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Abstract

A multi-agent model for individuals endowed with strategies and subject to diffusive effects is proposed. 
The microscopic state of each agent is described by a spatial position and a probability measure, interpreted 
as a mixed strategy, over a compact metric space. The evolution is governed by a non-local interaction 
mechanism and by stochastic effects acting on the spatial component of the state. The well-posedness of 
the multi-agent system and that of a certain McKean–Vlasov stochastic differential equation are proved. 
Eventually, a propagation of chaos result is obtained, which guarantees that the former model converges to 
the latter as the number of agents goes to infinity.
© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: 34F05; 60K35; 93A16; 60H10

Keywords: Multi-agent systems; Meanfield limit; Propagation of chaos; Stochastic differential equations; 
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1. Introduction

Multi-agent models offer a paradigm to describe a huge variety of complex systems driven 
by interactions among the constituting individuals. Since the number of agents is typically very 
large, following the evolution of each of them can be a demanding, often unfeasible, task, and 
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both analytical approaches and the algorithmic complexity in simulating such large ensembles 
call for reduced models that can capture the macroscopic, global behaviour of these systems. 
The idea of providing macroscopic descriptions emerging from the microscopic behaviour of 
particles dates back to Boltzmann’s work [15], where one of the fundamental assumptions is 
the so-called Stosszahlansatz, namely the independence of the behaviour of distinct particles 
when their number is very large. One of the most successful attempts to justify this approach 
can be found in Kac’s seminal paper [38], where he introduces the notion of propagation of 
chaos, which, shortly afterwards, was shown by McKean [41] to be satisfied by a certain class of 
diffusion models.

Systems that can be studied with this approach model, for instance, opinion formation [31,57], 
wealth distribution [30,32,46], traffic or pedestrian flow [2,29,49,50,58], herding problems [1,2, 
11,20,40,51], flocking and swarming [14,22,23,28], consensus-based optimisation [3,16,21,34--
36,52,59], including applications to pattern formation and chemical reaction networks [19,43], 
often stimulating the development of novel rigorous analytical techniques, see, e.g., [24,47,48]. 
We refer the reader to [45] for a comprehensive overview of modelling through multi-agent 
kinetic equations, and to [25,26] for a thorough review of propagation of chaos techniques. In 
recent years, much attention has been drawn to two enhancements of multi-agent systems, with 
the aim of devising models that can better describe the above-mentioned complex phenomena: 
the addition, to the microscopic state, of more variables that may represent the agents’ strategies 
or their belonging to a certain population [5,9,27,39,42,56], and the introduction of stochastic 
terms which alter the deterministic character of the dynamics, to account for randomness.

We study here multi-agent models expanding those in [5,42] by introducing a diffusive term 
to the spatial evolution of agents in addition to the classical drift term that describes the spatial 
velocity. The microscopic state features also the presence of a variable, referred to as mixed 
strategy, describing the behavioural pattern of agents. The evolution of this microscopic state is 
regulated by non-local interactions.

Given N ∈ N+, a time horizon T > 0, and a compact metric space U of pure strategies, we 
consider a population of N agents, each of which is identified by a label i ∈ {1, . . . ,N}; the 
microscopic state of the i-th agent at time t ∈ [0, T ] is represented through the random variable 
Y i

t = (Xi
t ,Λ

i
t ) taking values in the space Rd × 𝒫(U), where 𝒫(U) is the convex set of Borel 

probability measures over U . The Rd -valued random variable Xi
t can be interpreted as the spatial 

position of the agent i, while the random variable Λi
t can be viewed, borrowing the language of 

game theory, as the agent’s mixed strategy.1

The states of the agents evolve according to the stochastic differential equation (SDE)⎧⎨⎩dXi
t = vΣN

t
(Xi

t ,Λ
i
t ) dt + σΣN

t
(Xi

t ,Λ
i
t ) dBi

t ,

dΛi
t = 𝒯ΣN

t
(Xi

t ,Λ
i
t ) dt,

for t ∈ [0, T ] and i = 1, . . . ,N , (1)

1 Despite the fact that our model includes the case of U containing a continuum of pure strategies, the concept is 
perhaps more clear in the simpler and very peculiar case in which U = {u1, . . . , uM } contains a finite number of pure 
strategies. In particular, the simplest case is instructive: if M = 2, then we can consider U = {u1, u2} = {F,L}, so that 
Λi

t ∈ 𝒫(U) can be identified with a parameter in [0,1] describing the degree of leadership of agent i at time t , ranging 
from being a leader to being a follower. If M > 2, then U can represent, for instance, the different assets in a financial 
portfolio, or different populations an individual can belong to, see, e.g., [42] for a few examples; in this case, Λi

t ∈ 𝒫(U)

can be identified with a point in the (M − 1)-dimensional simplex ΔM−1 := {︁λ ∈ RM : ∑︁M
j=1 λj = 1 and λj ≥

0 for every j = 1, . . . ,M
}︁
.
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where ΣN
t := 1 

N

∑︁N
j=1 δ

(X
j
t ,Λ

j
t )

denotes the empirical measure of the system, starting from given 

initial states Y i
0 = (Xi

0,Λ
i
0) (i = 1, . . . ,N ). In (1), the field v models drift, whereas the diffusive 

effects are accounted for the m-dimensional standard Brownian motions B1, . . . ,BN , whose 
effects are modulated by the Rd×m-valued field σ ; the measure-valued field 𝒯 in the second 
equation regulates the evolution of the mixed strategies. The interaction mechanism is encoded 
in the dependence of these three fields on the empirical measure ΣN

t which gives (1) a non-linear 
and non-local character.

When the number N of agents becomes very large, the rigorous study of the coupled SDE (1)
may be hindered, due to the complex dependencies that may arise among the random variables 
Y i

t . To overcome this difficulty, one seeks to approximate the N -particle system by a single SDE 
describing the dynamics of a representative agent, by performing a meanfield limit: we forgo the 
description of the evolution of every single agent of the population in favour of a representation of 
the behaviour of a generic member of the population. However, to properly perform this limiting 
procedure, it is necessary to prove a propagation of chaos result, that is, when N → ∞, the 
microscopic states of the agents {Y i

t }i=1,...,N become independent and identically distributed, 
provided that the i.i.d. property holds at the initial time t = 0. Intuitively, if propagation of chaos 
holds, owing to the asymptotic i.i.d. property of the random variables Y i

t , we can approximate, 
for large values of N , the empirical measure ΣN

t by the (deterministic) law Σt := Law(Y 1
t ) of 

the representative individual. Therefore, by formally plugging the common law Σt in (1), the 
dynamics decouples and it is reasonable to postulate that the meanfield description as N → ∞
is provided by the McKean–Vlasov SDE

{︄
dXt = vΣt (Xt ,Λt ) dt + σΣt (Xt ,Λt ) dBt ,

dΛt = 𝒯Σt (Xt ,Λt ) dt,
(2a)

subject to the requirement that

Law(Y t ) = Σt, for all t ∈ [0, T ]. (2b)

In (2), Y t = (Xt ,Λt ) denotes the state of the representative individual.
One of the peculiarities of systems (1) and (2) is that the state space of the agents is 

Rd × 𝒫(U), which lacks the vector space structure and is, in general, infinite-dimensional. By 
embedding it into a suitable Banach space (see Section 2.2), we will be able to take advantage 
of the techniques to study evolution problems in closed convex subspaces of Banach spaces, see 
[17, Chapitre I.3] (see also [5]).

1.1. Main results and technical details

We now proceed to describe the three main contributions of this paper, together with the 
relevant technical details.

Our first main result, Theorem 3.2 below, concerns the well-posedness of the N -particle sys
tems (1). We prove the existence of a pathwise unique strong solution (see Definition 3.1 below), 
under the hypothesis of square integrability on the spatial initial data {Xi

0}Ni=1. Moreover, we 
obtain that the integrability of the initial data is inherited by the solution at all future times. To 
show the existence of the solutions to (1), we combine a Picard iteration scheme with Brézis’s 

3 
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strategy [17, Chapitre I.3] to treat the infinite-dimensional components Λi
t belonging to the con

vex set 𝒫(U). As in [5], the crucial hypothesis on the fields is the global Lipschitz continuity 
(see (17) below), together with the geometric property (18) of the field 𝒯 , which ensures that 
the evolution of the Λi

t ’s does not escape 𝒫(U). We stress that system (1) is a generalisation 
of [5, equation (3.5)], with respect to which a state-dependent stochastic component is added to 
the spatial dynamics (we mention that, in the deterministic case, a generalisation of [5, equation 
(3.5)] has been studied in [42, equation (1.3)]).

Our second main result, Theorem 4.2 below, concerns the well-posedness of the McKean--
Vlasov SDE (2). We prove the existence of a strong solution (see Definition 4.1 below), under 
the hypothesis of square integrability on the spatial initial datum X0. Also in this case, the inte
grability of the initial datum is inherited by the solution uniformly in time. Uniqueness is obtained 
in the class of strong solutions whose spatial first moment is uniformly bounded in time. To show 
the existence of solutions to (2), we resort to an auxiliary SDE (see (59) below), which allows us 
to construct a map 𝒮 (see Proposition 4.16) in a way that condition (2b) can be interpreted as a 
fixed-point problem for 𝒮 . The latter is solved by applying the Banach–Caccioppoli fixed-point 
Theorem. This strategy is an adaptation of that of Sznitman [55] to the case in which the state 
space is the more general Rd ×𝒫(U).

Our third main result, Theorem 5.3 below, concerns the propagation of chaos. This is achieved 
via synchronous coupling [26, Section 3] (see also [55]) between the trajectories of the N -particle 
system (1) and the trajectories of N independent copies of the solution to the meanfield equation. 
Thanks to this result, the McKean–Vlasov SDE (2) is indeed the meanfield limit of the N
particle system (23) as N → ∞.

The paper is structured as follows: in Section 2, we set the notation, collect some prelimi
naries on measure theory, and fix the functional setting of the problem. Section 3 is devoted to 
studying the N -particle system (1), Section 4 tackles the well-posedness of the McKean–Vlasov 
SDE (2), and propagation of chaos is proved in Section 5. Appendix A contains the proofs of 
some technical probabilistic results.

2. Notation and preliminaries

We collect here some preliminaries on measure theory, probability measures, stochastic pro
cesses, and present the functional setting of our problem.

2.1. Distances on the space of probability measures

If (𝒳 , d𝒳 ) is a metric space, we denote by ℳ(𝒳 ) the vector space of signed Borel measures 
over 𝒳 with finite total variation; we also indicate by 𝒫(𝒳 ) the convex subset of probability 
measures, by ℳ+(𝒳 ) the convex cone of non-negative measures and by ℳ0(𝒳 ) := R(𝒫(𝒳 ) −
𝒫(𝒳 )) the vector subspace of measures with zero mass.

We recall the notion of push-forward of measures.

Definition 2.1. Let (𝒳 ,X ,μ) be a measure space (with μ ∈ ℳ+(𝒳 )) and (𝒴,Y ) a measurable 
space. Given a measurable function f : 𝒳 −→ 𝒴 , we define the measure f♯μ on (𝒴,Y ) as

f♯μ(B) := μ(f −1(B)), for all B ∈ Y . (3)

The measure f♯μ is called push-forward (or image measure) of μ through f .

4 
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By construction, the image measure f♯μ is non-negative and it has the same total mass as μ; 
in particular, if μ ∈ 𝒫(𝒳 ) then also f♯μ ∈ 𝒫(𝒳 ). The integrals with respect to μ and f♯μ are 
related by the following change of variable formula.

Theorem 2.2. Let (𝒳 ,X ,μ) be a measure space (with μ ∈ℳ(𝒳 )), (𝒴,Y ) a measurable space 
and f : 𝒳 −→ 𝒴 a measurable map. Then, for every measurable φ : 𝒴 −→ R, the following 
relation holds ∫︂

𝒳

φ(f (x)) dμ(x) =
∫︂
𝒴

φ(y) d(f♯μ)(y). (4)

If (Ω,F ,P ) is a probability space and X : Ω −→ Y is a random variable, the probability 
measure X♯P over Y is called the law of X, which we shall denote by Law(X).

In the sequel we will frequently employ a notable class of metrics defined on spaces of prob
ability measures: the Wasserstein distances. We start by defining the set of probability measures 
with finite p-th moment.

Definition 2.3. Let (𝒳 , d𝒳 ) be a metric space and p ∈ [1,+∞). The set of probability measures 
with finite p-th moment 𝒫p(𝒳 ) is defined as

𝒫p(𝒳 ) :=
{︃
μ ∈𝒫(𝒳 ) :

∫︂
𝒳

d𝒳 (x, x0)
p dμ(x) < ∞ for some x0 ∈𝒳

}︃
. (5)

We note that the definition of 𝒫p(𝒳 ) is actually independent of the choice of the point x0 and 
that if (𝒳 , d𝒳 ) is a compact metric space then 𝒫p(𝒳 ) = 𝒫(𝒳 ) for every p ∈ [1,∞).

If (𝒳 , d𝒳 ) is a complete and separable metric space, the sets 𝒫p(𝒳 ) can be endowed with a 
metric structure by equipping them with the Wasserstein distances, whose definition and main 
properties we recall thereafter (for a detailed treatment see, e.g., [6,61]).

Definition 2.4. Let (𝒳 , d𝒳 ) be a complete and separable metric space and let p ∈ [1,+∞). For 
every μ,ν ∈𝒫p(𝒳 ) the Wasserstein distance of order p between μ and ν is defined as

W
p
p (μ,ν) := inf 

π∈Γ(μ,ν)

∫︂
𝒳×𝒳

d𝒳 (x1, x2)
p dπ(x1, x2), (6)

where Γ(μ,ν) denotes the sets of transport plans between μ and ν, given by

Γ(μ,ν) := {︁π ∈𝒫(𝒳 ×𝒳 ) : (p1)♯π = μ, (p2)♯π = ν
}︁
,

where p1,p2 : 𝒳 × 𝒳 −→ 𝒳 denote the canonical projections on the first and second factor, 
respectively.

