geometric properties of the associated polytope P can be obtained
by using the theory of toric manifolds. In order to better introduce such properties we recall some notions
from the context of convex polytopes.

Definition 2.10. Let v : R™ — R be a solution of type (3) to the Monge-Ampere equation (2). The (convex)
polytope P defined as the closure of Du(RR™) is called the polytope associated to u.

Definition 2.11. An n-dimensional convex polytope is called a Delzant polytope if and only if all the following
properties are fulfilled:

simplicity: at each vertex p, exactly n edges [; meet;
rationality: [; = p + tv;, where t € RT and (vq,...,v,) € Z";
smoothness: (vy,...,v,) is a Z-basis of Z™.

Definition 2.12. An n-dimensional lattice polytope P containing 0 = (0,...,0) as an interior point is called
reflexive if and only if

P={yeR"| Ay <1}, (16)
where A € Z"™™ and 1 is the column vector of length m with all entries equal to 1.

Remark 2.13. A reflexive polytope possesses a unique interior point with integer coordinates, which is forced
to be the origin in view of Definition 2.12.

In order to prove that polytopes associated to solutions of type (3) to the Monge-Ampére equation (2)
are in particular Delzant (see Proposition 2.16 below), we need the following two lemmas.

Lemma 2.14. A projectively induced T"-invariant Kdhler-Einstein manifold is an open subset of a compact,
simply connected and complete manifold M.

Proof. In [16], it has been proved that every Kéhler-Einstein manifold Ké&hler immersed into a complex
projective space can be extended to a complete Kéahler-Einstein manifold, still Kéhler immersed into the
same complex projective space. Since the Einstein constant A is positive by Lemma 2.3, the Bonnet—Myers
theorem implies that M is compact. Moreover, every compact Kéhler manifold with positive definite Ricci
tensor is simply connected by a well-known result due to Kobayashi [19]. O

Lemma 2.15. A projectively induced T™-invariant Kdhler-Einstein manifold M is an open subset of a toric
Kdhler manifold.

Proof. In view of Lemma 2.14, we may assume without loss of generality that M itself is compact, simply
connected and complete. Let z = (21,...,2,) be Bochner coordinates centered at a fixed point of the

T"-action and let Dg(z) be the diastasis. Define v : U N (C\ {0})" — R by

u(log|z1]?, ..., log|z,|?) = Dy (|21\2, cee |zn|2) . (17)
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Choosing any branch of the complex logarithm, we set holomorphic coordinates w; = log z;. Hence, the
Kahler form reads locally as

i.= i 0%u 0%u
= — = - —_— 0 = : 1
w=500u= §k jj P dwy, A diw; Ek 3o, dry, A db;, (18)

where wy, = r, + 0.

Since M is simply connected and real analytic, each Killing vector field 0y, extends to a unique global
Killing vector field on M (see [30], Theorems 1 and 2). Let X, be the global extension of 9, . Every Killing
vector field on a compact Kéhler manifold is real holomorphic (see e.g. [29], Prop. 9.5), and since M is
complete we obtain a holomorphic and isometric action of R on M by means of the flows of each Killing
vector field Xj.

Furthermore, for any 1 < k, j < dim M, the commutator [ X}, X;] is a Killing vector field vanishing on U.
Since a nontrivial Killing vector field cannot vanish on a totally geodesic submanifold of real codimension at
least 2 (see [20]), the commutator [ X}, X;] must vanish everywhere on M. Therefore we obtain an effective
holomorphic and isometric action G of R™ on M.

Let V. C M be the subset where at least one Killing vector field X}, vanishes. Since M \ V consists
precisely of maximal dimensional orbits of the action G, the action restricts to M \ V. It is easy to see that
Z"™ is the stabilizer of G in (M \ V) NU. Hence we obtain a holomorphic and isometric action of the real
torus R™/Z™ on M \ V. Since the stabilizers of G at points in V' contain Z", this torus action extends to
the whole manifold M.

Every Killing vector field on a compact and simply connected Kéhler manifold M is Hamiltonian: indeed,
as observed above, such vector fields are real holomorphic and therefore symplectic, i.e. ix, w is closed. Since
M is simply connected, HJg (M) = 0, and so ix,w is exact.

