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Abstract

The subsurface injection of nanoparticles dispersed in stabilizing suspensions has emerged
in the last 20 years as an effective and efficient remediation technique. The stabiliz-
ing suspensions used to avoid particle aggregation are shear-thinning—and hence non-
Newtonian—fluids. In addition, the relatively high groundwater velocities and the high
fluid viscosity do not allow for the application of the Darcy’s law, which must be replaced
with the Forchheimer’s law. For these reasons, the calculation of the pressure drop in
porous media has so far been performed numerically. In this article, a novel analytical
formula is derived through a series of simplifying assumptions, using the Cross–Carreau
formulation to describe the shear-thinning rheological behavior of the injected fluid. The
validity of the formula was assessed using the numerical model MNMs. Comparison
between the analytical predictions and the numerical results showed good agreement, with
a substantial overlap of the results. For these reasons, the explicit formula is considered a
useful tool to support the field-scale design of injection interventions.

Keywords: shear-thinning fluid; non-Newtonian fluid; porous media; nanoremediation;
zero-valent iron

1. Introduction
Among applications in environmental clean-up technologies, nanoremediation has

gradually emerged as a competitive, state-of-the-art technology for generating reactive
zones in the aquifer [1–3]. This approach consists of injecting aqueous suspensions of
reactive micro- and nanoparticles into the aquifer to induce the degradation, transformation
and/or in situ immobilization of pollutants [4–6]. Among the nanomaterials studied or
applied in the field of nanoremediation, zero-valent iron-based materials are of the greatest
interest for the treatment of contamination by halogenated organic compounds, heavy
metals, and DDT [7–13].

A key aspect in the application of nanoremediation is the effective control of the
particle injection phase and, in order to improve and optimize the groundwater distribution
of nanoreagents, natural polymeric solutions are often used. In particular, zero-valent
iron particles are generally stabilized with carboxymethylcellulose, guar gum, or xanthan
gum [14,15]. These polymers modify the surface properties of the particles (limiting
their aggregation) and the viscosity of the dispersing fluid, and are characterized by a
shear-thinning behavior, which provides high viscosity in static conditions, thus limiting
particles’ aggregation and sedimentation, and lower viscosity in dynamic conditions, thus
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helping to limit the pressure increase during injection [16,17]. Moreover, it has been proved
experimentally that shear-thinning fluids exhibit enhanced dispersion in porous media, in
contrast to Newtonian fluids where dispersivity is constant and controlled solely by the
porous medium’s properties [18]. This characteristic could contribute to a more distributed
delivery of the particles in proximity to injection points.

When non-Newtonian fluids are considered, good knowledge of their rheological
properties is required to extend Darcy’s law to flow regimes involving fluids with variable
viscosity. To this purpose, several authors proposed different rheological models to describe
non-Newtonian fluids, such as Ellis [19], Cross [20], Carreau [21] and Ostwald de Waele [22].
In a wide range of applications that involve non-Newtonian fluids, such as the above-
mentioned one in environmental engineering, it is of pivotal importance to assess the
pressure drop induced by a non-Newtonian fluid flowing through a porous medium.
Darcy’s law [23] is the most used linear equation for describing single-phase steady-state
Newtonian fluid flow through a saturated porous medium. However, in aquifer systems
as well as in oil and gas reservoirs, non-linear flow can occur in the proximity of the
pumping (or injecting) well due to the high fluid velocities reached. Hassanizadeh and
Gray (1987) [24] demonstrated that, starting from Reynolds numbers in the order of 10,
this non-linearity arises due to microscale drag forces. Levy et al. (1999) [25] attributed
the non-linearities to inertial effects, whereas Dybbs and Edwards (1984) [26] identified
the cause in low Reynolds number turbulence at the solid–liquid interface. Forchheimer
(1901) [27] first proposed the currently most widely used expression to describe these
non-linearities, adding a quadratic term to Darcy’s law.

Several authors [28] have emphasized the utility of simple analytical models for
preliminary assessments in the management of contaminated sites, and as a support in
the first steps of remediation design, as they offer a conservative, rapid, and cost-effective
approach. Such models are expected to be straightforward to apply, and to enable efficient
estimations, thus being particularly valuable for field-scale design and planning in the
absence of detailed site-specific data, or when complex numerical simulations are not
yet feasible.

