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Abstract

Model Predictive Control (MPC) is an advanced optimal control strategy, widely recog-
nized for its remarkable versatility in controlling a wide range of nonlinear, multivariable
dynamical systems, and explicitly handling constraints.

Despite its desirable features, the application of MPC faces some inherent limitations in
practice. The first is real-time feasibility, as MPC requires to repeatedly solve an optimal
control problem online, which entails a considerable computational effort, compromising
its use in fast application scenarios. The second concerns the lack, in existing MPC
formulations, of a systematic methodology to handle multiple, conflicting, and time-varying
control objectives, which typically arise in several practical applications.

This thesis aims to address these two challenges by proposing novel theoretical and
methodological MPC frameworks, capable of operating in real time, under strict timing
constraints and limited computational resources, while also extending their formulation to
handle multiple, potentially conflicting control objectives, ensuring consistent performance
and systematic closed-loop stability guarantees.

To address the challenge of real-time feasibility, we pursue two different directions.
The first one focuses on developing a comprehensive analytical framework to fast solve
Nonlinear MPC (NMPC) problems in the Koopman lifted space. Leveraging the Koopman
operator theory, we propose a general procedure to analytically represent NMPC problems
in a higher-dimensional Koopman space, and a complementary method to arbitrarily reduce
the dimensionality of such a lifted space, which can be, in some cases, infinite-dimensional.
This strategy yields an equivalent quadratic program (QP) in the Koopman lifted space
(called Koopman NMPC, or K-NMPC), that closely approximates the original NMPC
solution and can be solved with reduced computational effort. The K-NMPC framework
showcases proficient control performance and a ten-fold reduction in computation times, as
confirmed through extensive simulations and experimental validations.

The second direction achieves fast MPC operation through direct hardware implemen-
tation. Specifically, we present a general methodology to design fully-analog electronic
circuits implementing Linear-Quadratic MPC policies (QP-MPC), leveraging Explicit MPC
(Ex-MPC). This approach, referred to as Analog Circuital Ex-MPC, eliminates the need
for online optimization on digital hardware, and ensures a remarkably fast evaluation of
the MPC control action, with computation times in the order of few microseconds. This
methodology is validated on the control of DC-DC Buck converters, a class of electronic
devices with an inherently fast dynamics, demonstrating its real-time feasibility, robustness,
and solid control performance.
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To address the second challenge, we first direct our efforts towards Economic Nonlinear
MPC (E-NMPC), a noteworthy variant of classic NMPC for systems where achieving a
profitable economic performance is of primary concern. However, a conflict between control
tasks naturally arises if the system is also tasked with regulation or tracking objectives. In
this context, we propose a novel E-NMPC formulation, capable of handling such conflicting
objectives, together with a general constructive procedure to guarantee closed-loop stability
with minimal impact on the economic performance. This framework is validated on the
case study of adaptive cruise control (ACC) for electric vehicles, achieving the optimal
trade-off between vehicle control performance and energy efficiency, while also ensuring
closed-loop stability.

For handling conflicting control tasks, we also propose an alternative framework, called
Neural Adaptive Model Predictive Control (NA-MPC). NA-MPC extends standard MPC
formulations by introducing an online metaheuristic tuning strategy, which dynamically
adapts the weights of the MPC cost function, to achieve multiple conflicting objectives
concurrently, and a neural emulation of the MPC policy, providing an equivalent neural
controller that exhibits negligible computation time. The NA-MPC framework is applied
to the case study of power management in fuel cell hybrid electric vehicles (FCHEVSs),
demonstrating solid control performance, adaptability, and superiority over conventional
strategies.
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Introduction

UTOMATIC CONTROL constitutes one of the foundational disciplines of modern en-
A. gineering and technology. Among its possible definitions, the essence of automatic
control can be grasped from the etymology of the word “automatic”, which derives from
the ancient Greek autdmatos, meaning “self-acting” or “acting of one’s own will”. Hence,
the main purpose of automatic control is to enable real-world systems to perform their
intended tasks without direct human intervention. In other words, automatic control
endows a system with the capability to act on its own: the system evaluates its own
state and determines the necessary actions to modify its current behavior, with the aim of
attaining its prescribed objective.

The earliest known control system dates back to around 270 B.C., when Ctesibius of
Alexandria, Ptolemaic Egypt, designed an improved water clock, which, by means of a
float-valve feedback mechanism, allowed to maintain constant water pressure, ensuring
accurate measurement of time without manual adjustments [91].

Over the centuries, the progressive improvement in our ability to design control devices
has allowed us to entrust automated systems with tasks of increasing complexity. As this
complexity has grown, so too has the need for more advanced control methodologies. In
particular, nonlinear control has gained increasing importance, as most real-world systems
exhibit nonlinear behaviors that must be explicitly considered in order to deliver an effective
control action.

Among these control strategies, a most promising one, widely recognized by both the
academic and the industrial community, is Model Predictive Control (MPC) [64]. Its
widespread diffusion has arisen from its remarkable versatility in controlling a wide range
of nonlinear, multivariable dynamical systems, explicitly handling constraints, and possibly
accounting for exogenous disturbances and changing operating conditions.

MPC is an optimization-based control strategy, belonging to the family of optimal
control methods. Its working principle relies on a mathematical model of the system
to control, which is employed to predict its future evolution over a finite horizon under
different sequences of control inputs. These predictions are then leveraged to compute
the optimal control action, which is obtained by solving, at each sampling time instant, a
finite-horizon constrained optimal control problem [64]. In this optimization problem, the
cost function encodes the control objective to be attained by MPC. This optimization-based
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approach resembles, to some extent, human decision-making, in which actions are often
taken by anticipating possible future outcomes, derived from observation and reasoning.

Owing to its desirable features, MPC has found extensive use in numerous industrial
and technological fields, including process control, robotics, automotive, aerospace, energy
systems, and advanced manufacturing [128, 129]. To address the diversity of these applica-
tion contexts, several MPC formulations have been developed to accommodate different
classes of dynamical systems. Among them, Linear-Quadratic MPC (QP-MPC) [22] and
Nonlinear MPC (NMPC) [64] are the most prominent, designed for linear and nonlinear
multivariable systems, respectively. Extensions to these schemes have been proposed,
allowing to handle, e.g., hybrid, time-delayed, and event-triggered systems [16, 111, 94].
In addition, robust MPC frameworks have been developed for uncertain and stochastic
systems [81]. Further formulations also encompass networked, distributed, and multi-agent
systems [138].

1.1. Motivation

MPC stands as a versatile and effective control strategy across a wide variety of scenarios.
However, its application faces inherent limitations in practice.

Among these limitations, the most significant one is real-time feasibility. At each
sampling time instant, MPC requires solving online a constrained optimal control problem.
Although closed-form solutions can be found in some particular cases of Linear-Quadratic
MPC (going by the name of Explicit MPC [14]), solving such an optimization problem is
generally computationally intensive, especially for Nonlinear MPC. For slow systems, such
as industrial processes, the available computational resources are typically enough to solve
the optimal control problem in real time. However, for systems characterized by a fast
dynamics or subject to strict timing constraints, standard MPC schemes are, in general,
computationally prohibitive.

Another relevant limitation of MPC can be found in the context of control performance,
rather than computational aspects. Specifically, MPC is inherently well suited to account
for multiple and potentially conflicting control objectives within its cost function. However,
despite this intrinsic capability, a systematic methodology to handle conflicting control
tasks in MPC, while also ensuring closed-loop stability and consistent control performance,
is still lacking. Moreover, in real-world applications, control objectives and operating
conditions are often time-varying. In these situation, introducing an online adaptation
of the MPC control action could be advantageous for maintaining a consistent control
performance. However, MPC schemes commonly rely on offline tuning, typically based
on trial-and-error procedures, while only few strategies have been proposed for online
adaptation.

Among the various MPC formulations, the most relevant one in which conflicting and
time-varying objectives naturally arise is Economic Nonlinear Model Predictive Control (E-
NMPC) [134], which is aimed at delivering an economically profitable control action, rather
than attaining pure regulation or tracking. Despite its potential, conventional E-NMPC
schemes typically account for economic objectives only, disregarding other adversarial tasks,
lack systematic closed-loop stability guarantees, and do not employ online adaptation
strategies.
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This thesis aims to address these two key challenges, namely, the development of novel

fast and real-time feasible MPC frameworks, capable of operating under strict timing

constraints and limited computational resources, and the extension of Nonlinear Economic

MPC to handle multiple, potentially conflicting, and time-varying control objectives, while

ensuring consistent control performance and systematic closed-loop stability guarantees.

1.2. Contributions and Thesis Outline

In the following, we report the outline of this thesis and provide a comprehensive overview

of its main contributions.

e Chapter 2 reviews the theoretical foundations of MPC, focusing on its main
formulations, namely Nonlinear MPC (NMPC), Linear-Quadratic MPC (QP-MPC),
and Explicit MPC (Ex-MPC), with focus on their fundamental properties and
stability results.

e Part I covers the contributions of this thesis to the development of fast and real-

time feasible MPC frameworks, introducing novel formulations and strategies that

enable MPC to operate under strict timing constraints, without compromising the

control performance.

(0]

Chapter 3 presents a comprehensive analytical framework to efficiently
solve Nonlinear MPC problems in the Koopman lifted space.

The Koopman operator is a powerful system-theoretic approach that is
capable of transforming nonlinear dynamical systems into equivalent linear
(or bilinear) ones, evolving within a different state space, named Koopman
lifted space, which, compared to the original one, is higher-dimensional
(and, possibly, infinite-dimensional). The shift between these state spaces is
performed by means of a suitable basis of static functions, called observable
functions (or, more briefly, observables).

The Koopman operator framework can be extended to nonlinear optimal
control problems, enabling a fast and efficient solution of them in the
Koopman lifted space. However, a systematic methodology for analytically
finding a suitable basis of Koopman observables and handling the operator
infinite-dimensionality is still lacking.

To address these limitations, in this chapter we formulate a general
procedure to analytically derive a basis of observables that lifts both the
nonlinear prediction model and nonlinear constraints of NMPC, obtaining a
quadratic program in the lifted space (called Koopman NMPC, or K-NMPC)
that closely approximates the original NMPC solution, and can be solved
with superior computational performance. Additionally, we develop a general
method to arbitrarily reduce the dimensionality of the Koopman lifted space,
lowering the K-NMPC complexity and handling the infinite-dimensional
case.

Our K-NMPC approach is validated on real-world case studies, through
both simulations and experimental validations, assessing control performance
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and execution times.

Chapter 4 presents a general methodology to design fully-analog electronic
circuits implementing Linear-Quadratic MPC policies, leveraging Explicit
MPC.

Linear-Quadratic MPC is a compelling control strategy for many appli-
cations, but its hardware implementation remains a challenge in practice.
Its reliance on digital supports introduces significant costs and the need
for real-time optimization limits its applicability for fast systems. Explicit
MPC mitigates these issues by removing the need for online optimization.
However, digital implementations of Ex-MPC can still be costly and complex
when involving many polytopic regions.

In this scenario, a promising alternative is brought by analog imple-
mentations, which is the path that we follow in this chapter. Specifically,
starting from a general QP-MPC problem, we begin by deriving its Ex-MPC
form. Then, we introduce a set of tailored complexity-reduction techniques,
through which we greatly simplify the Ex-MPC policy. Finally, the Ex-MPC
is implemented as an electronic circuit, using only commercially-available
low-latency analog components, by which we achieve a cheap design and a
high-speed circuit operation, ensuring effective control of systems with very
fast dynamics or stringent timing constraints.

We validate our analog circuital Ex-MPC approach on the case study
of DC-DC Buck converters control, assessing control performance, robust-
ness, and disturbance rejection capability, along with a comparison with
conventional control strategies.

e Part II covers the contributions of this thesis on Economic Nonlinear MPC (E-

NMPC), focusing on control applications where multiple, conflicting, and time-

varying control objectives must be simultaneously attained.

@)

Chapter 5 presents a novel Economic NMPC formulation for conflicting
control objectives, together with a general constructive procedure to design
suitable stabilizing terms, ensuring the closed-loop stability of E-NMPC
with minimal impact on the economic performance.

Within the domain of optimal control, Economic NMPC has emerged
as a noteworthy variant of classic NMPC, for systems where economic
performance is of primary concern. Specifically, E-NMPC is designed to
deliver an economically optimal control action, optimizing the economic
profit of the plant with respect to a given economic criterion. However, its
applicability is hindered by two main limitations: E-NMPC does not allow
to include additional adversarial tasks, such as tracking, and its closed-loop
stability is not easy to guarantee.

To address these limitations, in this chapter we develop a novel for-
mulation of E-NMPC, which handles conflicting control objectives, such
as tracking and economic tasks, allowing to attain the optimal trade-off
between them. Furthermore, we propose a general constructive procedure
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to design suitable stabilizing terms for E-NMPC, ensuring its closed-loop
stability with minimal impact on the economic performance.

The effectiveness of the proposed E-NMPC strategy is validated on the
case study of Adaptive Cruise Control (ACC) in electric vehicles (EVs).
Optimizing the energy consumption of EVs during operation is a key factor
in mitigating their overall environmental impact. Autonomous vehicle func-
tions, such as ACC, typically disregard economic criteria, such as energy
optimization, being in general not trivial to conciliate tracking and economic
control tasks.

o Chapter 6 presents a novel advanced control framework, named Neural
Adaptive Model Predictive Control (NA-MPC), which augments standard
MPC problems with three key features. First, an online metaheuristic
tuning strategy dynamically adapts the MPC cost function weights, to
achieve multiple conflicting control objectives at once. Second, through
neural emulation, the MPC control policy is replaced by an equivalent
neural controller, which faithfully delivers the original optimal control action,
thanks to universal approximation guarantees, and also ensures real-time
feasibility. Third, a neural black-box model of the plant is considered, serving
also as MPC prediction model, so to ensure applicability when an accurate,
white-box model of the plant is not readily available.

The generality and versatility of NA-MPC make it suitable for a broad
range of control applications. In this chapter, we validate it on the case
study of power management in fuel cell hybrid electric vehicles (FCHEVs), a
topic of growing interest within the frame of sustainable transportation. In
this domain, current state-of-the-art strategies exhibit several shortcomings:
they typically fail in achieving an effective trade-off between accurate power
tracking and supply saving, proving a merely suboptimal control action; their
adaptation capability is limited, relying either on offline tuning or simplistic
non-optimal adaptation policies; moreover, only few basic optimal control
approaches have been proposed in the literature, with little focus on their
real-time feasibility.

NA-MPC overcomes these limitations by providing optimal power allo-
cation, effectively attaining multiple control objectives concurrently, and,
thanks to its neural embedding, ensuring real-time feasibility and a straight-

forward implementation on hardware with limited computational resources.






Model Predictive Control

2.1. Introduction

ODEL PREDICTIVE CONTROL (MPC) stands as one of the most established and
M widely adopted control strategies in modern control theory. Its broad recognition
in both academia and industry stems from its remarkable versatility in controlling a wide
range of nonlinear, multivariable dynamical systems, explicitly handling constraints, and
possibly accounting for exogenous disturbances and changing operating conditions.

Its key working principle consists of three main steps: first, given the current system
state, a finite-horizon constrained optimal control problem is solved, obtaining a sequence
of optimal control inputs; then, only the first sample of the optimal input sequence is
applied to the system (this step is called receding horizon); finally, the system evolves
under the given control input, attaining its next state that is used to solve a new optimal
control problem, closing the loop.

The widespread success of MPC over conventional control techniques arises from a set
of distinctive features that make it both effective and versatile.

First, MPC relies on model-based predictions of the plant evolution, over a given
prediction horizon. Specifically, within the optimal control problem, a prediction model
of the plant is inserted as a set of nonlinear equality constraints. The free input decision
variables serve to evaluate the evolution of such a model. Then, MPC seeks the optimal
input sequence minimizing a given cost function, which encodes the control task to be
attained. Finally, only the first optimal input of the sequence is applied to the plant.

The predictive nature of MPC allows it to effectively control a wide variety of systems,
provided that we can derive a suitable mathematical model of them for prediction. In partic-
ular, existing MPC formulations are capable of handling linear and nonlinear multivariable
systems (called, respectively, Linear-Quadratic MPC and Nonlinear MPC') [22, 64], as well
as hybrid, time-delayed, and event-triggered systems [16, 111, 94]. Further extensions of
MPC have been developed for stochastic and uncertain systems [81], as well as networked,
distributed, and multi-agent systems [138].

Additionally, by its inherent formulation as an optimization problem, MPC is capable of
seamlessly handling constraints on the plant states, inputs, and outputs. These are directly
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inserted in the optimal control problem, typically as nonlinear inequality constraints. Such
constraints arise in many practical applications, in which they can represent actuation
and physical limits, as well as regions of operation, obstacles to be avoided, and safety or
comfort requirements [31, 34].

As we can see, the working principle of MPC is particularly effective and, to some
extent, it takes inspiration from human decision-making. A classic example on this aspect
is the analogy between MPC and a human playing chess.

For both MPC and playing chess, decisions are made through a process of foresight. In
MPC, the future evolution of the plant is predicted over a finite horizon, and the optimal
input sequence is selected to minimize the given cost function. Similarly, a chess player
mentally explores possible future moves and countermoves, assessing their consequences
several steps ahead to identify the most advantageous strategy. In both contexts, predictions
are inherently limited to a finite horizon: MPC considers only a finite prediction interval,
just as a player can evaluate only a few moves in advance before the complexity becomes
intractable.

Also constraints play a comparable role in defining feasible decisions. In MPC, they
restrict the admissible values for the input sequence and the predicted state and output
trajectories. In chess, the rules of the game, among which how each piece can move and
the finite size of the board, constrain how the player can plan its moves and strategy.

Finally, the receding horizon in MPC, for which only the first sample of the optimal
input sequence is applied to the system, closely mirrors what happens in chess, where the
player plans several moves ahead, but only a single piece can be moved at a time.

Along with its ability to handle various classes of constrained systems, MPC can
be employed to attain a wide range of control tasks. The most relevant ones are the
following: regulation, consisting in steering the system towards one of its equilibrium states;
path following, which involves following a predefined sequence of states, without explicit
timing constraints; tracking, which is similar to path following, but with prescribed timing,
meaning that the sequence of states is time-parameterized and, in general, corresponds to
a trajectory of the system.

The first studies introducing the fundamental concepts of MPC appeared in the 1960s,
addressing both linear and nonlinear systems [127, 88]. However, it was only in the late 1970s
that MPC began to gain wider popularity within control engineering [148, 44]. Its initial
success emerged primarily in the field of process control, where the relatively slow dynamics
of industrial processes were compatible with the computational capabilities available at the
time for solving the optimization problems underlying MPC [64]. Academic interest in the
theoretical foundations of MPC, particularly its stability properties, developed somewhat
later, with the first studies on stability of linear and nonlinear MPC formulations appearing
during the 1980s and early 1990s [55, 103].

Modern stability theory in MPC largely relies on the inclusion of the so-called terminal
ingredients, namely a terminal cost function and a terminal state constraint, within the
MPC optimal control problem [64]. Both of these ingredients are “terminal”, in the sense
that they act upon the state predicted at the end of the prediction horizon, which is known
as terminal state. The foundations of these concepts date back to the 1990s, when the first
studies on MPC stability with terminal ingredients have emerged [47, 38, 104]

In the following years, alternative schemes were also proposed, relaxing or even omitting
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terminal ingredients, thereby broadening the applicability of MPC while maintaining
stability guarantees [65, 62, 64].

In the early 2000s, another significant advancement in MPC was achieved with the
introduction of Ezplicit Model Predictive Control (Ex-MPC) [14], first formalized in the
pioneering work [18]. This approach was developed to overcome the high computational
demand inherent to MPC, which requires solving an optimal control problem online at
each time step. Explicit MPC obviates the need for online optimization by pre-solving
Linear-Quadratic MPC problems over the entire set of feasible states. The result is an
explicit solution to the original MPC problem, in the form of a static state-feedback control
policy, that can be evaluated with negligible computational effort. The Ex-MPC policy is
proved to have a closed-form expression, exhibiting a piecewise-affine (PWA) structure,
defined over a collection of polytipic regions [18]. As a result, instead of solving online the
MPC problem, Ex-MPC only requires to locate the polytopic region containing the current
system state and evaluating the related affine function, thereby achieving a substantial
reduction in computational complexity.

2.1.1. Outline

Building on this background, in the remainder of this chapter we will delve into the
mathematical foundations of MPC theory.

In particular, we will begin by analyzing its two principal variants: Nonlinear MPC
(Section 2.2) and Linear-Quadratic MPC (Section 2.3). For both schemes, we will focus on
their two main formulations: MPC with stabilizing terminal ingredients (Sections 2.2.1
and 2.3.1) and MPC without stabilizing terminal ingredients (Sections 2.2.2 and 2.3.2),
discussing in detail the conditions required to guarantee closed-loop stability in both cases.
Finally, we will address Explicit MPC (Section 2.4), focusing on the derivation of its explicit
solution.

We remark that most of the results presented in this chapter are classical and can be
found in several works within the MPC literature. In view of the huge amount of this
literature, our aim here is to provide a concise and coherent compendium that uniformly
present these foundational results in MPC theory. Below, we provide a selected list of
references, that served as the main sources we have drawn upon in writing this chapter.

The theoretical results on MPC with terminal ingredients, presented Sections 2.2
and 2.3, are adapted from [47, 38, 104, 64, 133, 22]. The results on MPC without terminal
ingredients, presented in Sections 2.2.2 and 2.3.2, are based on [65, 62, 64]. Section 2.4 on
Explicit MPC collects the results presented in [18, 14, 149, 61].

2.2. Nonlinear Model Predictive Control
Let us consider a discrete-time (DT) nonlinear dynamical system, i.e.,

Trt1 = f(ag,ur), k€ Z>o, (2.1)
subject to the constraints

zp € X ={x € R" : ¢cy(z) <0} CR", (2.2a)
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wp €U = {u € R™ : ¢y(u) < 0} CR™, (2.2b)

at all time instants k& > 0. In Egs. (2.1) and (2.2), z € R™ and u € R™ are the state
and input vectors, respectively, f : R" x R™ — R™ is the state transition function,
¢z : R — RNew and ¢, : R™ — RNew are nonlinear functions, which define the constraint
sets X and U by imposing N., and N., inequality constraints on the state and input,
respectively. Hereafter, let Z = X x U.

If the functions ¢, and ¢, are affine, i.e.,

co(x) = Hyw — hyy  cy(u) = Hyu — hy, (2.3)
then X and U are convex polytopes, with the following half-space representation:
X={zxeR"™: :Hyx<hgy}, U={xeR"™ : Hyx < hy}. (2.4)

We introduce the following additional assumptions on system (2.1):

Assumption 2.1

The state z of system (2.1) is known and available at each time instant k& > 0.

Assumption 2.1 is a standard one in the MPC literature, as it allows to focus the
analysis and design workflow on the control problem itself, decoupling it from an additional
state estimation problem. While such an assumption can be often viable in practice, for
several real-world systems the full state is either not available or affected by disturbances.
As a consequence, in such cases it is necessary to combine MPC with a state estimator.
Several approaches have been proposed in this respect, ranging from classic state esti-
mation methods, based on nonlinear observers or the Extended Kalman Filter (EKF),
or optimization-based ones, such as the Moving Horizon Estimation (MHE). For further
details, we refer the interested reader to [133, Section 1.4, Chapters 4, 5].

Assumption 2.2

The function f is continuous on X x U.

Assumption 2.3

System (2.1) admits a manifold of equilibrium points, given by

Z, ={(xr,uy) € R™ x R™ : 2, = f(zy,ur)} (2.5)

Definition 2.1 (Admissibility)

a) The states z € X are called admissible states and the inputs u € U are called
admissible inputs.

b) For N € N»; U {oo}, we call an input sequence u = (u;)x5" admissible up to
time N if u; € U, Vi=0,...,N—1. UV is the set of admissible input sequences.
Similarly, we call a state sequence = (wi)fi_ol admissible up to time N if

i € X,Vi=0,...,N—1. XN is the set of admissible state sequences.

For system (2.1), we consider the following two control tasks:
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1) Regulation towards an admissible state z, € X (called reference state), for which
exists an admissible input w, € U such that (z,,u,) is an equilibrium point of
system (2.1), i.e.,

xr = fap, uy). (2.6)

2) Tracking of an admissible state sequence @, = (2, )r>0 € X, for which exists an
admissible input sequence u, = (u,;)r>0 € U such that

LTy k+1 = f(xr,kyur,k)7 VEk > 07 (27)

i.e., x, is a trajectory of system (2.1) (called reference state trajectory).

Nonlinear Model Predictive Control (NMCP) serves as our control strategy to attain
the above tasks.

The NMPC strategy provides, at each discrete time instant & > 0, an optimal control
input uj to system (2.1), obtained by solving the following finite-horizon constrained
optimal control problem:

Np—1

min S (@, ) = > (@ ) + Vi@, k) (2.8a)
Lk, U i=0

s.t. 2o = zp, (2.8b)

i = [(@qps ), 1=0,...,Np— 1, (2.8c)

B € X, i=0,...,N,—1, (2.8d)

g €U, i=0,...,Ny—1, (2.8¢)

ij\k € &f. (2.8f)

In the NMPC problem (2.8):

o (g, Ufps - - - aﬂNp—1|k):(ai|k)£\20_1:ﬁ’k and (Zojg; Z1jk;, - - - ,CﬁNp|k):(fi|k)£\20:§’k
are sequences of N, inputs and NN, + 1 states, respectively, acting as decision
variables of problem (2.8). N, is called prediction horizon.

The notation “i|k” has the following meaning: i is the prediction time instant,
with ¢ =0,1,..., Np; k is the current time instant of system (2.1).

Therefore, Z;;, and ;) represent state and input samples that are predicted i
steps ahead of the current time k, respectively.

For notational convenience, we can omit the explicit dependence on k when
clear from context.

e Eq. (2.8a) reports the cost function J, encoding the given control task. It is
composed by the stage cost function £ : R™ x R™ — R and the terminal cost
function Vy : R" — R; the latter is a key ingredient to establish closed-loop stability
guarantees for the NMPC problem (2.8).

e Eq. (2.8b) imposes that the initial state &g, is equal to the current state xj of
system (2.1).

e Eq. (2.8¢c) imposes that the state and input sequences are trajectories of system (2.1).
In this way, &) and 4y, are actual predictions of the dynamics of system (2.1), with
initial condition given by Eq. (2.8b), over the prediction time ¢ =0, ..., N,. Hence,
Eq. (2.8¢) is called prediction model.
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e Eqgs. (2.8d) and (2.8¢) imposes that the predicted state trajectory (ii‘k)f\fo_l and
input sequence 4, are admissible up to time NN, i.e., they respect the constraints
in Eq. (2.2).

e [Eq. (2.8f) imposes a constraint on the terminal predicted state &y, |, where Xy C X
is called terminal set. Eq. (2.8f) is called terminal constraint and is a key ingredient
to establish closed-loop stability guarantees for the NMPC problem (2.8).

The optimal input sequence and predicted state trajectory, resulting from the solution of
the NMPC problem (2.8), are denoted by @ = (], )i ' and &} = (2]),);%, respectively.

The optimal cost value is given by J(&7,u;). Since the only parameter of the NMPC
problem (2.8) is the current state zj of system (2.1) in Eq. (2.8b), we can express the
optimal cost value as a function of xj only, i.e., J(Z},4}) = J*(x).

Also, let J3 (z) denote the optimal cost value function of the NMPC problem (2.8)
with prediction horizon N > 1.

In order to ensure that the NMPC problem (2.8) admits a solution, we introduce the

following additional assumption:

Assumption 2.4

a) The stage cost function ¢ is continuous on X' x U; the terminal cost function Vy
is continuous on X’y.

b) The terminal set Xy is compact.

As proved in [133, Proposition 2.4], under Assumptions 2.2 and 2.4, together with X
and U being closed sets by Eq. (2.2), the NMPC problem (2.8) admits a solution.

Moreover, Assumptions 2.2 and 2.4a also ensure that the cost value function J is
continuous [133, Proposition 2.1]. Instead, the optimal cost value function J* is not
necessarily continuous, even if J is continuous [133]. We shall see how to deal with this
aspect in Section 2.2.1.

System (2.1) is controlled by NMPC under the so-called one-step receding horizon
policy: at each time instant k£ > 0, only the first optimal input sample ﬁ(";l i 1s applied to
system (2.1); the remainder of @;, is discarded.

Then, the NMPC problem (2.8) can be represented by a static state-feedback control
policy m, as follows:

up, = gy, = 7(wp), (2.9)
and the closed-loop system (2.1), (2.9) evolves as

Tht1 = f(xk,ﬂ'(l’k)), k > 0. (2.10)

Controlling Continuous-Time Nonlinear Systems

So far, we have assumed system (2.1) to be specified in discrete time. The main reason is
that the solution of discrete-time optimal control problems is much more practical than
their continuous counterpart and allows to make ready use of powerful mathematical
programming software (see, e.g., [96, 8, 108, 153]). Moreover, advanced MPC controllers
are almost always implemented on digital devices, by sampling the system variables and
transmitting the control action to the system at discrete time instants.



Nonlinear Model Predictive Control 13

However, in practical settings, the system to control is typically a continuous-time (CT)
nonlinear plant, i.e.,

#(t) = fo(a(t),ut)), teRso. (2.11)

where f.: R x R" — R™ is the state dynamics function.
We introduce the following assumptions on system (2.11):

Assumption 2.5

The state x(t) of system (2.11) is known and available at each time instant ¢ > 0.

Assumption 2.6

a) The function f(-,u) is Lipschitz continuous on X.

b) The function f(z,-) is continuous on U.

Assumption 2.7

The input signal w = (u(t));e[0,+00) belongs to the space of piecewise continuous signals

I N

Remark 2.1

Under Assumptions 2.6 and 2.7, the Picard-Lindel6f theorem guarantees the existence
of a unique solution z(¢) of system (2.11) in the time interval [0, +00), starting from
xo [77].

Assumption 2.8

System (2.11) admits a manifold of equilibrium points, given by

Z¢={(xy,u,) € R™ x R™ : f.(z,,u,) = 0}. (2.12)

In order to control the CT plant (2.11) using the same DT formulation of the NMPC
problem (2.8), we adopt the following measures:
1) We construct a DT model of the CT plant (2.11), to be used as prediction
model (2.8¢) within the NMPC problem (2.8).
To this end, we discretize the CT system (2.11), with discrete time step T > 0,
obtaining a DT system matching Eq. (2.1), i.e., xx+1 = f(zk, ug), where zy ~ x(kT})
and ug = u(kTy), k > 0.
To obtain a meaningful discretization, we introduce a more tight assumption on
the input signal:
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Assumption 2.9

The input signal u = (u(t));e[0,4-0) IS Piecewise constant over the time intervals
(KT, (k + 1)Ty), k > 0, ie.,

u(t) =ug, Vte ks, (k+1)Ty). (2.13)

Indeed, this assumption is a particular case of Assumption 2.7.

In most cases, the discretization introduces an approximation error in the state
transition function f, due to which the states xy and z(kTs) do not match exactly
over time k > 0.

Among the existing discretization methods, the most relevant ones are the
following:

e FExact discretization. This methods applies to linear/affine CT systems, i.e.,
#(t) = Acx(t) + Beu(t) + be. (2.14)

The discretized system is derived exactly through the following convolu-
tion integral:
(k+1)Ts
o((k+ 1)Ty) = ez (kT,) + A BEVT=T) (B (1) + be)dr
kT
(k+1)Ts

— eAcTsx(kTs) + eAc(k?"rl)Ts / e_AchT <Bcuk + bC)
kT,

— €ACTSx(kTS) + (eAcTs _ I)Agl(Bcuk + bc) (215)

= k41 = Azxy + Buy + b, (2.16)

where x;, = x(kT}), up = u(kTy), A = eATs B = (eA<Ts — IYA'B,, and
b= (eATs —I)A;D,.
We see that no approximations have been introduced in the discretized
system, ensuring the exact match between x and x(kTs) for all £ > 0.
e Forward Fuler method. This method relies on approximating the time
derivative with a finite difference, i.e.,

o((k +1)T}) — x(kTy)

2(kTs) = fe(x(kTs), u(kTs)) =~

T, ’
z((k 4+ 1)Ts) = x(kTs) 4 Ts fe(x(kTs), u(kTy)) (2.17)
= Ty = T + Tsfe(@p, ur) = felor, uk), (2.18)

where xp =~ x(kTs) and u, = u(kTs).
e FEaxplicit Runge-Kutta methods. An explicit Runge-Kutta method of order n
(RKn) advances the state z; ~ x(kTs) via n stage evaluations, i.e.,

i—1
ki:fc(l‘k—l—TsZaijk‘j,uk), 1=1,...,n, (2.19a)
j=1
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n
Th+1 = Tk +Tszbiki($kauk) = fRKn(xk,uk). (2.19b)
i=1
The coefficients (a;;)1<j<i<n, (bi)i—;, and (¢;)}_, are summarized in a Butcher
tableau [29].
The most widely known member of the Runge-Kutta family is the fourth-
order method, i.e., Runge-Kutta 4 (RK4). Also, the RK1 method is equiva-
lent to the forward Euler method.

Remark 2.2

It is worth noticing that all the above discretization methods preserve the
equilibrium manifold (2.5), (2.12), i.e., for the CT system (2.11) and its dis-
cretization (2.1), it holds that

Z¢ = Z,. (2.20)

T

2) At each time instant £ > 0, we pass the current state z(kTs) = zj to the NMPC
problem (2.8).

Then, the CT plant (2.11) is controlled by NMPC under the one-step receding
horizon policy as follows: at each k > 0, the first optimal input sample ﬁak is
applied to the plant (2.11) over the continuous time interval [kTy, (k + 1)T%).

Hence, the control input signal u = (u(t)).e[0,+00) 18 Piecewise constant, i.e.,

ult) = up = @y, Vit e KTy, (k+ 1)Ty), (2.21)

satisfying Assumption 2.9.

Remark 2.3

With the exception of exact discretization, all the other methods described above
introduce a mismatch between the NMPC prediction and the actual closed-loop state

trajectory of system (2.11). This mismatch can, in principle, compromise the closed-loop
stability guarantees that are going to be introduced in the next section.

Such an issue can be formally tackled by robustifying the NMPC problem (2.8)
(see, e.g., [64, Theorems 7.36, 7.41, 11.10]). In practice, however, this is hardly ever
rigorously ensured. The reason for this is that, for “good” discretization methods,
numerical errors are usually very small compared to other error sources like model
errors, exogenous disturbances, etc. Although even very small errors may, in the worst
case, be destabilizing, this is very unlikely to happen and such phenomena are hardly
ever observed in simulations or practical examples [64].

Hence, for most practical cases involving a CT plant with non-exact DT predic-
tion model, stability guarantees are retained, provided that the numerical errors are
sufficiently small.

2.2.1. Nonlinear MPC With Stabilizing Terminal Ingredients

In the following, we analyze the NMPC problem (2.8) with the inclusion of terminal
ingredients, namely the terminal cost function Vy in Eq. (2.8a) and the terminal constraint
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set Xy in Eq. (2.8f). These terminal ingredients are used to establish closed-loop stability
and recursive feasibility guarantees for the NMPC problem (2.8), in the case of regulation
and tracking control tasks.

Before delving into this topic, we introduce some important concepts that are needed
in the subsequent analysis:

Definition 2.2 (Feasibility)

We say that the NMPC problem (2.8) is feasible for the current state xp € X if there
exists an admissible input sequence @ € U™» such that the state sequence & given by

Lo = x, (2.22a)
i’i_|_1 = f(.il?i,ui), = 0,...,Np— 1, (2.22b)
is admissible, i.e., & € X" *! and 2y, € X.

The state zy, is called feasible state of problem (2.8); the input sequence @ is called
feasible input sequence; the state sequence & given by 4 is called feasible state sequence.

Definition 2.3 (Recursive feasibility)

The NMPC problem (2.8) is recursively feasible for the initial state xg € X if z is
feasible and the closed-loop successor state xy+1 = f(z, 7(x))) is again feasible for all
k> 0.

The state zg is called recursively feasible state of problem (2.8).

Definition 2.4 (Feasible sets)

Given the NMPC problem (2.8), we define:

a) the set of feasible input sequences %n(x) for horizon N € N, 0 < N < N, and
initial state x € X by

Un(z)={aeUN :3& e XN 3¢ ==,
‘%i-f—l:f('%iy'ai%i:O7"'7N_17
in € Xf}, (2.23)

b) the set of feasible states Xy for horizon N € N, 0 < N < N, by

XN = {.7} eX:.:due ?/N(a:)} (2.24)

Remark 2.4

By Definition 2.4, for horizon N = 0 we have that Xy = &.

To start our analysis on how the inclusion of terminal ingredients can ensure the
closed-loop stability of the NMPC problem (2.8), we begin by outlining the standard
approach that is usually employed in the literature to prove the stability of a closed-loop
system under the control of a generic NMPC scheme.
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Since system (2.1) is controlled by NMPC through the receding horizon policy, the
first key condition to ensure is that the NMPC problem (2.8) is recursively feasible
(Definition 2.3). This property guarantees that, for a given set of initial states zg € X,
the NMPC problem (2.8) is solvable at all subsequent time instants k > 0, thereby always
providing an optimal control input to the system.

Then, we can proceed with the stability analysis. The MPC literature usually resorts
to Lyapunov stability theory to establish closed-loop stability guarantees. From a practical
point of view, what is typically done is proving that the optimal cost value J*(z) is a
Lyapunov function of the closed-loop system (2.10).

Regulation Control Task

First, let us focus on the control task of regulation towards an admissible equilibrium state
xr € X of system (2.1), with admissible input u, € U such that (z,,u,) is an equilibrium
point of system (2.1).

Assumption 2.10 (Stage cost)

The stage cost function £ : X x U — R>( in Eq. (2.8a) is positive definite in X' x U wrt

(Tp,ur), ie.,

(xy,ur) =0, (2.25a)
lxz,u) >0, V(r,u)e (X xU)~{(zy,u)} (2.25b)

Remark 2.5 (Quadratic stage cost)

A “popular” choice for the stage cost £ meeting Assumption 2.10 is given by the following
quadratic function:

Uz, u) = |z — 201§ + [lu — w7 (2.26)

Assumption 2.11 (Terminal ingredients)

a) The terminal set Xy in Eq. (2.8f) is compact subset of & and contains the
reference state x,, i.e., z, € Xy.

b) The terminal set Xy is control invariant for system (2.1), i.e.,
Vee Xy, Juel: f(x,u) € Xy. (2.27)

More specifically, there exists a terminal control law x; : Xy — U such that
ur = Kf(x,) and

Vo e Xy, flx,kp(x)) € Xy (2.28)

c) The terminal cost V; : Xy — R>( in Eq. (2.8a) is a positive semidefinite function
in Xy wrt x,.

d) The terminal cost V; is such that
Vi mp(@) - Vi(a) < —b(o,kp(@), VoeXp  (2.20)
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Remark 2.6

The “simplest” terminal set satisfying Assumptions 2.11a and 2.11b is given by the
singleton

Xy = {a), (2.30)

since f(xr,u,) = x, € Xy. As a consequence, the related terminal cost, by Assump-
tion 2.11c, degenerates into the identically-null function, i.e.,

Vi(z) = 0. (2.31)

Recursive Feasibility  As outlined at the beginning of this section, we start by ensuring
the recursive feasibility of the NMPC problem (2.8). For further details on the following
results, we refer the reader to [64].

If Assumption 2.11b holds, then, for each N > 2, we have that:

(i) For each feasible state z¢g € X'n_1, with related feasible sequences & € Zn—1(x0)
and &, the prolonged sequence

U, =1;, i=0,...,N—2, dy_4 = rf(Tn-1) (2.32)

is also feasible, i.e., @' € %n(z0).

(ii) The inclusion Xnx_1 C X holds.

(i) In order to prove @' € %n(x¢), we have to verify that (&y_,,0y_;) € X x U and
i‘lN S Xf.

By Eq. (2.32), &y_; = &nv—1 € X5 C X; Uy_; = kf(@n-1) € U by Assump-
tion 2.11b; Yy = f(@hy_y,ly_1) = Fy_ywlin-1)) = F@hy_rwlEy_y) € X by
Assumption 2.11b. Thus, @' € %y (zo).

(ii) Let z¢p € Xn_1, for which there exists @ € Zn_1(zp). By (i), there also exists
' € Un(zo). Thus, Zn(zo) # 0, from which zg € Xy follows.

The set Xy is forward invariant for the closed-loop system (2.10), i.e.,

Vee Xy, f(z,m(z)) € XN. (2.33)

First, we show that Vo € Xy, f(x,7(z)) € Xn_1. Let us consider the feasible sequences
@ and & associated with the feasible state z. It holds that x = %o, 7(z) = 1o (by
the receding horizon policy), and f(z,m(x)) = f(Zo,0o) = #1. Then, the shortened
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sequence

(@0 ) = (@10), i=1,...,N—1, &y =2ayn_1, (2.34)

is feasible and, thus, 2( = &1 = f(z,7(z)) € Xy_1.
Then, the claim follows immediately from Lemma 2.1(ii), as f(z,m(x)) € Xy_1 C
Xn.

Theorem 2.1 (Recursive feasibility)

Consider the NMPC problem (2.8) and let Assumptions 2.11a and 2.11b hold.
Then, the NMPC problem (2.8) is recursively feasible for all initial states g € X, .

Follows immediately from Lemma 2.2 by setting N = N,,.

With Theorem 2.1, we have shown that, by including the terminal constraint (2.8f),
with terminal set Xy satisfying Assumptions 2.11a and 2.11b, we are able to ensure the
recursive feasibility of the NMPC problem (2.8) for the regulation control task.

As noted in Remark 2.6, the simplest choice for the terminal set, ensuring recursive
feasibility, is the singleton Xy = {x,.}. This fact is established in the following Corollary:

Corollary 2.1 (Recursive feasibility with singleton terminal set)

Under the statement of Theorem 2.1, let the terminal set be Xy = {x,}.
Then, the NMPC problem (2.8) is recursively feasible for all initial states zo € X}, .

Follows immediately from Theorem 2.1 and Remark 2.6.

Remark 2.7

The straightforward choice Xy = {x,} comes at the price of obtaining a smaller set
A, i.e., the set of recursively feasible states [102]. This effect is illustrated for the
case of Linear-Quadratic MPC in Section 2.3, Example 2.1.

Indeed, by setting Xy = {x,}, we are implicitly requiring system (2.1) to be exactly
controllable to z, in N, steps (i.e., in finite time), so to ensure that the feasible set
A, is non-empty and contains a neighborhood of ;.

Thus, the singleton X'y = {z,} cannot be employed for systems (2.1) that are merely
stabilizable but not controllable to x, [64], since, for these systems, X, = 0.

In such cases, we have to construct a larger terminal set &, satisfying Assump-

tions 2.11a and 2.11b. This point is going to be analyzed in the following (p. 24).

Closed-Loop Stability  After having ensured recursive feasibility in Theorem 2.1, we
can now proceed with the stability analysis of the NMPC problem (2.8). For further details
on the following results, we refer the reader to [64].
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Consider the NMPC problem (2.8), with stage cost ¢ satisfying Assumption 2.10 and
terminal cost V; satisfying Assumption 2.11c. Let 7 be the related control policy as in
Eq. (2.9). Then, it holds that

up = (). (2.35)

Additionally, z, is an equilibrium of the closed-loop system (2.10).

By Assumptions 2.10 and 2.11c, the cost function J(&g, ) can only take values in

R>¢. Specifically, we can see that J is globally minimized to 0 by the feasible state and
input sequences

(-%za’az) = (xTauT)a 7;:07"'7Np_1a i‘Np = Zr. (236)

Any other feasible sequence must deviate at least once from (x,,u,), yielding a cost
value J > 0. Thus, Eq. (2.36) is the unique, global minimizer of J.

Therefore, by the receding horizon policy, it holds that u, = m(z,).

Also, it immediately follows that x, is an equilibrium of the closed-loop system (2.10),

as f(xp,m(zy)) = f(ar,ur) = xp.

As outlined at the beginning of this section, to establish closed-loop stability guarantees,
we would like to resort to Lyapunov stability theory, employing the optimal cost value
J* : Xy, — R>g as a Lyapunov function for the closed-loop system (2.10).

In order for J*(z) to be a Lyapunov function, the following well-known conditions must
hold:

(i) J*(x) is continuous on X, .

(ii) J*(z) is positive definite on Xn, wrt z;, i.e.,
J(x,) =0, J(x) >0, Yoe iy, {2} (2.37)
(iii) J*(f(z,m(z))) — J*(x) is negative definite on Xy, wrt z, i.e.,

J*(f(xr, m(zr))) — S (1) = O, (2.38a)
T (fz,7(x)) — J*(x) <0, Yo € Xy, ~ {z,}. (2.38b)

Among these conditions, we see that (i), as noted in Section 2.2, is not necessarily
satisfied by J*(z). However, in Lyapunov stability theory, the continuity condition (i) is
sufficient, but it can be more restrictive than necessary. Indeed, such a condition can be
relaxed by requiring an additional state-dependent upper bound on J*(x), as suggested
in [64, Theorem 2.19].

Definition 2.5 (Class K functions [77])

a) A function a : R>9 — R>¢ is said to belong to class K if

(i) it is continuous;
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(ii) it is strictly increasing, i.e., a(r) > a(s) if r > s;
(ifi) «(0) = 0.
b) A function a : R>g — R is said to belong to class K if it belongs to class K
and a(r) — +oo as r — +00.

Then, condition (i) can be relaxed by requiring that there exists a function o € K
such that

J(x) < all|lz —z), YaeXn,. (2.39)

A sufficient condition for Eq. (2.39) to hold is given in [64, Proposition 5.14(ii)], which
introduces a further assumption on the terminal set Xy and terminal cost Vy:

Assumption 2.12

a) The terminal set Xy contains a ball Bs(x,), 6 > 0.

b) There exists a function ay € K such that

Vi(z) < af(|lz —z]|), Ve Bs(x). (2.40)

By [64, Lemma 5.12], it can be shown that J*(z) < Vi(z) < af(||lx — z,||), for all
x € Bs(x,). Then, [64, Proposition 5.14(ii)] proves that such a local bound implies the
existence of a function a € Ky, such that J*(z) < a(||z — z.||), for all z € A, verifying
Eq. (2.39).

Assumption 2.12b represents a non-restrictive condition on the terminal cost V} since,
as we shall see on p. 24, V is typically constructed as a quadratic function.

Theorem 2.2 (Closed-loop stability)

Consider the NMPC problem (2.8). Let the stage cost £, the terminal set Xt, and the
terminal cost V; satisfy Assumptions 2.10-2.12.
Then, x, is an asymptotically stable equilibrium of the closed-loop system (2.10),

with region of attraction Xy, .

Consider the optimal cost value function J* : Xn, — R>q of the NMPC problem (2.8).
We want to show that J*(z) is a Lyapunov function on Xy, wrt z,., of the closed-loop
system (2.10).

Eq. (2.37) follows under the same arguments used to prove Lemma 2.3.

Eq. (2.38a) follows from Lemma 2.3, since J*(f(x,, 7(z;))) = J*(zy).

We now prove that Eq. (2.38b) holds. Let * = (@*)?2’0 and u* = (ﬁj)fip{;l be the

%

optimal state trajectory and input sequence, solving the NMPC problem (2.8), with
initial state 2§ = = by Eq. (2.8b).
The optimal cost value is given by
Np—1

J(x) = J(@"at) = Y U@ @) + Vi@, )- (2.41)
=0
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By the receding horizon policy, m(z) = 4 and 2t = f(z,7(x)) = f(2§, 45) = 27

Now, we overestimate the optimal cost value J*(2™) by considering a feasible, but
suboptimal, shifted state trajectory & = (HNTZ‘)ZNZPO and input sequence @ = (ﬂz)fvz”(; ' of
the NMPC problem (2.8), with initial state Zg = z* = &%, i.e.,

’117;:'&;:'_1, iZO,...,Np—2, aNp—l :Hf(pr_l), (242)

Ti=27, i=0,...,Ny—1, Iy, = f(Tn,-1,UN,-1) (2.43)

To show that & and u are feasible, we verify that (a?Np,l,ﬂNp,l) € X xU and
pr,1 S Xf: by Eq. (2.42), QNZNP,1 = f}kvp S Xf cC X, ﬂprl = Iif(:prfl) € U by
Assumption 2.11b; 2y, = f(Zn,-1,n,-1) = [(@},, £(Zn,-1)) = f(E},. £(EN,)) € Xy
by Assumption 2.11b.

Then, we have that

Np—1
JHat) < J(@,a) = Y (&, %) + Vi(Zw,)
=0
Np—1
= > U@ @) + U@y, k(2N,)) + Vi(f(@h,, k(@N,)))
=1
= J¥(x) — U&5, tg) — V§(2,) + U@, k(2N,)) + Vi(f (2N, £(EN,)))
< J*(x) — U2, dp), 2.44)

since :%}"Vp € Xy and, by Assumption 2.11d,
ViU (@, w8, ) ~ V(@k,) + (@, A(3,)) < 0. (2.45)
Then, recalling that & = x and 4§ = 7(z),
S (S, m(x))) — T () < Lz, 7(2)). (2.46)
By Assumption 2.10 and Lemma 2.3, —{(z,7(z)) <0, V2 € Xy, \ {z,}, yielding
J*(f(x,m(x))) — J () <0, Vo e Xy, \ {2}, (2.47)

which verifies Eq. (2.38b).
Finally, by Assumption 2.12, Eq. (2.39) holds, leveraging [64, Proposition 5.14(ii)].
Therefore, we conclude that, by Lyapunov stability theory, z, is an asymptotically
stable equilibrium of the closed-loop system (2.10), with region of attraction Xy, .

With Theorem 2.2, we have shown that, by including the terminal constraint (2.8f),
with terminal set A’y satisfying Assumptions 2.11a, 2.11b, and 2.12a, and the terminal cost
Vr in Eq. (2.8a), satisfying Assumption 2.11c, 2.11d, and 2.12b, we are able to ensure the
closed-loop stability of the NMPC problem (2.8) for the regulation control task.

By Remark 2.6, the simplest choice for the terminal set and terminal cost, ensuring
closed-loop stability, is the singleton Xy = {z,} and the identically-null function Vy(x) = 0,
respectively.

Differently from the previous case, since now Xy = {z,} is a singleton, Assump-
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tion 2.12a cannot hold anymore, thus not allowing to satisfy Eq. (2.39) through [64,
Proposition 5.14(ii)]. As a consequence, we need to introduce a modified assumption,
according to [64, Proposition 5.7(ii)]:

Assumption 2.13

a) The state constraint set X' contains a ball Bs(z,), § > 0.

b) There exists a function ay € K such that, for all x € Bs(x,), an admissible
input u € U exists for which

flzou) =2, lz,u) <oz — ). (2.48)

By Assumption 2.13, u € % (x) for z € Bs(x,), meaning that Bs(z,) C A} and
Ji(z) < a(||l — ar|). Then, by [64, Lemma 5.4], it holds that J*(z) = J§ (z) < Ji(z) <
ag(||lz — z,||), for all N, > 1 and for all # € Bs(z,). Finally, [64, Proposition 5.7(ii)]
proves that such a local bound implies the existence of a function o € K, such that
J*(z) < a(||lz — z.[|), for all x € X, verifying Eq. (2.39).

Assumption 2.13b enforces that system (2.1) must be locally controllable in 1-step to
Zr, requiring also that the cost of this 1-step move is upper bounded by some function of
class K.

Such an assumption can be further relaxed by considering a k-step controllability
condition on system (2.1), i.e., for all z € Bs(x,), there exists an input sequence u =
(u)"=4 € U (), with related state sequence & = (2;)5_, £ = x, such that SF -1 (2, u;) <
ay(||x —x,||). Under the same arguments in [64, Proposition 5.7(ii)], this choice also verifies
Eq. (2.39).

Corollary 2.2 (Closed-loop stability with point terminal ingredients)

Under the statement of Theorem 2.2, let the terminal ingredients be
Xy = {z,}, Vf(:(}) =0. (2.49)

Let Assumption 2.13 hold.
Then, x, is an asymptotically stable equilibrium of the closed-loop system (2.10),
with region of attraction Xy, .

The proof unfolds as in Theorem 2.2, with the following differences.

The optimal cost value J*(z) is given by

Np—1

JHx) = J(@&,a%) = Y (&, a)). (2.50)
=0

The suboptimal shifted state trajectory & and input sequence @ are given by

@ =y, i=0,...,Ny—2, an,_1=1ur, (2.51)

ji = j‘;(+1’ 7 = O’ . 7Np — 1, ij = f(in717aNp71) = Zr, (252)
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whose feasibility is verified, as Tn,-1 = J%j‘vp €Xy C X, un,—1 =ur €U and Ty, =
f@N,—1,UN,-1) = f(zr,u) = 20 € X,
Then, we compute

Np—1
J*(xT) < J(&, 1) = Z 0(Z;, ;)

Np—1
= Z 07, 07) + (TN, —1,UN, 1)
=l(xr,ur)=0
= T (@) — (3, ) (2.53)
= J(f(z,7(x))) = J*(x) < —L(z,7(x)) <0, Vae Xy, ~{z}. (2.54)

Finally, by Assumption 2.13, Eq. (2.39) holds, leveraging [64, Proposition 5.7(ii)].

Remark 2.8

The straightforward choice Xy = {x,} and V(x) = 0, as also highlighted in Remark 2.7,
leads to a smaller feasible set Xy, which, in the case of closed-loop stability, is also the
region of attraction of the asymptotically stable equilibrium «,.. This effect is illustrated
for the case of Linear-Quadratic MPC in Section 2.3, Example 2.1.

As a consequence, Corollary 2.2 does not hold for systems (2.1) that are stabilizable,
but not controllable, to x,, since Xy, = (). This aspect is further highlighted by
Assumption 2.13b.

In such cases, we have to construct a larger terminal set Xy and a related terminal
cost Vy, satisfying Assumption 2.11. This point is going to be analyzed in the following.

Constructing the Terminal Ingredients For nonlinear systems whose linearization
at (x,,u,) is stabilizable, Xy and V} can be constructed by a linear-quadratic approach
via the corresponding Riccati equation [64]. Further details on the following construction
can be found in [64].

Let us start by considering system (2.1), i.e., z = f(z,u), and assuming that f is at

least C''-smooth near (z,,u,). Then, we can compute

0 0
A= ai (), B— anL(’“’“ ), (2.55)
and write
fz,u) = f(xr,uy) + A(z — 2) + B(u — uy) + Az, u), (2.56)
NS ——

=Z,

where for the reminder A(z,u), by Taylor’s theorem, there exist constants é¢ > 0 and
¢y > 0 such that

1A, wll < ep(lle =z + lu—wrl)? V(z,u) 2 (@ =2 u—u)| < b, (2.57)
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Then, let us consider a stage cost ¢ satisfying Assumption 2.10, and assume also that ¢
is at least C2-smooth near (x,,u,). Hence, it holds that

-
Uz, u) = Uxr,up) + V2, up) [az B :UT] + lac B xr] Hy(zr,uy) [x B :UT] + r(z,u),

U — Uy U — Up U — Uy
- 2]
“ISTR
(2.58)

where Hj is the Hessian matrix of /. Without loss of generality, we consider QQ > 0, R > 0,
and S = 0p,xp,. Then, we have that

Uayu) = ||z =20 |G + llu = up ||+ 7 (2, ), (2.59)
where for the reminder r(x,u), by Taylor’s theorem, there exist dy, ¢y > 0 such that
(2, )] < el =zl + llu —ue))?, ¥ (z,u) : ||(2 = 20— up) || <60 (2.60)

Additionally, let us assume that the constraint sets X and ¢ (2.2) contain a neighborhood
of z, and u,, respectively, i.e., there exist d,,d, > 0 such that

Bs, (xy) ={x e R"™ : ||z —z,|| < d,} C X, (2.61a)
Bs, (uy) ={u e R™ : |lu —u,|| < d,} CU. (2.61Db)

Consider the couple (A, B) in Eq. (2.56) and assume that it is stabilizable (which holds
if, e.g., system (2.1) is stabilizable to x,). Then, there exists a unique P > 0 solving the
discrete algebraic Riccati equation (DARE) with A, B, @, R in Egs. (2.56) and (2.59), i.e.,

P=ATPA-ATPB(R+B'"PB)"'B"PA+Q. (2.62)

From Eq. (2.62), we can also find the feedback matrix of the infinite-horizon DT linear-
quadratic regulator (LQR), which is given by

K =—-(R+B'PB)"'B"PA. (2.63)

In particular, such a matrix K renders A + BK Schur stable.
Then, let us set the terminal control law as

ki(z) = K(x —xr) + uy (2.64)
and define the function

V(z) = |lz — 2 |p. (2.65)

The following identity holds:

I(A+ BE)(z — 2,)|[p — o — 2:[p = —(¢ —2,) (Q + K'RK)(z — z,).  (2.66)
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We can expand the left-hand side of Eq. (2.66) as

I(A+ BK)(z - z,)|p = |z — 2| = (x —2,) " [(A+ BK)" P(A+ BK) — P](z — ).
(2.67)

From the DARE (2.62), ATPA—P = -Q+A"PBS™'B"PA, with S = R+B' PB.
Also, from the expression of the LQR matrix K (2.63), K'S = —A"PB and K SK =
ATPBSIBTPA.

Then, we have that

(A+ BK)"P(A+ BK)—P=(A"PA-P)+ ATPBK + K' B'"PA+ K'B' PBK
= —Q+A"PBS'B"PA—-ATPBST'B"PA
—A"PBST'B"PA+ A"PBST'B"PA—- K'RK
= - Q- K'RK. (2.68)

Therefore, ||(A+ BK)(z — z.)||% — ||z — 2|3 = —(z — 2,) " (Q + KT RK)(x — x,).

For any o > 1, there exists d > 0, such that

V(f(z,kf(x))) = V(z) < —%é(m, ke(x)), Va:l|z—a <6 (2.69)

Let us start by computing the closed-loop successor state of system (2.56) under the
terminal law k¢ (2.64), i.e.,

flz,kf(x)) = (A+ BK)(xz — x,) + Az, k¢ (2)) + 2. (2.70)
Evaluating Eq. (2.70) through function V' (2.65) yields

V(f(z.rs(@)) = [(A+ BE)(@ — 2,) + A, k()3
— (A + BE) (@ — a3
+2(x — 2,) (A + BK)T PA(w, 5y (2)) + | Al x (@) [}

v (z)
= [(A+ BE)(z — a;)|[p + rv(2). (2.71)
Also, by Lemma 2.4 and Eq. (2.71), we have that
V(I p(@)) ~ V(@) = e — 2y + 1), (2.72)

where Q@ = Q + K" RK » 0.
Now, recall the bounds on A and r in Egs. (2.57) and (2.60), respectively; letting
0 < 89 < min(ds,d¢), both bounds hold for all (x,u) : |[(x — zp, u — u,)|| < o.
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Considering the bound on A in Eq. (2.57), by replacing in it the terminal law x s
and using the properties of induced matrix norms, there exist 1, c} > 0 such that

A, 1y (@) < epllle =@l + 1K (@ — o)) < ez — a0l + [ K[z — )2
= (L + KD e — 2% Ve - 2] <61 (2.73)
—_—————
4

Specifically, 7 is related to dg as follows:

1 = e, (@) = wn)l| = (& = e, K (2 = )| = /[l — ]2 + 1K (2 — )2
< Vllw = 2l + K[ — )12

do
= 1+ [IK|2lz = 2| < 0o = 01 € ———xs.  (2.74)
Vir e 1+ (K]

Similarly, for the bound on r in Eq. (2.57), there exists ¢;, > 0 such that

[, kg (@) < ce(l = |K])Plle — 2%, Vo |lz -2 <61 (2.75)
—_———

/

Cy

By analyzing the term ry in Eq. (2.71), we have that

[2(x = 2) " (A+ BK) " PA(z, r4(x))| < 2| P|[II(A + BE)(x — 2) || Az, 5 (2))]]
< 2||PlI|(A+ BE)[[[|A(z, 5 () [l — 2]
< 2¢j[|P|[[[(A+ BE)||[lz — [,

1A,k (@)E < NPNA@, wp(@)]* < FIIP|lz — "
Then, there exists ¢y > 0 such that

rv (@) < 25| PIII(A + BE)|[ll2 — z.[* + 7| Plll|lz — |
<cvlle =z, Va:|z—a <o (2.76)

Now, consider the stage cost ¢ (2.59) and replace in it the terminal law & ¢, obtaining

U, kp(x) = o = 2l|g + 1K (x = 20} + r(2, 55 (2))
= (fL‘ - -Tr)T(Q + KTRK)($ - xr) + T(I7 Kf(x))
= llo — |15+ r(z, 5y (). (2.77)

Combining Egs. (2.72), (2.77), and introducing the constant o > 1, we obtain
1 1 1
V(s @) = Vo) + tang@) = = (1= ) o = arliG + 7 (@) + rlag(o))
(2.78)

By Egs. (2.75) and (2.76), there exists ¢ > 0 such that

1
rv(x) + —r
o

(2,5 ()) < Irv ()] + (e, g (2))



28 Model Predictive Control

/
C
< <cv+0f lz—alPP, Yo:lz—z|<o.  (279)
C

Since 1 — % > 0 for all ¢ > 1, the following bound holds globally:
(1= ) bl <= (1= 2) A @l - (280)
pu rilg = pu min rll :
where A\pin(Q) > 0 is the smallest eigenvalue of @ = 0.