The general theory of Optimal Transport (see, e.g., [4,6,53,61]) ensures that the infimum in 
(6) is actually attained, so that the definition of Wp is well-posed. Furthermore, it can be shown 
that Wp satisfies all the properties of a metric.

5 
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Definition 2.5 (Wasserstein space). Let (𝒳 , d𝒳 ) be a complete and separable metric space and 
p ∈ [1,+∞). The function Wp defines a metric over the set 𝒫p(𝒳 ) of probability measures with 
finite p-th moment. The metric space (𝒫p(𝒳 ),Wp) is called the Wasserstein space of order p.

Wasserstein spaces inherit form (𝒳 , d𝒳 ) the properties of completeness and separability.

Theorem 2.6. Let (𝒳 , d𝒳 ) be a complete and separable metric space and p ∈ [1,+∞). Then 
the Wasserstein space (𝒫p(𝒳 ),Wp) is complete and separable.

We conclude this paragraph by recalling the definition and fundamental properties of the 
spaces of Lipschitz continuous functions. Let (𝒳 , d𝒳 ) be a metric space and φ : 𝒳 −→ R a 
Lipschitz continuous function. We define Lipschitz constant of φ the quantity

Lip(φ) := sup 
x1,x2∈𝒳
x1≠x2

|φ(x1) − φ(x2)|
d𝒳 (x1, x2) 

. (7)

We denote by Lipb(𝒳 ) the set of functions φ : 𝒳 −→ R that are bounded and Lipschitz contin
uous over 𝒳 . Lipb(𝒳 ) is a real vector space and can be endowed with the norm ∥·∥Lip defined 
as

∥φ∥Lip := sup 
x∈𝒳

|φ(x)| + Lip(φ) (8)

for every φ ∈ Lipb(𝒳 ). If (𝒳 , d𝒳 ) is a compact metric space, by Weierstrass Theorem, Lipb(𝒳 )

coincide with the vector space of Lipschitz function over 𝒳 , which we simply denote by Lip(𝒳 ).

2.2. The Banach space F(U)

One of the peculiarities of the system (1) lies in the fact that the dynamics of the mixed 
strategies Λi

t takes place in the convex set 𝒫(U), which inherently does not posses the structure 
of a normed vector space. Therefore, it is useful to preliminarily embed the set of probability 
measures 𝒫(U) into a suitable Banach space, thereby taking advantage of its vector space and 
metric structures, and of some analytical tools such as Bochner integration. The construction that 
we adopt follows that of [5, Section 2.1]; here, we provide an outline of the procedure, referring 
to the work of Ambrosio et al. and to [7,8,62] for further details.

Let us consider the metric space (U,dU), which we recall to be compact by hypothesis; we 
consider the Banach space (Lip(U),∥·∥Lip), from which we can construct the topological dual 
(Lip(U))∗ endowed with the customary dual norm, referred to as the bounded Lipschitz norm (or 
BL norm for brevity), defined as

∥ℓ∥BL := sup
{︂
|⟨ℓ,φ⟩| : φ ∈ Lip(U), ∥φ∥Lip ≤ 1

}︂
(9)

for every ℓ ∈ (Lip(U))∗. Now, by identifying each probability measure on U with a linear and 
continuous functional on Lip(U), we can embed 𝒫(U) into a Banach space, which we define as 
follows.

6 
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Definition 2.7. We call F(U) the closed subspace of the Banach space 
(︁
(Lip(U))∗,∥·∥BL

)︁
de

fined as

F(U) := span(𝒫(U))
∥·∥BL

, (10)

where span(𝒫(U)) denotes the set of all finite linear combinations of elements of 𝒫(U); here, 
each measure λ ∈ 𝒫(U) is identified with the element of (Lip(U))∗ defined by

φ ↦−→
∫︂
U

φ(u) dλ(u), for every φ ∈ Lip(U). (11)

Remark 2.8. For notational consistency, we shall use the symbol ∥·∥F(U) to indicate the BL
norm restricted to F(U). The space F(U) is known in the literature as Arens–Eells space, and it 
can be shown to be a separable Banach space containing ℳ(U). Additionally, 𝒫(U) turns out 
to be a compact subset of F(U) with respect to the topology induced by the BL norm.

In view of the importance of these properties throughout the present article, we highlight them 
in the following proposition.

Proposition 2.9 (properties of F(U)). Let (U,dU) be a compact metric space. Then the normed 
vector space (F (U),∥·∥F(U)) introduced in Definition 2.7 is a separable Banach space. Further
more, the convex subset 𝒫(U) is compact in F(U).

It can be shown that the convergence of probability measures with respect to the BL norm 
is closely related to the convergence in the 1-Wasserstein distance W1, which, in turn, is related 
to the weak convergence of probability measures (that is, in the duality with continuous and 
bounded functions). For details, we refer again to [5, Section 2.1]; we highlight that

∥λ∥F(U) ≤ 1, for all λ ∈ 𝒫(U). (12)

Remark 2.10. We point out that all integrals of F(U)-valued functions are to be intended as 
Bochner integrals, see [5, Appendix A] and [63].

2.3. Functional setting of the problem

We can now formulate problem (1) in a suitable analytical framework. We recall that the 
microscopic states Y i

t = (Xi
t ,Λ

i
t ) belong to Rd ×𝒫(U) for all i ∈ {1, . . . ,N} and for all times t ∈

[0, T ]. In view of Proposition 2.9, we shall always consider Rd ×𝒫(U) as a subset of Rd ×F(U), 
which can naturally be endowed with a Banach space structure by considering the product norm 
∥·∥Rd×F(U), defined as

∥y∥Rd×F(U) := ∥x∥Rd + ∥λ∥F(U), for y = (x,λ) ∈Rd × F(U). (13)

Here, ∥·∥Rd denotes the customary Euclidean norm on Rd , and ∥·∥F(U) denotes the norm on 
F(U) (see Remark 2.8).

7 
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It will be often useful to consider the product spaces (Rd)N , F(U)N , and (Rd × F(U))N

(with N ∈ N+), which we also equip with the customary product norms, given by

∥𝒙∥(Rd )N :=
N∑︂

i=1 
∥xi∥Rd , ∥𝝀∥(F (U))N :=

N∑︂
i=1 

∥λi∥F(U) ,

and

∥𝒚∥(Rd×F(U))N :=
N∑︂

i=1 
∥xi∥Rd +

N∑︂
i=1 

∥λi∥F(U) = ∥𝒙∥(Rd )N + ∥𝝀∥(F (U))N ,

respectively, for all 𝒙 = (x1, . . . , xN) ∈ (Rd)N , 𝝀 = (λ1, . . . , λN) ∈ (F (U))N , and 𝒚 =
(x1, λ1, . . . , xN ,λN) ∈ (Rd × F(U))N . Since (Rd,∥·∥Rd ) and (F (U),∥·∥F(U)) are separa
ble Banach spaces, so are ((Rd)N ,∥·∥(Rd )N ), ((F (U))N ,∥·∥(F (U))N ), and ((Rd × F(U))N , 
∥·∥(Rd×F(U))N ). By (12), it follows that

∥𝝀∥(F (U))N ≤ N, for all 𝝀 ∈ (𝒫(U))N . (14)

On the vector space Rd×m we shall consider the Frobenius norm

∥σ∥Rd×m :=
⌜⃓⃓⎷ d∑︂

i=1 

m ∑︂
j=1 

σ 2
ij , for all σ ∈ Rd×m,

while for real matrices 𝝈 of dimension dN ×mN obtained by the juxtaposition of N2 matrices of 
dimension d ×m we stipulate that their norm be given by the sum of the norms of the constituting 
blocks: more explicitly, we define

∥𝝈∥RdN×mN :=
N∑︂

k=1 

N∑︂
ℓ=1 

∥σkℓ∥Rd×m, for all 𝝈 =
⎛⎜⎝ σ11 · · · σ1N

...
. . .

...

σN1 · · · σNN

⎞⎟⎠ ∈RdN×mN.

When considering the space 𝒞([0, T ],E) of continuous functions taking values in a Banach 
space (E,∥·∥E), we always endow it with the uniform norm

∥f ∥∞ := max 
t∈[0,T ]∥f (t)∥E , for every f ∈ 𝒞([0, T ],E),

which makes it a Banach space. We recall that if (E,∥·∥E) is separable, so is (𝒞([0, T ],E),∥·∥∞).
As a last item, we state an inequality for stochastic integrals.

Theorem 2.11 (Burkholder–Davis--Gundy inequality). Let 
(︁
Ω,F , (Ft )t∈[0,T ],P

)︁
be a fil

tered probability space and let (Bt )t∈[0,T ] be a standard Rm-valued Brownian motion and 
(Gt )t∈[0,T ] be a progressively measurable, Rd×m-valued stochastic process, both defined on (︁
Ω,F , (Ft )t∈[0,T ],P

)︁
. Let p ≥ 2 and suppose that 

∫︁ T

0 ∥Gt∥p

Rd×m dt < +∞, P -almost surely. 
Then for all t ∈ [0, T ], the following inequality holds:

8 
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E

[︃
sup 

u∈[0,t]

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

Gs dBs

⃦⃦⃦⃦
⃦⃦

p

Rd

]︃
≤ cp t

p−2
2 E

[︃ t∫︂
0 

∥Gs∥p

Rd×m ds

]︃
(15)

where cp = [︁ 1
2 pp+1(p − 1)1−p

]︁ p
2 .

We refer the reader to [12, Proposition 8.4] and [54, page 116] for further details.

2.4. Structural hypotheses on the fields v, σ , and 𝒯

We list here the standing assumptions on the fields

v : 𝒫1(R
d ×𝒫(U)) ×Rd ×𝒫(U) −→Rd (16a)

σ : 𝒫1(R
d ×𝒫(U)) ×Rd ×𝒫(U) −→Rd×m (16b)

𝒯 : 𝒫1(R
d ×𝒫(U)) ×Rd ×𝒫(U) −→ℳ0(U) ⊆ F(U) (16c)

in the right-hand side of (1). We assume that there exist constants Lv ,Lσ ,L𝒯 , θ > 0 such that 
the following properties hold: for all (Σ1, x1, λ1), (Σ2, x2, λ2) ∈ 𝒫1(Rd ×𝒫(U))×Rd ×𝒫(U),

∥vΣ1(x1, λ1) − vΣ2(x2, λ2)∥Rd ≤ Lv

(︁∥x1 − x2∥Rd + ∥λ1 − λ2∥F(U) + W1(Σ1,Σ2)
)︁
, (17a)

∥σΣ1(x1, λ1) − σΣ2(x2, λ2)∥Rd×m ≤ Lσ

(︁∥x1 − x2∥Rd + ∥λ1 − λ2∥F(U) + W1(Σ1,Σ2)
)︁
, (17b)

∥𝒯Σ1(x1, λ1) − 𝒯Σ2(x2, λ2)∥F(U) ≤ L𝒯
(︁∥x1 − x2∥Rd + ∥λ1 − λ2∥F(U) + W1(Σ1,Σ2)), (17c)

and, for all (Σ,x,λ) ∈𝒫1(Rd ×𝒫(U)) ×Rd ×𝒫(U),

λ + θ𝒯Σ(x,λ) ∈𝒫(U). (18)

Remark 2.12. The following remarks on the structural hypotheses (17) and (18) are in order.

• The set of requirements (17) corresponds to global Lipschitz continuity of the field with 
respect to all their arguments.

• Assumption (18) is geometric in nature: intuitively, it expresses the fact that the field 𝒯
always points inside the convex set 𝒫(U), thereby preventing the trajectories of the mixed 
strategy components from escaping the set of probability measures. More specifically, it 
implies that, for all (Σ,x,λ) ∈𝒫1(Rd ×𝒫(U)) ×Rd ×𝒫(U),

𝒯Σ(x,λ) ∈R+(𝒫(U) − λ) =: T𝒫(U)(λ),

the tangent cone of the set of probability measures at λ. This is the infinite-dimensional 
analogue of the Nagumo condition in the classical theory of ODE’s, see [10, Chapters 1 
and 5] and the references therein.

9 



A. Baldi and M. Morandotti Journal of Differential Equations 466 (2026) 114329 

3. The 𝑵 -particle model

Let us consider a time horizon T > 0 and a fixed number of particles N ∈ N+. We begin 
studying the well posedness of (1) by introducing a suitable notion of solution.

Definition 3.1. Let B1, . . . ,BN : Ω −→ 𝒞([0, T ],Rm) be m-dimensional standard Brownian 
motions defined on a filtered probability space 

(︁
Ω,F , (Ft )t∈[0,T ],P

)︁
; let X1

0, . . . ,X
N
0 : Ω −→

Rd be F0-measurable random variables, and let Λ1
0, . . . ,Λ

N
0 : Ω −→ 𝒫(U) be F0-measurable 

random variables. We define a strong solution to problem (1) a continuous, (Ft )t -adapted 
stochastic process Y = (X1,Λ1, . . . ,XN,ΛN) : Ω −→ 𝒞

(︁[0, T ], (Rd ×𝒫(U))N
)︁

satisfying, P
almost surely, for all t ∈ [0, T ] and i = 1, . . . ,N ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Xi
t = Xi

0 +
t∫︂

0 

vΣN
s
(Xi

s,Λ
i
s) ds +

t∫︂
0 

σΣN
s
(Xi

s,Λ
i
s) dBi

s ,

Λi
t = Λi

0 +
t∫︂

0 

𝒯ΣN
s
(Xi

s,Λ
i
s) ds ,

(19)

where ΣN
t = 1 

N

∑︁N
j=1 δ

(X
j
t ,Λ

j
t )

∈ 𝒫(Rd ×𝒫(U)), for every t ∈ [0, T ]. We say that such a strong 
solution is pathwise unique if, given two strong solutions Y1, Y2 of (1) (with the same Brownian 
motions and initial data), we have

P
(︂

Y1,t = Y2,t , for every t ∈ [0, T ]
)︂

= 1. (20)

The main result of this section will be the following well-posedness theorem.