The existence of such an effective Hamiltonian action shows that M is a toric Kadhler manifold. O

Proposition 2.16. If a function u of type (3) is a solution of the Monge-Ampére equation (2), then its
associated polytope P is Delzant and reflexive.

Proof. By Lemma 2.15, v can be viewed as a local Kéhler potential defined on an open dense subset of an
n-dimensional toric Kahler-Einstein manifold M (see (17)). Let w be the Kéhler form of M. From (18) we

obtain
. ou
zasjw = _d<8_’r‘j> 5

w:M— ¢t =R"

S0 a momentum map

is given by the gradient of u (here t* denotes the dual of the Lie algebra of T").

By the results of T. Delzant (see e.g. [12]), u(M) C R™ has the properties listed in Definition 2.11.
Furthermore, since u is a solution of the Monge-Ampeére equation (2), the Ricci form p of M equals 2w (see
also the proof of Lemma 2.3 and Remark 2.4). Thus the first Chern class ¢;(M) = 5=[p] is equal to Z[w].
Taking into account also that P = u(M) is a lattice polytope (see Lemma 2.8), it follows from McDuff’s
result [28] that P contains only one interior point with integer coordinates. By (14), this interior point
must be 0. Moreover, in [28] it is shown that the condition ¢;(M) = L[w] implies that the polytope P is
reflexive, by proving that the affine distance of the integer interior point (in our case 0) from any facet is

equal to 1. O
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Remark 2.17. Although our approach starts from the diastasis (see (17)) and the associated real Monge-
Ampeére equation (2), the symplectic toric picture is naturally recovered in our setting. Indeed, as shown in
Proposition 2.16, the gradient map Du coincides with the moment map of the Hamiltonian T"-action with
respect to the Kéahler form w. In particular, the Delzant polytope associated to u is precisely the moment
polytope in the sense of symplectic toric geometry (see e.g. [1]).

Even if it is widely known that the existence of Kéhler-Einstein metrics on toric manifolds is related
to the position of the barycenter of the image of the momentum map (see e.g. [26,8,38]), we include the
following (more general) proposition for the sake of completeness.

Proposition 2.18 (/8]). If P is a convex body containing 0 in its interior, then there exists a smooth convex
function ¢ solving the Monge-Ampére equation (2) and such that the closure of the image of the gradient
map Do is P if and only if O is the barycenter of P. The solution ¢ is uniquely determined up to the action

of the additive group R™ by translations.

It is natural to ask about the relationship between separability of solutions to (2), i.e. solutions of the form
w(ry, ..., x) +0(Tp41, .- -, Trtn), and decomposability of the associated polytopes, i.e. polytopes which are
Cartesian products of lower-dimensional ones. This aspect is clarified by the following propositions.

Proposition 2.19. Let u(zq,...,25) and v(xgi1,...,2Tp+n) be solutions of type (3) to the k- and h-
dimensional Monge-Ampére equations (2), with associated polytopes P and Q. Then u + v is a solution
of type (3) to the (k + h)-dimensional Monge-Ampére equation (2), whose associated polytope is P x Q.

Proof. This follows directly from the definition of the gradient map and the form (3). O
Conversely, we have the following.

Proposition 2.20. If u is a solution of type (3) to the Monge-Ampére equation (2) whose associated polytope
decomposes as a Cartesian product of a k-dimensional polytope P and an h-dimensional polytope Q, then the
k- and h-dimensional Monge-Ampére equations (2) admit solutions of type (3) whose associated polytopes
are respectively P and Q.

Proof. Since u is a solution of type (3) to the (k+ h)-dimensional Monge-Ampére equation (2), the polytope
Du(RFth) = P x Q is reflexive (see Proposition 2.16). It is then easy to see that both P and Q must be
reflexive as well. Moreover, since the origin of R**" is the barycenter of P x Q (see Proposition 2.18), the
barycenters of P and Q are forced to be their unique interior points with integer coordinates.