With similar purposes, this study derives an equation able to describe the spatial
distribution of the increment of pressure generated by the injection of a non-Newtonian
shear-thinning fluid in a porous medium as a function of both time and radial distance
from the injection well. The equation is based on the Forchheimer modification of Darcy’s
law, summarized in Section 2.1, and on the rheological model of Cross for shear-thinning
fluids, presented in Section 2.2. The use of the pressure increase equation developed here
is presented in Section 2.3, and its use is demonstrated in Section 3 with a validation
against numerical modeling results with the software MNMs (https://areeweb.polito.
it/ricerca/groundwater/software/mnms/ (accessed on 12 December 2025)), previously
developed and validated by the authors, in a synthetic case, performing several sensitivity
analyses on the main operative parameters (polymer concentration and flow rate) and
aquifer properties (permeability) that influence the rise in pressure during the injection.

2. Governing Equations
2.1. Darcy–Forchheimer Equation

Darcy’s law defines a linear relationship between the pressure drop and flow rate
through a porous medium [23]. However, when fluid velocities are very high, such as
near to a wellbore during injection, this assumption is not met anymore. Forchheimer
(1901) [27] therefore suggested modifying the Darcy law by adding an empirical non-linear
quadratic term:

∂p
∂x

=
µ

K0
q + βρq2 (1)
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where p is the pressure of the fluid [ML−1T−2]; q is the specific discharge of the fluid, also
known as the Darcy velocity [LT−1]; K0 is the porous medium’s intrinsic permeability [L2];
µ is the fluid viscosity [ML−1T−1]; ρ is the fluid density [ML−3]; and β [L−1] is the so-called
inertial flow coefficient.

Several authors have proposed theoretical and empirical correlations for the inertial
flow coefficient β, which are primarily expressed as functions of intrinsic permeability,
porosity, and tortuosity [29–31]. The inertial flow coefficient is therefore an intrinsic prop-
erty of the porous medium, being dependent on permeability and independent of the
fluid properties.

The quadratic term in the Darcy–Forchheimer equation is more relevant for high
Darcy velocities and for small porosity and permeability values, but it is independent of
the fluid viscosity [32].

2.2. Cross Rheological Model

During the injection of a non-Newtonian shear-thinning fluid in a porous medium,
the apparent viscosity of the polymeric fluid is a function of the shear rate

.
γ [T−1]. In

particular, it is constant at very high and very low shear rates, and decreases with increasing
shear rates in an intermediate region. This behavior can be modeled with the Cross–
Carreau formulation [20,21]:

µp
( .
γ
)
= µ∞ +

µ0 − µ∞

1 +
(
λ

.
γ
)χ (2)

where µ0 is the zero-shear rate viscosity [ML−1T−1]; µ∞ is the limiting viscosity [ML−1T−1]
for

.
γ → ∞ ; λ [T] is the time constant, i.e., the reciprocal of the shear rate which separates

the first Newtonian plateau from the power-law region; and χ is the model exponent [-].
Recalling that in a radial flow field the Darcy velocity q is not constant, but it declines

hyperbolically with the distance r from an injection point, following q = Q/(2πrb) [33],
and that the shear rate experienced by a fluid flowing through a porous medium, called
apparent shear rate

.
γm, is inversely proportional to the square root of permeability and

porosity [34], it is possible to express the apparent shear rate as:

.
γm = α

Q
2πrb

√
K0ε

(3)

where Q is the discharge rate [L3T−1], b is the vertical length of the well screen [L], r is
the radial distance from the injection point, ε is the effective porosity, and α is the shift
factor [-] introduced to superimpose rheograms obtained from rotational tests and those
corresponding to the flow through the porous medium [35].

Substituting Equation (3) in Equation (2) it is possible to obtain an expression of
viscosity as a function of the radial distance:

µp(r) = µ∞ +
µ0 − µ∞

1 +
(

λαQ
2πbr

√
K0ε

)χ (4)

2.3. Quasi-Steady-State Flow Equation

The total pressure drop induced by the injection of a non-Newtonian shear-thinning
fluid towards a fully penetrating well located in a confined, homogenous and isotropic
aquifer with homogeneous thickness can be calculated in a radial domain, unlimited on
the horizontal plane, as the sum of four contributions:

∆ptot = ∆pp
]ra

rw
+ ∆ppβ

]ra
rw

+ ∆pw]
R
ra
+∆pwβ

]R
ra

(5)
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where subscripts p and w in the pressure drop terms ∆p refer respectively to the non-
Newtonian shear-thinning fluid (in the case of nanoparticle suspensions, the polymeric
solution in which particles are dispersed) and to the water, while the subscript β denotes
the pressure drop term associated with the quadratic term in the Darcy–Forchheimer flow’s
law (see Equation (1)). Radial symmetry is assumed under the hypothesis that the radial
flow generated by the injection through the wells dominates over the natural background
flow. The total pressure drop in Equation (5) is split into four contributions, respectively
linear and non-linear pressure drops from the well radius rw to the theoretical radius of
influence for the polymeric solution ra (first and second terms), and linear and non-linear
pressure drops from ra to the radius of influence of water R, i.e., the distance at which the
hydraulic head remains at its initial value [36] (third and fourth terms).