Then, by Eq. (2.79), for any 5 € (0,1) and o > 1, there exists 0 < § < §; such that

1

(@) + r(a, ng(e)) < B (1 - i) i O)|z — 22, Vi fz— 2] <6 (2.81)

In the end, combining Egs. (2.78), (2.80), and (2.81), we obtain

V(@) = V(@) + b)) < = (1= 8) (1= ) An@lfe - o]

>0
<0, Va:lz—a| <o

= V(f(z,kf(x))) = V(z) < —éé(m,mf(x)), Va:l|z—xz <0. (2.82)

Remark 2.9
min(ds,dp)

The value of § in Lemma 2.5 satisfies 0 < § < ——=—==.
T VIHIK2

Additionally, it depends on the chosen value of ¢ > 1, which represents a degree of
freedom. This can be noticed in Eq. (2.81): the term B(1 — 1) € (0,1) decreases (i.e.,
tends to 0) as o decreases (i.e., 0 — 1); therefore, § will be smaller as o decreases.

Lemma 2.6 (Construction of the quadratic terminal ingredients)

Consider the following quadratic terminal ingredients for the NMPC problem (2.8):

Vi(z) = oV(z) = ol|x — a3, o >1, (2.83a)
Xp={z eR"™ :V(z) <a}, a>0. (2.83b)

Then, there exists a > 0 and o > 1 such that the terminal ingredients (2.83) satisfy
Assumption 2.11.

First, we show that there exists ag > 0 such that, by choosing 0 < a < «y,

Xf C Bs(z,) ={z e R™ : ||z — x| <6} C &, (2.84)

where 6 > 0 and 0 > 1 in Eq. (2.83a) are defined in Lemma 2.5.
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By Eq. (2.61a), there exists 0, > 0 such that Bs,(z,) C X. Then, we can select
0 < 4, so that Bs(z,) C Bs, (z,).

Then, since P > 0, there surely exists gy > 0 such that {x € R™ : ||z — z,||% <
Oéo} - Bé(xr) c B(Sx (xr) cX.

Thus, under the choice 0 < a < ag, Eq. (2.84) holds. Importantly, also Eq. (2.69)
holds for all x € &.

Then, let us analyze each Assumption 2.11a-2.11d.

(a) By construction, Xy = {z € R" : (z — ;)" P(z — z,) < a} (2.83b), with P = 0
and a > 0, is compact and contains z,. Also, by Eq. (2.84), it is a subset of X'.

(b) Let us consider the terminal control law r¢(x) = K(x — x,) + u, (2.64). First,
we have to ensure that, for all x € Xy, ky(x) € U.

By Eq. (2.61b), there exists 6, > 0 such that Bs, (u,) C U. Since P > 0, it holds

a

o = 2l > Anin(P) 2 — ol = o — 2l < || — 2o, Voe Ay  (285)
Amin(P)
Hence,
!
[6(z) —w || = [K(z — 2)|| < |K|llx — || < 1Kl [i—5y, Vo eXy (2.86)
)\mln(P)
Then, if we choose 0 < a < min (%, ao), we have that
|k(x) — up|| < 0y = K(z) € Bs, (ur) CU, Ve X (2.87)

Now, by Eq. (2.69), it holds that
Vo e Xy, V(f(z,kp(x))) <V(z) <a= f(z,kp(x)) € Xf. (2.88)

(c) The terminal cost Vi(z) = oV (z) = o|jx — z,||%, with 0 > 1 and P > 0, is
positive definite in Xy wrt x,.
(d) By Eq. (2.69), it holds that

Vi(f(x,kp(x))) = Vi(x) < —l(x,kf(x)), Vo€ X (2.89)

Thus, V; satisfies Eq. (2.29).

Remark 2.10

By Lemma 2.6 and recalling Remark 2.9, the value of § now satisfies 0 < § <

; ) d¢
min o, ).
<\/1+||K2’ VIHK[]2' ”)

The value of o > 1 remains a degree of freedom. In particular, the set Xy becomes

smaller as o decreases (i.e., o — 1).

In this regard, it is interesting to notice that, for o — 1, &} collapses to the
singleton {z,} and Vy : Xy — Rs>g degenerates into the identically-null function
Vi(x) = 0, yielding the terminal ingredients in Remark 2.6.




30 Model Predictive Control

Finally, with the terminal ingredients constructed in Lemma 2.6, we can state the
following theorems:

Theorem 2.3 (Recursive feasibility with ellipsoidal terminal set)

Consider the NMPC problem (2.8). Assume that the linearization at (x,,u,) of
system (2.1) is stabilizable, i.e., for A = %(mr,ur) and B = %(mr,ur), (A, B) is
stabilizable. Assume also that the constraint sets X and U (2.2) contain a neighborhood
of x, and u,., respectively.

Let the terminal set X'y be given by Eq. (2.83b).

Then, the NMPC problem (2.8) is recursively feasible for all initial states g € X, .

This follows immediately from Theorem 2.1 and Lemma 2.6.

Theorem 2.4 (Closed-loop stability with quadratic terminal ingredients)

Consider the NMPC problem (2.8). Assume that the linearization at (x,,u,) of
system (2.1) is stabilizable, i.e., for A = %(xr,uT) and B = %(zr,ur), (A, B) is
stabilizable. Assume also that the constraint sets X and U (2.2) contain a neighborhood
of z, and wu,, respectively.

Let the stage cost £ satisfy Assumption 2.10 and let the terminal set Xy and terminal
cost V; be given by Eq. (2.83).

Then, z, is an asymptotically stable equilibrium of the closed-loop system (2.10),

with region of attraction X, .

This follows immediately from Theorem 2.2 and Lemma 2.6.

Remark 2.11

The choice Xy = {z € R"™ : |z — z,]|% < o} and Vj(z) = o|lz — z,||% enlarges the
feasible set X, with respect to the case Xy = {z,} and V;(x) = 0 (see Remarks 2.7
and 2.8).

It also enables stability and recursive feasibility guarantees for systems (2.1) that
are stabilizable but not controllable to x,.

Tracking Control Task

Now, let us focus on the control task of tracking an admissible state trajectory x, =
(@rk)k>0 € X of system (2.1), with admissible input sequence w, = (u,)r>0 € U™.

Since the reference couple (x,,u, k) is time varying, the stage cost £, the terminal cost
V¢, and the terminal set Xy acquire an explicit dependence on the time instant k, i.e., for
each k > 0, we define ¢}, : X x U — R>q, Xy C X, and Vi 0 Xy — Rxo.
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As a consequence, the NMPC problem (2.8) modifies as follows:

Np—1
a%l,ifi Jk(:ﬁk, ﬂk) = ;_ZO £k+i(§7i|ka ﬁz\k) + Vf,kJer(-%Np\k) (2.90&)
s.t. Zp = xg, (2.90b)
i‘i+1|k = f(i’“k,ﬁﬂk), 1=0,...,Np, -1, (2.90¢)
i‘i|k€X7 i=0,...,Np,—1, (2.90d)
ﬂﬂkéu, 1=0,...,N, -1, (2.90e)
«%Np|k S Xf,kﬁ-Np‘ (2.90f)

The static state-feedback control policy of the NMPC problem (2.90) is now given by ,
ug = Aoy, = (k) (2.91)

and the closed-loop system (2.1), (2.91) evolves as
Tp1 = f(zg, mr(xg)), Kk >0. (2.92)

With the modified NMPC problem (2.90), we should also slightly adjust Definition 2.4
on feasible sets:

e For each k > 0, the set of feasible input sequences %y () for horizon N and initial
state x € X is defined by

Uny(z) ={aecU”N :3& e XN 3y =z,
-fi'i—i-l:f(i:iaai)aizov"'aN_la
TN E Xf,k+N,,}- (293)

e For each k£ > 0, the set of feasible states X for horizon N is defined by

XN,I@ = {l’ eX: :due€ %N,k(l‘)} (2.94)

Assumption 2.14 (Stage cost)

For each k > 0, the stage cost function ¢ : X x U — R is positive definite in X x U
wrt (2 k, Ur k), i€,

O (Tr g, up k) = 0, (2.95a)
lU(z,u) >0, V(z,u) € (X xU)~{(xrk, urk)} (2.95b)

Remark 2.12 (Quadratic stage cost)

A “popular” choice for the stage cost £, meeting Assumption 2.14 is given by the
following quadratic function:

Uz, w) = |z — 2 ll§ + [lu — g - (2.96)
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Assumption 2.15 (Terminal ingredients)

For each k > 0:

a) The terminal set X7y in Eq. (2.90f) is compact and contains the reference state

Ty 1€, Ty € Xf k.

b) For the terminal set Xy, it holds that
Vo e Xpg, Jucl: f(r,u) € Xfpq1. (2.97)

More specifically, there exists a terminal control law k7 : Xy — U such that
Ur i = Kk (Trk) and

Vo e X, flo,mpp(x)) € Xfpyr- (2.98)

c) The terminal cost Vyj : X — R>o in Eq. (2.90a) is a positive semidefinite
function in Xy wrt z, 4.

d) The terminal cost Vy, is such that

Vg1 (f(z,508(2))) = Vig(x) < —le(z, ki k(2)), Vo€ Xy (2.99)

Remark 2.13

For each k > 0, the “simplest” terminal set satisfying Assumptions 2.15a and 2.15b is
given by the singleton

Xy = {ni)- (2.100)

As a consequence, the related terminal cost, by Assumption 2.15¢, degenerates into the
identically-null function, i.e.,

Vf,k(x) =0. (2.101)

Recursive Feasibility In the following, we establish recursive feasibility guarantees
for the NMPC problem (2.90). All subsequent results are extensions of those derived for
the regulation case in Section 2.2.1, p. 18, leveraging the modified Assumptions 2.15a
and 2.15b. Consequently, we report only the statements of formal results, as proofs directly
follow. For further details, we refer the reader to [64].

If Assumption 2.11b holds, then, for each N > 2 and k > 0, we have that:

(i) For each feasible state zg € Xn_jj, with related feasible sequences @ €

Un-1,k(x0) and &, the prolonged sequence

lAL{ = ﬁi, 1= 0, ceey N — 2, ’lAl,/Nfl = lif,k(.f,‘Nfl) (2.102)

)

is also feasible, i.e., @' € %y x(xo).

(ii) The inclusion Xy_1 € Xy holds.
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For each k > 0, it holds that

Vo e Xvg, [z, m(x)) € XNy (2.103)

Theorem 2.5 (Recursive feasibility)

Consider the NMPC problem (2.90) and let Assumptions 2.15a and 2.15b hold.
Then, the NMPC problem (2.90) is recursively feasible for all initial states xg €

Xijo.

Corollary 2.3 (Recursive feasibility with singleton terminal set)

Under the statement of Theorem 2.5, for each k > 0, let the terminal set be Xy =

{$r,k}'

Then, the NMPC problem (2.90) is recursively feasible for all initial states xg €
XN, 0-

Closed-Loop Stability  After having ensured recursive feasibility, we now establish
closed-loop stability guarantees for the NMPC problem (2.90). As for recursive feasibility,
all subsequent results are extensions of those derived for the regulation case in Section 2.2.1,
p- 19, leveraging the modified Assumption 2.15. Consequently, we report only the statements
of formal results, as proofs directly follow. For further details, we refer the reader to [64].

Consider the NMPC problem (2.90), with stage cost ¢, satisfying Assumption 2.14 and
terminal cost Vy satisfying Assumption 2.15c. Let m be the related control policy as

in Eq. (2.91). Then, for each k£ > 0, it holds that

Uy = Wk(l'r,k)- (2.104)

Additionally, the state sequence @, = (z,1)k>0 is a trajectory of the closed-loop
system (2.92).

Assumption 2.16

There exist 6 > 0 and a function oy € Ky such that, for each k£ > 0:

a) The terminal set X, contains the ball Bs(x,1).
b) For all z € Bs(z, ), it holds that

Vir(e) < ap(llz — zrpl). (2.105)

Under Assumption 2.16, there exists a function o € K such that, for each k£ > 0,
Ji(@) < alle - wal), Ve € Xy, (2.106)

which is the time-varying generalization of Eq. (2.39).
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Theorem 2.6 (Closed-loop stability)

Consider the NMPC problem (2.90). Let the stage cost ¢y, the terminal set X, and
the terminal cost Vy; satisfy Assumptions 2.14-2.16.

Then, @, is an asymptotically stable trajectory of the closed-loop system (2.92),
with region of attraction X, 0.

Assumption 2.17

There exist § > 0 and a function ay € Ko, such that, for each k£ > 0:

a) The state constraint set X contains the ball Bs(z, k).

b) For all z € Bs(z, ), there exists an admissible input u € U such that

f(:I:?u) = Lrk+1, Ek($7u) < O‘Z(H‘T — Trk |) (2107)

Under Assumption 2.17, Eq. (2.106) is verified.

Corollary 2.4 (Closed-loop stability with point terminal ingredients)

Under the statement of Theorem 2.6, for each k > 0, let the terminal ingredients be
X =A{zrk}, Vik(x)=0. (2.108)

Let Assumption 2.17 hold.
Then, x, is an asymptotically stable trajectory of the closed-loop system (2.92),
with region of attraction X, 0.

Constructing the Terminal Ingredients  With respect to the regulation case, con-
structing the terminal ingredients Xy and V}, for tracking is more complicated because,
in the time-varying case, the linear-quadratic approach does not lead to an algebraic Riccati
equation that can be easily solved [64].

2.2.2. Nonlinear MPC Without Stabilizing Terminal Ingredients

As thoroughly described in the previous sections, the inclusion of terminal ingredients in
the NMPC problem (2.8), namely the terminal cost function V¢ and the terminal constraint
set Xy, allows to guarantee asymptotic stability and recursive feasibility over the set X, .

However, to obtain a stabilizing NMPC control action over a large set Xy, , a large
prediction horizon N, is typically required. Moreover, the straightforward choice of
employing point terminal ingredients Xy = {x,} and Vy(z) = 0 may be too restrictive,
yielding a small set X, and, thus, requiring the design of a larger terminal set and non-null
terminal cost. In such a scenario, the terminal ingredients must satisfy Assumption 2.10
(or 2.14), which poses a considerable additional difficulty in the NMPC design, notably
(but not exclusively) for tracking control tasks (i.e., time-varying references).

In contrast to this, practical experience shows us that, typically, NMPC without
terminal ingredients can asymptotically stabilize the closed-loop system, over the whole
state constraint set X, if a sufficiently large prediction horizon N, is chosen. In some
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cases, the NMPC problem (2.8) without terminal ingredients can stabilize the system on
& already for a very small N, while, instead, including terminal ingredients requires a
larger N, to obtain a smaller region of attraction Xy, C &'. In this scenario, it is crucial to
formally characterize the system properties that permit such stabilization and to determine
quantitatively when a prediction horizon is “sufficiently large”.

Therefore, in the following, we analyze the conditions under which the NMPC prob-
lem (2.8) without terminal ingredients is proved to be recursively feasible and to asymptot-
ically stabilize the closed-loop system (2.10).

Regulation Control Task

Let the stage cost ¢ satisfy Assumption 2.10 and define ¢*(x) = inf,eys £(x, u).

Assumption 2.18

The state constraint set X" is control invariant for system (2.1), i.e.,

VeeX, Juel: f(z,u) € X. (2.109)

Assumption 2.19 (Asymptotic controllability wrt ¢)

The system (2.1) is asymptotically controllable with respect to ¢ with rate (3, i.e., for all
x € X, there exists an admissible input sequence u = (u;);>0 € U, with related state
trajectory @ = (x;);>0 having xg = z, such that

Uz, u;) < B (x),i), Vi>D0. (2.110)

The rate 3 : R>g X Z>9 — R>q is such that:

1) B(r,-) is continuous, strictly increasing, and S(r,-) = 0;

2) [((-,1) is continuous, strictly decreasing, and S(-,7) — 0 as i — +o0.
Relevant cases of 8 are:

e B(r,i) = co'r, with ¢ > 0 and o € (0,1) (exponential controllability);

o [B(r,i) =c¢r, with ¢; > 0 and ¢; = 0 for ¢ > ig (finite-time controllability).

Theorem 2.7 ([64, Chapter 6])

Consider the NMPC problem (2.8) with prediction horizon N, and without terminal
ingredients, i.e.,

Xp=X, Vi(x)=0. (2.111)

Let the stage cost £ satisfy Assumption 2.10 and let Assumptions 2.18 and 2.19 hold.

Then, there exists N, > 1 such that, for any prediction horizon N, > N, the
NMPC problem (2.8) is recursively feasible for all initial states o € X, and z, is
an asymptotically stable equilibrium of the closed-loop system (2.10), with region of
attraction X.
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Theorem 2.7 is mainly aimed at finding a sufficiently large prediction horizon N, for
which closed-loop stability is ensured, without terminal ingredients. Consequently, we do
not place emphasis on recursive feasibility; we introduce Assumption 2.18, whose role is
simply to guarantee recursive feasibility over X'. Such an assumption, however, is quite
strong and is not satisfied by arbitrary constraint sets. Nonetheless, in some cases, one can
find a subset of X' that is control invariant for system (2.1), whose size increases with the
prediction horizon N, [64].

To provide some insight, we briefly outline the intuition behind the proof of Theorem 2.7.
For more details, we refer the reader to [65, 64].

By Assumption 2.19, it equivalently holds that

N-1
Jn(@) < By(t*(x)), Bn(r)=>_ B(rji), VezeX, VN>1. (2.112)
i=0
In relevant cases, Bj(r) = ~;r, i.e., it is linear in 7 and ~; > 1 for all j > 1. For example,
in the case of exponential controllability,

1—oJ 1—od
r, =

B(r,i) =co'r = Bj(r)=c (2.113)

1—0 1—0"

Through Eq. (2.112), it can be shown that there exists o < 1 for which the following
Lyapunov inequality on the optimal cost value J3 holds:

In(f(z,7(x))) — Iy(z) < —al(z,7(x)), VzelX. (2.114)

According to Theorem 2.2, to ensure closed-loop stability, it must hold that o € (0, 1].
While the exact value of « is typically hard to compute, it is ensured that such a value
falls within the interval [a.,(N), 1]. The lower bound a depends on the prediction horizon
N and the terms (v;);>1 of the function Bj, as follows:

(v = DI (y — 1)
?:2 Vi~ Hé'v:2(’7j - 1)'

a,(N)=1- (2.115)
In order to ensure that o > 0, it is sufficient to find a sufficiently large N > 2 for which
(N) > 0. Such a value N is ensured to exist by the fact that a.,(N) — 1 as N — +o0.

In some cases, the expression (2.115) can be inverted to find N. For example, assume
that v; =« for all j. Then, Eq. (2.115) becomes

(y—DN

Qy

a,(N)=1-— . 2.116
0, () =1 (2.116)
By imposing ., (N) > 0, we obtain
- In(y - 1) ]
N> |2 . 2.117
_[ +ln7—ln(7—1) ( )

Tracking Control Task

All results developed in the previous section remain valid for the tracking control task.



Linear-Quadratic Model Predictive Control 37

For each k > 0, let the stage cost ¢ satisfy Assumption 2.14 and define ¢} (z) =
infyey U (z,u). Also, let Ji y(z) be the optimal cost value of the NMPC problem (2.8) at
time k, with prediction horizon N > 1.

In the time-varying case, the asymptotic controllability assumption is uniform in time,
as follows:

Assumption 2.20 (Uniform asymptotic controllability wrt ¢)

The system (2.1) is uniformly asymptotically controllable with respect to ¢ with rate
B, i.e., for all z € X and for all £ > 0, there exists an admissible input sequence
u = (ui)i>0 € U, with related state trajectory & = (z;);>0 having xg = z, such that

Oori (i, w) < B(LL(2),4), Vi > 0. (2.118)

Under these modified assumptions, all results in the previous section carry over to the
time-dependent setting [64].

2.3. Linear-Quadratic Model Predictive Control

Linear-Quadratic Model Predictive Control is particular case of the more general Nonlinear
MPC, in which the system under control and prediction model are linear (or affine),
the state and output constraints (including the terminal one) are linear, and the cost
function (composed by stage cost and terminal cost) is quadratic. Therefore, the finite-
horizon constrained optimal control problem associated with Linear Quadratic MPC is a
Quadratic Program (QP). For this reason, Linear-Quadratic MPC is typically called, in
short, QP-MPC.
Let us consider a DT affine dynamical system, i.e.,

Trr1 = Axg + Bug + b, (2.119)

subject to the linear constraints
zpeX ={x e R" : Hyx < hy} CR", (2.120a)
up €U ={ueR™ : Hyu < h,} CR"™, (2.120b)

at all time instants £ > 0. In Eq. (2.119), A € R"™*"= B € R"™*" and b € R"™. Note
that, in Eq. (2.120), X and U are convex polytopes.

For system (2.119), we consider the regulation and tracking control tasks, as described
in Section 2.2.

The QP-MPC strategy provides, at each discrete time instant k > 0, an optimal control
input uj to system (2.119), obtained by solving the following finite-horizon constrained
QP optimal control problem:

Np—1
min  J(@g, @) = Y (e = oold + e - wl®) + len,e o lp  (2.1210)

Tk, ‘
kyUk i=0

(25503 1) Vi@ k)

st. &=y, (2.121Db)
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Ziv1 = A%y + Bl +b, i=0,...,N, — 1, (2.121c)
HyZyp < hgy, i=0,...,Np—1, (2.121d)
Hytj, < hy, i=0,...,Np—1, (2.121e)
HZn, i < hy. (2.121f)

In the QP-MPC problem (2.121):

e Eq. (2.121a) reports the quadratic cost function .J, encoding the given control task.
The stage cost £ : R™ x R™ — R is given by the quadratic function ¢(z,u) =
|E3 —eré + |lu — uy||%, where Q = 0, R = 0, and (z,, u,) is the reference (either for
regulation of tracking). The stage cost matches the form in Remarks 2.5 and 2.12
and, thus, satisfies Assumptions 2.10 and 2.14.
The terminal cost Vy : R™ — R is given by the quadratic function Vi(z) =
|z — ||%, with P = 0.

e FEgs. (2.121b) and (2.121c) is the affine prediction model, given by system (2.119).

e Egs. (2.121d) and (2.121e) imposes the linear state and input constraints in
Eq. (2.120).

e Eq. (2.121f) imposes the terminal state constraint, where the terminal set is a
convex polytope, given by Xy = {x € R" : Hyx < hy} C X.
System (2.119) is controlled by QP-MPC under the one-step receding horizon policy.
Then, the QP-MPC problem (2.121) can be represented by a static state-feedback control
policy 7, as follows:

up = fgyy, = (), (2.122)
and the closed-loop system (2.119), (2.122) evolves as
Tpr1 = fag, m(zr)), k>0. (2.123)

2.3.1. Linear-Quadratic MPC With Stabilizing Terminal Ingredients

In the following, we establish closed-loop stability guarantees for the QP-MPC prob-
lem (2.121), in the case of regulation and tracking control tasks.

As done for NMPC in Section 2.2.1, we start by ensuring the recursive feasibility of
the QP-MPC problem (2.121); then, we proceed with the stability analysis. For further
details, we refer the reader to [22, 64]

Regulation Control Task

Recalling Section 2.2.1, p. 24, let us assume that the couple (A, B) of system (2.119) is

stabilizable. Then, there exists a unique P > 0 solving the discrete algebraic Riccati
equation (DARE) with A, B, @, R in Egs. (2.119) and (2.121a),

P=A"PA-ATPB(R+B"PB)"'B"PA+Q, (2.124)

with LQR feedback matrix given by
K=—-(R+B'"PB)"'BTPA, (2.125)

which renders A + BK Schur stable.
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Lemma 2.10

Let V(z) = ||z — 2,]|%, where P »= 0 is the unique solution of the DARE (2.124),
and define x(x) = K(z — z,) + u,, where K is the LQR matrix (2.125). Also, let
f(z,u) = Az + Bu +b.

Then, it holds that

V(f(z,k(x)=V(z)=—(z —2z.) (Q+ K"RK)(z — z,). (2.126)

The proof unfolds as in Lemma 2.4, only adding that, by the equilibrium condition
x, = Az, + Bu, + b, we have Az + Bu+ b — x, = A(x — x,) + B(u — u,), yielding

V(f(z,k(2)) = V(z) = |(A+ BK)(z — @) |p = llz — 2[5 (2.127)

In the following Lemma, we characterize and construct the terminal ingredients of the
QP-MPC problem (2.121).

Lemma 2.11 (Construction of the terminal ingredients)

Consider the terminal ingredients of the QP-MPC problem (2.121), i.e.,

Vi(x) = ||z — /]|, (2.128a)
Xf = {l‘ e R . Hfl’ < hf}. (2.128b)
Assume that the couple (A, B) of system (2.119) is stabilizable. For the terminal
cost (2.128a), let P > 0 be the unique solution of the DARE (2.124), with LQR matrix
K (2.125).
As terminal set (2.128b), consider the largest polytope within X that is control
invariant for system (2.119) under the terminal control law kf(x) = K(x — ;) + uy,

Vee Xy, zekX, np(x)el, flx,rp(x)) € X (2.129)

Then, the terminal ingredients (2.128) satisfy Assumption 2.11.

By construction, the terminal set A’y satisfies Assumptions 2.11a and 2.11b.

The terminal cost V¢(z) = ||z — z,||%, being P = 0, is positive semidefinite in X
wrt x,.. Then, we compute

Uz, kp(2)) = o = 2llG + kg (2) = el = 2 — 20§ + 1K (2 — @) |7
=(z—2,)"(Q+ K"RK)(x — 2,). (2.130)

By Lemma 2.10, combining Eqgs. (2.126) and (2.130) yields

V(@ ks () — V(@) S~z ks (@), Vo € X (2.131)

Therefore, V; satisfies Assumptions 2.11c and 2.11d.
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Recursive Feasibility In the following, we establish recursive feasibility guarantees for
the QP-MPC problem (2.121), leveraging the results derived for NMPC in Section 2.2.1,
p- 18, and employing the terminal set defined in Lemma 2.11.

Theorem 2.8 (Recursive feasibility)

Consider the QP-MPC problem (2.121). Let the terminal set X be given by Lemma 2.11
in Eq. (2.128b).

Then, the QP-MPC problem (2.121) is recursively feasible for all initial states
xg € X Np-

This follows immediately from Theorem 2.1 and Lemma 2.11.

Remark 2.14

Remark 2.6 and Corollary 2.1 do hold also for QP-MPC, being it a particular case of
the more general NMPC. Hence, recursive feasibility is also guaranteed by employing

the singleton Xy = {x,}.

However, as noted in Remark 2.7, this choice leads to a smaller feasible set Xy,
compared to the one obtained with the terminal set defined in Lemma 2.11. This effect
is illustrated in Example 2.1.

Closed-Loop Stability Now, we establish closed-loop stability guarantees for the
QP-MPC problem (2.121), leveraging the results derived for NMPC in Section 2.2.1, p. 19,
and employing the terminal ingredients defined in Lemma 2.11.

Theorem 2.9 (Closed-loop stability)

Consider the QP-MPC problem (2.121). Let the terminal set Xy and terminal cost V;
be given by Lemma 2.11 in Eqs. (2.128b) and (2.128a), respectively.

Then, z, is an asymptotically stable equilibrium of the closed-loop system (2.123),
with region of attraction Xy, .

This follows immediately from Theorem 2.2 and Lemma 2.11.

Remark 2.15

Remark 2.6 and Corollary 2.2 do hold also for QP-MPC, being it a particular case of
the more general NMPC. Hence, closed-loop stability is also guaranteed by employing

the point terminal ingredients Xy = {z,} and V¢(z) = 0.

However, as noted in Remark 2.8, this choice leads to a smaller region of attraction
XN, compared to the one obtained with the terminal set and terminal cost defined in
Lemma 2.11. This effect is illustrated in Example 2.1.

Constructing the Terminal Set  The terminal set Xy defined in Lemma 2.11 is a
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mazximal control invariant set and can be constructed in an iterative way [22].

First, note that, by Assumptions 2.11a, 2.11b, and Eq. (2.129), for any x € X}, the
following three conditions must be satisfied: (i) x € &, (ii) u = k¢(z) = K(v —z,) +u, €U,
(ili) f(z,kf(x)) = Az + B(K(x — 2,) +u,) + b= (A+ BK)(x — ;) + 2, € &.

Conditions (i) and (ii) are satisfied by requiring that

Hyxz < h,
Xf C ez eR"™:
Hy(K(x—zp) +uy) < hy
= {zeR™ : = x0. (2.132)
H,Kx < hy, + H,(Kz, — u,)

Then, to ensure condition (iii), we proceed iteratively as follows:
1) Initialize X}O) as in Eq. (2.132).

2) For i > 0, iteratively shrink X;i) = {z € R"™ : H](f):c < hy)} by enforcing the
forward invariance constraint (A + BK)(x — z,) + 2, € X fi). This translates into
i1 i i
x( = 21 0 Pre(x))), (2.133)
where
Pre(X\)) = {z € R™ : (A+ BK)(z — z,) + 2, € X"}
={zeR™: H{)(A+BK)z < h{) + H((A+ BK)z, —2,)} (2.134)

is the predecessor of set X ;i) under the forward invariance law.

3) Iterate until convergence, i.e., X Jgiﬂ) =X Jgi), or a maximum number of iterations
Niter is reached, and set Ay = X ng‘)'

The above procedure is encoded in the following Algorithm:

Algorithm 2.1 (Construction of the terminal set Xy (2.128b))

Input: A, B, Q, R, Hy, hy, Hy, by, Zry Ur, Niger

Output: A
1 Solve the DARE P=ATPA—- ATPB(R+ B"PB)"'B"PA+Q for P
2 K+ —(R+B"PB)"'B"PA

0 H,x <h,
3 Xf( )z eRrre
H, Kz < h, + H,(Kx, — uy)

4 fori=0,..., Njer — 1 do
H}i)x = h;i) } where
HO(A+ BK)e < b + B (A+ BK)a, —,) |
X;i) ={z eR" : Hj(ci)x < hgf)}
6 if X;iﬂ) = X}i) then break
7 return X < X]Ei)

5 X}”l) +_QzeRw:

Computing the Feasible Set In QP-MPC, since the terminal set Xy (2.128b) is a
polytope and system (2.119) is affine, we are able to compute with relative ease the feasible
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set Xy, which is both the set of recursively feasible states (Theorem 2.8) and the region
of attraction of the closed-loop equilibrium z, (Theorem 2.9).

Computing Xy, is particularly insightful, as highlighted in Remarks 2.7 and 2.8: it
enables a visual assessment of how large the recursively feasible region is compared to the
entire admissible set X', and it reveals how this region expands as the prediction horizon
N, increases.

Recalling Definition 2.4 of feasible states set X, 0 < N < N, and Remark 2.4, we
can write

Xy = X, (2.135a)
X={zxeX:FJuecl, f(z,u) € Ap}. (2.135Db)

Eq. (2.135) can be recursively extended as follows:
X ={reX:Fuel, f(r,u) e X}, i=0,...,N,—1. (2.136)

Therefore, we can compute Xy, iteratively, starting from X, as follows [22]:

1) For 0 <i < Np—1, to build Xj;; from &, we have to enforce three conditions, i.e.,

reX = H,x < hy, (2.137a)
ueld = Hyu < hy, (2.137b)
flz,u)=Az+Bu+beXx; = H;(Arz+ Bu+b)<h;,

H;Az + H;Bu < h; — Hb. (2.137¢)

To this end, let us first construct the following polytope on R™* x R™u:

Hyr < h,
Zi =< (z,u) e R"™ x R™ : Hyu < hy, . (2.138)
H;Ax + H;Bu < h; — H;b

2) Recalling the definition of projection of polytopes, given Z C R"* x R™«,
Proj,(2) = {z € R"™ : Ju e R™, (z,u) € Z}. (2.139)
Therefore, we precisely have that
Xit1 =Proj,(Z;) ={z e X:Juel, f(x,u) € A;}. (2.140)

3) Iterate until convergence, i.e., Xj1; = &j, or reaching i = N, — 1.

The above procedure is encoded in the following Algorithm:
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Algorithm 2.2 (Construction of the feasible set X}y,)

Input: Xy, A, B, b, Hy, hy, Hy, hy, N,
Output: Xy,
1 Xy Xf
2 fori=0,...,N,—1do
H,x < h,
3 Z; < (z,u) € R x R : Hyu < hy , where X; = {z € R"= :
Xit1  Proj,(2;)
if Xi+1 = X,L then
L Xiso,.., Xn, < X

L break
return f\%\z

N O Ot

I &R Consider the following linear system:

1.2 1 0.5
= 2.141
e [ 0 1.21 ot [0.3] e (2.141)
—_—— ——
A B
subject to state and input constraints
X:{$€R2: <2< 2}, U={ueR:—-1<u<1}. (2.142)

We take the equilibrium (z,,u,) = (02,0) of system (2.141) as the reference for
regulation. In the QP-MPC problem (2.121), we set N, = 10, Q = diag([1,1]"), and
R=1.

By solving the DARE (2.124), we obtain

44452 1.0238
-~ 11.0238 7.7691

], K:[—o.9737 —1.9056}. (2.143)

Through the obtained matrix P, we are able to construct the terminal cost Vy(x) =
|z — 2|% = ||z||%, according to Lemma 2.11.

Then, let us construct the terminal set Xy defined in Lemma 2.11, i.e., the maximal
control invariant set of system (2.141) under the terminal control law ks(z) = K(x —
x,) + u, = Kx. To compute it, we follow Algorithm 2.1. The algorithm converges after 4
iterations to the set

—0.9737 —1.9056
0.9737  1.9056
2. | 0ine 1oase
Xp=Qx €R": | g2g19g —o7877 | T <
—0.2649 0.7877
0.4190 —0.4824
~0.4190 0.4824

(2.144)

e e e Ll

The construction of the terminal set Xy is visually reported in Figure 2.1a.
Now, let us compute the feasible set X,. To do so, we employ Algorithm 2.2, initializing
it with the terminal set Xy in Eq. (2.144). The algorithm terminates after 10 = N, iterations
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(a) Construction of the terminal set X: state
constraint set X [; terminal set Xy (2.144) I,
X i=0,...,2 0.

(c) Construction of the feasible set X, with
X; = {x,}: state constraint set X [@; terminal
set Xy = Xy @; feasible set Xn, O; X, i =
1,...,N, — 1.

(b) Construction of the feasible set X, with
X in Eq. (2.144): state constraint set X' [;
terminal set Xy = Xy l; feasible set X, I;
Xii=1,...,N,— 1[0

(d) State constraint set X E; Terminal set
Xy (2.144) HW; Feasible set An, (X = {2},
N, = 10) El; Feasible set An, (X in
Eq. (2.144), Np = 10) Hl; Feasible set Xy, (X
in Eq. (2.144), N, = 20) .

Figure 2.1. Terminal set Xy and feasible set Xy, of Example 2.1.
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without converging. This means that, by further increasing the prediction horizon N, we
would obtain a larger feasible set. We verify so by also computing X, with N, = 20. The
construction of the feasible set Xy, (with X in Eq. (2.144)) up to N, = 10 is reported in
Figure 2.1b.

Furthermore, for comparison, we compute the feasible set Xy, in the case that the
terminal set is chosen as the singleton Xy = {x,} = {02}, in accordance with Corollar-
ies 2.1, 2.2, and Remark 2.6. Thus, we employ Algorithm 2.2, initializing it with Xy = {0}.
The algorithm terminates after 10 = N, iterations without converging. The construction
of the feasible set X, (with Xy = {x,}) up to N, = 10 is reported in Figure 2.1c.

Figure 2.1d compares the sets in terms of size. We can see that, in accordance with
Remarks 2.14 and 2.15, employing the terminal set X defined in Lemma 2.11 yields a
larger feasible set X, compared to using X'y = {x,}. Moreover, we see that, as established
by Lemma 2.1(ii), as the prediction horizon N, increases, the feasible set X, becomes
larger (up to, possibly, converging to a maximal feasible set, see Remark 2.16).

Remark 2.16

Algorithm 2.2 may converge after N, < N, iterations. When this happens, the set Xﬁp
is the mazimal feasible set of the given QP-MPC problem (2.121). This means that
Np provides an upper limit on the prediction horizon IV, over which the feasible set

does not further increase.
N, is typically called determinedness index [22].
We can observe this considering, e.g., the double integrator

11 0
= 2.145
Th+1 [0 1|k + 1|4 ( )
A B
subject to state and input constraints
X:{$ER2: <z< 2}, U={ueR:—-1<u<l1}, (2.146)

and taking (x,,u,) = (02,0), Q = diag([10,1]"), R = 1. By solving the DARE (2.124),
we obtain

_ [22.1080 12.8841
~112.8841 15.6000

] . K =[-07762 —1.7159]. (2.147)

The terminal set A’y defined in Lemma 2.11 is computed through Algorithm 2.1, which
converges after 2 iterations to the set

—0.7762 —1.7159
0.7762 1.7159

x <
0.5557 0.4523 -
—0.5557 —0.4523

Xp=(zecR?: (2.148)

—_ = =

The feasible set X, is computed through Algorithm 2.2 (initialized with X in
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Eq. (2.148)), which converges after 7 iterations to the set

—0.4472 —0.8944 5
—0.2425 —0.9701 2.0833
Z0.3162 —0.9487 55298
| ||
Xr=qzeRY: | 05983 Oodsr | 2= 23208 | (- (2.149)
07071 0.7071 33355
~0.7071 —0.7071 33355
-1 0 5
1 0 5

Hence, A7 is the maximal feasible set and the determinedness index is Np =T.

4
=
5 S
[~
g 0
N~
-2
~
—
4
4 2 0 2 4

T

(a) Construction of the feasible set X, with (b) State constraint set X [; Terminal set
Xy in Eq. (2.148): state constraint set X' HH; Xy (2.148) HM; Maximal feasible set X7 (X; in
terminal set Xy = Ay Hl; maximal feasible set Eq. (2.148)) .

X, O X, i=1,...,6 .

Figure 2.2. Terminal set Xy and maximal feasible set Xﬁp for the double integrator case (2.145).

Tracking Control Task

For the tracking control task, we refer the reader to the results developed in Section 2.2.1,
p. 30, which equivalently hold for QP-MPC, being it a particular case of NMPC [22, 64].

It is worth noticing that, as for the nonlinear case, constructing the terminal ingredients
for tracking is more complicated than for regulation, because, in the time-varying setting,
the linear-quadratic approach does not lead to an algebraic Riccati equation that can be
easily solved [64].

2.3.2. Linear-Quadratic MPC Without Stabilizing Terminal Ingredients

For what concerns the closed-loop stability and recursive feasibility of QP-MPC when we
do not include the terminal ingredients Xy and V}, designed in Lemma 2.11, we refer the
reader to the results reported in Section 2.2.2, which equivalently hold for QP-MPC, being
it a particular case of NMPC [65, 64].

Nonetheless, for affine systems (2.119), we can find a more strong result on asymptotic
controllability, whose definition is reported in Assumption 2.19. Without loss of generality,
in the following we focus on the regulation control task only.
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Proposition 2.1

Consider the affine system (2.119), i.e., xx+1 = Axy + Bug + b, and the stage cost

Uz, u) = o — ap|§ + [lu — urll, (2.150)

where @ = 0, R >~ 0, and (z,, u,) is an equilibrium point of system (2.119). Assume
that the couple (A, B) of system (2.119) is stabilizable.
Then, system (2.119) is exponentially controllable with respect to ¢ (2.150).

First, given the stage cost ¢(z,u) in Eq. (2.150), we have that ¢*(z) = min, {(x,u) =
.2

Since system (2.119) is stabilizable, there exists a matrix K such that A + BK is
Schur stable. Then, let us consider the stabilizing control policy

ug = up + K(xp — 24), (2.151)

yielding the closed-loop system zg41 — z, = (A+ BK)(z; — z,). Under the equilibrium
condition for (z,,u,), we have that

z — z, = (A + BK)*(xg — z,). (2.152)
Now, replacing Egs. (2.151) and (2.152) into the stage cost ¢ (2.150), it holds that
Uy, u) = (w0 — x,) (A4 BK)*T(Q + K'RK)(A + BK)(zo — ),  (2.153)

where Q + K'RK = S > 0.

Being A + BK Schur, there exists m > 0 and p € (0,1) such that ||(A + BK)*|| <
m p¥, for all k > 0. Therefore, it holds that

Uk, u) < meQk)\maX(S)on — ZETHQ. (2.154)

Recalling the expression of £*(z),

0 (x0) = [lzo — 2§ = Amin(Q)]lzo — 2 || (2.155)
Combining Eqgs. (2.154) and (2.155) yields

M2 Amax (S)
)\min (Q)
Then, by the definition of asymptotic controllability in Assumption 2.19, we conclude

that system (2.119) is exponentially controllable with respect to the stage cost ¢ in
Eq. (2.150), with rate

Oxg, up) < p?k 0¥ (xo), VEk>0. (2.156)

2
B(r,k) = cofr, c¢= m}\)\m?gf) >0, o=p?€(0,1). (2.157)

Therefore, stabilizable affine systems (2.119) satisfy the asymptotic controllability
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condition required by Theorem 2.7, which ensures the existence of a sufficiently large
prediction horizon N, such that, for N, > N,, the QP-MPC problem (2.121), without
terminal ingredients, is recursively feasible and ensures closed-loop stability.

2.3.3. Approximated Nonlinear MPC

In several practical applications, we may find ourselves with a nonlinear system (2.1),
subject to linear state and input constraints (2.120).

In such cases, since nonlinear constraints are not present in the problem formulation,
we may want to resort to QP-MPC, rather than NMPC, for controlling the system with
improved computational performance. Consequently, we aim to approximate the NMPC
problem and solve it by means of quadratic programming.

To achieve this approximation, we only need to address the nonlinearity of system (2.1),
which serves as the prediction model in the MPC problem. Among the possible ways, a
conventional, widely-employed approach consists in transforming the nonlinear system (2.1)
into an affine parameter-varying (APV) system. To derive such an APV system, we compute
the first-order Taylor expansion of system (2.1) around a given point (Z,u) € X x U, which
acts as the parameter of the APV system. Specifically,

Trp1 = f(Tr, ur)

~ f(z,u)+ g(f,ﬂ)(xk —T)+ gi(z,u)(uk — )

ox
COf . Of, O Of
——
A(Z,1) B(z,1) b(z, )
= A(Z,u)z, + B(T,w)u, + b(Z,0). (2.158)

Then, we employ the APV system in Eq. (2.158) as prediction model of the QP-MPC
problem (2.121).

Importantly, to counteract the modeling error introduced by the linearization in
Eq. (2.158), we set the parameters (Z,%) in a time-varying way, i.e., we consider, at each
k>0, (Tg,ug) = ((fk,i,ﬂk7i))f.vzp()_l. Specifically, we set them equal to the shifted optimal
trajectory computed by the QP-MPC at the previous time instant £ — 1, i.e.,

. _ _ N,—1

@k k) = ((This Uni)) ;2
((xO?Onu)7 MR (x()?OTLu)) lf k = 07
((wk’aﬁk—l)v (£;|k—1’a;|k—1)v ERE} (‘%;‘—&-Hk—laaa—”k—l)) ceey if k > 1.

(i'}k\fp—ﬂk—lv a}k\/p—1|k—1)7 (JA:*Np|k—17 Onu))
(2.159)

In the end, we obtain the following QP-MPC problem, approximating the NMPC one,
at each k£ > 0:

N,—1
min (@ a) = 3 [ag— 2l + -l (2.160a)
’ i=0

s.t. Tg = xp, (2.160b)
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Tipre = ATk, Wki) o + BT, U i) Ui, + 0(Thesis Ur i), 1=0,...,Np — 1,
(2.160c)

Remark 2.17

The method described above, to approximate NMPC as a QP-MPC problem, is a
simplified version of the sequential quadratic programming (SQP) approach with real-
time iteration (RTI), which is employed as a fast solution method for general NMPC
problems [63].

2.4. Explicit Model Predictive Control

Consider the QP-MPC problem introduced in Section 2.3, i.e.,

Np—1
min J(@,a) = Y (12 - )R + o - wlk) + lén, - ol (2.161a)

’ i=0
s.t. Tg =z, (2.161b)
ZTi+1 = AZ; + Bu; + b, 1=0,...,N, -1, (2.1610)
Hy2; <hg, i=0,...,Np,—1, (2.161d)
Hyt; <hy, i=0,...,N,—1, (2.161e)
Hyin, < hy. (2.161f)

and its related static state-feedback control policy 7, i.e.,

U = ﬁak = ’/T(:L'k). (2.162)

The QP-MPC problem (2.161) can be rewritten in a simpler and more compact form,
comprising only @ as decision variables. We achieve this by eliminating the prediction
model constraints (2.161b), (2.161c) and rewriting the cost function in Eq. (2.161a) so to
depend on the variables @ and xj only.

In the following, let & and @ denote, interchangeably, the sequences (@i)f\fo, (11,-)?2’0_1
and the block column vectors [ii]iv:po =[#g, - ,:%JTVP]T, [ﬁz]f\ip(;l = [dg,- - ,ﬁ}p_l]T.

First, to eliminate the variables & from problem (2.161), by recursively applying
Eq. (2.161c), we have

i—1
Bi = Alwp+ Y AN B +b), i=0,...,N,. (2.163)
j=0

Then, & is expressed as a function of @ and x; by

T =0z +I'd+ 7, (2.164)
where
P = l N I’(“;ﬂ; ] , (2.165a)
2i—1en, @A
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0, xNyn
= NG , ] ) (2.165Db)
In,® B+ Y0 ' E\) @ A'B
Onzxnz ‘|
Y= <N, j i1 .\ | b (2.165¢)
[Zi_”l (65\2 ® Z;ZQ AJ)
and ® is the Kronecker product operator. Next, by defining
Q l 0 P] ) Np ® I,
Tr = 1N, 41 @2, U =1y, up, (2.166)

we can rewrite the cost function J(&,a) in Eq. (2.161a) in the following compact form:

J(&, 1)

I — . |5+ [l — - (2.167)

Replacing Eq. (2.164) into Eq. (2.167) yields

1
J(@, @) = Ju(a) = 5 o' Ha + (Fxp +¢) ' 4, (2.168)

where
H=T"Qr +R, (2.169a)
F=TTQ®, (2.169b)
c=T"Q(y - =,) — Ru,. (2.169¢)

Finally, we also express the linear constraints (2.161d)-(2.161f) as a function of @ and
xj only. First, we compact Eqgs. (2.161d)-(2.161f) as

H,& < hy, Hyt<h,, (2.170)
where
H, = INP;?H:E Igf] - leh(f) ha , (2.171a)
H, =1y, ®H,, hy = 1N, ® hy. (2.171b)
Then, replacing Eq. (2.164) into Eq. (2.170) yields the constraints
Gu < w+ Ky, (2.172)
where
G = leF} . w= lhx _H”] . K=-H,0. (2.173)
H, hay

Overall, the original QP-MPC problem (2.161) is equivalent to the following compact
optimization problem:

1
min 5'&TH'& + (Fzp+¢)'a (2.174a)

u
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st. Gu <w+ Ky, (2.174b)

We notice that, thanks to the positive definiteness assumptions on the matrices ¢ > 0
and R > 0, it holds that H = H' > 0 [14]. Therefore, for any feasible state zj, the
QP-MPC problem (2.161), (2.174) is strongly convex and admits a unique and global
optimum @* [23, 19, 35]. Consequently, the policy 7 (2.162) is well-defined and establishes
a bijection between each feasible state x € X and the optimal control input u, = a;‘ i

Within this setting, we consider the following key idea: rather than using a numerical
QP solver online to compute the optimizer ﬁa i of the QP-MPC problem (2.161), (2.174)
for each given current state xjp, we can try to presolve the QP offline for the entire set
of feasible states z; € &' to get the QP-MPC control policy uy = dg, = m(xg) (2.162)
explicitly as a function of xy.

The main tool to get such an explicit solution is multiparametric quadratic programming
(mp-QP). The QP-MPC control policy 7, obtained by means of mp-QP, goes by the name
of Ezplicit Model Predictive Control (Ex-MPC) [14].

For mp-QP problems of the form in Eq. (2.174), the pioneering work [18] proved that
the Explicit MPC policy w : P — U is continuous and piecewise affine over the set of
states P = X, C X for which the problem is recursively feasible, where P is a polytope
(see Section 2.3, p. 41), and that optimal cost value function J* : P — R>¢ is continuous,
convex, and piecewise quadratic. Moreover, the Ex-MPC policy 7 is defined over a partition
of the set P into R polytopic regions (R;)E ;.

Definition 2.6 (Polytopic partition)

Let P C R” be a polytope. The collection of polytopes (Ri)f;l C R™ is a polytopic
partition of P if

R
URri=P, (2.175a)
i=1
int(R;) Nint(R;) =0, V1<i,j<R, i+#}j. (2.175b)

Theorem 2.10 (Explicit Model Predictive Control [18])

The optimal solution of the QP-MPC problem (2.161), (2.174), at each k > 0, is given
by the following explicit, static state-feedback control policy:

up = ﬁak = (), (2.176)

where:

(i) 7 :P — U is a continuous, piecewise affine (PWA) function, defined over R
regions R;, 1 =1,..., R, i.e.,

U = ﬂ(l‘k) =Kz +1; = H,((I}k) if xp €R;. (2.177)

The domain P C X is the set of recursively feasible states of prob-
lem (2.161), (2.174) and is a full-dimensional polytope, i.e.,
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Fach region R; C X, i =1,..., R, is also a full-dimensional polytope.

(ii) The regions (R;)E , form a polytopic partition of P.

2.4.1. Generating the Ex-MPC Regions and Affine Functions

The polytopic regions (Ri)f;l and the piecewise-affine structure of the Ex-MPC policy
7 (2.176) arise by considering the different combinations of active constraints for the
QP-MPC problem (2.174) [14].

Specifically, let us consider the Karush-Kuhn-Tucker (KKT) conditions for optimality
of problem (2.174), i.e.,

Ha+Fr+c+G'A=0, (2.179a)
A (Gt —w— Kz) =0, (2.179b)
Gu <w+ Kz, (2.179¢c)
A >0, (2.179d)

where \ € RY is the vector of Lagrange multipliers and G € R?7*"«"N»_ Being problem (2.174)
a strictly convex QP, conditions (2.179) are necessary and sufficient for optimality [23].

Let us consider a feasible state € P. By solving the related QP-MPC problem (2.174),
we obtain the optimal solution ©* and we can also retrieve the subset of active and inactive
constraints (2.174b) at @*. Let Z = {1,...,q} be a set of indices for all constraints in
Eq. (2.174b); let Zy € Z and Z; C Z, with Zy UZ; = Z and T4 NZ; = 0, denote the active
and inactive constraints, respectively. Then,

Gat* =ws + Kz, (2.180a)
Gra* <wy+ Kz, (2.180Db)

where G4 = (G)z,,., wa = (w)z,, Ka = (K)z,., Gr = (G)z,,., wi = (w)z,, and
K; = (K)z,,.. In view of the complementarity condition (2.179b), we can also split the
Lagrange multipliers A into two subvectors, i.e.,

Aa >0, (2.181a)
Ar =0, (2.181b)

where >\A = ()\)IA and )\[ = ()\)II'
By Egs. (2.179a) and (2.181b), we have that

W= —H YFz+c+GiIa), (2.182)
which, when substituted into Eq. (2.180a), yields

M= -GLGAH'G)! (wA +(Ka+GaH 'F)z + GAH%), (2.183)

=Ma

and, by substitution in Eq. (2.182),

@' = H™' (Mawa + (Ma(Ka+ GaH'F) = F)z + (MaGaH ™' = I)c).  (2184)
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The solution 4* provided by Eq. (2.184) is affine in z. If we multiply both sides of
Eq. (2.184) by the matrix [In,, Oy, xn,(N,—~1)], We can extract the optimal control input g
from @* (by the receding horizon policy). Then, by affinity of Eq. (2.184), we can express
it as

’&6 = KIAx + ZIA = HIA(.%'). (2.185)

The affine relation (2.185) holds for all z € P for which the given combination of active
constraints Z4 remains optimal. Such states x are identified by imposing constraints (2.180b)
and (2.181a) on 4* and A4, respectively, that leads to constructing a polytopic set, i.e.,

Rz, ={xe€P:Aa(z) >0, Gia"(z) < wr + Kz}
={rxeR" :Hz,x < hg,}. (2.186)

Therefore, we conclude that the affine function xz, : Rz, — U is a piece of the overall
piecewise-affine Ex-MPC policy 7 (2.176). The polytope Rz, C P is the corresponding
Ex-MPC region, i.e, an element of the polytopic partition of P.

In order to generate the Ex-MPC regions R; = {x € R" : Hyx < h;} and affine
functions k;(z) = K;x +1;, i = 1,..., R, an mp-QP algorithm starts by choosing a feasible
state zp € X and solves the related QP-MPC problem (2.174) to obtain the subset of
active and inactive constraints at the optimal solution 4*.

A good choice for xg is the center of the largest ball contained in X = {x € R" :
H,x < h,}, where H, € R™*"= for which there exists @ satisfying constraint (2.174b),
determined by solving the following linear program (LP) [18]:

max ¢ (2.187a)

T,
sit. (Hyp)i.x+e||(Hp)i || < (he)i., t=1,...,74, (2.187Db)
Ga < w+ K. (2.187c)

By solving the feasibility problem (2.187), if ¢ < 0, then the QP-MPC problem (2.174) is
infeasible for all = € int(X); otherwise, we set oy = .

This allows to construct, through Egs. (2.185) and (2.186), the first region R; (which
is also called critical region) and affine function .

Now, we want to cover the remainder P ~\ R; with other regions corresponding to new
combinations of active constraints. A possible approach is described in the following [18].

Assume that Rq has r; facets, meaning that it is defined by 7; inequalities, i.e.,
Hy; € R"*" and hy € R™. We partition the set X \ Ry by changing, one at a time, the
sign of each inequality defining Ri. In this way, we obtain r; polytopic sets (Sj)?:l, as
follows:

(Hi)1,.z < (hi)

Sj=xn{zeR™: : . i=1,...,m. (2.188)
(H1)j—1, 2 < (h1)j—1

(H1)jx = (h1);

The collection (R1,S1,...,S,,) is a partition of X.
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For each j = 1,...,71, we determine a new feasible state z; € S; by solving the
feasibility LP (2.187). If no feasible state z; could be found, it means that S; is outside
the feasible set P and, hence, S; is dropped.

Instead, if a feasible z; exists, we solve the related QP-MPC problem (2.174) to obtain
a new subset of active and inactive constraints, defining a new Ex-MPC region R; C S;
and affine function ;.

The same procedure is iterated over the newly-generated regions until convergence, i.e.,
R — 1 new regions (R;)}\, are generated, partitioning the set P \ Ry, with related affine
functions k;, 1 = 2,..., R.

Implementations of the above algorithm to compute the Ex-MPC policy are available
in several software tools, such as the Multi-Parametric Toolbox (MPT) for MATLAB [71].

I el Consider the double integrator

1 1 0
— 2.1
Tyt [0 1]35113"‘ Hulm (2.189)
—— =%
A B

subject to state and input constraints

-5
-5

5

<z <
)

X:{meR%

}, U={ueR:—-1<u<1}, (2.190)

and take (z,,u,) = (02,0), Q = diag([10,1]7), R =1, N, = 10.

The related Ex-MPC policy 7 (2.176) has been generated, following the approach
described in Section 2.4.1, and is composed by R = 63 polytopic regions, with 9 unique
affine functions. All regions, partitioning the feasible set P, are reported in Figure 2.3a.
The piecewise-affine Ex-MPC policy is reported in Figure 2.3b.

(a) Ex-MPC polytopic regions, partitioning the (b) Ex-MPC piecewise-affine policy.
feasible states set.

Figure 2.3. Ex-MPC policy of Example 2.2. Each color relates to a different affine function.

It is worth noting that, in Figure 2.3a, the feasible set P is precisely equal to the
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maximal feasible set Xﬁp, with N, = 7 being the determinedness index, that was computed
in Remark 2.16.

Also, it is interesting to observe that the orange region (E) in Figure 2.3a coincides
with the terminal set Xy, which was found in Remark 2.16, and the corresponding affine
function is uy = k(xp) = Kz, where K is the LQR matrix (2.125). This happens since
Xy is a control invariant set for system (2.189), as per Assumption 2.11b, with terminal
control law uy = Kxy,.

In a neighborhood of the reference x, = 02, which is contained in Xy, the QP-MPC
problem (2.161) behaves as its unconstrained version, i.e.,

Np—1
min J(@ @)= Y -l + - (2.191a)

’ =0
s.t. %o = g, (2.191b)
Ziy1 = AZ;+ Ba; +b, i=0,...,Np,—1. (2.191c)

Moreover, for a sufficiently large prediction horizon Np, the unconstrained problem (2.161)
behaves like its infinite-horizon version, i.e.,

00

min (@) = 3 s =+ i v (2.1920)
’ =0

s.t. 52'0 = Tk, (2.192b)

Problem (2.192) is the infinite-horizon DT LQR, whose optimal control input has the well-
known closed-form solution as the static state-feedback uy = ﬂa i = Ky, where K is the
matrix in Eq. (2.125), obtained by solving the discrete algebraic Riccati equation (2.124).

Therefore, by the control invariance of X, we can conclude that X itself is the neigh-
borhood of z;, in which the QP-MPC problem (2.161), and thus the Ex-MPC policy (2.176),
behaves like the infinite-horizon DT LQR, i.e., with control law u; = K.

Note that the above behavior holds even if we did not include, in the QP-MPC
problem (2.161) for Example 2.2, the terminal ingredients Xy = {x € R™ : Hyx < hy}
and V(z) = ||z — z,||%, as designed in Lemma 2.11; it is sufficient that N, is large enough
so that the unconstrained problem (2.191) behaves like its infinite-horizon version (2.192).

2.4.2. Explicit MPC Complexity

Explicit MPC has the obvious advantage, with respect to QP-MPC, of not requiring any
online optimization, since the optimal control input is computed by means of the static
policy 7 (2.176). However, when the policy (2.176) is too complex, i.e., contains a very
large number of polytopic regions, its static evaluation may become even more costly, in
computational terms, than solving online the original QP-MPC problem.

The complexity of Ex-MPC is quantified by the number of regions R that form the
explicit solution (2.176), which dictates [14]:

e the amount of memory to store the terms (H;, h;, K;,[;), representing each i-th
region R; and affine function x;, i =1,..., R;
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e the execution time required to find the index ¢ of the region R; = {x € R : Hx <
hi} containing the state = (point location problem) and evaluating x;(x) = K;xz + ;.
The point location problem is the major bottleneck of Ex-MPC. While some meth-
ods have been proposed to solve it more efficiently than searching linearly through the
regions [149], a high number R of regions may cause the point location problem to become
more computationally expensive than solving the QP-MPC problem (2.161) online with a
conventional QP solver.
The number of regions R is equal to the number of possible combinations of active
constraints for the QP-MPC problem (2.174) [61]. Therefore, a rough upper bound on R
is given by the number of all such combinations, i.e.,

R< Zq: (3) — 9 (2.193)
=0

where ¢ is the total number of linear inequality constraints imposed in problem (2.174),
ie., G € RIXnulp,

A tighter bound can be found by recalling that, for strictly convex QPs like prob-
lem (2.174), at most n, N, constraints can be active at the optimum, being n, N, the
number of decision variables of the problem. Hence,

nyNp
R< Y <f> (2.194)
=0

and, typically, n,N, < q.

In practice, R is much smaller, as most combinations of constraints are never active at
optimality (e.g., upper-lower bound constraints cannot be active at the same time, unless
they coincide).

In general, the complexity of Ex-MPC has:

e strongest dependence on the number ¢ of linear inequality constraints (2.174b);

e strong dependence on the number Ny,, of free decision variables in problem (2.174)
(in our case, Nyar = nyNp);

e weak dependence on the number n, of parameters in problem (2.174) (in our case,
the only parameter is xj, and n, = n,).
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Solving Nonlinear MPC Problems in the
Koopman Lifted Space: A Comprehensive
Analytical Framework

3.1. Introduction

HE KOOPMAN OPERATOR has gained traction in the realm of system modeling and
T control [126], due to its ability to encapsulate the dynamics of nonlinear systems
into a “lifted” state space with linear dynamics. Original and lifted spaces are mapped
through a basis of observable functions, which span an invariant subspace of the Koopman
operator [101, 26, 59].

The Koopman operator can be used to tackle nonlinear optimal control problems,
including Nonlinear Model Predictive Control (NMPC) [79]. Specifically, the nonlinear
prediction model and nonlinear state constraints of NMPC can be lifted into the Koopman
space and transformed into their equivalent linear counterparts, yielding nonlinear programs
(NLP) to be replaced by quadratic programs (QP), which can be solved with superior
computational performance [35].