Theorem 3.2 (well-posedness of the N -particle system   (1)). Let us assume that (17) and (18)
are satisfied and that the spatial initial data X1

0, . . . ,X
N
0 belong to L2(Ω,F ,P ). Then problem 

(1) admits a pathwise unique strong solution Y. Moreover, the integrability of the spatial initial 
data is inherited, uniformly in time, by the solution, namely, if X1

0, . . . ,X
N
0 ∈ Lp(Ω,F ,P ) with 

p ≥ 2, the process Y satisfies

E

[︃
sup 

t∈[0,T ]
∥Yt∥p

(Rd×F(U))N

]︃
≤ C

(︂
1 +E

[︁∥X0∥p

(Rd )N

]︁)︂
, (21)

for some constant C > 0 depending on p, N , T , Mv , and Mσ (the last two constants are intro
duced in the statement of Proposition 3.4, see estimates (27) below).

Proof. The proof of the theorem is articulated in various steps, which are addressed in the rest 
of this section. In particular, the first step is to recast the dynamics (1) in the equivalent form (23)
below, thanks to the introduction of suitable vector fields 𝒗, 𝝈 , and 𝓣 (see (22)). In Section 3.1, 
we prove some structural properties of these fields (see Propositions 3.3 and 3.4), as well as of 
the field 𝓖 defined in (30) below (see Proposition 3.5).

10 
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In Section 3.2, we prove that the N -particle problem in (1) admits a strong solution according 
to Definition 3.1: to do so, we rely on Picard iterations to solve (23), whose convergence is a con
sequence of the estimates proved in Proposition 3.8 below. The proofs that the Picard iterations 
and the solution to (1) are adapted to the filtration (Ft )t∈[0,T ] (see Propositions 3.6 and 3.12, 
respectively) are postponed to Appendix A.1. In Section 3.3, we prove an a priori estimate on 
the p-th moments of solutions to (1). Finally, in Section 3.4, we prove continuous dependence 
on the initial data (see Proposition 3.15), which implies pathwise uniqueness. □

It is convenient to rewrite problem (1) in a more compact and synthetic form, by gath
ering all spatial variables together in the process X : Ω −→ 𝒞

(︁[0, T ], (Rd)N
)︁

defined by 
Xt := (X1

t , . . . ,X
N
t ), and the mixed strategies in the process 𝚲 : Ω −→ 𝒞

(︁[0, T ], (𝒫(U))N
)︁

defined by 𝚲t := (Λ1
t , . . . ,Λ

N
t ), for all t ∈ [0, T ]. We also introduce the random variables 

X0 := (X1
0, . . . ,X

N
0 ) ∈ L2(Ω,F ,P ) and 𝚲0 := (Λ1

0, . . . ,Λ
N
0 ), taking values in (Rd)N and 

(𝒫(U))N , respectively.
We now introduce the fields 𝒗 : 𝒫1(Rd ×𝒫(U))×(Rd)N ×(𝒫(U))N −→ (Rd)N , 𝝈 : 𝒫1(Rd ×

𝒫(U)) × (Rd)N × (𝒫(U))N −→ RdN×mN , and 𝓣 : 𝒫1(Rd ×𝒫(U)) × (Rd)N × (𝒫(U))N −→
(F (U))N defined as

𝒗 : (Σ,x1, . . . , xN ,λ1, . . . , λN) ↦−→
⎛⎜⎝ vΣ(x1, λ1)

...

vΣ(xN,λN)

⎞⎟⎠ , (22a)

𝝈 : (Σ,x1, . . . , xN ,λ1, . . . , λN) ↦−→ diag
(︁
σΣ(x1, λ1), . . . , σΣ(xN,λN)

)︁
, (22b)

𝓣 : (Σ,x1, . . . , xN ,λ1, . . . , λN) ↦−→
⎛⎜⎝ 𝒯Σ(x1, λ1)

...

𝒯Σ(xN,λN)

⎞⎟⎠ , (22c)

respectively, so that we can rewrite problem (1) in integral form as

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Xt = X0 +
t∫︂

0 

𝒗ΣN
s
(Xs ,𝚲s) ds +

t∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s) dBs ,

𝚲t = 𝚲0 +
t∫︂

0 

𝓣 ΣN
s
(Xs ,𝚲s) ds ,

(23)

where Bt := (B1
t , . . . ,BN

t ), for t ∈ [0, T ]. The more concise formulation (23) will be convenient 
for the analytical arguments that follow, which require a different treatment of the spatial and 
mixed-strategy components due to their different nature.

3.1. Structural properties of the fields 𝒗, 𝝈 , and 𝓣

Before starting with the proof of Theorem 3.2, we deduce some Lipschitz continuity and 
sublinearity estimates for the fields 𝒗, 𝝈 , and 𝓣 introduced in (22).

11 
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Proposition 3.3. Let (Σ1,𝒙1,𝝀1), (Σ2,𝒙2,𝝀2) ∈ 𝒫1(Rd × 𝒫(U)) × (Rd)N × (𝒫(U))N . Then 
the following estimates hold

∥𝒗Σ1(𝒙1,𝝀1) − 𝒗Σ2(𝒙2,𝝀2)∥(Rd )N

≤Lv

(︁∥𝒙1 − 𝒙2∥(Rd )N + ∥𝝀1 − 𝝀2∥(F (U))N + NW1(Σ1,Σ2)
)︁
,

(24a)

∥𝝈Σ1(𝒙1,𝝀1) − 𝝈Σ2(𝒙2,𝝀2)∥RdN×mN

≤Lσ

(︁∥𝒙1 − 𝒙2∥(Rd )N + ∥𝝀1 − 𝝀2∥(F (U))N + NW1(Σ1,Σ2)
)︁
,

(24b)

∥𝓣 Σ1(𝒙1,𝝀1) − 𝓣 Σ2(𝒙2,𝝀2)∥(F (U))N

≤L𝒯
(︁∥𝒙1 − 𝒙2∥(Rd )N + ∥𝝀1 − 𝝀2∥(F (U))N + NW1(Σ1,Σ2)

)︁
,

(24c)

where the constants Lv , Lσ , and L𝒯 are those appearing in (17).

Proof. We only prove estimate (24a), since the others are analogous. By the definition of the 
norm in (Rd)N and (17a), we have

∥𝒗Σ1(𝒙1,𝝀1) − 𝒗Σ2(𝒙2,𝝀2)∥(Rd )N =
N∑︂

j=1 
∥vΣ1(x1,j , λ1,j ) − vΣ2(x2,j , λ2,j )∥Rd

≤Lv

N∑︂
j=1 

(︁∥x1,j − x2,j∥Rd + ∥λ1,j − λ2,j∥F(U) + W1(Σ1,Σ2)
)︁
,

which yields (24a). □
Proposition 3.4. Let 𝒙i = (xi,1, . . . , xi,N ) ∈ (Rd)N and 𝝀i = (λi,1, . . . , λi,N ) ∈ (𝒫(U))N , and 
let 𝒚i = (xi,1, λi,1, . . . , xi,N ,λi,N ) =: (yi,1, . . . , yi,N ) ∈ (Rd ×𝒫(U))N , for i = 1,2, and let

Σ
i := 1 

N

N∑︂
j=1 

δyi,j
∈ 𝒫1(R

d ×𝒫(U)), for i = 1,2. (25)

Then

∥𝒗
Σ

1(𝒙1,𝝀1) − 𝒗
Σ

2(𝒙2,𝝀2)∥(Rd )N ≤ 2Lv

(︁∥𝒙1 − 𝒙2∥(Rd )N + ∥𝝀1 − 𝝀2∥(F (U))N
)︁
, (26a)

∥𝝈
Σ

1(𝒙1,𝝀1) − 𝝈
Σ

2(𝒙2,𝝀2)∥RdN×mN ≤ 2Lσ

(︁∥𝒙1 − 𝒙2∥(Rd )N + ∥𝝀1 − 𝝀2∥(F (U))N
)︁
, (26b)

∥𝓣
Σ

1(𝒙1,𝝀1) − 𝓣
Σ

2(𝒙2,𝝀2)∥(F (U))N ≤ 2L𝒯
(︁∥𝒙1 − 𝒙2∥(Rd )N + ∥𝝀1 − 𝝀2∥(F (U))N

)︁
. (26c)

Furthermore there exist Mv ,Mσ ,M𝒯 > 0 such that for every 𝒚 = (x1, λ1, . . . , xN ,λN) ∈ (Rd ×
𝒫(U))N , letting Σ := 1 

N

∑︁N
j=1 δyj

, the following sublinearity estimates hold

∥𝒗Σ(𝒙,𝝀)∥(Rd )N ≤ Mv

(︁
1 + ∥𝒙∥(Rd )N

)︁
, (27a)

∥𝝈Σ(𝒙,𝝀)∥RdN×mN ≤ Mσ

(︁
1 + ∥𝒙∥(Rd )N

)︁
, (27b)

∥𝓣 Σ(𝒙,𝝀)∥(F (U))N ≤ M𝒯
(︁
1 + ∥𝒙∥(Rd )N

)︁
. (27c)

12 
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Proof. We start by observing that, since 1 
N

∑︁N
j=1 δ(y1,j ,y2,j ) ∈ Γ

(︁
Σ

1
,Σ

2)︁
, by definition of 

Wasserstein distance, we have the estimate

W1(Σ
1
,Σ

2
) ≤

∫︂
(Rd×𝒫(U))2

∥y − y′∥Rd×F(U) d

(︄
1 
N

N∑︂
j=1 

δ(y1,j ,y2,j )

)︄
(y, y′)

≤ 1 
N

N∑︂
j=1 

∥y1,j − y2,j∥Rd×F(U) = 1 
N

∥𝒚1 − 𝒚2∥(Rd×F(U))N .

(28)

This, in combination with (24a), gives (26a); the remaining estimates are proved in an analo

gous fashion. Finally, by choosing a point 𝒚0 ∈ (Rd ×𝒫(U))N and letting Σ
0

be the associated 
empirical measure defined as in (25), by means of the triangle inequality and (26a), we obtain

∥𝒗Σ(𝒙,𝝀)∥(Rd )N ≤∥𝒗Σ0
(𝒙0,𝝀0)∥(Rd )N + ∥𝒗Σ(𝒙,𝝀) − 𝒗Σ0

(𝒙0,𝝀0)∥(Rd )N

≤∥𝒗Σ0
(𝒙0,𝝀0)∥(Rd )N + 2Lv(∥𝒙 − 𝒙0∥(Rd )N + ∥𝝀 − 𝝀0∥(F (U))N )

≤Mv(1 + ∥𝒙∥(Rd )N ),

(29)

where we have used (14) for the last inequality. Estimate (27a) is proved; the remaining estimates 
are proved in an analogous fashion. □

Let us now introduce an auxiliary vector field that will be useful in the proof of existence. We 
fix θ > 0 such that (18) is satisfied, thereby we can define a vector field 𝓖 : 𝒫1(Rd × 𝒫(U)) ×
(Rd)N × (𝒫(U))N −→ (𝒫(U))N given by

(Σ,𝒙,𝝀) ↦−→ 𝓖Σ(𝒙,𝝀) := 𝝀 + θ𝓣 Σ(𝒙,𝝀), (30)

which allows us to write

𝓣 Σ(𝒙,𝝀) = 𝓖Σ(𝒙,𝝀) − 𝝀

θ
,

so as to obtain a field analogous to the one studied in [17, Corollaire 1.1, Pag. 11]. The field 
𝓖 inherits from 𝓣 its properties of Lipschitz continuity and sublinearity: in fact, as an easy 
corollary of Proposition 3.4, we obtain the following estimate.

Proposition 3.5. Let Σ
1
, Σ

2
, Σ be the empirical measures of Proposition 3.4. Then there exists 

L𝒢 > 0, depending on L𝒯 and θ , and there exists M𝒢 > 0, depending on M𝒯 and θ , such that 
the following inequalities hold:

∥𝓖
Σ

1(𝒙1,𝝀1) −𝓖
Σ

2(𝒙2,𝝀2)∥(F (U))N ≤ 2L𝒢
(︁∥𝒙1 − 𝒙2∥(Rd )N + ∥𝝀1 − 𝝀2∥(F (U))N

)︁
, (31a)

∥𝓖Σ(𝒙,𝝀)∥(F (U))N ≤ M𝒢
(︁
1 + ∥𝒙∥(Rd )N

)︁
. (31b)

13 
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3.2. Existence of a solution to the N -particle model

We start by showing existence of a strong solution to (1). We make use of the classical method 
of successive approximation: having fixed θ > 0 so as to satisfy condition (18), we define the 
Picard iterations as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Xn+1,t := X0 +
t∫︂

0 

𝒗ΣN
n,s

(Xn,s,𝚲n,s) ds +
t∫︂

0 

𝝈ΣN
n,s

(Xn,s,𝚲n,s) dBs ,

𝚲n+1,t := e− t
θ 𝚲0 + 1 

θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

n,s
(Xn,s,𝚲n,s) ds ,

(32)

for all t ∈ [0, T ] and n = 0,1,2, . . . , where ΣN
n,t := 1 

N

∑︁N
j=1 δ

(X
j
n,t ,Λ

j
n,t )

; the initial iteration is 

given by {︄
X0,t := X0 ,

𝚲0,t := 𝚲0 ,
for all t ∈ [0, T ]. (33)

The proof of the following property (which is more probabilistic in nature) is postponed to 
Appendix A.1.

Proposition 3.6. The stochastic processes Xn and 𝚲n, defined by (32) and (33), are continuous 
and adapted to the filtration (Ft )t∈[0,T ] for all n = 0,1,2, . . .

