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An Invariance Principle-Based Concentration
Result for Large-Scale Stochastic Pairwise
Interaction Network Systems

Giacomo Como *“, Member, IEEE, Fabio Fagnani

Abstract—We study stochastic pairwise interaction net-
work systems whereby a finite population of agents, identi-
fied with the nodes of a (directed) graph, update their states
in response to both individual mutations and pairwise
interactions with their neighbors. The considered class
of systems includes the main epidemic models—such as
the susceptible-infected-susceptible, susceptible-infected-
recovered, and susceptible-infected-recovered-susceptible
models—certain social dynamics models—such as the
voter and antivoter models—as well as evolutionary dy-
namics on graphs. Since these stochastic systems fall into
the class of finite-state Markov chains, they always admit
stationary distributions. We analyze the asymptotic behav-
ior of the stationary distributions of stochastic pairwise
interaction network systems in the limit as the population
size grows large, while the interaction network maintains
certain mixing properties. Our approach relies on the use
of Lyapunov-type functions to obtain concentration results
on these stationary distributions. Notably, our results are
not limited to fully mixed population models, as they do
apply to a much broader spectrum of interaction network
structures, including, e.g., Erd6s—Rényi random graphs.

Index Terms—Concentration of stationary distribu-
tions, equilibrium selection, pairwise interaction systems,
stochastic network systems, stochastically stable states.

[. INTRODUCTION

AIRWISE interaction network (PIN) models constitute a
P class of network systems whereby a finite—possibly very
large—population of agents update their states asynchronously,
according to stochastic rules that account for both individual mu-
tations and pairwise interactions between neighbor agents [1],
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[2], [3]. The class of PIN models encompasses the main
microscopic epidemic models—such as susceptible-infected-
susceptible (SIS), susceptible-infected-recovered (SIR), or
susceptible-infected-recovered-susceptible (SIRS) models over
networks [4]—certain social dynamics models—such as the
voter, antivoter, and the Axelrod models [5], [6], [7]—as well
as evolutionary dynamics on graphs [8], [9].

Despite the significant attention that PIN models have re-
ceived over the years, their theoretical understanding on general
interaction patterns still presents considerable gaps. With some
notable exceptions—including the analysis of the extinction
time in network SIS epidemic models [10] or of size of the
population that eventually becomes infected in network SIR
epidemic models—the majority of the literature on the analysis
of epidemic models has concentrated on mean-field models,
studying the epidemic as a system of ordinary differential equa-
tions (ODEs) [11],[12],[13], [14]. In fact, under proper technical
assumptions, Kurtz’s theorem [15] ensures that the solutions of
such mean-field ODEs well approximate the evolution of PIN
models on fully mixed populations (i.e., when the interaction
pattern is the complete graph) of increasing size over bounded
time horizons, see, e.g., [16, Ch. 10] or [17, Ch. 5]. Recent works
explore extensions of these asymptotic results for special classes
of dynamics on certain sequences of sparse or dense graphs [18],
[19], [20], [21], as well as to continuous state spaces [22].

While the Kurtz theorem provides a deterministic approxima-
tion of the transient dynamic behavior of stochastic interaction
network systems on fully mixed populations in the large-scale
limit, the infinite-horizon behavior of such systems is best cap-
tured by characterizing their stationary distributions for finite
population sizes and possibly analyzing their convergence times
to stationarity [16, Ch. 11]. When the considered stochastic
network system lacks ergodicity due, e.g., to the existence of
absorbing configurations (such as the all-susceptible configura-
tion in the aforementioned SIS and SIRS epidemic models), a
common approach consists in introducing a (small) noise term
that makes the system ergodic and characterizing the dependence
of the stationary distribution on the noise level [23], [24], [25].
Explicit analytical expressions are rare and essentially limited
to reversible systems [26], [27]. However, it is often possible to
study the asymptotic behavior of such stationary distributions
in the large population (and vanishing noise) limit [16, Ch. 12].
By studying this (double) limit, one can often show that the
probability mass of every sequence of invariant distributions of
these network systems concentrates on either a single or a small
subset of population states, thus leading to equilibrium selection
of so-called stochastically stable population states [28], [29].

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
http://creativecommons.org/licenses/by/4.0/
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Notably, for models over complete graphs, the set of such
stochastically stable population states has been proved to be
a subset of the so-called Birkhoff center of the corresponding
mean-field ODE, defined as the closure of the set of its recurring
points: cf., [30], [31],and [16, Thm. 12.6.2]. While such Birkhoff
center includes equilibrium points, cycles, and more complex
limit sets of the mean-field ODE, regardless of their stability,
in some special cases, this analysis has been refined to rule out
unstable equilibrium points of the mean-field ODE [16, Thm.
12.6.4]. Observe that the results in [30], [31], and [16, Thm.
12.6.2] can be applied whenever the result of Kurtz’s theorem
can be extended, such as in the special classes of dynamics and
sequences of graphs mentioned above [18], [19], [20], [21].

In this article, we focus on PIN models over general interac-
tion patterns and show that some of the results obtained for PIN
models on fully mixed populations can actually be extended to
far more general classes of interaction patterns beyond complete
graphs. Our approach bypasses the need to generalize Kurtz’s
finite-horizon results in order to study the infinite-horizon be-
havior. In fact, our results are achieved by developing Lyapunov
function arguments tailored to the PIN models, enabling us to
establish a concentration result for their stationary probability
distributions. Specifically, we demonstrate that if the mean-field
ODE associated with the PIN model admits a class-C? global
Lyapunov function V, then in the large-scale limit, every se-
quence of stationary distributions of the PIN models concen-
trates on the set of zeros of the time-derivative V of such
Lyapunov function. This holds true under the assumption that the
interaction pattern of the PIN model satisfies a specific topolog-
ical property, referred to as asymptotic total mixing. As we shall
illustrate, in addition to complete graphs, random graphs, such as
the Erdos—Rényi model (under the assumption that the average
degree grows faster than the cubic root of the square graph order),
also enjoy this property. As a consequence, our approach applies
to PIN models on a significantly broader spectrum of interaction
patterns beyond fully mixed populations. We then generalize
our results to account for cases where a class-C? mean-field
Lyapunov function is available only for suitable perturbations
of the considered PIN model, but not necessarily for the original
one, as is the case for the SIRS epidemic model.

We wish to point out that while the use of Lyapunov func-
tions for Markov chains is standard in the context of stochastic
stability (cf., the celebrated Foster’s theorem [32], [33] for pos-
itive recurrence of irreducible Markov chains with infinite state
space), the technical novelty of our approach resides in using
mean-field Lyapunov functions to prove concentration results
for PIN models. Indeed, the latter are finite-state Markov chains,
so that the existence of stationary distributions is always guar-
anteed, and their uniqueness is implied by irreducibility [34],
whereas the interest is rather on concentration of their stationary
distributions in the large-scale limit. In this sense, rather than
stability analysis, our results are to be considered as a sort of
invariance principle for large-scale stochastic PIN models.

The rest of this article is organized as follows. The last
paragraph of this Section I gathers some notational conventions.
In Section II, PIN models are introduced. In Section III, we
first present the important concepts of limit drift and mean-field
Lyapunov function (see Section II-B) as well as of asymptoti-
cally totally mixing (ATM) network (see Section III-A). Then,
we formally state our main results on concentration properties
of PIN models in the large-scale limit (see Section III-B). In
Section IV, various examples are discussed, including forgetful

PIN models (see Section IV-A), binary PIN models (see Sec-
tion IV-B), as well as the SIRS model that does not fit in either
of the previous two categories (see Section IV-C). The main
technical contributions are presented in Section V, where, first,
the mean drift of PIN models is analyzed (see Section V-A),
then concentration results are developed for PIN models on finite
networks (see Section V-B), and finally such results are applied
in order to prove the large-scale limit concentration results (see
Section V-C). Section VI gathers some concluding remarks
while the Appendixes contain the proofs of some technical
results, including the proof that the Erdos—Rényi random graph
is ATM.

Notations: For a finite set A, its cardinality is denoted by
|A|. For two finite sets A and B, and another, not necessarily
finite, set 7, we denote by F4 and F*4*5 the spaces of vectors
z of dimension |.A| and of matrices Z of dimension |A| x |B|,
with entries z; in F indexed by the elements ¢ of A and Z;;
in F indexed by the pairs (7, j) in A x B, respectively. For a
vector @ in R4, the symbols ||a||s, ||al|2, and ||a||; stand for
the standard [, l2, and /; norms. For a matrix A symbol,|| 4|
means the co-norm of its vectorization, namely, the maximum
absolute value of its entries. The identity matrix is denoted by
I, the all-one vector by 1, while 59 stands for the vector with
all entries equal to zero except for the jth that is equal to 1. For
a vector z in F* and some ¢ in A, z_; denotes the vector in
FAMi obtained from z by removing its 4th entry. The simplex
of probability vectors over a finite set A is denoted by

PA) ={zeRY: |||l = 1}

where R, denotes the set on nonnegative real numbers.