The Koopman operator unleashes its full potential when the basis of observables can
be derived analytically. While analytical approaches have been explored in the literature,
they face inherent challenges that make their application quite restricted. Eigenfunction-
based methods [59, 27] find closed-form observables only for few classes of systems and,
in general, Koopman eigenfunctions cannot be inverted to recover the original system
state (which is crucial to enable control) [26]. Methods like Carleman linearization [82]
derive observables by expanding in series the system dynamics, limiting to the polynomial
space and not effectively exploiting the original system structure. Moreover, analytical
methods often struggle to systematically address the case of infinite-dimensional bases
of observables [26, 27]. As a result, data-driven techniques have emerged to obtain an
approximated finite-dimensional Koopman lifting; yet, they also come with their own
inherent shortcomings. Extended Dynamic Mode Decomposition (EDMD) [157] — the
leading data-driven Koopman approach — relies on system measurements and a handpicked
dictionary of observables [26]. However, to achieve a satisfactory accuracy, a very large

59
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dictionary is typically required [79], and, in general, the resulting lifted system cannot
generalize beyond the initial data set. On the other hand, automated techniques to learn
the dictionary [98, 5] lack interpretability and cannot incorporate human expertise in
selecting potentially useful observables. Notably, data-driven methods directly identify an
approximated finite-dimensional lifted system, rather than performing a tailored reduction
on the infinite-dimensional one [27].

In this chapter, we address the limitations of the existing methods discussed above,
namely, the systematic derivation of suitable Koopman observables and the handling
of infinite-dimensional Koopman lifted systems. We formulate a systematic procedure
to analytically lift generic nonlinear systems, starting from an initial set of handpicked
observables and iteratively generating the whole basis. We also present a general approach
to reduce infinite-dimensional Koopman lifted systems to a finite dimension of choice.
To determine the lowest dimension achieving the best accuracy for the lifted system, we
evaluate its multi-step prediction error for increasing dimensions.

The proposed method is employed to lift a general NMPC problem, including both
the nonlinear prediction model and nonlinear state constraints, obtaining an equivalent
QP-MPC in the Koopman space — referred to as Koopman NMPC (in short, K-NMPC) [31]
— which closely approximates the original NMPC solution. In this context, reducing
the dimensionality of the Koopman lifted space directly reduces also the computational
complexity of the K-NMPC problem. Some works have applied the Koopman operator
to NMPC [54, 140]; yet, they all rely on data-driven methods to lift the prediction model
only. By converse, our method features a fully analytical and general framework, lifting
also the NMPC constraints, and incorporating dimension reduction.

To validate our K-NMPC strategy, we carry out simulations and experimental validations
on two real-world case studies: mobile robot navigation in cluttered environments and
autonomous parallel parking. In both scenarios, K-NMPC manages to proficiently attain
the control tasks, while always respecting the original NMPC constraints. We demonstrate
that K-NMPC closed-loop trajectories closely approximate those given by NMPC, with K-
NMPC outperforming NMPC in terms of computation time by over an order of magnitude.

3.1.1. Outline

This chapter is organized as follows. Section 3.2 introduces the Koopman operator theory
and derives the Koopman lifted form of nonlinear dynamical systems, considering both the
autonomous and the input-dependent case, in continuous and discrete time. Section 3.3
presents our algorithmic procedure to analytically derive the basis of Koopman observables
in a systematic way. Section 3.4 describes the general method to reduce the dimensionality
of the Koopman lifted space. Section 3.5 details the process of lifting a general NMPC
problem into the Koopman space, yielding the quadratic K-NMPC problem. Section 3.6
validates the K-NMPC approach through simulations and experimental validations on
real-world case studies.

3.1.2. Related Works

This chapter is based, in part, on the following works:

e L. Calogero, M. Boggio, C. Novara, and A. Rizzo, “A General Analytical Framework
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for Fast Solving Nonlinear MPC Problems in the Linear Koopman Space,” in
Proceedings of the European Control Conference, 2025, pp. 743-748.

e L. Calogero, A. Usai, and A. Rizzo, “Solving Nonlinear MPC Problems in the
Koopman Lifted Space: The Case Study of Mobile Robot Navigation in Cluttered
Environments,” in Proceedings of the “Automatica.it” Conference, 2025.

3.2. Koopman Operator Theory

The Koopman operator offers a powerful framework for the analysis and control of nonlinear
dynamical systems. Its key aspect consists in transforming a generic nonlinear system
(evolving in the state space X C R"*) into an equivalent linear (or bilinear) one that evolves
in a different state space Z C R™#; the latter is named lifted state space and is, in general,
higher-dimensional (and, typically, infinite-dimensional) compared to the original one (i.e.,
Ny > ng, ny € RU{+o0}).

The shift between these state spaces is performed by a basis of static functions z =
d(x) = [¢i(x)]2, + X — Z, called observable functions (or, more briefly, observables),
which map each original state z € & to its lifted counterpart z € Z.

Thus, rather than linearizing the original system through local approximations within
the same state space X, the Koopman operator constructs a (possibly infinite-dimensional)
lifted version of the system, evolving in a different lifted state space Z. In this way, the
trajectories z:(t) and z(t) of the original and lifted system, respectively, do always globally
coincide without approximation, through the map z(t) = ¢(x(t)), V¢ > 0.

In this framework, the key challenge resides in analytically finding a suitable basis of
observables ¢. Specifically, if one manages to identify a countable (possibly infinite) basis
of observables ® = {¢;(z)};*; whose span forms an invariant subspace of the Koopman
operator, then the dynamics of the original nonlinear system is captured exactly by the
linear (or bilinear) lifted system.

A second key challenge comes into play when the basis of observables (spanning the
Koopman invariant subspace) is countable, yielding an infinite-dimensional lifted system.

In the remainder of this section, we derive the Koopman lifted form of nonlinear
dynamical systems, considering both the autonomous and the input-dependent case, in
continuous and discrete time. These derivations are analogous to the general results that
can be found in, e.g., [101, 59, 74].

3.2.1. Continuous-Time Autonomous Systems

Let us consider a continuous-time (CT) autonomous system!, i.e.,
#(t) = f(z(t)), 2(0) ==z, t &R0, (3.1)

where z € X C R™ is the state vector, X is the state-space manifold, and f: X — X is
the state dynamics function.

'Hereafter, for notational convenience, we shall omit the explicit time dependence when clear from
context.
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If f is Lipschitz continuous on X', the Picard-Lindel6f theorem guarantees the existence
of a unique solution z(t) of system (3.1) in the time interval [0, +00), starting from xg [77],

o) =0+ [ CFe(r)dr = ¢ (o). (3.2)

The family of one-parameter maps ' : X — X represents the flow of system (3.1), which
generates the system trajectories x(t).

The Koopman operator allows to transform system (3.1), which evolves in the state
space X, into an equivalent linear system, evolving in a higher-dimensional state space
Z CR™, n, > ng,, called Koopman lifted space, i.e.,

z=Az, z(0) = ¢(xo). (3.3)

System (3.3) is called Koopman lifted system and z € Z is the lifted state.
Systems (3.1) and (3.3) are put in relation through a suitable basis of functions, called
observable functions (or, more briefly, observables), i.e.,

O ={gi(x)}, CF, o(x) = [¢i(x)]}ey, (3.4)

where ® denotes the basis of observables ¢; : X - R, i=1,..., N, = n,, ¢(x) is the basis
arranged in a vector, and % is a suitable vector space of functions.

Definition 3.1 (Koopman operator — CT autonomous systems)

Let .# C C! be a Banach space of continuously differentiable observables ¢ : X — R.
The family of Koopman operators K! : .# — % associated with the family of maps
¢ (3.2) is defined as follows:

Kip=popt, Voe.Z. (3.5)

From Definition 3.1, we observe that the Koopman operator (3.5) provides the evolution
of the observables ¢ along the trajectories x(t) of system (3.1), i.e.,

K'p(zo) = ¢po @' (x0) = poa(t) = d(z(t)), Vo€ ZF. (3.6)

The trajectories z(t) = ¢(z(t)), V¢ € F#, are called lifted trajectories.

Then, we can compute the dynamics of the lifted trajectories z(t) (lifted dynamics) —
as a counterpart of the dynamics of the original trajectories z(t) — by evaluating the time
derivative of the lifted trajectories 2(t), i.e.,

gy = Ly 00 de 00
i=0() = 20(@) =5~ — =5 fl2)

= Lyo(x), (3.7)

where L, = % - 9 denotes the Lie derivative.

The result in Eq. (3.7) can be also obtained by resorting to semigroup theory.
We can notice that the family of maps {¢'};>0 in Eq. (3.2) (i.e., the flow of
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system (3.1)) is a semigroup, since it exhibits the following properties:

(o) = o,
" (20) = ¢® 0 o' (x0), t,5>0.

Then, the family of Koopman operators {K'};>¢ (3.5) is a semigroup as well, since

K=oy’ =g,
K¢ =¢o ot =go(p® o) =K°K'¢, t,5>0.

Moreover, the Koopman operator semigroup is linear, i.e., K!(ci¢1 + cago) = c1 Kl +
Clet¢2, for all ¢1,¢2 € F, c1,c0 € R, and t > 0.

Under the assumption of Lipschitz continuity of f, {¢'}i>0 is uniformly Lipschitz
continuous with respect to ¢. This implies that the semigroup {K'};>o is strongly
continuous. This property ensures that the limit

. K'¢—¢
lim ——— =

t—0+ t

Lo (3.8)

exists V¢ € #. The operator L : # — F is the infinitesimal generator of the Koopman
operator semigroup. Specifically,

lim K'¢(zo) — ¢(z0) _ lim 2° ¢! (z0) — ¢(x0) _ lim o(x(t)) — ¢(o)
t—0+ t t—0t t 0+ t

_ dﬂzlix) (0) = gf(%) %(0) - gi’(xo) f(zo) = [Ly¢l(z0) = [Lo](w0),  (3.9)

yielding £ = Ly. By applying K* to both sides of Eq. (3.9), and leveraging the semigroup
and linearity properties, we obtain

Kt ) gy = D) _ iy = kLo w) = £o(a) = Lyola), (310

which coincides with the lifted dynamics in Eq. (3.7).

Now, let us restrict our analysis to a IN,-dimensional linear subspace of .7, i.e., #n, C .7,
spanned by a countable (and possibly infinite) basis ® of N, observables, as in Eq. (3.4).

Assumption 3.1
For system (3.1) and the basis of observables ® (3.4), it holds that

Lip(x) € span(P®), V¢ € . (3.11)

Under Assumption 3.1, %y, spanned by the basis ® (3.4), is an invariant subspace of
the Koopman operator [59]. This allows to establish a direct relation between the original
system (3.1) and the Koopman lifted system (3.3) through the lifted dynamics (3.7), as
stated in the following theorem:
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Theorem 3.1 (Koopman lifted system — CT autonomous systems)

Let system (3.1) and a basis of observables ® = {¢;(x)}Y°, (3.4) be given, satisfying
Assumption 3.1. Let z(¢) be the solution of system (3.1) and z(¢) the solution of the
Koopman lifted system (3.3).

Then, the two solutions are equivalent through the mapping defined by ¢, i.e.,

2(t) = ot), a(t) = ¢ (2(t)), Vit 0. (3.12)

By Assumption 3.1, Vi =1,..., N, we can write
Ligi(x) = ai p(z), a; € RV, (3.13)
Then, recalling the lifted dynamics (3.7), we have that

bi(z) =a ¢(x), i=1,...,N, (3.14a)

= qﬁ(a;) Agp(z), (3.14b)

where A = [ay,...,an,]".

By applying the map z = ¢(x) to Eq. (3.14b) and adding the initial condition
2(0) = ¢(xp), we obtain system (3.3).

Then, it holds that z(t) = ¢(z(t)), Vt > 0, being z(t) and z(¢) the solutions of
systems (3.1) and (3.3), respectively. If ¢ admits an inverse map ¢!, then it also holds
w(t) = ¢~ (2(1))-

Remark 3.2 (Invertible observables map)

A sufficient condition for the existence of the inverse map ¢! in Eq. (3.12) is that the
states = are included as the first n, observables, i.e., (¢(¥)){1,.. n,} = =. In this way,

xr = ¢_1(z) = (Z){l,...,nx}'

To sum up, we have transformed the CT autonomous system (3.1) into its equivalent
linear Koopman lifted system (3.3); these two systems are put in relation through the basis
of observables (3.4), as follows:

z = f(x) = z=Az. (3.15)
3.2.2. Continuous-Time Systems With Inputs
Let us now consider a CT system with inputs, i.e.,
(t) = f(x(t),u(t)), z(0)==xo, t>0, (3.16)

where z € X C R™ and u € U C R™ are the state and input vectors, respectively, U is
the set of admissible input values, and f : X x U4 — X is the state dynamics function.
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If f(-,u) is Lipschitz continuous on X, f(x,-) is continuous on U, and the input signal
u = (u(t))te[o,4+00) belongs to the space of piecewise continuous signals %, the Picard-
Lindelof theorem guarantees the existence of a unique solution z(t) of system (3.16) in the
time interval [0, +00), starting from z¢ [77], i.e.,

o0) = w0+ [ Flalr),u(n)dr = @ (zo, ) (3.17)

The family of one-parameter maps ¢' : X x % — X is the flow of system (3.16).

Definition 3.2 (Koopman operator — CT systems with inputs)

Let .# C C! be a Banach space of continuously differentiable observables ¢ : X — R.
The family of Koopman operators K% : . % — .F associated with the family of maps
o+, u) (3.17) is defined as follows:

Kig() = po'(-u), Ve Z. (3.18)

Remark 3.3

In Eq. (3.18), the family of Koopman operators is parameterized by the continuous
time instant ¢ and the input signal u € % .

From Definition 3.2, the Koopman operator (3.18) provides the evolution of the observ-
ables ¢ along the trajectories x(t) of system (3.16), i.e., the lifted trajectories z(t) = ¢(z(t)),

KE¥p(z0) = ¢ o o' (wg,u) = poz(t) = d(x(t)), Yo .ZF. (3.19)

The lifted dynamics is obtained by computing the time derivative 2(t), i.e.,

_0pdr _ 0¢

=3 & Ba (x,u). (3.20)

. d
£=d() = o)
Now, consider the basis of observables ® in Eq. (3.4).

Assumption 3.2

a) System (3.16) can be separated into its autonomous and input-dependent parts,

b) For system (3.21) and the basis of observables ® (3.4), it holds that

Lsyo(x) € span(®), Vo€ . (3.22)

By Assumption 3.2a, the lifted dynamics in Eq. (3.20) becomes

_9

0 (ola) + 9(.w) = L) + 500, w). (3.23)

¢(x)



66 Solving NMPC Problems in the Koopman Lifted Space

Theorem 3.2 (Koopman lifted system — CT systems with inputs)

Let system (3.16) and a basis of observables ® = {¢;(z)} 2, (3.4) be given, satisfying
Assumption 3.2. Let x(t) be the solution of system (3.16) and z(t) the solution of the
following Koopman lifted system:

z2=Az+ B(z,u), z(0)=¢(xo), (3.24)

where B is defined through the equality B(¢(z),u) = By(x,u), with

0
By(z,u) = a—ig(:v,u). (3.25)
Then, the two solutions are equivalent through the mapping defined by ¢, i.e.,

2(t) = ¢la(t), a(t)=¢7(2(t), Vt=0.

By Assumption 3.2b, Vi =1,..., N, we can write
Ly, ¢i(z) = a ¢(x), a; € RN, (3.26)

Then, by Assumption 3.2a, recalling the lifted dynamics (3.23), we have that

$i(x) = a] d(x) + %‘i"g(x,u), i=1,...,N, (3.27a)
= d(x) = Ad(x) + 22 (. u) = Ad(x) + Bala,w), (3.27)
where A = [ay,...,an,]".

Now, by enforcing the equality B, (z,u) = B(¢(z), u), we can obtain B(z,u).

Then, by applying the map ¢ to Eq. (3.27b) and adding the initial condition
z(0) = ¢(xp), we obtain system (3.24).

Finally, it holds that z(t) = ¢(xz(t)), Vt > 0, being z(t) and z(t) the solutions of
systems (3.16) and (3.24), respectively. If ¢! exists, then it also holds x(t) = ¢~ (2(t)).

If B;(x,u) in Eq. (3.25) is affine in the observables ®, then the term B(z,u) can be
suitably chosen to be affine in z.

Additionally, the simplest choice for B that satisfies the equality B(¢(z),u) =
B.(z,u) is given by B(z,u) = By (¢7(2),u) (assuming that ¢~! exists). In this case,
however, B(z,u) is, in general, nonlinear in z.

To sum up, we have transformed the CT system with inputs (3.16), (3.21) into its
equivalent Koopman lifted system (3.24); these two systems are put in relation through
the basis of observables (3.4), as follows:

&= f(z,u) = fo(z) + g(x,u) <¢:> z2=Az+ B(z,u). (3.28)
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We can observe that, however, for systems with a general nonlinearity as in Eq. (3.16),
the Koopman lifted system is, in general, still nonlinear, due to the term B(z,u) in
Eq. (3.24).

Linear/Affine Parameter-Varying Form

To address the nonlinear dependence of B on the lifted state z and input u, we can try
to express system (3.24) in a linear or affine parameter-varying (LPV or APV) form. We
opt for such a formulation since LPV/APV systems are widely-employed in the domain of
Model Predictive Control (MPC). Specifically, nonlinear prediction models in MPC can be
replaced by more tractable LPV/APYV representations, wherein the model parameter is
set to the shifted optimal trajectory computed at the previous time step. This approach
enables an effective approximation of the original system nonlinearity along the prediction
horizon. For more details, we refer the reader to Section 2.3.3.
To express system (3.24) in LPV or APV form, we can proceed in two ways:
1) We can rewrite the input-dependent term as B(z,u) = B(z, u)u, so that the input
u enters both nonlinearly through B and linearly via multiplication. To do so, we
resort to the following lemma [74], under the assumption that B(z,0) = 0:

Lemma 3.1 (Factorization lemma [74, Lemma 1])

Let B: Z xU — Z be continuously differentiable in u, continuous in z, and
satisfying B(z,0) = 0. Then,

B(z,u) = | —(z,Au)dX (3.29)

provides a factorization of B such that B(z,u) = B(z, u)u.

Remark 3.5

To factorize B(z,u) through Lemma 3.1, it is required that B(z,0) = 0. This
holds under the sufficient condition g(x,0) = 0. In fact, B(¢(x),0) = B, (x,0)
and, by Eq. (3.25), B,(z,0) = %g(x,O) =0« g(x,0)=0.

By Lemma 3.1, system (3.24) becomes
2= Az + B(z,u)u.

Then, by introducing the parameter p = (z,u) € Z x U and defining the matrix
B(p) = B(%,u), where B = B, the LPV form of the Koopman lifted system (3.24)
is given by

i = Az + B(z,0)u. (3.30)

2) If B(z,0) # 0 and, thus, Lemma 3.1 cannot be applied, the input-dependent term
B(z,u) can be replaced by its first-order Taylor expansion around a given point
(z,u) = p, acting as parameter. Specifically,

z=Az+ B(z,u)
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~ Az + B(z,u) + glj(z,u)(z —Z)+ glj(z,u)(u — )

= <A+ %(z,u))z + %(Zﬂ)u—i- B(z,u) — %(E,u)é— %(E,E)E
N ——— N—_——

0z ou 0z ou
A(zZw) B(z7) b(z,a)
= A(z,u)z + B(z,0)u + b(z,u), (3.31)

yielding an APV form for the Koopman lifted system (3.24).

Input-Affine Systems

Let us now consider a continuous-time input-affine system, which is a particular case of
system (3.16), (3.21), i.e.,

#(t) = f(2(t),u(t)) = fo(x(t)) + igj(w(t))w(t), (0) =z X,  (3.32)
j=1

where z € X, u = [u;]j*; €U, and fo, (g;)7%y : X — X.
The lifted dynamics in Eq. (3.20) becomes

zn

Ba) = 92 fa,u) = Lo () + Y Loy o(a)uy. (3.33)

j=1
Now, consider the basis of observables ® in Eq. (3.4).

Assumption 3.3

For system (3.32) and the basis of observables ® (3.4), it holds that

Ly, ¢(x) € span(®), Ly ¢(x) € span(P), (3.34)

with j=1,...,n, and V¢ € .

Theorem 3.3 (Koopman lifted system — CT input-affine systems)

Let system (3.32) and a basis of observables ® = {¢;(z)}X2, (3.4) be given, satisfying
Assumption 3.3. Let x(t) be the solution of system (3.32) and z(t) the solution of the
following bilinear Koopman lifted system:

Z=Az+ % Bjzuj, 2(0) = ¢(xo). (3.35)

j=1

Then, the two solutions are equivalent through the mapping defined by ¢, i.e.,

2(t) = ¢(a(t), () =7 (2(1), Vt=0.

By Assumption 3.3, Vi =1,..., N, we can write

Ly, ¢i(z) = a ¢(x), a; € R,



Koopman Operator Theory 69

Ly, ¢i(z) = b ,0(x), bij €RN, j=1,... n,. (3.36)

Then, recalling the lifted dynamics (3.33), we have that

bi(x) = a] ¢(x +Zb z)uj, i=1,...,N, (3.37a)
= ¢(z) = Ap(z) + Z Bj¢(z)u;, (3.37b)
=1
where A = [al, ey aNO]T and Bj = [bl,ja cee ,bij]T, ] = 1, vy Mgy

By applying the map ¢ to Eq. (3.37b) and adding the initial condition z(0) = ¢(x¢),
we obtain system (3.35).

Then, it holds that z(t) = ¢(xz(t)), Vt > 0, being z(t) and z(t) the solutions of
systems (3.32) and (3.35), respectively. If ¢! exists, then it also holds x(t) = ¢~ 1(2(t)).

In several practical cases, system (3.32) may also contain an input-linear term, i.e.,

= folx +Zg] )—l—Bou—i—Z'yj x)uj, (3.38)
7j=1

where g;(x) = (By).; +7j(z), j =1,...,ny. To obtain the related Koopman lifted system,
we start by introducing a first corollary of Theorem 3.3:

Corollary 3.1

Given the results of Theorem 3.3, assume that the observable ¢;«(x) = 1 belongs to the
basis ® = {¢;(z)}Xo, (i* € I = {1,...,N,}).

Construct the reduced basis ® = & ~ {¢;+(z)}, || = N, — 1, with ¢(z) = [0i(2)];c1
(I = I~ {i*}), and consider the following bilinear Koopman lifted system:

n
Z=A2+Bou+ Y BjZu;j+0b, 2(0) = (), (3.39)

j=1

where zZ € R™ ny = N, — 1,

A= (A, (3.40a)
By =[(B1)g - (Bu,)p ), (3.40b)
uj = (B])f7f7 J = 13 y My (340(3)
b= (A, (3.40d)

and the matrices A, (B;)j, are those of system (3.35).
Then, the solutions x(t), z(t), and Z(t) of systems (3.32), (3.35) and (3.39), respec-
tively, are equivalent through the following relations:

) = d(x(t), w(t) =6 ' (2(t), E(t) = (2();, VE=0. (3.41)
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We can replace ¢+ () = 1 into Eq. (3.37a) and remove the related dynamical equation
(i.e., ds= () = 0); defining &; = (a;)y and 5” = (bi,j)y, we obtain

S
A
\_/
Il
gc

To(@) + (ai)i + Z bLid@u + 3 (big)iruy, i€l (3.42a)
= ¢(x) = Ad(x) Z Bjé(x)u; + Bou, (3.42b)

where A, By, {B; ey, and b are given by Eq. (3.40).

By applying the map ¢ to Eq. (3.42b) and adding the initial condition %(0) = @(o),
we obtain system (3.39) and it holds that #(t) = ¢(z(t)), z(t) = ¢~ 1(3(t)), V¢ > 0. By
construction, it also holds that 2(t) = (z(t));, Yt > 0.

Then, we characterize the Koopman lifted system in this second corollary:

Corollary 3.2

Let system (3.38) and a basis of observables ® = {¢;(z)}Y°, (3.4) be given, satisfy-
ing Assumption 3.3. Assume also that ® contains the system states as the first n,
observables, i.e., {z;}*, C ® and ¢(x) = [z',---]".
Then, building on the results of Theorem 3.3:
(i) The basis ® contains the observable ¢(z) =
(ii) With the reduced basis ® = ® ~. {1}, consider the following bilinear Koopman
lifted system:

Ny
P = A2+ Bou+ Y Bjzuj, 2(0) = é(x0), (3.43)
i=1
where zZ € R™, ny =n, — 1.
Then, the solutions z(t) and 2(¢) of systems (3.32) and (3.43), respectively,
are equivalent through the mapping defined by ¢, i.e.,

A1) = dt), a(t) = (3(1), V0. (3.44)

Let us rewrite Byu = Z 1(Bo). juj. The lifted dynamics of system (3.38) is given by

; 9¢ o 09
o(x) = e (z,u) = Lg,o(x) + Z 9 - (Bo). juj + Z L, ¢(x)u;. (3.45)
=1 =1
Then, Assumption 3.3 can be equivalently restated as
¢
Ly, ¢(z) € span(®), L, ¢(x) € span(®), e (By).,; € span(®), (3.46)

with j=1,...,n, and V¢ € .
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Since the system states {x;};*; are observables within ®, by Eq. (3.46) it holds that

()
ox

: (B(]).’j = e;r(Bo).J’ = (BO)i,j S Span(<D), 1=1,...,ng. (347)

where e; is the i-th vector of the standard Euclidean basis of R™. Being (By); ; a
constant term, Eq. (3.47) implies that ¢(z) = 1 is an observable within the basis @,
proving statement (i).

Since fo(z) and vj(x), j = 1,...,ny, do not contain any constant affine term, it
holds that

Lyo(x) € span(®), L ¢(x) € span(®), Vo € ®. (3.48)

Then, following Corollary 3.1, the Koopman lifted system (3.35) can be rewritten
under the reduced basis @, obtaining

f=As+ Bou+ > Bjuj + b, 2(0) = (o), (3.49)
j=1

where, by Egs. (3.40), (3.47) and (3.48),

which proves statement (ii).

To sum up, we have transformed the CT input-affine system (3.32) into its equivalent
bilinear Koopman lifted system (3.35); these two systems are put in relation through the
basis of observables (3.4), as follows:

z = ¢(x)
) wn T = ¢—1 Z) ] o
&= fo(z) + Z gj(x)u; — 2=Az+ Z Bjzuy. (3.50)
j=1 j=1
In the case that an input-linear term is present, the following particular case holds:
z = g(x)
| a0 e IV
= fo(x) + Bou + Zvj(m)uj — 2= Az + Bou + Z Bjzu;. (3.51)
j=1 j=1

We see that, by considering an input-affine structure rather than a general nonlinearity
for system (3.16), we are able to obtain a bilinear Koopman lifted system (3.35), rather
than a nonlinear one as in Eq. (3.24).

Linear Parameter-Varying Form  The Koopman lifted system (3.35) can be expressed
in LPV form. Specifically, we observe that the system is already in factorized form, i.e.,

Uz
z2=Az+ Zszuj =Az+ [Byz, -+, By, zlu = Az + B(2)u.
j=1

B(z)
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Then, by introducing the parameter p =z € Z, the LPV form is given by

z2=Az+ B(Z)u, B=B. (3.52)

Remark 3.6

For Assumptions 3.1, 3.2b, and 3.3 to hold, an infinite-dimensional basis ® (3.4) may
be needed, yielding an infinite-dimensional Koopman lifted system (3.3), (3.24), (3.35).

3.2.3. Discrete-Time Autonomous Systems

Let us consider a discrete-time (DT) autonomous system, i.e.,

Tpt1 = f(zg), k€ Z>o, (3.53)

where x € X C R™ is the state vector and f : X — X is the state transition function.
For any well-defined f, there exists a unique solution zj of system (3.53) in the time
interval [0, +00) N Z>o, starting from xo, i.e.,

= f( ([ (20)) ) = " (x0)- (3.54)
k times

The family of one-parameter maps ¢* : X — X is the flow of system (3.53).

Definition 3.3 (Koopman operator — DT autonomous systems)

Let .% C C! be a Banach space of continuously differentiable observables ¢ : X — R.
The family of Koopman operators KF : . % — .F associated with the family of maps
©* (3.54) is defined as follows:

Kfp=goot, Ve, (3.55)

The Koopman operator (3.55) provides the lifted trajectories z, = ¢(zx) = KFo(x0),
V¢ € .#. The lifted dynamics is obtained by computing the successor state 211, i.e.,

Zit1 = Q(Tp41) = O(f (k) (3.56)
Recalling Eq. (3.7), the lifted dynamics for CT and DT systems compare as follows:
9 .
= gyt = {07 @ ?CI
¢(f(x)) in DT,

where (%) is the successor operator (i.e., %(t) in CT, 1 in DT).
Now, consider the basis of observables ® in Eq. (3.4).

Assumption 3.4

For system (3.53) and the basis of observables ® (3.4), it holds that

o(f(z)) € span(®), Vo e d. (3.57)
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Theorem 3.4 (Koopman lifted system — DT autonomous systems)

Let system (3.53) and a basis of observables ® = {¢;(z)}?, (3.4) be given, satisfying
Assumption 3.4. Let xj be the solution of system (3.53) and zj the solution of the
following linear Koopman lifted system:

21 = Az, 20 = ¢(x0). (3.58)
Then, the two solutions are equivalent through the mapping defined by ¢, i.e.,

2z = ¢(xr), xp = gb_l(zk), vk >0. (3.59)

By Assumption 3.4, Vi=1,..., N, we can write

Oi(f(xr)) = a ¢i(xr), a; € RY, (3.60)

Then, recalling the lifted dynamics (3.56), we have that

¢i($k+1) = ajqﬁz(xk), 1= 1, NN ,NO (3.61&)
= ¢(zpt1) = Ad(ak), (3.61b)
where A = [ay,...,an,]".
By applying the map ¢ to Eq. (3.61b) and adding the initial condition zg = ¢(zo),
we obtain system (3.58).
Then, it holds that zp = ¢(xx), Yk > 0, being x; and zj the solutions of sys-
tems (3.53) and (3.58), respectively. If ¢! exists, then it also holds xj = ¢~ (2).

To sum up, we have transformed the DT autonomous system (3.53) into its equivalent
linear Koopman lifted system (3.58); these two systems are put in relation through the
basis of observables (3.4), as follows:

zi = ¢(zk)
zp = ¢~ (21)
Tpr1 = f(zg) § <= * Zp+1 = Azg. (3.62)

3.2.4. Discrete-Time Systems With Inputs

Let us now consider a DT system with inputs, i.e.,
Tpr1 = f(zp,ug), k>0, (3.63)

where z € X C R™ and u € Y C R™ are the state and input vectors, respectively, and
f: & xU — X is the state transition function.

Let w = (uk)re[0,400)nZs, D€ the input signal, belonging to the space % = U>. For
any well-defined f, there exists a unique solution xj, of system (3.63) in the time interval
[0, +00) N Z>g, starting from xo, i.e.,

wp = f( - f(f (2o, u0),u1) - up—1) = ©* (20, ). (3.64)
———

k times
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The family of one-parameter maps ¢* : X x % — X is the flow of system (3.63).

Definition 3.4 (Koopman operator — DT systems with inputs)

Let .# C C! be a Banach space of continuously differentiable observables ¢ : X — R.
The family of Koopman operators IC¥% : % — .F associated with the family of maps
©*(-,u) (3.64) is defined as follows:

KE4o() = gpo o*(,u), Ve ZF (3.65)

The Koopman operator (3.65) provides the lifted trajectories zx = ¢(zx) = KF%¢(z0),
V¢ € .%. The lifted dynamics is obtained by computing the successor state zj.1, i.e.,

21 = A(pr1) = O(f (wk, ur)). (3.66)

Recalling Eq. (3.20), the lifted dynamics for CT and DT systems compare as follows:

2t =¢x)t = %ﬁf(x,u) in CT,
o(f(x,u)) in DT.

Now, consider the basis of observables ® in Eq. (3.4).

Assumption 3.5

a) System (3.63) can be separated into its autonomous and input-dependent parts,

Tr1 = f@r, up) = fo(wr) + g(@r, ug). (3.67)

b) For system (3.67) and the basis of observables ® (3.4), it holds that

o(fo(x)) € span(®), V¢ € P. (3.68)

By Assumption 3.5a, the lifted dynamics in Eq. (3.66) becomes

d(zry1) = d(fo(zr) + g(@r, up)). (3.69)

In contrast to the CT case in Eq. (3.23), the expression ¢(fo(zr) + g(xk, ug)) in Eq. (3.69)
cannot be linearly expanded due to the nonlinearity of ¢(-). This makes it hard, in the DT
case, to directly separate the autonomous and input-dependent parts of the lifted dynamics.
Nonetheless, an analytically exact representation for the Koopman lifted system can be
found by resorting to the fundamental theorem of calculus [74].

Theorem 3.5 (Koopman lifted system — DT systems with inputs)

Let system (3.63) and a basis of observables ® = {¢;(z)}?, (3.4) be given, satisfying
Assumption 3.5. Let xj be the solution of system (3.63) and zj the solution of the
following Koopman lifted system:

21 = Az + B(zg,uk), 20 = ¢(xo), (3.70)
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where B is defined through the equality B(¢(zk), ux) = Bz (zk, uk), with

Lo
By (g, uy) Z/O £(f0(xk) + Ag(n, uk))dA g(@k, ug).- (3.71)
Then, the two solutions are equivalent through the mapping defined by ¢, i.e.,

2E = ¢(azk), T = (;Sfl(zk), VEk > 0.

For each ¢;(z), i =1,..., N,, the fundamental theorem of calculus [74] states that

1(0) — out0) = [ Fiarte = [ S FE N

0

where the change of variable x <» z(\) has been performed, with z(0) = p and z(1) = q.
We can set z(\) = p + \(¢ — p), for which g—f\()\) =q—pand

6a) ~ 6:0) = [ 2(p+ Aa ~ p)aA g ) 3.72)

Now, let ¢ = a1 = fo(zr) + g(xk, ur) by Assumption 3.5a, and p = fo(zk).
Replacing them into Eq. (3.72) yields

Ass. 3.5b

¢i(Trt1) — ¢i(folxr)) di(zet1) — a; di(ar)

— /1 88 L folwr) + Ag(ap, up))dA gy, wy)
0 T

= Glenn) = A6(e) + [ 52 (foler) + Mgl )i\ glen, )
= Ag(zy) + Ba(g, ur), (3.73)

where A = [a1,...,an,]".

Now, by enforcing the equality B (zk, ux) = B(¢(xk), ug), we can obtain B(xg, ug).

Then, by applying the map ¢ to Eq. (3.73) and adding the initial condition zy =
¢(xg), we obtain system (3.70).

Then, it holds that zx = ¢(x), Vk > 0, being xj and zj the solutions of sys-
tems (3.63) and (3.70), respectively. If ¢! exists, then it also holds zx = ¢~ 1(24).

To sum up, we have transformed the DT system with inputs (3.63), (3.67) into its
equivalent Koopman lifted system (3.70); these two systems are put in relation through
the basis of observables (3.4), as follows:

2k = ¢(xk)
zk = ¢ (1)
Tp1 = [, uk) = folzr) + g(k, uk) — Zpr1 = Az + Bz, ug).  (3.74)

As for the CT case in Eq. (3.24), we can observe that, for systems with a general
nonlinearity as in Eq. (3.63), the Koopman lifted system is, in general, still nonlinear, due
to the term B(zg,uy) in Eq. (3.70).
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Linear/Affine Parameter-Varying Form
Also in the DT case, to address the nonlinear dependence of B on the lifted state z; and
input ug, we can express system (3.70) in LPV or APV form:

1) If B(zk,0) = 0, we can apply Lemma 3.1 to factorize the input-dependent term as
B(zp, ug) = B(zg, ug)ug, so that system (3.70) can be rewritten as

Zk+1 = Azk + B(Zk, uk)uk

Then, by introducing the parameter p = (z,u) € Z x U and defining the matrix
B(p) = B(z,u), where B = B, the LPV form of the Koopman lifted system (3.70)
is given by

Zk+1 = Az, + B(f, ﬂ)uk (3.75)

Remark 3.7

To factorize B(zk, uy) through Lemma 3.1, it is required that B(zx,0) = 0. This
holds under the sufficient condition g(zx,0) = 0. In fact, B(¢(zk),0) = By(xg,0)
and, by Eq. (3.71), By(z1,0) = [y 22(fo(zx) + Ag(xy, 0))dA g(x1,0) = 0 <
g9(zk,0) = 0.

2) 1If B(z,0) # 0 and, thus, Lemma 3.1 cannot be applied, the input-dependent term
B(zk, ux) can be replaced by its first-order Taylor expansion around a given point
(z,u) = p, acting as parameter. Specifically,

Zpy1 = Az + B(zg, ug)

~ Az + B(z,u) + a—(z, u)(zk —Z) + %(2, u)(ur — )
oB,_ _ oB,_ _ _ . oB,__._ 0B _ _ _
= (A + 5('2’ u)) 2k + %(Z,u) up + B(Z,u) — a(z,u)z — %(z, u)u
\_~v_/ \_~v—/ —
Az ) B(z,q) b(z,u)
= A(z,1)z, + B(Z,0)ux + b(Z, 1), (3.76)

yielding an APV form for the Koopman lifted system (3.70).

Remark 3.8

Due to the nonlinearity of ¢(-) in Eq. (3.69), a DT input-affine system would still retain
a nonlinear Koopman lifted system — and not bilinear, as in the CT case.

For this reason, it is typically preferable to lift CT systems in the Koopman space,
and then discretize the resulting Koopman lifted system to obtain a DT representation.
This approach is particularly convenient for input-affine systems (3.32), whose
Koopman lifted system (3.35) is bilinear and can be directly factorized in LPV form,
i.e., 2= Az + B(Z)u as in Eq. (3.52). Under Assumption 2.7, the LPV lifted system
admits an exact discretization, which can be obtained through the following convolution
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integral (Section 2.2, p. 12):

_ AT, (k+1)Ts A((k+D)Ts—7) P (=
Zpr1 = €70z + e BZ)u(r)dr
kT
= €ATSzk + (eATS - I)A_1§(§>’U,k = Az, + Bd(f)uk, (3.77)
Ad By(z)

where T is the discrete time step.

This approach is going to be applied when extending the Koopman operator
framework to NMPC problems, in order to derive a linear DT version of the CT
Koopman lifted system, to serve as the MPC prediction model (see Sections 3.5.3
and 3.5.5).

Remark 3.9

For Assumptions 3.4 and 3.5b to hold, an infinite-dimensional basis ® (3.4) may be

needed, yielding an infinite-dimensional Koopman lifted system (3.58), (3.70).

3.3. Finding the Basis of Koopman Observables

After having characterized the Koopman lifted form of general nonlinear systems, let
us focus our attention on systems with inputs, given by Egs. (3.16), (3.32), and (3.63) —
representing, respectively, continuous-time, continuous-time input-affine, and discrete-time
Systems.

Now, a key challenge to address is finding suitable bases of observables ® (3.4) for such
systems, satisfying Assumptions 3.2b, 3.3, and 3.5b, respectively. If we are able to find
such bases, the related Koopman lifted systems can be effectively constructed by leveraging
Theorems 3.2, 3.3, and 3.5, respectively.

In this section, we propose a novel algorithmic procedure that allows to analytically
derive the basis ® in a systematic way. Such a procedure constructs ® starting from an
initial small set of hand-picked observables ®;, and, from it, generates the whole basis.

In the following, we begin by considering the general CT and DT cases (3.16), (3.63).
Then, we focus on the CT input-affine case (3.32), which requires a more tailored analysis
due to its differing assumption (Assumption 3.3).

3.3.1. Continuous-Time and Discrete-Time Systems With Inputs

For notational simplicity, let us combine CT and DT representations as follows:
e Original systems (3.16) and (3.63) (under Assumptions 3.2a and 3.5a):

2T = f(z,u) = fo(x) + g(z,u), (3.78)

e Lifted dynamics (3.20) and (3.66):

2t =o¢(x)t = T,Uu %) ={ 9z a .
¢(@)" = Lo(f(2,u),  Lo(x) {fb(*) n DT, VoeF,  (3.79)
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e Koopman lifted systems (3.24) and (3.70):
2zt = Az + B(z,u), (3.80)
e Conditions required by Assumptions 3.2b and 3.5b:
Ly(fo(z)) € span(P), Vo € . (3.81)

In Algorithm 3.1, we describe the procedure to analytically derive a basis ® for
system (3.78), satisfying Eq. (3.81):

Algorithm 3.1 (Koopman observables basis generation)

Input: fo(z), Pin
Output: ¢
1 &+ By, 01
2 while i < |®| do
3| a@) « Lo, (fo(@))
4 Expand a(z) = linear combination of ® + ayes()
5 Expand ayes(z) = linear combination of nonlinear terms {1 ;(z)} 2% = ¥,
6 P+ dUY,, i+ i+1
7 return ¢

The basis ® is incrementally built. & is initialized with an initial set of observables ®;,,
containing the system states {z;}7%, (so to ensure the existence of the inverse map ¢!, see
Remark 3.2) and, possibly, some other functions of choice {win,i(x)}ﬁ‘i. These additional
functions are particularly important when extending the Koopman operator framework to
NMPC problems. Specifically, as explained in Section 3.5.2, we shall include in ®;, all the
elementary nonlinear terms introduced by the NMPC nonlinear state constraints. This
allows to obtain a basis ® that lifts both the CT plant and the NMPC constraints, which
represent the two nonlinearities of the NMPC problem.

For each observable ¢;(x) € ®, i < |®|, the autonomous part of lifted dynamics, i.e.,
Ly, (fo(x)) = a(z) in Egs. (3.79) and (3.81), is computed. This term « is then expanded
as a linear combination of the current observables in ® and a nonlinear residual ayes().
The residual oy is in turn expanded as a linear combination of nonlinear terms {wa7i}i]ia1;
such nonlinear terms are appended to ® as new observables of the basis.

The above procedure is iterated until convergence — i.e., a finite-dimensional basis ®
is found, yielding no further residual terms — or, possibly, after a maximum number of
observables has been generated (see Section 3.4).

After having found the basis ®, we can construct the Koopman lifted system (3.80)
following Theorems 3.2 and 3.5. Such a procedure is detailed in Algorithm 3.2:

Algorithm 3.2 (Koopman lifted system construction)

Input: fo(z), g(z,u), ®

Output: A, B(z,u) (optional: B(z,u))
1 fori=1,...,|®| =N, do

2kmmeﬁuh@»

3 Expand a(z) = a; ¢(z), a; € RNe

4 A+ Jay,...,an,]"
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[o20} .

Se9(z,u) in CT,
5 Bi(z,u) <+ ‘91 96 )

0 o (fo(x) + Ag(w,u))dA g(x,u) in DT

Find B(z,u) by enforcing B(¢(x),u) = Bz (z, u)
if g(x,0) =0 then
L B(z,u) + 01 gB (z, Au)dA
return B(z,u)
10 return A, B(z,u)

© 0w N O

3.3.2. Continuous-Time Input-Affine Systems

Now, let us move on to CT input-affine systems (3.32). Such systems require specific
attention since the underlying Assumption 3.3 slightly differs from those in the general CT
and DT cases (i.e., Assumptions 3.2b and 3.5b), as it requires that both the autonomous
(Ly,¢(z)) and input-dependent (Ly. ¢(z), j = 1,...,n,) parts of the lifted dynamics (3.33)
belong to the Koopman invariant subspace spanned by ®.

Therefore, Algorithm 3.1 is modified by computing, for each observable ¢;(x) € ®, i <
|®|, both of these parts of the lifted dynamics, i.e., Ly, ¢;i(z) = a(x) and Ly, ¢(x) = Bj(x),
j=1,...,ny. Then, each term «, 3 is expanded as a linear combination of the current
observables in ® and a nonlinear residual (s, Bres,j). The residuals are in turn expanded
as a linear combination of nonlinear terms (¢a, 1g,;); such nonlinear terms are appended
to ® as new observables of the basis.

This modified procedure is reported in Algorithm 3.3:

Algorithm 3.3 (Koopman observables basis generation — CT input-affine systems)

Input: fo(z), (9;(2))j%y, Pin
Output:
D+ (I)im 141
while ¢ < |®| do
o) + 22 fo(x)
Expand a(z) = linear combination of ® + ayes()
Expand oyes(z) = linear combination of nonlinear terms {1 ;(z)} Yo = ¥,,
for j=1,...,n, do
Bj(x) < 169
Expand f;(z) = linear combination of ® + Syes ;(2)
Expand fhes j(2) = linear combination of nonlinear terms {wg,w(m) =g
D DU U (Upsy Wa, )i i+ 1
return ¢

© 00 N O Ut ok W N =

—
[e=]

[y
—

After having found the basis ®, we can construct the Koopman lifted system (3.35)
following Theorem 3.3. Such a procedure is detailed in Algorithm 3.4:

Algorithm 3.4 (Koopman lifted system construction — CT input-affine systems)

Input: fo(z), (9;(2))j2,, @
Output: A, (B;)j*,
1 fori=1,...,|®| =N, do

2 | ()%%ﬁ’fo(m)
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3 Expand a(z) = a] ¢(z), a; € RNe

4 for j=1,...,n, do

5| B « ()

6 Expand 3;(z) = szqb(x), b;; € RNe .

7 A« [al, . ,CLNO}T, Bj — [bl,j, . ,bij]T, ig=1...,n4
8 return A, (B;)jx,

Remark 3.10

If the CT input-affine system contains an input-linear term as in Eq. (3.38), Algo-
rithm 3.4 can be suitably modified according to the results of Corollaries 3.1 and 3.2.

We now illustrate, through some examples, the procedures for generating the basis of
Koopman observables and constructing the related Koopman lifted system.

I el EIIE  Consider the following CT system with inputs:

x1 + x9sin(uy) 1 xosin(uq)
= | —zo+ 2 +ugug | = —x9 + 27 + ULU , (3.82)
T3 — T1x2 + x1e42 T3 — 129 + X1 r1e%? — 1
fo(x) g(z,u)

which has been suitably separated into autonomous and input-dependent parts, so that
g(z,0) = 0 (Remark 3.5).

We apply Algorithm 3.1 to generate a basis ® for system (3.82) satisfying Assump-
tion 3.2b. Being in CT, we have that, by Eq. (3.79), Ls(fo(z)) = 92 fo(z) = Ls,é().

Let us consider two possible initial sets of observables, i.e.,

o) = {1, wa, w3},
q)l(i) = {xh x2, T3, IL‘1£B3},

(2)

where (I)i(i) comprises only the system states, while @, ’ contains an additional observable

of interest (z1x3).
Let us focus first on <I>i(i). To generate the whole basis ®(!) = & from <I>i(r11), we iteratively

apply Algorithm 3.1, for each observable ¢; € ®,i=1,...,|®|:
o Atstepi=1, ¢1(x) = x;:
991 o,
Lo (fo@) = Lpdr(a) = 2 fo(@) = [L 0 0] | —ewtat | =1 = 61(a).
X T3—T122+T1
This step yields no residual, so no new observables are added to the basis.
o At step i =2, ¢ao(x) = ma:

Ly, (fo(x)) = (2;;2 o(z) = [0 1 O] { —xfixg

= —29 + x% = —¢o(z) + x%
T3—T1T2+T1

This step yields the residual ayes(z) = 27, from which we can extract ¥, = {z?}.
Then, by introducing the new observable ¢4 (x) = x%, we can rewrite Ly, (fo(z)) =
—¢2(x) + ¢a(x) with no residual.
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e At steps i > 3:

¢3(x) = w3, Lyy(fo(x)) = ¢3(z) — 2122 + P1(2)

= ¢5(x) = x129,

da(x) =at,  Loy(fol@) = [201 0 0] fo(@) = 26u(a),
03(1) = w1wa, Loy (fo(@) = |22 @1 0] folw) = a?
= ¢g(x) = 23,

do(x) =ty Log(folw)) = [323 0 0] fo(@) = 35(x).

We observe that the algorithm has converged, since it reached the last observable of the
basis with no further residual.
Then, system (3.82) admits a finite-dimensional basis of 6 observables, i.e.,

2 3
P = {xla xr2, I3, T1, 12, 331} .

Now that we have the basis ®, we employ Algorithm 3.2 to construct the Koopman
lifted system. First, we compute the matrix A, obtaining

A=

Second, we compute the term B,(z,u), obtaining

22 sin(u1)
u U
r1e%2—xq
2z 22 sin(u1)
J?% sin(u1)+x1uiuz

31?12 sin(u1)

Now, we have to find B(z,u) such that the equality B(¢(x),u) = By (z,u) holds. By
inspection of B,, one possible choice is given by

B ¢2(z) sin(u)
U1 U
$1(x)e 2 —¢1(x)
2¢s5(z) sin(u1)
qb%(z) sin(u1)+¢1 (x)uius
3¢p1(z)ps () sin(uq)
r z2 sin(u1)
U U
z1e%2 —z;
225 sin(u1)
z% sin(u1)+z1uiusz
L 32125sin(u1)

By (x,u) = B(¢(x), u)

= B(z,u) =

Finally, since g(z,0) = 0 by construction, we can apply Lemma 3.1 to obtain the
Koopman lifted system in LPV form. Specifically, we compute the term B(z,u) as

1 o8B

B(z,u) 90

0

(z, Au)dA

1

uy 72

1 .
a2 sin(u1)
u2

0

Nl

2 .
% sin(u1)

2

z sin(ul)—&-%zl ug

3 .
RS sin(uq)

1
ug 21

2

0

1
PR

(ev2-1)
0

Loiug

0
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Combining the above terms, we obtain the Koopman lifted system z = Az 4+ B(z,u) =
Az + B(z,u)u.

Recalling now the second initial set <I>i(§), we just report that, also in this case, Algo-
rithm 3.1 converges, generating a finite-dimensional basis of 9 observables, i.e.,

2 2 2 3 4
2 = {561, Z2, T3, T1x3, L1, L1T2, T1T2, Ty, $1}'

I il Consider the following CT input-affine system, representing a kinematic
unicycle model:

x3 cos(xy) x3 cos(xy) 0 0
i i 0 0
L sin(xzy) _ | sin(xz4) n _ . (3.85)
Ul 0 1 0
u9 0 0 1
—_— =~
fo(z) g91(x) 92(x)

We apply Algorithm 3.3 to generate a basis ® for system (3.85) satisfying Assumption 3.3.
Being in CT, we have that, by Eq. (3.79), L4(fo(z)) = %fg(m) = Ly, ¢(z) and Ly(g;(x)) =
99 9,(x) = Ly, (), j = 1,...,my.

Let us consider two possible initial sets of observables, i.e.,

(I)l(r? = {xla T2, I3, 334},
(bl(g) - {xlv X2, T3, T4, CU%, I%},

(1)

in

(2)

comprises only the system states, while ®; ’ contains additional observables of

where &
interest (3, 23).
i(i). To generate the whole basis ®(1) = & from (Iﬁ),

apply Algorithm 3.3, for each observable ¢; € ®,i=1,...,|®|:

Let us focus first on ¢ we iteratively

(Z)1(.%') = 1, £¢1(f0<$)) =3 COS($4)7 £¢1 (gl(x)) =0, £¢>1 (g2<.1‘)) =0
= ¢5(z) = x3cos(xy),

P2(x) = w2, Ly, (fo(x)) = wgsin(zs), Lg,(91(2)) =0, Lgy(g2(x)) =0
= ¢¢(x) = x3sin(zy),

(]53(.%) = 3, £¢3(f0<33)) =0, £¢3(gl(x)) =1, £¢3(92(x)) =0,
¢4($) = T4, £¢4(f0<$)) =0, ‘C¢>4(gl($)) =0, £¢4(92(x)) =1,

¢5(x) = wgcos(wa), Lgs(fo(x)) =0, Lg;(g91(x)) = cos(za), Los(92(2)) = —d6(2)
= ¢7(z) = cos(xy),

P6(x) = w3sin(za), Log(fo(x)) =0, Lgs(g1(x)) =sin(zs), Log(92(x)) = ¢5(x)
= ¢g(z) = sin(zy),

¢7(x) = cos(wa), [’¢>7(f0(x)) =0, ‘C¢7(91(x)) =0, £¢7(g2(l‘)) = _(Z)S(x)a
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¢s(x) = sin(za),  Los(fo(2)) =0, Los(91(2)) =0, Los(g2(x)) = o7(x).
Then, system (3.85) admits a finite-dimensional basis of 8 observables, i.e.,
& = {z1, x2, w3, T4, x3C08(24), T3sin(xy4), cos(xy), sin(zq)}.
Now, we employ Algorithm 3.4 to construct the Koopman lifted system, obtaining

2= Az + Byu + Bizui + Bazus,

where
00001000 00 00000000 00000 0 0 O
00000100 00 00000000 00000 0 0 O
daseeats 1 oaseeans THEE

A= 00000000|s Bo=100|> Bi=1]00000010|> B2=|00000-100
00000000 00 00000001 00001 00O
00000000 00 00000000 00000 0 0—1
00000000 00 00000000 00000 0 1 0

We can observe that the resulting Koopman lifted system matches the structure in

Eq. (3.43), since system (3.85) contains an input-linear term.
Recalling now the second initial set <I>i(r21), we just report that, also in this case, Algo-
rithm 3.3 converges, generating a finite-dimensional basis of 27 observables, i.e.,

®? = {x1, xo, w3, 14, 22, 23, 23c08(x4), T3sin(zs), 2123 cos(x4), Towssin(zy),
cos(z4), sin(zy), z3cos?(x4), z1235in(2s), 1 cos(zq), x3sin®(xq), w3 cos(zy),
rosin(xy), x3cos(xs), 25 cos(xq)sin(xy), x1sin(zy), xzsin?(zy), o cos(zs),

cos®(x4), x3cos(xq)sin(zy), sin®(zq), cos(zq)sin(zy)}.
I el SREIRY  Consider the following DT system with inputs:

2x1 k + ug 271 Ug
Tprl = 3 = T+ ) (3.88)
Tk — T7 ) T T1ET2 KU Tk — X7 T1 kT2 kUK

Jo(zx) 9(zr,uk)

We apply Algorithm 3.1 to generate a basis ® for system (3.88) satisfies Assumption 3.5b.
Being in DT, we have that, by Eq. (3.79), Ls(fo(z)) = ¢(fo(x))-

Let us consider, as initial set of observables, ®;, = {x1,z2}, i.e., only comprising the
system states.

To generate the whole basis ® from ®y,, we iteratively apply Algorithm 3.1, for each
observable ¢; € &, i =1,...,|D[:

¢1(z) =21, Ly (folrr)) = o1(folzr)) = 221 % = 2¢1(21),

Go(x) = w2, Loy (folxr)) = da(folar)) = mo — 27 ) = dalar) — 2
= ¢3(x) = :1:‘%,

¢3(x) = af, Loy (folzr)) = d3(folzr)) = 823 ), = 8ds(ai).

Then, system (3.88) admits a finite-dimensional basis of 3 observables, i.e.,

3
P = {xl, 9, xl}.
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Now, we employ Algorithm 3.2 to construct the Koopman lifted system, obtaining

2 0 0 1
zk+1 = |0 1 —1|zx+ 21,k%2,k Uk -
00 8 1227, + 621 pup + uj,
A B(Zk,uk)

We can observe that, while the original system in Eq. (3.88) is input-affine, the resulting
Koopman lifted system is, instead, nonlinear in both state and input, as highlighted in
Remark 3.8.

3.4. Dimensionality Reduction of the Koopman Lifted System

As noted in Remarks 3.6 and 3.9, an infinite-dimensional basis of Koopman observables
may be needed to exactly lift systems (3.16) and (3.63) — respectively, continuous-time and
discrete-time systems with inputs.

In this section, we provide a general approach to reduce the basis of observables and
the related Koopman lifted systems (3.24), (3.70) to a finite dimension of choice.

Let us set a-priori the maximum number of observables N, < N, (where N, may be
infinite) to be generated by Algorithm 3.1. By setting N,, the lifted equations associated
with the lastly generated observables will contain a residual nonlinear term.

In detail, let us split the observables as follows:

_[¢w@)
H(x) = [ (b,,(x)] ,

where ¢ : R — R", ¢/ : R"™ — R", and n, = N, = n/, + n’.
With the reduced number of observables, the lifted dynamics is the following:

_[e@r] [ Biww] [ O
o Lb”(fv)*] ) [A”]d’(x” B )] fres,m,u)}’ (390
A B (z,u)

where fres o 1 R x R — R" is the residual nonlinear term containing the dynamics of
the unlifted part of the system.

Similarly to B, by enforcing the equality fres(z,u) = fresz(¢(z),u), we can express the
residual in terms of the lifted state z, allowing us to obtain the reduced Koopman lifted

system, i.e.,
I+ /
+— " =24 (2,u) O, 3.91
’ l*] | T ] 391
—_————
B(z,u)

Let us consider:
e the solution x(t) (or xy) of the original system (3.16) (or (3.63));
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e the solution z*(¢) (or zf) of the exactly-lifted system (3.24) (or (3.70)), with
infinite-dimensional basis of observables ¢*(x);

e the solution z(t) (or zx) of the reduced system (3.91), with finite-dimensional
basis ¢(z).
Then, it holds by construction that

z(t) = o7 (2(t)) = ¢* (2" (t)), Vt>0, or
o =0 (z) =0 Nz,  VE>0, (3.92)

meaning that the three solutions are equivalent, even if ¢ has a finite dimension
compared to ¢*.

Linear/Affine Parameter-Varying Form

The reduced Koopman lifted system (3.91) can be expressed in LPV or APV form. Its
general expression is given by

+ A(z,7) B'(z,7) V(z,)
+ _ Z _ 9 M N )
Z = L//-&-] - [A"(z,u)]z—‘r [B"(Z, U) u+ b”(?,ﬂ) ) (3'93)
A(Z 1) B(z,u) b(Z,G)

and depends on whether B(z,u) and fres(z,u) can be factorized through Lemma 3.1.
Let us start from the first part of the dynamics, i.e., 2T = A'(z,%)z+ B'(z, 0)u+V(z, ),
which does not depend on fres. Two cases arise:

(a) B'(z,0) =0, i.e., we can factorize B’ through Lemma 3.1 as
B'(z,u) = B'(z,u)u,
(b) B'(2,0) # 0, i.e., we consider the first-order Taylor expansion of B’ around (z,u),

%il(z,u)(z —Z)+ G—BI(E,H)(u — ).

B(z,u) ~ B'(z,u) + 5

Then, for each of the above cases, we have the following expressions:

(a) (b)
A'(z,7) A A+ 98 (z, )
B'(z,7) B'(z,7) 95 (z, )
v (z, ) 0,1 B'(z,7) - % (z,9)z - %L (z,9)u

Now, let us consider the second part of the dynamics, i.e., /T = A"(z,1)z+ B"(Z,7)u+
b'(Z,), which depends on fis. Four cases arise:
(a) B"(z,0) = 0 and fies(2,0) = 0, i.e., concerning fres, we can factorize it through
Lemma 3.1 as

fres(zv U) = Qores(z7 u)u,
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(b) B"(2,0) =0 and fres(2,0) # 0, i.e., concerning fres, we consider its first-order Taylor
expansion around (Z, ), i.e.,

feslzm) ~ fro(2) + =z ) o ) 4 P ),

(c) B"(2,0) # 0 and fres(2,0) = 0;
(d) B’(z,0) # 0 and fres(z,0) # 0.

Then, for each of the above cases, we have the following expressions:

(a) (b)

AN(= = 7 "y 8fres = 7

A" (z,7) A A (z,w)

B"(z,q) B"(z,u) + Pres(z, u) B"(z,u) + %(Z )

V' (z,7) 0,7 fres(Z,T@) — 2L (2, )7 — Y (7 )T
(c) (d)

Az, ) A"+ GF(z.0) A"+ Bz ) + %=z )

B"(z,7) 9B%(2,0) + Pres(2, 1) 98" (z,1) + %= (z,7)

. " , B"(z,7) — 28" (z,7)z — 28" (z,7)u +

V'(z. 1 B//——_%fff_%ff— 0z \ Ou \7?

(27 U) ( ) 0z (Z7 U)Z ou (27 u)u fres(z U) fres (2’ H)Z 8(];;75 (2, ﬂ)ﬂ

3.4.1. When to Truncate the Basis of Observables

After having introduced the dimensionality reduction procedure, a key question that
remains to be addressed is when should we truncate the basis of observables ®, i.e., which
is the “best” dimension reduction for the Koopman lifted system.

Here, we propose a possible approach based on the empirical evaluation of the prediction
accuracy of the reduced Koopman lifted system for increasing number of observables ¢.
Without loss of generality, we consider in the following the CT case only.

We start by selecting a family of input signals {u”(t)},cp, parameterized by the
parameter p which can take values in the set P.

Taking an input signal u(t) € {u”(t)}pep, we use it to generate a trajectory x(t) of the
original system system (3.18). Hence, the family of input signals must be designed to ensure
a sufficiently rich “excitation” of the system, yielding representative state trajectories for
evaluating the prediction accuracy. This point is better clarified in Section 3.6, when
dealing with the actual case studies employed to validate our approach, i.e., mobile robot
navigation in cluttered environments (Section 3.6.1, p. 97) and autonomous parallel parking
(Section 3.6.2, p. 110).

The trajectory x(t) is then sampled at Npreq equally-spaced time instants ¢,, = ﬁT ,
extracting the states z, = z(t,), n =1,..., Nped. Taking each lifted state z, = ¢(x,,) as
an initial condition, a prediction zérgd( ) of the reduced lifted system is computed, over
the prediction time interval 7 € [0,7,], applying the input u(t).