Each term in Equation (5) is a function of both time and distance. The theoretical
radius of influence for the polymeric solution ra at any time t can be calculated as

ra =

√
Qt
πbε

(6)

The first term in Equation (5) describes the pressure drop ∆pp induced by the poly-
meric solution injection due to viscous resistance in steady-state conditions. This, accord-
ingly with Thiem (1906) [37], gives:

∆pp
]ra

rw
=

Q
2πbK0

µ∞ln
ra

rw
+

(µ0 − µ∞)

χ
ln


(

λαQ
2πb

√
K0ε

)χ
+ rχ

a(
λαQ

2πb
√

K0ε

)χ
+ rχ

w


 (7)

Appendix A shows the detailed integration leading to Equation (7).
The third term in Equation (5) describes the pressure drop due to water flow in the

transient state, from the theoretical radius of influence for the polymeric solution ra up to
the radius of influence R [L], as described by Cooper and Jacob [38]:

∆pw]
R
ra
≈ Qµw

4πbK0
ln
(

2.25
bρwgK0t
µwSsr2

a

)
(8)

where µw is water viscosity [ML−1T−1], ρw is water density [ML−3], g is gravitational
acceleration [LT−2], S is the aquifer storativity [-], and t is time [T]. Equation (8) is valid for
times such that t ≥ 12.5 µwSsr2

a/ρgK0.
Finally, the second and fourth terms in Equation (5) describe the non-linear pressure

drops due to both polymeric solution and water flow. These values are calculated by
integrating the non-linear term of Equation (1) from the well radius rw up to the radius
of influence of the polymeric solution ra and from there to the distance R at which the
hydraulic head remains at its initial value. The non-linear contribution of both the polymeric
solution (9) and water (10) are given respectively by:

∆ppβ

]ra
rw

=

ra∫
rw

βρpq2dr = βρp

(
Q

2πb

)2( 1
rw

− 1
ra

)
(9)

∆pwβ

]R
ra
=
∫ R

ra
βρwq2dr = βρw

(
Q

2πb

)2( 1
ra

− 1
R

)
(10)

where, as stated for Equation (3), the Darcy velocity q in a radial flow field decreases
hyperbolically with distance r.

Since polymer concentrations in the order of a few g/L are usually sufficient to
improve the colloidal stability of remediation slurries [14], and for such a low concentration
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it is fairly acceptable to assume no significant change in fluid density due to the presence of
the dissolved polymer, ρp ≈ ρw, Equations (9) and (10) can be combined to calculate the
overall non-linear pressure increase:

∆ppβ

]ra
rw

+ ∆pwβ

]R
ra
=

R∫
rw

βρwq2dr = βρw

(
Q

2πb

)2( 1
rw

− 1
R

)
(11)

Since R is orders of magnitude larger than rw, its reciprocal can be neglected.
In conclusion, Equation (5) can be re-written as:

∆ptot =
Qµw

4πK0b

∞∫
u

e−u

u
du +

Q(µ∞ − µw)

2πK0b

ln
ra

rw
+

µ0 − µ∞
χ (µ∞ − µw)

ln


(

λαQ
2πb

√
K0ε

)χ
+ rχ

a(
λαQ

2πb
√

K0ε

)χ
+ rχ

w


+

(
Q

2πb

)2 βρw

rw
(12)

where u = Ssr2
wµw/4ρwgK0t as defined by Theis [39]. Appendix B shows the detailed

derivation of Equation (12). It is worth noting that the first term in (12) is the Theis solution
for the transient state evaluated in the well. Since the water pressure drop has already
been taken into account in the overlapping range between rw and ra, the second term only
describes the polymeric solution contribution in a steady state.