Throughout this article, we consider functions having do-
main as the simplex P(A) and taking values over RY. Such
functions are defined to be differentiable of class C*, whenever
it is possible to extend them to some open set @ C R* such
that O D P(A) and such extension is differentiable of class
C* in the classical sense. We notice that for a differentiable
map V : P(A) — R, the gradient in general depends on the
particular extension of V/, but its projection on the hyperplane
{r € R* : 1’z =0} does not. Throughout the article, we
denote with the symbol VV'(6) such projection intended as a
row vector. In particular, if x in R4 is such that 1’z = 0, then
VV(0)x is a well defined scalar that does not depend on the
specific extension of V. (cf., also [16, Appendix B.3].)

A (finite, directed) graph G = (V, &) is the pair of a nonempty
finite set of nodes V and of a set of links £ C V x V. We shall
always assume that there are no self-loops, i.e., that (u,u) ¢
& for every u in V. We shall refer to a graph G = (V, &) as
undirected if (u, v) € € implies that (v, u) € £ and as nonempty
if £ # (. A graph G = (V, E), where (u,v) € & for every pair
of nodes u # v, is called complete.

Il. PROBLEM SETTING
A. PIN Models

We consider stochastic PIN models, whereby a nonempty
finite set of agents V are engaged in repeated interactions on
a nonempty graph G = (V, ). The nodes in V represent the
agents and the directed links in £ represent the allowed pairwise
interactions. Precisely, the presence of a link (u, v) in € directed
from its tail node w to its head node v # u indicates a direct
influence of the state of agent v on that of agent u. We shall
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refer to the graph G = (V, ) as the interaction pattern and to
n = |V| and m = |€] as the order and the size, respectively, of
the PIN model.

Every agent u in V is endowed with a time-varying state
X, (t), taking values in anonempty finite state set .4, at every dis-
crete time instant ¢ = 0, 1,2, .. .. We stack all the agents’ states
in a vector X () = (X,(t))uey, to be referred to as the system
configuration, taking values in the configuration space X = AV.
The PIN model then generates a discrete-time Markov chain
X(t) on the configuration space X', whereby, for every time
instant ¢ = 0, 1,2, ..., the next configuration X (¢ + 1) differs
from the current one X (¢) in at most one entry, corresponding
to an agent u in V, which modifies her action from X, (t) to
X, (t+ 1) as a result of either an individual mutation or of a
pairwise interaction with a neighbor agent in the interaction
pattern G, as described below.

More precisely, at every time instant ¢ = 0, 1,2, ..., we have
that

1) apairwise interaction takes place with probability p, while

an individual mutation takes place with probability 1— p;
2) given that an individual mutation takes place, an agent u
is chosen uniformly at random from the set ) and gets
activated: given its current state X, (¢) = ¢ in A, agent
u modifies it to a new state X, (¢t + 1) = j in A with
conditional probability P;;, while the rest of the agents
keep their states unaltered, so that X, (t + 1) = X _,,(¢);
3) given that a pairwise interaction takes place, a directed
link (u, v) is activated, chosen uniformly at random from
the set £: given that agent u—corresponding to the tail
node of the activated link—is in state X, (t) = 4 in .4, and
agent v—corresponding to the head node of the activated
link—is in state X, (¢) = ¢ in A, agent v modifies its state
toanew state X, (t + 1) = j in.A chosen with conditional
probability ¢,;(£), while once again, the rest of the agents
keep their states unaltered, so that X, (¢ + 1) = X, (¢).
Throughout, it is always implicitly assumed that

Nopi=1, ) i) =1

jeA jeA

0<p<1,

for every two states ¢ and ¢ in 4. We shall refer to the row-
stochastic matrix P in Rﬁx“‘l as the mutation transition matrix

and to the map ¢ : A — Rﬁ“‘ as the interaction transition
tensor. We shall refer to the quadruple (A, p, P, ¢) as the pa-
rameters of the considered PIN model.

A probability vector 1 in P(X) over the configuration space
X is referred to as a stationary distribution for a PIN model if,
whenever its initial configuration X (0) has probability distribu-
tion P(X (0) = x) = pux for all x in X, the PIN model configu-
ration X (t) has probability distribution P(X (t) = x) = pux for
all x in X and for every time instant ¢ = 0,1,2,.... Observe
that since every PIN model is a Markov chain on the finite
configuration space X, it always admits at least one stationary
distribution x4 in P(X).

A PIN model is referred to as ergodic if for every two
configurations x and y in X, there exists a sequence of node and
link activations and of corresponding spontaneous mutations and
pairwise interactions, respectively, all having positive probabil-
ity, that lead the PIN configuration from X (0) = xto X (¢t) =y
in a finite number of time steps ¢ > 0. It is well known that the
stationary distribution p of an ergodic PIN model (and in fact
of every ergodic finite-state Markov chain [34]) is unique and

assigns positive probability px > 0 to every configuration x in
X. Notice that ergodicity is ensured, for instance, provided that
the mutation probability 1—p > 0 is positive and the mutation
transition matrix P is irreducible.

Remark 1: Observe that the stationary distribution of a PIN
model may not be unique if the PIN model is not ergodic.
Although our theory is applicable to all such PIN models,
the results that will be presented hold particular significance
for ergodic PIN models. As mentioned in Section I, certain
PIN models of interest that are not themselves ergodic can be
analyzed by introducing a perturbation in the mutation kernel
that makes them ergodic and then by taking the limit as such
perturbation vanishes. Such vanishing noise limit approach has
been adopted, e.g., in the theory of random perturbations of
dynamical systems [35] and then applied within the theory of
learning in games [23], [24], [25].

Example 1 (SIS epidemic models): 1In classical SIS epidemic
models, the state of an agent can be either susceptible (S) or in-
fected (I). A susceptible agent can become infected if it interacts
with an infected agent, while infected agents can spontaneously
recover and become susceptible. A PIN model that encompasses
classical SIS epidemic models is described below.

1) The agents’ state set is A = {0, 1}, where 0 indicates the

susceptible state and 1 indicates the infected state.

2) The interaction transition tensor is

¢’<0>=<(1) (1)), ¢(1):(1—¢6m<1> ¢011(1)>

where @1 (1) is the probability of contagion transmission,
given that a pairwise interaction takes place between a
susceptible and an infected individual.

3) The mutation transition matrix P is a 2 x 2 stochastic
matrix in which Py is the probability of spontaneous
recovery and Py, the probability of spontaneous infection,
given that a mutation takes place.

Notice that in the standard case when Fy; = 0, the PIN model
is not ergodic and the only stationary distribution is a delta
distribution supported on the configuration where all agents are
susceptible, which is the unique absorbing configuration.

Remark 2: Continuous-time PIN models can also be con-
sidered, as defined in the following. For an interaction pattern
G=(V,€&), let every agent v in V and every link (u,v) in
& be equipped with an independent Poisson clock, such that
the rate of every agent’s clock is w > 0 and the rate of every
link’s clock is @ > 0. Then, define a continuous time Markov
chain X (7) on the configuration space X as follows. If the
clock of agent u ticks at some time 7 > 0, then agent v updates
her state from X, (77) to X,,(7) according to the conditional
probability P(X,, (1) = j|X (77) = x) = Pk, ; for every state
j in A, and configuration x in X, while the rest of the agents
keep their states unaltered, so that X _,(7) = X _,(77). On
the other hand, if the clock of link (u,v) ticks at time 7, then
agent v modifies her state X, (7) with conditional probabil-
ity distribution P(X (1) = j| X (77) = x) = ¢, (x,), while,
once again, the rest of the agents keep their states unaltered, so
that X ,(7) = X _,,(77). Observe that two clocks tick at the
same time with probability zero, as we have assumed them to be
independent. It then follows that the so-called jump chain [34,
Sect. 2.6] of the continuous-time Markov chain X (7) is the
discrete-time PIN model X (¢) with interaction pattern G and
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parameters (A, p, P, ¢), where the pairwise interaction proba-
bility is

_ mw
r= nw + mw
where n = [V|andm = |€|. In particular, a probability distribu-
tion pin P (X') is stationary for X () if and only if it is stationary
for X (¢).