Let us write the basis of observables as ® = ®;, UV, where ®;, = {x;};%; U {¢in7i(m)}ZN:“i
is the initial set of observables, {¢i () }fV:“i are hand-picked observables of interest, and
U= {d}i(:v)}ﬁ\;wl are the observables generated by Algorithm 3.1. Then, let us rewrite the
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;—, z;l, Z;—]T, where 2z, 2zin, and zy are the lifted states related to the

lifted state as z = [z
observables x, 1, (x), and ¢ (z), respectively.

The lifted trajectory z(t) = ¢(x(t)) and the predictions zpreq(t) are then expressed as

Zz(t) za:,pred(t)
2(t) = p(x(t)) = |2zn(t) |,  Zpred(t) = | Zin,prea(t) ]| - (3.94)
2y(t) 2 pred (t)

The true and predicted trajectories (3.94) are compared by sampling each of them with
sampling time Ts. Specifically, each prediction time interval will contain N, 4+ 1 sampling
points, with N, = %’

For each n-th predicted trajectory, three prediction errors are considered:

1) Prediction error epreq,1 between the original trajectory z(t) and the predicted lifted

states zy pred (%), associated with the original states z, i.e.,

](;:rlg,dl - Z‘

— x(ty, +iTy)

2 eali - (3.952)

2) Prediction error €preq2 between the true lifted states zi,(t) and the predicted lifted
states zin pred (), associated with the hand-picked observables of interest i, (z), i.e.,

e o= § :‘ 2red (T3) = 2n(tn +1T3)| (3.95b)
3) Prediction error €peq,3, combining the previous ones, i.e.,
(n)
(n) _ 1 T pred( iTs ) x(thriTS)
€ = — - : . 3.95¢
pred,3 Np P |\Zi(:,>pred(iT ) |:Zin(tn+’LTs)i| . ( )

The prediction errors (3.95a)-(3.95¢) quantify the average per-sample deviation, in the
oo-norm, between true and predicted trajectory. This design choice was adopted as it
yielded consistent results during validation (see Section 3.6). Nevertheless, other definitions
for the prediction error are equally admissible.

It is worth noticing that, in the above prediction errors, we are not including z,(t). The
reason is that z, are the lifted states generated by Algorithm 3.1, which naturally arise
from the initial set of observables ®;, in order to construct the Koopman lifted system.
Therefore, in most of the cases, the observables ¥ (z) and the corresponding lifted states
2z, do not have a readily interpretable “physical” meaning, on the contrary of the original
system states x and the hand-picked observables ¢, (x). Therefore, in most cases, it is
more informative to evaluate the prediction error on z,(t) and zj,(t) only.

All the above calculations are repeated for increasing number of observables ¢(z) =
(i (x )]Z 1, with N, > |®4,], and for multiple trajectories x(t), obtained by, e.g., randomly
selecting multiple values of the parameter p € P of the input signal uP(t).

After having collected all the prediction error data €pred,1, €pred,2; and €pred,3 from
Egs. (3.95a)-(3.95¢), we determine the “best” dimension for the reduced lifted system by
evaluating how many observables are required before the average values of €pred,1, €pred,2;
and €preq,3 decrease to a sufficiently low values.
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3.5. Koopman NMPC: Lifting Nonlinear MPC in the Koop-
man Space

After having introduced the Koopman operator framework for dynamical systems, in this
section we extend its application to optimization problems, with specific focus to nonlinear
programs (NLPs) that arise from Nonlinear Model Predictive Control (NMPC) problems.

The key idea is to employ the Koopman operator to transform a general NMPC problem,
originally formulated as a NLP in the state z, into a quadratic program (QP) in the lifted
state z. The obtained QP-MPC problem will hereafter be referred to as Koopman NMPC
(K-NMPC) [31].

Being a QP, K-NMPC is considerably more tractable than the original NLP and can
be solved with superior computational performance [35].

3.5.1. Nonlinear MPC Formulation

In the following, let us consider a CT input-affine system, matching Eq. (3.32), acting as a
plant to control, i.e.,

i = fa,u) = fol@) + 3 g @y, (0) = a0, (3.96)
j=1

Assuming an input-affine structure for the plant is not a restrictive choice, as it holds for
many systems in practical applications. Moreover, this case is the most interesting one
from the Koopman operator perspective, since, as highlighted in Section 3.2.2, the related
lifted system is bilinear — unlike the general CT case, where the input-dependent term
retains a general nonlinearity.

From the CT plant (3.96), we construct a DT input-affine prediction model, by applying
a discretization method of choice (refer to Section 2.2, p. 12) with discrete time step T > 0,
ie.,

Try1 = fa(Tr, uk). (3.97)

Nonlinear MPC (NMPC) provides, at each discrete time instant k > 0, an optimal
control input uj, obtained by solving the following NLP optimal control problem:

N,—1
min J(&,4) = Z |Z; — xr,k+i||2Q =+ ||ﬂ2||%%
=0

Np—1
+ >0 &= @iallh, + 16—t |, (3.98a)

im1
s.t. &g = xg, (3.98b)
Bivr = fa(@i i), i=0,...,N,—1, (3.98¢)
Qi eU, i=0,....N,—1, (3.98d)
FEX, i=0,...,N,—1, (3.98¢)
h(E;) <0, i=0,....,N, 1. (3.98f)

The NMPC problem (3.98) is formulated to attain tracking towards the admissible state
trajectory @, = (x,)r>0 of the discretized system (3.97).
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The cost function J in Eq. (3.98a) is composed of four terms:

e The quadratic tracking term ||&; — mnkHH% for the predicted state, towards the
reference state x, ; of the trajectory x,, with @ = 0.

e The quadratic term ||@;||%, with R = 0, penalizing the input magnitude, in which
we did not include the reference input u,. j; of the admissible sequence w,., which
generates x, through Eq. (3.97). The inclusion of such a term is a common practice
in NMPC (see, e.g., [32, 33]), in those cases where only the state trajectory x, is
readily available, preserving the strict convexity of the cost function J.

e The quadratic terms ||Z; — @i—1\|2QA and ||a; — ﬁi,1||%A, with Qa = 0 and Ra > 0,
which penalize the variation in time of the predicted states and inputs, to obtain
smoother predicted trajectories [32, 33].

The prediction model (3.98c) is given by Eq. (3.97). Egs. (3.98d) and (3.98e) report
linear input and state constraints, given by the convex polytopic sets U = {u € R™ :
Hyu < h,}and X = {x € R™ : Hyx < hy}. Eq. (3.98f) reports nonlinear state constraints,
given by the nonlinear function h : R — RNx,

Lifting the NMPC Problem in the Koopman space

To lift the NMPC problem (3.98) in the Koopman space, three main steps are required:

1) generate with Algorithm 3.3 a basis of observables ® (3.4) for the CT plant (3.96)
and the nonlinear state constraints (3.98f), obtaining a bilinear Koopman lifted
system (3.35);

2) convert the NMPC problem (3.98) from a NLP in the original state  into a QP in
the lifted state z, obtaining the K-NMPC problem;

3) reduce the dimension of the lifted state z, in order to either reduce the K-NMPC
complexity or render tractable the case of an infinite-dimensional Koopman lifted
system (3.35).

3.5.2. Observables Generation and Lifted System

To obtain the basis ®, we first need to specify the set of observables ®;, to initialize
Algorithm 3.3. Since ® should allow to lift both the CT plant (3.96) and the NMPC
nonlinear state constraints (3.98f), we begin by expanding the nonlinear function h(x) in
Eq. (3.98f) as follows:

No
h(z) = C'x + Zc;’ oi(z)—d=C [ N ] —d, (3.99)
i=1 o(z)
where o; : R"* — R are linearly-combined elementary nonlinear terms, with coefficients
¢ € RV i =1,...,N,, d € RV is a constant affine term, and C’z is a possible linear
term composing h, with ¢/ € RV»X%= Eq. (3.99) is compactly rewritten by defining
o(x) = [o3(x)| Ny, C" =[], - - ;¢ ] € RNwNo tand € = [C, C"] € RNw*natlNo,

Then, the initial set ®;, is defined as follows:

O = {wi}72 U{oi(2)}1,  dinlz) = [ ! ] ;

o(z)
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|Bin| = ng + Ny (3.100)

We can see that ®;,, comprises both the system states x (Remark 3.2) and, additionally, all
the nonlinear terms introduced by the NMPC nonlinear state constraints (3.98f).
From ®;,, Algorithm 3.3 generates the whole basis @, i.e.,

X
® =&y, U {i(2)}1,  o(@) = |o(x)],
W (x)
|®| = No = ng + Ny + Ny = n, (3.101)

where (z) = [wi(x)}i]iwl are the newly generated observables.

Knowing the basis ® (3.101), we can now apply Algorithm 3.4 to obtain the bilinear
Koopman lifted system, matching Eq. (3.35), i.e.,

i=Az+ ) Bjru;. (3.102)

=1

3.5.3. Lifted System Discretization and Linear Parameter-Varying Form

After having obtained the Koopman lifted system (3.102), the next step is to derive a
linear DT version of it, to serve as prediction model for the K-NMPC problem.

To this end, we proceed in two steps. First, we resort to the LPV form of the lifted
system (3.102), which is given by Eq. (3.52), with parameter z € Z, i.e.,

Uz
2=Az+)» Bjzuj = Az + [BiZ,-- By, Zju = Az + B(Z)u. (3.103)

7= B(z)

Second, we discretize the LPV lifted system (3.103) with discrete time step T. Since the
system is linear and, by the receding horizon policy, the input signal is piecewise constant,
ie., u(t) = ug, Vt € [kTs, (k + 1)Ts], an exact discretization of system (3.103) can be
obtained through the following convolution integral (Section 2.2, p. 12), which can be
solved in closed form:

_ AT (k+1)Ts A((4+1)Ts—7) B (=
Zp41 =€z + e BZ)u(r)dr
kT
= oo + (AT — DA B(Z)up = Agzi + Ba(Z)uy. (3.104)
Aa Bqy(z)

3.5.4. Koopman NMPC Formulation

Now, we can formulate the K-NMPC problem. Let us rewrite the lifted state as z =
(225 25, 2y]"
o(x), and ¥ (x), respectively. Then, the K-NMPC optimal control problem is given by the

following QP, for each k > 0:

, where z;, z,, and zy are the lifted states related to the observables z,

min  J(2;,0) (3.105a)

EX0
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sit. 20 = o(ag), (3.105b)
Ziv1 =A% + By, i=0,...,N,—1, (3.105¢)
@ €U, i=0,...,N,—1, (3.105d)
2.i€X, i=0,...,N,—1 (3.105¢)
C[] <d, i=0,...,N,—1. (3.105f)

In the K-NMPC problem (3.105), 2 = (éi)fv:po is the predicted trajectory of lifted states. The
LPV prediction model (3.105¢) is given by Eq. (3.104), where A = A4 and Bk,i = Bi(Z.);
Zk,; is the model parameter, which varies at each k > 0 and along the prediction horizon
i=0,...,Np, — 1. Specifically, the sequence of parameters Zj = (Ekl)f\fo_ 1, as reported in
Section 2.3.3, is set equal to the shifted optimal trajectory computed by K-NMPC at the
. o C s s N, _
previous time instant k — 1, i.e., 2f_; = (zi|k—1>i:07 as follows:
. {(¢<xo>, ooy 6(x0)) E=0

zk = (Zkﬂ):() = R R " .
’ (D(xn)s B3 rs -+ Eliapprs o0 Zrpe) if B> L

The linear state constraints in the original state x (3.98e) are expressed in the lifted state
z, as in Eq. (3.105e), by applying the map z, = x defined by ¢. Equivalently, the nonlinear
state constraints in x (3.98f) are expressed in z, as in Eq. (3.105f), by applying the maps
zz =z and z, = o(x) to Eq. (3.99). Finally, in the cost function (3.105a), the original
state x is replaced by z.

NMPC and K-NMPC Solutions

The optimal solution of the NMPC problem (3.98) can be obtained by computing the
solution of the K-NMPC problem (3.105) and applying to it the mapping defined by ¢.

It is worth noticing, however, that, having approximated the bilinearity of the Koopman
lifted system (3.102) by employing its LPV version as prediction model, solving the K-
NMPC problem leads to an approximation of the NMPC solution, i.e.,

A — =172 N o
Tavpe ® ¢ (Ckonmpc),  UNvpe X UK NMPC: (3.107)

3.5.5. Koopman NMPC Dimensionality Reduction

When the basis of observables ® (3.101) is infinite-dimensional or a reduction in the
complexity of the K-NMPC problem (3.105) is desired, we can operate a dimensionality
reduction of the basis ® and the Koopman lifted system (3.102), as outlined in Section 3.4.

The reduced lifted system can be expressed in APV form, recalling Eq. (3.93), with
parameter (Z,u) € Z x U, i.e.,

: = A(z,1)z + B(z,0)u + b(Z,7a). (3.108)

An exact discretization of the APV lifted system (3.108) can be obtained by computing
the closed-form solution of the following convolution integral (Section 2.2, p. 12):

(k+1)Ts

Zyr = eAGDTo oy 4 ACODDT =) (B(z m)u(r) + b(z,0))dr
kT
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= QA(E’E)TS 2 + (eA(E’E)TS - I)A_I(E’ ﬂ)(B(E7 ﬂ)uk + l;(?, 7))
= AGOT o 4 (ACHTs _ DAYz, 0)B(z, 0)u, + (2T — 1) A~ (z,7)

b(z, )
Aa(z7) Ba(zu) bq(z,u)
= Aa(Z, )z, + Ba(Z,0)uy + ba(z, ). (3.109)

Then, the reduced K-NMPC problem is formulated as follows, for each k£ > 0:

min  J(2;, ) (3.110a)

20

st. 5= dlap), (3.110b)
Ziv1 = ApiZi+ Briti + by, i=0,...,N,— 1, (3.110c¢)
@ eU, i=0,...,N,—1, (3.110d)
2,.€X, i=0,...,N,—1, (3.110¢)
C[} <d, i=0,...,N,—1. (3.110f)

In the reduced K-NMPC problem (3.110), the APV prediction model (3.110¢) is given
by Eq. (3.109), where Ak,i = Ad(zk,iaﬂk,i)a Bk,i = Bd(zk,iaﬂk,i)a and bk,i = bd(zk,iaﬂk,i)§
(Zk,i> Uk,i) is the model parameter, which varies at each £ > 0 and along the prediction hori-
Np—1
i=0
as reported in Section 2.3.3, is set equal to the shifted optimal trajectory computed by K-

zon i = 0,..., N, — 1. Specifically, the sequence of parameters (Zx, ur) = ((Zx, Uk.i))

NMPC at the previous time instant k — 1, i.e., £y = (],_;)i7 and @y = (af,_,)i%
as follows:
. — _ Np—1
(Z ) = ((Zis Uni)) 2y
((QZ)(:CO)’ Onu)? ceey (@b(CCO)a Onu)) if k= O,
((P(@k), W je—1)s (1 1) -+ Biappets Qyappet)s - - >
(ZN, — k=10 O, —1jk—1)s (BN, k=15 Ona)) B
(3.111)

3.6. Simulated and Experimental Results

To validate the K-NMPC strategy, we select two different real-world case studies, on which
we carry out simulations and experimental validations:

1) mobile robot navigation in cluttered environments (Section 3.6.1);

2) autonomous parallel parking (Section 3.6.2).

3.6.1. Mobile Robot Navigation in Cluttered Environments

As a first application case study for the K-NMPC strategy, we consider the scenario of
mobile robot navigation in a cluttered environment.

In this first case study, we assess the capability of K-NMPC to provide a real-time
feasible and reliable control action to attain the task. The performance of K-NMPC is
compared with classic NMPC, both in simulation and with a real experimental validation.

An illustrative view of the scenario is reported in Figure 3.1.
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Figure 3.1. Experimental setup for mobile robot navigation in a cluttered environment. The picture
shows: the region of space P; the ego robot R, enclosed within its safety circle; the obstacles O; populating

the cluttered region, with center c¢; and velocity v;, enclosed within safety ellipsoids with semi-axes l¢ j, I, ;
(j=1,..., Nobst); the target position p, = [§T,7)T]T.

Scenario

The mobile robot motion takes place on the (£, n)-plane, within a rectangular region of
space P = {p=[£,n]" € R?: &, < & < &up, mb < 0 < Nup}. The ego robot is tasked with
reaching a target position p, = [&.,1,]" € P, while avoiding collisions with any obstacle
within P, either stationary or moving.

Ego Mobile Robot  The ego mobile robot (R) is the plant to control, whose dynamics
is governed by a CT nonlinear system

&(t) = frx(t), u(t)), (3.112)

where 2 = [¢,7,9]T € R3 is the state, comprising the robot planar position (£,7) and
heading angle ¥; u = [v,w]" € R? is the input, comprising the robot linear velocity v and
angular velocity w.

The ego robot has intrinsic limits on the input values u, defining an admissible input
set

U=A{uc R?: oy < v < vgp, wip < w < Wyb }- (3.113)
The state-space manifold onto which the trajectories of system (3.112) evolve is given by
X={zcR:[£n]" €P, ¥ cR}. (3.114)

We see that the sets X and U are convex polytopes.
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o 3

Figure 3.2. Ego robot model (kinematic unicycle).

To model the true plant behavior in Eq. (3.112), we employ the kinematic unicycle
model (Figure 3.2), which is CT and input-affine, i.e.,

v(t) cosp(t)
#(t) = f(2(t),u(t)) = |v(t) sini(t)
w(t)
= fo(z(t)) + g1 (2())v(t) + ga(z(t))w(t)
~~ —~—
u(t) ua(t)
cos ¢ (t) 0
=0+ |sine(t) | v(t) + |0] w(t). (3.115)
0 1

The approximate model (3.115) is known to represent sufficiently well the true plant
dynamics (3.112) (i.e., fr =~ f), ensuring an effective control action [46].

A DT version of model (3.115) can be obtained by applying a discretization method of
choice (refer to Section 2.2, p. 12) with discrete time step Ts > 0, yielding

Try1 = fa(T, uk). (3.116)

Obstacles  Several obstacles, either stationary or moving, populate the cluttered region
P. Let Nyt be the total number of obstacles and let O; denote the j-th obstacle
(j = 1,..., Nopst). To uniformly handle arbitrary obstacle shapes, each j-th obstacle
is enclosed within a safety ellipsoid, defined by its center c;(t) = [c¢(t),c;;(t)]T and
semi-axes (l¢ j,1p;); let c(t) = (¢ (t));-\f:‘*l’St and v(t) = ¢(t) be the obstacle velocities.

Also, we enclose the ego robot within a circle of center p(t) = [£(t),n(t)]" and radius 7.

Assumption 3.6

At each time ¢, the ego robot is assumed to know only the current position ¢;(t) and

velocity v;(t) of each obstacle.

Given the available information by Assumption 3.6, the ego robot relies on a prediction
¢j(t + 7) of each obstacle position at future time instants (7 > 0). Specifically, in the
prediction, a linear motion is assumed, starting from c;(¢) and with constant velocity v;(t),

Ei(t+ 1) =1¢i(t) +vi(t)r, T>0. (3.117)
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Assumption 3.7

The true motion of any obstacle is predicted exactly, i.e.,

ci(t+7)=¢;(t+71), Vt>0,7>0. (3.118)

Hence, by Eq. (3.117), each obstacle moves linearly with constant velocity.

Finally, we represent each j-th obstacle as a time-varying nonlinear inequality constraint
on the state x, defining the planar positions for which the ego robot is not colliding with the
obstacle at time ¢ + 7 under the prediction (3.117). The safety ellipsoids yield a common
constraint expression for any obstacle, given by

(€ = ces(t) —ve (M) (= eny(®) vy (OT)* _
(le,j +a;r)? (Inj + ajr)? -
= Ry, (1), v (1)) < 0. (3.119)

1—

where h.(z,c(t),v(t)) = [hj-(z, cj(t),Z/j(t))]?[:‘ﬁst and the safety margin o; > 1 can be

either selected at hand or set to its minimal value, which can be computed offline for each
obstacle through the following optimization problem [139]:

1 1/2
0y == aminle i<+ Lo — ((legch + b))’ + 20,5+ Bs8) 4 42)

T 0€l0,7/2]
(3.120)

with cg = cosf and sy = sin 6.
A DT version of constraints (3.119) can be obtained by setting ¢t = kT and 7 = iT,
i € Z>, yielding

hir,(z, c(kT),v(kT)) = hai(z, ck, k). (3.121)

NMPC Control Strategy

Here, we formulate a classic NMPC optimal control problem for the mobile robot navigation
task, for each k£ > 0, as follows:

min J(&, ) (3.122a)

X

st. & = g, (3.122b)
Fiv1 = fa(d@i ), i=0,... N, —1, (3.122¢)
G eU, i=0,...,N,—1, (3.122d)
FieX, i=0,... N,—1, (3.122e)
hai(Zs, e vk) <0, i=0,...,N,—1. (3.122f)

In the NMPC problem (3.122), the cost function (3.122a) is given by Eq. (3.98a), with
reference state x,j = [&,7,,0]T, ¥k > 0. The prediction model (3.122c) is given by the
DT kinematic unicycle model (3.116). The linear constraints (3.122d) and (3.122e) are
given by Egs. (3.113) and (3.114), respectively. The nonlinear state constraints (3.122f)
are given by Eq. (3.121), modeling the obstacles.
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Koopman NMPC Control Strategy

Now, we begin the construction of the K-NMPC control policy, by lifting the NMPC
problem (3.122) in the Koopman space, as detailed in Section 3.5.

Nonlinear State Constraints and Initial Set of Observables Recalling the non-
linear state constraint expression in Eq. (3.119) for each j-th obstacle, we can expand it
following Eq. (3.99); defining a; = 1/(l¢; + a;jr)? and b; = 1/(1,,,; + a;7)?, we obtain

T

2bj(ce (1) + ve i (1)T) 3
2a(cy,;(t) + vy, ()7) U
0 Y
—b; &
—a, n?
C
— (b + bjlee j(8) + ve (D7) + a;(ey () + vy (H)7)?) <0, (3.123)

d

We see that the nonlinear state constraints introduce 2 nonlinear terms, ¢2 and n?, which
are collected as o(z) = [¢2,7%]T.
Then, as discussed in Section 3.5.2, the initial set of observables ®;, is given by

i ={&, m, ¥, &, 1}, || =5, (3.124)

comprising the states of system (3.115) and the nonlinear terms introduced by con-
straints (3.119).

Observables Generation and Lifted System  From ®;, (3.124), the basis of ob-
servables ® and the related Koopman lifted system — lifting both the kinematic unicycle
model (3.115) and the nonlinear state constraints (3.119) — are generated through Algo-
rithms 3.3 and 3.4.

Algorithm 3.3 generates a finite-dimensional basis ® of 14 observables, i.e.,

@ = {5’ 77’ w’ 527 7727 COSw? Sinw? £COSw7 ncosw’
cos? 1), Esin, sin?1), neos, cosysing}, |B| = 14. (3.125)

This means that, remarkably, system (3.115), with nonlinear state constraints (3.119),
admits an exact finite-dimensional Koopman representation.

Then, Algorithm 3.4 generates the bilinear Koopman lifted system, with dimension
n, = |®| = 14 and characterized as follows:

2= Az + Bou + Bizu1 + Bazus, (3.126)

A = 014x14, By =
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Br= 03000010000 B2=1 000000 00-2 (3.127)
000000100 9550 01 000 00 0
000000000 000000 00 2
00000000 1 000-100 000
000000000 000010 -100
00000000 1 - -

I 000000000,

The structure of the Koopman lifted system (3.126) matches Eq. (3.43), since system (3.115)
contains an input-linear term.

Dimensionality Reduction Even if system (3.115), (3.119) admits an exact finite-
dimensional lifted system, we may want to further reduce its dimension, so to have a less
complex K-NMPC problem.

To determine the “best” dimension reduction, we follow the procedure detailed in
Section 3.4.1: we consider a set of trajectories x(t) of system (3.115) and we evaluate
the prediction accuracy of the reduced Koopman lifted system for increasing number of
observables ¢.

Each state trajectory z(t) = [£(t),n(t),¢(t)]T is computed over the time interval
t € [0,T), with initial condition z(0) = [0 m, 0 m, 0 rad]', applying an input signal
belonging to the following family:

uft) = | S0 g £ o) | (3.128)

wp sin (271'n2—T + 2)

with parameters vg, wo, n1,n2 € Ry, and ¢1,¢92 € [—7, 7] rad. The family of input
signals (3.128) is designed to ensure a sufficiently rich excitation of the system, yielding
representative state trajectories for evaluating the prediction accuracy. Specifically, the
sinusoidal signals v(t) and w(t) produce time-varying curvatures, sign changes, and low-
speed intervals. Moreover, the resulting trajectories are quasi-periodic and non-closed,
allowing to expose error accumulation over longer prediction horizons.

The trajectory x(t) is sampled at Nyeq equally-spaced time instants ¢, = x"—

pred
extracting the states z,, = z(t,), n = 1,..., Nprea. Taking each lifted state z, = ¢(z,,) as

an initial condition, a prediction zéﬁgd(ﬂ of the reduced lifted system is computed, over

)

the prediction time interval 7 € [0, T,], applying the input u(t).
The lifted trajectory z(t) = ¢(x(t)) and the predictions zped(t) are then expressed as

Zi(t) Z:E,pred(t)
Z(t) = ¢(x(t)) = Za(t) ) Zpred(t) = Zo"pred(t) . (3129)
Z¢(t) Zw,pred(t)

The true and predicted trajectories (3.129) are compared by sampling each of them
with sampling time 7. Specifically, each prediction time interval will contain N, + 1
sampling points, with N, = :%

For each n-th predicted trajectory, three prediction errors are considered:
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1) Prediction error €preq,1 between the original trajectory x(t) and the predicted lifted
states 2y pred(t), associated with the original states z, i.e.,

N
m _ 1 Z”
Epred,l - Np P ‘

2) Prediction error €preq2 between the true lifted states z,(t) and the predicted lifted
states Zo pred(t), associated with the constraint nonlinearities o(z), i.e.,

(n) 1 &
n —_
Cpred,2 - Np Z:ZI ‘

Zg(f,gred (iTs) — x(tn + T5)

’ )
e}

A A(0T3) — 2o (tn +iTy)

‘ )
o0

3) Prediction error €peq,3, combining the previous ones, i.e.,
Np ) .
E(n) _ i zztlpred(ZTs) _ |: z(tn—l-iTs) :|
red,3 — (n) . t iT
P Np =1 ZUTYLPred(ZTs) ZU( e S) o0

All the above calculations are repeated for increasing number of observables ¢(x) =
[pi(2)]Ne, with N, =5,...,14.

=1
The prediction accuracy has been evaluated on a set of 10 trajectories x(t), generated

by randomly selecting the parameters of the input signal u(¢) in Eq. (3.128) as follows:

vo ~ U([0.1,0.3] ms™1), ny ~ U([0.25,1]), @1 = —7/2 rad,
wo ~ U([n/4,7/2 rads™), ng ~ U([0.25,1]), ¢2 =0rad,

where U(+) is the uniform probability distribution.
Each trajectory z(t) and predictions zpeq(t) are computed with the Runge-Kutta 4(5)
integration method (with tolerances €,ps = €op = 1 x 1079).
Additional data is as follows: T'=5s, Ty = 0.05 s, Npreq = 10, T;, = 1 s (I, = 20).
Results are reported in Figure 3.3.

10°

10~*

10°°

1078

Prediction error €preq

1010 1 1 1 1 1 | 1
5 6 7 8 9 10 11 12 13 14

Number of observables

Figure 3.3. Prediction errors of the reduced Koopman lifted system for the kinematic unicycle model (3.115)
with nonlinear state constraints (3.119), for increasing number of observables ¢: single predictions (€pred,1 ®,

€pred,2 ®, €pred,3 .)7 average values (Epred,l I Ep1red,2 —— gpred,B _)

First, we can observe that all prediction errors are non-increasing as the number
of observables increases, which aligns with the theoretical expectation that the more
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observables are generated, the closer the reduced Koopman lifted system will be to the
exact one.

For what concerns the prediction accuracy of the original trajectory z(t) only (i.e.,
in Fig. 3.3), a
steep reduction in the prediction error occurs once the number of observables reaches 7,

disregarding the constraint nonlinearities o (z(t))), given by €pred.1 (®,

after which no further decrease is observed and its value settles at approximately 0 (being
it close to the integration tolerances).

This result can be readily interpreted if we explicitly compute the reduced Koopman
lifted system (Section 3.4); truncating the basis at 7 observables, the nonlinear residual
fres(z,u) affects only the last 5 lifted states and is given by

0

2u1 21 cos(z3)

fres(z, U) = |2uy29 sin(z?,)
0
0

The non-null terms of fies only affect the 4" and 5 lifted states, i.e., 2, (those associated
with the constraint nonlinearities o(z)). Since the lifted dynamics of the states z, does
not depend on z,, the reduced lifted system exactly evaluates z;(t) = x(t).

Therefore, in absence of nonlinear constraints (3.119), the lifted system dimension can
be reduced to n, = 7.

Focusing instead on the prediction accuracy of the constraint nonlinearities o(x(t))
only, given by €pred2 (¢, — in Fig. 3.3), the prediction error decreases more slowly: an
initial reduction is observed up to 9 observables, followed by a more gradual decline until
14 observables, at which point the lifted system becomes exact.

Therefore, to ensure that the lifted system accurately captures the constraint nonlin-
earities — so that the closed-loop system, controlled by K-NMPC, reliably satisfies the
nonlinear constraints (3.119) — its dimension can be reduced to no less than n, = 9.

The prediction error epreq 3 (¢, — in Fig. 3.3) sums up all the above observations,
allowing us to conclude that we can confidently reduce the dimension of the Koopman
lifted system to n, = 9.

K-NMPC Formulation To write the K-NMPC optimal control problem for the mobile
robot navigation task, the following two final steps are performed:

e As K-NMPC prediction model, we consider the DT LPV/APYV form of the Koopman
lifted system (3.127) (refer to Sections 3.5.3 and 3.5.5), i.e.,

Ziv1 = Ad(Zk,ir Uk,i) 2 + Ba(Zkis Uk,i) Ui + ba(Zk,is ki)
= Api2i + Brifi + by
e We construct the lifted constraints (3.105d) by stacking together the expres-

sions (3.123) of all obstacles j = 1,..., Nopbst and considering their DT version, as
in Eq. (3.121); we then obtain the constraint matrices Cy;(cg, V%) and dg;(ck, vk).

Then, the K-NMPC problem is formulated as follows, for each k > 0:

min  J(2;, ) (3.131a)



100 Solving NMPC Problems in the Koopman Lifted Space

s.t. &g = xk, (3.131Db)
Ziy1 = Api%i + Britly + bggy, i=0,...,N, — 1, (3.131c)
a;eU, i=0,...,N,—1, (3.131d)
2,0€X, i=0,...,N,—1, (3.131¢)
Cai(cr i) [a} <dgi(cr k), i=0,...,N,—1. (3.131f)

Implementation Details

In the following, we report some details on the implementation of this case study, concerning
simulations and the real experimental validation.

Simulations  Simulations are performed in MATLAB® (ver. 2023b) on a machine powered
by a 13™ Gen Intel Core™ i7 CPU at 1.7 GHz, with 16 GB of RAM.

The K-NMPC optimal control problem (3.131) is formulated with YALMIP [96] and
solved with the QP interior-point solver MOSEK (ver. 10.1) [108].

The classic NMPC optimal control problem (3.122) is formulated with CasADi [8] and
solved with the NLP interior-point solver Ipopt [153].

Experimental Validation The experimental validation is performed employing MAT-
LAB (ver. 2025a) in combination with the ROS Toolbox. This integration enables a direct
communication between MATLAB and the ROS2 network, ensuring seamless interaction
with the robotic platforms used for testing.

The robots employed in the experiments are TurtleBot3 Burger units, a differential-drive
mobile robot platform commonly used for research and education [150]. Specifically, two
TurtleBots are used: the first acting as ego robot, and the second acting as a moving
obstacle within the cluttered region. Although each robot is equipped with a 2D LiDAR,
this onboard sensor is not exploited for the purposes of this validation. The robotic system
is configured to operate with ROS2 Jazzy and the standard navigation stack Nav2.

When powered on, the robots automatically connect to the same local area network
(LAN). To enable communication between the robots, a common ROS domain ID is
specified in the configuration of each robot; in this way, the robots become part of the
same ROS2 network and are capable of exchanging information with each other.

On the MATLAB side, communication with the ROS2 network is established by setting
the same ROS domain ID as an environment variable. This step, supported natively by
the ROS Toolbox, allows the K-NMPC controller (3.131) (implemented with YALMIP
as a MATLAB script) to act as a ROS2 node, subscribing to and publishing data on the
same network as the robots. Within this framework, the control script is connected to the
robots in a structured manner through the creation of ROS2 subscribers and publishers.
Specifically, two subscribers are implemented to acquire odometry data from the two
TurtleBots.

The odometry data, transmitted in the form of structured ROS messages, is extracted,
processed in MATLAB, and passed to the K-NMPC controller. The K-NMPC optimal
control problem is solved at this stage, computing the optimal control input, which is
transmitted back to the ego robot through a ROS2 publisher, which publishes the commands
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for the linear and angular velocities, closing the control loop.

Data  Relevant data used in both simulation and experimental validation is reported in
the following;:

e General data: T5, = 0.1 s.
e Ego mobile robot: r = 0.25m, 2o = [0 m, 0 m, 0 deg] .

e MPC: N, = 20, z, = [2 m, 2 m, 0 rad]’, Q = diag([50,50,1073]"),
R = diag([107,1]7), Qa = diag([1071,107,1071]T), Rx = diag([107*,25]7),

U = {u € R? : up, < u < ugw), up = [-0.2 ms™!, —1.5 rads™!T,
Ugy, = [0.2 ms™, 1.5 rads™Y T, & = {& € R® : zp < 2 < zw},
o = [-0.25m, —0.25 m, —oo]", zyp, = [2.25 m, 2.25 m, +oo] .

e Obstacles: 3 obstacles, 2 fixed and 1 moving.
o Fixed obstacle 1: ¢; = [0.75,0.4]" m, l¢; = 0.4/v/2 m, ;1 = 0.6/v/2 m,
ap = 1.1.
o Fixed obstacle 2: ¢y = [1.5,1.75]" m, lgo = 0.15 m, [,,2 = 0.15m, ag = 1.1.
o Moving obstacle: c3 = [1.75,0.75]T m at t = 0 s, v3 = [-0.1,0.1]T ms~!,
legz=03m,l,3=03m, ag=1.1.

Results

Figure 3.4 reports the ego robot planar motion within the cluttered environment. The ego
robot closed-loop planar trajectories have been obtained by employing the K-NMPC (3.131)
and classic NMPC (3.122) control strategies, both in simulation and through experimental
validation.

\s: i 7
2+
1.5 - 0:0:..:';
s
H T
(o]
2 e

Figure 3.4. Planar motion of the ego mobile robot within the cluttered region: ego robot closed-loop
trajectories (K-NMPC, experimental —; K-NMPC, simulated, n. = 14 ——; K-NMPC, simulated,
reduced to n, =9 —; NMPC —); reference position p, = [£-,7,] " (®); obstacles within their safety
ellipsoids. For the K-NMPC experimental trajectory (—), the instantaneous positions of the ego robot
safety circle and the moving obstacle safety ellipsoid are also shown.
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Specifically, simulated trajectories have been obtained using: K-NMPC with full-
dimensional lifted state n, = 14 (— in Fig. 3.4); K-NMPC with dimensionality reduction,
reducing the lifted state dimension to n, = 9 (— in Fig. 3.4), in accordance with the
results obtained in Section 3.6.1, p. 97; classic NMPC (— in Fig. 3.4).

The experimental trajectory has been obtained using K-NMPC with full-dimensional
lifted state (— in Fig. 3.4).

Figure 3.5 focuses on the experimental validation and reports some snapshots of the
real ego robot motion within the experimental scenario. Snapshots have been captured
every 0.5 s; the figure reports the most significant ones.

t=11.50s t=13.50s t=17.50s t=20.50s

Figure 3.5. Planar motion of the ego mobile robot within the cluttered region: snapshots of the
experimental validation, captured every 0.5 s.

Figure 3.6 reports the closed-loop state and input trajectories of the ego mobile robot
as functions of the continuous time ¢. Depending on which control strategy is used, the ego
robot reaches the target position at slightly different times; therefore, Figure 3.6 employs
a normalized time axis to allow for a better visual comparison of the trajectories. In
simulation, the control time interval of each strategy is the following: K-NMPC with
full-dimensional lifted state, ¢ € [0,18.70] s; K-NMPC with dimensionality reduction,
t € [0,18.70] s; NMPC, t € [0,18.30] s. In the experimental validation, the control time
interval of K-NMPC is ¢t € [0, 20.66] s.

From Figure 3.4, we see that K-NMPC manages to successfully attain the control task,
leading the ego mobile robot to the target position and effectively avoiding all the obstacles
within the cluttered region, both fixed and moving. This can be especially observed in
the experimental validation, as shown by Figure 3.5. To better visualize the proficiency
of K-NMPC in avoiding the moving obstacle, a detail of the maneuver is reported in
Figure 3.7, considering only the experimental trajectory.

From Figures 3.4 and 3.6, we can also observe that the K-NMPC and NMPC trajectories
are remarkably similar. This result is coherent with Eq. (3.107) and substantiates the
reliability of K-NMPC (3.131), which is able to provide a control action closely matching
that of the original unlifted NMPC problem (3.122). Moreover, this also shows that the
K-NMPC prediction model (3.110b), based on the LPV/APV form of the lifted system
and evaluated along the previous optimal predicted trajectory, provides a very good
approximation of the true bilinear Koopman lifted system.

Additionally, the closed-loop trajectories given by the full-dimensional K-NMPC (n, =
14) and the reduced K-NMPC (n, = 9) are practically identical (indeed, the red — and
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Figure 3.6. Closed-loop state and input trajectories of the ego mobile robot, moving within the cluttered
region; a normalized time axis is used to better compare the trajectories, as they reach the reference in
slightly different times: K-NMPC, experimental — (¢ € [0,20.66] s); K-NMPC, simulated, n, = 14 —
(t € [0,18.70] s); K-NMPC, simulated, reduced to n, =9 — (¢ € [0,18.70] s); NMPC — (¢ € [0, 18.30] s).

t=6.00s t=28.00s t =10.00 s t=12.00s
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Figure 3.7. Planar motion of the ego mobile robot within the cluttered region: detail of the moving
obstacle avoidance (K-NMPC, experimental =—; moving obstacle, experimental ——; reference position ®).
purple — plots in Figs. 3.4 and 3.6 are almost coincident). This proves the effectiveness

of the dimensionality reduction procedure described in Sections 3.4.1 and 3.6.1, p. 97.

Execution Times Execution times have been collected over 20 simulations. Data is
reported in Figure 3.8, as function of the continuous time ¢; minimum, maximum, and
average execution times are summarized in Table 3.1.

We can see that K-NMPC achieves a remarkable ten-fold reduction in the execution
time compared to classic NMPC. Additionally, the reduced K-NMPC manages to attain
even lower execution times.
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Figure 3.8. Execution times for the ego mobile robot navigation in the cluttered region: K-NMPC,

experimental (envelope 7, average —, cumulative average ---); K-NMPC, simulated, reduced to n, =9
(envelope ", average ——, cumulative average ---); NMPC (envelope ', average —, cumulative
average --- ).
‘ Min Average Max
NMPC 12.72 ms 22.14 ms 48.22 ms
K-NMPC 1.39 ms 2.04 ms 3.90 ms
K-NMPC (reduced) 1.18 ms 1.79 ms 3.22 ms

Table 3.1. Execution times for the ego mobile robot navigation in the cluttered region: minimum,
maximum and average values.

3.6.2. Autonomous Parallel Parking

As a second application case study for K-NMPC, we consider the scenario of autonomous
parallel parking.

Differently from the many advanced driver assistance systems (ADAS) that are increas-
ingly present in modern cars, autonomous parking represents a fully-autonomous feature.
Currently, implementing autonomous functions in vehicles remains a challenge, due to
safety and regulatory concerns. Nonetheless, autonomous parking is expected to be one of
the first to reach full autonomy, as it takes place in structured environments and involves
relatively low risks. Furthermore, the increasing number of vehicles in metropolitan areas
has diminished parking availability, leading to a reduction in parking space sizes, which
complicates manual parking and worsens traffic congestion [20].

Therefore, autonomous parking is a topic of interest within the domain of automotive
control, as it would greatly simplify the actions required by the driver to park, reduce the
maneuvering time, and improve the parked vehicle positioning.
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Scenario

The ego vehicle motion takes place on the (£, n)-plane, within a region of space P modeling
a horizontal road, delimited by two footpaths. Then, P is bounded only on the 7-dimension,
e, P={p=[&n" €eR®:my <1 <1up}

Two vehicles are parked along the lower footpath, leaving a parking space between
them.

The ego vehicle, whose starting position is to the left side of the road, is tasked
with performing a parallel parking between the two parked vehicles, through a two-step
maneuver:

1) approaching the front parked vehicle until reaching lateral alignment;
2) switch to reverse driving and precisely position between the parked vehicles.

Each phase of the parking maneuver is formulated as a regulation control problem, with

reference states ($$n))%:1 that the ego vehicle has to reach. The transition between

. . 1 2) . .
successive references, i.e., x£ ) a;£ ), is triggered when

= 2|0 < €r, (3.132)

being z the current ego vehicle state and ¢, a fixed tolerance.
The parking maneuver has to be perform avoiding any collision with the parked vehicles
and the footpaths.

Ego Vehicle The ego vehicle (V) is the plant to control, whose dynamics is governed
by a CT nonlinear system. To model such a system, we consider a high-fidelity Dynamic
Dual-Track (DDT) vehicle model (Figure 3.9a), presented in the following:

£ = vg cosh — vy singp, (3.133a)
1 = v siny + vy cos Y, (3.133b)
) = wy, (3.133¢)
1
’Ug = UpWy + ag + MF£’€7 (3133d)
. 1

1
Wy = Tz(lf(Fﬁ7fl + Fn,ff“) - lr(Fn,rl + Fn,rr)
+df(Fep1 — Fe pr) + dr(Fe i — Fer))- (3.133f)

In model (3.133), (§,7) is the ego vehicle planar position, 1 the heading angle, v¢ and v,
the longitudinal and lateral velocities, respectively, wy, the yaw rate, M and I, the vehicle
mass and yaw polar inertia; (If,l,) are the distances between front/rear wheels and the
vehicle center of gravity (CG), (d¢,d,) are half of the front/rear track widths; F¢, and
Fy o, % € {fl, fr,rl,rr} = {front-left, front-right, rear-left, rear-right }, are the longitudinal
and lateral forces exchanged between tires and road, having the following expressions:

F, . F
Fe o = fr(Bi)ii ¢*_ gin Oy, Fyw = —fpP(Be) s S*_ cos Oss (3.134a)
FC,nom F(,nom

vy + lfw vy + Lfw
By = atan (W) —0p, By =atan (M) —Ofr, (3.134b)
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(a) (b)

Figure 3.9. (a) Dynamic Dual-Track vehicle model (3.133). (b) Kinematic bicycle model (3.138).

By = atan (Uﬂ_lrww> — 0y, By =atan (Uﬂ_lrww> — Oy (3.134c¢)
ve + d,«wd} Vg — drww
where J, is the wheel steering angle, 3, is the wheel slip angle, fp is the Pacejka’s magic
formula [116], 11, is the wheel friction coefficient, F , is the normal force applied to the
wheel, and F¢ om is the nominal normal force applied to each wheel.
The model (3.133) considers dynamic load transfer with pitch and roll equilibrium, to
effectively vary the wheel friction parameters in Eq. (3.134a); the corresponding equations

for the normal forces F , are the following [97]:

1
Fep= W(lrmg — (V¢ — vywy)mh + hF ),

1
Fgﬂ, = ller(lfmg -+ (’[}5 — Uan/,)mh — th,e),

1 )
Fep=Fer+ d*f(mh(vn + vewy) — hEye),

1 .
F+ CTf(—mh(v?7 + vewy) + hE ),
1 .
Fepi=Fer+ dfr(mh(vn + vewy) — hFye),
1 .
Fepr=Fer+ al—r(—mh(v?7 + vewy) + hE ).

where g is the gravitational acceleration and h is the height of the vehicle CG above the

axle plane.
Finally, in Eq. (3.133), F¢ . and F), . are longitudinal and lateral external forces, which
are employed to introduce in the model the viscous and rolling friction forces, i.e.,

Ff,e = F&,Vis + FE,rola Fn,e = Fn,vis + Fn,rola
1 1
Fevis = _§ﬂCdAfU§\/"U§ + vz, Fyvis = _ipchfUn\/Ug + 02,
—Crmg——s—  if (ve,vy) # 0, —Cymg—r2 if (ve,vy) #0,
[ B o Fog=1 OV R

0 if (U§7U77) =0, 0 if (UEJUU) =0,
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where p is the air density, A¢ is the vehicle frontal area, Cy and C, are the viscous and
rolling friction coefficients, respectively.

Some simplifications can be performed on model (3.133). First, only the front wheels
can steer, i.e., 6y = ¢ = 07, 0;y = Opr = 0; second, front and rear vehicle track widths are
equal, i.e., dy = d, = d.

Then, the plant model (3.133) can be written in compact form as follows:

z = fy(z,u), (3.137)

where x = [£,1,1, ve, vy, wy] | € RO is the state and u = [ag, d¢] " € R? is the input.

The ego vehicle has actuation limits on the input values u, defining an admissible input
set U = {u € R? : agpp < ag < agub, 01 < 0f < dpup}. The state-space manifold onto
which the trajectories of system (3.137) evolve is given by X = {x € RS : [¢,9]T € P, ¢ €
R, vein < ve < Veuby Uplb < Ve < Upub, Wydb < Wy < Wy ub t- We see that the sets X and
U are convex polytopes.

For MPC prediction, we consider a simplified model to capture the true plant behavior
in Eq. (3.137). Specifically, we employ the kinematic bicycle model (Figure 3.9b), which is
CT and input-affine, i.e.,

Vg COS Y
Vg sin 1
z = f(x,u) = Uftan(éf)
ag
Wy
= fo(z) + g1(z) ag + g2(x) wy
—~~ v
ul ug
Vg COS 1P 0 0
Vg sin 1 0 0
= vftan(éf) + 10 ag + 0 wy. (3138)
0 1 0
0 0 1

where z = [£, 1,9, vg, (5f]T € R is the state, u = [ag,wf]—r € R? is the input, wy is the front
wheels steering velocity, and [ = [y + [, is the vehicle wheelbase.

Since the parking maneuver is performed at low speed, the simplified model (3.138)
provides a sufficiently accurate description of the vehicle motion, thus ensuring an effective
control action on the plant (3.133).

The model (3.138) inherits a modified version of the admissible input set and state-space
manifold of the plant (3.133), given by

U=A{uc R?: agin < ag < Agubs Wrb < wWr < Weub ), (3.139)
X = {$ S R’ : [f,n]T eP, Y eR, Ve b < Vg < V¢ ub, 5f,1b < 5]0 < 5f,ub}- (3.140)

A DT version of model (3.138) can be obtained by applying a discretization method of
choice (refer to Section 2.2, p. 12) with discrete time step Ts > 0, yielding

Th+1 = fd(xk,uk). (3.141)
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Remark 3.12

It is worth noticing that, for the DDT model (3.133), the planar position (£, 7) is that
of the vehicle CG, i.e., ({ca,ncg); instead, for the kinematic bicycle model (3.138), the
planar position (£,7) is that of the middle point of the rear vehicle track.

Hence, when closing the loop between controller and plant, the following transfor-
mation must be employed:

§ =E&cg — lycosyp,
N =1ncG — lysin. (3.142)

Additionally, the control input wy in Eq. (3.138) must pass through an integrator,
before being fed to the plant (3.133) as 5.

Obstacles In parallel parking, obstacles are represented by the parked vehicles and the
road footpaths.

Nonlinear state constraints for these obstacles are formulated as suggested in [93]: we
ensure that each corner of the ego vehicle (i.e., A, B, C, D in Figure 3.9a) does not collide
with the parked vehicles and the footpaths.

Referring to the kinematic bicycle model (3.138) (see Remark 3.12), the planar positions
of the vehicle corners are given by

Ea=E+1cosp —dsiny, na=n+1siney +d cosp, (3.143a)
Ep=&+1cosy+dsinyg, ng=mn+1siny —d cos, (3.143Db)
§o =&+ dsiny, nc =mn—d cosy, (3.143c¢)
{p =& —dsiny, np =n+d cos. (3.143d)

Each parked vehicle (indexed by j = 1,2, 1 = front vehicle, 2 = rear vehicle) is enclosed
within a safety ellipsoid, defined by its center ¢; = [c¢ j, ¢, ;] and semi-axes (¢ j,ly.;)-

Then, each vehicle corner in Eq. (3.143) must remain inside the road region P, without
exceeding the curbs, and must stay outside the parked vehicles safety ellipsoids. These
conditions are represented by 16 nonlinear inequalities on the state z, i.e.,

(1, %) = mup, < 0, (3.144a)
= (n, %) +mp <0, (3.144D)
2 2
1- <£*(§’12 - ) _ (77*(77’1?2) — i) g (3.144c)
5] 7.3

Vxe{A,B,C,D}, j=1,2.
Finally, we collect in the function h : R"* — R16 the left-hand side of the inequalities in
Eq. (3.144).
NMPC Control Strategy

The classic NMPC optimal control problem for the autonomous parallel parking task is
formulated as in Eq. (3.98), i.e.,

min J(&, ) (3.145a)
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s.t. &g = xg, (3.145Db)
i = fal@s ), i=0,...,N,—1, (3.145¢)
W eU, i=0,...,N,—1, (3.145d)
BieX, i=0,... N,—1, (3.145¢)
h(#:) <0, i=0,...,N,— 1. (3.145¢)

Here, the cost function (3.145a) is given by Eq. (3.98a), with reference state z, j € (a;ﬁ”)),%zl,
changing according to the policy (3.132). The prediction model (3.145c¢) is given by the DT
kinematic bicycle model (3.141). The linear constraints (3.145d) and (3.145e) are given by
Egs. (3.139) and (3.140), respectively. The nonlinear state constraints (3.145f) are given

by Eq. (3.144), modeling the obstacles.

Koopman NMPC Control Strategy

Now, we begin the construction of the K-NMPC control policy, by lifting the NMPC
problem (3.145) in the Koopman space, as detailed in Section 3.5.

Nonlinear State Constraints and Initial Set of Observables Recalling the non-
linear state constraint expressions in Eq. (3.144) for the parked vehicles and the footpaths,

we can expand them following Eq. (3.99); defining a; = 1/l§j and b; = 1/l727j, we obtain
51888 41 |eo| _ [
- __ | b
01000 —d0 cos |:7]1b:| <0, (3.146a)
L01000 d O sin v b
[0-1000 —d —I x —Mub
0-1000 d —I _ | —"b
0-1000 d 0 cos P | <0, (3.146b)
L0-1000—d 0 sin 1 —Tub
x
I 2acg 2ac 20jce;  2ace; T 2
2bjcn,j 2bjcn,j 2bjen,j  2bjcy,; 2
0 0 0 0
0 0 0 0 cos
—a; —aj; —a; —a; .
—bj —bj —bj —bj Sin 17/}
2l(le§7j+2ban’jd —2bjc,7,jd+2lajc§,j —2bjc,7,jd 2bjcn,jd C082 w
—Qajc&]-d—i—lejc,,,j 2lbjcn’j+2ajc§,jd 2ajC€’jd —2ajc§,]-d . 9
—a;12—b;d> —a;12—b;d? —b;d®  —b;d? sin®
—bjl%2—a;d? —bjl2—a;d? —ajd®>  —a;d? Cos 1 sin 1
—2lbjd+21ajd —2lajd+21b]-d 0 0
—2la; —2la; 0 0 & cosy
2a;d —2a;d —2a;d 2a;d .
—2b;d 2,d %;d  —2b;d §sing
—21b; —21b; 0 0o | 7 cos Y
nsiny
—1+aj02 4bic2 .
£,3 I S
’1+“J'C§,j+bjc727,j < 07 J = 11 2. (3146C)

—ltajcf ;+bjey ;
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We see that, overall, the nonlinear state constraints introduce 11 nonlinear terms, which
are collected as

o(x) = [52, n2, cos v, sin, cos2w, sin21/1, cos Y siny, £cosy, Esin, ncosy, nsinw]T.

Then, as discussed in Section 3.5.2, the initial set of observables &y, is given by

q)in = {éa m, 1/)7 vﬁv 5f7 527 7727 COST/% Sinwa COS2 1/}7 Sin2¢7
cosysiny, costp, Esiny, neosh, nsine}, |Pi| = 16, (3.147)

comprising the states of system (3.138) and the nonlinear terms introduced by con-
straints (3.144).

Observables Generation and Lifted System  From ®;, (3.147), the basis of ob-
servables @ and the related Koopman lifted system — lifting both the kinematic bicycle
model (3.138) and the nonlinear state constraints (3.144) — are generated through Algo-
rithms 3.3 and 3.4.

In this case, Algorithm 3.3 does not reach convergence, generating a infinite-dimensional

Oth

basis ®. We report the generated basis up to the 30*" observable, i.e.,

O = O;, U {tp cos g, sinvg, Ptanby, 1P cosvg, mipsinvg, ¥ sinve tan by,
Y cosvg tan By, 1 cosvg sinve tan Oy, 1 cos? ve tan 0y, 1 sin? ve tany,
1) cos? ve, EYsinve tanfy, 1 cosvg sinvg, £ cosve tanby, - - }. (3.148)

Therefore, system (3.138), with nonlinear state constraints (3.144), does not admit a
finite-dimensional Koopman representation.
As well, Algorithm 3.4 generates an infinite-dimensional bilinear Koopman lifted system,

2= Az + Bou + Bizui + Bazus. (3.149)

The structure of the Koopman lifted system (3.149) matches Eq. (3.43), since system (3.138)
contains input-linear terms.

Dimensionality Reduction Since system (3.138), (3.144) does not admit a finite-
dimensional lifted system, we have to reduce it to a suitable finite dimension.

To determine the “best” dimension reduction, we follow the procedure detailed in
Section 3.4.1: we consider a set of trajectories x(¢) of system (3.138) and we evaluate
the prediction accuracy of the reduced Koopman lifted system for increasing number of
observables ¢.

Each state trajectory x(t) = [£(¢),n(t),¥(t),ve(t),7(t)]T is computed over the time
interval ¢t € [0,7T], with initial condition z(0) = [0 m, 0 m, 0 rad, 0 ms™', 0 rad]’,
applying an input signal belonging to the following family:

ag o sin (271'711% + ¢1)

wy,o sin (277% +@2) |’

n

u(t) = (3.150)
with parameters a¢, wyo, n1,n2 € Ry, and @1, @2 € [—m, 7] rad. The family of input
signals (3.150) is designed to ensure a sufficiently rich excitation of the system, yielding
representative state trajectories for evaluating the prediction accuracy.
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The trajectory x(t) is sampled at Npreq equally-spaced time instants ¢, = ﬁ

extracting the states z, = x(t,), n =1,..., Npred. Taking each lifted state z, = ¢(x,,) as

)

an initial condition, a prediction zl()?gd () of the reduced lifted system is computed, over
the prediction time interval 7 € [0,T,], applying the input u(t).
The lifted trajectory z(t) = ¢(x(t)) and the predictions zpred(t) are then expressed as

Zl‘(t) Zx,pred(t>
Z(t) = (b(:(}(t)) = Za(t) ) Zpred(t) = Zg-,pred(t) . (3151)
Z¢<t) Zw,pred(t)

The true and predicted trajectories (3.151) are compared by sampling each of them
with sampling time 7. Specifically, each prediction time interval will contain N, + 1
sampling points, with N, = %

For each n-th predicted trajectory, three prediction errors are considered:

1) Prediction error €preq,1 between the original trajectory x(t) and the predicted lifted

states 2y pred (t), associated with the original states z, i.e.,

O

pred 1 ’

oo

Zg(c??;zred(iTS) — z(tn +1T5)

2) Prediction error €peq,2 between the true lifted states z,(t) and the predicted lifted
states 2y pred(t), associated with the constraint nonlinearities o(z), i.e.,

pred 2= Z ‘

3) Prediction error €peq,3, combining the previous ones, i.e.,

2 pred

— 25 (tn +iT5)
x

Q) 1

€pred,3 = A7
Np =1

Zi(t?}zred(iTs) |: z(tn‘i‘iTs) :|
Z(n) (ZTS) B Zo (tn+ZT9)

o,pred 00

All the above calculations are repeated for increasing number of observables ¢(x) =
[ (x )]l 1, with N, = 16,. .., 30.

The prediction accuracy has been evaluated on a set of 10 trajectories x(t), generated
by randomly selecting the parameters of the input signal u(¢) in Eq. (3.150) as follows:

ago ~ U([1,10] ms™?), ny ~ U([0.25,1]), ¢1 = —n/2rad,
wro~ U([r/6,7] rads™ ), ng~ U([0.25,1]), 2 = 0 rad,

where U(-) is the uniform probability distribution.

Each trajectory x(t) and predictions zped(t) are computed with the Runge-Kutta 4(5)
integration method (with tolerances €,ps = €op = 1 x 1079).

Additional data is as follows: T'=5s, Ts = 0.025 s, Npreq = 10, T, = 0.75 s (N, = 30).

Results are reported in Figure 3.10.

First, we can observe that all prediction errors are non-increasing as the number of
observables increases, which aligns with our theoretical expectations.

For what concerns the prediction accuracy of the original trajectory z(t) only (i.e.,
in Fig. 3.10), a
reduction in the prediction error is observed up to 19 observables; then, the value settles.

disregarding the constraint nonlinearities o(z(t))), given by €pred,1 (®,
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Figure 3.10. Prediction errors of the reduced Koopman lifted system for the kinematic bicycle model (3.138)
with nonlinear state constraints (3.144), for increasing number of observables ¢: single predictions (€pred,1 ®,
€pred,2 ®, €pred,3 .)§ average values (Epred,l - Epred,2 - Epred,S _)

Therefore, in absence of nonlinear constraints (3.144), the lifted system dimension can
be reduced to n, = 19.

Focusing instead on the prediction accuracy of the constraint nonlinearities o(x(t))
only, given by €prea2 (°, in Fig. 3.10)2, a steep reduction in the prediction error occurs
once the number of observables reaches 20; then, a further slight reduction is observed
from the 26'" observable.

Therefore, to ensure that the lifted system accurately captures the constraint nonlin-
earities — so that the closed-loop system, controlled by K-NMPC, reliably satisfies the
nonlinear constraints (3.144) — its dimension can be reduced to no less than n, = 20.

The prediction error €preq 3 (°, in Fig. 3.10) sums up all the above observations,
allowing us to conclude that we can confidently reduce the dimension of the Koopman

lifted system to n, = 20.

K-NMPC Formulation To write the K-NMPC optimal control problem for the
autonomous parallel parking task, the following two final steps are performed:

e As K-NMPC prediction model, we consider the DT LPV/APV form of the reduced

version of the Koopman lifted system (3.149) (refer to Sections 3.5.3 and 3.5.5), i.e.,

Zit1 = Ad(Zr,i, Uki) 2 + Ba(Zri, Uk i) Ui + bqd(Zgi, Up )
= Ak 2 + Br il + by
e We construct the lifted constraints (3.105d) by stacking together the expres-

sions (3.146) of the parked vehicles and footpaths, and considering their DT version;
we then obtain the constraint matrices Cy and dy.

Then, the K-NMPC problem is formulated as follows, for each k > 0:

min  J(2;, ) (3.153a)
2.4
s.t. &g = ag, (3.153b)

2Note that, in Figure 3.10, the red (—) and green (—) plots are almost coincident.
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Planar motion
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Figure 3.11. Planar motion of the ego vehicle while performing the parking maneuver: ego vehicle
closed-loop trajectories (K-NMPC ——; NMPC —); reference positions z, = [&.,7-,1.] " (®); footpaths
and parked vehicles within their safety ellipsoids. For the K-NMPC trajectory (

), the instantaneous
positions of the ego vehicle are also shown.

Ziv1 = ApiZi+ Britii + by, i=0,...,N,—1, (3.153c)
tieU, i=0,...,N,—1, (3.153d)
2,0€X, i=0,...,N,—1, (3.153¢)
Cy [ja} <dg, i=0,...,N,—1. (3.153f)

Implementation Details

In the following, we report some details on the implementation of this case study.

Simulations Simulations are performed in MATLAB® (ver. 2023b), on a machine
powered by a 13" Gen Intel Core™ i7 CPU at 1.7 GHz, with 16 GB of RAM.

The K-NMPC optimal control problem (3.153) is formulated with YALMIP [96] and
solved with the QP interior-point solver MOSEK (ver. 10.1) [108].

The classic NMPC optimal control problem (3.145) is formulated with CasADi [8] and
solved with the NLP interior-point solver Ipopt [153].