Remark 3.7. We observe that for all n = 0,1,2, . . . , and for all t ∈ [0, T ], we have that 𝚲n,t ∈
(𝒫(U))N . In fact, by hypothesis, 𝚲0,t ≡ 𝚲0 ∈ (𝒫(U))N ; additionally, if 𝚲n,t ∈ (𝒫(U))N for all 
t ∈ [0, T ], then the same holds for 𝚲n+1,t . Indeed, since 𝓖 take values in (𝒫(U))N , we have

𝓖ΣN
n,s

(Xn,s ,𝚲n,s) ∈ (𝒫(U))N , for all s ∈ [0, T ],

whence

1 
θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

n,s
(Xn,s,𝚲n,s) ds

1 
θ

t∫︂
0 

e
s−t
θ ds 

∈ (𝒫(U))N , for every t ∈ [0, T ],

by virtue of the convexity of (𝒫(U))N . Noticing that 1 
θ

∫︁ t

0 e
s−t
θ ds = 1 − e− t

θ , we have that

1 
θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

n,s
(Xn,s,𝚲n,s) ds ∈ (1 − e− t

θ )(𝒫(U))N

14 
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and again, by convexity of (𝒫(U))N ,

𝚲n+1,t = e− t
θ 𝚲0 + 1 

θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

n,s
(Xn,s,𝚲n,s) ds ∈ (𝒫(U))N

and the statement follows by induction on n.
Invoking Proposition 3.6, this ensures that, for all fixed ω ∈ Ω, the map t ↦−→ 𝚲n,t (ω) de

scribes continuous trajectories that remain confined inside the convex set (𝒫(U))N , where the 
Lipchitz continuity and sublinearity inequalities of Propositions 3.4 and 3.5 hold.

Let us now deduce the fundamental estimates that will be crucial in the proof of the existence 
of solutions for the N -particle system (1).

Proposition 3.8. Under the hypotheses of Theorem 3.2, the following estimates hold:

E

[︃
sup 

u∈[0,t]
∥X1,u − X0∥2

(Rd )N

]︃
≤ (︁6M2

v t2 + 24NM2
σ t
)︁

·
(︂

1 +E
[︁∥X0∥2

(Rd )N

]︁+E
[︁∥𝚲0∥2

(F (U))N

]︁)︂
,

(34a)

E

[︃
sup 

u∈[0,t]
∥𝚲1,u − 𝚲0∥2

(F (U))N

]︃
≤ 2t2

θ2 E
[︁∥𝚲0∥2

(F (U))N

]︁
+ 6M2

𝒢 t2

θ2

(︂
1 +E

[︁∥X0∥2
(Rd )N

]︁+E
[︁∥𝚲0∥2

(F (U))N

]︁)︂ (34b)

for all t ∈ [0, T ], and

E

[︃
sup 

u∈[0,t]
∥Xn+1,u − Xn,u∥2

(Rd )N

]︃
≤ (︁16L2

vt + 64NL2
σ

)︁

·E
[︃ t∫︂

0 

(︁∥Xn,s − Xn−1,s∥2
(Rd )N

+ ∥𝚲n,s − 𝚲n−1,s∥2
(F (U))N

)︁
ds

]︃
,

(35a)

E

[︃
sup 

u∈[0,t]
∥𝚲n+1,u − 𝚲n,u∥2

(Rd )N

]︃
≤ 8L2

𝒢 t

θ2 E

[︃ t∫︂
0 

(︁∥Xn,s − Xn−1,s∥2
(Rd )N

+ ∥𝚲n,s − 𝚲n−1,s∥2
(F (U))N

)︁
ds

]︃ (35b)

for all n = 1,2, . . . and t ∈ [0, T ], where Lv ,Lσ ,L𝒢 and Mv ,Mσ ,M𝒢 are the constants in 
(17), (27), and (31).
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Proof. We start by proving (34a). Let t ∈ [0, T ] be fixed and u ∈ [0, t]. We have that

∥X1,u − X0∥2
(Rd )N

=
⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝒗ΣN
0,s

(X0,𝚲0) ds +
u ∫︂

0 

𝝈ΣN
0,s

(X0,𝚲0) dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

≤2

(︄⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝒗ΣN
0,s

(X0,𝚲0) ds

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

+
⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝝈ΣN
0,s

(X0,𝚲0) dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

)︄

≤2

(︄ u ∫︂
0 

∥𝒗ΣN
0,s

(X0,𝚲0)∥(Rd )N ds

)︄2

+ 2

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝝈ΣN
0,s

(X0,𝚲0) dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

≤2u

u ∫︂
0 

∥𝒗ΣN
0,s

(X0,𝚲0)∥2
(Rd )N

ds + 2

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝝈ΣN
0,s

(X0,𝚲0) dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

,

where we have applied Hölder inequality in the last line; now, since ΣN
0,s is an empirical measure, 

by (27a), we have that, for all s ∈ [0, u],

∥𝒗ΣN
0,s

(X0,𝚲0)∥2
(Rd )N

≤ 
[︁
Mv

(︁
1 + ∥X0∥(Rd )N + ∥𝚲0∥(F (U))N

)︁]︁2
≤ 3M2

v

(︁
1 + ∥X0∥2

(Rd )N
+ ∥𝚲0∥2

(F (U))N

)︁
,

hence, for all u ∈ [0, t],

∥X1,u − X0∥2
(Rd )N

≤ 6u2M2
v

(︁
1 + ∥X0∥2

(Rd )N
+ ∥𝚲0∥2

(F (U))N

)︁+ 2

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝝈ΣN
0,s

(X0,𝚲0) dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

.

By taking the supremum over the interval [0, t] and by subsequently taking the expectations, we 
obtain

E

[︃
sup 

u∈[0,t]
∥X1,u − X0∥2

(Rd )N

]︃
≤6t2M2

v

(︂
1 +E

[︁∥X0∥2
(Rd )N

]︁+E
[︁∥𝚲0∥2

(F (U))N

]︁)︂

+ 2E

[︃
sup 

u∈[0,t]

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝝈ΣN
0,s

(X0,𝚲0) dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

]︃
;

now, by applying the Burkholder–Davis--Gundy inequality (15) to each component of the last 
term, and by (27b), we get

E

[︃
sup 

u∈[0,t]

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝝈ΣN
0,s

(X0,𝚲0) dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

]︃
≤ N

N∑︂
i=1 

E

[︃
sup 

u∈[0,t]

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

σΣN
0,s

(Xi
0,Λ

i
0) dBi

s

⃦⃦⃦⃦
⃦⃦

2

Rd

]︃

16 
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≤N

N∑︂
i=1 

4E

[︃ t∫︂
0 

∥σΣN
0,s

(Xi
0,Λ

i
0)∥2

Rd×m ds

]︃
≤ 4NE

[︃ t∫︂
0 

∥𝝈ΣN
0,s

(X0,𝚲0)∥2
RdN×mN ds

]︃

≤4NE

[︃ t∫︂
0 

[︁
Mσ

(︁
1 + ∥X0∥(Rd )N + ∥𝚲0∥(F (U))N

)︁]︁2 ds

]︃

≤12NM2
σ t
(︂

1 +E
[︁∥X0∥2

(Rd )N

]︁+E
[︁∥𝚲0∥2

(F (U))N

]︁)︂
.

Therefore, estimate (34a) follows by combining the previous estimates.
Let us now turn to the proof of (34b) Let t ∈ [0, T ] be fixed and u ∈ [0, t]. The following 

chain of inequalities holds:

∥𝚲1,u − 𝚲0∥2
(F (U))N

=
⃦⃦⃦⃦
⃦⃦(︁e− u

θ − 1
)︁
𝚲0 +

u ∫︂
0 

1 
θ
e

s−u
θ 𝓖ΣN

0,s
(X0,𝚲0) ds

⃦⃦⃦⃦
⃦⃦

2

(F (U))N

≤2

(︄⃦⃦⃦(︁
e− u

θ − 1
)︁
𝚲0

⃦⃦⃦2

(F (U))N
+
⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

1 
θ
e

s−u
θ 𝓖ΣN

0,s
(X0,𝚲0) ds

⃦⃦⃦⃦
⃦⃦

2

(F (U))N

)︄

≤2
⃓⃓⃓
e− u

θ − 1
⃓⃓⃓2∥𝚲0∥2

(F (U))N
+ 2

(︃ u ∫︂
0 

⃓⃓⃓⃓
1 
θ
e

s−u
θ

⃓⃓⃓⃓
∥𝓖ΣN

0,s
(X0,𝚲0)∥(F (U))N ds

)︃2

,

where we have used the subadditivity property of Bochner integrals (see [5, formula (A.8)]). 
Recalling the elementary inequalities

⃓⃓⃓
e− u

θ − 1
⃓⃓⃓2 ≤ u2

θ2 , for all u ∈ [0, t], and

⃓⃓⃓⃓
1 
θ
e

s−u
θ

⃓⃓⃓⃓
≤ 1 

θ
, for all s ∈ [0, u],

we conclude that

∥𝚲1,u − 𝚲0∥2
(F (U))N

≤ 2 
θ2 u2∥𝚲0∥2

(F (U))N
+ 2 

θ2

(︄ u ∫︂
0 

∥𝓖ΣN
0,s

(X0,𝚲0)∥(F (U))N ds

)︄2

≤ 2 
θ2 u2∥𝚲0∥2

(F (U))N
+ 2 

θ2 u

u ∫︂
0 

∥𝓖ΣN
0,s

(X0,𝚲0)∥2
(F (U))N

ds.

Applying (31b) to the last term, we obtain that, for all u ∈ [0, t],

∥𝚲1,u − 𝚲0∥2
(F (U))N

≤ 2 
θ2 u2∥𝚲0∥2

(F (U))N
+ 6M2

𝒢
θ2 u2(1 + ∥X0∥2

(Rd )N
+ ∥𝚲0∥2

(F (U))N
).

By taking the supremum over the interval [0, t] and subsequently the expected values, estimate 
(34b) follows.
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We now tackle estimate (35a). Let n ∈ N+, t ∈ [0, T ], and u ∈ [0, t]. We can estimate

∥Xn+1,u − Xn,u∥2
(Rd )N

≤2u

u ∫︂
0 

∥𝒗ΣN
n,s

(Xn,s ,𝚲n,s) − 𝒗ΣN
n−1,s

(Xn−1,s ,𝚲n−1,s)∥2
(Rd )N

ds

+ 2

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

(︁
𝝈ΣN

n,s
(Xn,s,𝚲n,s) − 𝝈ΣN

n−1,s
(Xn−1,s ,𝚲n−1,s)

)︁
dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

≤16L2
vu

u ∫︂
0 

(︁∥Xn,s − Xn−1,s∥2
(Rd )N

+ ∥𝚲n,s − 𝚲n−1,s∥2
(F (U))N

)︁
ds

+ 2

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

(︁
𝝈ΣN

n,s
(Xn,s,𝚲n,s) − 𝝈ΣN

n−1,s
(Xn−1,s ,𝚲n−1,s)

)︁
dBs

⃦⃦⃦⃦
⃦⃦

2

(Rd )N

,

where we have used (26a); hence, by taking the supremum over the interval [0, t] and subse
quently the expected values, by applying Burkholder–Davis--Gundy inequality (15) and (26b), 
we obtain

E

[︃
sup 

u∈[0,t]
∥Xn+1,u − Xn,u∥2

(Rd )N

]︃

≤ (︁16L2
vt + 64NL2

σ

)︁
E

[︃ t∫︂
0 

(︁∥Xn,s − Xn−1,s∥2
(Rd )N

+ ∥𝚲n,s − 𝚲n−1,s∥2
(F (U))N

)︁
ds

]︃
.

From the arbitrariness of t ∈ [0, T ] and n ∈ N+, (35a) follows.
We now turn to (35b). As before, we fix n ∈ N+, t ∈ [0, T ], and u ∈ [0, t]. We have that

∥𝚲n+1,u − 𝚲n,u∥2
(F (U))N

≤
(︃ u ∫︂

0 

⃓⃓⃓⃓
e

s−u
θ

θ

⃓⃓⃓⃓
∥𝓖ΣN

n,s
(Xn,s,𝚲n,s) −𝓖ΣN

n−1,s
(Xn−1,s ,𝚲n−1,s)∥(F (U))N ds

)︃2

≤ u 
θ2

u ∫︂
0 

∥𝓖ΣN
n,s

(Xn,s,𝚲n,s) −𝓖ΣN
n−1,s

(Xn−1,s ,𝚲n−1,s)∥2
(F (U))N

ds

≤ 8L2
𝒢

θ2 u

u ∫︂
0 

(︁∥Xn,s − Xn−1,s∥2
(Rd )N

+ ∥𝚲n,s − 𝚲n−1,s∥2
(F (U))N

)︁
ds,

where we have used (31a) in the third inequality. By taking the supremum over [0, t] and the 
expected values of both sides of the inequality, we conclude that
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E

[︃
sup 

u∈[0,t]
∥𝚲n+1,u − 𝚲n,u∥2

(Rd )N

]︃

≤ 8L2
𝒢 t

θ2 E

[︃ t∫︂
0 

(︁∥Xn,s − Xn−1,s∥2
(Rd )N

+ ∥𝚲n,s − 𝚲n−1,s∥2
(F (U))N

)︁
ds

]︃
,

and from the arbitrariness of t ∈ [0, T ] and n ∈ N+ we obtain (35b). This concludes the 
proof. □
Remark 3.9. We notice that the term E

[︁∥X0∥2
(Rd )N

]︁
is finite due to the assumed square integra

bility of the spatial initial data, whereas E
[︁∥𝚲0∥2

(F (U))N

]︁≤ N2 by (14).

Now, let us introduce the sequence of continuous (Rd ×𝒫(U))N -valued stochastic processes 
{Yn}∞n=0 defined by

Yn,t := (︁X1
n,t ,Λ

1
n,t , . . . ,X

N
n,t ,Λ

N
n,t

)︁
(36)

for all t ∈ [0, T ], where the processes {Xi
n}Ni=0 and {Λi

n}Ni=0 are, for all n = 0,1,2 . . . , the com
ponents of the processes Xn and 𝚲n defined through the iterations (32). In the following, we will 
construct a solution to the N -particle problem (23) as a suitable limit of the processes {Yn}∞n=0.

Proposition 3.10. Let {Yn}∞n=0 be the sequence of continuous (Rd × 𝒫(U))N -valued stochas
tic processes {Yn}∞n=0 defined by (36). Then, for all n = 0,1,2, . . . and for all t ∈ [0, T ], the 
following inequality holds

E

[︃
sup 

u∈[0,t]
∥Yn+1,u − Yn,u∥2

(Rd×F(U))N

]︃
≤ (ℛt)n+1

(n + 1)! , (37)

where ℛ> 0 depends on θ,N,T , on the constants Lv ,Lσ ,L𝒢 , Mv ,Mσ ,M𝒢 and on the second 
moments of the initial data X1

0 , . . . ,XN
0 .