3. Application to a Synthetic Case
Equation (12) was tested to simulate the injection through a vertical fully penetrating

well of a non-Newtonian shear-thinning fluid in a confined, homogenous and isotropic
aquifer with even thickness unlimited on the horizontal plane. This aquifer is characterized
by a permeability K0 = 5.0 × 10−11 m2, a specific storage SS = 2.0 × 104 m−1, a porosity
ε = 0.2 and an inertial flow coefficient β = 7.0 × 104 m−1, values typical of a sandy
aquifer. The well has a radius rw = 0.02 m and the ratio between the discharge rate
and vertical length of the well screen is Q/b = 1 m3/h/m. The rheological parame-
ters were derived from Gastone et al. (2014) [14] and, for a 3 g/L guar gum solution
(GG), they are: µ0 = 1.56 × 10−1 Pa·s, µ∞ = 3.47 × 10−3 Pa·s, λ = 4.28 × 10−2 s and
χ = 0.713 [14]. For simplicity, a shift factor α = 1 has been assumed. Temperature-induced
viscosity variations are considered negligible under typical aquifer injection conditions,
while processes such as polymer adsorption and retention onto the aquifer material—
potentially relevant depending on the slurry preparation, polymer type and porous matrix
superficial properties—are beyond the scope of the present analytical formulation and
would require numerical modeling approaches.

Figure 1 shows the temporal evolution of the total pressure increase in the injection
well computed using the above parameters for different guar gum concentrations, and its
comparison with the results obtained from simulations performed with the MNMs numer-
ical model [40]. The full set of equations solved in MNMs is reported in the Supporting
Information. The MNMs model has been shown to reliably predict transport properties
even under complex experimental conditions, as demonstrated in the Supporting Informa-
tion and in Mondino et al. [41]. Figure 2 shows the pressure drop in the same conditions but
as a function of distance from the well; different curves at different fixed times represent the
evolution of the injection. Again, the analytical model proposed in this paper is validated
against the results of the numerical software MNMs v.3.019. This use of Equation (12)
could be useful, for example, to avoid a “short circuit” between the injection well and
other wells/piezometers at close distances. Figure 3 shows the radial distributions of the
pressure drop for different GG concentrations, after 1 h from the beginning of the injection
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at a 1 m3/h/m flow rate, and Figure 4 shows the modest impact of the well radius on the
injection process.

 

Figure 1. Time series of the pressure drop for the injection of a guar gum solution at different
concentrations (coefficient of determination between analytical solution and MNMs simulation:
GG 2 g/L, R2 = 0.953, GG 3 g/L, R2 = 0.992, GG 4 g/L, R2 = 0.990, and GG 5 g/L, R2 = 0.992).

 

Figure 2. Radial distribution of the pressure drop for the injection of a guar gum solution at 3 g/L, at
different times (coefficient of determination between analytical solution and MNMs simulation: 900 s,
R2 = 0.999, 1800 s, R2 = 0.999, 3600 s, R2 = 0.999, and 7200 s, R2 = 0.999).

 

Figure 3. Radial distributions of the pressure drop after 1 h of injection, for different values of the
GG concentration (coefficient of determination between analytical solution and MNMs simulation:
GG 2 g/L, R2 = 0.999, GG 3 g/L, R2 = 0.999, GG 4 g/L, R2 = 0.999 and GG 5 g/L, R2 = 0.999).
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Figure 4. Time series of the total pressure drop for the injection of a 3 g/L GG solution with different
well radii (0.02–1 m) (coefficient of determination between analytical solution and MNMs simulation:
0.02 m, R2 = 0.997, 0.04 m, R2 = 0.995, 0.075 m, R2 = 0.996 and 0.1 m, R2 = 0.996).

Finally, Figure 5 highlights the substantial impact associated with variations in the
permeability of the porous medium over a range of two orders of magnitude.

 
Figure 5. Time series of the total pressure drop for the injection of a 3 g/L GG solution in aquifers
with different permeabilities (coefficient of determination between analytical solution and MNMs
simulation: 5 × 10−12 m2, R2 = 0.999, 1 × 10−11 m2, R2 = 0.998, 5 × 10−11 m2, R2 = 0.970, 1 × 10−10 m2,
R2 = 0.998 and 5 × 10−10 m2, R2 = 0.985).

The two approaches—i.e., the analytical formula herein proposed and the software
MNMs—describe the same physical problem using fundamentally different methodologies,
namely, a polymer advection–dispersion equation in MNMs versus a combination of
steady-state and transient analytical formulations in the analytical formula. This systematic
agreement provides a robust and independent validation of the analytical model.

Compared with classical formulations, such as that of Cooper and Jacob, Equation (12)
accounts for non-Newtonian fluids and integrates the expected behavior under both tran-
sient and steady-state conditions, thereby enabling its use as a practical tool for injection
sizing. Indeed, it is possible to calculate the maximum pressure reached in the well during
the injection of a chosen volume of polymeric solution as a function of the discharge rate,
based on the well geometry, the rheological properties of the fluid and the fracturing pres-
sure of the porous media. Figure 6 shows, for example, the effect of setting a fracturing
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pressure threshold of 2.5 bar to inject different volumes of suspension (from 0.5 m3/m to
2 m3/m). While a maximum flow rate of about 1 m3/h/m can be used to inject 2 m3/m,
the flow rate increases to about 2.2 m3/h/m if only 0.5 m3/m is injected.