Therefore, in view of Proposition 2.18, there exist convex solutions f1 and f5 to the k- and h-dimensional
Monge-Ampeére equations (2), whose associated polytopes are respectively P and Q. By applying Proposi-
tion 2.18 once again, we find that

w(xy, ..y xpan) = fr(xr + e, xk +ek) + foTre1 + sty - Thoaon + Chtn)

for some (ci,...,cprn) € REFR. Then fi(xy +ci1,..., 2k + c) and fo(Tpa1 + Chaty-- > Thoh + Chan) are
functions of type (3). O

2.3. Some technical results

For practical reasons, in the following lemma we refer to the Monge-Ampére equation (12) instead of (2),
keeping in mind the equivalence established in Proposition 2.6. The next lemma follows from Lemma 2.8 in
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[27] and will be useful for determining the shape of the polytopes associated with solutions of type (3) to
the Monge-Ampére equation (2).

Lemma 2.21. Let P be a solution of type (10) to the Monge-Ampére equation (12). Then the restriction
P(0,...,0,t,0,...,0) of P to the i-axis is

k,.
N
P(O,...,O,t,O,...,O)z<1+—> : (19)

and the restriction of g—; to the i-axis, for j # 1, is
J

oP £\
= (0,...,0,£,0,....,0)=(1+—) 20
" = (1) &
for some k; € Z and h;j € N. Moreover,
> hia = ki(n —2) +2 (21)
a#i
and
MR 22
Bk (22)

for any i and j.

Proof. Formula (19) is formula (13) in [27] with s = 1, where s denotes the constant A/2, with A the Einstein
constant. Therefore s may be assumed equal to 1 in view of Lemma 2.4.
Concerning (20), formula (15) of [27] with s = 1 gives

R ki(n—2)+2
oP t
—(0,...,0,¢,0,...,0) = 1+ —

[, ©0.60-0 =11 (1+7)

for some R € Z*t and r; € RT. In the same Lemma 2.8 of [27] it is proved that the only possibility is R = 1
and r; = k;. Hence

oP ¢ ki(n—2)+2
Hf(o,...,o,t,o,...,o):(1+E) .
G Y ;

Formulas (20) and (21) then follow directly.
Finally, (22) follows from the Cauchy-Schwarz Lemma by evaluating the first derivative of (20) at the
origin. O

2.3.1. A geometric interpretation of the constants k; and h;;
Let u be a function of type (3), namely a function reading as

u(x):logZaIeI'w—Zxa, ar =1if |I] <1, (23)
IeT o

whose gradient image is equal to the interior of a given polytope P.
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Considering (15), a direct computation shows that the limit of 57“ for every x,, different from z; tending
J
to —oo, is

Li(z;) = W Srerare’ L —1, ifj=i

-1, otherwise

where Z = {I = (I1,...,I,) € T|I, = 0 Yo # i}. Therefore the limit of the gradient of u, for every z,
different from z; tending to —oo, provides a parametrization for the interior of the edge l; of P starting
from —1 and parallel to the i-axis. Furthermore, we have that

lim L;(z;) = max |I| — 1.
g Li(ws) = max|[|

Indeed, if I € 7 is such that |I| = max; 5 |1, then the coefficient a; cannot be 0 in view of the bijective
correspondence between Z and integer points of P expressed by Lemma 2.8. By working with the polynomial

P(z) = Za;xl, ar=1if|I] <1,
IeT

instead of the function w (23) (this choice is justified by Proposition 2.6) we have that the degree of the
restriction to i-axis of P is max ;4 |[I|, which is in turn equal to the length of the edge I; of P.

Moreover, by means of very similar considerations as above that we skip for the sake of brevity, we get
that the degree of restriction to the i-axis of the derivative of P with respect to the j-th variable, is an

integer value between 0 and the length of the intersection of P N ¢;;, where ¢;; denotes the straight line

K
parallel to the i-axis and passing through the point having all its coordinates equal to —1 except for the

j-th one, which is equal to 0.
2.4. Classification of smooth reflexive polytopes: final steps of the proof of Theorem 1.1

In [31], it has been developed an algorithm that has been used to completely classify smooth reflexive
polytopes up to dimension 7. Indeed, until then a classification only up to size 5 was known ([6,39,7,18]).
However, we are going to consider only polytopes up to dimension 6 because only in this case is present a
description [32] in terms of the matrix A, see (16).