B. Limit Drift and Mean-Field Lyapunov Functions

In the rest of the article, we shall study concentration prop-
erties of stationary distributions of PIN models. Specifically, let
0 : X — P(A) be the function mapping a configuration x in X’
into its fype 0(x) in P(.A) whose entries

Gi(x)::%HvGV:Xl,:iH, e A

represent the empirical frequencies of the different states in the
configuration x. We shall then focus on concentration properties
of the type process

o) :==0(X()), t=01,.... (1)
Notice that for every discrete time instant ¢ = 0,1,2, ..., the
random variable O (t) takes values in the compact simplex P(.A)
of probability vectors over the state space A. In particular, we
shall focus on the asymptotic behavior of the distribution of O(t)
inthe large-scale limit, i.e., as the order n of the PIN model grows
large while its parameters (A, p, P, ¢) remain fixed.

Remark 3: Infact, the type ©(t) associated with a PIN model
with state space A and order n takes values in a finite subset

Pn(A) ={0(x) : x € X}

of the simplex P(A). Now, observe that when the interaction
pattern of a PIN model is the complete graph, the type process
O(t) = (X (1)) isitself a Markov chain with state space P,, (A).
Since the cardinality

Pl = ("t ) <o

grows polynomially fast in the order n while the cardinality
|X'| = |A|™ of the configuration space X’ grows exponentially
fast, the special case of complete interaction pattern provides
a formidable reduction of complexity. In contrast, when the
interaction network is not a complete graph, the type process
O(t) = (X (t)) is in general not Markovian, while the process
X (t) always is. This creates a specific technical challenge that
will be addressed in the rest of this article.

We now define the notions of limit drift and mean-field
Lyapunov function for a PIN model with a general interaction
pattern.

Definition 1: The limit drift of a PIN model with parameters
(A, p, P, ¢) is the function

D:PA) - RA
mapping a probability vector # into the vector

D(9) = ((1/J)PT +p Y 0up(0)" I) )

le A

Definition 2: A mean-field Lyapunov function of a PIN model
with limit drift D is a differentiable map

V:PA =R
such that

VV(0)-D®) <0 VIeP(A). 3)
Example 1 (Continued): We compute now the limit drift of
the SIS epidemic model introduced earlier and propose two
possible mean-field Lyapunov functions. We use multiple times
below the fact that ) = 1 — 6.
From definition (3), we compute as follows:
Py

() oo (et ) ()
eolo () +o (™ 2) ()

_ ((l—p)(—Po19o + Piobh) — P¢01(1)9o91>
(1=p)(Po1bo — Probh) + pdo1(1)0001 )
As expected, the two entries Dg (6, 01) and D1 (6, 61) of the
limit drift sum up to zero. By letting b := p¢o1(1), which is
the contagion probability, ¢ := (1—p)Pig, which is the recov-

ery probability, and « := (1—p)Py1, which is the spontaneous
infection probability, we get that

51(90,01) = aby — cb; + bl = o + (b —Cc— a)91 — be .

A mean-field Lyapunov function for the SIS model is then

D(6y,01)=

1 1
V1(90,91) = — (0691 + i(b —C— 05)9% — 3b9%)

since
VVi(0) - D(0) = — (a+ (b—c— )by —b63)* < 0.

Another possible mean-field Lyapunov function is

Vo(0o,01) = 601 — (2" — 2')In(6; — 2")
where 2’ < 0 < 2z are the roots of the polynomial

p(z) =a+ (b—c—a)z— b2, €))
Indeed, we have
VVa(0) - D(§) = —b(0; — 2")* <0.

The functions VV; (6) - D(#) and VVa(6) - D(6) are plotted in
Fig. 1, in the special case when o = 0.05,b =1, and ¢ = 0.3.

In the special case of fully mixed populations, i.e., when the
interaction pattern is the complete graph, Kurtz’s theorem [15]
(see also [17]) ensures that the type process O(|n7]) of a PIN
model on a complete interaction pattern converges in probability
as thel order n grows large to the solution 6(7) of the mean-field
ODE

6 — D(0) )

over bounded time horizons T € [0, T']. Hence, by Definition 2,
a mean-field Lyapunov function V' (6) for a PIN model is a
differentiable Lyapunov function for the mean-field ODE (5).

Note that since the limit drift D(0) is Lipschitz-continuous on P(.A), the
Cauchy problem associated to the mean-field ODE (5) is well-posed for every
initial condition 6(0) in P(.A).
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A

/ | 0

Fig. 1. Graphs of the functions VVi(0) - D(6) (black) and VV5(9) -
D(0) (blue) for the two mean-field Lyapunov functions V4 (6) and V2(6)
proposed in Example 1. They are plotted as functions of the variable 6;
in the special case when o = 0.05, b =1, and ¢ = 0.3.

Notice that if V() is a mean-field Lyapunov function, then
the celebrated Barbashin—Krasovskii—LaSalle invariance princi-
ple for deterministic dynamical systems [36, Thm. 4.4] implies
that for every initial condition, the solution of the mean-field
ODE (5) converges, as t grows large, to a subset of the set?

Z={0eP(A): VV(0) D(0) =0}. (6)

In particular, this implies that the so-called Birkhoff center of
the mean-field ODE (5), i.e., the closure R of the set R of its
recurrent points [16, Sect. 12.6.1], is a subset of Z.

Moreover, [16, Thm. 12.6.2] implies that every sequence of
stationary probability distributions of the type process ©(t) of
the PIN model of order n concentrates on the Birkhoff center R
of the mean-field ODE (5).% This leads to the following result
for PIN models on fully mixed populations.

Theorem 0: Consider a sequence of stochastic PIN models
with the same parameters (A, p, P, ¢) on complete interaction
patterns of order n > 2. For every n > 2, let u,, be a stationary
distribution. Assume that the limit drift D(6) is Lipschitz-
continuous on P (A) and that there exists a mean-field Lyapunov
function V' : P(A) — R. Then

nlilfwun{x eX:VV(@(x)) -DO(x))>—-0t=1 (7)
for every 6 > 0.

The previous theorem shows that every stationary distribution
of the PIN model over a large scale complete interaction pattern
admitting a mean-field Lyapunov function tends to concentrate
on the configurations x for which #(x) € Z, where Z is defined
in (6). When applied to Example 1 this means that when the
population is large and the interaction pattern is complete, 0(x)
tends to concentrate on the value z” that is the positive root of
the polynomial o + (b — ¢ — )z — bz2. This is in agreement
with the predictions of the mean-field ODE of the SIS model
whose solutions all converge to z”.

In the following sections, we shall develop a novel methodol-
ogy that leads to a completely independent proof of Theorem 0.

2By this, it is meant that there exists a nonempty subset K C Z—specifically,
the largest invariant subset of Z—such that dist(6(¢), ) — 0 as ¢ grows large,
where dist(6, K) = inf{||§ — || : § € K} denotes the distance of a point 6 in
P(A) from the set K.

3Precisely, this means that p,, (O) — 1 for every open set O C P(A) such
that R C O.

Our approach does not rely on Kurtz’s theorem nor on its exten-
sions and leads to a remarkable generalization of Theorem O to
PIN models over noncomplete interaction patterns.

[ll. MAIN RESULTS

In this section, we present our two main results regarding con-
centration of stationary distributions of stochastic PIN models
in the large-scale limit on nonnecessarily complete interaction
patterns.

A. ATM Networks

We start by introducing an index in graph theory that will play
acrucial role in our analysis. This index, called total mixing gap,
evaluates how close a graph is from the complete graph.

Definition 3: Let G = (V, £) be a nonempty graph. For two
subsets of nodes S, U C V), let

Esu={(s,u) €€ : seS,ueld}

be the set of directed links pointing from nodes in S to nodes in
U. Define

. |G| [U(JU| = 1)
W' = Uy | m n(n —1)
and
E S
W = max [Esul |SIIU]
SUSV | m n(n—1)
SnU=0

where n = |V|, and m = |&|. Then, the fotal mixing gap of G is
defined as

Wg = max {WS", Wi} . @®)

Clearly, for every nonempty graph G, we have that Wg > 0.
On the other hand, since |&/| < m and || < n, then

Nl (U 1)
Ucy

(1) _
Wg' =

< 1,1} =1.
m n(n —1) ‘_max{, }

Moreover, since |Esy| < mand |S||U| < n?/4forevery S,U C
V such that S N U = (), we get that

g S||u
W = max Esul — |SIU|
SUSV | m n(n —1)
SnuU=0

< max{l,n/(4n—-1))} =1

where the last equality follows from the fact that n < 2(n — 1)
for n > 2. Hence

0<Wg <1 )

for every nonempty graph G. We now provide estimates of the
total mixing gap for some graphs, showing that the inequality
(9) is tight.