Proof. We proceed by induction on n. We first prove the statement for n = 0: recalling estimates 
(34), we obtain

E

[︃
sup 

u∈[0,t]
∥Y1,u − Y0∥2

(Rd×F(U))N

]︃
≤2E

[︃
sup 

u∈[0,t]
∥X1,u − X0∥2

(Rd )N

]︃
+ 2E

[︃
sup 

u∈[0,t]
∥𝚲1,u − 𝚲0∥2

(F (U))N

]︃
≤ (︁12M2

v t2 + 48NM2
σ t
)︁(︂

1 +E
[︁∥X0∥2

(Rd )N

]︁+E
[︁∥𝚲0∥2

(F (U))N

]︁)︂
+ 4t2

θ2 E
[︁∥𝚲0∥2

(F (U))N

]︁+ 12M2
𝒢 t2

θ2

(︂
1 +E

[︁∥X0∥2
(Rd )N

]︁+E
[︁∥𝚲0∥2

(F (U))N

]︁)︂
≤
(︃

12M2
v T + 48NM2

σ + 12M2
𝒢T

θ2

)︃(︂
N2 + 1 +E

[︁∥X0∥2
(Rd )N

]︁)︂
t + 4N2T

θ2 t =:ℛt,
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where we have bounded some occurrences of t with T and used (14) in the last inequality; this 
is (37) for n = 0. Now, let n ∈ N; by (35), we can estimate

E

[︃
sup 

u∈[0,t]
∥Yn+2,u − Yn+1,u∥2

(Rd×F(U))N

]︃
≤2E

[︃
sup 

u∈[0,t]
∥Xn+2,u − Xn+1,u∥2

(Rd )N

]︃
+ 2E

[︃
sup 

u∈[0,t]
∥𝚲n+2,u − 𝚲n+1,u∥2

(F (U))N

]︃

≤ (︁32L2
vt + 128NL2

σ

)︁
E

[︃ t∫︂
0 

(︁∥Xn+1,s − Xn,s∥2
(Rd )N

+ ∥𝚲n+1,s − 𝚲n,s∥2
(F (U))N

)︁
ds

]︃

+ 16L2
𝒢 t

θ2 E

[︃ t∫︂
0 

(︁∥Xn+1,s − Xn,s∥2
(Rd )N

+ ∥𝚲n+1,s − 𝚲n,s∥2
(F (U))N

)︁
ds

]︃

≤32

(︃
2L2

vT + 8NL2
σ + L2

𝒢T

θ2

)︃
E

[︃ t∫︂
0 

∥Yn+1,s − Yn,s∥2
(Rd×𝒫(U))N

ds

]︃

≤32

(︃
2L2

vT + 8L2
σ + L2

𝒢T

θ2

)︃ t∫︂
0 

(ℛs)n+1

(n + 1)! ds =: ℛℛn+1tn+2

(n + 2)! ,

where, again, we have estimated some occurrences of t by T , and we have used the induction 
hypothesis in the last inequality. By possibly redefining ℛ as max{ℛ,ℛ}, we finally obtain the 
instance of (37) with n replaced by n + 1. □

In what follows, we will construct a strong solution to problem (23) as the uniform limit of 
the processes {Yn}∞n=0.

Proposition 3.11. There exists a P -negligible set 𝒵 ∈ F such that for all ω ∈𝒵c , {Yn(ω)}∞n=0 ⊆
𝒞([0, T ], (Rd ×𝒫(U))N) is a Cauchy sequence in the space (𝒞([0, T ], (Rd × F(U))N),∥·∥∞). 
Therefore, letting 𝒚̃ be an arbitrary element of (Rd × 𝒫(U))N , the process Y : Ω −→
𝒞([0, T ], (Rd ×𝒫(U))N) given by

Y(ω) :=
⎧⎨⎩ lim 

n→∞ Yn(ω), ω ∈𝒵c

𝒚̃, ω ∈𝒵
(38)

is well defined.

Proof. By Markov inequality and (37) with t = T , we obtain, for all n = 0,1,2, . . . ,
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P

(︃
sup 

t∈[0,T ]
∥Yn+1,t − Yn,t∥(Rd×F(U))N >

1 
2n

)︃

≤4nE

[︃
sup 

t∈[0,T ]
∥Yn+1,t − Yn,t∥2

(Rd×F(U))N

]︃
≤ 4n (ℛT )n+1

(n + 1)! ,

(39)

so that, by the Borel–Cantelli Lemma, we deduce that

P

(︄
lim sup

n 

{︃
sup 

t∈[0,T ]
∥Yn+1,t − Yn,t∥(Rd×F(U))N >

1 
2n

}︃)︄
= 0.

Therefore, we have found a P -negligible set 𝒵 ∈ F such that, for all ω ∈𝒵c, it holds

sup 
t∈[0,T ]

∥Yn+1,t (ω) − Yn,t (ω)∥(Rd×F(U))N ≤ 1 
2n

, eventually. (40)

Now we show that, for all ω ∈𝒵c, the sequence of continuous functions {Yn(ω)}∞n=0 is a Cauchy 
sequence in the Banach space (𝒞([0, T ], (Rd × F(U))N),∥·∥∞). Let us begin by presenting the 
function Yn(ω) as a telescoping sum

Yn(ω) = Y0(ω) +
n−1 ∑︂
k=0 

(︁
Yk+1(ω) − Yk(ω)

)︁
, for all n = 0,1,2, . . .,

so that, for m > n, we can write

Ym,t (ω) − Yn,t (ω) =
m−1∑︂
k=n 

(︁
Yk+1,t (ω) − Yk,t (ω)

)︁
for all t ∈ [0, T ].

Therefore, for n large enough, by (40),

sup 
t∈[0,T ]

∥Ym,t (ω) − Yn,t (ω)∥(Rd×F(U))N

≤
m−1∑︂
k=n 

(︃
sup 

t∈[0,T ]
∥Yk+1,t (ω) − Yk,t (ω)∥(Rd×F(U))N

)︃
≤

m−1∑︂
k=n 

1 
2k

≤
∞ ∑︂

k=n 

1 
2k

,

(41)

which vanishes as n → ∞. Now, letting 𝒚̃ be an arbitrary element of (Rd ×𝒫(U))N , (38) is well 
defined and Yt (ω) ∈ (Rd × 𝒫(U))N owing to the closedness of 𝒫(U) in F(U). Continuity of 
the trajectories follows from uniform convergence. This concludes the proof. □

The proof of the following property, which is more probabilistic in nature, is postponed to 
Appendix A.1.

Proposition 3.12. The limiting stochastic process Y defined in Proposition 3.11 is adapted to the 
filtration (Ft )t∈[0,T ].
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In the following, we will show that Y is a strong solution to the N -particle problem (1). The 
key idea is to pass to the limit as n → ∞ in the definition of the iterations (32). In line with the 
previous sections, we write Y as

Yt = (X1
t ,Λ

1
t , . . . ,X

N
t ,ΛN

t ), for all t ∈ [0, T ],

and we introduce the (Rd)N - and (𝒫(U))N -valued processes X and 𝚲 defined as

Xt := (X1
t , . . . ,X

N
t ), 𝚲t := (Λ1

t , . . . ,Λ
N
t ), for all t ∈ [0, T ];

we also introduce the associated empirical measures

ΣN := 1 
N

N∑︂
j=1 

δ(Xj ,Λj ) and ΣN
t := (evt )♯Σ

N = 1 
N

N∑︂
j=1 

δ
(X

j
t ,Λ

j
t )

. (42)

By construction, we have that, for all ω ∈ 𝒵c, the sequences of continuous functions {Xn(ω)}∞n=0
and {𝚲n(ω)}∞n=0 uniformly converge to X(ω) and 𝚲(ω), respectively. We first observe that, as a 
consequence of inequalities (26a), (26b), and (31a), we have that

sup 
t∈[0,T ]

∥𝒗ΣN
n,t

(Xn,t ,𝚲n,t ) − 𝒗ΣN
t
(Xt ,𝚲t )∥(Rd )N ≤2Lv sup 

t∈[0,T ]
∥Yn,t − Yt∥(Rd×F(U))N ,

sup 
t∈[0,T ]

∥𝝈ΣN
n,t

(Xn,t ,𝚲n,t ) − 𝝈ΣN
t
(Xt ,𝚲t )∥RdN×mN ≤2Lσ sup 

t∈[0,T ]
∥Yn,t − Yt∥(Rd×F(U))N ,

sup 
t∈[0,T ]

∥𝓖ΣN
n,t

(Xn,t ,𝚲n,t ) −𝓖ΣN
t
(Xt ,𝚲t )∥(F (U))N ≤2L𝒢 sup 

t∈[0,T ]
∥Yn,t − Yt∥(Rd×F(U))N .

By Proposition 3.11 (see (38)), for every ω ∈ 𝒵c we deduce that the sequences of continuous 
functions

[0, T ] ∋ t ↦−→ 𝒗ΣN
n,t

(Xn,t (ω),𝚲n,t (ω)) ∈ (Rd)N

[0, T ] ∋ t ↦−→ 𝓖ΣN
n,t

(Xn,t (ω),𝚲n,t (ω)) ∈ (𝒫(U))N
n = 0,1,2. . . .

uniformly converge to

[0, T ] ∋ t ↦−→ 𝒗ΣN
t
(Xt (ω),𝚲t (ω)) and [0, T ] ∋ t ↦−→ 𝓖ΣN

t
(Xt (ω),𝚲t (ω)),

respectively, and that the latter are in turn continuous. Therefore we deduce that on 𝒵c

lim 
n→∞

t∫︂
0 

𝒗ΣN
n,s

(Xn,s,𝚲n,s) ds =
t∫︂

0 

𝒗ΣN
s
(Xs ,𝚲s) ds ,

lim 
n→∞

1 
θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

n,s
(Xn,s,𝚲n,s) ds = 1 

θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

s
(Xs ,𝚲s) ds ,
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for all t ∈ [0, T ]. Furthermore, we have that on 𝒵c the sequence of continuous functions

[0, T ] ∋ t ↦−→ 𝝈ΣN
n,t

(Xn,t (ω),𝚲n,t (ω)) ∈RdN×mN, n = 0,1,2, . . .

uniformly converges to the function [0, T ] ∋ t ↦−→ 𝝈ΣN
t
(Xt (ω),𝚲t (ω)); therefore

lim 
n→∞

t∫︂
0 

∥𝝈ΣN
n,s

(Xn,s,𝚲n,s) − 𝝈ΣN
s
(Xs ,𝚲s)∥2

RdN×mN ds = 0

P -almost surely. This implies (see [12, Proposition 7.3]) the convergence of the random variables

t∫︂
0 

𝝈ΣN
n,s

(Xn,s,𝚲n,s) dBs
P−→

t∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s) dBs for all t ∈ [0, T ].

Hence, taking the limit in P -probability as n → ∞, we have that, for all t ∈ [0, T ],

Xn,t
P−→ Xt , 𝚲n,t

P−→ 𝚲t ,

X0 +
t∫︂

0 

𝒗ΣN
n,s

(Xn,s,𝚲n,s) ds +
t∫︂

0 

𝝈ΣN
n,s

(Xn,s,𝚲n,s) dBs

P−→ X0 +
t∫︂

0 

𝒗ΣN
s
(Xs ,𝚲s) ds +

t∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s) dBs ,

and

e− t
θ 𝚲0 + 1 

θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

n,s
(Xn,s,𝚲n,s) ds

P−→ e− t
θ 𝚲0 + 1 

θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

s
(Xs ,𝚲s) ds .

In particular, we have that for all t ∈ [0, T ] ∩Q there exists a P -negligible set 𝒵t ∈ F such that, 
on (𝒵t ∪𝒵)c , by the uniqueness almost-everywhere of the limit in probability, we have that⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Xt = X0 +
t∫︂

0 

𝒗ΣN
s
(Xs ,𝚲s) ds +

t∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s) dBs ,

𝚲t = e− t
θ 𝚲0 + 1 

θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

s
(Xs ,𝚲s) ds.

(43)

Now, defining the P -negligible set 𝒩 :=(︁⋃︁t∈[0,T ]∩Q𝒵t

)︁ ∪ 𝒵 , we deduce that on 𝒩 c, equality 
(43) holds for all t ∈ [0, T ] ∩ Q. Since the trajectories of all processes are continuous, we can 
conclude that, by density, (43) holds for all t ∈ [0, T ].
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We note that equality (43) does not immediately imply that Y is a solution to problem (23). 
To conclude the proof of existence we need the following result.

Proposition 3.13. The stochastic process Y defined in Proposition 3.11 satisfies, P -a.s.,⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Xt = X0 +
t∫︂

0 

𝒗ΣN
s
(Xs ,𝚲s) ds +

t∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s) dBs ,

𝚲t = 𝚲0 +
t∫︂

0 

𝓣 ΣN
s
(Xs ,𝚲s) ds,

for all t ∈ [0, T ]. (44)

Proof. Let us fix ω ∈ 𝒩 c. We define, for all t ∈ [0, T ], the following functions:

𝒙(t) := Xt (ω) = X0(ω) +
t∫︂

0 

𝒗ΣN
s
(Xs ,𝚲s)(ω) ds +

t∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s) dBs(ω) ∈ (Rd)N ,

𝝀(t) := 𝚲t (ω) = e− t
θ 𝚲0(ω) + 1 

θ

t∫︂
0 

e
s−t
θ 𝓖ΣN

s
(Xs ,𝚲s)(ω) ds ∈ (𝒫(U))N ,

𝝀̃(t) := 𝚲0(ω) +
t∫︂

0 

𝓣 ΣN
s
(Xs ,𝚲s)(ω) ds ∈ (𝒫(U))N .