 
Figure 6. Maximum pressure increase ∆P against the normalized discharge rate Q/b injecting GG at
3 g/L through a well (rw = 0.02 m) at different slurry volumes injected per unit thickness of aquifer
V/b (coefficient of determination between analytical solution and MNMs simulation: 0.5 m3/m,
R2 = 0.999, 1.0 m3/m, R2 = 0.999 and 2.0 m3/m, R2 = 0.999).

Since the polymeric solution concentration could also be a variable during the di-
mensioning phase, in Figure 7 the planes representing the maximum pressure reached
for different guar gum concentrations are represented as a function of both time and the
normalized discharge rate.

Figure 7. Isosurface of the maximum pressure reached for the injection of 1 m3 of guar gum solution
through a well (rw = 0.02 m) as a function of both normalized discharge rate and concentration of
polymeric solution.

https://doi.org/10.3390/w18060700
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4. Conclusions
The injection of nanoparticles for the remediation of contaminated aquifers requires

a thorough understanding of the propagation of high-viscosity, shear-thinning fluids in
which such particles are suspended, in order to prevent aggregation phenomena.

In this paper, an explicit analytical formula was derived to calculate the radial dis-
tribution of the pressure drop around an injection well. The formulation is based on the
Forchheimer extension of Darcy’s law and employs the Cross–Carreau model to reproduce
the shear-thinning behavior of polymer suspensions. To the authors’ knowledge, no an-
alytical solution was previously available for this problem, which was typically solved
numerically with the support of dedicated software.

The ability to predict the pressure drop through an explicit analytical expression en-
ables the rapid design and preliminary assessment of nanoremediation interventions, such
as estimating maximum injection flow rates that avoid fracturing of the porous medium,
evaluating the effects of changes in the polymer type and concentration or well radius, and
performing sensitivity analyses on uncertain parameters. The accuracy of the proposed
formulation was quantitatively assessed through comparison with numerical simulations.
The results show a strong agreement between analytical and numerical predictions within
the range of conditions investigated, supporting the reliability of Equation (12) for its
intended application.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/w18060700/s1.
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Appendix A
The pressure drop ∆pp induced by the polymeric solution injection due to viscous

resistance in steady-state conditions, according to Thiem (1906) [37], is given by:

∆pp = Q
2πbK0

ra∫
rw

µp(r) 1
r dr = Q

2πbK0

ra∫
rw

µ∞ + µ0−µ∞

1+
(

λαQ
2πbr

√
K0ε

)χ

 1
r dr

= Q
2πbK0

µ∞

ra∫
rw

1
r dr + (µ0 − µ∞)

ra∫
rw

1

1+
(

λαQ
2πbr

√
K0ε

)χ
1
r dr


Substituting A = λαQ

2πb
√

K0ε
leads to:

∆pp = Q
2πbK0

(
µ∞

ra∫
rw

1
r dr + (µ0 − µ∞)

ra∫
rw

1
1+Aχr−χ

1
r dr

)

= Q
2πbK0

(
µ∞

ra∫
rw

1
r dr + (µ0 − µ∞)

ra∫
rw

rχ−1

rχ+Aχ dr

)

= Q
2πbK0

(
µ∞

ra∫
rw

1
r dr + (µ0 − µ∞) 1

χ

ra∫
rw

χrχ−1

rχ+Aχ dr

)
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After integration, the pressure drop is:

∆pp =
Q

2πbK0

(
µ∞ln

ra

rw
+

(µ0 − µ∞)

χ

(
ln
(
rχ

a + Aχ
)
− ln

(
rχ

w + Aχ
)))

=
Q

2πbK0

(
µ∞ln

ra

rw
+

(µ0 − µ∞)

χ

ln
(
rχ

a + Aχ
)

ln
(
rχ

w + Aχ
))

Substituting again A = λαQ
2πb

√
K0ε

it is possible to get:

∆pp =
Q

2πbK0

µ∞ln
ra

rw
+

(µ0 − µ∞)

χ
ln


(

λαQ
2πb

√
K0ε

)χ
+ rχ

a(
λαQ

2πb
√

K0ε

)χ
+ rχ

w




Appendix B

∆ptot =
Q

2πbK0

µ∞ln
ra

rw
+
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Given that µ∞ = µw + (µ∞ − µw), we get:
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Using some algebra:
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