Example 2: In the special case when G is the complete graph,
itis clear that Wy = 0. In fact, the converse is also true: if Wy =

0, then Wg(2) = 0 and so for every two nodes s # wu in ) we have
that

[€sut] 1
_ < We —
m nn—1)| — g=0
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and since [Eyy7,3] € {0,1} and m > 0 (because the graph is
nonempty), it must be that m = n(n — 1),1i.e., G is the complete
graph.

Example 3: For the star graph with n — 1 undirected links
connecting a single node s to all other nodes U := V' \ {s}, we
get

Wg > WiV
G| UI(U] 1)
Z‘ m n(n—1) ‘
:‘ 0 _(n—l)(n—2)‘: 1_%
2(n —1) n(n—1) n

that converges to 1 as the order n grows large.

Example 4: Consider a toroidal grid graph G = (V, £) with
node set Z,Ql for some even integer h > 2 (where Z;, stands for
the set of integers modulo h) and link set

E={(i,§) € Z; x Z3 : |ix — ja| + |iz — jo| = 1}.

Let U* = {i € Z2 : 0 <iy < h/2} and 8* = Z \ U*. Then,
n = h%,m = 4n, |U*| = n/2, and |Es-| = 4h. Hence, we get
that

Esu| _ |STIIU]

Wg > W >
o="6 =1y n(n—1)

4h n?/4
dn  n(n-1)

that converges to 1/4 as the order n = h? grows large.

The following definition captures a fundamental asymptotic
property of sequences of graphs.

Definition4: A sequence of graphs G,, = (V,,, &) isan ATM
network if

lim Wg, =0.
n—+00

Notice that a sequence K, of complete graphs with increasing
order n is an ATM network since Wy, = 0 for all n > 2, as
shown in Example 2. In contrast, a sequence of star graphs G,
with increasing order n is not an ATM network, since in this
case, Wg, — 1 as n grows large, as shown in Example 3, nor
is a sequence of toroidal grids with increasing order n, since
in that case, lim inf,, Ws,_ > 1/4 as n grows large, as shown in
Example 4.

In fact, an important example of an ATM network is pro-
vided by the Erdos—Rényi random graphs. These are defined as
follows: for a positive integer n and a parameter p in (0,1], let
G(n, p) be the random undirected graph of order n whereby pairs
of distinct nodes are connected with probability p, independently
from one another. Then, we have the following result.

Proposition 1: If np® — 400 as n grows large, then the
sequence of Erdos—Rényi random graphs G(n, p) is ATM with
probability 1.

Proof: See Appendix B. |

B. Concentration of PIN Models on ATM Interaction
Networks

We are now in a position to formally state the two main tech-
nical results of this article. The first one provides the extension
of Theorem 0 to PIN models on ATM interaction networks.

Theorem 1: Consider a sequence of PIN models with the
same parameters (A, p, P, ¢) on an ATM interaction network
Gy, Forevery n > 2, let u,, be a stationary distribution. Denote

by D the limit drift and assume that there exists a mean-field
Lyapunov function V : P(A) — R of class-C2. Then

ngrfoo,un {xeX: VV(0(x)) D(0(x)) > -6} =1 (10)
for every 6 > 0.

Proof: See Section V-C. |

As illustrated in the next section, there are cases when The-
orem 1 cannot be directly applied, e.g., since one cannot find a
class-C? mean-field Lyapunov function for the PIN model. In this
case, we sharpen our technique by resorting to an approximate
mean-field Lyapunov function. This result will then be applied
to the SIRS epidemic model in Section I'V.

Definition 5: Consider a family of PIN models with parame-
ters (A, p, P, da)a>0, and let D, (6), for o > 0, be their limit
drift. An approximate mean-field Lyapunov function for such a
family is a family of differentiable functions

Vo:PA) —-R, a>0
such that there exist two nonnegative-valued functions 5 :
P(A) — Ryand( : Ry — R, where h is continuous on P (.A)
and

iig})((a) =0 (11)
such that
VV4(0) -Ea(ﬂ) < —h(0) + ¢(«) v e P(A). (12)

We can now state the following result, generalizing Theo-
rem 1.

Theorem 2: Consider a family of PIN models with param-
eters (A, p, Py, ®0a)a>0 on an ATM interaction network G,,.
Assume that there exists a class-C? approximate mean-field

Lyapunov function V,, as in Definition 5. For every o > 0 and
(e)

n > 2,let uy, ’ be a stationary distribution. Then
T (@) . _
ilg%)lgfg”" {xeX:hlx)<dit=1 (13)
for every 6 > 0.
Proof: See Section V-C. |
Remark 4: Observe that if a class-C? function Vj : P(A) —
a—0 a—0

R existed such that both V, (0) — V;(0) and VV,(0) —
VV5(0) uniformly on P(.A), then taking the limit of both sides
of (12) would yield
VVo(0) - Do(0) < —h(8) <0 VO ecP(A).

In this case, V{(0) would be a mean-field Lyapunov function for
the PIN model with parameters (A, p, Py, ¢9) and Theorem 1
could be applied directly. However, there are families of PIN
models, such as the SIRS epidemic model described in Ex-
ample 7 of Section I'V-C, which admit approximate mean-field
Lyapunov function V,, that does not even admit a limit as «
vanishes. Theorem 2 proves useful in addressing exactly these
cases.

IV. EXAMPLES OF APPLICATIONS

In this section, we introduce some classes of PIN models and
apply the concentration results of the previous section.
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A. Forgetful PIN Models

We first consider the special case of PIN models where the
entries of the interaction transition tensor ¢;;(¢) do not depend
on the current state . Precisely, we assume that there exists a
row-stochastic matrix R such that

¢ij(€):R[j VZ,j,EGA
Notice that the limit drift for these models has the form

DO)=(ST - VoecP(A) (14)

where
S =(1-p)P + pR (15)

is row-stochastic, i.e., the matrix associated with the linear map
D(0) is the transpose of a Laplacian matrix. These models are
referred to as forgetful PIN models and arise in evolutionary
game dynamics [8], [9].

Assume that the row-stochastic matrix S = (1—p)P + pR s
irreducible. It then follows from the Perron—-Frobenius theorem
that S admits a unique invariant probability vector 7 = S’
in P(A). For such models over ATM interaction networks,
Theorem 1 yields a concentration of the type process on the
vector 7. Precisely, we have the following result.

Proposition 2: Consider a sequence of forgetful PIN models
with the same parameters (A, p, P, ¢) over an ATM interaction
network G,,. Assume that the stochastic matrix S in (15) is
irreducible and let 7 = S "7 in P(A) be its unique invariant
probability vector. Let w,, be a stationary distribution for all
n > 2. Then

ngrfmun{x EX : ||0(x) —7|2a< 0} =1
for every 6 > 0.

Proof: We first construct a quadratic function V () that is
positive definite with respect to 7 and such that (3) holds true.
To this aim, we consider the Laplacian matrix L := [ — S T and
we recall some basic well-known properties:

1) all eigenvalues A of L are such that Re(1) > 0;

2) the only eigenvalue on the imaginary axis is O and this is

simple with left and right eigenvectors being, respectively,
1 and 7.
As a consequence, the spectrum of the matrix

A=L+71"

lies in the open half-plane Re(A) > 0, and consequently, the
Lyapunov equation

DA+ A'TI=1T1 (16)

admits a solution IT in RA*4 that is symmetric and positive
definite. Consider now the function V' : P(A) — R, defined as

V@)=0-7)'I6—-7) VOcP(A. (17)
Clearly, V() is of class C2. Moreover, it follows from (14) that
—2(0 — ) "TILO

vV (0)-D(0) =
= 200 —7) (L +71")(0 —7)
= —(0—m)" (HA+ A'ID) (0 — )

= —[lo =l <o.

This shows that (3) is satisfied, so that V'(0) is a mean-field
Lyapunov function for the considered PIN model. The result
now follows from Theorem 1. |

Explicit examples of forgetful PIN models come from evolu-
tionary game theory, as for instance, the following best response
learning model.

Example 5: Consider a two-player symmetric game with
set of actions A and payoff matrix U in R4 (ie., Uy; is
the payoff obtained by the first player when she plays ¢ and
her opponent plays j). We assume the agents to interact in a
pairwise fashion and to choose the best response actions with
respect to the above specified two-player game. Precisely, the
jump interaction probabilities are given by

Ry = {B(€)|‘1, if j € B(¢)

, otherwise

where B({) = argmax;,. ,Uyy is the best response set.