Data Relevant data used in both simulation and experimental validation is reported in
the following:

e General data: Ts = 25 ms.
e Ego vehicle: o = [0 m, 4.5m, 0deg, 0 ms™!, 0deg]'.
o Kinematic bicycle model: [ =2 m, d = 0.5 m.

o Dynamic Dual-Track model: m = 1500 kg, I, = 0.75 m, Iy = 1.25 m,
h=025m, I, =4 x 10% kgm?.
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Figure 3.12. Closed-loop state and input trajectories of the ego vehicle while performing the parking
maneuver; a normalized time axis is used to better compare the trajectories, as they reach the reference in
slightly different times: K-NMPC — (t € [0,4.75] s); NMPC — (¢ € [0,4.60] s).

e MPC: N, = 30, 2 = [6 m, 3.6 m, 0 deg, 0 ms™!, 0 deg]”, /¥ =
[1.5m, 2m, 0deg, 0 ms™", 0deg]’, ¢ = [0.05m, 0.1 m, 2deg, +oo, +oo],
Q = diag([10,50,10,1071,1073] "), R = diag([1073,1073]T),
Qa = diag([1071,1071,1071,1071, 1071 7), Ra = diag([1,1073]7), U = {u € R?:
up < u < Ugp}, up = [—10 ms™2, —m rads™ T, uy, = [10 ms™2, 7 rads™!] T,
X={zeR :ap <z<zp} zp=[-2m, 0.5m, —co, —5ms ', —7/3rad]’,
Tup = [7Tm, 6 m, +oo, 5ms~!, /3 rad]’.

e Obstacles:
o Footpaths: n, = 1 m, 7y, = 5.5 m.
o Parked vehicles: ¢; = [0,2]" m, l¢; = 1.25m, l,1 = 0.8 m, ¢ = [5,2] m,
l{,l =1.25 m, l7771 = 0.8 m.

Results

Figure 3.11 reports the ego vehicle planar motion while performing the parking maneuver.
The ego vehicle closed-loop planar trajectories have been obtained in simulation using:
K-NMPC with dimension n, = 20 (— in Fig. 3.11), in accordance with the results
obtained in Section 3.6.2, p. 110; classic NMPC (— in Fig. 3.11).

Figure 3.12 reports the closed-loop state and input trajectories of the ego vehicle as
functions of the continuous time ¢. Depending on which control strategy is used, the ego
vehicle completes the parking maneuver at slightly different times; therefore, Figure 3.12
employs a normalized time axis to allow for a better visual comparison of the trajectories.
The control time interval of each strategy is the following: K-NMPC, ¢ € [0,4.75] s; NMPC,
t €[0,4.60] s.

From Figure 3.11, we see that K-NMPC manages to successfully perform the whole
parking maneuver, effectively avoiding collisions with the parked vehicles and footpaths.
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From Figure 3.12, we can also observe that the K-NMPC and NMPC trajectories
are remarkably similar. This result is coherent with Eq. (3.107) and substantiates the
reliability of K-NMPC (3.131) in providing a control action closely matching that of the
original unlifted NMPC problem (3.122). This also shows that the K-NMPC prediction
model (3.110b), based on the LPV/APV form of the lifted system and evaluated along
the previous optimal predicted trajectory, provides an accurate approximation of the true
bilinear Koopman lifted system. Finally, this result further proves the reliability of the
dimensionality reduction procedure described in Sections 3.4.1 and 3.6.2, p. 110.

Execution Times Execution times have been collected over 20 simulations. Data is
reported in Figure 3.13, as function of the continuous time ¢; minimum, maximum, and
average execution times are summarized in Table 3.2.

300 [
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Figure 3.13. Execution times for the autonomous parallel parking: K-NMPC (envelope ", average —,
cumulative average ---); NMPC (envelope ', average —, cumulative average ---); discrete time step
Ts =25ms (---).

‘ Min Average Max
NMPC 22.50 ms 41.21 ms 317.34 ms
K-NMPC 2.77 ms 8.00 ms 18.39 ms

Table 3.2. Execution times for the autonomous parallel parking: minimum, maximum and average values.

We can see that K-NMPC achieves a remarkable ten-fold reduction in the execution
time compared to classic NMPC. Additionally, the execution time of K-NMPC always
stays below the discrete time step 75, unlike NMPC which almost always exceeds it.

3.7. Chapter Summary

In this chapter, we presented a comprehensive analytical framework to efficiently solve
NMPC problems in the Koopman lifted space. We formulated a systematic procedure to
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iteratively derive a basis of observables for generic nonlinear systems. A general approach
to reduce the dimension of the resulting lifted system was also presented, to handle the case
of infinite dimensionality. This approach was employed to lift a general NMPC problem,
including its constraints, obtaining an equivalent QP-MPC problem in the Koopman
space (K-NMPC), which closely approximates the original NMPC solution. Our K-NMPC
approach was validated on two real-world case studies, showcasing the proficiency of
K-NMPC in attaining the control tasks, providing closed-loop trajectories that are very
close to the NMPC ones, and outperforming NMPC execution time by over an order of
magnitude.



Fully-Analog Circuital Implementation of
MPC With Application to
Buck Converters

4.1. Introduction

WING to its remarkable versatility, Linear-Quadratic Model Predictive Control (QP-
MPC) is a well-established control framework that is highly attractive for a wide
range of practical applications.

Despite its desirable features, the practical implementation of QP-MPC is not straight-
forward. First, typical implementations of QP-MPC rely on digital hardware, which
imposes a significant overhead in terms of costs and circuit area. This is caused by the need
for expensive digital components, including analog-to-digital converters (ADC), digital-to-
analog converters (DAC), and a computing device, making the overall system too expensive
for mass production, where a limited-budget design is often a primary requirement. Second,
despite the rapid advancement in the development of novel algorithms for convex optimiza-
tion [35, 37], solving online a quadratic programming (QP) optimal control problem at
each time step is impractical for systems exhibiting fast dynamics, for which a very small
sampling time is required, or in presence of digital hardware with limited computational
resources.

In this context, a popular approach, entailing considerable computational savings,
consists in reformulating QP-MPC as a static state-feedback control policy, instead of a
QP problem to be solved online. Such a static control policy is proved to have a closed-
form explicit expression [18]. For this reason, this approach is referred to as Explicit
Model Predictive Control (Ex-MPC). The Ex-MPC control policy exhibits a piecewise-
affine (PWA) structure, defined over a collection of polytopic regions [18] and, thanks
to its static nature, can be evaluated with negligible computation time. This obviates
the need for online optimization to solve the QP-MPC problem. Since the pioneering
work [17], several algorithms have been proposed to efficiently compute the Ex-MPC
control policy [121, 13, 113]. However, the Ex-MPC approach still raises criticalities in
budget-constrained and fast-sampled applications. On the one hand, the need for digital

117
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hardware persists; on the other hand, in many practical scenarios, the PWA policy is
defined over a large number of polytopic regions, whose real-time evaluation may remain
critical [14]. These issues are present in, e.g., the work [158], which applies Ex-MPC to
Buck converters.

A viable alternative is brought by analog implementations. A notable result in this
direction is reported in [152], which constructs an analog circuit that solves linear and
quadratic optimization problems, thus directly applicable to QP-MPC implementations.
However, the applications of this method are limited by the complexity of the resulting
circuit.

In this chapter, we present a novel, completely general methodology, for designing
fully-analog electronic circuits implementing Ex-MPC policies. In the following, we shall
refer to our methodology as Analog Circuital Ex-MPC [124]. Staring from a general
QP-MPC problem, we begin by deriving the corresponding Ex-MPC policy. Then, we
introduce a set of techniques to reduce the complexity of the obtained policy, namely
reducing the number of polytopic regions and the number of linear inequalities defining
them. Finally, we proceed with the actual circuital implementation of the Ex-MPC policy,
using only commercially-available low-latency analog components: resistors, capacitors,
comparators, operational amplifiers (OP-AMPs), logic gates, and one multiplexer (MUX).

Our Analog Circuital Ex-MPC approach is applied to the case study of DC-DC Buck
converters control. Buck converters are devices used to regulate a high, possibly fluctuating,
supply voltage to a lower and constant value. The applications of Buck converters range
from biomedical ones [119] to renewable energy generation [154, 41], electric mobility [122],
and consumer electronics. The accurate regulation of the output voltage in Buck converters
is fundamental for the proper operation of the devices supplied by the converter, which
otherwise may be damaged or not work properly. However, the tracking accuracy of the
converter is hindered by unpredictable and sudden variations of the input supply voltage
(line disturbances) and of the current drawn by the load (load disturbances) [50, 125].
To improve the tracking performance, several approaches have been considered. As to
line disturbance attenuation, we mention the popular feedforwarding technique [6]. In
contrast, the problem of attenuating load disturbance effects is more challenging. It has
been partially addressed by methods based on the design of additional circuitry to modify
either the feedback signal or the pulse width of the Pulse Width Modulated (PWM) signal,
in response to load variations [89, 68, 73]. However, these solutions lack solid theoretical
foundations. Other approaches aim at estimating the output current disturbance to apply
a proper feedforward action. Among these, we mention the extended state observer [80],
generalized proportional-integral observer [156], and the load estimator-compensator [125]
approaches. These solutions are often combined with optimal control strategies, e.g., [80]
employs linear quadratic Gaussian control in conjunction with the extended state observer,
and [125] employs H, optimal control in conjunction with the load-estimator-compensator.

For Buck converters, MPC is particularly compelling thanks to the possibility of directly
handling the constraints imposed by the input duty-cycle, which can only range between
0 (0%) and 1 (100%). Furthermore, other predictive approaches to disturbance rejection,
such as [160], showed promising results. The application of MPC to Buck converters has
been explored in several contributions [100, 95, 3, 42]. These works report successful results
on practical implementations, but, in all cases, the sampling frequency must be kept small
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to guarantee convergence of the optimization algorithm. [42], [100], and [3] report switching
frequencies limited to 10 kHz, 20 kHz, and 25 kHz, respectively. Similar considerations
apply to [95], which employs a field-programmable gate array (FPGA) to implement the
MPC.

To apply our Analog Circuital Ex-MPC approach to DC-DC Buck converters, we first
introduce a discrete-time mathematical model of the device and its linearization. Next, to
achieve effective load disturbance rejection, we employ the load estimator proposed in [125],
which allows for a cheap analog implementation. Finally, we resort to our fully-analog
circuital implementation of Ex-MPC. Compared to previous works on Ex-MPC for Buck
converters, e.g., [158], we achieve greatly improved results in terms of Ex-MPC complexity
reduction, ensuring a cheap circuit design. Also, our design strategy leads to a less expensive
and faster implementation compared to the approach proposed in [152]. Furthermore, we
provide formal guarantees on the local robust stability of our closed-loop control system,
based on contraction theory [28].

Finally, we perform a comprehensive simulation study to verify the feasibility and
effectiveness of our Analog Circuital Ex-MPC approach. Our analog implementation
enables high-frequency sampling at 500 kHz, which is compatible with modern Buck design
and considerably improves previous solutions [100, 95, 3, 42]. We analyze, through high-
level Monte Carlo simulations, the robust control performance in presence of parametric
uncertainty on the nominal value of Buck converter passive components, considering both
the cases of ceramic and electrolytic capacitor. Next, we perform accurate low-level circuit
simulations, employing the manufacturer models of commercially-available components.
These simulations allow to assess the feasibility of the proposed approach in real-world
conditions, which accounts for circuit non-idealities, such as the finite gain-bandwidth
product of OP-AMPs, and the response delay of comparators, logic gates, and the MUX.
Overall, numerical results demonstrate the effectiveness of the proposed analog Ex-MPC
circuit in controlling the Buck converter, achieving a remarkable line and load disturbance
rejection performance, that outclasses conventional methods.

4.1.1. Outline

This chapter is organized as follows. Section 4.2 introduces the Linear-Quadratic MPC
problem formulation. Section 4.3 contains our main contributions: first, we derive the
Ex-MPC static control policy; second, we apply a set of complexity-reduction strategies
to reduce the number of Ex-MPC polytopic regions and the number of linear inequalities
defining them; third, we describe the implementation of the Ex-MPC policy as a fully-
analog electronic circuit. Section 4.4 introduces the application case study on the control
of Buck converters. Specifically, we first derive the mathematical model of the Buck
converter. Then, we design the estimators for states and disturbances, along with their
circuital implementation. Finally, we tailor the Ex-MPC policy for Buck converter control
and establish local robust stability guarantees, leveraging contraction theory. Section 4.5
validates our Analog Circuital Ex-MPC approach through extensive simulations, both
high-level and circuit-level ones, to assess the robust performance in presence of parametric
uncertainty, and the control performance in a high-fidelity circuit simulation environment.
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4.1.2. Related Works

This chapter is based, in part, on the following work:

e S. Pirrera, L. Calogero, F. Gabriele, D. Regruto, A. Rizzo, and G. Setti, “A Fully
Analog Implementation of Model Predictive Control with Application to Buck
Converters,” arXiv:2509.05463 [eess.SY], Sep. 2025.

4.2. MPC Problem Formulation

Let us consider a discrete-time (DT) affine system, i.e.,

ZTra1 = Az + Bug + By + b, (4.1a)
yr = Cxy + Dup + Dyvg + d, (4.1b)

where x € R", v € R™, and y € R™ are the state, input, and output vectors, respectively,
while v € R™ is a vector of exogenous disturbances. With respect to Eq. (2.119), we have
introduced the affine output equation (4.1b).

System (4.1) is subject to the following linear constraints, at all time instants k& > 0:

zp € X ={x € R"™ : Hyx < h,} CR", (4.2a)
up €U ={ueR™ : Hyu < h,} CR™, (4.2b)
yp €Y ={yeR"™: Hy < hy} CR"™. (4.2¢)

For system (4.1), we formulate a Linear-Quadratic MPC (QP-MPC) problem (Sec-
tion 2.3), which, at each time instant k > 0, provides the optimal control input wuy by
solving the following QP optimal control problem:

Np—1 Np—1

min J8) = 2 (W=l + 15— wlfe) + X Io— ik, (@30

s.t. %o =y, (4.3b)
Ziy1 = AZi + Bl + By +b, i=0,...,N, — 1, (4.3¢)
9 =C2;+Du; +Dyvp +d, 1=0,...,N,—1, (4.3d)
Hy#; <hgy, i=0,...,N,—1, (4.3¢)
Hyi; <hy, i=0,...,N,—1, (4.3f)
Hyj; <h,, i=0,...,N,—1. (4.32)

With respect to problem (2.121), (Jo, J1,--.,UN,-1) = (ﬁi)f\ipofl = g is the predicted output
trajectory, whose samples act as additional decision variables of the problem.

The QP-MPC problem (4.3) is formulated to attain regulation towards the admissible
output y, € Y. In particular, the triple (x,,u,,y,) is an admissible equilibrium of the
undisturbed system (4.1), i.e., with v, = 0,,,, it holds that

x, = Az, + Bu, + b, (4.4a)
yr = Cxp + Du, + d. (4.4Db)

The cost function J in Eq. (4.3a) is composed of three terms:
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e The quadratic regulation terms ||g; — yr||22 and ||@; — u,||% for the predicted output
and input, respectively, towards the reference (y,,u,), with @ = 0 and R > 0.

e The quadratic term ||@; — ﬂi,1||%%, with Ra > 0, which penalizes the variation in
time of the inputs, to obtain smoother predicted trajectories (see, e.g., [32, 33]).

By assuming that the states x; and disturbances vy are available for measurement at
all time instants k > 0, let us collect them as

DE = liﬂ eR"™, ny=mn,+n,, (4.5)

where py, is the vector of variables acting as parameters of the QP-MPC problem (4.3).
Then, we can define the QP-MPC static state-feedback control policy 7 : R™ — R,
as in Eq. (2.122), under the one-step receding horizon policy, i.e.,

uk = iy, = 70w, (4.6)
The closed-loop system (4.1), (4.6) evolves as

Zpe1 = Az + Br([z], v) |T) + By + b, (4.7a)
yp = Cxp + Dr([z), v{ ") + Doy +d, k>0.

Following Section 2.4 and performing slight modifications, the QP-MPC problem (4.3)
can be rewritten in a simpler and more compact form, comprising only @ as decision
variables and p; as a parameter.

We recall Eq. (2.163) to express the & as a function of @ and py by

&=|® T,|pe+Ta+y, (4.8)

where @, I', and ~y are given in Eq. (2.165), while

Onzxnz
r,= ; i1 .\ | Bu. 4.9
[zfvz CED= Aﬂﬂ (4.9)

By Eq. (4.3d), we can also rewrite

9 =Cx%+ Da+ Dy, +d, (4.10)

where
C=Ix,®C 0pxn,|, D=1y, @D, (4.11a)
E,,:INP(X)DV, Elep®d. (4.11b)

Next, by defining

Q:INP(X)Q’ E:INP®R1 EA:M(@RA?
. 1 )T
M =diag([1, 214, o, ") - By — BV,
Yyr =15, @ yr, ur =1pn, O uy, (4.12)
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we can compactly rewrite the cost function J(g, @) in Eq. (4.3a) as
@) = 19—yl + - u i+ a]2 . (4.13)

Replacing Eq. (4.10) into Eq. (4.13) yields

1
J(@, ) = Ju (@) = 5aTHa + (Fpy +¢) "4, (4.14)
where
H=(CT+D)"Q(CT + D)+ R+ Ra, (4.15a)
F=(Cr+D)'Q[C® CT,+D,)|, (4.15b)
¢c=(CT+D)"Q(Cy+d—y,) — Ru,. (4.15¢)

H,& <hy, Hya<h, Hyg<h,, (4.16)
where

H, = [INP ® H, 0} ;P =1n, ® ha, (4.17a)

H, = Iy, ® H,, hy = 1N, ® hy, (4.17b)

ﬁy = INp X Hy, Ey = 1Np (4 hy. (4.170)

Then, replacing Eqs. (4.8) and (4.10) into Eq. (4.16) yields

Gu < w+ Kpy, (4.18)
where
,T T — Hory _H,® _H,T,
G= H, ., w= R , K= 0 0
H,(CT + D) h, — H,(Cr +d) “H,0% —H,CT,+D,)
(4.19)

Overall, the original QP-MPC problem (4.3) is equivalent to the following compact
quadratic program:

1
min iﬁTHﬁ + (Fpr+c)'a (4.20a)

u

st. Gu < w+ Kpg. (4.20b)

As reported in Section 2.4, the QP-MPC problem (4.3), (4.20) is strongly convex
and admits a unique and global optimum @* for any feasible parameter py [23, 19, 35].
Consequently, the policy 7 (4.6) is well-defined and establishes a bijection between each
feasible parameter p; € P and the optimal control input u; = ﬁ(’;‘ .
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Remark 4.1

By Lemma 2.3, for the QP-MPC policy (4.6) it holds that u, = 7([z,/, 0} 7).
Consequently, by Lemma 2.3 and Eq. (4.4), the couple (z,,y,) is an equilibrium of

the undisturbed closed-loop system (4.7), i.e.,

z, = Az, + Br([z,, OIV]T) + b, (4.21a)
yr = Cx, + Dr([z,), 0, 17) +d. (4.21b)

4.3. Analog Circuital Explicit MPC

In this section, we present our general design methodology to implement the QP-MPC
control policy m (4.6) as a fully-analog electronic circuit. As said in Section 4.1, we refer
to our methodology as Analog Circuital Explicit MPC' [124].

First, we leverage Explicit MPC (Ex-MPC) to obtain a closed-form expression for
the QP-MPC policy. Next, we apply a series of complexity-reduction techniques aimed
at reducing the number of regions in the explicit formulation. Finally, we describe the
implementation of Ex-MPC as an analog circuit and its component selection.

4.3.1. Explicit MPC Design

Consider the QP-MPC policy 7 (4.6) and introduce the following assumption on the set of
feasible parameters py:

Assumption 4.1

The values of interest for the parameters p; lie in a convex polytope P C R"».

Under Assumption 4.1, as reported in Section 2.4, the QP-MPC policy 7 : P — U
admits a closed-form expression that can be found through Explicit MPC and multi-
parametric quadratic programming (mp-QP). Specifically, according to Theorem 2.10, 7
takes the form of a continuous piecewise-affine (PWA) function, defined over a collection
of R polytopic regions (Ri)f;l that constitute a polytopic partition of P, i.e.,

U = W(pk) =Kipr +1; = Hi(pk) if pr € Ry, (4.22)
where
Ri={peR"™: :Hp<h}, i=1,... R, (4.23)
and
R
URi=P, mt(R)Nint(Rj) =0, V1<i,j<R,i#j (4.24)
i=1

We shall refer to Eq. (4.22) as Explicit MPC policy.
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4.3.2. Complexity Reduction of the Explicit MPC Policy

Replacing the QP-MPC problem (4.3) with the Ex-MPC policy (4.22) offers the significant
advantage of being able to compute the optimal control input using a static function, rather
than solving online a QP problem. Moreover, as we shall see in Section 4.3.3, thanks to the
fact that the Ex-MPC policy (4.22) has a PWA structure and the Ex-MPC regions (4.23)
are polytopes, we can realize the Ex-MPC as an electronic circuit, employing only static
analog components, and, thus, achieving a very fast function evaluation.

Yet, the practical applicability of this approach based on Ex-MPC is limited to problems
of modest size. Specifically, as highlighted in Section 2.4.2, the number of polytopic regions
R of the Ex-MPC policy 7 is problem-dependent. A high number of regions may easily
make Ex-MPC not feasible for both digital and analog practical realization, since:

e For digital/embedded implementation, a high number of regions may exceed the
storage capacity of the hardware [14]. Also, identifying the region R; containing the
current parameter pg (to then apply the corresponding control action uy = K;py +1;)
may take more time than solving online the actual QP-MPC problem (4.3) using
conventional algorithms for convex optimization [14].

e For analog implementation, a high number of regions would require a large number
of components, resulting in an overly bulky and expensive circuit. We present a
detailed discussion on this aspect in Section 4.3.3.
As reported in Section 2.4.2, the number of regions R is equal to the number of possible
combinations of active constraints for the QP-MPC problem (4.20) [61]. In particular, two
upper bounds on R can be found, given by Egs. (2.193) and (2.194), i.e.,

q
q
< =24 4.2
nuNp q
R < 4.25b
<5 (1) )

where ¢ is the total number of linear inequality constraints imposed in problem (4.20), i.e.,
G € Re*ulNp,

However, in most practical applications, R is much smaller because most of the constraint
combinations are never active at optimality. For instance, in presence of upper-lower bound
constraints that are non-coincident, at most one of the two inequalities is active, thus
halving the maximum number of regions.

In the following, our goal is to further reduce the number of regions and the number
of inequalities defining them. To this end, we employ in sequence the following four
complexity-reduction strategies:

1) Move blocking strategy;
2) Optimal merging of regions;
3) Hyperplane separation of saturated regions;

4) Removal of trivial inequalities.

In the remainder of this section, we detail these four steps.
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Move Blocking Strategy

A widely-employed approach to reduce the complexity of QP-MPC problems like (4.3) is
the so-called move blocking strategy [30].
Such a strategy consists in linearly mapping the input sequence @ to a smaller set of

Ne—1

decision variables u. = (uc,;) =0 N, < Np. The mapping is defined as follows:

@ =Tu., T €RNpmuxNeru (4.26)

where the matrix 7' is lower-trapezoidal and can be chosen at will to “shape” the input
sequence . Two “popular” choices are:

(TN,
(1) — [FNe—1 0 ® I, (4.27a)
| 0 1n,-nNe1
1, 0 N o
o_| . o W’J if j€{0,...,N.—2},
7@ — . ® Iy, €= N, — (N, 1)LN,,J i N1
| 0 15N671 P ¢ Ne g =4Ne :

(4.27D)

Both choices in Eq. (4.27) shape @ as a piecewise constant sequence consisting of N,
segments: with the matrix 7(! (4.27a), the first N, — 1 segments consist of one sample only,
while the last one is longer and covers the rest of the horizon; with the matrix 7) (4.27b),
all segment have equal width L]]\\;—’ZJ (except, possibly, for the last one, if N, is not a divisor
of N,).

Eq. (4.26) can be directly replaced into the QP-MPC problem (4.20), obtaining its
reduced version with decision variables u.. Specifically, problem (4.20) becomes

1 - N
min §uCTHuc + (Fpi + &) " (4.28a)
st. Gue < w+ Kpy. (4.28b)
where
H=T'HT, F=T'F, é¢=T'¢, G=GT. (4.29)

We notice that all the fundamental properties of the original QP-MPC problem (4.20),
such as its strong convexity and Remark 4.1, are preserved in Eq. (4.28).

The move blocking strategy translates into a reduction of the number of regions R
in the Ex-MPC policy (4.22). Indeed, the number of decision variables in the QP-MPC
problem (4.20) has now reduced from Npn, to N¢n,. Thus, recalling the upper bound on
R in Eq. (4.25b), we have that

N Ne nyNp
R< Y (3) <y (3) (4.30)
1=0 =0

For more details on this aspect, we refer the reader to [4].
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Remark 4.2

It is worth noting that, with the modification introduced by move blocking, the optimal
solution of the QP-MPC problem (4.20) is not preserved when solving problem (4.28);
however, we can always perform a suitable tuning of the parameter N. to ensure a

negligible decrease in the closed-loop performance.

Let us recall Example 2.2. Considering its Ex-MPC policy, composed by
R = 63 regions (Figure 4.1a) and with N, = 10, we apply on it the move blocking strategy
presented in this section, setting N, =5 (Figure 4.1b).

We can observe that move blocking reduces the partition to R = 19 regions (70%
reduction). We also see that, as noted in Remark 4.2, the Ex-MPC policy changes when
applying move blocking.

4

2 1

80 0.5

3 0
-2 0.5 )
¢
-4 -1 e

Y NS
4 -2 0 2 4 4 -2 0 2 4 W‘T“Yx
T X ol ?
(a) Without move blocking (b) With move blocking (R = 19).

(R = 63).

Figure 4.1. Ex-MPC policy with the move blocking strategy, based on Example 2.2. Each color relates to
a different affine function.

Optimal Merging of Regions

Typically, in Ex-MPC policies like (4.22), several regions share the same affine function;
this can be noticed, e.g., in Example 2.2. Thus, a possible way to simplify the policy would
consist in combining these regions, so to reduce their number while preserving convexity.
This process, by which regions sharing the same affine function are merged into larger
convex polytopes, is generally referred to as region merging.

A baseline strategy is greedy merging. Such an approach iteratively inspects adjacent
regions (i.e., regions with a common facet), sharing the same affine function, and merges
pairs of regions whenever their union is convex. Convexity of the merged regions is typically
verified with linear programs (LP) [15]. The method stops when no more pairs can be
merged.

While this strategy bears the hallmarks of simplicity, it only looks at adjacent pairs of
regions whose immediate union is convex. Due to this “myopic” merging criterion, greedy
merging is suboptimal and often stalls far from the best achievable reduction.

A more effective merging strategy was proposed in [57], exhibiting optimality guarantees
and, thus, allowing to obtain the minimal number of regions. Two version of this optimal
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merging strategy have been proposed:

e Disjoint optimal merging. The first optimal approach seeks the minimum number
of disjoint merged regions whose union forms the domain of each affine function.
The Ex-MPC partition is converted into an hyperplane arrangement, built
from the facets of each polytopic region. The regions are cut by the arrangement
hyperplanes into smaller polytopes, which constitute the cells of the arrangement.
Each cell is encoded by its “marking”, a sign pattern describing the cell position
relative to every hyperplane in the arrangement. A key structural fact is that the
convexity of the union of two cells can be verified purely from their markings: the
union is convex if and only if the two markings differ in exactly one component. This
observation allows to avoid LPs to check convexity, as done in greedy merging [15].
The optimal merging is then performed through a branch-and-bound procedure.
The algorithm recursively splits the current envelope® of cells associated with the
same affine function, using hyperplanes from the arrangement. Once a branch
terminates, the corresponding envelope is convex and contains only cells with the
same law; thus, it is taken as a new merged region. This procedure is proved to be
optimal, i.e., it yields the minimal number of disjoint merged regions.

e Non-disjoint optimal merging. The second optimal approach relaxes the disjointness
requirement and allows merged regions to overlap. The problem is formulated as a
Boolean logic minimization task, where each hyperplane side is a Boolean variable,
each cell is a minterm, and the union of all cells sharing the same affine function
becomes a Boolean function. Minimizing the number of merged regions is equivalent
to minimizing the number of product terms in a sum-of-products representation of
this function. Such a problem is solved using standard logic minimizers, such as
ESPRESSO [24].

Also this procedure is proved to be optimal, i.e., it yields the minimal number
of non-disjoint merged regions.

Importantly, allowing non-disjoint polytopes leads to solutions with fewer regions
and fewer facets (i.e., fewer inequalities defining the region) compared to the case

where we restrict ourself to disjoint polytopes [57].

For what concerns computational complexity and execution time, greedy merging is
simple and fast, relying on LP-based convexity checks between neighboring regions; however,
it provides a merely suboptimal solution. Optimal disjoint merging is rather slow, as its
complexity scales exponentially with the the size of the arrangement. Non-disjoint merging,
instead, generally scales better and is substantially faster than the disjoint version, thanks
to its formulation as a logic minimization problem.

In the subsequent design, we rely on the non-disjoint optimal merging strategy, for its
capability to provide the minimal number of regions and facets, while also exhibiting a
very fast execution.

The non-disjoint optimal merging algorithm is implemented within the Multi-Parametric
Toolbox (MPT) for MATLAB [71].

!Given two polytopes P1 and Pz, their envelope env(Pi, P2) is defined as the intersection of half spaces
that contain both polytopes, where the half spaces are induced by the facets of the polytopes.
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Remark 4.3

In a non-simplified Ex-MPC policy, by Theorem 2.10, all regions are disjoint, i.e., no
overlaps are present between any of them. Instead, when the non-disjoint optimal

merging strategy is employed, some regions, sharing the same affine function, may
partially overlap.

This overlap, however, poses no issue when evaluating the simplified Ex-MPC policy,
since the non-disjoint merging strategy ensures that overlaps happen only for regions
sharing the same affine function. As a consequence, if the parameter py lies within an
overlap between regions, the point location algorithm will select either one of these
regions, providing in any case the correct optimal control input, as these regions share

the same affine function.

Let us recall Example 2.2. Considering its Ex-MPC policy, composed
by R = 63 regions (Figure 4.2a), we apply on it the region merging strategies presented in
this section, in particular greeding merging (Figure 4.2b) and optimal non-disjoint merging
(Figure 4.2c).

We can observe that greedy merging reduces the partition to R = 31 regions (51%
reduction), while optimal non-disjoint merging yields R = 9 regions (86% reduction).

Applying both the optimal non-disjoint merging and the move blocking strategy as in
Example 4.1, we would obtain R = 5 regions (92% reduction).

(a) No merging (R = 63). (b) Greedy merging (R = 31). (¢) Optimal non-disjoint merg-
ing (R=29).

Figure 4.2. Ex-MPC policy with region merging, based on Example 2.2. Each color relates to a different
affine function. In (c), region overlaps are reported with a lighter shading.

Hyperplane Separation of Saturated Regions

In many practical applications, QP-MPC problems like (4.3) consider bound constraints
on the input, ie., U = {z € R™ : up < u < uy} in Eq. (4.2b), or, equivalently,
Hy, = [I,,, —I,,])" and h, = [u),, w}]" in Eq. (4.3f). In this case, the Ex-MPC policy
7 (4.22) naturally leads to several regions where the control law is constantly equal to
either uy, or u,,. Henceforth, such regions are referred to as saturated regions; the other
regions, in contrast, are called unsaturated regions.

Let 7y, and Zy, denote the sets of indices of the regions saturated at up, and wyp,
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respectively. Then, we define
S=U R, S=J R (4.31)
iEI]b ieIub

Also, Zynsat = {1,..., R} ~ (Z1p U Zyp,) is the set of indices of the unsaturated regions.
Moreover, we define the union of unsaturated regions Rynsat as

7?funsat = U Rz (432)

ieIunsat

By Theorem 2.10, the Ex-MPC policy is continuous, therefore it holds that SN S = ().
Moreover, the polytopic regions R; do not overlap, meaning that

P=8SURusat US, int(Runsat) Nint(S) =0, int(Runsat) Nint(S) = 0. (4.33)

It is worth noticing that the sets S and S are, in general, non-convex and, possibly,
non-connected.
The Ex-MPC policy 7 (4.22) can be then rewritten as follows:

Kipk + lz if Pk € Ri; (S Iunsata
up = m(pr) =  wp if pr €8, (4.34)
Uyb if p € S.

To reduce the complexity of the Ex-MPC policy 7 in Eq. (4.34), we can think of removing
the saturated regions and replace them by means of a function o : P — R which satisfies

o(p) <0, VpeS, o(p)>0, VpeS. (4.35)

The function o is called separation function, as it actually separates the two sets S and S,
according to its sign.
Therefore, we can equivalently rewrite Eq. (4.34) as

Kip +1; if pp € Ri, i € Lunsats
ur = 7(pr) = S up, if pr ¢ Runsat, o(pr) <0, (4.36)
Uub if Dk ¢ Runsat U(pk) > 0.

The Ex-MPC policy formulated as in Eq. (4.36) involves a reduced number of regions,
thanks to the removal of saturated regions. This comes at the price of introducing the
separation function o.

To make o require less memory/analog components to be implemented with respect to
the removed saturated regions, we must ensure that o is sufficiently “simple”. Thus, in the
following, we seek an affine separation function (i.e., a hyperplane), in the form

olp)=a'p+b, aecR’, beR. (4.37)

To this end, we formulate the following two theorems, establishing existence conditions
and how to compute such a function.
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Theorem 4.1 (Existence of the affine separation function)

Let S and Sy be the unions of two sets of polytopes, such that S; NSy = (). Let V; and
V5 be the sets containing the vertices of the polytopes forming S; and Ss, respectively.
Finally, let o(z) = a2 + b be an affine function.

Then, o separates S; and Sy, i.e.,

o(x) <0, Yz e &, ox)>0, VzeSs, (4.38)
if and only if

o(v) <0, YveVy, o) >0, Vvels. (4.39)

The “=" part is immediate, since V; C &1 and V5 C Ss.

For the “<=” part, let us drop the subscripts 1 and 2, to consider both cases in
Eqs. (4.38) and (4.39) at the same time. Consider A € RVl such that A > 0 and
Zﬂ Ai = 1, and associate each \; to a vertex v; € V, i = 1,...,|V|. Then, by
Eq. (4.39), it holds that

AilaTvi+b) 20, Vie{l,... |V}

V] V]
a’ dDTAvi+b> A 20
i=1 i=1
a'z+b=0, (4.40)

where x = lell Aiv; € conv(V'), by definition of convex hull. Since S C conv(V), it
holds that x € S, yielding Eq. (4.38).

Theorem 4.2 (Computation of the affine separation function)

Given the results of Theorem 4.1, there exists an affine function o(z) = a'x + b that
separates &1 and S if and only if the following LP is feasible:

max &, «a= [aT,b]T,
a,b,e
s.t. €>0, (4.41a)
a'v®W4p<—e, voll e, (4.41b)
a' v +b> e Vo e, (4.41c)

and £* > 0. Then, the affine separator is given by o(z) = a*" 2 + b*, where (a*,&*) =
([a*T,b*] ", €*) is the unique and global optimum of problem (4.41).

For the “=" part, by Theorem 4.1, if o(z) separates S; and Sz, then Eq. (4.39) holds.
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This means that there exists € > 0 such that
o(v) < —e<0, YoeV;, o(v)>e>0, Vvels. (4.42)

Eq. (4.42) matches constraints (4.41a)-(4.41c); thus, a feasible solution to problem (4.41)
exists.

For the “«<” part, if a feasible solution (a*,e*) to problem (4.41) exists, then
constraints (4.41b) and (4.41c) are satisfied for o*. Moreover, if €* > 0, Eq. (4.39) also
holds. Consequently, by Theorem 4.1, Eq. (4.38) is satisfied as well. Thus, there exists
o(r) = a*"x + b* separating S; and Ss.

By convexity, the feasible solution (a*,&*) is also the unique and global optimum of
problem (4.41) [23].

Remark 4.4

The LP feasibility problem (4.41) provides the maximal separation margin £* > 0
between the two regions S and Ss, and the separation hyperplane ¢, thereby enhancing
the robustness to manufacturing tolerances of the circuit components used in the

implementation of o.

Remark 4.5

If the LP problem (4.41) does not admit a feasible solution, then there exists no affine
function o(x) that can separate S; and Sy. In such cases, it is necessary to resort to

more complex separating functions, e.g., polynomial ones [85].

Nevertheless, in the numerical results presented in Section 4.5, which refer to the
application considered in this paper, as introduced in Section 4.4, we could always find
an affine separator for the Ex-MPC policy (4.36).

Remark 4.6

Hyperplane separation of saturated regions is most effective when a significant proportion
of the regions are saturated. As observed in [61], the number of saturated regions is
mainly affected by the tightness of input constraints ¢/ and the magnitude of the input
weighting matrix R. Tighter constraints and/or a smaller | R|| result in more regions
becoming saturated, thereby enhancing the method effectiveness.

Let us recall Example 2.2. Considering its Ex-MPC policy, composed by
R = 63 regions (Figure 4.3a), we apply on it hyperplane separation of saturated regions,
as described in this section. To compute the affine separation function o(z) = a'x + b,
we leverage Theorem 4.2. Specifically, by solving the LP feasibility problem (4.41), we
obtain the feasible solution (a*,b*) = ([—2.4875 x 1071, —5.9384 x 1071]T, —4.9952 x 10~3)
and €* = 6.5115 x 1072 > 0. Therefore, the affine separator exists and is computed as
o(z) = a* "z +b* (Figure 4.3b).

To better visualize the regions separation, we compute the zero-level set of o, i.e.,
{(reR?:0(x)=0}={zeR?:ay = —%xl - Z—;}, and report it in Figure 4.3a.
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We can observe that, with hyperplane separation of saturated regions, we are left with
only 5 unsaturated regions in the partition (92% reduction).

(a) Ex-MPC partition and zero-level set of the (b) Ex-MPC policy and affine separation function
affine separation function o (==-). o (O).

Figure 4.3. Ex-MPC policy with hyperplane separation of saturated regions, based on Example 2.2.
Each color relates to a different affine function: regions saturated to uw, (S, ), regions saturated to wup

(S, m).

Removal of Trivial Inequalities

The Ex-MPC policy (4.22), by Assumption 4.1, is defined over the polytopic domain P,
which is the feasible set of parameters py (4.5) of the QP-MPC problem (4.3).

The set P is typically specified by the user, based on prior knowledge of the admissible
values that pg can take. Consequently, any parameter p; considered in practice always
belongs to P. As a result, in the Ex-MPC partition (4.23), the inequalities associated with
the facets of P are trivial (i.e., they are always satisfied) and can therefore be removed.

Overall, after having employed the four complexity-reduction strategies, a comprehensive
description of the Ex-MPC policy is given as follows.

First, let N, be the number of unique unsaturated affine functions in the Ex-MPC
policy (4.22) and collect them as (k;(p))r. The remaining R — N, affine functions are
either copies of the first N, ones or are saturated.

Next, let us consider the unsaturated Ex-MPC regions (4.23), collect them as (Rj)N unaat

7=1
and define Zypsat = {1, ..., Nunsat}. Let Z;; C Zynsat be the set of indeces associated with
the regions sharing the same affine function x;, ¢ = 1,..., N,. It clearly holds that
Uf\fl Zy; = Lunsat- Then, each r; is defined over the domain ez, R;. The remaining

R — Nynsat regions are saturated regions.
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The Ex-MPC policy (4.22) has the following equivalent expression:

Kipe+1li if pre |J Ry, i=1,..., Ny,

JE€Lw,;
Uk = W(pk) - Uub if Pk ¢ Runsata U(Pk) > 07 (443)
Ulb if Pk ¢ Runsata U(pk) < 0.

Eq. (4.43) can be equivalently rewritten by introducing some auxiliary Boolean (logic)
variables, as follows:

Kipr +1; if @Tj, 1=1,..., Ng,

€T,
w=ro) =1, o (1.44)
Ulb if s, ®3,
where (rj);\[:“i‘sat, s, sq € {0,1} are Boolean variables, defined by
1 if Hip, < hj, 1 if a*Tp,+b* >0, Nunsat
rj= Pl =B Pr Sq = @ T, (4.45)
0 otherwise, 0 otherwise, =1

where we recall that ©®, @, and % are the AND, OR, and NOT operations on Boolean
variables, respectively.

Specifically, in Eq. (4.45), r; is 1 when py belongs to the j-th unsaturated region R;,
j=1,..., Nunsat, and 0 otherwise; s is 1 when the affine separator o(px) > 0 (pr belongs
to a region saturated to uyp, i.e., S), and 0 if o(pg) < 0 (px belongs to a region saturated
to up, i.e., S); 84 is 0 if there is at least one active unsaturated region, and 1 otherwise.

The Ex-MPC policy formulated as in Eq. (4.44) accounts for the problem reported in
Remark 4.3, i.e., by employing the non-disjoint optimal merging strategy, some unsaturated
regions, sharing the same affine function, may partially overlap. Indeed, considering any
subset of indices J C Z,,, for those p € N;cys R; # 0, it happens that all variables r;
associated with these regions are 1 at the same time, i.e., r; = 1 for all j € J. The logic
relation

up = w(pr) = Kipr +1; if @ rj, 1=1,...,Ng (4.46)
JeI&Z

in Eq. (4.44) makes all variables r; pass through an OR operator, whose output is 1 if py
belongs to U ez, Ry, i.e., the whole domain of ;.

4.3.3. Circuital Implementation

In the following, we proceed with the actual circuital implementation of Ex-MPC. Starting
from the complexity-reduced Ex-MPC policy (4.44), we describe our general approach to
implement it as an electronic circuit, using only commercially-available low-latency analog
components. Specifically, the analog Ex-MPC circuit shall be implemented using:

e one multiplexer (MUX);

e a set of generalized adders;
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e a set of comparators;

e a small logic gate network.
Figure 4.4 reports a top-view representation of the circuit that we will implement. A
sample and hold (S/H) circuit is included after the MUX to ensure proper sampling and
avoid inter-sample oscillations of the control input.

EMPC affine
functions

O
O

S/H — u
uyp 0—10O

—>

P T

Logic
network

Affine
separator o

Figure 4.4. Ex-MPC analog circuit: high-level schematic.

Below, we detail every stage of the design for the four main building blocks of the
Ex-MPC circuit.

Multiplexer

It is the main component in our Ex-MPC circuit design. We use an analog multiplexer to
implement the by-case PWA control policy in Eq. (4.44). Specifically, we use a multiplexer
with Ny + 2 inputs: one for each unique unsaturated affine function, plus the two saturated
input values uy, and uy,. While u,, and uy, are trivially imposed through a constant
voltage, the inputs corresponding to the affine functions need to be computed online,
given the current measured value of states and disturbances. To this end, we introduce
generalized adders.
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Generalized Adders

Generalized adders are a standard circuit in analog electronics [142] and their design is
easily automated, as detailed in the following.

We employ generalized adders to generate the control input u(? given by each i-th
unique unsaturated affine function x;(p) in the Ex-MPC policy (4.44), i.e

uD =Kipp+1li, i=1,...,N,, (4.47)

where, for notational convenience, we omit the explicit time dependence on k. Each control
input w(? is then, in practice, a voltage value.

Without loss of generality, we consider the case n, = 1 (i.e., K; € RY"™ and [; € R).
In this setting, being u( a scalar, each affine function requires a single generalized adder,
so Ny in total. If n, > 1, then a generalized adder is needed for each component (u(i)) 1
j=1,...,n,, resulting in n, generalized adders for each affine function, so N,n, in total.

For each generalized adder, the circuit inputs are the voltage measures of the Ex-MPC
parameters p (4.5) and a positive constant voltage Vp, which can be arbitrarily chosen and
is used to implement the constant offset I;; the circuit output is the voltage u(?.

Let us append Vj to p, i.e., pp,+1 = Vo. Also, let K;; = (K;); and append [; to Kj, i.e.,
Kin,+1 = li. Then, by Eq. (4.47), we can equivalently rewrite 1 as follows:

np+1
ul) = Z Kijp; (4.48a)

= ng Pk Zgzk oy (4.48D)

where (gf:))é\il collects the positive elements of Kj, i.e., K;; € (gl(:))k i Ky j > 05

(gi(;)),]cvﬁl collects the negative elements (with changed sign) of Kj, i.e., =K ; € (giak,))k:l

if K < 0; (p,f:))iv;l collects the inputs p associated with positive gains; (pl(;))i\ﬁl collects
the inputs p associated with negative gains; V; and M; are the number of inputs with
positive and negative gains, respectively (N; +M; = n,+1). In the following, for notational
convenience, we omit the adder index i.

Let us define the total positive and negative gains, i.e.,

M
zg“), KO =367, (4.49)
k=1

We identify two topologically distinct circuits for the considered design, depending on
whether K() > K(=) 41 or K < K(2) 4+ 1. Both topologies are reported in Figure 4.5.

In the first case, with K(t) > K(=) 4 1, the circuit includes the additional resistance
RE\?J)FI, connected to the positive input of the OP-AMP OP?44 as shown in Figure 4.5
(green resistor). This resistor serves to increase the overall gain of the negative side. In
this case, if we ensure that

N+1

M
G+ Y 67 =Y a6\, (4.50)
k=1

k=1
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(=)
RN Ry
— 1 — 2 —WW—
(=)
Ry, Vi
riv, — VW . -
RV opa4d —o )
pY) — ANV —+
o— — o
N
R{

(+)
i,M;

Pia o NVN—

Figure 4.5. Generalized adder for the i-th affine function. The blue resistor is used if Ki<Jr> < Kff) +1,
while the green one is used when KZ.(H > Kl.(_) + 1.

where Gy = 1/Ry, G,(C_) = 1/R,(§_), and G,(j) = 1/R,(€+), we obtain the following:

ay

() _ Gy gt
Gy Gy

9i (4.51)
Therefore, fixed a value for Ry, we can trivially obtain R and R,(:r) from Eq. (4.51) and,
next, Rg\ﬁ)rl is obtained using Eq. (4.50).

Similarly, in the second case, with K(t) < K(=) 41, we increase the overall gain of the
positive side by including the additional resistance Rg\}ri_l to the positive input of OP?dd,
as shown in Figure 4.5 (blue resistor). In this case, if

M+1

N
Gr+Y a7 =3 al, (4.52)
k=1 k=1

we obtain, as for the previous case, the design equations in Eq. (4.51), through which we
can compute R,(C_) and R,(;L). Finally, RS\Z_I is computed using Eq. (4.52).

Adders constitute the most expensive part of the device, as they require OP-AMPs
for the implementation. Still, the overall number of required adders coincides with the
number of unique unsaturated affine functions of the Ex-MPC policy (4.44), which can
be reduced through the techniques described in Section 4.3.2, particularly with the move

blocking strategy (see Example 4.1).

Comparators

We employ a set of comparators to obtain the Boolean signals (rj)éy:‘“llsat and s, as defined

in Eq. (4.45). For each rj, let us define the auxiliary Boolean signal

1 if — (H))e.p+ (k) >0,
rj,kZ{ 1 (Hli 2+ (s 2 (4.53)

0 otherwise,
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where (H;)j,. and (h;) are the k-th row of matrix H; and the k-th element of vector hj,
respectively. Then, being N; the number of inequality constraints defining the j-th region,
we have that

N
ri=O ik =1, Nunsat, (4.54)
k=1

which can be easily realized through logic AND gates.
Obtaining each of the Boolean signals (Tj,k)(j,k)e{l,...,Nunsat}x{l,...,N]-} and s requires
evaluating a set of inequalities of the kind

a1, .., an, P+ an,+1Vo >0, (4.55)

where V} is a positive constant voltage, which can be arbitrarily chosen (it is also employed
in the generalized adders), and (ai)?ﬁfl are gains depending on H;, h;, a*, and b*, whose
sign is not known a-priori. Let us append Vj to p, i.e., ps,+1 = Vo.

We realize the comparison altogether with the sums in Eq. (4.55) through the circuit
topology in Figure 4.6. The selected circuit compares the voltage on the “+” terminal with

that on the “—” terminal; these voltages are obtained through voltage dividers.

cmp
Ry

cmp
p o—ANN— o

Rcmp

2,+

cmp
R !

cmp
Rg

Figure 4.6. Comparator (case with n, = 4, 2 positive gains, and 3 negative gains).
To this end, we first rewrite Eq. (4.55) as

S vipi =Y i (4.56)

i€, i€Tm
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where Z,, Z,, C {1,...,n, + 1} are the set of indices for which a; > 0 and a; < 0 in
Eq. (4.55), respectively, and

c o

i = ce(0,1) (4.57)

max;c{1,..n,+1} |ovi ’

are normalized and rescaled versions of the gains «;.
In this way, the gains ; associated with each p; are such that 0 < ~v; < 1, for all

i =1,...,n, + 1. This enables the use of inexpensive voltage dividers for comparisons,
eliminating the need for additional OP-AMPs.
Consider the networks of |Z,| + 1 and |Z,,| + 1 resistors on the “+” and “—” terminal

of the comparator, respectively. Let R;™P be the resistor connected to ground, R;:mp the
resistor associated with the input p;, G§™P = 1/Rg™ and G7™" = 1/R;™ the corresponding

conductances. Then, the voltages on the two terminals are

(Gg™ + X G0~

vy = —D; (4.58)
and similarly for v_, with the sum over ¢ € Z,,.
Imposing the gains match, i.e.,
(Gemp . GSP) L
Yi = Z RETP 2 P 7 GEmPY =1’ (459)
i€T, "t + ( g T E];ﬁz j )
is equivalent to
7y (GEP + 3 G) =G, i e T, (4.60)
i€T,

For any fixed resistor R{™P, Eq. (4.60) is a linear system of |Z,| equations in |Z,| unknowns,
which we recast in matrix form as:

1 —1 7 . " G "
v -1 ... Y2 G5 Y2
. : . L | =-cem | T (4.61)
cmp
0 e v A I (7 A el N I L 1z,

We notice that the system matrix in Eq. (4.61) is always full-rank, thus admits a unique
solution for the conductances G;"*. Then, resistors R; " are easily obtained by taking
the inverse. The very same procedure applies to the network at the “—” terminal.

Overall, the number of comparators is upper-bounded by 1+ Zéy:“‘fs‘"‘t N, which is often
effectively optimized through the complexity-reduction techniques described in Section 4.3.2,
particularly the removal of trivial inequalities and the non-disjoint optimal merging strategy
(which reduces both the number of Ex-MPC regions and the number of facets, i.e., the
linear inequalities defining the regions).

This number can be further reduced if different regions share the same inequality or
use opposite ones (i.e., two or more regions have facets on the same hyperplane); in such
scenarios, we may reuse comparators from other regions, eventually introducing a NOT
gate.
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Logic Network
A network of logic gates is needed to drive the selection signal ¢ of the MUX, using the

Boolean signals (rj)jy;“fsat and s.
Multiplexers admit two types of encoding for the selection signal ¢: one-hot encoding
and binary encoding.
In the case of one-hot encoding, the selection signal ¢ = (qi)f\il is composed by M =
N, + 2 signals: each i-th signal ¢; selects the unsaturated affine function x;, 1 =1,..., N,
while gy, 41 and gy, +2 select the saturated input values ujp, and uyy, respectively. According

to Eq. (4.44), these selection signals can be obtained through the following logic relations:

=& r, i=1,...,Ny, (4.62a)
JE€Tw;

Nunsat

i =( O m)os (4.62b)
j=1

Nunsat

o= O 7)os (4.62¢)
j=1

In the case of binary encoding, the selection signal ¢ = (qi)ij\io_l is composed by
M = [logy (N, + 2)] signals, which select each unsaturated affine function and the two
saturated values uj, and u,p, by associating a binary number, between 0 and N, + 1, to
each of them.

For both encodings, the logic network implementing g can be easily designed using

standard logic function optimization methods, such as Karnaugh maps.

4.4. Application to DC-DC Buck Converters

In this section, we apply our Analog Circuital Ex-MPC approach to the case study of
DC-DC Buck converters control.

Let us consider a Buck converter operating at a fixed switching frequency fo = ~

T
With reference to the circuit diagram of the converter reported in Figure 4.7, let iy (¢)
denote the inductor current, vo(t) the capacitor voltage, d(t) the duty cycle of the square
wave voltage vsq(t), io(t) the drawn output current, Vi,(t) the supply voltage, and v,(t)
the output voltage.

As we shall see from the model derivation in the next section, the states z(t), input

u(t), output y(t), and external disturbances v(t) of the Buck converter are the following;:

(1) = [f;((?)] L ul) = d@), (0= wft), v(t) = [5;%] S
where iy (t) = Vin(t) — Vi and Vi, is the nominal supply voltage.

In a DC-DC converter like the Buck, the main control task is regulating the output
voltage y(t) = v,(t) towards a desired reference y,. = V,. Specifically, by Eq. (4.4), we
regulate the system towards an admissible equilibrium triple (x,,u,,y,) = (Z, D, V,).

Therefore, in order to formulate the QP-MPC problem (4.3) for controlling the Buck
converter, and construct the related Ex-MPC policy (4.22), two key preliminary steps have
to be performed, which will be carried out in the following sections:
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T Vin(t)
' dzou(t) ----- I
d(t)=> ZOH T N ,mpig(t)

Figure 4.7. Buck converter circuit diagram.

1) As we shall see in the next section, the mathematical model of the Buck converter
is continuous-time (CT) and strongly nonlinear, while, instead, the QP-MPC
prediction model in Egs. (4.1), (4.3¢c), and (4.3d) is DT and affine. Therefore, we
need to introduce suitable transformations, namely discretization and linearization,
to describe the Buck converter model into the desired form, matching Eq. (4.1).

2) The Ex-MPC policy (4.22) requires the measurement of the system states zj and ex-
ogenous disturbances vy, which serve as its input parameters py (4.5). Consequently,
both the states x(t) and the external disturbances v(t) of the Buck converter need
to be either measured or estimated.

4.4.1. Buck Converter Mathematical Model

In the following, we rely on the first principles of physics to derive the mathematical model
of the Buck converter.

We describe the Buck converter as the cascade of two subsystems (see Figure 4.7).

The first subsystem, Si, takes as inputs the duty cycle d(t), in the form of a voltage
signal ranging in [0,1] V, and the supply voltage Vi,(t), with nominal value Vi, i.e.,
Vin(t) = Vin + vin(¢). The output of S; is the voltage vgq(t). This subsystem consists of
three parts: a zero-order hold (ZOH), a comparator, and two switches.

The ZOH samples d(t) at each time instant t = kT, k € Z>0, and holds it constant at
the value dy = d(kT) over the k-th switching period I} = [kT, (k + 1)T). The ZOH output
signal is given by

dZOH(t) =d, Vtel. (4.64)

Then, dzou(t) is compared to a sawtooth wave, with fixed frequency fs and ranging in
[0,1] V. This operation is performed by means of a comparator. When the sawtooth value
is below dzon(t), the comparator outputs a voltage Vir; conversely, when the sawtooth
value is larger than dzop(t), the comparator outputs a voltage V7. The comparator output
signal drives the two switches. One switch is connected to Vi, (f) and is called the high
side; the other is connected to the ground and called the low side. The switches are driven
in anti-synchronized mode, i.e., when the comparator outputs V7, the high side is open
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and the low side is closed; while if the comparator outputs Vy,, the high side is closed and
the low side is open. As a result, the output of subsystem S; is a square wave vgq(t) with
duty cycle d(t) and amplitude Vi, (t).

Accordingly, S; is a nonlinear block that we describe according to the following
definition:

Vin(t), t € [kT,(k+dp)T),

(4.65)
0, tel(k+d)T, (k+1)T).

The subsystem Sy is dynamical and linear time-invariant (LTI). Its inputs are the
square wave voltage vsq(t) from S; and the drawn output current 4,(¢). The output of Sy is
the controlled output voltage v,(t). Following the standard approach in circuit theory, we
define the vector of states as the collection of inductor currents and capacitor voltages, i.e.,

z(t) = [iL(t)] . (4.66)

ve(t)

With this choice, we obtain the following state-space model for Ss:

Z(t) = Acx(t) + Beqio(t) + Beovgg(t),
5, [ H0=Aalt) + Beriolt) + Beotsa(t o)
Uo(t) = Cex(t) + Deio(t),
where
[ RLIRc, _ RL
A, = RLL L(Rc<i+RL) , (4.68a)
| Co(Re,+Rr)  Co(Ro,+RL)
RL”RCO l
Bc,l = lRL ] ) BC,Q = [6‘| s (468b)
_CO(RcoJrRL)
Co=[Re || Re, mithee] (4.68¢)
Dy = —Ryr || Re,- (4.684)

We refer the reader to [50] for details.
Overall, the model S of the entire plant is a nonlinear system described by the
interconnection of §; and Sy. Specifically,

Vo(t) = S(d(t),i0(t), Vin(t)) (4.69a)
= Sa(io(t), S1(d(t), Vin(1)))- (4.69b)

Notice that v,(t) depends on d(t), which we use as the control input (i.e., u(t) = d(t)), but
also on i,(t) and v, (t) = Vin(t) — Vin. The latter two quantities are external signals that
we cannot act upon; therefore, we shall consider them as disturbances to be compensated,
i.e., v1(t) = io(t) and vo(t) = Vin(t) — Vin = vin(t). Moreover, we refer to y(t) = v,(t) as
the controlled output.

As previously noted, we need to describe the CT nonlinear Buck converter model (4.69)
as a DT affine system, matching Eq. (4.1), so to obtain the QP-MPC prediction
model (4.3¢c), (4.3d). To this end, we perform two consecutive steps: discretization and
linearization.
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Model Discretization and Linearization

We select the switching period T as the discrete time step for discretization. Henceforth,
any quantity sampled at the switching time instants t = kT will be denoted using the
subscript k, i.e., xx = *(kT).

We address discretization leveraging the exact discretization approach (see Section 2.2,
p. 12), i.e., by integrating Eq. (4.67) over the k-th switching period I;. Thanks to the
linearity of Eq. (4.67), we can evaluate the model prediction zj11 in closed form using the
following convolution integral:

(k+1)T
Tpr = Ty, + A FHEDT=T) (B 1io(t) + Beovsq(t))dr. (4.70)
kT

By linearity, Eq. (4.70) is equivalent to

rpy1 = ey,

(k+1)T
+ eAc(h 1T / e AT Beyio(t)dr
kT
Ac(k+1)T (kDT —AeT
+e e Be avgq(t)dr. (4.71)
kT

The integrals in Eq. (4.71) are solved in closed form. To this end, we introduce the following
assumption:

Assumption 4.2

The input voltage Vi, (t) and the output current disturbance i,(t) remain constant over
the switching periods, i.e., Vin(t) = Vinx and io(t) = ioy for all t € I, and k > 0.

Remark 4.7

Note that Assumption 4.2 is respected with a good approximation as long as:
1) the input voltage Vin(t) slowly varies (i.e., its bandwidth is much lower than

fsw)§

2) the drawn output current i,(t) is constant almost everywhere (i.e., it is well
modeled by a piecewise-constant signal, since it only changes due to sudden
load connections or removals).

Under Assumption 4.2 and using vs(t) = Si(d(t), Vin(t)) as defined in Eq. (4.65),
Eq. (4.71) simplifies to

Tp+1 = ez,

(k+1)T
+ 6Ac(k+1)T/ eiACTBC,li()’de
kT
(k+di)T
+ AT / e~ B o Vin pdr. (4.72)
kT

Solving the integrals in Eq. (4.72) leads to the following DT model:

Try1 = [k, dis oy Vink)
=Ty + (T — AT Beyioy, + e (I — e 4T AT B, o Vin . (4.73)
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Proposition 4.1

Let ior = o and Vipp = Vin = Vin + vin, where i, and vj, are constant values. The

system (4.73) admits a unique equilibrium point, satisfying the output regulation task
towards the desired constant reference V,, i.e., there exist unique 7 € R and d € R
such that

T = f(ju Ea 7;07 ‘/in)v (474&)
V, =07, (4.74b)

Solving Eq. (4.74a) for T and replacing it into Eq. (4.74b) yields
V,=C(—A) " YA— A" YA B,y Vi — CAZ' By 1io, (4.75)

with A = eA<T. Existence is guaranteed by noting that the scalar function of d on the
right-hand side of Eq. (4.75), defined over the interval 0 < d < 1, admits as image
the interval —C’AngQlio <V,< —C’A;lBC,lio + CAngC’Q‘/}n. Uniqueness is a direct
consequence of the fact that the function V,(d) is monotonically strictly increasing.

Remark 4.8

The value of d can be computed using, e.g., the Newton’s method to solve the nonlinear
equation (4.75), or by taking a linear approximation of the exponential function. In

the undisturbed case, i.e., i, = 0 and Vi, = Vi, the latter approach leads to

D=Ye (4.76)
Vin

which is a good approximation in all our numerical tests and matches the classical
assessment of steady-state duty cycle [50].

Since the model in Eq. (4.73) is nonlinear, we perform linearization on it. Specifically,
the DT model (4.73) is nonlinear in dj, and Vi, ; due to the presence of the term e‘ACdkTVm,k.
To proceed with the required linearization, we introduce the following assumption:

Assumption 4.3

The quantities dj, and Vi, x are well described by

dp = D + 6k7 Vin,k = Vin + Vin,k, (477)

where d;, and vj, i, are small variations around the nominal values D and V7, respectively.