Let
k - (klv 7kn>T (24>
and
heo ifi g
m, = ET (25)
0 ifi=j

where k; and h;; are those defined in Lemma 2.21.

By Propositions 2.16, 2.18 and 2.19, we can consider only Delzant reflexive polytopes with barycenter at
0 that cannot be decomposed as a cartesian product of lower dimensional polytopes.

In the subsequent subsections we will use some tables containing the matrix A, defined by (16), and the
vector k and the matrix H, defined respectively by (24) and (25), that we have computed by considering
what seen in Section 2.3.1. Notice that we consider only the case where each entry of H attains the maximum
value predicted in the aforementioned section, because we are going to realize that only in this case the
condition (21) is satisfied.
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Table 1
n-dimensional simplex with barycenter at the
origin.
A k H
n+1
<_Idfxn> Hij :n—néij
n+1

2.4.1. Simplex
The n-simplex with the following n + 1 vertices

(1. =1), (n,—1,...,—1), (~L,n,—1..)), ..., (=1,...,~1,n)

is Delzant and reflexive and, as such, there exists a unique convex solution of the Monge-Ampere (2)
associated to it. The aforementioned simplex is described by Table 1.

In Table 1, Id,, x» is the n-dimensional identity matrix and 1 is the row whose entries are 1. We note that
the values contained in the table do not contradict (21) and (22). Indeed, in this case we have the unique
solution

n n+1 n
evi
u(xy, ..., x,) =log <1+ E n+1> - E Zi, (26)
i=1 i=1

that, in view of Proposition 2.6, is the solution associated to
(CP", (n+1)grs). (27)

2.4.2. 1-dimensional case

As we have already seen in the very end of Section 2.1, the only solution in this case is (13), that leads
to (27) for n = 1. In particular, we notice that the associated polytope is the segment from —1 to 1, namely
a l-dimensional simplex, according to Section 2.4.1.

2.4.8. 2-dimensional case

As we have already seen in Section 2.4.1, in this case we have the solution associated to the 2-simplex,
namely (26) for n = 2. Furthermore, in view of the Proposition 2.19 and Section 2.4.2, we have also the
solution

2 2
10g(1+%> +log(1—|—%) — X1 — X,

whose associated polytope is the square with vertices (—1,—1), (=1,1), (1,—1) and (1,1), namely the
cartesian product of the segment {(¢,—1) | —1 <t < 1} and the segment {(—1,¢) | —1 <¢ < 1}. This is
the only reflexive Delzant polytope that can be decomposed as a cartesian product of 1-dimensional ones.
In view of Proposition 2.6, this solution leads to

(CP' x CP', 2grs @ 2grs).

There exists another reflexive Delzant polytope with barycenter at the origin, namely the one given by
Table 2.

The polytope described by Table 2 is the hexagon & with vertices (—1,—1), (—1,0), (0, —1), (0,1), (1,0),
(1,1). It is easy to realize that such polytope satisfies conditions (21) and (22). The most general function
u of type (3) such that the closure of Du(RR?) is equal to £ reads as
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Table 2

Undecomposable 2-dimensional smooth reflex-
ive polytopes with barycenter at the origin (2-
simplex excluded).

A k H

(1) (28)

log (1 + "t 4 "2 + a(l,l)e“”Q + a(g’o)ehﬁl2 + a(o’g)e“H“ + a(g,g)e%l”“) — 1 — Zo.
If such u is a solution of the Monge-Ampére (2), then it needs to satisfy (19) and (20). Hence
u(xy, z2) = log (1 + €Tl 4 %2 4 2eT1 T2 4 Q2T | ot 202 a(272)62x1+2”2) — T — Ta.