Our goal is to show that 𝝀(t) = 𝝀̃(t) for all t ∈ [0, T ]. We first note that 𝝀 and 𝝀̃ are of class 𝒞1

with respect to the ∥·∥(F (U))N norm on the interval [0, T ], while 𝒙 is of class 𝒞0. By defining the 
function 𝒉 : [0, T ] −→ (F (U))N as t ↦−→ 𝒉(t) := 𝝀(t)− 𝝀̃(t), we can readily show that 𝒉(t) = 0, 
for all t ∈ [0, T ]. In fact, we have

𝝀′(t) = d 
dt

(︃
e− t

θ 𝝀(0) + 1 
θ
e− t

θ

t∫︂
0 

e
s
θ 𝓖ΣN

s
(𝒙(s),𝝀(s)) ds

)︃

= − 1 
θ
e− t

θ 𝝀(0) − 1 
θ2 e− t

θ

t∫︂
0 

e
s
θ 𝓖ΣN

s
(𝒙(s),𝝀(s)) ds + 1 

θ
𝓖ΣN

t
(𝒙(t),𝝀(t))

= − 1 
θ
𝝀(t) + 1 

θ

(︂
𝝀(t) + θ𝓣 ΣN

t
(𝒙(t),𝝀(t))

)︂
= 𝓣 ΣN

t
(𝒙(t),𝝀(t))

(the last line follows from the definition (30) of 𝓖), whence 𝒉′(t) = 𝝀′(t) − 𝝀̃
′
(t) = 0, for all 

t ∈ [0, T ]. Therefore we conclude that, for all t ∈ [0, T ], we have 𝒉(t) = 𝒄, for a certain 𝒄 ∈
(F (U))N . Since 𝒉(0) = 𝝀(0) − 𝝀̃(0) = 0, we have that 𝒄 = 0 for all t ∈ [0, T ], which concludes 
the proof. □

The existence of a strong solution to the N -particle problem (23) is therefore proved.
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3.3. An a priori estimate on the moments of the solutions

In the proof of uniqueness we will employ an auxiliary result, consisting in an a priori estimate 
on the moments of the solutions to problem (1), which is of independent interest.

Proposition 3.14. Let Y be a strong solution to problem (1), and let the spatial initial data X0
be a random variable in Lp(Ω,F ,P ) with p ≥ 2. Then the following estimate holds

E

[︃
sup 

t∈[0,T ]
∥Yt∥p

(Rd×F(U))N

]︃
≤ C

(︂
1 +E

[︁∥X0∥p

(Rd )N

]︁)︂
, (45)

where C > 0 depends on p,N,Mv ,Mσ ,T .

Proof. Our strategy consists in proving estimate (45) for a suitable stopped process, constructed 
from Y, and then to extend it to Y through an approximation procedure. Notice that, by (14), we 
only need to prove the finiteness of the p-th moments of the spatial components X.

Let us fix a constant R > 0 and let us consider, for all ω ∈ Ω, the set of times

TR(ω) := {t ∈ [0, T ] : ∥Xt (ω)∥(Rd )N ≥ R},
through which we define the random time

τR(ω) :=
{︄

infTR(ω) if TR(ω) ≠ ∅,

T if TR(ω) = ∅,

representing the exit time of the process X from the open ball of radius R in (Rd)N . The conti
nuity of the process X guarantees that τR is a stopping time [12, Proposition 3.7]; in particular, 
it is a finite stopping time taking values in the range [0, T ]. Through the random time τR we can 
define the stopped stochastic processes XR and 𝚲R given by, for all t ∈ [0, T ],

XR
t := Xt∧τR

, 𝚲R
t := 𝚲t∧τR

. (46)

The continuity of X and 𝚲 ensures that XR e 𝚲R are stochastic processes adapted to the filtration 
(Ft )t∈[0,T ], see [12, Proposition 3.6]]. We observe that the process XR coincides with X on the 
interval [0, τR], whereas on (τr , T ] it takes the constant value X(τR); therefore, for all t ∈ [0, T ], 
we have

XR
t =X0 +

t∧τR∫︂
0 

𝒗ΣN
s
(Xs ,𝚲s) ds +

t∧τR∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s) dBs

=X0 +
t∫︂

0 

𝒗ΣN
s
(Xs ,𝚲s)1{s<τR} ds +

t∫︂
0 

𝝈ΣN
s
(Xs ,𝚲s)1{s<τR} dBs

=X0 +
t∫︂

0 

𝒗
Σ

N,R
s

(XR
s ,𝚲R

s )1{s<τR} ds +
t∫︂

0 

𝝈
Σ

N,R
s

(XR
s ,𝚲R

s )1{s<τR} dBs ,
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where

Σ
N,R
t := 1 

N

N∑︂
j=1 

δ
(X

j
t∧τR

,Λ
j
t∧τR

)

is the empirical measure associated with the stopped processes. Now, if t ∈ [0, T ], we have

E

[︃
sup 

u∈[0,t]
∥XR

u ∥p

(Rd )N

]︃
≤3p−1

(︃
E
[︁∥X0∥p

(Rd )N

]︁+E

[︃
tp−1

t∫︂
0 

∥𝒗
Σ

N,R
s

(XR
s ,𝚲R

s )∥p

(Rd )N
1{s<τR} ds

]︃

+E

[︃
sup 

u∈[0,t]

⃦⃦⃦⃦
⃦⃦

u ∫︂
0 

𝝈
Σ

N,R
s

(XR
s ,𝚲R

s )1{s<τR} dBs

⃦⃦⃦⃦
⃦⃦

p

(Rd )N

]︃)︃

=:3p−1(︁E[︁∥X0∥p

(Rd )N

]︁+ It + IIt
)︁
.

We now estimate the two terms It and IIt separately. By (27a), we have

It ≤ tp−1E

[︃ t∫︂
0 

[︁
Mv

(︁
1 + ∥XR

s ∥(Rd )N + ∥𝚲R
s ∥(F (U))N

)︁]︁p
1{s<τR} ds

]︃

≤ T p−13p−1Mp
v

t∫︂
0 

(︁
1 +E

[︁∥XR
s ∥p

(Rd )N

]︁+E
[︁∥𝚲R

s ∥p

(F (U))N

]︁)︁
ds.

Invoking (15) and (27b), we have that

IIt ≤ cpNp−1t
p−2

2 E
[︃ t∫︂

0 

∥𝝈
Σ

N,R
s

(XR
s ,𝚲R

s )∥p

RdN×mN1{s<τR} ds

]︃

≤ cpNp−1t
p−2

2 E
[︃ t∫︂

0 

[︁
Mσ

(︁
1 + ∥XR

s ∥(Rd )N + ∥𝚲R
s ∥(F (U))N

)︁]︁p ds

]︃

≤ cpNp−1T
p−2

2 3p−1Mp
σ

t∫︂
0 

(︁
1 +E

[︁∥XR
s ∥p

(Rd )N

]︁+E
[︁∥𝚲R

s ∥p

(F (U))N

]︁)︁
ds.

Therefore, for all t ∈ [0, T ], recalling (14), we have

E

[︃
sup 

u∈[0,t]
∥XR

u ∥p

(Rd )N

]︃
≤3p−1E

[︁∥X0∥p

(Rd )N

]︁+ 32(p−1)
(︂
T p−1Mp

v + cpNp−1T
p−2

2 Mp
σ

)︂
·

·
t∫︂

0 

(︁
1 + Np +E

[︁∥XR
s ∥p

(Rd )N

]︁)︁
ds
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≤C1

(︂
1 +E

[︁∥X0∥p

(Rd )N

]︁)︂+ C2

t∫︂
0 

E

[︃
sup 

u∈[0,s]
∥XR

u ∥p

(Rd )N

]︃
ds,

where C1 and C2 are suitable positive constants depending on p,N,Mv ,Mσ ,T , but independent 
of the parameter R.

We can now apply Grönwall inequality, once we prove the boundedness of

[0, T ] ∋ t ↦−→ v(t) := E

[︃
sup 

u∈[0,t]
∥XR

u ∥p

(Rd )N

]︃
.

Since, P -almost surely,

∥XR
t ∥(Rd )N ≤ ∥X0∥(Rd )N ∨ R, for all t ∈ [0, T ],

we deduce that, for all t ∈ [0, T ],

v(t) ≤ E
[︁∥X0∥p

(Rd )N

]︁∨ Rp ≤E
[︁∥X0∥p

(Rd )N

]︁+ Rp

thus implying the boundedness of v over [0, T ], as desired. Consequently, we can conclude that, 
for all t ∈ [0, T ],

v(t) ≤ C1
(︁
1 +E

[︁∥X0∥p

(Rd )N

]︁)︁
e
∫︁ t

0 C2 ds .

By substituting t = T in the last inequality we obtain

v(T ) ≤ C1
(︁
1 +E

[︁∥X0∥p

(Rd )N

]︁)︁
eC2T ,

that is

E

[︃
sup 

t∈[0,T ]
∥XR

t ∥p

(Rd )N

]︃
≤ C0

(︂
1 +E

[︁∥X0∥p

(Rd )N

]︁)︂
, (47)

where C0 := C1e
C2T is a positive constant depending on p,N,Mv ,Mσ , and T , but is indepen

dent of R. Therefore the estimate is proven for the stopped process XR; we will now extend it to 
the process X by letting R −→ +∞ in (47). We observe that for almost all ω ∈ Ω we have the 
inequality

sup 
t∈[0,T ]

∥XR
t (ω)∥p

(Rd )N
= sup 

t∈[0,τR(ω)]
∥Xt (ω)∥p

(Rd )N
, for all R ∈ [0,+∞),

and that the function R ↦−→ supt∈[0,τR(ω)]∥Xt (ω)∥p

(Rd )N
is monotonically increasing. Moreover, 

we have that

lim 
R→+∞

(︂
sup 

t∈[0,T ]
∥XR

t (ω)∥p

(Rd )N

)︂
= lim 

R→+∞

(︂
sup 

t∈[0,τR(ω)]
∥Xt (ω)∥p

(Rd )N

)︂
= sup 

t∈[0,T ]
∥Xt (ω)∥p

(Rd )N
.
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We can therefore apply Beppo Levi’s Theorem on monotone convergence to inequality (47) to 
obtain, as desired,

E

[︃
sup 

t∈[0,T ]
∥Xt∥p

(Rd )N

]︃
≤ C0

(︂
1 +E

[︁∥X0∥p

(Rd )N

]︁)︂
.

We now conclude the proof by obtaining inequality (45). We have

E

[︃
sup 

t∈[0,T ]
∥Yt∥p

(Rd×F(U))N

]︃
≤2p−1

(︃
E

[︃
sup 

t∈[0,T ]
∥Xt∥p

(Rd )N

]︃
+E

[︃
sup 

t∈[0,T ]
∥𝚲t∥p

(F (U))N

]︃)︃
≤2p−1

(︂
C0 + Np + C0E

[︁∥X0∥p

(Rd )N

]︁)︂≤ C
(︂

1 +E
[︁∥X0∥p

(Rd )N

]︁)︂
,

where C > 0 is a constant depending on p,N,Mv ,Mσ , and T . The proof is concluded. □
3.4. Pathwise uniqueness of the solution

We dedicate this subsection to the proof of the continuous dependence on initial data, which 
yields the pathwise uniqueness of strong solutions to the N -particle problem (23).

Proposition 3.15. Let Y1,0 and Y2,0 be two F0-measurable, (Rd × 𝒫(U))N -valued random 
variables with X1,0 and X2,0 belonging to Lp(Ω,F ,P ), with p ≥ 2. If Y1 and Y2 are strong so
lutions to problem (1) with initial datum Y1,0 and Y2,0, respectively, then the following estimate 
holds true

E

[︃
sup 

u∈[0,t]
∥Y1,u − Y2,u∥p

(Rd×F(U))N

]︃
≤ eKtK0 E

[︂
∥Y1,0 − Y2,0∥p

(Rd×F(U))N

]︂
, (48)

where the constant K ≥ 0 depends on p, N , Lv , Lσ , L𝒯 , and T , and the constant K0 > 0
depends only on p.

Proof. Let Y1 and Y2 be two strong solutions to problem (23) defined on the same filtered 
probability space (Ω,F , (Ft )t∈[0,T ],P ) and associated with the same collection of Brownian 
motions (B1, . . . ,BN) =: B and with initial datum Y1,0 and Y2,0 respectively. According to Def
inition 3.1, Y1 and Y2 are two continuous, (Rd ×𝒫(U))N -valued stochastic processes satisfying 
(23) P -almost surely, with ΣN

s replaced by

ΣN
i,s = 1 

N

N∑︂
j=1 

δ
(X

j
i,s ,Λ

j
i,s )

, for i = 1,2.