B. Binary PIN Models

We now analyze in detail general PIN models with binary
state space A = {0, 1}, encompassing the SIS model proposed
in Example 1. Notice that in this case seven parameters are
sufficient to specify the model: the interaction probability p,
two mutation probabilities Fy; and Pjq, and the four elements
of the interaction transition tensor ¢o1(0), ¢o1(1), ¢10(0), and
@10(1). In particular, the limit drift takes the following form:

Di(0) = (1—p) (Po16o — Piob1)

+ p (¢01(0)605 + (o1 (1) = b10(0))0061 — d10(1)67) .
By substituting 8y = 1 — 61, we get that

D1(0) = p(61)
where p is the quadratic polynomial

p(2) = ag + arz + asz? (18)

with coefficients
ap = (1—=p)Po1 + pgo1(0)

a1 =— (1—=p) (Po1 + P1o) + p(—2¢01(0) + ¢01(1)— ¢10(0))
as = p(¢01(0) — ¢o1(1) + ¢10(0) — ¢10(1)) . (19)
Notice that

p(0) = (1—p)Po1 + pgo1(0) >0

p(1) = =(1—p)Pro — pp10(1) <0

so that there always exists at least one zero of p(z) in the interval
[0,1]. When p(0) > 0 and p(1) < 0 (this happens, for instance,
when p < 1 and the two mutation terms FPy; and P are both
nonzero), such zero is unique and is denoted by z*. The next
result shows that under suitable assumptions, z* is exactly where
concentration of the component 1 of the type process takes place.
Proposition 3: Consider a sequence of binary PIN models
with the same parameters (A, p, P, ¢) over an ATM interaction
network G,,. Let 11, be a stationary distribution of the PIN model
for all n > 2. If the polynomial p(z) defined in (18) admits a
unique zero z* in [0,1], then
Erfxun{x eEX : |0i(x)—z"|<d}=1

n
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for every 6 > 0.
Proof: Consider V : P(A) — R defined by

1 1
V(o) =— (%91 + Eaﬁf + 3a29§) Vo € P(A).

Notice that
VV(0)-D(0) = —p(61)* .

Therefore
{8 eP(A) : VV(0) -ﬁ(&) =0} ={(1-2%2"}
and the result now follows from Theorem 1. |

Example 1 (Continued): For the SIS epidemic model in-
troduced in Example 1, the polynomial in (18) coincides with
(4). When o« > 0, b > 0, and ¢ > 0, then by Proposition 3, the
stationary distribution of the associated PIN model over an ATM
interaction network concentrates around the set of configurations
x such that 6, (x) = z*(«), where z*(«) is the root of p(z) in
[0,1], in which we highlighted its dependence on «. Notice that

lin}) 2" () = 2" = max{l — ¢/b,0} . (20)
a—
Considering the limit also in «, we further get

101(x) — 2| < 6} =1

ali)%l+ n1~1>r—10—1:>c 'un {X ’
for every > 0. We notice that z* coincides with the asymptot-
ically stable equilibrium of the corresponding mean-field ODE
(5). In particular, this shows that the well-known bifurcation
phenomenon, according to which for ¢ > b, the epidemics dies
out while for ¢ < b, it becomes endemic at level 1 — ¢/b, holds
true not only for complete interaction patterns but also for
general ATM interaction networks, as for instance, Erdos—Rényi
random graphs.

Other popular examples of PIN models falling into this family
are reported below.

Example 6 (Voter/Antivoter models): In binary opinion dy-
namics models, the two states 0 and 1 represent two different
opinions. In the noisy voter model [37], [38], agents modify
their opinion in pairwise interactions by copying the opinion
of the agent they meet or because of a mutation (equal for the
two states). This is represented by the following choices of the
parameters:

¢01(1) = ¢10(0) =1,  ¢01(0) = ¢10(1) =0
and Py, = Pio = 1. In this case, we have
Dy (0) = (1=p)(6o — 61).

In the antivoter model [2], [6], no mutation is present, namely,
p =1, and agents take the opposite opinion of the agent they
meet. Precisely

¢01(1) = ¢10(0) =0,

In this case, we have

$01(0) = ¢10(1) = 1.

D1 (0) = 02 — 62

Notice that in both examples, we have z* = 1/2. As for Ex-
ample 1, this result matches the asymptotic behavior of the
corresponding mean-field ODEs. We notice how, for the noisy
voter model, the concentration result does not depend on the
mutation probability 1 — p as longas 1 — p > 0. When p =1,
the system is no longer ergodic, and invariant distributions live

on the two extreme points 0 and 1 (as they are absorbing states
of the chain) for every value of n.

C. Nonbinary Models

Finally, we present an example that does not fit in any of the
two categories above.

Example 7 (SIRS epidemic model): In the SIRS epidemic
model, we have A = {0,1,2} where x, = 0 means that the
individual v is susceptible, x,, = 1 means that the individual v
is infected, and x,, = 2 means that the individual v is recovered.
The nonzero off-diagonal terms in P are Fy;, P2, and Py, the
conditional probability of, respectively, spontaneous infection,
spontaneous recovery, and spontaneous return to susceptibility.
As in the SIS model, the only off-diagonal term of ¢(¢) is
¢01(1) the conditional probability of contagion transmission.
It is convenient to set the following variables:

b= ppo1(1), c:=(1-p)Pia, d:=(1-p)Pay
a:=(1—p)Po .

We assume that o > 0 and moreover thatb > ¢ > 0 and d > 0.
We denote by D, (0) its limit drift. It can be seen that

bl)a(e) = b(l — 91 — 92)(91 - 091 + a(l — (91 — 92)
= (01 + a/b)[b(1 — 61 — 02) — ] + ac/b
= —b(01 + a/b)[(61 — 27) + (02 — z5)] + ac/b

Dy o(0) = cby — dby = c(01 — 27) — d(02 — 23)
where
d(b—c) . cb—c

=0, 2=

b(d+c)’ bd+c)

Now, consider the family of functions

2y

b
Va(91792) = 91 — (ZT + Oé/b) 111(01 + Oé/b) + %(92 — 25)2

Notice that these functions are of class C? on P(A) for a > 0
and have partial derivatives

OV 0, — = OV b
—0) = —— —(0) = —(02 — 23). 22
96, O = v oe, TP @D
Straightforward computations now yield
VVa(0) - Da(9)
bd acly —z
_ 2 ba 2, et 1
=—b(01 — 27) . (03 — 25)° + b ot
bd
<—b(Br— =) - = (02— 5) +
where the last inequality follows from the fact that the function
_z—2

is increasing in z € [0, 1] and hence g(z) < 1.
We are then in a position to apply Theorem 2 by taking

PO) = b (0 51 = 2 (6= 25, Gla) = acfb
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and to conclude that (13) holds true. This essentially says that
the invariant measure u%a) converges, as n grows large and as «
tends to zero, to a probability measure whose projection by 6(-)
coincides with the Dirac delta distribution centered in

0" = (1 -2 - 2,21,2)

where 2 and z3 are defined in (21).

V. PROOFS OF THE MAIN CONCENTRATION RESULTS

In this section, we present all technical results, and in par-
ticular, we prove Theorems 1 and 2. We first derive general
approximation results that are valid for any PIN model on arbi-
trary interaction patterns. We then restrict to ATM interaction
networks and we establish the two large-scale concentration
results.

A. Mean Drift

Consider a PIN model with interaction pattern G = (V, £) and
parameters (A, p, P, ¢), and let X be its configuration space. A
key quantity in the analysis of the PIN model is its mean drift,
defined as the function D : X — RA mapping a configuration
x in & into the vector

D(x) = nE[0(X(t+1)) — O(X(1)|X(t) = x] .

Entries D;(x) represent the conditional expected variation of
the number of agents in a given state 7, when the current
configuration of the PIN model is X (¢) = x. Notice that since
> ica bi(x) = 1 for every configuration x in X', we have that

(23)

0=nE | > (6:(X(t+1)) = 6:(X () |X (1) =

icA

> Di(x)

€A

i.e., D(x) is always a zero-sum vector.

It also proves useful to introduce the notion of boundary of a
configuration x in X, defined as the vector £(x) of the empirical
frequencies of the pairs of states in x that are connected by links
of G. Formally, let¢ : X — P(A x A) be the function mapping
a configuration x in X' to {(x) in P(A x A) with entries

fij(x) = i,j cA
(24)
where we recall that m = || is the number of edges of the
interaction pattern G. Clearly, if G is undirected, then ;;(x) =
&;i(x) for every two states ¢ and j in A and every configuration
xin X.