Assumption 4.3 is a standard assumption in set-point regulation. Moreover, as we will
demonstrate in Section 4.4.4, we are able to guarantee the local robust stability of the
closed-loop system when the plant is described by the non-approximated nonlinear model
in Eq. (4.73). Therefore, Assumption 4.3 is only used to construct the DT affine prediction
model for the QP-MPC problem (4.3), but is not critical for stability or performance.
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Let us consider the nonlinearity of model (4.73), i.e

g(dk; Uin,k) = eACT(I - e_AC(B—HSk)T)Ac_chQ (Vin + Uin,k)- (478)
Under Assumption 4.3, we can linearize Eq. (4.78) around the point (0, vinx) = (0,0) as
follows:
@ ) (0,0) + 99 (O 0) o + —— (0 0)
Vin ~ ) Vin
9\ Ok, k g 85 k v Vin.k k

— €ACT(I . e*ACDT)A;lBQQViH
+ eAc(liﬁ)TTBc,Qvin 5k
+ e (1 — e APTY AT By g vin (4.79)

Finally, using Eq. (4.79) to replace g(d,vin i) in Eq. (4.73), we obtain a linearization that
matches the structure of Eq. (4.1), i.e

Tyl = Axy, + Bd, + Bylioyk + B,,2Uin7k + b, (4.80&)
Vo = Cxy + Ddj. + Dyliovk + Dugvin,k +d, (4.80b)
where
A= el C=c, (4.81a)
B = A1~ D)TTBCQVm, D =0y, xn, s (4.81b)
= (T —)A7'B., Dy, = D,1, (4.81c)
Bl,2 = AT ([ — e APTYATIB, . Dyy = 0y (4.81d)
b= AP [(ADT _ )AL~ TDI| BoyVia,  d =0, (4.81e)

Remark 4.9

We highlight that, since the linearization is performed around the nominal values
D and Vy,, the equilibrium point (Z,D,V,) of the nonlinear system (4.73) is also
an equilibrium of the linearized system. Consequently, the equilibrium condition in
Eq. (4.4) is met.

4.4.2. Output Current Disturbance and State Estimation

As previously noted, the Ex-MPC policy (4.22) requires the measurement of the system
states zj and exogenous disturbances vy, which serve as its input parameters py (4.5).
Consequently, both the states z(¢) and the external disturbances v(t) of the Buck converter
need to be either measured or estimated. In this section, we propose a simple and cheap
design of devices estimating v(t) and z(t).

Disturbances Estimation

Let us recall the external disturbances v(t) of the Buck converter, i.e.:

e v(t) =i,(t). The output current drawn from the load is not directly available for
measurement; therefore, it must be estimated.
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o 15(t) = viy(t). Since Viy(t) is available for measurement, vi,(¢) is trivially obtained
as

Uin(t) = Vin(t) — Vin (4.82)

and does not need to be estimated.

In the remainder of this section, we describe a method for estimating io(t) of i,(t).
Specifically, we resort to the linear estimator proposed in [125], based on algebraic design.

Let us consider the transfer function description of the linear Buck subsystem S,
augmented with i,(¢) as an additional output (in the Laplace domain), i.e.,

Uo(s)| _ | Pri(s) Pra(s)| |vsq(s)
LL(SJ B [Pm(s) ng(s)l [10(3)1 : (4.83)

The problem of estimating the input i,, given the measurements of v, and iy, is a linear
algebraic problem. Indeed, we can easily see that

ios) = 5——(i1(s) — Poa(s)vsq(s)); (4.842)

[a—y

- o(5) — Pia(s)is). 4.84b
ta(5) = 5 (0(s) ~ Pra)io) (1.810)
Replacing Eq. (4.84b) into Eq. (4.84a) and performing suitable algebraic manipulations,
we obtain

iols) = [~Fa(s) 1] [?0(8)] 7 (4.85)

ir(s)
where

_ Pi(s) _ Co(RL + Rc,)s+1 (4.86)

Bi(s) = Pu(s)  Ro(l+CRec,s)

We refer the reader to [125] for the complete proof and a detailed discussion.
Overall, the drawn output current estimate i,(t) is obtained by

io(s) = () [ Vo(8) ] , E(s) = [—El(s) QilL:| ’ (4.87)

2.L,sc(s)

where if ¢ (t) = g, i1(t) is the available measurement of the inductor current, which is
scaled by g;, > 0, that is the corresponding sensor gain.

Remark 4.10

The design of the estimator is entirely conducted in CT and relies on signals involved

in the linear subsystem only. Consequently, the problem is solved exactly by the CT
LTI filter £(s).

In ideal conditions, i,(t) = i,(t) for all t € Rsg, but the presence of noise and modeling
uncertainties in the plant description may hinder the quality of the estimate.

Concerning noise, an appropriate printed circuit board (PCB) design easily allows us
to have negligible parasitic effects perturbing the measured signals before being processed
by £.
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As to modeling uncertainties, we notice that only Ry, C,, and R¢, are involved in the
design, thus uncertainties on any other component are irrelevant. We study the impact of
the uncertainties on Ry, C,, and R¢, through the following sensitivity analysis:

oF 1 s

Eq 1

pr— pr— 4.

°6 ) =50, T R P s+ o) 55
oFE 1 52

Eq 1

= = — 4.88b

Rc, (8) aRCO R%‘O (8 + 0011%00 )27 ( )

0F; 1

As s — 0, both |Sg;| — 0 and |Sl§lco| — 0, indicating that uncertainty on C, and R,
poorly influences the estimate 7, at low frequencies. Instead, \S}%] is non-zero, indicating
that the uncertainty of Ry, leads to some steady-state estimation error |i,(t) — io(t)|. We
proceed by studying this error. Let C,, RCO, and Ry, denote the nominal values of the
components used to design &, and E; the transfer function E1, as defined in Eq. (4.86) but
evaluated using c,, }AECO, and Rp. At steady state, v, is constant, since v,(s) = V,/s. By
the final value theorem, we obtain

Jim [io(t) = io(8)] = lim [s (7o(s) ~ iols))]
~ tim s (Br() - Bu(s)) 22| = 7, R1 —a| s

Such an error is negligible when Ry, R;, — oo or Ry, — Ry. To counteract the effect of the
uncertainty on Ry, we propose a robust design of E‘l, optimally selecting R}, to minimize
the expected value of the error. Formally, let us assume that Ry is a random variable with
uniform distribution in the interval [Ry min, R max]. Then, we aim to compute

~

R* = areminE
L 2 l R, RL

RLER

] ., Rp ~U([RLmin, RL max])- (4.90)

Proposition 4.2 (Optimal estimator ﬁz)

The solution to problem (4.90) is given by the mean resistance

AL 1
RL = §(RL,min + RL,maX)' (491)

Consider the change of coordinates a = 1/ Rpand B=1 /Ry. The probability density
function of B is given by the following change of variables formula [36, Section 2.3]:

1 -2 1 1

57— if <b<

fB(b) — RL,mafoL,min RL,min - - RL,rnax’ (492)
0 otherwise.
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After the change of variables, the problem takes the form

a* =argminE|[|a — BJ]. (4.93)
acR

It is a standard result that the optimum of such a problem corresponds to the median
of the distribution of B [90, Chapter 1], i.e., a* satisfies

a* 1
/ fu(b)db = ~. (4.94)
NS 2
Computing the integral, we get
1 1 1 R max — a*
1_ {_] _ _fimex =07 (4.95)
2 RL,maX - RL,min b R; o RL,max - RL,min

Solving for a¢* and taking its inverse yields the desired result.

The estimator &(s), defined in Eq. (4.87), takes only the measurements of i7, and v, as
inputs. Moreover, F(s) is a first-order filter and iz, is not filtered. These features allow
for a cheap circuital implementation of £(s). In the remainder of this section, we detail
such an implementation, which differs from the one considered in [125].

We start from the definition of Fj(s) in Eq. (4.86), which can be equivalently rewritten

as follows:
By(s) = - — et K (4.96)
Ry 1+ (CoRc, )™t 1+ Pe
where
1 1 1
Ke=—, = = ) 4.97
TR, T C,RL+Rec) YT CoRe, (4.97)

Since Re, + Rr, > Rc,, we have that z¢ < pg and Fi(s) is a high-pass filter. Consequently,
we can resort to the circuital implementation of £(s) shown in Figure 4.8. To avoid that
the output of the OP-AMP OP? exceeds the saturation limits, we scale the gam of £ by a
factor g;, € (0,1), obtaining a scaled version of the current estimate zo sc = gzozo, i.e.,

. Vo(s) gio ] | Vo(5)

—q & 0 = |—gi, Ei(s) == . 4.98

lOVSC(S) i (8) L'L,sc(s)‘| |: 4 1< ) glL} [iL,SC(S) ( )

The transfer functions of the circuit in Figure 4.8, from inputs v, and iy, ¢ to output
50780, are given by

A

iosc(s)  RE1+sR{CY

— _%5 e Tt 4.99
wo(s) ~ RETTsRECE (4.99)
z-L,sc(S) R¢1€ + R‘Qg 14 sR5Cs ’ ’
By imposing the conditions
RE 1 1
K =5 = ——, = —, 4.100
oME Ri‘ be Rgcég zE REC{; ( )
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cs
R; ¥
|
cs
R
V(t) o—9
LA T
RS OP¢ o 3,(t)
iL,sns(t) +
R{

Figure 4.8. Estimator for i,(t).

we implement the F(s) transfer function. Then, we select R{, RS, and R§ such that

Rig Y,

CSRg RS :CgRS, — ,
RS | R) = OFRE. pipe = 22

(4.101)
ensuring that Eq. (4.99b) equals 5#.
ir

State Estimation

Let us now focus on the states z(t) of the Buck converter, i.e., 2(t) = [iL(t), vo(t)]". The
inductor current i7,(¢) can easily be sensed (see, e.g., [125]), but the capacitor voltage ve(t)
is not accessible, due to the presence of the capacitor equivalent series resistance (ESR),
i.e., Ro,. Therefore, the estimation of vc(t) is needed. This section presents a simple
algebraic estimator design for v ().
Starting from the Kirchhoff’s current law on the output node of the Buck converter, we
have that
Vo _ Vo —VC

Ry, R¢c

o

(4.102)

Then, given the measurements of ¢; and v,, and the estimate iy Of 10, we define the
estimator
. A . Re,
e = Re, (1o —iL) + (C + 1) Vo (4.103)
Ry,
We highlight that, with this procedure, 9¢(t) is obtained using only weighted sums.
Consequently, we argue that, compared to the conventional strategy of employing an

observer, the proposed approach streamlines the design and allows for a low-cost analog
implementation.
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Remark 4.11

In many practical applications, R¢, < Ry. Under this assumption, Eq. (4.103) can

be simplified to the straightforward relation 9¢ = v,, meaning that the controlled
output voltage can be directly used as a reliable estimate of the state vo(t). This choice
simplifies the circuit design of the system and reduces its costs both in economic terms
and board area.

4.4.3. Explicit MPC Design
We can now proceed with constructing the Ex-MPC policy (4.22) to control the Buck

converter.
First, following Section 4.2, we formulate the QP-MPC problem as follows:

Np—1 Np—1

min  J(g,4) = 2;6 (80 = Vollfy + lldi = DII%) + ; di — di—1||%, (4.104a)

st &g =ap = l“k] , (4.104b)
VO, k

Ziv1 = AZi 4+ Bd;i + Byyiog + Buy(Ving — Vin) +b, i=0,...,N, — 1, (4.104c)

Do; = C#; + Dyjigg, i=0,...,N,—1, (4.104d)

0<d; <1, i=0,...,N,—1. (4.104e)

Problem (4.104) is a re-adaptation of the more general version (4.3), in which we have
considered the Buck converter states z = [ir, 0¢], input v = d, output y = v,, and
disturbances v = [20, Uin|, as in Eq. (4.63). Particularly, as explained in Section 4.4.2, the
quantities v, and i, are estimated, i.e.,
R . A 1.

vok =00k,  fok = lok = Tolo,sc,k, (4.105)
where g;, € (0,1) the scaling factor of the i, estimate. Moreover, viy , = Vin i — Vin, where
Vin, is available for measurement, and iz, = ii Lsck, Where g;; > 0 is the gain of the
sensor used to measure iy,.

The cost function J in Eq. (4.104a) contains, as reference for regulation, the reference
output voltage y, = V, and duty cycle u, = D = %‘; , as defined in Proposition 4.1 and
Remarks 4.8, 4.9.

The prediction model in Egs. (4.104c), (4.104d) is given by the DT affine Buck converter
model (4.80).

As for the linear constraints (4.104e), we only impose upper-lower bound constraints on

the input, i.e., the duty cycle d, since, by definition, it can only range between 0 (0%) and 1
(100%). This yields the constraint matrices H, = [1, —1]T and h, = [1, 0] in Eq. (4.3f).
Then, the QP-MPC problem (4.104) has the following parameters:

. ~ A T
Pk = [ZL,kv VCks Yo,k Vin,k]
1 - A~ 1% T
= [EZL,SC,IW VC k> Ezo,sc,ka Vin,k::| . (4.106)
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Finally, following Section 4.3, we can construct the Ex-MPC policy associated with
problem (4.104), i.e.,
u = dy, = 7(pr) = 7([inks 9Cks ok Vink] ')
1 - ~ 14 T
=7 [EZL,SC,kv VC k> Elo,sc,k; ‘/in,k} ) (4107)

and implement it as a fully-analog electronic circuit. We will analyze this design step in
more detail in Section 4.5.

4.4.4. Stability Analysis

In this section, we establish local robust stability guarantees for the closed-loop system, i.e.,
the DT nonlinear Buck converter model (4.73), controlled by the Ex-MPC policy (4.107),
in presence of constant load and line disturbances.

Proposition 4.3 (Local robust stability)

Consider the DT nonlinear Buck converter model in Eq. (4.73), i.e.,

Try1 = f(Tr, diy ok, Vink)
= ATy + (T — DA Beviog + eT(I — e 4T AT B o Vin g, (4.108)
A

Assume that Vi, = Vin = Vin + vin and iy = 40, where vj, and 4, are constant values.
Also, consider the Ex-MPC policy (4.107). Assume that the states are available
(ve does not need estimation), so that

di, = 7([z , i0, Vi) (4.109a)
(Ki1, Kigleg + Kizio + KiaVin + 1 if 2 € Ry, @ € Lynsat,
=30 it 2 €8, (4.109D)
1 if 1, €8.

Then, the closed-loop system (4.108), (4.109) admits an equilibrium state =.

Now, let (i, vin) = eACT(B_E(iO’”iD)), where D is given by Eq. (4.75) in the undis-
turbed case (i.e., Vipy = Vin and i, = 0), and d(ig,vin) = 7(p), withp = [T', 0, Via] ',
according to Eq. (4.109).

Let R, be the unsaturated region containing p. Assume that there exists a matrix
P € R?*2 such that ||A+ BK,||p <1—¢, where 0 < e <1 and K, = [K,1, K;2].

If the disturbances 7, and v;, are such that

€

. Vin .
10,Vin) — I||p + =—||C (%0, v < =, 4.110
H(( o ln) ||P VinHC( o m)HP HBKrHP ( )

then the equilibrium state T is locally stable.
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First, we prove the existence of the equilibrium state T satisfying the closed-loop

equilibrium condition

(I - AT = (A—1)A;'Berio + (A — AV AT B, o Vi, (4.111a)
d=7([E", 0, Vin] ). (4.111Db)
Let ¢(Z,i0,Vin) = (A — APW(WTJWWD]T))Ac_lBQQVm. We observe that, for all
[Z", 0, Vin] T € P, which is a convex and compact set by Assumption 4.1, it holds that
0 < d < 1, by construction of the Ex-MPC policy 7 (4.109); therefore, the function
g is continuous and bounded over P. Also, the matrix I — A is invertible. Then, we
can leverage Brouwer’s fixed-point theorem [49], which states that, under the above
conditions, Eq. (4.111) admits at least one solution Z. Note that, the value of T
depends only on %, and vjy.

Next, we prove the local stability of Z, robustly with respect to the disturbances i, and
Vin. First, let us assume that the region R, contains a neighborhood of p = [Z ", 4, Vin] .
Then, in such a neighborhood, the closed-loop system (4.108), (4.109) evolves under
the following equation:

ot = F(z) = ez + (AT — 1)A7'Beai,

+ eAcT(I _ e_AC(KT$+KT’3’[:O+KT74‘/in+lr)T)Ac_ch’2‘/;n. (4112)

We want so show that Eq. (4.112) locally defines a contraction in the P-norm, which is
equivalent to the following condition [28]:

OF
—@| <1 4113
5@ (4.113)
For system (4.112), we have that
OF i
oy @ ="+ A= KrT=Krslo=KeaVia=I)TT B )V K, . (4.114)
X

Recalling from Eq. (4.81) that B = eAﬁ(l*E)TTBC,QVm and letting d(i,, vin) = m(D), we
can rewrite

%(z) = A+ Alig,vin) BKy,  Alip, i) = gD dliowm)T (1 o ) . (4115)
e« .
C(’h)ﬂﬁn) m

A sufficient condition to satisfy Eq. (4.113) is that

|A+ABK,||p < | A+ BE.|p + |A - I|p| BE, | »

- ||A—|—BK7~||P+HC <1+$_“> i

m

IBE,||p
P

"
<l -+ B+ (1= e+ 22 cle ) IBE lp <1 (4116)
m
Since, by assumption, ||A + BK,|p <1 — ¢, condition (4.116) becomes

v
I¢—I|lp+ ==¢llp <

€
_° 4117
o 1BE 7 (4.117)

matching Eq. (4.110).
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It is worth noting that, if the region R, also contains 7 = [Z',0, Vi, ", where # is the
undisturbed closed-loop equilibrium state (with related input D), then the local feedback
matrix K, coincides with the LQR matrix, arising from the infinite-horizon unconstrained
version of the QP-MPC problem (4.3), under the assumption that the prediction horizon
is sufficiently large and no move blocking is considered (refer to Example 2.2 for more
details). In these ideal conditions, the matrix A + BK, is guaranteed to be Schur stable;
thus, there surely exist a matrix P and a scalar e > 0 such that |A+ BK,||[p =1—¢. In
our setting, the adopted move blocking strategy induces only mild perturbations compared
to the original problem (4.3), so the resulting closed-loop matrix is expected to remain
stabilizing.

Nevertheless, the Schur stability property of A + BK, can be verified a posteriori and
serves only as a preliminary condition, as the local stability guarantees in Proposition 4.3
provide a stronger result in terms of robustness. Indeed, beyond asymptotic stability, our
analysis quantifies the admissible disturbance set, defined by Eq. (4.110), for which the
nonlinear closed-loop system (4.108), (4.109) remains stable.

It is possible to obtain a polytopic approximation of such a disturbance set. First, we
recall that, for any induced matrix norm, the following inequalities hold for the matrix
exponential:

HeMHP < e||MHp, HeM _ IHP < eHMHP —1. (4.118)

Defining Ad = d — D and letting M = —A.TAd, by Eq. (4.118) it holds that ||¢||p < e®Ad
and ||¢ — I||p < e®?d — 1, where a = ||A.||pT. Then, Eq. (4.110) can be upper-bounded
as follows:

Vin

I¢=Illp+ 22

¢l < (1= el < 145, (4.119)

in in

where g = IIBKTIIP
Now, we want to express Ad as a function of the disturbances i, and vy, only. To do so,
let us recall the closed-loop equilibrium condition within region R,, i.e., by Eq. (4.112),
H(z,i,V) =Ty 4 (eAT — 1) A1 B, i
+ AT ([ — g7 AclBrat Kot B d VAT AL B Y — g = 0, (4.120)

Under the assumption that the region R, contains the undisturbed parameter vector
P =[#7,0,Vin]", we have that

H(@,0,Viy) =0, D=KT+ Ky 4Vin+ 1. (4.121)
Assuming also that p = [T, 4,, Vin] " and 7 are sufficiently close, let
Az -7
Ap=F5—-F =|Ai|l=]| i, |. (4.122)
AV Vin

Then, we can approximate Eq. (4.120) by computing its first order Taylor expansion with
respect to p’, obtaining

_ . OH = oH
O—H(I',ZO,VEH)N ( 0 V )—f'%( 0 Vm)A$+E( 0 Vm)\AL
=0 io
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OH

+ W(T, O,Vin)%z, (4.123)
where
E:;‘;I(af’,O,Vin) =H,=1-(A+ BK,), (4.124a)
oH _, = — ATy -1
E(a: ,0,Vin) =H;y = (I —e”")A.; " B.1 — BK, 3, (4.124Db)
g;[(g;’, 0,Vin) = Hy = e (e 4PT _ [)A7' B,y — BK, 4. (4.124c)
Therefore, we can express
Az = —H; ' (Hji, + Hyvi) (4.125)
and it also holds that
1Az]|p < [|HZ (1 Hsll pliol + | Hv || pluil). (4.126)
Now, recalling the expression of Ad, i.e.,
Ad=d—- D = K, Az + K, 3i, + K; 40in, (4.127)

we have that

|Ad] < || pll Azl p + [Kralliol + [Krallvinl

< | K:lp (HH;lup(HHin\io! + HHvHP!vml)) + [ Krglio| + | Kral|vin]
= ¢ilio| + cy|viml, (4.128)
where
ci = || K|l p | Hy e | Hill P + [ Ko s, (4.129a)

co = | KrllplHZ Pl Hy | P + [ Kra

. (4.129b)

Finally, we recall Eq. (4.119) which, under the previous assumptions, can be further
approximated as

Vin Ad] Vin Vin
1_> colAd] (1— )(1—|—a|Ad|)z1+a|Ad|—
( in Vin Vin
1
< 1+a(ci\io|—|—cv|vin|)—|—v—‘|vin| <1+p8, (4.130)
yielding
) 1
acilio] + (acv + V) lvin| < 5. (4.131)
in

Eq. (4.131) defines a conservative polytopic approximation of the true admissible distur-
bance set, given by Eq. (4.110).
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4.5. Simulations and Results

In this section, we validate our Analog Circuital Ex-MPC approach, applied to the case
study of Buck converters control, through extensive simulations.
Specifically, we consider two simulation scenarios:
1) Through high-level Monte Carlo simulations, we verify the robust control perfor-
mance in presence of parametric uncertainty on the nominal value of Buck converter

passive components.

2) Through high-fidelity circuit-level simulations, we assess the control performance un-
der realistic operating conditions, including the most relevant circuit non-idealities.

Together with the simulations, we provide a detailed description of the Ex-MPC policy
design, its complexity reduction, and the circuital implementation.

4.5.1. Implementation Details
Simulations

Simulations are run on a machine powered by a 13" Gen Intel Core™ i7 CPU at 1.7 GHz,
with 16 GB of RAM.

High-level simulations are performed in MATLAB® and Simulink® (ver. 2023b). Circuit-
level simulations are performed in LTSpice®, a high-fidelity circuit simulator software [7].

The QP-MPC optimal control problem (4.104) is formulated with YALMIP [96]. The
related Ex-MPC policy (4.107) is computed with the Multi-Parametric Toolbox (MPT)
for MATLAB [71]. The non-disjoint optimal merging of regions (Section 4.3.2, p. 126) is
carried out using its implementation within the MPT toolbox.

Concerning the closed-loop system in simulations:

e For high-level simulations, the CT nonlinear Buck converter model in
Eqgs. (4.65), (4.67), and (4.69) is employed, acting as the plant to control.
This model includes all relevant nonlinearities, including the trailing-edge PWM
and the discontinuous conduction mode (DCM) behavior.

The plant is directly controlled by the Ex-MPC policy (4.107), i.e., not imple-
mented as a circuit. Thus, in high-level simulations, we neglect the effect of circuit
non-idealities. These will be considered instead in circuit-level simulations.

e For circuit-level simulations, the Buck converter is considered in its circuit form.
The plant is controlled by the analog Ex-MPC circuit, described in Section 4.3.3.
Further details on the Ex-MPC circuit implementation, especially concerning com-
ponents selection, is reported in Section 4.5.3.

Data

Relevant data shared by all simulations is the following:
e General data: T'= 2 ps, fow = % = 500 kHz.

e Buck converter: Vi, = 50 V (nominal), Vi, € [25, 75] V (range); V, = 5 V;
Ipmax = 15 A; Ry, = 3.681 Q (nominal), Ry, € [0.333, 7.029] Q (range); C, = 250 pF
(nominal), C, € 250 nF £10% = [225, 275] mF (uncertainty); L = 8.2 pH (nominal),
L € 8.2 pH + 20% = [6.56, 9.84] uH (uncertainty).
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(a) Ex-MPC partition. (b) Ex-MPC policy.

Figure 4.9. Ex-MPC policy (4.107) for the Buck converter.

o Ceramic capacitor: Rg, = 5 m{) (nominal), Rs, € 5 mQ + 50% =
[2.5, 7.5] mQ (uncertainty).

o Electrolytic capacitor: R, = 50 mQ (nominal), Rc, € 50 m$ + 50% =
[25, 75] m) (uncertainty).

e Estimators: g;, =0.2 VA~ g =0.1.

e MPC: N, =5, N.=2,Q=10>, R=10"2 Rp = 1.

o Ex-MPC: P = {p = (ir, 00, %0, Vin) € R* : i, € [0, 80] A, dc € [0, 20] V, i, €

[5, 20] A, Vi = [Vin — 35V, Viu + 35 V]}.

The range of possible values for the load resistance Ry, is evaluated as follows. First,
we consider the maximum output current bearable by the circuit /, max, and we estimate
its value as I, max = 15 A.

Then, the range of values [Rr, min, RL max] can be computed as follows [50]:

Vo 2Lmin SW

Ry min = A ~0.333Q, Rpmax = 75 ~ 7.029 Q. (4.132)
o,max 1 . _ Yo
V'in,max

Finally, according to Proposition 4.2, we choose the nominal value for Ry, as its optimal
estimate, i.e., Ry, = A’i = %(Rhmin + Rp max) ~ 3.681 Q.

Concerning the capacitor ESR R¢,, we highlight that a very large uncertainty is
considered.

4.5.2. Explicit MPC Design and Complexity Reduction

We formulate the QP-MPC problem (4.104) and the related Ex-MPC policy 7 (4.107) as
reported in Section 4.4.3. In the design, we employ the nominal values reported in the data
on p. 154. Here, let us consider the case with the ceramic capacitor (i.e., Ro, = 5 mf2).

The resulting Ex-MPC policy is, at the moment, composed of R = 19 regions (7
unsaturated, 12 saturated), with 9 unique affine functions (7 unsaturated, 1 saturated to
Uy, 1 saturated to uyp).
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In the following, we will represent the Ex-MPC policy in two dimensions, considering
only the states 77 and 9¢ as parameters, and setting %o =0A and Vi, = V;, = 50 V.
Moreover, to obtain clearer plots, we represent the Ex-MPC policy over the reduced
parameter set {(iz,dc) € R? iy, € [0, 10] A, 6¢ € [4, 5.5] V}.

The Ex-MPC policy 7 (4.107) is reported in Figure 4.9.

We reduce the complexity of m by applying, in sequence, all the four techniques reported
in Section 4.3.2.

Move Blocking Strategy

We introduce move blocking in the QP-MPC problem (4.104), with N, = 2 (lower than
N, = 5) and selecting the matrix 7" to match the type in Eq. (4.27a).

The new simplified Ex-MPC policy is reported in Figure 4.10: it is composed of
R = 7 regions (2 unsaturated, 5 saturated), with 4 unique affine functions (2 unsaturated,
1 saturated to up, 1 saturated to uy,). Therefore, with the move blocking strategy,
complexity has been reduced by 63%.

5.5
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4.5 ¢
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. 5.5 wo [V
ir [A] Z-L [A] 0 C [ ]
(a) Simplified Ex-MPC partition. (b) Simplified Ex-MPC policy.

Figure 4.10. Simplified Ex-MPC policy for the Buck converter, obtained by applying the move blocking
strategy. Each color relates to a different affine function.

Non-Disjoint Optimal Merging of Regions

After move blocking, we apply the non-disjoint optimal merging of regions.

The new simplified Ex-MPC policy is reported in Figure 4.11: it is composed of R =5
regions (2 unsaturated, 3 saturated), with 4 unique affine functions (2 unsaturated, 1
saturated to u,, 1 saturated to uyp). From Figure 4.11a, we can see that a single overlap
occurs between the couple of regions saturated to uy, = dyp = 0 (S, ). Therefore, with
non-disjoint optimal merging, complexity has been further reduced by 29% (overall, 74%).
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Figure 4.11. Simplified Ex-MPC policy for the Buck converter, obtained by applying move blocking and
non-disjoint optimal merging of regions. Each color relates to a different affine function. In (a), region
overlaps are reported with a lighter shading.

Hyperplane Separation of Saturated Regions

After move blocking and non-disjoint optimal merging, we apply hyperplane separation of
saturated regions.

To compute the affine separation function o(p) = a'p+ b, with p = [ir, 9, t0, Via] |,
we leverage Theorem 4.2. Specifically, by solving the LP feasibility problem (4.41), we
obtain the feasible solution

a* = [-0.010059, —0.39410, 0.010033, —0.00050301] ",
b* =1.9191,
£ =1.3042 x 1072 > 0. (4.133)

Therefore, the affine separator exists and is computed as o(p) = a*"p + b* (Figure 4.12b).
To better visualize (in two dimensions) the regions separation, we compute the zero-level
set of o, i.e., {(ir,¢) € R2 : o(ip, bc,0,Vin) = 0} = {(ir, 0c) € R? : t¢ = —%iL - &1,
and report it in Figure 4.12a.
After this simplification step, we are left with only R = 2 unsaturated regions, with 2
unique unsaturated affine functions. Therefore, with hyperplane separation of saturated
regions, complexity has been further reduced by 60% (overall, 89%).

After this three-fold complexity reduction (i.e., move blocking strategy, non-disjoint
optimal merging of regions, and hyperplane separation of saturated regions), the simplified
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Figure 4.12. Simplified Ex-MPC policy (4.134a) for the Buck converter, obtained by applying move
blocking, non-disjoint optimal merging, and hyperplane separation of saturated regions. Each color relates
to a different affine function: regions saturated to wy, (S, ), regions saturated to uub (S, E). In (a),

region overlaps are reported with a lighter shading.

Ex-MPC policy in Figure 4.12 has the following expression:

-—0.013029 1.0464 0.013172 —0.0022499 -5
ses” B Toh” p -~
—0.p8aies T ) 0 0 0 0.058824 -2
G893 | 114988 if 0 0 0 03 gy || <0,
—0.0044955 e o P 0 s
—0.029379 —1.0343 0.029473 —0.0016069 5
L 0.027419 0.96527 —0.027506 0.0014997 =5
- 0 0 0.25 0 -5
0 0 0 0.058824 s
ds, —0.068097 7 T 8 8 01 —0-?63333 5
= —4.0252 . - =5
[ 0.068908 } pr +20.395 if e 0 0 0 et || <0,
—0.0020622 —0.017555 —1.0377 0.017583 —0.00053163 5
0.013029 —1.0464 —0.013172 0.0022499 5
L 0.016694 0.98678 —0.016721 0.00050556 -5
0 if Pk ¢ Runsats 0(pk) <0,
1 if Pk ¢ Runsat7 U(pk) > 0.
(4.134a)
s N A T
where p, = [irLk, Ock, %ok, Vinkl and
o(pr) = [—0.010059 —0.39410 0.010033 —0.00050301] pr + 1.9191. (4.134Db)

Removal of Trivial Inequalities

Observing Eq. (4.134a) and Figure 4.12a, we see that the 2 unsaturated regions have 1
common facet and are delimited by 6 hyperplanes, 2 of which are given by the set P.
As a consequence, the unsaturated regions of the simplified Ex-MPC policy (4.134a)

can be defined by 4 non-trivial inequalities only, of which one is shared.
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Applying the same procedure, we can obtain the following results for the case with the
electrolytic capacitor (i.e., Rc, = 50 m2):
e Without complexity reduction, the Ex-MPC policy consists of R = 21 regions (6
unsaturated, 15 saturated) with 8 unique affine functions (6 unsaturated, 1 saturated
to up, 1 saturated to uyp).

e Applying the move blocking strategy, the simplified Ex-MPC policy consists of R = 7
regions (2 unsaturated, 5 saturated) with 4 unique affine functions (2 unsaturated,
1 saturated to ujp, 1 saturated to uyp,), achieving 67% reduction.

e Applying also the non-disjoint optimal merging of regions, we obtain R = 5 regions (2
unsaturated, 3 saturated) with 4 unique affine functions (2 unsaturated, 1 saturated
to uyp, 1 saturated to uyp), achieving 76% reduction.

e Applying also the hyperplane separation of saturated regions, we are left with only
R = 2 unsaturated regions, with 2 unique unsaturated affine functions, achieving
90% reduction.

4.5.3. Circuital Implementation

The analog circuit implementing the Ex-MPC policy (4.134a) is realized according to
Section 4.3.3. The estimator £ is designed according to Section 4.4.2.

In the design of both circuits, we employ the nominal values reported in the data on
p. 154. For passive circuit components (i.e., resistors and capacitors), we use values taken
from the standard E-series.

The overall circuit schematic is reported in Figure 4.13.

The power stage of the Buck converter is implemented through the synchronous Buck
controller LTC7060. The latter drives the high-side and low-side power MOSFETs of the
half-bridge, which are the BSCO50N04LS and BSCO16N04LS, respectively, depending on the
state of the logic signal provided on the PWM input pin.

The Dickson’s charge pump, including Chump-Dpump, serves to drive the gate of the
n-channel MOSFET BSC050N04LS, and it takes as input the voltage V.. = 12 V.

Both the load current estimator (Figure 4.8) and the generalized adders, implementing
the Ex-MPC affine functions (Figure 4.5), employ the AD8031 OP-AMP. The AD8031 is a
rail-to-rail OP-AMP that operates with a single-supply voltage and is characterized by a
gain-bandwidth product of 80 MHz.

The single-supply comparator used to implement the Ex-MPC regions and the affine
separator (Figure 4.6) is the LT1721.

The inductor current sensing is performed through a 10 m{2 shunt resistance Rgense,
together with the current-sense amplifier AD8410A. The latter offers a 2.2 MHz bandwidth
(four times higher compared to fs), and it is configured so that its voltage gain is
Agense = 20. Therefore, the overall gain is ¢;;, = RsenseAsense = 0.2 VAL

The OP-AMPs, the current-sense amplifier, and the comparators are supplied with
a voltage Vgg = 5 V. Also, within the generalized adders and comparators, we set the
constant voltage Vo = Vjqg = 5 V (refer to Section 4.3.3).

Finally, the 4-channel analog MUX is the ADG5404, operating with the V. supply
voltage.
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Figure 4.13. Ex-MPC analog circuit controlling the Buck converter: complete schematic.
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Effect of Complexity Reduction on Circuital Implementation

After the four-fold complexity reduction carried out in Section 4.5.3, we can comment
on how many components are required to implement the Ex-MPC policy (4.134a) as an
analog circuit. With reference to Section 4.3.3, we can say the following:

e A four-channel MUX is required, in order to select the control input from each of

the 2 unsaturated affine functions, and the two saturated input values, dj, = 0 and
di, = 1.

e To implement the Ex-MPC affine functions by means of generalized adders (Sec-
tion 4.3.3, p. 135), 2 generalized adders are needed, 1 for each unique affine function.

e To implement the Ex-MPC regions and the affine separator by means of comparators
(Section 4.3.3, p. 136), a total of 5 comparators are needed, 1 for each non-trivial
inequality and 1 for the affine separator.

Therefore, our analog Ex-MPC circuit can be implemented with only 5 comparators, 2
OP-AMPs, and a four-channel MUX.

Logic Gate Network

In order to implement the network of logic gates in Section 4.3.3, p. 139, whose role is to
generate the selection signal g for the MUX, we construct a truth table (Table 4.1), relating
the signals (rj);\[:“i‘sat, s, and ¢q. Recall that, in the simplified Ex-MPC policy (4.134a),
we have only 2 unsaturated regions, with 2 unique unsaturated affine functions, thus
Nungat = N = 2. Also, in our four-channel MUX, the selection signal is binary encoded,

50 ¢ = (¢i)j—g With [logy(Ny; +2)] = [logy(4)] = 2.

s oo T2 |41 qo
0O 0 0|1 O
0O 0 1|0 1
0O 1 0|0 O
0O 1 1 - -
1 0 0|1 1
1 0 10 1
1 1 0]0 O
1 1 1 - -

Table 4.1. Truth table for the MUX selection signal. “-” stands for “don’t care”.

The resulting logic expression that can be inferred from Table 4.1 is the following:
QP=T10(s®r2), q=r1Ora. (4.135)

Eq. (4.135) represents the digital logic network to be implemented, and requires only 5
logic gates: 1 AND, 2 OR, and 2 NOT.

Comparison With the Literature

Compared to the analog circuit for solving QPs proposed in [152], our Ex-MPC circuit uses
OP-AMPs operating entirely in the linear region, thereby avoiding slew-rate limitations
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and resulting in a lower latency. This behavior is confirmed by the simulation results in
Section 4.5.5: using the reported commercial components, our Ex-MPC circuit achieves a
total latency of ~ 1 ps, representing a substantial improvement (in relative terms) compared
to the 6 ps reported in [152]. Furthermore, in our design fewer OP-AMPs are needed: we
only require 1 OP-AMP per region, versus the 2 OP-AMPs per inequality in [152].

4.5.4. Robust Performance Assessment

In this section, we assess the robust control performance of the Ex-MPC policy (4.107) in
presence of uncertainties in the Buck converter model parameters.

To this end, we carry out an extensive Monte Carlo simulation campaign. To per-
form these simulations, we have chosen the MATLAB-Simulink environment for its higher
computational efficiency, compared to other more accurate circuit simulators.

Within the Buck converter model (4.69), we introduce parametric uncertainty on the
nominal value of its passive components, i.e., Ry, L, C,, and R¢,, according to the data
on p. 154. In the Monte Carlo simulations, these uncertain parameters are treated as
random variables, with uniform probability distribution within their respective uncertainty
intervals, i.e.,

RL ~ U([RL,miny RL,max])a L~ U([Lmina Lmax])’
Co ~ U([Co,mina Co,min])a RCO ~ U([RCo,mina RCo,max])- (4136)

For Rc,, we consider both the cases of ceramic and electrolytic capacitor.

A total of 500 random runs are performed.

We study the response of the closed-loop system, i.e., the controlled output voltage
vo(t), in presence of both load and line variations, i.e., injecting the disturbances i,(¢) and
vin (%), respectively.

Figure 4.14 reports the closed-loop system response v,(t) in presence of a step load
%Z; such an amplitude is chosen so
that the total output current jumps exactly to the worst case value I, max.

disturbance i,(t), with amplitude equal to I, max —

Figure 4.14a reports the ceramic capacitor case, in which the load disturbance is injected
at t = 2.4 x 1073 s; Figure 4.14b reports the electrolytic capacitor case, in which the load
disturbance is injected at t = 2 x 1073 s.

Figure 4.15 reports the closed-loop system response v,(t) in presence of a step line
disturbance vi,(t), with amplitude equal to 10 V; such an amplitude is significantly high
compared to the nominal line voltage Vi, = 50 V.

Figure 4.15a reports the ceramic capacitor case, in which the load disturbance is injected
at t = 2.8 x 1073 s; Figure 4.15b reports the electrolytic capacitor case, in which the load
disturbance is injected at t = 2.4 x 1073 s.

Overall, we observe that the Ex-MPC policy (4.107), controlling the Buck converter
model (4.69) with parametric uncertainty, achieves consistently good performance across
the entire range of admissible component values, demonstrating the robustness of the
adopted methodology. In general, we observe that the parametric uncertainty leads to a
slightly erroneous steady state value, i.e., the reference output V, = 5 V is not exactly
tracked. Still, the error is always lower compared to the ripple voltage, which is acceptable.

Concerning disturbance rejection, a very small settling time is achieved in all simulations.
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Figure 4.14. Ex-MPC robust performance in presence of parametric uncertainty: closed-loop system

response v,(t) (nominal —, uncertainty ) to a step load disturbance i,(t).
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Figure 4.15. Ex-MPC robust performance in presence of parametric uncertainty: closed-loop system
response v, (t) (nominal —, uncertainty ) to a step line disturbance vin (¢).

Such a settling time is comparable to just a few cycles of the PWM modulation frequency:
on avarage, three cycles are sufficient to restore steady-state cyclostationary operation.

In the case of load disturbance (Figure 4.14), the undershoot /overshoot strongly depends
on the disturbance amplitude and the capacitor ESR value R¢, , being significantly larger
for the electrolytic capacitor case. Specifically, we see that, when considering the electrolytic
capacitor (i.e., higher R¢,), the load disturbance undershoot becomes more pronounced,
but the settling time improves.

For what concerns line disturbance (Figure 4.15), we observe, as expected, a small
steady-state tracking error, resulting from the linearized model nonlinearity involving V.
However, this effect is always comparable to, or less than, the voltage ripple.

4.5.5. Circuital Simulations

Now, we assess the control performance of the analog Ex-MPC circuit, controlling the
Buck converter, by means of circuit-level simulations.

These simulations, carried out in LTSpice, are extremely accurate and allow to demon-
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strate the practical feasibility of the proposed approach in real-world conditions. Through
these simulations, we can also investigate the impact of circuit non-idealities on control
performance.

In order to conduct the simulations, we select commercially-available components
to implement the circuit (refer to Section 4.5.3 for more details). For each component,
the manufacturer model has been imported into the LTSpice scheme. This enables
accurate transistor-level simulation results, which include the non-idealities of the selected
components. Among these, we have the finite gain-bandwidth product, the offset currents
and voltages, and the slew-rate limitations for OP-AMPs, and the response delay for
comparators, MUX, and logic gates.

We conduct a total of 9 simulations, considering 3 values for the resistive load Ry,
and 3 values for the supply voltage Vin. Specifically, R, € {1 Q, 3 Q, 5 Q} and
Vin € {40 V, 50 V, 60 V}. The different values for the supply voltage allow to model a
constant line disturbance vy, € {—10V, 0V, 10 V}. Instead, concerning load disturbance,
a drawn output current pulse i,(t) is considered, with amplitude 10 A and duration 0.2 ms.

Figures 4.16a-4.16¢ report the closed-loop system response, i.e., the controlled output
voltage v,(t), in presence of the load and line disturbances described above, within the
considered high-fidelity simulation environment.

For each simulation, the response is compared to that achieved using standard voltage
mode control (VMC). The closed-loop system response with VMC is also obtained through
LTSpice simulations. For details on design and implementation of the VMC controller, we
refer the reader to [125].

Results indicate that, with the selected components, the impact of circuit non-idealities
is negligible, as the circuit-level system responses are mostly overlapping with those obtained
through the high-level simulations in Section 4.5.4.

The Ex-MPC circuit exhibits a total propagation delay of 1 ps, which is shorter than
the switching period T = 2 ps (fsw = 500 kHz). Since T" also serves as the discrete time
step in the QP-MPC problem (4.104), underlying the Ex-MPC policy (4.107), this confirms
the feasibility of the Ex-MPC circuit for high-frequency operation. This result represents
a considerable improvement with respect to state-of-the-art analog approaches [152] and
existing digital MPC implementations for Buck converters [42, 100, 95, 3].

In terms of load disturbance rejection, the analog Ex-MPC circuit significantly outper-
forms standard VMC. At ¢t = 0.5 x 10~ s (4, rising edge), the undershoot is comparable
between Ex-MPC and VMC; instead, the settling time is 2.5 ns for Ex-MPC, significantly
lower than the 10 ps of VMC. Similarly, during the recovery phase at t = 2.5 x 1074 s (i,
falling edge), the settling time is 50 ps for Ex-MPC, while VMC largely exceeds 250 ps. In
this latter case, the faster response is accompanied by a larger overshoot, i.e., 7.2% for
Ex-MPC and 5.6% for VMC, on average. These results are consistent across the various
supply voltages and load configurations.

In all simulations, both Ex-MPC and VMC exhibit a small steady-state tracking error,
which, in either case, is at maximum around 10 mV. For Ex-MPC, this error arises due
to the joint effect of the uncertain load value R, the model linearization error, and the
approximation introduced by rounding passive components (which define the Ex-MPC
policy coefficients) to the nearest standard E-series value. Conversely, VMC benefits from
an inherent integral action that theoretically ensures zero steady-state error. The small



Simulations and Results 165

54 I T T T T T T T

(¢) Supply voltage Vi, = 60 V (vin = 10 V).

Figure 4.16. Ex-MPC control performance, through high-fidelity circuit-level simulations, and comparison
with voltage mode control (VMC): closed-loop system response v,(t) for different resistive loads Rp €
{1Q, 3Q, 5Q}, in presence of a constant line disturbance vin € {—10 V, 0V, 10 V} and a pulse load
disturbance i,(t), with amplitude 10 A, starting at ¢ = 0.5 x 107* s and ending at ¢t = 2.5 x 10™* s
(Ex-MPC, R, = 1 Q —; ExMPC, R, =3 Q —; ExMPC, R, =5Q —; VMC, R, =1 Q —;
VMC, R, =3Q —; VMC, R, =5Q —).
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error observed in simulations can be attributed to the non-ideality of the OP-AMP used in
VMC implementation.

4.6. Chapter Summary

In this chapter, we presented a general methodology for designing fully-analog electronic
circuits implementing Explicit Model Predictive Control (Ex-MPC) policies. Our approach
leverages the piecewise-affine (PWA) structure of Ex-MPC policies to map the control law
directly into an analog architecture. Furthermore, we adopt a series of complexity-reduction
strategies to minimize the number of Ex-MPC regions and the number of linear inequalities
defining them, thus ensuring a cheaper and faster analog implementation.

Our Analog Circuital Ex-MPC approach was applied to the control of Buck converters,
achieving effective rejection of line and load disturbances. Also, we established theoretical
guarantees on the local robust stability of the closed-loop system, controlled by the analog
Ex-MPC circuit, leveraging contraction theory.

Our approach was validated through high-level and circuit-level simulations, to assess
robust performance, in presence of parametric uncertainty, and control performance in a real-
world conditions, including circuit non-idealities. Simulations confirmed the proficiency of
the analog Ex-MPC circuit in delivering the control action, while outperforming conventional
strategies in terms of disturbance rejection.



Conflicting Objectives in
Economic MPC Applications

167






Economic Nonlinear MPC for
Conflicting Control Objectives With
Constructive Stability (Guarantees

5.1. Introduction

N THE LAST two decades, Economic Nonlinear Model Predictive Control (E-NMPC) has
I emerged as a noteworthy variant of classic Nonlinear MPC (NMPC) for systems where
economic performance is of primary concern [135, 48, 9, 134]. Unlike conventional NMPC,
which mainly considers regulation or tracking objectives, E-NMPC directly employs an
economic criterion as stage cost of the optimal control problem. In this way, E-NMPC is
capable of steering the system under control towards its economically optimal equilibrium
state, while also ensuring a profitable economic performance during the transient [134].
This capability makes E-NMPC a promising strategy for applications where the key focus
is minimizing operational costs or resource consumption.

Alongside its considerable promise, E-NMPC presents two main limitations. First, the
optimal control problem only accounts for the economic objective, thus not allowing to
include any additional conflicting control task, such as regulation or tracking towards a
desired reference. Second, employing an economic criterion as the E-NMPC stage cost
makes the latter, in general, non-minimal at the optimal economic equilibrium [48, 134].
As a consequence, the optimal E-NMPC cost value cannot serve anymore as a Lyapunov
function, rendering stability guarantees more challenging to ensure than in standard
NMPC [104, 48]. Dissipativity-based arguments have been explored to provide stability
results [9, 134], yet these approaches require a case-by-case analysis and usually apply only
to restricted classes of systems [134].

In this chapter, we address these limitations — namely, the inability to handle conflicting
objectives and the non-triviality of stability guarantees — by presenting a novel E-NMPC
control problem formulation [34]. Our E-NMPC approach jointly accounts for both economic
and tracking objectives, regulating the plant towards the optimal trade-off equilibrium
between these two conflicting tasks, thus mediating economic and tracking performance
within the same E-NMPC control policy. In addition, we introduce a general constructive

169
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procedure for the design of suitable stabilizing terms for E-NMPC, ensuring its closed-loop
stability with minimal impact on the economic performance.

A particularly relevant field of application for our E-NMPC approach is represented by
electric vehicles (EVs) energy management. In recent years, the escalating environmental
impact of global warming and pollution has become a growing concern for both the
public and the scientific community worldwide. In response, the automotive industry has
accelerated its transition towards more sustainable alternatives to internal combustion
engines. EVs have emerged as a leading solution, offering an effective way to reduce
emissions and mitigate the environmental damage caused by conventional transportation
methods [33].

However, being EVs supplied with energy that is still largely generated through conven-
tional means, eliminating emissions is not enough to minimize their environmental impact:
an important factor lies in optimizing the energy consumption during vehicle operation.
From a control perspective, energy optimization can be integrated with autonomous vehicle
functionalities. A notable example is represented by Adaptive Cruise Control (ACC), a
driver-assistance system designed to control the vehicle speed, while ensuring safe driving
conditions with respect to the preceding vehicle [151, 165]. ACC can either maintain a
velocity selected by the driver or dynamically adapt it according to the leading vehicle
behavior.

Conventional ACC control strategies typically only account for the tracking task,
disregarding economic performance. Examples include the constant time gap (CTG)
policy [132, 155, 136], whose goal is to maintain a prescribed time-based headway gap
between the ego and leading vehicle; such a gap equals the time needed by the ego
vehicle to reach the leading one at its current speed. CTG, however, exhibits several
drawbacks, among which non-optimality and inability to handle state and input constraints.
Other widely-adopted ACC strategies include fuzzy logic control (FLC) [118, 12, 106] and
reinforcement learning (RL)-based control [25, 1]. FLC employs a rule-based decision-
making approach, bearing the hallmarks of interpretability and fast execution, but lacking
prediction and adaptation capability. RIL-based control, on the other hand, leverages
machine learning to deliver suitable control actions by learning from real driving data. RL,
however, requires high amounts of data and extensive training in diverse scenarios, while
its lack of interpretability poses a challenge for ensuring safety.

The ACC case study is employed to validate our E-NMPC strategy, considering
two different scenarios: velocity regulation only and with the inclusion of a prescribed
intervehicular distance, given by the Constant Time Gap (CTG) policy [136]. These
tracking objectives are considered in combination with the economic task of minimizing
the vehicle energy consumption, which in the case of EVs specifically translates into the
minimization of battery usage.

The effectiveness of the ACC based on E-NMPC is thoroughly assessed in simulation,
encompassing E-NMPC control performance, trade-off between conflicting objectives,
stability, and economic profit compared to standard NMPC. Results demonstrate the
proficiency of E-NMPC in delivering the ACC control action, for both tracking and
economic tasks. Also, E-NMPC attains a higher economic profit compared to NMPC,
while ensuring its closed-loop stability.
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5.1.1. Outline

This chapter is organized as follows. Section 5.2 introduces the problem statement. Sec-
tion 5.3 presents the E-NMPC approach for conflicting control objectives with constructive
stability guarantees. Section 5.4 describes the application to Adaptive Cruise Control.
Section 5.5 reports simulation results.

5.1.2. Related Works

This chapter is based, in part, on the following works:

e L. Calogero, M. Pagone, C. Novara, and A. Rizzo, “Economic Nonlinear MPC
for Conflicting Control Objectives: The Case of Adaptive Cruise Control,” in
Proceedings of the IEEE Conference on Decision and Control, 2025.

e L. Calogero, M. Pagone, L. Zino, C. Novara, and A. Rizzo, “Economic Nonlinear
MPC for Conflicting Control Objectives with Constructive Stability Guarantees: A
Two-Fold Application Case Study,” in Proceedings of the “Automatica.it” Conference,
2025.

5.2. Problem Statement
Let us consider a discrete-time (DT) nonlinear dynamical system, i.e.,

Trt1 = f(xg,ug), k€ Z>o, (5.1)
subject to the linear constraints

xp e X ={x e R"™ : Hyx < h,} CR", (5.2a)
ug €U ={u € R™ : Hyu < hy} CR™, (5.2b)

at all time instants £k > 0. Let Z2 = X x U.
We consider the following regularity assumptions for system (5.1):

Assumption 5.1

System (5.1) is controllable [48], the state xj, is available at each time instant & > 0,
and f is C'-smooth on Z.

Assumption 5.2

System (5.1) admits a manifold Z5 of admissible equilibrium points (zs, us), i.e.,

Zs = {($s,us) €EZ:xs= f(x87u8)}' (5'3)

In the following, we employ the notations z = [z, "] and z = (x,u) interchangeably,
to denote a couple of state and input vectors.

Let us now consider a desired reference equilibrium point (z,,u,) = z, € Z, toward
which we want to stabilize system (5.1). However, we would also like that, in the transient
phase of regulation, the system operates with a profitable economic performance. Such two

control objectives, i.e., regulation and economic profit, are conflicting with each other.
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To quantify these two control tasks, let us define a “performance-metric” stage cost
function ¢ as follows:

Uz, u) = lp(x,u) + Le(z,u), (5.4a)
b, w) = o = 2llg + llu—ur||%. (5.4b)

Here, the stage cost function £ encodes the two conflicting control objectives mentioned
above: the term /¢, is the classic quadratic stage cost, quantifying the regulation control
task towards the reference z, € Z; (Remark 2.5); the term /., instead, represents an
economic criterion — which, typically, is non-quadratic and non-convex — to be optimized
for the system to operate with a profitable economic performance.

Therefore, £ is an economic stage cost function [134].

Assumption 5.3

The economic criterion £, (and, thus, the economic stage cost ¢) is locally Lipschitz
continuous on Z.

If we minimize ¢, and /. individually over the equilibrium manifold Z;, we obtain

min_ /4, (x,u) =0, argmin £, (z,u) = (2, ur) = 2, (5.5a)
(zu)€Zs (z,u)€Zs

min_ le(x,u) = le(Te,ue), argmin le(z,u) = (Te, Ue) = Ze. (5.5b)
(zu)€Zs (z,u)€Zs

In general, being ¢, an economic criterion, there exist some transient points (z,u) € Z ~\ Z
such that £.(x,u) < le(Ze, ue), i.e., L is not minimal in z, [134].
Now, minimizing the composite stage cost £ over Z,, we obtain

min  l(x,u) = l(zs,us), argmin l(z,u) = (x5, us) = 2. (5.6)
(z,u)€Zs (z,u)EZS

Here, z; is a trade-off equilibrium between the two conflicting objectives, for which it holds
that £, (zs, us) > €p(zr, uy) and le(xs,us) > Le(xe,ue). The priority of one objective over
the other can be set by properly tuning the weighting parameters of ¢, and £.. Also for ¢,
in general, it holds

Uz, u) < l(zs,us) for some (x,u) € Z\ Zs. (5.7)
Given the above setting, our goal is to design an MPC-based optimal control strategy
to regulate system (5.1) towards the trade-off equilibrium z4, while ensuring that:

e in the transient phase of regulation, the optimal trade-off between the two conflicting
objectives (i.e., tracking and economic performance) is achieved;

e the stability of the closed-loop system is guaranteed.

Being ¢ an economic stage cost function, we leverage Economic Nonlinear MPC (E-
NMPC), as detailed in the next section.

5.3. Economic Model Predictive Control for Conflicting Con-
trol Objectives

Economic Nonlinear MPC (E-NMPC) is a noteworthy variant of classic Nonlinear MPC
(NMPC), whose purpose is to steer the system under control towards an economically
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optimal equilibrium state — for a given economic criterion — while also ensuring a profitable
economic performance during the transient phase of regulation. This is achieved by directly
employing the economic criterion as stage cost function of the E-NMPC optimal control
problem [134].

5.3.1. Economic NMPC Formulation

Economic NMPC provides, at each discrete time instant £ > 0, an optimal control input
uj,, obtained by solving the following NLP optimal control problem:

Np,—1
min J(d,4) = Z P, 5) + Vi(aw,) (5.82)
s.t. Zo = xg, (5.8b)
i = f(@0, ), i=0,...,N,—1, (5.8¢)
(i) € Z, i=0,...,N,—1, (5.8d)
PN, € Xy, (5.8¢)

In the E-NMPC economic cost function (5.8a), ¢ is the economic stage cost and Vy is a
terminal cost. While V/ is present in general E-NMPC formulations (see, e.g., [52]), for our
needs we set V¢(2y,) = 0. The nonlinear prediction model (5.8b) is given by system (5.1).
Eq. (5.8¢) reports linear input and state constraints, given by the convex polytopic sets X
and U, according to Eq. (5.2). Eq. (5.8d) enforces a terminal state constraint, defined by
the terminal set Xy C R"=.

System (5.1) is controlled via the one-step receding horizon policy, i.e., at each k, only
the first optimal predicted input ﬁa i 1s applied to the system.

Under the one-step receding horizon policy (see Section 2.2), the E-NMPC problem (5.8)
can be represented by a static state-feedback control policy 7, as follows:

U = ﬂa‘k = 7T(£L'k), (5.9)
and the closed-loop system (5.1), (5.9) evolves as

Tpy1 = fag, m(zr)), k>0. (5.10)

Now, recalling Eq. (5.4), we may think in principle to employ as stage cost ¢ in
Eq. (5.8a) each of the terms /,, x € {r, e}, individually. Then, assuming that the E-NMPC
policy (5.9) ensures closed-loop stability, system (5.1) is regulated towards the equilibrium
2« (see Eq. (5.5)), attaining the corresponding control task with the optimal transient
behavior. However, being the two tasks conflicting, ¢, # £, and z, # z.. Therefore, we
employ the composite function ¢ in Eq. (5.4) as stage cost ¢ in Eq. (5.8a), i.e.,

pla,u) = Uz, u) = llo = 2llg + lu = ur || + Le(z, u). (5.11)

By employing the above stage cost, system (5.1) is going to be regulated towards the
trade-off equilibrium z; (see Eq. (5.6)), achieving, during the transient, the optimal trade-off
between the two conflicting control tasks.

Now, a further challenge is posed by guaranteeing the closed-loop stability of sys-
tem (5.1), under the control of the E-NMPC policy (5.8), (5.9) with stage cost (5.11).
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To this end, in the next section we propose a constructive procedure to design stabilizing
terms for the E-NMPC strategy (5.8). Moreover, we will analyze the trade-off between
economic profit and stabilization introduced by such terms.

5.3.2. Constructive Stability Guarantees

In the Economic MPC framework, ensuring closed-loop stability is not as straightforward
as in the classic MPC setting (Section 2.2.1). This arises because the economic stage cost
¢ (5.4) is not minimal at the equilibrium z, as highlighted by Eq. (5.7). This condition
on the stage cost is expressed by Assumption 2.10, concerning the closed-loop stability of
classic NMPC.

This aspect does not allow to employ the optimal cost value J*(z) of the E-NMPC
problem (5.8) as a Lyapunov function (Theorem 2.2), since J* may not be monotonically
decreasing along the trajectories of the closed-loop system (5.10), even if the latter is stable.

In the following, our goal is to introduce suitable ingredients into the E-NMPC prob-
lem (5.8) to enforce closed-loop stability. These stabilizing terms should also be tunable,
enabling to set a trade-off between stabilization and the economic profit given by the
original non-stabilized problem [34].

We start by stating the following theorem, which establishes the structure of the
stabilized E-NMPC problem, by introducing suitable additional terms:

Theorem 5.1 (E-NMPC constructive closed-loop stability)

Consider the E-ENMPC optimal control problem in Eq. (5.8) and let Assumptions 5.1-5.3
hold.

a) Let the cost function in Eq. (5.8a) be
Np—1
J(&,a) =Y 03, 10), (5.12)
=0

where ¢ is an augmented stage cost, defined as

Uz, u) =Ll(z,u) + a(z,u), oflr,u)=ak(z—xs,u— us), (5.13)

where ¢ is given by Eq. (5.4), k : Z — R is a positive-definite function, and
ac R>0.

b) Let the terminal set in Eq. (5.8d) be
Xp = {x,}. (5.14)

If the weighting parameter a satisfies

a> g(x;v_uz)s—ufix;?)), V(z,u) € Z~{(ws,us)}, (5.15)

then z is an asymptotically stable equilibrium of the closed-loop system (5.10), with
region of attraction X, , being Xy, the set of feasible states (see Definition 2.4).
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By Eq. (5.15), it holds that, V (z,u) € Z ~ {(xs,us)},

Uzs,us) — Uz, u) < a(z,u), (5.16a)
Uz, u) = bz, u) + oz, u) > Uxs, us). (5.16b)

Also, U(xs,us) = £(xs, us). Therefore, min(, ez {(x,u) = £(xs,us) and (s, us) is the
unique minimizer of /.
Let us consider the optimal cost value J*(z) of the E-NMPC problem (5.8), (5.12)-
(5.14), as a function of the initial state € X,. By Eq. (5.16b), it holds that
min J*(z) = Npl(zs, us) = J*(xs), (5.17)

xGXNp

with feasible state and input sequences
(i‘i,ﬁi) = ($S,u5), iZO,...,Np—l, -%Np = Ts. (5.18)

Then, it holds that zs € Xy, and us = 7(xs) (5.9).

Now, let us consider the candidate Lyapunov function V(z) = J*(z) — J*(xs),
which is positive definite in Xy, wrt x, since V(z5) = 0 and, by Eq. (5.17), V(z) > 0,
Vo e Xy, \ {zs}.