We can easily compute that

2

lim lim
T1——00 Ta—>—00 81’181’2

(e“ det D2u) #0
independently of a3 2). Therefore there is no a2y € R for which u is a solution of (2).
2.4.4. 3-dimensional case

As said in Section 2.4.1, we have the solution associated to the 3-simplex, namely (26) for n = 3.
Furthermore, in view of the Proposition 2.19 and Section 2.4.2, we have also the solutions

2 2 2
log(1+%) +log(1+%) +(1+%) — 2] —Tg — T3

and, up to variables renaming,

T1 + To 3 3\ 2
log <1+ T) +log<1+?) — ] — Xy — T3,
which, in view of Proposition 2.6, lead respectively to
(CP' x CP' x CP', 2grs ® 2grs © 29rs)
and
(CP? x CP', 3grs @ 2gFs).
We can easily see that the associated polytopes are respectively, the cube with vertices
(-1,-1,-1),(1,-1,-1),(-1,1,-1),(-1,-1,1),(1,1,-1),(1,-1,1),(-1,1,1), (1,1, 1),

namely the cartesian product of the three segments {(—1,—-1,¢) | —1 <t <1}, {(-1,¢t,—-1)| —1 <t <1}
and {(t,—1,—1) | —1 <t <1}, and the prism with vertices

(_1a _]-a _1)3 (_17 1, _]-)7 (17 _17 _1)7 (_17 _1, 1)7 (_17 17 1)7 (1’ _1a 1)

namely the cartesian product of the 2-simplex whose vertices are (—1,—1,—1),(-1,1,-1),(1,—1,—1) and
the segment {(—1,—1,¢) | —1 < t < 1}. By taking into account Proposition 2.20, we have no more
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Table 3

Undecomposable 3-dimensional smooth reflex-
ive polytopes with barycenter at the origin (3-
simplex excluded).

A k H
10 o
0 -1 0
0 0 -1 9
1 0 -1 5
0 0 1
0 1 1

decomposable polytopes to take into account. Indeed, even if there exists another decomposable reflexive
Delzant polytope with barycenter at the origin, namely the prism with vertices

-

1
0
2

oNN

)

(_17 _]-» _1)7 (_1707 _1)7 (07 _]-7 _1)7 (07 ]-7 _1)7 (1707 _1)7 (]-7 ]-7 _1)7
(_17 _17 1)a (_1a Oa 1)a (07 _L 1)a (07 ]-a 1)7 (1a Oa 1)3 (17 ]-v 1)7

we can see directly that it is a cartesian product of an hexagon and a segment. In view of Proposition 2.20,
there are no solutions of type (3) associated to such polytope, since there are no 2-dimensional solutions of
type (3) associated to the hexagon.

Finally, there is another undecomposable reflexive Delzant polytope with barycenter at the origin, namely
the one given by Table 3.

Note that the values contained in Table 3 do not satisfy the condition (22). Therefore we cannot have
solutions of type (3) related to such polytope.

2.4.5. 4-dimensional case

As said in Section 2.4.1, we have the solution associated to the 4-simplex, namely (26) for n = 4. Moreover,
in view of the Proposition 2.20, Proposition 2.19 and taking into account the results of Sections 2.4.2-2.4.4,
the only solutions whose associated polytope can be decomposed as a cartesian product of lower dimensional
polytopes are

2 2 2
log(l—i—xl) +log( ﬂ) ( —3) +log(1+x—4) — X1 — To — T3 — T4,
2 2 2
2
1og(1 x1+x2> —1—(1 —) +log(1+ 2) — X1 — Ty — T3 — T4,
3 3
10g<1+ 1; —|—1 (-F%) — X1 — Xy — X3 — T4,

4 2
log(lJrW) +10g<1+%) — X1 — Xg — T3 — T4.

In view of Proposition 2.6, these solutions respectively lead to

(CP! x CP! x CP! x CP!, 29rs ® 29rs ® 29rs @ 29rs),
(CP? x CP" x CP', 3grs & 2grs & 2grs),
(CP? x CP?, 3gps ® 3gps),
(CP? x CP', 4gps @ 2gps).
Beside the 4-simplex, there exists also three further undecomposable reflexive Delzant polytope with

barycenter at the origin, namely the ones given by Table 4. Only the first polytope in such table satis-
fies both conditions (21) and (22). Nevertheless, if we assume the existence of a solution of type (3) to the
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Table 4

Undecomposable 4-dimensional smooth reflex-
ive polytopes with barycenter at the origin (4-
symplex excluded).