For t ∈ [0, T ], we can estimate
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E

[︃
sup 

u∈[0,t]
∥X1,u − X2,u∥p

(Rd )N

]︃
≤ 3p−1

(︃
E
[︂
∥X1,0 − X2,0∥p

(Rd )N

]︂

+ tp−1 E

[︃ t∫︂
0 

∥𝒗ΣN
1,s

(X1,s ,𝚲1,s) − 𝒗ΣN
2,s

(X2,s ,𝚲2,s)∥p

(Rd )N
ds

]︃

+ cpNp−1t
p−2

2 E

[︃ t∫︂
0 

∥𝝈ΣN
1,s

(X1,s ,𝚲1,s) − 𝝈ΣN
2,s

(X2,s ,𝚲2,s)∥p

RdN×mN ds

]︃)︃

≤3p−1
(︃
E
[︂
∥X1,0 − X2,0∥p

(Rd )N

]︂

+ T p−1 E

[︃ t∫︂
0 

[︁
2Lv

(︁∥X1,s − X2,s∥(Rd )N + ∥𝚲1,s − 𝚲2,s∥(F (U))N
)︁]︁p

ds

]︃

+ cpNp−1T
p−2

2 E

[︃ t∫︂
0 

[︁
2Lσ

(︁∥X1,s − X2,s∥(Rd )N + ∥𝚲1,s − 𝚲2,s∥(F (U))N
)︁]︁p ds

]︃)︃

≤3p−1
(︃
E
[︂
∥X1,0 − X2,0∥p

(Rd )N

]︂
+ Kx

t∫︂
0 

E
[︂
∥X1,s − X2,s∥p

(Rd )N
+ ∥𝚲1,s − 𝚲2,s∥p

(F (U))N

]︂
ds

)︃
,

where we have applied Hölder inequality, (15), (26a), and (26b), and where Kx := 22p−1
(︁
T p−1L

p
v

+ cpNp−1T
p−2

2 L
p
σ

)︁
. Analogously, by Hölder inequality and (26c), we have

E

[︃
sup 

u∈[0,t]
∥𝚲1,u − 𝚲2,u∥p

(F (U))N

]︃
≤ 2p−1

(︃
E
[︂
∥𝚲1,0 − 𝚲2,0∥p

(F (U))N

]︂

+ tp−1 E

[︃ t∫︂
0 

∥𝓣 ΣN
1,s

(X1,s ,𝚲1,s) − 𝓣 ΣN
2,s

(X2,s ,𝚲2,s)∥p

(Rd )N
ds

]︃)︃

≤2p−1
(︃
E
[︂
∥𝚲1,0 − 𝚲2,0∥p

(F (U))N

]︂

+ Kλ

t∫︂
0 

E
[︂
∥X1,s − X2,s∥p

(Rd )N
+ ∥𝚲1,s − 𝚲2,s∥p

(F (U))N

]︂
ds

)︃
,

where Kλ := 22p−1T p−1L
p

𝒯 . Therefore, by combining the two previous estimates, we conclude 
that, for all t ∈ [0, T ],

E

[︃
sup 

u∈[0,t]
∥Y1,u − Y2,u∥p

(Rd×F(U))N

]︃
≤2p−1

(︃
E

[︃
sup 

u∈[0,t]
∥X1,u − X2,u∥p

(Rd )N

]︃
+E

[︃
sup 

u∈[0,t]
∥𝚲1,u − 𝚲2,u∥p

(F (U))N

]︃)︃
29 
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≤K0 E
[︂
∥Y1,0 − Y2,0∥p

(Rd×F(U))N

]︂
+ K

t∫︂
0 

E

[︃
sup 

u∈[0,s]
∥Y1,u − Y2,u∥p

(Rd×F(U))N

]︃
ds,

where K0 := 6p−1 and K := 6p−1Kx + 4p−1Kλ Now, the a priori estimate obtained in Proposi
tion 3.14 allows us to prove the boundedness of the function

[0, T ] ∋ t ↦−→ v(t) := E

[︃
sup 

u∈[0,t]
∥Y1,u − Y2,u∥p

(Rd×F(U))N

]︃
.

Indeed, by (45),

v(t) ≤ 2p−1
2 ∑︂

i=1 
E

[︃
sup 

u∈[0,t]
∥Yi,u∥p

(Rd×F(U))N

]︃
≤ 2p−1C

(︃
2 +

2 ∑︂
i=1 

E
[︁∥Xi,0∥p

(Rd )N

]︁)︃
,

which is bounded by virtue of the p-integrability of X1,0 and X2,0. Therefore we can apply 
Grönwall inequality obtaining that, for all t ∈ [0, T ],

v(t) ≤ eKtK0 E
[︂
∥Y1,0 − Y2,0∥p

(Rd×F(U))N

]︂
,

which is (48). This concludes the proof. □
Pathwise uniqueness for the N -particle problem (23) now follows immediately from Proposi

tion 3.15. Indeed, by taking Y1,0 = Y2,0, p = 2, and t = T , estimate (48) yields that

E

[︃
sup 

t∈[0,T ]
∥Y1,t − Y2,t∥2

(Rd×F(U))N

]︃
= 0,

whence

P

(︃
sup 

t∈[0,T ]
∥Y1,t − Y2,t∥2

(Rd×F(U))N
= 0

)︃
= 1,

which is (20). Pathwise uniqueness is proved. □
4. The meanfield model

In the present section we will address rigorously the problem of well-posedness of the mean
field model (2). Hence, we begin with the following

Definition 4.1. Let B : Ω −→ 𝒞([0, T ],Rm) be an m-dimensional standard Brownian motion 
defined on a filtered probability space 

(︁
Ω,F , (Ft )t∈[0,T ],P

)︁
, let X0 : Ω −→ Rd be an F0

measurable random variable, and let Λ0 : Ω −→ 𝒫(U) be an F0-measurable random variable. 
We define strong solution to problem (2) a continuous, (Ft )t -adapted stochastic process Y =
(X,Λ) : Ω −→ 𝒞

(︁[0, T ],Rd ×𝒫(U)
)︁

satisfying, P -almost surely, for all t ∈ [0, T ],
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Xt = X0 +
t∫︂

0 

vΣs (Xs,Λs) ds +
t∫︂

0 

σΣs (Xs,Λs) dBs ,

Λt = Λ0 +
t∫︂

0 

𝒯Σs (Xs,Λs) ds,

Law(Y t ) = Σt ∈ 𝒫1(R
d ×𝒫(U)).

(49)

We say that such a solution is pathwise unique if, given two strong solutions Y 1, Y 2 of (2) (with 
the same Brownian motion and initial datum), we have

P
(︂
Y 1,t = Y 2,t , for every t ∈ [0, T ]

)︂
= 1. (50)

The main result of this section is the following well-posedness theorem.

Theorem 4.2 (well-posedness of the meanfield system   (2)). Let us assume that (17) and (18) are 
satisfied and that the spatial initial datum X0 belongs to L2(Ω,F ,P ). Then problem (2) admits 
a strong solution Y , which is pathwise unique in the class of strong solutions such that the map 
[0, T ] ∋ t ↦−→ Σt ∈ 𝒫1(Rd ×𝒫(U)) satisfies the condition

sup 
t∈[0,T ]

∫︂
Rd×𝒫(U)

∥x∥Rd dΣt(x,λ) < +∞. (51)

Moreover, the integrability of the spatial initial datum is inherited, uniformly in time, by the 
solution, namely, if X0 ∈ Lp(Ω,F ,P ) with p ≥ 2, the process Y satisfies

E

[︃
sup 

t∈[0,T ]
∥Y t∥p

Rd×F(U)

]︃
≤ CΣ

(︂
1 +E

[︁∥X0∥p

Rd

]︁)︂
, (52)

for some constant CΣ > 0 depending on p, T , MΣ
v , and MΣ

σ (the last two constants are intro
duced in the statement of Proposition 4.3, see estimates (55) below, with t ↦−→ Ψt replaced by 
t ↦−→ Σt = Law(Y t )).

Proof. The proof of the theorem is articulated in various steps, which are addressed in the rest 
of this section. As a preliminary result, in Proposition 4.3 below, we prove structural properties 
of the fields v, σ , and 𝒯 in the right-hand side of (2a) for a given curve of measures t ↦−→ Ψt ; 
moreover, in Proposition 4.5, we prove the a priori estimate (58), of which estimate (52) will be 
a particular instance satisfied by the solutions to (2) which will be constructed.

In Section 4.1, we outline the main steps of the construction of the solution to (2), which relies 
on solving the auxiliary SDE presented in (59). In Section 4.2, we deal with the well-posedness of 
this auxiliary problem, which will be instrumental in the successive fixed-point argument needed 
to prove the existence of a solution to (2), see Section 4.3. Finally, the uniqueness argument is 
discussed in Section 4.4, where we show that it follows from the continuous dependence on the 
initial data (see Proposition 4.21). □
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Proposition 4.3. Let us consider a curve of measures [0, T ] ∋ t ↦−→ Ψt ∈ 𝒫1(Rd ×𝒫(U)) such 
that

sup 
t∈[0,T ]

∫︂
Rd×𝒫(U)

∥x∥Rd dΨt(x,λ) < +∞. (53)

Then, for all (t, x1, λ1), (t, x2, λ2) ∈ [0, T ] ×Rd ×𝒫(U), the following estimates hold

∥vΨt (x1, λ1) − vΨt (x2, λ2)∥Rd ≤ Lv

(︁∥x1 − x2∥Rd + ∥λ1 − λ2∥F(U)

)︁
, (54a)

∥σΨt (x1, λ1) − σΨt (x2, λ2)∥Rd×m ≤ Lσ

(︁∥x1 − x2∥Rd + ∥λ1 − λ2∥F(U)

)︁
, (54b)

∥𝒯Ψt (x1, λ1) − 𝒯Ψt (x2, λ2)∥F(U) ≤ L𝒯
(︁∥x1 − x2∥Rd + ∥λ1 − λ2∥F(U)

)︁
, (54c)

where the constants Lv , Lσ , and L𝒯 are those appearing in (17). Furthermore, there exist 
constants MΨ

v , MΨ
σ , and MΨ

𝒯 > 0, depending on the curve Ψ, such that, for all (t, x, λ) ∈
[0, T ] ×Rd ×𝒫(U), the following sublinearity estimates hold

∥vΨt (x,λ)∥Rd ≤ MΨ
v

(︁
1 + ∥x∥Rd

)︁
, (55a)

∥σΨt (x,λ)∥Rd×m ≤ MΨ
σ

(︁
1 + ∥x∥Rd

)︁
, (55b)

∥𝒯Ψt (x,λ)∥F(U) ≤ MΨ
𝒯
(︁
1 + ∥x∥Rd

)︁
. (55c)

Proof. Inequalities (54) immediately follow from the structural assumptions (17). We shall only 
prove the first of the estimates (55a), as the other two follow analogously. We fix an arbitrary 
element (t0, x0, λ0) ∈ [0, T ] ×Rd ×𝒫(U), and by making use of inequalities (17a) and (12) we 
obtain that, for all (t, x, λ) ∈ [0, T ] ×Rd ×𝒫(U),

∥vΨt (x,λ)∥Rd ≤ ∥vΨt0
(x0, λ0)∥Rd + ∥vΨt (x,λ) − vΨt0

(x0, λ0)∥Rd

≤∥vΨt0
(x0, λ0)∥Rd + Lv

(︁∥x − x0∥Rd + ∥λ − λ0∥F(U) + W1(Ψt ,Ψt0)
)︁

≤∥vΨt0
(x0, λ0)∥Rd + Lv

(︁
2 + ∥x∥Rd + ∥x0∥Rd + W1(Ψt ,Ψt0)

)︁
.

(56)

Now, letting y0 := (x0, λ0) and c := 2 + ∥x0∥Rd + W1(Ψt0, δy0), we have that for all t ∈ [0, T ]

W1(Ψt ,Ψt0) ≤ c +
∫︂

Rd×𝒫(U)

∥x∥Rd dΨt(x,λ),

where we have employed the triangle inequality for the metric W1, inequality (12), and the fact 
that

W1(Ψt , δy0) =
∫︂

Rd×𝒫(U)

∥y − y0∥Rd×F(U) dΨt(y) (57)

(which is an immediate consequence of Γ(Ψt, δy0) = {Ψt ⊗ δy0}). Therefore, by virtue of hy
pothesis (53), we conclude that there exists CΨ > 0, depending on the curve Ψ, such that 
supt∈[0,T ] W1(Ψt ,Ψt0) ≤ CΨ. This bound, combined with (56), yields the claim. □
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Remark 4.4. Proposition 4.3 applies, in particular, when the curve t ↦−→ Ψt consists of the time 
marginals of a fixed probability measure Ψ ∈ 𝒫p(𝒞([0, T ],Rd × 𝒫(U))), with p ∈ [1,+∞); 
namely, Ψt = (evt )♯Ψ for all t ∈ [0, T ]. Indeed, as a consequence of Lebesgue Dominated Con
vergence Theorem it can be verified that the curve [0, T ] ∋ t ↦−→ Ψt ∈ 𝒫p(Rd × 𝒫(U)) is 
continuous with respect to the Wasserstein metric Wp, hence, by Weierstrass Theorem, there 
exists C̃Ψ > 0 such that Wp(Ψt , δy0) ≤ C̃Ψ for all t ∈ [0, T ], where y0 is an arbitrary point in 
Rd ×𝒫(U). By choosing for convenience y0 of the form (0, λ0), and by using equation (57), we 
immediately conclude that∫︂

Rd×𝒫(U)

∥x∥Rd dΨt(x,λ) ≤ W1(Ψt , δy0) ≤ Wp(Ψt , δy0) ≤ C̃Ψ, for all t ∈ [0, T ],

therefore condition (53) is satisfied.

We prove the following a priori estimate on the moments of the solutions to (2).

Proposition 4.5 (a priori estimate on the moments of the solutions). Let us assume that (17) and 
(18) are satisfied and that the spatial initial datum X0 belongs to Lp(Ω,F ,P ), with p ≥ 2. 
Moreover, let Y be a strong solution to problem (2) such that the map [0, T ] ∋ t ↦−→ Σt =
Law(Y t ) ∈ 𝒫1(Rd ×𝒫(U)) satisfies condition (51). Then the following estimate holds

E

[︃
sup 

t∈[0,T ]
∥Y t∥p

Rd×F(U)

]︃
≤ CΣ

(︂
1 +E

[︁∥X0∥p

Rd

]︁)︂
, (58)

where CΣ > 0 depends on p, T , MΣ
v , and MΣ

σ (see estimates (55), with t ↦−→ Ψt replaced by 
t ↦−→ Σt = Law(Y t )).

Proof. The proof is completely analogous to that of Proposition 3.14. Here, the sublinearity 
estimates (27a) and (27b) are replaced by the sublinearity estimates (uniform in time) (55a) and 
(55b) respectively. Note that the latter are valid since, by hypothesis, the map t ↦−→ Σt satisfies 
condition (53). □
4.1. Construction of a solution to the meanfield problem: outline of the proof

The argument will be articulated in two steps. First, we consider a filtered probability space 
(Ω,F , (Ft )t∈[0,T ],P ), an initial datum Y 0 = (X0,Λ0) with X0 ∈ L2(Ω,F ,P ), and an m
dimensional standard Brownian motion B adapted to the filtration (Ft )t∈[0,T ]. We then fix a 
probability measure Ψ ∈ 𝒫2(𝒞([0, T ],Rd × 𝒫(U))) and we consider the following auxiliary 
problem ⎧⎨⎩dX

Ψ

t = vΨt (X
Ψ

t ,Λ
Ψ

t ) dt + σΨt (X
Ψ

t ,Λ
Ψ

t ) dBt ,

dΛ
Ψ

t = 𝒯Ψt (X
Ψ

t ,Λ
Ψ

t ) dt,

(59)

where Ψt := (evt )♯Ψ, for all t ∈ [0, T ]. We shall prove that problem (59) has a pathwise unique 

strong solution Y
Ψ = (X

Ψ
,Λ

Ψ
) : Ω −→ 𝒞([0, T ],Rd ×𝒫(U)), which satisfies
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Law(Y
Ψ
) ∈ 𝒫2

(︁
𝒞([0, T ],Rd ×𝒫(U))

)︁
.