By letting the terminal set in Eq. (5.8d) be Xy = {zs} as in Eq. (5.14), we can
leverage the stability arguments employed in the proof of Corollary 2.2, for which it
holds that

V(zt) < V() + l(xs,us) — Uz, w(x)), (5.19)

where zt = f(z,m(x)) is the closed-loop successor state, under the E-NMPC control
policy (5.9).
By Egs. (5.13) and (5.16a), it holds that

V(zT) —V(z) < lzs,us) — Uz, 7(x)) — oz, 7(z))
< a(z,n(z)) —alz,n(z)) =0, (5.20)

Vz € Xn, \ {z}, while the equality holds for z = x4, since m(xs) = us. Therefore,
V(z) — V() is negative definite in Xy, wrt z,.

We then conclude that x4 is an asymptotically stable equilibrium of the closed-loop
system (5.10), with region of attraction Xy, .

After having formulated the stabilized E-NMPC problem (5.8), (5.12)-(5.14) through
Theorem 5.1, we would like to define a constructive procedure to design the additional
stabilizing terms, i.e., the weighting parameter a and the positive-definite function x in
Eq. (5.13).

Let us start from the weighting parameter a. In order to guarantee the stability of the
closed-loop system (5.10), the value of @ must be sufficiently high to satisfy Eq. (5.15).

However, the higher is the value selected for a, the lower will be the economic profit
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achieved during the transient phase of regulation. This occurs since the function « in
Eq. (5.13) increasingly favors a more stable transient response, at the expense of a higher
economic profitability that would otherwise be achieved by the original non-stabilized
E-NMPC problem (5.8).

Therefore, in order to attain stabilization with the minimal impact on economic
performance, we select an optimal value for a, leveraging the following result:

Result 5.1

The optimal value of the weighting parameter a that minimizes the influence of o on

the original stage cost £ is given by

* g(x&us) _e(ﬂf,u)
a = sup
(x9u)€Z\{(ﬁ75:us)} 'k"/('r —Ts, U — us)

+e (5.21)

where € > 0 is arbitrarily small.

Result 5.1 can be readily interpreted by noticing that a* is the minimal value satisfying
Eq. (5.15).

After having selected the value of a, the next step is to define the shape of the function
k. A key design requirement is that x must ensure the finiteness of the optimal value a*.
This condition is crucial because, if, for a given x, Eq. (5.21) admits only the solution
a* = +o00, then the E-NMPC problem cannot be stabilized with that choice of k.

To this end, we state the following proposition, which establishes a general condition
on x that guarantees the finiteness of a*:

Proposition 5.1

If the original stage cost ¢ and the function k are related as follows:

Uz, u) = (x5, us) + O(k(x — x5, u —us)) as (z,u) — (zs,us), (5.22)

where O(-) is Landau’s big O [87], then a* in Eq. (5.21) is finite.

Recalling Eq. (5.21), let

Uxs,us) — Lz, u)
K(x — T, u —ug)

,3(1‘,U) =

By the extreme value theorem, any continuous function defined on a compact set is
bounded and attains its bounds [137]. By Assumption 5.3, /5 is continuous on Z ~\ {z;}.
While the set Z is compact by Eq 5.2, the punctured set Z ~\ {zs} is not. Then, let us
define

Z'= Z < int(Bs(2s)), (5.23)

where Bs(zs) = {z € Z : ||z — z5|]2 < d}.
The set Z’ (5.23) is compact for any 6 > 0; then, 5(z) is bounded on Z’ and
aj = sup,cz [B(z) is finite.
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Letting § — 0T, we have that

ay = sup B(z) = limsup 5(2). (5.24)

2€B5(zs)~{zs} Z—rzs

Eq. (5.22) can be equivalently rewritten as follows [87]:

liir;szljp M = lizrisztjp 18(2)| < o0, (5.25)

which means that a3 is finite.
Then, we can compute a* = sup_cz. 1.} () + € = max(aj, a3) + ¢, which is finite.

With Proposition 5.1, we have characterized the shape of x, ensuring that the optimal
value a* is finite. However, the criterion given by Eq. (5.22) for selecting x is closely tied
to the original stage cost £, making the design of xk problem-specific.

To derive a more general form of x, that guarantees the finiteness of a* independently
of the original stage cost ¢, we can leverage the local Lipschitz continuity of £, as ensured
by Assumption 5.3, and state the following corollary:

Corollary 5.1

Under Assumption 5.3, if the function k is constructed as follows:

p(r = x5, u —us) = [ =zl + [Ju = uslly = [z = 21, (5.26)
then a* in Eq. (5.21) is finite.

Eq. (5.22) can be equivalently rewritten as follows [87]:

¢>0,0>0:|z—22< 0=
= [l(z) — €(25)| < clr(z — 25)],
[0(z) — l(z5)| < c|lz — zs|1- (5.27)

Condition (5.27) is the 1-norm local Lipschitz continuity of £ in z5 € Z, which is ensured
by Assumption 5.3.

In summary, in Theorem 5.1 we have designed an additional cost term o(z,u) =
ak(r — xs,u — us) that, if added to the original stage cost ¢ (5.4) as in Eq. (5.13),
guarantees the stability of the closed-loop system (5.10).

The optimal value a* for the weighting parameter a is given by Eq. (5.21), which is
ensured to be finite under the hypotheses of Proposition 5.1.

If the original stage cost ¢ satisfies Assumption 5.3 (i.e., £ is locally Lipschitz continuous),
Corollary 5.1 provides a suitable and general choice for the function k.
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Remark 5.1

The inclusion of a promotes a stable regulation towards zs, but comes at the price

of reducing the economic profit during the transient. While choosing a = a* ensures
stability with minimal reduction in the economic profit, selecting lower values 0 < a < a*
further favors the economic performance, at the price of (possibly) not guaranteeing
closed-loop stability.

Remark 5.2

While the above stability guarantees have been proven for regulation towards a constant
trade-off equilibrium z4, they can be extended to tracking of slowly-varying piecewise-
constant sequences (zsx)r>0 (refer to Section 2.2.1, p. 30).

Remark 5.3

In practice, since the functions £ and « are known, the optimal value a* can be computed

by solving Eq. (5.21) as a maximization problem over the set Z.

Solving such a problem online may be quite computationally expensive, especially
in the case of tracking piecewise-constant sequences (2 )r>0, where the value of a*
needs to be recomputed for each new equilibrium point. This issue, however, can be
easily solved by either of these two measures:

e if the sequence (z,1)r>0 is known in advance, we can precompute offline the
values of aj, for each trade-off equilibrium z, 5, k > 0;

o if (25%)k>0 is not known in advance, we can precompute offline a* over a suffi-
ciently dense set of trade-off equilibria z; € Z;, interpolate these precomputed
values, and provide them online to E-NMPC by means of a suitable scheduling

policy.

Comparison With the Literature

The idea of enforcing closed-loop stability by augmenting the original stage cost ¢ with an
additional term, that is positive definite wrt the trade-off equilibrium z,, was also proposed
in [134]. Specifically, in [134, Theorem 4], the authors first design the stabilizing cost
term as a(z,u) = h(||(z,u) — (vs,us)|), leveraging strict dissipativity arguments. Then,
in [134, Section VI.B], they assess stabilization by setting a as a quadratic function, i.e.,
a(z,u) = ||z — 2|3 + [|u — us||%. However, the proposed construction of & is non-trivial
and strongly depends on the system dynamics (5.1) and the original stage cost ¢. This
may exacerbate the nonlinearity of the augmented stage cost ¢, thereby worsening the
computational burden of the stabilized E-NMPC problem. Moreover, simply taking « as a
quadratic cost term may not always ensure stabilization, as shown in Proposition 5.1 and
Corollary 5.1.

With our approach, we address these limitations by constructing a stabilizing cost term
a(z,u) = ak(r — x5, u — ug), which, leveraging Corollary 5.1, is independent of the system
dynamics and the original stage cost. Stabilization is guaranteed by properly choosing the
weighting parameter a, whose optimal value a* is ensured to be finite, under the hypotheses
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of Proposition 5.1, and can be computed offline through the maximization problem in
Eq. (5.21).

5.4. Application to Adaptive Cruise Control in Electric Ve-
hicles

The proposed E-NMPC strategy for conflicting control objectives is applied to the case
study of Adaptive Cruise Control (ACC) in electric vehicles (EVs). As mentioned in
Section 5.1, the ACC is devoted to controlling the vehicle velocity, either to maintain a
driver-defined value or to dynamically adjust it according to the leading vehicle behavior.
This latter function relies on onboard sensors (e.g., radar and LiDAR) to measure the
relative distance and velocity between the ego vehicle and the leading vehicle.

In addition to velocity regulation, the ACC case study is well-suited to include additional
conflicting objectives. Among these, we are especially concerned with minimizing the
vehicle energy consumption. For EVs, this specifically involves battery consumption.

In the following, we begin by deriving models for the vehicle longitudinal dynamics and
the electric battery, which serve as the basis for formulating the two conflicting control
objectives: attainment of the reference velocity (tracking) and battery saving (economic),
i.e., minimizing battery consumption and maximizing battery recharge. We then tailor the
E-NMPC strategy to the ACC case study, addressing these conflicting control tasks.

5.4.1. Longitudinal Vehicle Model

The longitudinal vehicle dynamics can be represented by the following continuous-time
(CT) dynamical system:

z(t) = fe(z(t),u(t)), te€Rso, (5.28)

where x = v and u = 7 are the state and input, coinciding with the vehicle longitudinal
velocity v and the electric motor (EM) torque 7, respectively.
The system dynamics (5.28) is governed by the following equation:

. 1
vV=a= M(F — Fvis(v) - Froll(”))
1 1 1
= (T’WT — 5pAfC’de —CMg sign(v)) , (5.29)

where M is the vehicle mass, g is the gravitational acceleration, ry, is the wheel radius,
p is the air density, A¢ is the vehicle frontal area, Cq and C, are the viscous and rolling
friction coefficients, respectively. Let us define 54 = % pAsCyq and B, = C:Mg.

From the above model, the total power P, requested by the vehicle is given by
P.ot = Fiotv, where Fioy = Fiis + Fron + Ma is the total thrust force acting on the vehicle.
Such a force and power are provided by the EM, meaning that Pt = P and Fiot = F = %7.
Therefore, it holds that

1
Ptot =P=—7v. (530)

T'w
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It is worth noticing that system (5.28), (5.29) has an equilibrium manifold Z4 given by
Z, = {(U,T) 0T = rwfBav|v] + rw e sign(v)}. (5.31)

Notably, (0,0) € Z,. Henceforth, let z = [v,7]" = (v, 7).

To match the DT formulation in Eq. (5.1), the CT system (5.28) is converted to DT
by employing a discretization method of choice (refer to Section 2.2, p. 12) with discrete
time step Ts > 0, yielding

Tpr1 = f(on, uk), (5.32)

where zp = x(kTs) and ug = u(kTs).
By Remark 2.2, the equilibrium manifold Z, (5.31) is the same for both systems (5.28)
and (5.32).

5.4.2. Battery Model

Together with the longitudinal dynamics, we also take into account the dynamics of the
electric battery. We consider the following battery model [33]:

Cma(B) 1 (
Qnom 2R8(<)

In the battery model (5.33), the state and input are z = SOC = { and u = B, respectively,
where ( is the battery state of charge (SOC) and B, is the power requested to the battery.
The SOC is defined as the ratio between the battery charge @)1, and the nominal battery
capacity Qnom, i.e., SOC = ( = Q(iﬁ € [0,1].
For a detailed derivation of Eq. (5.33), we refer the reader to Section 6.5.1, p. 207.
To a first approximation, the dependence of fi, on ¢ can be removed by replacing it

¢ = (¢ Py) = VE(0) = W (Q)? — 4R3O ma(B) By ). (5.33)

with a suitable constant value ¢ [115], yielding

(~ (G, Py) = folP). (5.34)

The total power Py, provided by the EM, is entirely requested to the battery, meaning
that Pt = P,. From this, we can relate C to the vehicle state and input as follows:

(= fo(Po) = fo(Prot) = fo <1TU) = lp(v, 7). (5.35)

T'w

5.4.3. Economic NMPC Formulation

The E-NMPC problem (5.8) for the ACC case study is designed according to its stabilized
version (5.8), (5.12)-(5.14), given by Theorem 5.1.

Let us start from the E-NMPC cost function in Egs. (5.8a) and (5.12). The regulation
term ¢, matches Eq. (5.4b), i.e.,

br(v,7) = [Jv = wllg + |7 = 7l[- (5.36)

where v, is the ACC reference velocity (either driver-defined or dependent on the leading
vehicle) and 7, is the corresponding reference torque such that (v,,7,) = 2, € Z.



Simulations and Results 181

The economic criterion /. encodes the objective of battery saving. It accounts for the
SOC variation over time ¢ and is designed to capture the following two objectives: minimize
¢ when P > 0 (battery discharge) and maximize ¢ when P < 0 (battery recharge). The
expression of ¢ as a function of (v, 7) is given in Eq. (5.35). Then, we construct £, as
follows:

le(v,T) = Qe sign(Tv) by (v, 7). (5.37)

Eq. (5.37) comprises the absolute value of ¢, which is going to be minimized or maximized
according to the sign of P, since, by Eq. (5.30), sign(rv) = sign(P); Q. € Ry is the
weighting parameter of £..

The stabilizing term « is designed according to Section 5.3.2. Specifically, leveraging
Corollary 5.1, we define

KV — v, T — Tg) = |v — vs| + |7 — 74| (5.38)
as in Eq. (5.26), where z; = (vs, 75) is the trade-off equilibrium given by Eq. (5.6). Then,
a(v,7) =a(jv —vs| + |7 — 75]). (5.39)

where, to guarantee the closed-loop stability, we must ensure that a > a*, where a* is given
by Eq. (5.21).
Finally, the stabilizing stage cost is build according to Eq. (5.13), as follows:

v, 7) =Lp(v,7) + Le(v,T) + (v, T). (5.40)
As a last step, the terminal set Xy in Eq. (5.8d) is set equal to the singleton
Xp = {v,}, (5.41)

according to Eq. (5.14).

5.5. Simulations and Results

The E-NMPC strategy for conflicting control objectives is validated in simulation on the
case study of Adaptive Cruise Control (ACC), described in Section 5.4. For ACC, two
different scenarios are considered:

1) Velocity regulation (Section 5.5.2);

2) Velocity regulation with prescribed intervehicular distance, given by the Constant
Time Gap (CTG) policy [136] (Section 5.5.3).

5.5.1. Implementation Details
Simulations

Simulations are performed in MATLAB® (ver. 2023b), on a machine powered by a 13" Gen
Intel Core™ i7 CPU at 1.7 GHz, with 16 GB of RAM.

The stabilized E-NMPC optimal control problem (5.8), (5.12)-(5.14) is formulated with
CasADi [8] and solved with the NLP interior-point solver Ipopt [153].
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The optimal weight a* for the stabilizing term « in Eq. (5.12) is computed by solving
the maximization problem (5.21) (Remark 5.3) with a global metaheuristic solver based
on the Genetic Algorithm (GA) [33] (for more details, we refer the reader to Section 6.4.3,
p. 205).

Concerning numerical implementation, a smooth approximation of the 1-norm has been

employed [58], i.e.,

2l ~ ) \/a? + 6% —ngd, 60 (5.42)
=1

Directly using the non-differentiable 1-norm in optimization may cause solution instability,
as the solution may rapidly switch between competing minimizers near non-differentiable
points. Such a behavior may hinder convergence and degrade solution quality. The smooth
approximation (5.42) mitigates this problem, ensuring that the function x (5.26) given
by Corollary 5.1, the economic term /. (5.37), and the augmented stage cost ¢ (5.40) are
C'-smooth on Z.

Data

Relevant data shared by all simulations is reported in the following:

e Longitudinal vehicle model: M = 1.2 x 103 kg, r, = 0.3 m, 4 = 0.4043 kgm !,
By = 117.72 N.

5.5.2. ACC for Velocity Regulation

Let v, be the ACC reference velocity (either driver-defined or equal to the leading vehicle
velocity) and related torque 7k, such that (v, 5, 7 k) = 21 € Zs, for each k > 0.
For v, 1, two velocity profiles are considered:

1) a step transition between two constant velocity values (Figure 5.1a);

2) the Worldwide Harmonized Light Vehicles Test Cycle—Class 3b (WLTC-3b) [145]
(Figure 5.1b).

(a) Piecewise constant (b) WLTC-3b
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Figure 5.1. ACC velocity profiles: (a) Piecewise constant. (b) Worldwide Harmonized Light Vehicles
Test Cycle—Class 3b (WLTC-3b).

By Remark 5.2, both velocity profiles are shaped as piecewise-constant signals.
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With reference to Section 5.4.3, to assess control performance, stability, and trade-off
between conflicting objectives, we compare the following three stage costs':

l(v,7) =L (v,7), (5.43a)
lo(v,7) = Lr(v,7) + Le(v,T), (5.43b)
l3(v,7) = Lo (v, 7) + Le(v,7) + (v, T), (5.43c)

where 1 comprises the velocity regulation term (5.36) only (hence, it is a standard tracking
NMPC)?2, /5 adds the battery saving economic term (5.37) (E-NMPC), and f3 adds the
stabilizing term (5.39) (stabilized E-NMPC).

Data

Relevant data for the current scenario is reported in the following:

e General data:
o Velocity profile 1 (Figure 5.1a): Ts = 0.5 s.
o Velocity profile 2 (Figure 5.1b): Ts = 0.25 s.

e MPC: N, =10, R=10, X ={z € R™ : 2, <z < 2y}, 1p = —50 kmh ™1, 2y, =

150 kmh=!, U = {u € R™ :up, < u < ugy}, up, = —500 Nm, 1y, = 103 Nm.

o Velocity profile 1: @ = 10, Q. = 10.
o Velocity profile 2: @ = 100, . = 100.

Trade-Off Equilibrium and Stage Cost Minimizer

Let us consider the velocity profile 1 (Figure 5.1a). It consists of two constant velocity
values v, = (70,30) kmh~!; the related torques are, by Eq. (5.31), 7, = (81.17,43.74) N m.

For each value of z. = (v, 7), the corresponding trade-off equilibria z; = (vs, 7s) of £2
can be computed through Eq. (5.6), obtaining

vy = (54.99,27.40) kmh™!, 7, = (63.61,42.34) Nm.
It is also worth computing, for each z,, the minimizers z* of fs, i.c.,

2 = (v*,7") = argmin l(2), (5.44)
2€2

obtaining
v* = (150,117.03) kmh™!, 7% = (=500, —500) N 'm.

As expected from Eq. (5.7), z* # zs; specifically, the values of z* correspond to transient
points for which P < 0 (i.e., the battery is recharging), meaning that the economic term £,
has a dominant influence over the tracking term /,.

Now, for each z,, we compute the optimal weighting parameters a* (5.21) for the
stabilizing term « in /3, obtaining

a* = (7.43,3.20),

!Since the quantities in Eqgs. (5.29) and (5.33) differ in magnitude by some orders, suitable rescaling
factors have been included in the stage costs (5.43).
2For the stage cost £; (5.43a), we set Xy = {x,} in Eq. (5.8d).
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which are finite values, in accordance with the results of Corollary 5.1.

Now, computing the minimizers z* of /3, i.e.,

2* = (v*,7%) = argmin (3(2), (5.45)
z€Z

we obtain
v* = (54.99,27.40) kmh™!, 7 = (63.38,42.34) Nm

which are equal to z, in accordance with the results of Theorem 5.1.
All the above observations hold equivalently also for the velocity profile 2 (Figure 5.1b).

Control Performance and Stage Costs Comparison

Simulation results for both velocity profiles are reported in Figures 5.2 and 5.3, respectively.

Focusing on velocity profile 1, we observe that regulation is achieved by both NMPC
(towards z,) and E-NMPC (towards z;). With the addition of the stabilizing term, the
tracking behavior of E-NMPC is slightly favored during transients (see time intervals
[0,30] s and [50, 70] s) but, importantly, the closed-loop trajectories reach z, in finite time
and evolve under the optimal input 75 for all subsequent time instants (see the detail in
Figure 5.2¢).

Economic profit is quantified by the SOC evolution in Figure 5.2d. As expected, E-
NMPC attains around 33 % less battery consumption, in relative terms, compared to NMPC.
Stabilized E-NMPC consumes slightly more battery than E-NMPC but, interestingly,
achieves better battery recharging ([50, 60] s), thanks to its enhanced tracking behavior
when the requested power is negative.

Considering now velocity profile 2, tracking is attained by both NMPC (towards z; )
and E-NMPC (towards zs ), with a slight error due to the velocity profile not varying too
slowly. From Figure 5.3b, we observe that stabilized E-NMPC better tracks zs compared
to E-NMPC. Finally, from Figure 5.3c, we see that, as expected, E-NMPC attains a higher
economic profit than NMPC.

Trade-Off Between Stabilization and Economic Profit

Now, we evaluate the trade-off between stabilization and economic profit. Recalling
Remark 5.1, such a trade-off is tuned by the value of the parameter a, which weights the
stabilizing term « (5.39).

To this end, we consider a constant velocity v, = 70 kmh~! (i.e., the first segment of
velocity profile 1) and we let a vary in the interval [0, 10 a*], where a* is given by Eq. (5.21).

Results are reported in Figure 5.4.

We can see that, as expected, higher values of a lead to a slight decrease in the economic
profit (Figure 5.4b). Also, for a > a*, the closed-loop trajectories reach v, in finite time.
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Figure 5.2. ACC closed-loop trajectories with velocity profile 1 (Figure 5.1a): (a) Ego vehicle velocity v;
(b) EM torque 7; (c) Detail of the EM torque 7 in the time interval [18,52] s; (d) Battery state of charge

¢ (economic criterion). NMPC (¢1) —; E-NMPC (¢2) —; Stabilized E-NMPC (f3) —; reference
equilibria z, = (vr, ) —; trade-off equilibria zs = (vs,7s) —.
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Figure 5.3. ACC closed-loop trajectories with velocity profile 2, (WLTC-3b driving cycle, Figure 5.1b): (a)
Ego vehicle velocity v; (b) Detail of the ego vehicle velocity v in the time interval [0,100] s; (¢) EM torque
7; (d) Battery state of charge ¢ (economic criterion). NMPC (¢;) —; E-NMPC (¢2) —; Stabilized
E-NMPC (23) —; reference equilibria z, = (v, 7) —; trade-off equilibria zs = (vs,7s) —.
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Figure 5.4. E-NMPC trade-off between stabilization and economic profit: (a) Ego vehicle velocity v;
(b) Battery state of charge (. a =a* (—); a € [0,a") (—); a € (a*,10a"] (—); trade-off equilibria

vs (—).

Remark 5.4

It is important to remark that, in this first ACC scenario, E-NMPC attains regulation

towards the trade-off velocity vs, which is typically lower than the original reference
velocity vy, by the presence of the economic cost term (v, 7) (5.37).

However, by tuning the weight Q., associated with the economic term ¢, (5.37),
the trade-off velocity vs will get closer to v,, until reaching equality when the velocity
regulation term £, (5.36) dominates over fe, i.e., (vy,7) = argming, ez, & (v, 7) +
le(v,T) by Eq. (5.6).

Alternatively, as we will see in the next ACC scenario, by adding a further regulation
task on the intervehicular distance between ego and leading vehicle, the equilibrium

manifold Z; reduces to a singleton, yielding in any case v, = vs.

5.5.3. ACC for Velocity Regulation With Constant Time Gap

Now, we consider the scenario where the ACC is required not only to regulate the ego
vehicle velocity, but also to maintain a prescribed intervehicular distance from the leading
vehicle.

Let (p,v) and (p;,v;) denote the longitudinal position and velocity of the ego and
leading vehicle, respectively; let d = p; — p denote the intervehicular distance. We require
the ACC to regulate d towards a prescribed distance d, and v towards the leading vehicle
velocity v; = v,. To this end, we augment system (5.28), (5.29) with the new state d, i.e.,

d=v —v="uv—u, (5.46a)
.11 .
0=77 <7”W7- — Bavlv| = Br Slgﬂ(v)> : (5.46b)

By Eq. (5.46a), v, acts as an exogenous input of the augmented system (5.46), that is
measured at each time instant k. By Remark 5.2, we consider v, as a piecewise constant
signal.

Henceforth, let z = [d,v, 7] = (d,v, 7). The equilibrium manifold Z, of the augmented
system (5.46) is given by

Zs={(d,v,7) : d €R, v =1y, T = 1ryBavr|vr| + rwSrsign(v,) = 7,-}. (5.47)
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Since (v, 7;) is the only equilibrium couple, it follows that the reference and trade-off

equilibrium coincide, i.e., z, = z5 = (dy, Uy, 77).

Constant Time Gap Policy

The Constant Time Gap (CTG) policy [136] provides the value for the reference interve-
hicular distance d,.. Specifically,

dy = do + Ty, (5.48)

where d, is the standstill distance and T, is the time headway.

Data
Relevant data for the current scenario is reported in the following:
o General data: T5, = 0.5 s.

e MPC: N, =10,Q =1, R = 10, Q. = 50, a1, = [0 m, =50 kmh=1]T, z,, =
[+00,150 km h™!] Ty, = —10% Nm, uy, = 103 Nm.

e CTG policy: dy =1m, T, = 2s.

Control Performance

Let us consider a piecewise constant velocity profile with two segments v, = (50, 10) km h~*
(Figure 5.5); the corresponding reference torques are 7, = (58.71,36.25) Nm.

0 20 40 60 80 100
Figure 5.5. ACC with CTG policy velocity profile.

Through the CTG policy (5.48), we obtain d, = (28.78,6.56) m.
Also, the optimal stabilizing weights are then equal to

a* = (64.76,54.90). (5.49)

Simulation results are reported in Figure 5.6, comparing NMPC (5.43a) and stabilized
E-NMPC (5.43c¢).

Regulation is achieved by both strategies towards the common reference/trade-off
equilibia z. = zs;. Despite being the latter equilibria coincident, E-NMPC is able to
still deliver a higher economic performance compared to NMPC (i.e., 7.9 % less battery
consumption, in relative terms).

Moreover, thanks to the stabilizing term (5.39), E-NMPC closed-loop trajectories
manage to reach z; in advance compared to NMPC, as noticeable from the detail in

Figure 5.6a.
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Figure 5.6. ACC with CTG policy closed-loop trajectories: (a) Intervehicular distance d; (b) Ego vehicle
velocity v; (c) EM torque 7; (d) Battery state of charge ¢ (economic criterion). NMPC (¢;) —; Stabilized
E-NMPC (£3) —; reference/trade-off equilibria 2. = zs = (dr, vy, 7) —

5.6. Chapter Summary

In this chapter, we presented a novel formulation of Economic Nonlinear MPC (E-NMPC)
that integrates economic criteria with additional conflicting control objectives, such as
tracking. The proposed E-NMPC approach regulates the plant towards the optimal trade-
off equilibrium state, mediating the given conflicting objectives. Additionally, we proposed
a general constructive procedure to design stabilizing terms for E-NMPC, ensuring its
closed-loop stability with minimal impact on the economic performance.

We applied our methodology to the case study of autonomous electric vehicles (EVs),
with specific interest to Adaptive Cruise Control (ACC). The E-NMPC strategy is tasked
to attain the velocity regulation task while optimizing an economic criterion that consists
in minimizing the vehicle energy consumption. The ACC based on E-NMPC has been
validated with an extensive simulation campaign, demonstrating its proficient control action
and effectiveness in mediating the conflicting tasks, while ensuring closed-loop stability.



Neural Adaptive MPC With

Online Metaheuristic Tuning for

Power Management in Fuel Cell Hybrid
Electric Vehicles

6.1. Introduction

BRID ELECTRIC VEHICLES (HEVs) have established as a new paradigm in trans-
H portation, driven by the rapid shift of automotive industry towards sustainable
alternatives to internal combustion engines. In recent years, fuel cell hybrid electric vehicles
(FCHEVs), which integrate hydrogen fuel cells (FCs), electric batteries, and other supple-
mentary energy sources (e.g., supercapacitors [76]), have gained prominence, thanks to their
enhanced autonomy and capability to withstand high power demands [144, 76, 130]. As a
response to this growing interest in hybrid transportation, novel and efficient strategies for
energy management are becoming essential to enable such a new transportation paradigm.

To fulfill this requirement, we borrow from the established framework of optimal control
to address the challenges associated with power management. In this context, we introduce
a novel control strategy, called Neural Adaptive Model Predictive Control (NA-MPC) [33].

The NA-MPC strategy is formulated starting from a general Linear-Quadratic MPC
(QP-MPC) optimal control problem, which typically represents an approximated Non-
linear MPC (NMPC) problem, with nonlinear prediction model and linear constraints
(Section 2.3.3). NA-MPC augments such a QP-MPC problem with three key additional
features.

First, to achieve multiple, concurrent, and potentially conflicting control objectives
at once, the QP-MPC weights, i.e., the elements of the weighting matrices within the
QP-MPC cost function, are adapted in real time by means of an online metaheuristic
tuning strategy, which minimizes a set of performance-metric functions, each one encoding
a different control objective.

Second, to ensure real-time feasibility and low computational demand, the QP-MPC
control policy is replaced by a neural emulation of it, yielding a neural MPC controller.

189
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Figure 6.1. Neural Adaptive MPC (NA-MPC) control system scheme.

Third, for the sake of applicability in those cases where an accurate white-box, first-
principles model of the plant to control is not readily available, a neural black-box model
of the plant is considered, employing it to derive the prediction model for the QP-MPC
problem in affine parameter-varying (APV) form. Such a neural plant model is identified
from noise-corrupted input-output measurements taken from the plant itself.

A depiction of the NA-MPC control system scheme is reported in Figure 6.1.

In this chapter, we tailor the NA-MPC framework for the task of power management,
consisting of finding the optimal power allocation among multiple energy sources driving
a shared actuator. While our immediate focus is on FCHEVs (Figure 6.2), the proposed
approach can be extended to a broad range of power management scenarios, such as
alternative hybrid powertrain configurations, microgrids with energy storage systems,
HVAC systems, and others. Moreover, the general formulation of NA-MPC makes it
potentially applicable to a variety of control applications beyond power management.

In the context of FCHEV power management, the QP-MPC problem is tasked to
find the optimal allocation between battery power and FC power, while predicting the
consumption of supplies over time, i.e., the battery state of charge (SOC) and the hydrogen
mass. As said, the QP-MPC prediction model is obtained from a neural black-box model
of the FCHEV power sources and distribution system. Such a model is identified from
noise-corrupted input-output measurements, collected from a high-fidelity white-box model
of the FCHEV power system.

As mentioned above, NA-MPC is capable to optimally achieve multiple, conflicting
control objectives at once, by means of an online metaheuristic tuning strategy, adapting the
QP-MPC weights in real time. For the specific case of FCHEV power management, these
control objectives are accurate tracking of the power requested by the vehicle, minimization
of supplies consumption, and distinct consumption priority for each supply. In more detail,
at fixed time intervals, the tuning strategy simulates back the closed-loop QP-MPC control
action over the previous time interval for a given set of QP-MPC weights. These weight
are then updated through a metaheuristic optimization policy, which finds the optimal
weights minimizing the set of performance-metric functions, each associated to a different
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control objective. The optimal weights are then employed during the next time interval, at
the end of which a new tuning is initiated.

Concerning instead the neural emulation of the QP-MPC control policy, the neural
MPC controller employed by NA-MPC is realized with a feedforward neural network (FNN),
which takes as inputs all the parameters of the original QP-MPC problem (including the
QP-MPC weights) and provides as output the optimal control input. In this regard, we
provide theoretical guarantees on the smoothness of the QP-MPC policy, so that the
universal approximation theorem of FNNs [72] holds for the QP-MPC neural emulation.
Unlike solving the original QP-MPC problem, evaluating its neural approximation requires
near-zero computation time, ensuring the real-time feasibility of the NA-MPC strategy, even
in case of limited computational resources. Other studies have addressed MPC emulation
using neural networks, see, e.g., [43, 84, 40]. However, most of the proposed approaches
consider only the system states as inputs of the neural network, disregarding the MPC
weights, which remain static parameters within the optimal control problem. Moreover,
they do not provide formal guarantees on the neural network ability to accurately emulate
the MPC policy.

Thanks to its capabilities, our NA-MPC strategy represents an advancement in the state
of the art on power management strategies and, particularly, within the domain of HEVs.
At present, several investigations have delved into HEV energy management, delineating
two main approaches: rule-based control and optimization-based control [76]. For such
two approaches, the most prominent strategies are Fuzzy-Logic Control (FLC) [69, 70, 51]
and Equivalent Consumption Minimization Strategy (ECMS) [114, 163, 162], respectively.
FLC classifies power and supply values into qualitative ranges; then, power allocation is
performed by means of logic implications on such qualitative values. ECMS, instead, seeks
the optimal power values by minimizing, at each time instant, the instantaneous supply
rates. FLC bears the hallmarks of simplicity, interpretability, and fast execution, while
ECMS has the advantage of providing a locally optimal power allocation. Nevertheless,
both FLC and ECMS have significant shortcomings with respect to our NA-MPC strategy:
FLC and ECMS do not perform any prediction, thus they cannot handle constraints on
the supply values; due to their formulation, they are inherently unable to perform an
effective trade-off between tracking accuracy and supply saving; also, so far, only few and
non-optimal adaptive strategies have been developed for FLC and ECMS.

Within the optimization-based approaches for power management, also MPC has been
investigated by several works. Most of these studies, however, focus on conventional HEVs,
thus not including FCs as a power source [21, 39]. While some works have proposed MPC
strategies that augment the power management task with additional features (e.g., vehicle
speed prediction [131], vehicle mass online estimation [159], etc.), all of them mainly focus
only on requested power tracking and charge sustainment, not including additional control
objectives. Also, in most cases, the MPC problem formulation is merely an extension of
the ECMS policy over a certain time horizon. Moreover, little focus is given to the MPC
computational demand to assess real-time feasibility [123].

The effectiveness of our NA-MPC strategy is validated through an extensive simulation
campaign. First, we assess the capability of NA-MPC to effectively achieve conflicting
control objectives concurrently. Second, the NA-MPC online metaheuristic tuning strategy
is compared with an “ideal” tuning policy that assumes to know the whole power request
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in advance. Third, NA-MPC is compared with the most prominent state-of-the-art
power management strategies, i.e., FLC [70, 51] and ECMS with online adaptation [114].
Simulations demonstrate the capability of NA-MPC in successfully attaining all the given
control objectives. The NA-MPC online tuning strategy proves its effectiveness by achieving
very similar results with respect to the ideal tuning policy. Also, NA-MPC outperforms
both FLC and ECMS, consistently achieving the given control task with better performance.

6.1.1. Outline

This chapter is organized as follows. Section 6.2 introduces the MPC problem formulation.
Section 6.3 details the first step to develop the NA-MPC strategy. Specifically, we
construct the neural black-box model of the plant to control, and present the QP-MPC
neural emulation using feedforward neural networks, supported by universal approximation
guarantees. Section 6.4 presents the online metaheuristic tuning strategy, to adapt in real
time the weights of the neural MPC controller. Section 6.5 describes the tailoring of the
NA-MPC strategy for the case study of power management in FCHEVs. In particular, we
outline the construction of a high-fidelity white-box model of the FCHEV power sources
and distribution system. Section 6.6 validates the NA-MPC strategy through extensive
simulations and comparisons with state-of-the-art techniques.

6.1.2. Related Works

This chapter is based, in part, on the following works:

e L. Calogero, M. Pagone, F. Cianflone, E. Gandino, C. Karam, and A. Rizzo, “Neural
Adaptive MPC With Online Metaheuristic Tuning for Power Management in Fuel
Cell Hybrid Electric Vehicles,” IEEFE Transactions on Automation Science and
Engineering, vol. 22, pp. 11540-11553, Jan. 2025.

e L. Calogero, M. Pagone, F. Cianflone, E. Gandino, C. Karam, and A. Rizzo,
“Optimal Tuning and Neural Emulation of MPC for Power Management in Fuel Cell
Hybrid Electric Vehicles,” in Proceedings of the “Automatica.it” Conference, 2023.

6.2. MPC Problem Formulation

Let us consider a continuous-time (CT) nonlinear dynamical system, i.e.,

i(t) = fola(t),u(), 2(0) = o, (6.1a)
y(t) = g(z(t), u(t)), te R, (6.1D)
subject to the linear constraints
zp € X ={x e R"™ : Hyx < h,} CR", (6.2a)
up €U ={ueR™ : Hyu < h,} CR™, (6.2b)
yp € Y ={y e R"™ : Hyy < h,} CR"™, (6.2c)

at all time instants £ > 0. With respect to Eq. (2.11), we have introduced the nonlinear
output equation (6.1b).
We consider the following regularity assumptions for system (6.1):
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Assumption 6.1

a) The state dynamics function f.(-, ) is Lipschitz continuous on X and f.(z,-) is
continuous on U.

b) The output function g is continuous on X' x U.

Assumption 6.2

The input signal u = (u(t))sc[0,+00) belongs to the space of piecewise continuous signals

Assumption 6.3

I <

The state z(t) of system (6.1) is available at each time instant ¢ > 0.

Remark 6.1
By Assumptions 6.1a and 6.2, the Picard-Lindeltf theorem guarantees the global

existence of a unique solution (z(t),y(t)) of system (6.1) in the time interval [0, +00),
starting from (xo,yo), where yo = g(zo,u(0)) [77].

Remark 6.2

By Assumption 6.3, without loss of generality, we can set (y) (1,0} = T, l.e., the states

x are included as the first n, outputs of system (6.1).
Then, by Eq. (6.2), Proj,)) = X. Hence, the state constraints defined by X are
redundant, since now they are already included in ).

Now, let system (6.1) act as a CT plant, controlled by Nonlinear MPC (NMPC).

First, we construct a discrete-time (DT) prediction model of plant (6.1), by applying a
discretization method of choice (refer to Section 2.2, p. 12), with discrete time step Ts > 0,
obtaining

Tp+1 = f(@g, uk), (6.3a)
Ye = 9(Tk, uk), k€ Lo, (6.3b)

where zy, = x(kTs), ur, = w(kTy), and yr = y(kTs).
Nonlinear MPC provides, at each discrete time instant k& > 0, an optimal control input
uy, obtained by solving the following NLP optimal control problem:

Npy—1
min  J(g,4) = Y |15 — verld, + aill,
=0

Np—1
+ 3 15— il + s — i, (6.42)
=1

s.t. &g = xg, (6.4b)
i’i+1 = f(il, ﬁi), 1= 0, ce ,Np — 1, (6.4C)
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@i :g(i’i,ﬂi), iZO,...,Np—l, (6.4(1)
Hyi; < hy, i=0,...,N,—1, (6.4¢)
Hy9; <hy, i=0,...,N,—1. (6.4f)

The NMPC problem (6.4) is formulated to attain regulation towards the admissible output
Yr.k- 1t is worth noticing, however, that such a reference output changes at each & > 0, but
we have knowledge of its value only at the current time instant k. As a consequence, we
consider it as a constant reference along the prediction horizon.

The cost function J in Eq. (6.4a), similarly to that in Eq. (3.98a), is composed of four

terms:

e The quadratic regulation term ||g; — yr,kHék for the predicted output, towards the
reference output ¥, 5, with Q, = 0.

e The quadratic term ||4;|%, , with Ry, > 0, penalizing the input magnitude [32].

e The quadratic terms ||§; — §i-1lly, , and |4 — i1l ,, with Qax = 0 and
RA j, = 0, which penalize the variation in time of the predicted outputs and inputs,
to obtain smoother predicted trajectories [32].

The weighting matrices Qg, Rk, Qa k, and Ra  in Eq. (6.4a) are diagonal and may change
at each time instant k > 0.

The prediction model (6.4c), (6.4d) is given by Eqgs. (6.3a) and (6.3b), respectively.
Egs. (6.4e) and (6.4f) report linear input and output constraints, given by Eq. (6.2) and
following Remark 6.2.

The diagonal elements of the weighting matrices in Eq. (6.4a) are called MPC weights
and we collect them in a vector wy, as follows:

.
wk = |:w57k7 wng, w5A7k7 wEAvk} 6 Rnw7

wqr = diag(Qr), wr = diag(Ry),

wo, k= diag(Qak), wWr, k= diag(Ra k), (6.5)

where n,, = 2(ny + ny).

6.2.1. Approximation of the NMPC Problem

The NMPC problem (6.4) involves a nonlinear prediction model (6.4c), (6.4d) and linear
constraints (6.4e), (6.4f).

Therefore, similarly to what we have done in Section 2.3.3, we would like to resort to
Linear-Quadratic MPC (QP-MPC), rather than NMPC, for controlling system (6.1) with
improved computational performance. Consequently, we aim to approximate the NMPC
problem (6.4) and solve it by means of quadratic programming (QP).

To achieve this approximation, we only need to address the nonlinearity of the prediction
model (6.4c), (6.4d). To this end, we transform the nonlinear prediction model into an
affine parameter-varying (APV) system.

However, differently from the approach used in Section 2.3.3, in the NMPC problem (6.4)
the reference output ¥, is known only at the current time instant k. Consequently,
evaluating the APV prediction model along the shifted optimal trajectory obtained at
the previous time instant k£ — 1 may fail to effectively compensate for the modeling error



MPC Problem Formulation 195

introduced by linearization, since the current reference y, ; may differ significantly from
the previous one ;. ;1. Therefore, in this case, it is more convenient to construct the APV
model so to depend only on the current system state x, acting as the only parameter, i.e.,

Tiy1 = f(il, ’&1) ~ A(wk)fcl + B(xk)ﬂz + b(mk),

= Ap; + Bpi; + by, (6.6a)
Ui = g(:ﬁi, sz) ~ C({L‘k)i‘l + D(:L‘k;)az + d(:l?k;),
= CvZ; + Dyd; + dy. (6.6b)

To derive the APV model in Eq. (6.6), we propose a procedure based on least-squares
(LS) fitting.

In the following, let us define Z = X x U and employ the notations z = [xT, uT]T

and
z = (x,u) interchangeably, to denote a couple of state and input vectors.

For any value of the parameter x;, we want to ensure that the corresponding affine
model (6.6a), (6.6b) is the most accurate approximation, in the LS sense, of the true

nonlinear model (6.4c), (6.4d) over the set 2 = Xy x U, defined as

/'\A’k ={z € R"™ 1 2 + Np Arpin < = < 2 + Np AZmax ),

Axmln’]:(zgingj(‘x,u)_xj, jzla"'ynmv
A$max,j = (;?}L?‘ng](xau) — Ly, ] = 17"'7nx7 (67)
where Axmin = [Axmin,j]?ila AZmax = [Axmax,j]?ilv [l‘]]?;l = 1z, and [fg(%u)]?; =

f(z,u) in Eq. (6.3a).

The set Xy is a hyperrectangular over-approximation of the set of reachable states
within the MPC prediction horizon, starting from the current state xp. To obtain the most
accurate affine model over E:’k, we compute the parameter-varying terms Ay, B, bg, Ck,
Dy, and dj, in Eq. (6.6) through LS fitting, using the following fitting data:

zi €2y, i=1,..., Niata, (6.8a)
b2 =21, -y 2Nyl € R7e X Ndata (6.8b)
bo=[zf, .., 2l J=[F(21), - [(2Ng,)] € RI*Naate, (6.8¢)
Gy =1, - UNgaea) = [9(21), -+, (2N, )] € RTW*Natnte, (6.8d)

where Nyata is the number of fitting data points. Defining ® = [¢], 1x,.,.], by LS fitting
we have that

T T
[Aka Bk: bk] = ¢1‘®T ) [Cka Dk7 dk] = (by@T ) (69)

where the superscript § is the pseudoinverse matrix operator.

It is worth noting that the fitting data employed in Egs. (6.8) and (6.9) is not obtained
via direct measurement on the plant (6.1); instead, it is “virtually” collected from the DT
prediction model (6.3), as in Eqgs. (6.8¢c) and (6.8d).
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Remark 6.3

By the LS fitting in Eqgs. (6.8) and (6.9), the parameters Ay = A(zy), Br = B(zg),
by, = b(x), Cr = C(xg), Dy = D(zy), and di, = d(xy) in Eq. (6.6) are all continuous
functions of the current state xy.

By replacing the nonlinear prediction model in Egs. (6.4c), (6.4d) with the APV model
in Egs. (6.6a), (6.6b), we obtain the following QP-MPC problem, approximating the
original NMPC problem (6.4), for each k£ > 0:

min J(§, ) (6.10a)
&0,y

s.t. o= g, (6.10Db)

Ziv1 = Ay + Bri; + by, 1=0,...,N, —1, (6.10c¢)

Ui = Cr&i + Dyt +d, i=0,...,Np,—1, (6.10d)

Hyi; < hy, i=0,...,N,—1, (6.10e)

Hyi < hy, i=0,...,N,— 1. (6.10f)

6.3. Neural Adaptive Model Predictive Control

In the following, starting from the MPC formulation in Section 6.2, we present our novel
Neural Adaptive MPC' (NA-MPC) control strategy [33].
As stated in Section 6.1, the construction of NA-MPC requires three main steps:

1) Under the assumption that an accurate white-box model of the CT plant (6.1) is
not available, construct a black-box model of the plant by means of feedforward
neural networks (FNNs). Then, employ such a black-box model to derive the APV
prediction model of the QP-MPC problem (6.10).

2) Represent the QP-MPC problem (6.10) as a static control policy uy = 7(Il), where
II; are the parameters of the QP-MPC problem (6.10), and employ a suitable
feedforward neural network to accurately emulate it.

3) Formulate an MPC tuning algorithm that, given a set of control specifications, is
able to obtain optimal parameters II} in real time, adapting the QP-MPC policy m
online.

6.3.1. Feedforward Neural Networks

Several results presented in the following rely on the property of universal approximation
of feedforward neural networks.

Definition 6.1 (Feedforward neural network)

A feedforward neural network (FNN) with L fully-connected layers is a static function
N : R"n — R™ut with the following structure:

Zous = N (2in) = (¢ 0 -+ 0 ¢1)(2m), (6.11a)
241 = di(z) =Wz +by), 1=1,...,L. (6.11b)
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The collection of network inputs zi, is called input layer. The layers [ =1,..., L —1
are called hidden layers. The layer [ = L is called output layer.
Each [-th layer ¢; is characterized by:

e the learnable parameters, i.e., the weights W; € RM*Ni-1 and biases b; € R™;
e the number of neurons N; (Ny = nin, N = nout);

e the activation function o; : R — R, which is applied element-wise in Eq. (6.11b);
the output layer has a linear activation function, i.e., or(z) = z.

The approximation capability of FNNs is formally proven by the well-known universal
approximation theorem [72, 92].

Definition 6.2 (Dense set)

Let Z C R™ be a compact set and consider the LP(Z) space of functions f : Z — R,
equipped with the p-norm, i.e.,

(6.12)
esssup,cz |f(2)] if p = oo.

(Jz|F(2)Pd2)!/P if 1 <p < oo,
1fllp =

Consider two sets of functions o/, Z C LP(Z). We say that o/ is dense in A (with
respect to the p-norm) if, for every g € & and every e > 0, there exists f € & such
that

If —gllp <e. (6.13)

Theorem 6.1 (FNNs universal approximation [72, 92])

Let us consider a feedforward neural network N : R"n» — R"u with L = 2 (single
hidden layer) and noy = 1 (single output), i.e.,

Zout = N@(Zin) = WQU(lein + bl) + b27 (614)

where 6 = (W1,by, N,0, Wa,bs) € © collects the network parameters Wy € RN X7
b ERN, N €Zsp, 0 : R— R, Wy € RN by € R. Let A = {Ny: 6 € O} denote the
family of FNNs defined in Eq. (6.14).

Assume that the activation function o in Eq. (6.14) is locally bounded, piecewise
continuous, and non-polynomial.

Let Z C R"™» be a compact set and let C(Z) be the space of continuous functions
f:Z-=>R

Then, the following claims are true and equivalent:

i) The set .4 is dense in C'(Z) with respect to the oco-norm.

ii) For every continuous function f € C(Z) and every ¢ > 0, there exists a FNN
N € ¥ such that

IV = flloo = sup IV(2) = f(z)] <e. (6.15)
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In practical terms, Theorem 6.1 states that, for any compact set Z C R™» FNNs
can approximate any continuous function f over Z with arbitrary accuracy, provided
that [72, 92]:

e the activation function o is locally bounded, piecewise continuous and non-

polynomial;

e the number of hidden neurons N is sufficiently high;

e the datasets Dj, C Z and Doy C f(Z) C R used to train the FNN are sufficiently
rich.

Remark 6.4

Theorem 6.1 can be easily extended to the case of multilayer and multioutput FNNs,
i.e., L > 3 (2 or more hidden layers) and ney > 2 [92].
For these networks, the results of Theorem 6.1 equivalently hold, considering the

space C'(Z) of continuous functions f : Z — RM™eut.

6.3.2. Neural Black-Box Model of the Continuous-Time Plant

MPC requires a sufficiently accurate prediction model of the plant to deliver an effective
control action. However, real-world scenarios often present a lack of relevant physical
information on the plant, posing a significant challenge for conventional white or gray-box
modeling.

Therefore, in the following, we assume that, for the CT plant (6.1), an accurate
white-box model (i.e., derived by means of the first principles of physics) is not available.
Additionally, we assume that, from the plant (6.1), we can only collect measurements of

Nmeai

the input (@;);°* and output (gz-)firqeas, both corrupted by measurement errors n, and

Ny, respectlvely, as follows:

;i = fe(miyui),  yi =g(wi,us), 1=1,..., Nmeass (6.16a)
Uj = Uj O Ny Ny RS N(1705)7 i=1,..., Nmeas, (6'16b)
Gi=yiOny, ny KN(1L02), i=1,..., Nues, (6.16¢)

where Npeas is the number of collected measurements and ©® is the element-wise product
operator. In Eq. (6.16), n, and n, represent element-wise multiplicative errors, modeled
as vectors of independent and identically distributed (i.i.d.) random variables, following a
normal distribution N with mean 1 and variance o,, = 7,,/3 and o, =7, /3, where 7,, and
ny are the “3-sigma” values of the two distributions. Note that, any other modeling choice
for the measurement errors is equally admissible.

By Assumption 6.3, we can measure the error-corrupted states (;%Z-)N“ieas and, from
them, we can also estimate the error-corrupted values (ZCZ)N meas by approximating the time
derivative with finite differences.

Finally, we construct the input and output datasets
Din = ((xuuz))Nnieasa Dout = ((1'1, :%))Nmeaﬁ (617)

We employ the collected data Dj, and Doyt to identify a neural black-box model of the
CT plant (6.1). Such a model is composed by two FNNs, Ny, and N, to approximate the
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state dynamics function f. and the output function g, respectively, i.e.,!

() = Ny (2(t), u(t)), (6.18)
y(t) = Ny(z(t), u(t)). (6.18)

By Assumption 6.1, f. and g are continuous on the compact set Z2 = X x U. Thus,
Theorem 6.1 ensures that f. and g can be approximated over Z with arbitrary accuracy
by the FNNs Ny, and N, respectively. Moreover, if the activation functions o; of Ny,
and N are Lipschitz continuous, then both networks are Lipschitz continuous as well [60].
Therefore, the neural plant model (6.18) satisfies Assumptions 6.1 and 6.3.

The neural plant model (6.18) is then discretized, by applying a discretization method
of choice (refer to Section 2.2, p. 12) with discrete time step T, obtaining

Th41 :Nf<1'k,uk), (6.19&)
yr = Ny(@g, ug). (6.19D)

The discretized model (6.19) is then converted in APV form, as described in Section 6.2.1,
so to be used as prediction model of the QP-MPC problem (6.10).

6.3.3. Neural Emulation of the MPC Control Policy

The QP-MPC problem (6.10), employing the APV form of the DT neural plant model (6.19)
as its prediction model, can be equivalently rewritten in a compact QP form, as follows
(refer to Section 2.4 for more details):

1
min §@Tka; +op (6.20a)

v
s.t. Mo = pg, (6.20b)
N < g, (6.20c)

where ¥ collects the decision variables &, @, and g in Eq. (6.10), Hy > 0, and M}, has full
row rank [22, 35]. Each time-varying term of problem (6.20) is explicitly dependent on the
time-varying parameters of the QP-MPC problem (6.10), i.e.,

Hy = H(Qk, Qak, B, Rak), (6.21a)
ck = c(Yrk, Qk); (6.21b)
My, = M(Ag, By, C, Dy), (6.21c)
pr = p(Tk, by, ). (6.21d)

In Eq. (6.21), H, ¢, M, and p are all continuous functions [22].
Let IIj; denote the tuple of time-varying parameters of the QP-MPC problem (6.10) at
the current time instant k, i.e.,

Iy = (@, Yok, Qr, R, QA ks Rak, Ak, Bi, by, C, Dy, di,). (6.22)

!Hereafter, for notational convenience, we split up FNN inputs into multiple arguments; e.g., in Eq. (6.18),
the notations N (z,u) and N (z), with z = [z 7,u "], are equivalent.
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In problem (6.20), the cost and the inequality constraints are convex functions; thus,
the QP-MPC problem (6.10) and its compact form (6.20) admit the same, unique global
optimum 0* [23]. Then, the QP-MPC problem (6.10) can be represented by a static control
policy m, associating each feasible value of II; with the related unique solution u; = ﬁa K
(according to the receding horizon policy, see Section 2.2), as follows:

uy = m(Iy). (6.23)

Since Il includes both the MPC weighting matrices Q, Rk, QA k, Ba  and the APV
prediction model terms Ay, By, bg, Ck, D, di, the computation of the static policy (6.23)
cannot be tackled with Explicit MPC (see Section 2.4).

Therefore, in the following, we rely on the universal approximation capability of FNNs
to obtain an accurate estimate of the policy (6.23).

To properly approximate the QP-MPC policy (6.23) with a FNN, we have to verify
first that such a policy is continuous. Several works have investigated the continuity of
QPs, both in terms of parameter perturbation [45] and upper-lower semicontinuity [146].
For our purposes, we employ the following result:

Theorem 6.2 (Continuity of quadratic programs [45])

Let the following QP problem be given:

1
min ixTHx +c'x (6.24a)
xX
s.t. Max =p, (6.24b)
Nz <gq, (6.24c)

where H > 0 and M has full row rank. Let II = (H, ¢, M,p, N, q) denote the tuple
of parameters of the QP problem (6.24) and consider the function z* = 7(II), which
provides the unique optimum of problem (6.24) as a function of the parameters II.

Then, there exist « > 0 and § > 0 such that, for any ¢ < ¢, if II' =
(H',d,M',p',N',¢') satisfies

max{||H — H'||, [|e = ||, |]M — M'||,[|lp =PI, IN = N'|l,llg = |} <6,  (6.25)
then it holds

lz* — 2*'|| = [|=(IT) — 7(IT)]| < ce. (6.26)

Therefore, Theorem 6.2, leveraging Weierstrass’ definition of continuity, proves that the
optimum z* of the QP problem (6.24) is a continuous function of the QP parameters II.

Since problem (6.20) matches the structure in Eq. (6.24) and the functions in Eq. (6.21)
are all continuous, then, by Theorem 6.2, the QP-MPC policy 7 (6.23) is continuous.
Therefore, by Theorem 6.1, it can be effectively approximated by a FNN N, i.e.,

ugp = N (Ig). (6.27)

The FNN (6.27) constitutes the neural MPC' controller.
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Remark 6.5

While continuity results can be established for QP-MPC policies (6.23), the same cannot
be done for NMPC policies, which are, in general, discontinuous. Therefore, FNNs
cannot approximate NMPC with arbitrary accuracy.

The number of inputs I of the neural MPC controller (6.27) can be reduced by
recalling Remark 6.3, for which we can keep only the parameter xj, in place of Ay, By, by,
Ck, Dy, di, while still retaining the continuity of m, as required by Theorem 6.1. Moreover,
from Eq. (6.5), the parameters Q, Ri, Qa x, and Ra j can be replaced by their diagonal
elements, i.e., the MPC weights wy in Eq. (6.5).

Then, the final structure of the neural MPC controller is

wr = Na (T, Yr ko, W) (6.28)

The neural MPC controller (6.27) is trained by constructing input and output datasets
Din and Deyyt: Dy, is obtained by selecting a set of feasible values of II; Dy, is obtained by
solving the QP-MPC problem (6.10) for each parameter value in Dj,.

Remark 6.6
Emulating the QP-MPC policy (6.23) using a FNN (6.27) offers a significant advantage:
unlike solving online the original QP-MPC problem (6.10) by means of conventional

QP solvers, evaluating the policy (6.27) requires near-zero computation time, since
FNNs are static functions.

Also, unlike Explicit MPC, the policy (6.27) does not require to solve a point
location problem prior to its evaluation, which constitutes the major bottleneck of
Ex-MPC (see Section 2.4.2 for more details).

These are key features for enabling the use of an online optimal tuning strategy for

the neural MPC controller, as explained in the next section.

6.4. Online Metaheuristic Strategy for Adaptive MPC Tuning

Online tuning has the purpose of adapting in real time the MPC weights wy, (6.5), allowing
to maintain consistent control performance over time and to perform optimal trade-offs
between conflicting and concurrent control objectives.

Online tuning is especially useful when the reference output trajectory (y,)r>0 is
available only up to the current time instant k£ and is not known a-priori for all k > 0,
thus not allowing to precompute offline the optimal weights; this is the case of our NMPC
problem (6.4).

To this end, we propose an online tuning strategy which, at the current time & (or
t = kTs), employs past information on the closed-loop system evolution, collected over
the time interval [(k — Niuning)Ts, (k — 1)T], with Niuning € Z>1, to obtain some optimal
weights wj, to be used over the next time interval [k, (k 4+ Nyuning — 1)T5).

6.4.1. Performance-Metric Functions

Let us assume that we want to mediate Ngp; concurrent control objectives, which may, in
general, be conflicting with each other. For each i-th control objective, i = 1,..., Nop;,
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we define a performance-metric index p;, which serves as a quantitative measure of the
extent to which the corresponding objective is satisfied: the smaller p;, the better the i-th
objective is achieved.

The performance-metric indices are evaluated as functions of the N-step output trajec-
tory y = (y;)~.;. Accordingly, we define the performance-metric functions p;(y), where
pi : RN 5 R,

6.4.2. Optimal Tuning Problem

The tuning strategy, which seeks the optimal weights w}, at time k, is formulated as the
following optimization problem:

n}li)n Jruning, k(W) (6.29a)
st. weW={weR™ :wp <w < wy}. (6.29b)

The tuning cost function Jiuning, in Eq. (6.29a) is not given as a closed-form expression;
instead, the cost value Jiuning k(w), for a given weight w € R™ and time instant k& > 0, is
evaluated through the following procedure:

1) Simulate, over the (past) Niuning discrete time instants i = k — Niuning, - - -,k — 1,
the closed-loop system composed by the DT neural plant model (6.19) and the
neural MPC controller (6.28), i.e.,

ii+1 = Nf(i'la Nﬂ'(jh Yr,is w))a i.k:—Nmning = Lk— Ntuning ’ (630&)
gi :Ng(i'iy Nﬂ'((i”iay'l‘,i)w)% (630b)

obtaining the simulated closed-loop output trajectory ¢ = (g}z)f:_k}_ Neuning

2) For each i-th control objective, evaluate the related performance-metric functions
through the simulated trajectory g, i.e., pi(9), i = 1,..., Nop;.

3) Compute the cost value as
Nobj
Jtuning,k(w) - Z Oéipi(g), (631)
j=1

where a; € Ry are scalars for setting the priority of each metric over the others.

Solving the tuning problem (6.29) provides the optimal weights wj, which, according to
the above procedure, yield the MPC control action that optimally trades off the concurrent
control objectives over the previous Nyuning discrete time instants.

We employ these optimal weights wj in the neural MPC controller (6.28) to control
plant (6.1) over the next time interval [kT, (k + Niuning — 1)Ts]. Hence, successive tunings
are then performed every Niuning time instants, i.e., the optimal weights wj are kept
constant over the time interval [T, (K + Niuning — 1)7s] and the tuning problem (6.29) is
solved only at time instants & = nNiyning, 7 € Z>1. Therefore, the weights wg, employed
during the first time interval [0, (Niuning — 1)75s), have to be initialized beforehand.

As stated in Remark 6.6, the closed-loop simulation in Eq. (6.30) can be performed in
real time since the control policy is evaluated through the neural MPC controller N (6.28),
which, being a FNN, exhibits near-zero computation time.

The union of the neural MPC controller (6.28) with the online tuning strategy (6.29)
constitutes the complete NA-MPC controller.
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6.4.3. Tuning Problem Solution via Metaheuristic Optimization

The tuning problem (6.29) is not a standard optimization problem, since the cost function
Jtuningyk(w) has to be evaluated through the procedure described in the previous section.
As a consequence, it cannot be effectively solved with conventional optimization algorithms.
For this reason, we leverage metaheuristic optimization.

Metaheuristic Optimization

Let us consider the following NLP optimization problem:

min J(x) (6.32a)

st. zeX={zeR":zp <z <zup}. (6.32b)

Conventional NLP solvers may not always be a feasible choice for solving problems
like (6.32). Such solution methods are mainly deterministic and gradient-based (e.g.,
sequential quadratic programming, interior-point, active-set, etc.) and, thus, rely on the
smoothness and differentiability of the cost function J to provide a reliable optimal solution.

As a consequence, when the cost function J exhibits a highly irregular shape (e.g.,
non-convex, discontinuous, etc.), conventional methods are prone to converging only to
local minima, thus providing a sub-optimal and unreliable solution (see, e.g., Eq. (5.21)
and Remark 5.3).