A k H

-1 0 0 O

0 -1 0 0

0 0 -1 0

0 0 0 —1 1 0022

1 1 -1 -1 1 0022

-1 —1 1 1 (1) (2200)

1 0 0 0o 1 2200

01 0 0

0 0 1 0

0o 0 0 1

-10 0 0

0 -1 0 0

8 8 01 01 1 0022
- 1 0022

11 —1-1 (1) <1201>

0 -11 0 1 2110

-10 0 1

1 1 0 0

0o 0 1 1

-10 0 0

0 -1 0 0

0 0 -1 0

0 0 0 -1 1 0112

1 0 0 —1 <1> <1o12>

0o 1 0 —1 3 3302

0 -1 0 1 1 1210

01 0 0

0 0 0 1

0 0 1 1

Table 5
Undecomposable 5-dimensional smooth reflexive polytopes with barycenter at the origin (5-
symplex excluded).

A k H A k H
“10 0 0 0 “10 0 0 0
0 -10 0 0 0 -10 0 0
1 00113
PO (1) (00113) o8 ol 1 01112
- 5 55043 - 1 10112
0 0 0 0 —1 0 0 0 0 —1 ] ] ]
5 55403 3 33032
11 0 0 -2 5 52220 1 0 0 0 —1 <3> (33302>
0 0 o0 o0 1 0 1 0 0 -1 2 22220
0 0 1 1 2 0 0 0 0 1
~10 0 0 0 00 1 0 1
0 -1 0 0 0 0 0 0 1 1
0 0 -1 0 0 ~10 0 0 0O
00 0 —10 1 06133 0 -10 0 0O
0 0 0 0 —1 i 99533 0 0 -10 0 1 01112
11 0 —1-1 1 52100 0 0 0 —1 0 1 10121
“1-10 1 1 1 22100 0 0 0 0 —1 4 44033
1 0 0 0 0 1 0 0 0 —1 3 33302
01 0 0 0 0 1 0 -1 0 3 33320
0 0 1 1 1 0 0 0 1 1
~10 0 0 0 00 1 1 1
0 -1 0 0 0 ~10 0 0 0O
0 0 -1 0 0 0 -1 0 0 0 ) 01223
O 1 01112 0o 0 - ro0 2 10223
1 10112 1 14033
10 0 0 —1 2 23021 0 0 0 0 -1 4 44303
0O 1 0 0 —1 3 32303 11 0 0 —1 2 22220
0 -1 0 0 1 1 12110 0 0 0 0 1
0 1 0 0 0 0 0 1 1 1
0 0 0 0 1
0 -1 1 0 1
0 1 0 1 0

Monge-Ampeére equation (2) associated to such polytope, we get a contradiction. Indeed, by taking into
account (19) and (20), we obtain after long computations that

2
lim lim lim lim 87 (e“ det D2u) > 0.

T1—>—00 L2—>—00 L3—>—00 Tyg—>—0Q 8$1 st

2.4.6. 5-dimensional case

As already seen in Section 2.4.1, we have the solution associated to the 5-simplex, namely (26) for
n = 5. Moreover, in view of Proposition 2.19 and 2.20, we can obtain all the solutions associated to
decomposable polytopes (as a cartesian product of lower dimensional ones) by taking into account the
results of Sections 2.4.2-2.4.5. Beside the 5-simplex, there are also seven further undecomposable reflexive
Delzant 5-polytope with barycenter at the origin (see Table 5). Nevertheless, none of them satisfies the
condition (22).
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Undecomposable 6-dimensional smooth reflexive polytopes with barycenter at the origin (6-symplex ex-

Table 6
cluded).