Finally, we introduce the linear operator Q : P(A x A) —

R4 mapping a boundary ¢ in P(A x A) into a zero-sum vector

Q(&) in R4 with entries
Z 57,5 y

( ZZ§]6¢jz
LeA

leA jeA

1 . .
E‘{(u;v) €L 1 Xy =1, Xy :.7}‘7

icA. (25

Then, we have the following result.
Lemma 1: The mean drift of a PIN model with interaction
network G = (V, £) and parameters (A, p, P, ¢) satisfies

D(x) = (1-p)(P" = D)(x) + pQ(&(x))  (26)

for every configuration x in X.
Proof: Since the configuration X () of a PIN model can
change at most one of its entries at a time, we have that either

O(X(t+1))—-6(X(t)=0
(when no change occurs) or
(X (t+1)) —0(X(t) =n (87 — 5%

for some i # j in A (when an agent modifies its state from ¢
to 7). Call E;; the latter event and notice that because of the
updating mechanism, we have that

P(Ei; | X(t) = x) = (1—p)0 it P &ux)ei;(
LeA
Thus
= P(E; | X(t) =x) - ) P(E;| X(t) =x)
J#i J#i
(1=p) Y0P + 9> > &e(x)5i(0)
j#i leA j#£i
]- P ZQ 2] PZZ&Z ¢z]
VED) leA j#£i
= (1-p) (PT0(x) - 0(x)), + p(QUE(X)));
which yields the result. |

Lemma 1 states that the mean drift D(x) of a PIN model
depends on the configuration x through both its type 6 (x) and its
boundary £(x). This is a consequence of the particular structure
of PIN models that allow for both individual mutations and
pairwise interactions on the graph G, but not, e.g., on higher
order interactions.

Below, we discuss in general how the mean drift and the limit
drift are related. We start with the following result.

Lemma 2: Consider a PIN model with interaction pattern
G = (V,€) and parameters (A, p, P, and ¢). Let D(x) be its
mean drift and D(6) be its limit drift. Then

1D(x) = D((x))|l1 < 20l[€(x) — 0(x)0(x)" |

for every configuration x in X
Proof: First, from definitions (2) and (25), we can rewrite
the limit drift as

D(0) = (1-p)(PT = D)8+ pQ(60"). @7

We now fix a configuration x in X and write 6 for (x) and £
for £(x). From expressions (26) and (27), and the definition of
Q, we obtain

ID(x) = D(O)|l1 = pl| (&) —

_pz

icA

<P D> L& —0,00165:(0)

€A jeA e A
+ pz Z |Eie — 0:64]
€A Le A
=2p[|¢ — 00" |1

This proves the claim. |

Q(007)Ih
Q& —00"),
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Lemma 2 provides an upper bound on the 1-norm distance
between the mean drift D(x) in a configuration x and the
corresponding limit drift D(6(x)) of a PIN model. This is no
more than twice the [, -distance between the boundary &(x) of x
and the product distribution §(x)0(x) . It is then clear that the
limit drift D(0(x)) provides a good approximation of the mean
drift D(x) when the boundary £(x) is close to §(x)0(x) " for
every configuration x in X'.

A special case when this occurs is when the interaction pattern
G is the complete graph. First notice that in this case, the
boundary £(x) of a configuration x is completely determined by
its type 0(x). Specifically, for a complete graph with n nodes,
we have that £(x) = £ (0(x)), where

n@ZHJ _ 916;
n—1

0;(0; — 5°
:97;9j+M. (28)
n—1

£1(9) ==

As a consequence, also the mean drift D(x) depends on the
type 6(x) only: this is consistent with the observation made
in Remark 3 that for complete interaction networks, the type
6(X (1)) is itself a Markov chain. Lemma 2 and expression (28)
imply that for complete interaction networks

n—1

— 4
ID6) ~DEG)h < —=  Vxex @9
so that the mean drift and the limit drift coincide in the large-scale
limit.
The following result can then be interpreted as a generaliza-
tion of (29).
Lemma 3: For every configuration x in X’

4p
n—1

Proof: First, it follows from definitions (8), (24), and (28)
that

ID(x) — D(0(x))||1 < 2p|A*Wg + (30)

Wo = ma ||(x) = £ (00)) | (1)
Then, for every configuration x in &X', we have that
ID(x) — D((x))1 < 2p||¢(x) — 0(x)0(x) " ||1
< 2p[1¢(x) — £ (0(x))]2
+ 20/ €M (0(x)) — 0(x)0(x) " [|1

4p
S 2p|.A|2Wg + m

oo

(32)

where the first inequality follows from Lemma 2, the second one
is a consequence of the triangle inequality, and the last one is
implied by (28) and (31). ]

Lemma 3 states that the mean drift D(x) is close to the limit
drift D(A(x)) when the order n is large and the total mixing gap
of the interaction pattern Wy is small.

B. Concentration Results for Finite Networks

Below, we shall use the notation [E,, to indicate the expecta-
tion with respect to a stationary distribution u. The following
technical result, which is a simple consequence of stationarity,
will prove to be very useful in our subsequent derivations.

Lemma4: Consider a PIN model and let 1 in P (X’) be one of
its stationary distributions. Moreover, let D(x) be its mean drift.

Then, for every class-C2 function V : P(A) — R, we have that

K
[E, [VV(O(X(®))) - DX @)l < —
where K is a nonnegative constant only depending on V.

Proof: See Appendix A. |

Lemma 4 allows us to prove the following result for PIN
models in stationarity.

Proposition 4: Consider a PIN model. Let p in P(X) be
one of its stationary distributions and let D(x) be its mean drift.
Assume that there exists a class-C? function V : P(A) — R
such that

VV(@(x)) -D(x) < —F(x)+e VxeX (33)

for some F': X — R and € > 0. Then, there exists a constant
K > 0 only depending on V' such that

;L({XEX:F(X)<6})21—%— (34)

SO

for every 6 > 0.
Proof: 1t follows from Lemma 4 and inequality (33) that

B, [F(X(1)] < |E, [VV(8(X(2))) - D(X(2))] |
+E, [VV(0(X (1)) - D(X(¢)) + F(X(t))]
K
< —+e

Now, by applying the Markov inequality to the nonnegative
random variable F'(X (t)), we get

< BdPXO)

thus proving the claim. |

Remark 5: Proposition 4 implies that when inequality (33)
holds with € = 0 and n grows large, the stationary distributions
tend to concentrate where F'(x) is close to zero. In particular,
when

n({X() € X : F(X(1) > 6}) <Ky

2=
SR

VV(0(x))-D(x) <0 VxelX (35)

we have that the stationary distributions tend to concentrate
where VV (0(x)) - D(x) is close to zero. Inequality (35) states
that V' (9(X (¢))) is nonincreasing in expectation for the process
X (t) in stationarity. Therefore, in this case, we can interpret
V as a Lyapunov function for X (¢). Notice that the mean drift
D(x) depends not only on the parameters (A, p, P, ¢) of the PIN
model but also on the interaction pattern G. Hence, in general, the
search for a Lyapunov function V' satisfying (35) is hard since
it must consider also the interaction pattern G. This essentially
limits the applicability of Proposition 4 for € = 0 to the case of
a complete interaction pattern.