Even more critically, when the cost function J is not given in closed form, but instead
has to be evaluated through algorithmic or simulation-based procedures that map the
decision variables x to the related cost value J(x) (like in our tuning problem (6.29)),
conventional solvers may not be applicable at all, as the computation of gradients may not
be possible.

In these situations, it is worth resorting to metaheuristic optimization algorithms.
These kind of solution methods employ stochastic, population-based search strategies that
balance global exploration and local exploitation, rendering them capable of escaping from
local minima and performing a more robust search of the solution space [56]. Moreover,
metaheuristic strategies naturally enforce bound constraints like (6.32b).

Among the various metaheuristic optimization techniques available [56, 107], we adopt
the following two, both of which are widely recognized and extensively applied:

1) Particle Swarm Optimization (PSO), belonging to the family of swarm intelligence
techniques.

2) Genetic Algorithm (GA), belonging to the family of evolutionary optimization
techniques.

Particle Swarm Optimization Particle Swarm Optimization (PSO) is the leading

metaheuristic algorithm among the family of swarm intelligence techniques [56].
In PSO, a swarm of particles S = (:L‘i)f\i’f”, each one representing a candidate solution x;
of the optimization problem (6.32), explores the search domain &X' (6.32b) by progressively

updating their positions over a number of iterations j = 0,..., Npsgo.

Npart

At the first iteration j = 0, the particle swarm S(© = (QUZ(O))Z:1 is randomly initialized
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over the set X, e.g.,
2 < Ulzw, zw)), i=1,..., Npart, (6.33)

where U is the uniform probability distribution.

Each particle is associated with a velocity vector v; € R", i = 1,..., Npart, which, at
iteration j = 0, is also randomly initialized over X

At the j—(t? ]i\‘?eration, j=0,...,Npgo — 1, the particles positions SU) = (xl(j))ﬁ\é’f” and
J ) part

velocities (v;”’);5;"" are updated as follows:

vl(jH) = mvl(j) + Ty (pz(j) - xz(j)) + CsTs (g(j) - %(j)) ’ (6.34a)
) B T Ty (6.34D)

In Eq. (6.34a), p(j) is the personal best position of particle ¢ up to iteration 7, i.e.,

pgj) = arg min J(x), (6.35)
me{:p@), x(,l), ey m(.j)}

g is the global best position of the swarm up to iteration j, i.e.,

g = arg min J(x), (6.36)

eSO uUsMy...us)
m € Rsq is the particle inertia; c¢j,cs € Rs are the individual and social attraction
coefficients, respectively; ri,rs ~ U([0,1]) are random numbers with uniform distribution.
(j+1)

In order to ensure that the updated positions z; stay within the set X, two possible

measures are typically adopted:

o  “Reflecting” bounds, whereby, when a particle exceeds a bound, the related position
component is reflected back into X with respect to the violated bound, and the

velocity component is reversed, i.e., if the particle :L‘Z(-j 1 exceeds the k-th bound,

k=1,...,n, then the k-th component of the updated position aﬁgjﬂ) and velocity
~(j+1)
0, are
i+1 . i+1
@0y, = {2 @ G < e
Z 2wk — (@) i @) > (),
@) = =@ ). (6.37b)

o  “Absorbing” bounds, whereby, when a particle exceeds a bound, the related position
component is set equal to the violated bound, and the velocity component is set to
zero, i.e., if the particle 29 exceeds the k-th bound, then

%

Gty _ ) (@w)e i (@I < (2w, 6.38

(xz )k . (j+1) ( : a)
(@ub)e 1 (277 )k > (Tub)ks

(@), = 0,. (6.38D)

The optimal solution to problem (6.32) is selected as the global best position at the
last iteration j = Npgo, i.e.,

a* = gNpso), (6.39)
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Concerning the tuning problem (6.29), the optimal solution wy;, for & = nNtuning, 7 > 1,
is computed as follows:

* 1 k
wk} — 5 (g(NPSO) + wk—Ntunjng> . (6.40)

The policy (6.40) has the purpose of smoothing the evolution of the optimal MPC weights

over time.

Remark 6.7

Concerning parameter selection for PSO, [107] suggests optimal choices for m, ¢;, and cs

that, in general, allow to achieve the best balance between exploration and exploitation.
Such values are reported in the data on p. 214.

Genetic Algorithm  Genetic Algorithm (GA) is a widely employed metaheuristic
optimization method inspired by the process of natural selection.

It works by evolving a population of candidate solutions P = (a;i)f\ﬁ“ld (i.e., the individ-
uals) over a number of iterations j =0, ..., Nga (i-e., generations) [83, 107].

At the first generation j = 0, the initial population P is randomly initialized over

the set X of problem (6.32), e.g.,
2" ~ U(lzm, ), i =1,..., Nina. (6.41)

)

At the j-th generation, j = 0,..., Nga — 1, for each individual z;”’, it is evaluated the

related cost value Ji(J )= (%(] )), which allows to quantify the individual “fitness” ﬁ

Then, a selection process is performed: at each generation j, individuals are selected to
create the new population of the next generation j 4+ 1. Selection is based on the fitness
values, where individuals with better fitness (i.e., lower Ji(j )) have a higher probability
of being selected. Among the many possible selection methods (i.e., roulette wheel,
tournament, rank-based, etc. [107]), we adopt the stochastic uniform selection [83], i.e.,

each individual has a probability of being selected proportional to its fitness, i.e.,

1
i

]P’[xgj ) is selected] = —z——.
22t S

(6.42)

Selection produces the sub-population P’U), which undergoes crossover, i.e., pairs of

individuals (i.e., the parents) exchange information to create offspring. For each couple of

parents 2 and méj ), a,b € {l,..., Nina}, a # b, crossover consists in randomly selecting a

binary mask m € {0,1}" and generating the offspring 2’ by extracting components from

(4) ()

either xg’ or ;" according to the mask, i.e.,

Gy, _
(@) = {(%j Jo A (mle =00 (6.43)

(xl(;j))k if (m)y =1,

Offspring are added to P'9), obtaining the new population PUTY  corresponding to the
next generation j + 1.
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The number of generated offspring is typically selected to keep constant the number of
individuals Nj,q over the generations.
Finally, a mutation is applied to each individual of PUTD as follows [83]:

I =20 el e~ N(0,02), (6.44)

i 7

where ¢ is a random number with normal distribution /V; the variance o; tunes the mutation
magnitude and is adapted at each generation, as follows [83]:

o0 = cs(Tup — T1b),

Uj:Uj—1<1_crNiA>7 j:17”-7NGA7 (645)

where ¢s and ¢, are tuning parameters for the scale factor and the reduction rate of o},
respectively.

To ensure that mutated individuals stay within the set X, typically a saturation within
the bounds z, and z,p is applied after the mutation (6.44).

The optimal solution to problem (6.32) is selected as the individual with highest fitness
at the last generation j = Nga, i.e.,

¥ = argmin J(x). (6.46)
rePNGA)

6.5. Application to Power Management in Fuel Cell Hybrid
Electric Vehicles

The NA-MPC strategy is applied to the case study of power management in fuel cell hybrid
electric vehicles (FCHEVs).

In the following, we outline the construction of a white-box, first-principles model of
the power sources and distribution system in a FCHEV, which constitute the FCHEV
power system. Such a model will be employed, in simulation (Section 6.6), as the CT
plant to control and as a “virtual” source of input-output measurements, as detailed in
Section 6.3.2.

After that, we tailor the NA-MPC strategy, developed in Section 6.3, to achieve the
main control tasks of FCHEV power management.

6.5.1. Modeling the Power System of a FCHEV
A simplified scheme of the FCHEV power system is reported in Figure 6.2:

e The battery and the fuel cell (FC) are the two hybrid sources of electrical power
for the FCHEV propulsion. The two sources deliver the battery power P, and FC
power Pk, respectively, to the DC bus. In the power system model, we consider B,
and P as powers requested to each source, i.e., they act as inputs of the model,

o= o] - (]
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Figure 6.2. FCHEV power sources and distribution system.

e The two sources, battery and FC, are associated with their current supply value, i.e.,
the battery state of charge ¢ (SOC) and the hydrogen (Hz) mass my, respectively.
According to the requested powers Py (t) and P (t), the two supplies ((¢) and my(t)
change over time. Thus, they are the states of the power system model, i.e.,

2(t) = [xl(t)l = [ ¢() ] . (6.48)

mp (t)

e The DC bus acts as a central electrical distribution system, allowing for bidirectional
power transfer, i.e., the DC bus is capable of recharging the battery (i.e., B, < 0)
during regenerative braking or by delivering the FC power to the battery.

e The total power P,y is then delivered by the DC bus to the electric motor, i.e., the
actuator, usually through an AC/DC interface. The total delivered power Py is a
model output, i.e.,

y(t) = Prot(t). (6.49)

e The NA-MPC controller will act on the DC bus, defining the power allocation
between battery and FC.

Therefore, in order to construct the model for the FCHEV power system, we have to
first derive three sub-models, for the battery, the FC, and the DC bus, respectively.

Battery Model

In the battery model, the state and input are x = ( and v = P, respectively, where ( is
the battery state of charge (SOC) and P, is the power requested to the battery. The SOC
is defined as the ratio between the battery charge 1, and the nominal battery capacity

QI’IOD’D i'e‘7

Qv

C - QHOIH

€ [0,1]. (6.50)
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Differentiating both sides, we can relate the SOC rate ¢ with the battery current I, as

follows:
1 . .
. P T —  if By, > 0 (discharge),
¢ = b1 (Fb) b (B = 4 ( ) (6.51)
Qnom neewl if B, <0 (charge),

coul

where 7" € (0, 1) is the Coulombic efficiency, quantifying the fraction of current that is
lost during battery charge and discharge [115].

The battery is typically made of N, battery cells connected in series. Each cell is
modeled as an ideal voltage source Vboc’S with a series output resistance Rf)’s; the latter
quantities can be combined as V)¢ = NbeOC’S and Ry = NbRﬁ’S, respectively.

In real batteries, V)¢ and Ry are functions of the battery SOC. Such a dependence on
¢ can be derived from experimental data (taken from, e.g., [115]). The functions V;>¢(¢)
and Ry (() are then constructed from this data by means of piecewise polynomial fitting.

The power generated by the battery (PS") is then equal to

PEY = V°°L, — RIL. (6.52)

To compute the actual delivered power Py, we have to account for the losses due to the
power converters interfacing the battery with the DC bus. Therefore, we set

1 .
n conv lf Pb > 0,
PE = o (Py) Py, mp2(By) =4 ™ ‘ (6.53)
™ if B, <0,

where 9™ € (0,1) is the efficiency of the battery power converters. The efficiency np 2
accounts for the bidirectional flow of the battery power during charge and discharge.
Solving Eq. (6.52) for I}, and adding Eq. (6.53) yields

1
2RY

Iy (Vt?c - \/VbOCQ —4RY m, 2(Py) By ) (6.54)

The battery model is then the union of Egs. (6.51) and (6.54), i.e.,

() 1
Qnom 21}

(= foolC, P) =

© (VbOC(C) - \/Vboc(C)2 — 4R} () mp,2(By) Py ) (6.55)

The battery model (6.55) forces an upper bound on B, i.e.,

conv VbOC(C)2 __ pmodel
Pb < b 4Rg(<~> - Pb,ub (C) (656)

Real battery specifications also provide a range of admissible values for P, and (, given by
the bounds PSﬁﬁc, Pgﬁﬁf and (i, Cup, respectively. Typically,

Pspec < min Pmodel 7
b,ub CE[CibsCab] b,ub (C)

so that the upper bound on P is independent of ¢ and is feasible for any ¢ € [(in, Cub)-
Therefore, ¢ and P, are bounded as follows:

C € [Cb,Cun)s Py € [P Poas] = [Po,b, Poub)- (6.57)
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Fuel Cell Model

In the fuel cell model, the state and input are x = my and u = P, respectively, where my, is
the hydrogen mass and P is the power requested to the FC. In the model, proton-exchange
membrane (PEM) fuel cell behaviour is assumed [67].

The fuel cell is made of Ng. smaller cells connected in series as a stack. The electrical
behavior of each smaller cell is defined by its characteristic curve, relating the cell voltage

Vg to the cell current density ¢f. [67, 164], defined as the cell current per active area, i.e.,
S Ifsc

Within a wide range of current densities, such a curve can be conveniently fitted by a
linear function [67], i.e.,

S . 1/0C,S 0,S:s __ 170C,s 0,S 1S
Vie m Vig 7 —rilig, = Vg T — R (6.58)

The fuel cell stack voltage and current are then equal to Vi, = N Vi and Iy, = IE,
respectively. We also define V2¢ = NfCVf(C)C’S and R, = NfCR(f)C’S.

The power generated by the fuel cell (PE™) is equal to the ideal power Pficd = Vi,
reduced by a quantity P, which is the power needed to keep the fuel cell on [67]. It can
be shown that P depends quadratically on I, [67] and its expression can be further
simplified with a linear relation [66], i.e., P& ~ P& + V2" ;.. Therefore, we have that

PR = (Vie = Vie™) ke — P (6.59)

As done for the battery, to compute the actual delivered power P, we have to account

for the losses due to the power converters interfacing the fuel cell with the DC bus. Thus,
1

conv © fc
fc

PE™ — (6.60)

conv
S

where 7§ (0,1) is the efficiency of the fuel cell power converters. Combining Egs. (6.58)-

(6.60) and solving for It yields

1
- 2RS

I (Vi = v = | JVie = Vw2 — 4R (e P+ PE™) ). (661)
Experimental data on both the fuel cell characteristic curve and auxiliary power are
taken from [67].
Finally, we relate the hydrogen mass rate rin;, with the fuel cell current g recalling

the oxidation semi-reaction taking place at the fuel cell anode, i.e., Hy — 2H" + 2e~.
Ifc

niq’
(number of electrons released) and ¢ is the elementary charge. The hydrogen rate ry, of

The number of hydrogen molecules that dissociate every second equals where ne = 2

the fuel cell stack is then equal to

It My
716‘]]\287

(6.62)

my = —Nge

being My, the Ho molar mass and N the Avogadro’s number.
The fuel cell model is then the union of Egs. (6.61) and (6.62), i.e.,

oc _ yj/aux
fc fc

Ne My, 1 (

i = fieo(Pre) = = neq Na 2R
€ fc
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= J0VE = VR - By (e P+ ). (663)

The FC model (6.63) forces an upper bound on P, i.e.,
yoc _ jaux 2
Pe < aigm (W2l ) - e (6.64)
C
Real fuel cell specifications also provide an upper bound on P, denoted by Pfscl?uecb, satisfying
ngﬁg < Pfrgﬂ‘gel. The hydrogen mass is bounded by my 1, and my, 1, where my, 1, is the
hydrogen tank capacity. Thus, my, and P are bounded as follows:

My € [Mu b, Muub),  Pre € [0, Pip] = [Preby Pre,ub)- (6.65)

DC Bus Model

In the DC bus model, we have to relate the requested powers P, and P with the total
delivered power P;ot. This can be done by means of the following static equation:

Ptot = gP;ot (C? mh, Pba Pfc) = U(Ca Pb) + U(mhv PfC)> (666)
where the function o(z,u), considering x € {¢,mn} and u € { Py, Pg.}, is given by
0 if x<xp, u>0
o(x,u) = or x> Tup, u <0, (6.67)
u otherwise.

Eq. (6.67) states that a source cannot deliver power if its supply is depleted and the
requested power is positive (i.e., x < zp,, u > 0), or the supply is full and the requested
power is negative (i.e., © > xyp, u < 0).

FCHEV Power System Model

The FCHEV power system model is the union of the battery model in Eq. (6.55), the FC
model in Eq. (6.63), and the DC bus model in Eq. (6.66), as follows:

. . fb,C(Cvpb)

T = fo(z,u) = [ffc,c(Pfc) 1 , (6.68a)
. [ ¢

Y= lPt t] =g(z,u) = my . (6.68b)

L9Pyo (€ ns Poy Pre)
The model (6.68) is subject to linear constraints, defined by the sets

X ={(¢,mp) €R?: W | |6 < | S L (6.69a)
M, Ib | my Mh,ub
Py B, Py
U= (P, Pe) € R? < < |7 , 6.69b
{< C) Pfc,lb Pfc Pfc,ub ( )
Y={Pot € R: Poip + Prcib < Piot < Poub + Prcub ) » (6.69¢)

given by Egs. (6.57), (6.65), and matching Eq. (6.2).
Finally, we note that the FCHEV power system model (6.68) satisfies Assumptions 6.1
and 6.3.
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Remark 6.8

For each source x € {¢,my} and u € {P,, Pi.}, if u = 0 (i.e., null requested power),

then & = 0, Vx € [z, Ty, i.e., the supply level does not change.

Remark 6.9

By Remark 6.8 and Eq. (6.67), for any requested power u(t) € U, the evolution over
time of the supplies is such that z(t) € X, V¢ > 0.
Then, under the constraint z € X', the DC bus model in Eq. (6.66) simplifies as

Pt = Py + Pr.. (6.70)

6.5.2. Longitudinal Vehicle Model for Requested Power Calculation

The FCHEV power system model (6.68) provides as output the total delivered power P,
as function of the requested powers B, and P.

In power management applications, the total delivered power Py (t) is typically required
to track a given reference power, corresponding to the vehicle requested power Preq(t).
Such a requested power is, in general, computed from a driving cycle, i.e., the sequence of
vehicle velocity values v(t) over time. To compute the requested power Pieq(t) from the
driving cycle v(t), we need a longitudinal model of the vehicle dynamics, like the following
(which is a modified version of the model in Eq. (5.28)):

Proq () = Frog(t) v(t), (6.71a)
Ftot (t) = Fvis (t) + Froll(t) + Fslope (t) + Ma(t)

= %pAdev(t)]v(t)] + CrMgcos(6(t)) sign(v(t)) + Mgsin(0(t)) + Ma(t), (6.71b)

where M is the vehicle mass, g the gravitational acceleration, v(t) the vehicle velocity from
the given driving cycle, a(t) = v(t) the vehicle acceleration, p the air density, A¢ the vehicle
frontal area, Cy the viscous friction coefficient, C; the rolling friction coefficient, and 0(t)
the road slope, expressed as a function of time?.

The model (6.71) can be sampled with discrete time step Ty, allowing to employ a DT
driving cycle vy = v(kTs), k > 0.

6.5.3. NA-MPC Strategy For FCHEVs Power Management

In this section, we tailor the NA-MPC strategy for the case study of FCHEV power
management. Specifically, NA-MPC should be able to address the following three main
control tasks:

1) accurate requested power tracking;
2) combined supplies saving;

3) selective supplies saving (i.e., either battery or FC).

2In the case 6 is given as a function of the vehicle longitudinal position z, i.e., #(z), then it is sufficient
to compute z(t) = fot v(7)dr from the driving cycle, and replace 0(x(t)), obtaining @ as a function of time.
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Neural Plant Model

Data for training the CT neural black-box plant model (6.18) is “virtually” collected from
the white-box model of the FCHEV power system (6.68), as described in Section 6.3.2.

In this sense, the high-fidelity model (6.68) has the purpose of emulating a real-world
FCHEV, onto which real measurement data would be collected.

Neural MPC Controller

From Section 6.3.3, the neural MPC controller N (6.28) for FCHEV power management
has the following inputs:

1) the current state xp = [, mh7k]T;

2) the reference output y, 1 = [(, M, Ptotmk]T;

3) the MPC weights wy, given by
Qr = diag([we e, Wiy ks Whok])s Qak = diag([wa ¢k, WA my k> 0]1),
R = diag([wp,, wp,]"), Ra = diag([wa p,, wap,)). (6.72)

In Eq. (6.72), the weights that do not effectively contribute in achieving the control
tasks are set to constant values.

Concerning the reference output y, x:

e To encode the supplies saving task, the references for the supplies, i.e., ¢, and my, ,,
are set to their respective upper bounds,

G = Cub, My = Mhub-

e To encode the power tracking task, the reference for the total delivered power, i.e.,
Piotr ks is set to the current requested power,

Ptot,r,k = Preq,k’~

The neural MPC controller has then 8 inputs, i.e.,

B
U = [P;’]}j = Nw(Hk) = Nﬂ(ck7mh,k7 Pre%k,wk). (6.73)
C,

To ensure a precise input constraint satisfaction, the output of the neural MPC
controller (6.73) is saturated within the bounds wuy, and ., in Egs. (6.57) and (6.65), i.e.,

gy = satfy,, ] (Na (). (6.74)

Performance-Metric Functions for Online Tuning

As detailed in Section 6.4, we define Nop; = 3 performance-metric functions p;(g), ¢ =
1,..., Nopj, to quantify the satisfaction of the three power management control objectives:

1) Requested power tracking:

s\ 2
e . PN
pi(@) = {m (1-2) i & < e, (6.75a)
2M oA
TFep—K@r—emy ~ M if &> ew,
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maxie{k—Ntuning,...,k—l} |Ptot,i - Preq,z'|

& = : 6.75b
maX(’Preq,lb‘a ‘Preq,ubD ( )
where Preq,ub = Pb,ub + Pfc,ub and Preq,lb = Pb,lb + Pfc,ub-
2) Battery saving:
M if Cro1 < (s
(@) = § M (b= g ¢ (6.75¢)
p2\y o —Con if Ck—1 € [Cbs Cubl, :
0 if Cro1 > Cub.
3) Fuel cell saving:
M if mp k-1 < mpb,
7 - 2 . A
P3(g) = § M (Tmistomthat ) g g, € o, ), (6.754)
0 if mh,k—l > Mh,ub-
In Eq. (6.75), m, M, K, and ey, are design parameters; y = @i)f:_li—Nmning’ with g; =

[@-, M Ptom]T, is the simulated closed-loop output trajectory, computed according to
Eq. (6.30).
Concerning the performance-metric functions:
e p; attains its minimal value when the normalized power tracking error (6.75b) is
close to ey from below (thus, ey, acts a “soft” upper bound on the maximum

tracking error);

e po and p3 penalize the reduction of supplies with respect to their upper bounds.

Therefore, p; defines the trade-off between power tracking accuracy and supplies saving;
p2 and p3 set the consumption priority between battery and fuel cell.

Characterization of Closed-Loop Trajectories and Stability

In this case study, we focus on the problem of power management, which is fundamentally
distinct from conventional regulation or tracking.

Given a reference power Py (t) (typically corresponding to the vehicle power request
Preq(t)), our objective is to determine the optimal allocation of the delivered powers (u;);"y,
ensuring that Pt (t) = >0 ui(t) = Piot,r(t). Therefore, this task is not formulated as a
state regulation or tracking problem, since our aim is not to steer the closed-loop state
trajectories z(t) (i.e., the supplies) towards an equilibrium state or trajectory of the system;
rather, the supplies z(t) are permitted to evolve organically under the influence of the
delivered powers u;(t), calculated through the optimal allocation.

In this regard, while the supplies x(t) are not requested to track a given trajectory (or
regulate towards an equilibrium), their time evolution contributes in the evaluation of the
optimal power allocation, as detailed in Section 6.5.3, p. 212.

For the above reasons, classic stability arguments are not frequently employed within
the scope of power management.

In terms of characterization of the closed-loop trajectories, the most relevant property
that we can highlight for controlled power systems is that, in general, as reported in
Remark 6.9, the closed-loop supply trajectories x(t) are ensured to remain always bounded
within the set & for any control input u(t) € U.
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6.6. Simulations and Results

In this section, we validate the NA-MPC strategy through simulations. The white-box
model of the FCHEV power system (6.68) is employed as the CT plant. The plant is
controlled by the neural MPC controller (6.73), which is adapted in real time by the online
metaheuristic tuning strategy described in Section 6.4.

The full control system scheme is depicted in Figure 6.1.

Simulations encompass the following aspects:

e capability of NA-MPC to deliver the requested control tasks;
e efficacy of the online tuning strategy;

e comparison of NA-MPC with state-of-the-art techniques for FCHEV power man-
agement;

e NA-MPC execution time and real-time feasibility.

6.6.1. Implementation Details
Simulations

Simulations are performed in MATLAB® (ver. 2023b), on a machine powered by a 13" Gen
Intel Core™ i7 CPU at 1.7 GHz, with 16 GB of RAM.

The NA-MPC strategy is implemented in MATLAB and Python™ 3. The QP-MPC
optimal control problem (6.10) is formulated with YALMIP [96] and solved with the QP
interior-point solver MOSEK (ver. 10.1) [108]. The FNNs for the neural plant model (6.18)
and the neural MPC controller (6.73) are constructed and trained using PyTorch.

Data

Relevant data shared by all simulations is reported in the following:
e General data: T, = 1 s, simulation time 7' =1000s, N = |~ | = 1000.

S

e White-box model of the CT plant (FCHEV power system, Eq. (6.68)): zg =
[Co, muo] T = [0.6, 900 g] T or [0.5, 700 g] T, N}, = 200, Qnom = 60 A h, o = 0.95,
o™ = 0.97, Py, = —290 kW, B, = 290 kW, ¢, = 0.2, (up = 0.8, Ng. = 500,
Veo® =0.812 V [67], R® = 1.21 mQ [67], P2™ =100 W [67], V2™ = 50 mV [67],
n&onv = 0.97, Pfqub =45 kW, mulp = 100 g, Mhub = 1000 g.

e Longitudinal vehicle model (Eq. (6.71)): m = 5 x 103 kg, A =8 m?, Cq = 5 x 1071,
Cr =1072,0 € [-3, 9] deg.

e Driving cycles:

o California Unified Cycle (UC/LA-29, Figure 6.3a);
o City Suburban Heavy Vehicle Cycle (CSHVC, Figure 6.3b);
o EPA Federal Test Procedure (FTP-72/UDDS/LA-4, Figure 6.3c).

e Neural black-box model of the CT plant (Eq. (6.18)): ni, = 4; noys = 2; number
of layers I = 3; neurons for each layer (NZ)ZL:JE1 = (4,10, 10,2); Ngata = 50 x 103;
Nizain = 47.5 x 103; Nyap = 2.5 x 103; Npateh — 47 5% 102; Nbatch — 9 5% 102; errors

train val

on collected data 7, = 5%, 7, = 5% (see Section 6.3.2).
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o Activation functions: rectified linear unit (ReLU(z)) for hidden layers; linear
function (z) for the output layer.

e MPC: N, = 10.

Neural MPC controller (Eq. (6.73)): nin = 8, nows = 2, L = 4; (NI =
(8,100, 100,100,2), Ngata = 500 x 103, Nipain = 475 x 103, Ny = 25 x 103,
Npateh — 47.5 x 10?, NPateh = 2.5 x 102.

train

o Activation functions: rectified linear unit (ReLU(z)) for hidden layers; linear
function (z) for the output layer.

Performance-metric functions (Eq. (6.75)): m = 2.5, M =10, K = 2.

e Online metaheuristic tuning: wy, = [1,1,1,1,1]7, wy, = [10, 10,10, 100, 100] .
o Particle Swarm Optimization (PSO): m linearly decreasing from 0.9 to 0.2,
Npart = 10, Npso = 10, ¢; = 2, ¢s = 2; absorbing bounds (see Eq. (6.38)).
o Genetic Algorithm (GA): Nijnq = 10, Nga =10, ¢cs =1, ¢, = 1.

(a) (b) (c)
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t[s]

Figure 6.3. Driving cycles (v) and corresponding requested power (Preq). (a) California Unified Cycle
(UC/LA-29, —). (b) City Suburban Heavy Vehicle Cycle (CSHVC, —). (c) EPA Federal Test
Procedure (FTP-72/UDDS/LA-4, —).

Note that all driving cycles in Figure 6.3 are standard, based on real-world vehicle

operation, and widely adopted for validation and testing in automotive scenarios [110].

6.6.2. NA-MPC FNNs Training and Validation

In this section, we report training and validation results for the two FNNs employed by the
NA-MPC strategy: the neural plant model (NVy,,Ny) in Eq. (6.18) and the neural MPC
controller NV in Eq. (6.73).

Neural Plant Model

Recalling that the CT plant is represented by the white-box model of the FCHEV power
system in Eq. (6.68), the output function g is known exactly. Thus, we only need the FNN
N, for the state dynamics function f,.

The input and output datasets Dj, and D, are constructed as described in Section 6.3.2.
Specifically, we ensure that Dy, uniformly spans the set Z = X x U, defined by the linear
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state and input constraints in Eqgs. (6.57) and (6.65). A total of Ngat, data points are
collected, of which Nipain are used for training and Ny, for validation. These data points
are then subdivided into batches, with NP2t and NPath data points each, respectively.

The FNN is trained with the Adam optimization algorithm [78], employing the following
loss function:

1 Nbatch 9
L= Uz, 2;) + al|pl|5- 6.76
Moy 2 (G0 + ol (6.76)

In the loss function (6.76), z and Z are the target and predicted outputs of the FNN,
respectively, £ is the Lo loss, i.e., £(z,2) = (2 — 2)?, and p are the learnable parameters of
the FNN, on which Lo regularization is applied.

Neural MPC Controller

The input and output datasets are constructed as described in Section 6.3.3. Specifically,
we ensure that Dy, uniformly spans the feasible set of parameters II in Eq. (6.73). The
datasets are split for training/validation and are subdivided into batches.

The FNN is trained with the Adam optimization algorithm, employing the following
loss function:

1 Nbatch A A
L= NP P )+ (P s Pro
Npatch ; ( ( ( by b’Z) + ( fe,i» fc,z))
+ (1= N Py + Press Poi + Pre)) + lpll, (6.77)

where A € (0,1) and ¢ is the L, loss, i.e., #(z,2) = |z— Z|. The loss function (6.77) penalizes
both the error on each output of the neural MPC controller (i.e., P, and Pg) and the

error on the sum of the two outputs (which corresponds to the total delivered power
Ptot:Pb+Pfc)-

Training and Validation Results

For both FNNs N}, and N, input and output data points are normalized, so to have zero
mean and variance equal to 1. Also, early stopping regularization is employed to prevent
overfitting; cross-validation is not employed.

Figures 6.4a and 6.4b report the training and validation losses of Ny, and N, respec-
tively, over the training epochs. In both cases, we observe a good convergence behavior
and no overfitting.

To further assess the FNNs emulation capability, we evaluate, for both Ny, and A,
and for each output neuron, the normalized errors

((Ny(2) — fe(2))il .
(ef.(2))i = maxeen [F Gl i=1,...,nout, (6.78a)
(N (2) = m(2))i| , 1=1,...,nout, (6.78b)
max.ep,, |(7(2))il

(ex(2))i =

for all input data points z € Dy,.
Results are summarized in Table 6.1, showing satisfactory approximation errors for our
purposes.
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Figure 6.4. NA-MPC FNNs training and validation losses over the training epochs. (a) Neural plant
model (Ny,): training (—); validation (---). (b) Neural MPC controller (N;), reporting the losses

on each FNN output and on the sum of the two outputs: training (Py, Pre —; Piot —); validation
(Pbypfc ===; Pt ==~ )
FNN Outp}lt . Normalized error
quantity Min Average Max
¢ 0.13% 1.28% 6.04%
N 1 plant model
eural plant model (A.) T, 0.07% | 0.84% | 2.97%
B, 0.00% 0.38% 8.07%
Neural MPC controller (V) P, 0.00% 0.16% 8.60%
Piot 0.00% 0.30% 5.87%

Table 6.1. NA-MPC FNNs approximation errors.

6.6.3. NA-MPC Performance

The NA-MPC strategy with online metaheuristic tuning is tested on four different power
management control tasks. Such tasks are reported in the following, together with the
related parameters for the performance-metric functions in Egs. (6.31) and (6.75):

1) Requested power tracking (a; = 10, ag = asz =1, ey, = 1%);

2) Requested power tracking and combined supplies saving (a1 = 10, ag = a3 = 5,
ewp = 10%);

3) Requested power tracking and battery saving (o = as = 10, ag = 1, eyp, = 10%);

4) Requested power tracking and fuel cell saving (a1 = ag = 10, ag = 1, ey, = 10%).

To verify the effectiveness of the online tuning strategy, we compare it with an “ideal”
tuning policy. Such an ideal tuning policy is formulated with the same optimization
problem (6.29) and performance-metric functions (6.75), but, at each tuning instant k, the
prior simulation (6.30) is performed over the whole time interval [kTs, (N —1)T}], assuming
to know in advance the future power request Preq (k41,...~y—1}- Thus, such a tuning strategy
provides ideal results, but is not realizable in practice, since it does not respect causality.

The initial weights wg for the neural MPC controller are set to wy = 5%k (refer to
the data reported on p. 214).

Figures 6.5-6.7 report the simulation results of NA-MPC with online tuning for control
task 1, employing each driving cycle in Figure 6.3. Simulation results for all control
tasks and all driving cycles, including both online tuning and ideal non-causal tuning, are
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summarized in Tables 6.2 and 6.3.

Task Max tracking Average Battery Fuel cell Cumulative
error tracking error | consumption | consumption | consumption
NA-MPC (online tuning)
1 1.28% 0.63% 72.43% 41.44% 56.93%
2 16.72% 5.00% 48.54% 43.48% 46.01%
3 13.06% 4.10% 31.71% 79.39% 55.55%
4 15.44% 3.33% 83.53% 11.61% 47.57%
NA-MPC (ideal non-causal tuning)
1 1.18% 0.47% 71.54% 42.07% 56.81%
2 10.54% 3.08% 58.81% 39.77% 49.29%
3 10.85% 3.02% 31.74% 89.45% 60.59%
4 10.28% 2.03% 92.35% 9.57% 50.96%

Table 6.2. Control performance: NA-MPC online tuning and ideal non-causal tuning (driving cycle (a)).

Task Max tracking Average Battery Fuel cell Cumulative
error tracking error | consumption | consumption | consumption
Driving cycle (b)
1 1.89% 0.55% 76.57% 36.75% 56.66%
2 15.39% 3.60% 53.31% 42.14% 47.73%
3 17.18% 3.80% 31.59% 71.91% 51.75%
4 16.94% 3.70% 70.60% 18.71% 44.66%
Driving cycle (c)
1 1.70% 0.62% 53.53% 30.96% 42.25%
2 15.30% 4.72% 25.98% 37.88% 31.93%
3 15.81% 4.72% —0.58% 79.71% 39.56%
4 14.33% 4.37% 45.10% 12.12% 28.61%

Table 6.3. Control performance of NA-MPC with online tuning (driving cycles (b) and (c)).

We notice that NA-MPC with online tuning consistently attains all the given tasks: the
power tracking error stays close from below to the soft upper bound e, which matches
the intended behavior enforced by the function p; in Egs. (6.75a) and (6.75b); also, the
trade-off between tracking accuracy and supplies saving is effectively attained, both for
combined and selective supplies saving.

Ideal non-causal tuning, as expected, yields more precise and consistent results, owing to
its knowledge of the future power request. Nonetheless, online tuning exhibits remarkably
similar performance to ideal non-causal tuning, proving the effectiveness of online causal
tuning in delivering equally accurate control performance.

6.6.4. Comparison of NA-MPC with State-of-the-Art Techniques

We now compare NA-MPC with online tuning against the two most prominent state-of-

the-art techniques for HEV power management: Equivalent Consumption Minimization

Strategy (ECMS) with online adaptation [114] and Fuzzy-Logic Control (FLC) [70, 51].
Adaptive ECMS (A-ECMS) seeks the optimal powers P}, and P minimizing, at each
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Figure 6.7. Control task 1, driving cycle (c).

Figures 6.5-6.7. Simulation of NA-MPC with online tuning. (a) Supplies: SOC (—), Hz mass (—),
and related upper-lower bounds (dashed lines). (b) Power allocation: P, (—); Pic (—). (¢) Normalized
power tracking error ex = |Piot,k — Preq,k|/ Maxic(o,....N=1} | Preq,i|: € (¢) and average value (- --); eun (=--).
(d) Optimal MPC weights obtained from the online tuning: w¢ (¢); Wm, (%); Wp,, (7); wa,c (4); WA my (¢)-
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time instant k, the instantaneous supply rates [114], i.e.,
Jnin (¢ ) + s - 1 (Pre)
s.t. Pb+Pfc:Preq,k7
P, € [Py, Pob],  Prc € [Pieib, Pre,ub), (6.79)

where ¢/ = % makes the cost function depend only on P, and P [114]. The functions
¢(¢, Py) and i, (Pr) are taken from the CT neural plant model (6.18). Adaption is
performed every Niuning time steps and, at each k = nNyping, 7 € N>1, the parameter s is

tuned through the following policy [114]:

G —¢
Cub — Cb
Fuzzy-Logic Control (FLC), at each time instant k, takes as inputs the current SOC

1
Sp = *(Sn—l + 3n—2) + K

5 (6.80)

Cr and requested power Pieq, and returns as output the FC power P ; the battery
power is then computed through the equality P, = Preqk — Pie,x- Following Mamdani’s
FLC paradigm [51], inputs and outputs are mapped to linguistic variables by trapezoidal
membership functions, according to their value (i.e., “negative”, “zero”, “very low”, “low”,
“medium”, “high”) [70, 51]. The output linguistic value is obtained from the inputs by
means of logic implications. Finally, the output numerical value is computed from the
linguistic one via centroid defuzzification.

As also stated in Section 6.1, due to their formulations [114, 51], both A-ECMS and
FLC are inherently unable to perform an effective trade-off between tracking accuracy and
supplies saving (due to the enforced equality P}, + Pr. = Preq); therefore, the two techniques
are compared with NA-MPC only for task 1 (i.e., requested power tracking). Also, both
A-ECMS and FLC are unable to handle constraints on the supply values; thus, when one
of ¢ or my, goes outside the bounds [Ciy, Cub] O [Mh,1b, Mh ub), the corresponding power P,
or P goes to 0, according to Egs. (6.66) and (6.67).

A-ECMS is initialized with two sets of values:

1) Sg = 8-1= 1, K = 1.5;

2) sp=s-1=2, K=3.

Also FLC is set up with two sets of membership functions and logic rules, where the first
set is taken from [51] (adapting the ranges of inputs and output).

For both A-ECMS and FLC, these two setups are denoted with the superscripts (1)
and (2), respectively.

Simulation results for control task 1 and each driving cycle in Figure 6.3 are reported
in Figures 6.8-6.10, and are summarized in Table 6.4.

We notice that, for driving cycle (a), A-ECMS™ and FLC(") do not track effectively the
requested power, since they fail to meet the SOC lower bound at time ¢ = 825 s. Similarly,
for driving cycles (b) and (c), A-ECMS® and FLC() violate the supplies constraints as
well. The alternative setups (i.e., A-ECMS®), FLC®) for driving cycle (a), and A-ECMS(M),
FLC® for driving cycles (b) and (c)) attain tracking, but they are unable to perform a
suitable trade-off between tracking accuracy and supplies saving.

In contrast, NA-MPC manages to save ~ 8-9% more supplies, with a rather minimal
increase in the power tracking error.
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Figures 6.8-6.10. Comparison of NA-MPC with A-ECMS and FLC. (a) Supplies: SOC (NA-MPC ----;
A-ECMS ; FLC wmeeen ), Hy mass (NA-MPC ----; A-ECMS ——; FLC ), and related upper-lower
bounds (dashed lines). (b) Normalized power tracking error ex = |Piot,k — Preq,k|/ Maxie(o,.... N1} | Preq,i|,
with detail of the error interval [0,1.5]% (NA-MPC »; A-ECMS e; FLC x). (c) Battery power P, (NA-
MPC 4; A-ECMS ¢; FLC x). (d) Fuel cell power P, (NA-MPC »; A-ECMS e; FLC x).




222 Neural Adaptive MPC With Online Metaheuristic Tuning
Max. tracking Average Battery Fuel cell Cumulative
error tracking error | consumption | consumption | consumption
Driving cycle (a)
NA-MPC 1.28% 0.63% 72.43% 41.44% 56.93%
A-ECMS™ 59.67% 0.33% 94.70% 21.60% 58.15%
A-ECMS®) 0.00% 0.00% 73.57% 51.10% 62.33%
FLCW 34.69% 0.50% 99.93% 11.60% 55.76%
FLC® 0.00% 0.00% 61.70% 65.16% 63.43%
Driving cycle (b)
NA-MPC 1.89% 0.55% 76.57% 36.75% 56.66%
A-ECMS™ 0.00% 0.00% 71.75% 54.87% 63.31%
A-ECMS®) 14.98% 1.50% 31.96% 99.91% 65.93%
FLCW 74.44% 0.18% 99.67% 22.45% 61.06%
FLC® 0.00% 0.00% 79.74% 46.71% 63.23%
Driving cycle (c)
NA-MPC 1.70% 0.62% 53.53% 30.96% 42.25%
A-ECMS® 0.00% 0.00% 45.31% 55.42% 50.37%
A-ECMS® 14.98% 1.54% 6.31% 99.91% 53.11%
FLCW 0.00% 0.00% 77.56% 17.11% 47.33%
FLC® 0.00% 0.00% 58.70% 36.94% 47.82%

Table 6.4. Control performance: NA-MPC and state-of-the-art techniques (control task 1).

These results also highlight that, unlike NA-MPC, A-ECMS and FLC are highly
sensitive to the choice of initial values, membership functions, and logic rules.

6.6.5. Online Metaheuristic Tuning Performance
PSO and GA Comparison

We now compare the performance of PSO and GA in adapting the MPC weights, by serving
as metaheuristic optimization algorithms to solve online the tuning problem (6.29).

The comparison considers NA-MPC with online tuning for control task 1 and driving
cycle (a).

Results are reported in Figure 6.11 and Table 6.5. In particular, the online weights
obtained with GA are reported in Figure 6.12.

Max tracking Average Battery Fuel cell Cumulative

error tracking error | consumption consumption consumption
PSO 1.28% 0.63% 72.43% 41.44% 56.93%
GA 1.51% 0.64% 71.11% 42.39% 56.75%

Table 6.5. Comparison of PSO and GA for online metaheuristic tuning (control task 1, driving cycle (a)).

We notice that PSO and GA achieve almost equivalent results for both power tracking

and supplies consumption.
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Figure 6.12. Optimal MPC weights obtained from the online tuning with GA (control task 1, driving
cycle (a)): we (2); Wmy, (%); WP (7); wac (4); wa,m, (4).

Convergence of PSO

To assess whether PSO is effectively converging towards the optimal MPC weights at each
tuning instant, we simulate NA-MPC with online tuning (for control task 1 and driving
cycle (a)), collecting, for each tuning instant, the PSO particles positions at every PSO
iteration.

Figure 6.13 reports the particles positions at the first and last iteration of PSO. We
clearly notice that, at each tuning instant, all PSO particles effectively converge, gathering
in a neighborhood of the MPC weight value that will be selected as optimal. This also
proves that the PSO parameters, selected according to [107] (see Remark 6.7 and the data
on p. 214), provide a good balance between exploration and exploitation.

Figure 6.13 also reports the actual weights wj, that are provided online to the neural
MPC controller (dashed lines), obtained through the smoothing policy (6.40).

6.6.6. Execution Time

Considering all simulations, computing the optimal control input through the neural MPC
controller N;: (6.73) requires, at each time instant, within [0.0126, 0.4292] ms, with average
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Figure 6.13. Convergence of PSO particles for NA-MPC with online tuning (control task 1, driving cycle
(a)). For each tuning time instant and for each MPC weight are reported: particles initial positions (grey
marks e); particles final positions (colored marks); online weights provided to the neural MPC controller
(dashed lines).

value 0.0248 ms.
For what concerns online tuning, the optimal MPC weights are computed, at each
tuning instant, in:

e [108.34, 198.80] ms, with average value 119.36 ms, using PSO;
e [108.34,198.80] ms, with average value 119.36 ms, using GA.

We see that, for both PSO and GA, execution times are very similar.

Overall, execution times are within the discrete time step Ty = 1 s, meaning that
NA-MPC is real-time feasible.

Note that, if the neural MPC controller and the online tuning policy are implemented
to run in parallel, the discrete time step T could be reduced up to the maximum evaluation
time of the neural MPC controller (i.e., ~ 0.01 ms). This would also allow to consider a
finer sampling of the requested power Peq .

6.7. Chapter Summary

In this chapter, we presented the Neural Adaptive Model Predictive Control (NA-MPC)
strategy, applied to the case study of power management in fuel cell hybrid electric vehicles
(FCHEVS).

The NA-MPC strategy optimally allocates the powers generated by the FCHEV energy
sources, i.e, the electric battery and the hydrogen fuel cell (FC). NA-MPC employs a
neural black-box model of the FCHEV power sources and distribution system, to enable
applicability when an accurate white-box model of the plant is not readily available. NA-
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MPC is capable of adapting its control action in real-time to achieve multiple, conflicting
control objectives at once, thanks to an online metaheuristic tuning policy for the MPC
weights. Furthermore, real-time feasibility of NA-MPC is ensured by emulating the
MPC control policy by means of feedforward neural networks (FNNs). Guarantees on
the smoothness of the MPC policy have been provided, ensuring that the universal
approximation theorem of FNNs holds for the MPC neural emulation.

The effectiveness of the NA-MPC strategy was demonstrated through an extensive
simulation campaign, showcasing the effectiveness in handling multiple control objectives
concurrently and the excellent performance of the adaptation policy. Also, NA-MPC
outperformed the most prominent power management strategies for hybrid electric vehicles,
namely, fuzzy-logic control (FLC) and equivalent consumption minimization strategy
(ECMS).






Conclusions

N THIS THESIS, we presented a range of novel contributions in the domain of Model
Predictive Control (MPC), with the aim of advancing it along two main directions:
the development of fast and real-time feasible MPC frameworks, capable of operating
under strict timing constraints and limited computational resources, and the extension of
Nonlinear Economic MPC (E-NMPC) to handle multiple, conflicting, and time-varying
control objectives, while ensuring consistent control performance and systematic closed-loop
stability guarantees.

The first contribution of this thesis addressed the computational limitations inherent
to Nonlinear MPC (NMPC) by formulating a general analytical framework for fast solving
NMPC problems in the Koopman lifted space. The proposed Koopman NMPC (K-
NMPC) approach is grounded in the Koopman operator theory, of which we considered
a tailored extension to optimal control problems. We introduced a systematic analytical
procedure to derive a suitable basis of Koopman observables, capable of lifting both the
nonlinear prediction model and the nonlinear constraints of NMPC. Moreover, a general
methodology to handle infinite-dimensional Koopman systems was developed, allowing an
arbitrary dimensionality reduction while preserving a suitable approximation accuracy. In
this way, we are able to transform NMPC problem into equivalent quadratic programs
(QPs) in the Koopman lifted space, which can be solved with superior computational
performance. Our K-NMPC framework was validated, both in simulation and through
experimental validations, on real-world case studies, namely mobile robot navigation in
cluttered environments and autonomous parallel parking, which showcased the proficiency
of K-NMPC in attaining the given control tasks, providing closed-loop trajectories that
are very close to the NMPC ones, and outperforming NMPC execution time by over an
order of magnitude.

The second contribution explored an alternative pathway to achieve fast MPC operation
through direct hardware implementation, introducing a general methodology for designing
fully-analog electronic circuits that realize Linear-Quadratic MPC (QP-MPC) policies
in their explicit form. Starting from a general QP-MPC problem, its corresponding
Explicit MPC (Ex-MPC) policy, characterized by a piecewise-affine control law over a
partition of polytopic regions, was derived and then simplified through tailored complexity-
reduction techniques. The resulting reduced Ex-MPC was then implemented as an analog

227
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circuit, composed solely of commercially-available low-latency components, including
resistors, capacitors, comparators, operational amplifiers, logic gates, and multiplexers.
This approach, referred to as Analog Circuital Ex-MPC, eliminates the need for online
computation on digital hardware, and ensures a remarkably fast evaluation of the MPC
policy, with computation times comparable with the analog circuit propagation delay
of few microseconds. Our methodology was validated through the control of DC-DC
Buck converters, a class of systems with inherently fast dynamics and high switching
frequencies. Comprehensive simulations, including high-level Monte Carlo analyses under
parametric uncertainty and low-level circuit simulations accounting for non-ideal component
behavior, demonstrated the feasibility, robustness, and solid control performance of the
proposed design. Furthermore, the analog Ex-MPC circuit outperformed conventional
control strategies in terms of line and load disturbance rejection.

The third contribution focused on extending the classical framework of Economic NMPC
to address scenarios involving conflicting control objectives and to systematically guarantee
closed-loop stability. A novel E-NMPC formulation was proposed, which integrates both
economic and tracking tasks within the same optimal control problem, enabling regulation
towards an optimal trade-off equilibrium. To overcome the difficulty of ensuring closed-loop
stability in E-NMPC, arising from the non-minimality of the multi-objective stage cost at
the trade-off equilibrium, a general constructive procedure was developed for designing
suitable stabilizing terms, which guarantee asymptotic stability with minimal impact on the
economic performance. The proposed E-NMPC strategy was validated on the case study of
Adaptive Cruise Control (ACC) for electric vehicles, a domain where energy optimization
and driving-related tracking objectives naturally conflict. Simulations demonstrated that
our E-NMPC strategy effectively achieved the optimal trade-off between both objectives,
attaining the tracking task while delivering superior economic performance compared to
conventional NMPC, together with guaranteeing closed-loop stability.

The fourth and final contribution presented a new advanced MPC framework, named
Neural Adaptive Model Predictive Control (NA-MPC), designed to address time-varying
and conflicting control objectives while ensuring real-time feasibility. NA-MPC extends
the standard formulation of QP-MPC by introducing three key components: an online
metaheuristic tuning strategy that dynamically adapts the MPC weights to achieve multiple
concurrent objectives; a neural emulation of the QP-MPC control policy, providing an
equivalent neural controller that exhibits negligible computation time; and a neural black-
box model of the plant to control, to enable applicability when an accurate white-box model
of the plant is not readily available. The NA-MPC framework was applied to the case study
of power management in fuel cell hybrid electric vehicles (FCHEVs). In this application,
the control task consists in optimally allocating the power generated by the electric battery
and the hydrogen fuel cell, balancing an accurate power delivery to the vehicle with the
minimization of supplies consumption. Extensive simulations and comparative analyses
against state-of-the-art power management strategies, namely Fuzzy Logic Control (FLC)
and Equivalent Consumption Minimization Strategy (ECMS), confirmed the superiority of
NA-MPC in terms of performance, adaptability, and computational efficiency.

Overall, this thesis successfully achieved its objectives, by proposing two novel MPC
frameworks, the Koopman Nonlinear MPC and the Analog Circuital Explicit MPC, which
ensure fast and real-time feasible solutions for Nonlinear MPC and Linear-Quadratic MPC
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problems, respectively. Moreover, the novel Economic NMPC formulation and the Neural
Adaptive MPC strategy have shown that MPC can be endowed with the flexibility to
handle conflicting and time-varying control objectives, while systematically guaranteeing
closed-loop stability and ensuring high computational efficiency.

7.1. Future Research

While the results achieved in this thesis are satisfactory, its theoretical and practical
contributions still present some limitations. Accordingly, a first natural direction for future
research is to investigate and address these issues, with the aim of strengthening the
proposed approaches and obtaining even better results:

e C(Concerning the Koopman NMPC strategy, a key open point consists in evaluating
how the approximations performed on the Koopman lifted system affect the K-
NMPC solution quality and its closed-loop stability. Specifically, this includes
analyzing the impact of considering an affine parameter-varying (APV) form of the
lifted system, whose purpose is to linearize the system bilinearity, as well as the
effects of dimensionality reduction, both from truncating the basis of observables
and from approximating the nonlinear residual term in APV form as well.

A second limitation lies in the procedure for generating the basis of observables,
which, currently, performs a static generation, starting from the original system
states and the additional hand-picked functions of interest. We would like to extend
it so that the most “relevant” observables, i.e., those contributing most to the
prediction accuracy of the reduced lifted system, are generated in advance.

e Regarding the Analog Circuital Explicit MPC approach, we aim to extend the
current stability analysis, which at present yields only local results. Our goal is
to systematically verify the global asymptotic stability of the closed-loop system,
together with analyzing its robustness to bounded disturbances.

Another limitation that we would like to address concerns the hyperplane
separation of Ex-MPC regions, which, in some cases, may not guarantee the
existence of the desired affine separation function. When this occurs, it is necessary
to resort to more complex separating functions, like polynomial ones [85]. A key
challenge then is to design an efficient analog implementation of these more general
separating functions, in order to maintain the simplicity and low-cost advantages of
our Analog Circuital Ex-MPC framework.

e For what concerns Economic NMPC for conflicting control objectives, a main
limitation of the proposed approach is that it employs a singleton terminal set X for
ensuring the closed-loop stability. As highlighted in Remark 2.7, such a choice bears
the hallmarks of simplicity but reduces the size of the feasible states set X, which
coincides with the region of attraction of the trade-off equilibrium state x5. Therefore,
we would like to improve the E-NMPC optimal control problem by considering
more general terminal ingredients and, possibly, introducing artificial references [52];
both of these approaches shall allow to enlarge the region of attraction.

e Finally, with regard to the Neural Adaptive MPC strategy, a relevant direction for
future research is to explore alternative neural network architectures — rather than
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restricting to feedforward neural networks (FNNs) only — for both MPC emulation
and plant identification, such as recurrent neural networks (RNNs) [117] and long
short-term memory (LSTM) networks [147].

Another limitation of the NA-MPC strategy is that the emulated MPC controller
does not inherently guarantee closed-loop stability. While this is generally not
problematic for power management applications, as discussed in Section 6.5.3,
p- 213, it becomes critical when state regulation or tracking constitute the primary
control objective. Accordingly, we intend to further investigate this aspect, also
drawing on relevant results available in the literature [120, 141].

Beyond addressing current limitations, the promising results presented in this thesis
pave the way for several other avenues of future research. In the following, we propose a
range of possible research directions that are worth further investigating.

Lifting Economic NMPC in the Koopman Space An interesting direction for
future research consists in extending the Koopman NMPC framework to Economic NMPC
problems. The K-NMPC approach, in its current formulation, allows to lift NMPC problems
that feature a nonlinear prediction model, nonlinear state constraints, and a quadratic
stage cost function. This limits its applicability to NMPC for regulation and tracking tasks
only. Economic NMPC, in contrast, considers a nonlinear and generally non-quadratic
stage cost, representing an economic criterion. Therefore, we could think of extending the
K-NMPC lifting strategy to handle nonlinear stage cost functions, arising in E-NMPC
problems.

This extension could be achieved by including the elementary nonlinear terms composing
the stage cost within the initial set of observables, analogously to the procedure already
employed for lifting nonlinear constraints. Then, the basis of observables, generated through
the analytical procedure proposed in this thesis, would now lift also the nonlinear stage
cost, together with the nonlinear prediction model and nonlinear state constraints of the
E-NMPC problem. The resulting optimal control problem in the Koopman lifted space
would then take the form of a linear program (LP), closely approximating the original
E-NMPC solution and significantly reducing its computational complexity.

This extended K-NMPC framework, that we can call Koopman Economic NMPC
(KE-NMPC), would represent a significant step forward in rendering E-NMPC problems
computationally tractable and feasible for real-time applications.

Dual-Layer MPC for Energy-Efficient Vehicle Operation This thesis presented
two novel MPC frameworks capable of providing an economically profitable control action
while also attaining other adversarial tasks, namely Economic NMPC for conflicting
control objectives and Neural Adaptive MPC. A promising avenue of future research would
consist in integrating these two frameworks together, obtaining a unified dual-layer control
architecture for advanced power management in hybrid vehicles (HVs).

In such a scheme, the outer control layer is governed by E-NMPC, which accounts for
the vehicle dynamics and, thus, can be tasked with motion-level control objectives, such
as cruise control, autonomous parking, lane keeping, and other driving assistance tasks.
Concurrently, E-NMPC is capable of attaining conflicting economic objectives, among
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which minimizing the overall power demand required to execute the motion-level task.
Importantly, this outer control layer is ensured to be closed-loop stable, thanks to its
general constructive stability guarantees.

The inner layer, instead, is entrusted to the NA-MPC framework, which receives from
the outer layer the optimized power demand and determines, in real time, the optimal
allocation of this power among the available onboard energy sources. Thanks to its online
tuning capability, NA-MPC can dynamically adapt to time-varying driving conditions and
upper-level control requirements, ensuring consistent performance and optimal utilization
of the supplies.

The synergy between E-NMPC and NA-MPC in such a hierarchical structure would
offer a powerful framework endowing HVs with autonomous driving functions and enabling
a two-fold optimization of energy consumption during their operation.

Robust Stability Analysis of Koopman NMPC  Another promising research di-
rection concerns the analysis of the robust stability of Koopman NMPC in presence of
modeling errors, arising from the approximations introduced by the Koopman lifting process.
In its current formulation, K-NMPC introduces two sources of approximation: first, the
bilinear terms of the lifted prediction model are linearized to obtain an affine time-varying
representation; second, in the case of an infinite-dimensional basis of observables, the latter
is truncated to a finite dimension of choice. These approximations inevitably introduce
modeling errors, which correspond to removing a residual nonlinear dynamics from the
lifted prediction model. However, thanks to the fully-analytical nature of the proposed
K-NMPC framework, the resulting model mismatch can be expressed in closed form, thus
allowing a systematic study of its effect on closed-loop stability.

A possible development in this direction would consist in leveraging finite-gain stability
(FGS) arguments. The FGS framework provides a flexible and practically meaningful notion
of robustness, quantifying the sensitivity of the closed-loop system to uncertainties through
an input-state gain relation. Within this framework, we can characterize the impact of the
Koopman modeling errors as a structured uncertainty and establish sufficient conditions
under which the K-NMPC in closed-loop exhibits finite-gain stability with respect to this
uncertainty. Importantly, the FGS framework paves to way for developing a systematic
approach to determine suitable NMPC configurations, in terms of, e.g., parameter selection,
such as the weighing matrices, that guarantee FGS, providing at the same time consistent
control performances.

Solving Nonlinear MPC with Quantum Computing In the 1980s, Richard Feyn-
man argued that quantum computing (QC) would become an effective tool to simulate
large-scale physical systems, overcoming the inherent limitations of classical computers [53].
This claim relies on the observation that the intrinsic structure of quantum processors makes
them well suited for specific computational tasks, which can be executed exponentially
faster on a quantum processor rather than on a classical one [11].

QC leverages the principles of quantum mechanics, among which superposition and
entanglement, to execute computational tasks with an exponential increase in performance
compared to classical computers [143]. Unlike conventional digital processors, which rely
on bits, taking values of either 0 or 1, quantum computers employ qubits, which can exist
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in a superposition of both states simultaneously. This distinctive property allows quantum
processors to explore a vast number of possible solutions in parallel, thereby offering a
dramatic increase in computational performance.

Several paradigms and hardware architectures have been proposed to realize QC. The
most two relevant ones are gate-based quantum computing [86] and adiabatic quantum
computing (AQC) [2]. In gate-based QC (also known as circuit-based or digital QC),
the computation is performed through a sequence of unitary operations (quantum gates)
applied to a register of qubits, whose final state is measured at the end of the process.

Conversely, AQC relies on the adiabatic theorem of quantum mechanics, which states
that a quantum system remains in its instantaneous ground state if the Hamiltonian
governing it is varied sufficiently slowly. This framework is particularly well suited for
optimization problems. The idea is to encode the desired optimal solution in the ground
state of a target Hamiltonian, while the system is prepared in the ground state of an initial
Hamiltonian that is easy to construct. The system is then evolved under a time-varying
Hamiltonian that smoothly interpolates between the initial and the target one. If this
evolution is slow enough, the system tracks the ground state throughout the process and
ends in the ground state of the target Hamiltonian, which encodes the optimal solution.

A closely related approach is quantum annealing (QA) [10, 161]. QA can be viewed as
a practical relaxation of AQC. Instead of strictly enforcing fully adiabatic evolution, QA
employs a heuristic quantum process to drive the system towards low-energy states. Specif-
ically, QA exploits quantum effects such as tunneling to explore the target Hamiltonian, in
search for its ground state (or an approximation of it), encoding the optimal solution.

QA effectively enables the solution of Ising-type problems, which are a class of NP-
hard problems [105]. In practice, several combinatorial optimization problems can be
reformulated either in Ising form, using spin variables in the {—1, 1} basis, or as quadratic
unconstrained binary optimization (QUBO) problems, in the {0,1} basis [161]. These two
formulations are equivalent and, thus, represent a suitable format for quantum annealers.

Recently, QA has gained increasing attention thanks to several industrial efforts that
have developed small and intermediate-scale quantum processors for programmable use via
cloud-based access [161]. As a consequence, several research efforts have employed QA to
tackle real-world optimization problems, ranging within the domains of optimization [161],
scheduling [99], machine learning [109], and others.

In this context, QA may represent a promising direction also within the field of optimal
control. In the recent literature, only few works have tried to employ QA for solving
optimal control problems [75, 112]. To date, a comprehensive framework allowing to solve
nonlinear optimal control problems via QA is still lacking.

The link between NMPC and quantum computing could be established through the
Koopman NMPC (K-NMPC) framework developed in this thesis. The K-NMPC approach
lifts NMPC problems in the Koopman space, obtaining an equivalent lifted QP-MPC
form, which closely approximates the original NMPC solution. This QP formulation
constitutes a crucial intermediate step, as it can be conveniently approximated into a
QUBO problem [75], matching the format required by quantum annealers. Hence, K-
NMPC represents a promising approach to bridge NMPC and quantum computing, possibly
enabling a dramatic speed-up in the solution of nonlinear optimal control problems, which
would not be reachable by traditional computational approaches.
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