16

// ~/ ~/ / / ~/
NNFMNOO aNttNo aNFFNO aNNNNo NN=HONO NNMMNMNO
aaYmoo aatton aaYton O A O HONNMO
HeEFO HeEHO YoM HeHHOM —eHEOM ™ —“ANNOM~
HHO Y O HeHO YN —“HOoMmnA oMM HHO S
com¥an oM~ comwman —HOHMM— —oNNMAN HO—H Y~
comvaa cowmHH cowwaa OHHMMH oMM SRR T
~—— N~ — N~ ~—— N—— N~——
~// /N ~ /N ~ ~/
e N =N AN N e~ e SO~
~— ~— S~ ~— N~ ~—

- - - — - - -
CO0oO | |HOHOO0O0O | | HOHH 00000 | OHH 00000 ||| |HOHHH 00000 || OHOHOH 00000 || HO =

-~ - - - _ — — —
COOO |0 | HOHOOOO |0 |- | HO0H0000 |0 HOH 0000 00000000 -H 0000 00000000 H0000 000000

— — — - — —
OOO_000001000_00000001000700000100070000000010000_0000000010000700000001
— — — — — — —
CO 00000 HO 00 00000000 H 00 |000000H 00 00000 | HOOO 00 00000 HOOO00 00 |C00000=00
— — — — — — - —
07000017100700001000000_000010000_000001000000070000017 71010070000000100

— — — — — — — —
| 00000 HO 00000 H00000 |O0000=H000 |O0000HO000000 |0O0000-HO000000 |O0000H | HOOO)

— — — — — —
aNNooco aNNH—HO NNNH—=O nmammo NNHO—HO aNaNco
NNNOOO aNNNOoO~ ANNN—HO— HHAYO NNO—=O ™~ NN—=HMOO
aaNocoo aNNooH NNNO HH O~ —“—HNoNO O
cooaaa coomam coom—— oW N oMo —HHOM
cooaam cooaan cooHN— o~ comHaH corman
cooaam coo-=m cooH—=™ co—wn— comaHM corman
S~—— S—— S——— S~——— SN~—— S~——
— — — — — —

o N o 00 o )
- - — N - e
cocooco|Hoocooo~ococoo | ocororococoo | oco-orocoo00 | rornoococoo | oroorococ0o | rooomn~
- - —-_ - - - _ - - _ -
cooco o Hoocoorocooco o~ -oroc000o o ornooro0000 0000000000 o nooor0000 o omo0om00
- -
|

— — — — — — — —
CCO |00 | HOCOHO0 000 |00 | HOHOO 000 |00 | HO00=H 000 |O00000C=000 000 | HOHO 000 |000000000H
— — — - - — — — — - — —
CO 000 | 0OHOO00 00 | 000H | H | HOOO |O00H ||00HO 00 ||0000H | HOO OO |O000H |HO0 00 | O000HO00000
— — — — — — — — — — —
© 0000 | 0OHO000 0 0000 | HOCO O |OC00HO [OHO O |C000HO0000 0 | 0000 |00HO O |0000HO |OH000

— — — — - — — — - - -
_000001 7100000 _00000100 _10 700000100 710 700000100000 70000010 7100 _0000010 710000

(e“ det D2u) =0

82
lim lim lim lim
oo 024,074

lim

lim
T1—>—00 L2—>—00 L3—>—00 Ty4—>—00 L5 —>—00 Tg—>—

As already seen in Section 2.4.1, we have the solution associated to the 6-simplex, namely (26) for
n = 6. Moreover, in view of Proposition 2.19 and 2.20, we can obtain all the solutions associated to
decomposable polytopes (as a cartesian product of lower dimensional ones) by taking into account the
results of Sections 2.4.2-2.4.6. Beside the 6-simplex, there are also twelve further undecomposable reflexive
Delzant 6-polytope with barycenter at the origin, but only one (the first polytope in the Table 6) satisfies
both the condition (21) and (22). Nevertheless, if we assume the existence of a solution of type (3) to the
Monge-Ampeére equation (2) associated to such polytope, we get a contradiction. Indeed, by taking into

account (19) and (20), we can consider a linear system

2.4.7. 6-dimensional case
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where «, 8 = 1,...,6, having the third degree coefficients of the polynomial P = eutica Yily—log 2 @S
variables. By considering that any coefficient of P cannot be negative, we obtain that such system admits
a unique solution. Thus, this result puts us in the position to get, after long computations,

3
lim  lim  lim  lim  lim  lim ———— (e"det D%u) >0,
&1 ——00 Ly ——00 L3 ——00 L4——00 L5 ——00 Tg——00 00T

that clearly contradicts (2).
Data availability
No data was used for the research described in the article.
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