In the following, we shall focus on the application of Proposi-
tion 4 with e > 0, using class-C? functions V : P(A) — R that,
in general, do not satisfy (35), but instead are such that

VV()-DO) < VO ePA

for some nonnegative constant ( > 0, where we recall that the
D(0) is the limit mean drift as defined in (2). Notice that the
limit mean drift D(6) does not depend on the interaction pattern
G of the considered PIN model, but only on its parameters. We
are now ready to formulate our main concentration result. Given

(36)
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a class-C? function V : P(A) — R and constant § > 0, define
Xs={xeX: VV(I(x)) D(O(x)) >—6}. (37)

Theorem 3: Consider a PIN model with parameters
(A, p, P, ¢) and interaction pattern G. Let y in P(X) be one of
its stationary distributions and let D(#) be its limit mean drift.
Assume that there exists a class-C? function V : P(A) — R
such that (36) holds for some ¢ > 0. Then, there exists a constant
C > 0 only depending on V' such that for every > (, it holds

C W,
p(¥g21- S aapevi e ¢y
where
19Vl = mas [VVO)]x.
Proof: We can write
VV(0(x))-D(x) < VV(0(x)) - D(A(x)) + ¢ 39)
where
@:= max [VV(0(x)) - (D(x) = D(6(x)))|
< |9V max ||D(x) = D(Bx)
N 4
< IVVll (2427 + 27 ) o)

and where the second inequality follows from Lemma 3 and the
fact that p < 1. We define

F(x):=-VV(0(x)) - D(0(x))+¢>0
and we rewrite inequality (39) as
VV(0(x))-D(x) < —F(x)+( +¢. 41)

We now apply Proposition 4. Concentration inequality (34)
together with definition (37) and inequality (40) yield

p(Xo—¢) =p({xeX|F(x) <d})

K A4||VV]|x 2 Wg ¢
>1-— T > 9 MALANES. |
21 T )5 APIVV] o7 = 5
c Wy ¢
>1— — —2A]2 A
> 1= — = 2JAPVV]lo == = &
with C = K + 8||VV|| . o

Notice that the right-hand side of inequality (38) is the sum
of various terms. The first one depends only on the size of the
interaction network and is negligible for large scale networks, the
second one depends on the distance of the interaction network
from a totally mixing one, while the last one depends on how far
the function V' is from being a mean-field Lyapunov function
for the PIN model.

A particularly relevant special case of Theorem 3 is when (36)
holds true with ¢ = 0, i.e., when

VV(0)-DO)<0 Vo PA). 42)

In fact, a function V satisfying (3) can be interpreted as a
Lyapunov function for the deterministic mean-field ODE (5).
Furthermore, in the special case of complete interaction pattern,
we have W; = 0 so that Theorem 3 has the following corollary.

Corollary 1: Consider a PIN model with complete interaction
pattern and let i in P(X’) be one of its stationary distributions.

Assume that there exists a class-C? function V : P(A) — R
satisfying (3). Then, there exists a constant C' only depending
on V such that

C
p(Xs) 21— —

o3 (43)

for every 6 > 0.

C. Proofs of Theorems 1 and 2

Theorems 1 and 2 are a direct consequence of Theorem 3
applied to ATM interaction networks. Detailed proofs are below.
Proof of Theorem 1: 1t follows from Theorem 3 with { = 0
and Definition 4 that
W n o0
In M2EX
0
for every § > 0. n
Proof of Theorem 2: Define

C e
>1-_- — _
fin (35) 2 1= = = | AP|[VV] |

Xé(o) ={xeX: hlx)<d}
and for every a > 0
X = {x e X: VV,(0(x)) - Da(0(x)) > —0} .

As Theorem 2 assumes inequality (12), we can apply Theorem 3
and obtain that for every o > 0 and 6 > ((«), the following
estimation holds:

i (27) 2 i (4%

¢ 2 Wg ((a)
>1_- - _ _Yn
21— = AFIIVV]lx—5 5
”ﬂ“’l,@
1)

where the limit relation follows from the ATM assumption (see
Definition 4). This yields

1iminfu$;") (X(S(O)> >1- @.

n—-400 1)

It then follows from (11) that

lim lim infu;a) (Xé(o)) >1-— lim @ =1
a—0 n—+oo a=0 0
thus proving (13). ]
Remark 6: 1t is worth pointing out that Theorem 3 is more
general than Theorems 1 and 2, as it applies to single PIN models
with a given interaction pattern G of finite order n. In particular,
Theorem 3 can also be applied in a context of a sequence of
PIN models on ATM interaction networks G,, with parameters
(A, pn, Pn, ¢y, ) that depend on the order n and converge to some
given limit parameters (A, p, P, ¢) as n grows large.

VI. CONCLUSION

In this article, we have proposed a tool that provides estimates
on the invariant distribution of Markov chains resulting from
network systems in which agents change their state either by
a mutation or by an interaction with their neighbor agents.
The key ingredient enabling such estimates is the existence of
a Lyapunov-type function for the drift associated with these
systems. This method is intrinsically robust, and this allows for



COMO et al.: INVARIANCE PRINCIPLE-BASED CONCENTRATION RESULT FOR LARGE-SCALE STOCHASTIC PIN SYSTEMS

5075

its application in situations where the model is only partially
known and uncertainty is present. We demonstrate the robustness
of the method by proving that the estimates on the invariant
distributions valid for complete interaction networks also hold
true for perturbed versions of these graphs, such as, for instance,
Erdds—Rényi random graphs. Indeed, leveraging on this fact,
we have been able to show, for instance, that the asymptotic
behavior of the SIS epidemic models on Erdos—Rényi random
graphs coincides with the asymptotic behavior of the SIS mod-
els on complete interaction networks. Another example of the
method’s robustness is shown in Theorem 2 and its application
to SIRS epidemic models. In this case, we prove that the method
provides useful estimates of the invariant distributions even
when the functions V() are only approximately mean-field
Lyapunov functions of the network system.

However, the applicability of this robust convergence result
extends far beyond the examples treated in this article. On the
one hand, it can be applied to other families of Markov chains
resulting from multiagent systems, as those associated with evo-
lutionary population games. On the other hand, its application
can be extended to encompass different types of uncertainty,
such as cases where the behavior of the agents is approximately
described by a transition probability, or even contexts where a
fraction of the agents have a completely unknown behavior.

Finally, even if the setting of this work is purely system
theoretic and no control is considered, our approach can, in
principle, lead to the study of control problems for Markov
chains, extending concepts and tools from classical control
theory for ODEs systems. These kinds of extensions are the
subject of our present investigations.

APPENDIX A
PROOF OF LEMMA 4
The fact that p is stationary implies that
Eu[V(0(X(t+1))) = V(0(X(1))] = 0.

Since V is C2, for every # and h in RA, there exists £ in [0, 1]
such that

(44)

V(O+h)=V(0)+VV(0)- h+ %hTAV(G + Bh)h.
If we apply this expansion to both sides and use (44) letting
0:=0(X(), h=0X({t+1))—-0(X(1))
we obtain
E,[VV(0)h] = —%Eu[hTAV(O LAWK (49
Notice now that for every x in X
Eu[h X (1) = x] = EL[(0(X( + 1)) — 0(X(8))) [ X(t) = x]

= %D(X)

so that the left-hand side of (45) is equal to
Eu[VV(0) - h] = E, [E[VV(0) - | X (2)]]
=E, [VV(0) - E[n[X ()]

1

= ~E,[VV(0) - D(X(1))].  (46)

From (45) and (46), we obtain
B, [VV(8) - DIXWO))] < 5B, [|hTAV(0 + 3h)h]

< ngEu [h7h] (47)

where Cy = maxg ||AV(0)||2 and || - ||2 denotes the induced
2-norm of a matrix. Since ||0(y) — 6(x)||3 < 2/n? for every x
and y in X such that P(X (¢t + 1) = y| X (t) = x) # 0, we have
that

2
.
E [n'h] <
which, together with (47), implies the claim. [ ]

APPENDIX B
PROOF OF PROPOSITION 1

We start by recalling the following fundamental large-
deviations result, known as the Chernov bound.

Lemma 5 (Theorem A.1.4 in [39]): Let Y be a random
variable with binomial distribution with parameters [ and p.
Then, for every o > 0

P(Y > Ip(1 + @) < exp(—2Ip*a?) (48)

and

P(Y <Ip(1 —a)) < exp(—2Ip*a?). (49)

Proposition 5: Consider the Erdos—Rényi random graph
G(n,p) with n > 2 nodes and link probability p in ]0,1]. Then

P(Wg(np) =) < 3" exp(—n’p*n®/36)  (50)

forevery 0 <n < 1.

Proof: For a subset of nodes U C V, let Yy, = |E4|/2 be
the number of undirected links connecting pairs of nodes in/ in
the Erdos—Rényi random graph G(n, p). Then, Y}, is a random
variable with binomial distribution with parameters (4/) and p.
Observe that (48) implies that

(i 220+1) =2z (5 )0 )

< exp(—[U|(u|-1)p*a?)
(51)

while (49) implies that

# i =+ ) =2 = (5 )0 -)

< exp(—U|(ju|-1)p*a?).
(52)

First, let Z = {U/ C V} be the set of all nodes subsets. For
every 1 such that 0 < n < 1, define

LRSI R

K {Z/{_V n(n —1) 2 K \ 2

=P | max
Xn Uez,

G| (UI(U] — 1)‘ > 77>

m nin—1)
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and &
+P<n(nvjl) Sp(l—n/3)>
% =P [ max |5uu||u|(u|1)‘>n _
! uez, | m n(n—1) |~ < exp(—[U|([U|-1)p*n?/9) + exp(—n(n—1)p*n*/9)
On the one hand, notice that for every node set I/ in Z,, < exp(—n(n — 1)p*n®/18) + exp(—n(n — 1)p*n?/9)

we have that [&| < [U|(JU]| — 1) < pyn(n —1)/2, and m < 3 3
< —n(n —
n(n — 1), so that < 2exp(—n(n —1)p°n°/18)

Eud] m &l m < 2exp(—n’p’n’/36) (54)
— < , < 1
U (U—1) rwnlﬂ-“mx{uuuzl>n01n}

where the first inequality follows from the fact that [U/| < n, the

and second from the fact that
& Ul(lU| -1 Uul(lu| -1 &
S IUI=D)|_ RIRI=D) | &l m s s
m n(n—1) m [U(U)|—1) n(n—1) =1 <l+n Vn:0<p<l1
1—-n/3 1—n/3
-l - 1)
- m the fourth one from a union bound argument, the fifth one by
n(n —1) applying (51) and (52) with oo = 7)/3, respectively, the sixth one
SP—o sincl:le || (U] —2 1) 12 n(dnh— })pn/Q for every L{2inAZ,71, the selv—
i < i > 2.
It follows that: enth since p77 / 2 < 1,an the last one since n > nalogously,
for every U in Z,), we can argue that
o =P (maX G| (U] — 1)‘ - 77)
n Uez, | m nn—1) |~ or = <|5uun(n —1) -1 n(n—1) )
_ ( m_ p> “ mlu(u—1) =~ Ul - 1)
2 BT
< -1 4
exp(—n(n —1)p/4) <P(mmnn1)<1nm>
2 2 - \mU|(U| 1) T 1+n/2
< exp(—n°p°/8) (53)
: , - cp({ ol <p(1—n/2
where the second inequality follows from (52) with &/ = ) and = | uul -1 p( n/2)

a = 1/2 and the last one from the fact that (n — 1) > n/2 for

n=2 - vy
On the other hand, for every node set // in Z,, let U nn—1) > p(1+n/2)
Guu| _ U(U| = 1) &
+::]P’(““— = <p( bl g
u m n(n—l) — |Z/[|(|U|—1) —p( 77/ )
- G| [UI(U] = 1) )
p, =P ( — <-n]. &
u m n(n —1) +P (n(|nvl}|1) 2p(1+n/2)>
Observe that for every U in Z, < exp(—|U\(|U|—1)p2n2/4) n exp(—n(n—l)p2n2/4)
EuuIn(n — 1) n(n—1)
+:IP’<|MM>1—|—77 < exp(—n(n —1)p*n?/8) + exp(—n(n — 1)p*n*/4
N7 [(7 e A 7 (7Y el S el =
< _ _
ol ) < 2exp(—nin = Lp"n’/8)
o \mu|(u| 1) < 2exp(—n’p’n’/16). (55)
<P |5uz,{|nn—1)>1+77/3 L
= mu|(U|—1) = 1—n/3 Now, define for every U/ in Z,,
|Euu
<]P’<{ _p(1+17/3) — \Esul —|SIU| >
(T - =R Sy T amon| =)
U {(‘SWD <p(l-n /3)}) A union bound argument together with inequalities (54) and (55)
n(n —

imply that

|Evud
P(— M > p(1+0n/3 B _
- (UI(IU—I) = p(+n/3) pu < pf oy < dexp(—nPp®n®/36) VU € Z,.
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By applying the union bound once more, using the above esti- and observe that following the same steps as in (54), we obtain

mation, and noting that |Z,)| < |Z| = 2", we get that
Esuln(n —1) n(n —1)
o A1 1) v =P (B > 1
X"P<ff£§ om ~ a(n—1) > su m|S||U| |S[U|
|Esuln(n — 1)
<P|—————F—=>1+2
< Y : ( Tz
UEZ,
€&n L <P \55u|n(n—1)>1+77/2
< 4|2, exp(—n"p°n”/36) - m|S|u| -~ 1=n/2
< 42" exp(—n?p’n®/36). (56) < P({|€ul = p|SIU|(1+n/2)}

Now, let
W={SU): SCVY,UCV,SNU=0}.

Then, for (S,U) in W, the number |Egy| of directed links from
nodes in S to nodes inf in G(n, p), which is equal to the number +P(m < n(n—1)p(1—1n/2))
of undirected links connecting nodes in & with nodes in U, is 2 9 2 9 9

’ —|S 2 — 8
a binomial random variable of parameters |S||{/| and p, so that exp(=|SIUlp™7/2) + exp(=n"p""/8)

U {m <n(n—1)p(1—-n/2)})
< P(|€sul = pISIU[(1 +1/2))

IN

for every « > 0 < exp(—n?p*n®/8) + exp(—n?p*n?/8)
P([Esul > [SIUp(1 + o)) < exp(—2[S|U[p*a®).  (57) < 2exp(—n?p’n®/8) (59)
For every 7 such that 0 <7 < 1, define where the first inequality follows from the fact that |S||U| <
Sliu _ |S|(n — |S]) < n?/4, the second one since
anz{(s,u)eW:Mg?}, W, =W\W, L
- +1n Ui
=1 <1+2 Vn: 0<n<1
Ty Taogp s T TREE
_ Esul —|S||U| .
Yy =P max — >n the fourth one from a union bound argument, the fifth one by
(SUew, | m nin—1)

applying (57) and (52) with o = 7/2, the sixth one since

and 9
S|l > n"pn/4

for every (S,U) ¢ W, and the last one since pn < 1.
Similarly, we get

. _P(|€gu|n(n—1) - n(n_1)>

m n(n—1)

%ZP< o [lEsd - Isliug ‘Zn)
(SU)eW,,

Notice that for every (S,U) in W,

(Eoul IS/ < n(n = L)pn/2 N [ S 7]
so that using also the fact that m < n(n — 1), we get <P <|53(,{|TL(7”L —1) 1—9 >
Esul _ IS | _ S| _ n(n—Dpy _ <n> P -\ miSii
m  nn-1)" m — 2m 2)m’ <P(|5$M|n(”—1)<1—77)
Therefore - m|S|U| T 1+
- R < P ({IEsul < pISIUI(L— )
SUew, | m n(n—1)

U {m >n(n—1)p(1+n)})
n <P(l&E < p|S||U|(1 —
gp<mg(2)p) < P(1€sul < pISIUI(1— 1)
+P(m>n(n—1)p(l+n))

2 2
< exp(—n"p/8) (58) exp(—2|S||U|p*n%) + exp(—n*p?n?/2)

IN

where the second inequality follows from (52) with o = 1/2.

oW < 2.3 3 2.2 2
On the other hand, for (S,2/) in W,), define < exp(=n"pn”/2) + exp(—n"p™n”/2)
<92 —h2,3..3 ]). 60
v ::P(Ié‘suI_ RIZI. ) < 2exp(—n’p°n°/8) (60)
Su m n(n—1) — For every (S,U) in W,, let

o 1Esul  ISIU|
psa-—P< m _n(n—l)g_n psa1=P<

Esul — |SIIU| ‘>77>-

m nin —1)
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A union bound argument together with inequalities (59) and (60)
imply that
Psu < Py + psy < 4exp(—n®pr’/8).

By now applying one more time the union bound, the above
estimation, and noting that W, | < [W| = 3", we get

— & S||lu
Y (R L7 B 7
(SUyew, | m n(n —1)
< Z psu
(SU)ew,

< AWy | exp(—n®pi’/8)

< 4-3"exp(—n?p*n?/8).
Then, estimations (53), (56), (58), and (61) imply that
P (Wonp) = 1) = Xn + Xy + ¥y + ¥y,

(61)

< 2exp(—n’p®/8)
+4 - 2" exp(—n®p’n® /36)
+4- 3" exp(—n®p’n*/8)
< (4- (3" +2™) + 2) exp(—n2p*n®/36)

< 3" exp(—n’p*n’ /36)

thus proving the claim. |
We can now easily prove Proposition 1 from Proposition 5.
Proof of Proposition 1: If np® — +o00, then we have that for

every ) > 0, the expression 3"+2 exp(—n?p3n3/36) vanishes

faster than exponentially as n grows large. Hence, by (50)

> P(Woinp =m) <> 3" exp(—n’p’n®/36) < +00

n>2 n>2

and the Borel-Cantelli lemma implies that

limsup Wy p) <1

n—-+oo

with probability 1. As this holds true for every n > 0, we
conclude that Wg(, ,) — 0 with probability 1 as n grows
large. |
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