Therefore, it will be well-defined a map

𝒮 : 𝒫2
(︁
𝒞([0, T ],Rd ×𝒫(U))

)︁−→𝒫2
(︁
𝒞([0, T ],Rd ×𝒫(U))

)︁
Ψ ↦−→ 𝒮(Ψ) := Law(Y

Ψ
)

(60)

which associates to the measure Ψ ∈ 𝒫2
(︁
𝒞([0, T ],Rd × 𝒫(U))

)︁
the law of the stochastic pro

cess Y
Ψ

solving the auxiliary problem (59). We explicitly note that pathwise uniqueness of the 
solution guarantees that the measure 𝒮(Ψ) is unambiguously determined.

In the second step of the proof, we will show that the map 𝒮 admits a unique fixed point. To 
achieve this, we will employ the Banach–Caccioppoli fixed-point theorem in the complete met
ric space 

(︁
𝒫2
(︁
𝒞([0, T ],Rd × 𝒫(U))

)︁
,W2

)︁
. Therefore we will obtain the existence of a unique 

measure Σ ∈𝒫2
(︁
C([0, T ],Rd ×𝒫(U))

)︁
satisfying the fixed-point equation

𝒮(Σ) = Law(Y
Σ
) = Σ. (61)

By setting Y := Y
Σ

, we will find a strong solution to the meanfield problem (2). Indeed, since, 
by construction, Σ = Law(Y ), and Σt := (evt )♯Σ ∈ 𝒫2(Rd ×𝒫(U)) for all t ∈ [0, T ], we have, 
by associativity of the push-forward operation,

Law(Y t ) = Law((evt ) ◦ Y ) = ((evt ) ◦ Y )♯P = (evt )♯(Y ♯P ) = (evt )♯Σ = Σt,

for all t ∈ [0, T ], as prescribed in (2b). In the following paragraphs, we will present the construc
tion in detail.

4.2. Study of the auxiliary problem

We begin by defining the notion of solution to the auxiliary problem (59) and the main result 
about its well-posedness.

Definition 4.6. Let us fix a measure Ψ ∈ 𝒫2
(︁
𝒞([0, T ],Rd ×𝒫(U))

)︁
, and define Ψt := (evt )♯Ψ for 

all t ∈ [0, T ]. Moreover, let B : Ω −→ 𝒞([0, T ],Rm) be an m-dimensional standard Brownian 
motion defined on a filtered probability space 

(︁
Ω,F , (Ft )t∈[0,T ],P

)︁
, let X0 : Ω −→ Rd be an 

F0-measurable random variable, and let Λ0 : Ω −→ 𝒫(U) be an F0-measurable random vari
able. We define strong solution to problem (59) a continuous, (Ft )t -adapted stochastic process 
Y

Ψ = (X
Ψ
,Λ

Ψ
) : Ω −→ 𝒞

(︁[0, T ],Rd ×𝒫(U)
)︁

satisfying, P -almost surely, for all t ∈ [0, T ],
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

X
Ψ

t = X0 +
t∫︂

0 

vΨs (X
Ψ

s ,Λ
Ψ

s ) ds +
t∫︂

0 

σΨs (X
Ψ

s ,Λ
Ψ

s ) dBs ,

Λ
Ψ

t = Λ0 +
t∫︂

0 

𝒯Ψs (X
Ψ

s ,Λ
Ψ

s ) ds.

(62)
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We say that such a solution is pathwise unique if, given two strong solutions Y
Ψ

1 , Y
Ψ

2 of (59)
(with the same Brownian motion and initial datum), we have

P
(︂
Y

Ψ

1,t = Y
Ψ

2,t , for every t ∈ [0, T ]
)︂

= 1. (63)

Proposition 4.7. Let us assume that (17) and (18) are satisfied and that the spatial initial datum 
X0 belongs to L2(Ω,F ,P ). Then the auxiliary problem (59) admits a pathwise unique strong 
solution Y

Ψ
according to Definition 4.6. Moreover, the integrability of the spatial initial datum 

is inherited, uniformly in time, by the solution, namely, if X0 ∈ Lp(Ω,F ,P ) with p ≥ 2, the 
process Y

Ψ
satisfies

E

[︃
sup 

t∈[0,T ]
∥YΨ

t ∥p

Rd×F(U)

]︃
≤ CΨ

(︂
1 +E

[︁∥X0∥p

Rd

]︁)︂
,

where CΨ > 0 depends on p, T , MΨ
v , and MΨ

σ (see estimates (55), with t ↦−→ Ψt = (evt )♯Ψ; see 
also Remark 4.4).

The proof of Proposition 4.7 will proceed along the lines of Section 3, by exploiting the Lip
schitz continuity and sublinearity properties (54), (55), and the geometric property (18). Unlike 
the N -particle system, the auxiliary problem (59) features an explicit dependence on time. How
ever, the techniques employed in the study of the N -particle system can be adapted to the present 
problem with almost no modifications, as we will see.

Let us begin with the proof of existence. Our strategy will be based again on the method of 
successive approximation. We first fix θ > 0 such that property (18) is satisfied; this condition 
allows us to introduce the field 𝒢 : [0, T ] ×Rd ×𝒫(U) −→𝒫(U), defined as

𝒢Ψt (x,λ) := λ + θ𝒯Ψt (x,λ) (64)

(notice that in the auxiliary problem (59) the measure Ψ ∈ 𝒫2
(︁
𝒞([0, T ],Rd × 𝒫(U))

)︁
is fixed 

once and for all), so that the field 𝒯 can be rewritten as

𝒯Ψt (x,λ) = 𝒢Ψt (x,λ) − λ

θ
,

for all (t, x, λ) ∈ [0, T ]×Rd ×𝒫(U), allowing us to employ the strategy of Brezis [17, Corollaire 
1.1] in the definition of the Picard iterations. Before writing down the expression of the iterations, 
we state the structural properties of the field 𝒢.

Proposition 4.8. Let Ψ be as in Definition 4.6. Then there exists a constant L𝒢 > 0, depending on 
L𝒯 and θ , such that, for all (t, x1, λ1), (t, x2, λ2) ∈ [0, T ]×Rd ×𝒫(U), the following inequality 
holds

∥𝒢Ψt (x1, λ1) − 𝒢Ψt (x2, λ2)∥F(U) ≤ L𝒢
(︁∥x1 − x2∥Rd + ∥λ1 − λ2∥F(U)

)︁
. (65a)

Furthermore, there exists MΨ
𝒢 > 0, depending on MΨ

𝒯 and θ , such that
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∥𝒢Ψt (x,λ)∥F(U) ≤ MΨ
𝒢
(︁
1 + ∥x∥Rd

)︁
, (65b)

for all (t, x, λ) ∈ [0, T ] ×Rd ×𝒫(U).

Proof. By Remark 4.4, we have that the map t ↦−→ Ψt = (evt )♯Ψ satisfies condition (53), there
fore, estimates (54c) and (55c) are valid, and it can easily be checked that they are inherited by 
𝒢 as a consequence of its definition (64). □
Notational warning. In the ensuing part of this section, and in this section alone, we will denote 
by Yn and Y the iterations and the solutions, respectively, of the auxiliary problem (59) associated 
with the measure Ψ ∈ 𝒫2

(︁
𝒞([0, T ],Rd × 𝒫(U))

)︁
, and the same convention will apply to their 

spatial components Xn, X, and mixed-strategy components Λn, Λ. Therefore, we will avoid the 
more complete (though heavier) notation Y

Ψ

n and Y
Ψ

. This choice is justified by the fact that in 
this section the measure Ψ is fixed.

We are now in a position to write the expression of the iterations and prove their convergence 
to a solution to the auxiliary problem (59). They are defined recursively as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Xn+1,t := X0 +
t∫︂

0 

vΨs (Xn,s,Λn,s) ds +
t∫︂

0 

σΨs (Xn,s,Λn,s) dBs ,

Λn+1,t := e− t
θ Λ0 + 1 

θ

t∫︂
0 

e
s−t
θ 𝒢Ψs (Xn,s,Λn,s) ds,

(66)

for all t ∈ [0, T ] and n = 0,1,2, . . . The initial iteration in given by

{︄
X0,t := X0,

Λ0,t := Λ0,
for all t ∈ [0, T ]. (67)

We anticipate that many of the ensuing arguments are completely analogous to those followed 
in the proof of well-posedness of the N -particle system (23). Therefore, to avoid redundancy, 
we will only sketch the proof of the following statements, pointing out only the properties and 
results that are needed in each case.

The proof of the following proposition is the same as that of Proposition 3.6.

Proposition 4.9. The stochastic processes Xn and Λn, defined by (66) and (67), are continuous 
and adapted to the filtration (Ft )t∈[0,T ] for all n = 0,1,2, . . .

Arguing like in Remark 3.7, it can readily be checked that, as a consequence of the convexity 
of 𝒫(U) and of the geometric property (18), we have that Λn,t ∈ 𝒫(U), for all t ∈ [0, T ] and for 
all n = 0,1,2, . . . .

Let us now introduce the four estimates which represent the analogous for the auxiliary prob
lem (59) of estimates (34) and (35).
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Proposition 4.10. Under the hypotheses of Proposition 4.7, the following estimates hold:

E

[︃
sup 

u∈[0,t]
∥X1,u − X0∥2

Rd

]︃
≤
(︂

6(MΨ
v )2t2 + 24(MΨ

σ )2t
)︂

·
(︂

1 +E
[︁∥X0∥2

Rd

]︁+E
[︁∥Λ0∥2

F(U)

]︁)︂
,

(68a)

E

[︃
sup 

u∈[0,t]
∥Λ1,u − Λ0∥2

F(U)

]︃
≤ 2t2

θ2 E
[︁∥Λ0∥2

F(U)

]︁
+ 6(MΨ

𝒢 )2t2

θ2

(︂
1 +E

[︁∥X0∥2
Rd

]︁+E
[︁∥Λ0∥2

F(U)

]︁)︂ (68b)

for all t ∈ [0, T ], and

E

[︃
sup 

u∈[0,t]
∥Xn+1,u − Xn,u∥2

Rd

]︃
≤ (︁4L2

vt + 16L2
σ

)︁

·E
[︃ t∫︂

0 

(︁∥Xn,s − Xn−1,s∥2
Rd + ∥Λn,s − Λn−1,s∥2

F(U)

)︁
ds

]︃
,

(69a)

E

[︃
sup 

u∈[0,t]
∥Λn+1,u − Λn,u∥2

(Rd )N

]︃
≤ 2L2

𝒢 t

θ2 E

[︃ t∫︂
0 

(︁∥Xn,s − Xn−1,s∥2
Rd

+ ∥Λn,s − Λn−1,s∥2
F(U)

)︁
ds

]︃ (69b)

for all n = 1,2, . . . and t ∈ [0, T ], where Lv,Lσ ,L𝒢 and MΨ
v ,MΨ

σ ,MΨ
𝒢 indicate the Lipschitz 

and sublinearity constants of the fields vΨ, σΨ, and 𝒢Ψ respectively (see (54), (55), and (65)).

Proof. The proof is the same as that of Proposition 3.8. In the present case, the Lipschitz 
estimates (26a), (26b), (31a) must be replaced by (54a), (54b), (65a), respectively, whereas sub
linearity estimates (27a), (27b), (31b), must be replaced by (55a), (55b), (65b). The validity of 
the latter is ensured by Remark 4.4. The role of Hölder and Burkholder–Davis--Gundy (15) in
equalities is unchanged. □

We now introduce the sequence of Rd × 𝒫(U)-valued continuous stochastic processes 
{Yn}∞n=0, which we define, for all n = 0,1,2, . . . , as

Yn,t := (︁Xn,t ,Λn,t

)︁
(70)

for all t ∈ [0, T ], where Xn, Λn are defined in (66). As we will see, the uniform limit of {Yn}∞n=0
will provide a strong solution to the auxiliary problem (59).

Proposition 4.11. Let {Yn}∞n=0 be the sequence of continuous Rd ×𝒫(U)-valued stochastic pro
cesses {Yn}∞n=0 defined by (70). Then, for all n = 0,1,2, . . . and for all t ∈ [0, T ], the following 
inequality holds
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E

[︃
sup 

u∈[0,t]
∥Yn+1,u − Yn,u∥2

Rd×F(U)

]︃
≤ (ℛΨt)n+1

(n + 1)! , (71)

where ℛΨ > 0 depends on θ,T , on the constants Lv ,Lσ ,L𝒢 , MΨ
v ,MΨ

σ ,MΨ
𝒢 and on the second 

moment of the initial datum X0.

Proof. The argument is identical to that of Proposition 3.10. Here, estimates (34) and (35) are 
replaced by (68) and (69), respectively. □
Proposition 4.12. There exists a P -negligible set 𝒵̃ ∈ F such that for all ω ∈ 𝒵̃c, {Yn(ω)}∞n=0 ⊆
𝒞([0, T ],Rd ×𝒫(U)) is a Cauchy sequence in the space (𝒞([0, T ],Rd × F(U)),∥·∥∞). There
fore, letting ỹ be an arbitrary element of Rd × 𝒫(U), the process Y : Ω −→ 𝒞([0, T ],Rd ×
𝒫(U)) given by

Y (ω) :=
⎧⎨⎩ lim 

n→∞Yn(ω), ω ∈ 𝒵̃c

ỹ, ω ∈ 𝒵̃
(72)

is well defined.

Proof. The proof is the same that as Proposition 3.11; estimate (71) replaces (37). □
The proof of the following proposition is analogous to that of Proposition 3.12.

Proposition 4.13. The limiting stochastic process Y defined in Proposition 4.12 is adapted to the 
filtration (Ft )t∈[0,T ].

We now show that the process Y is a strong solution to the auxiliary problem (59). We write 
Y as

Y t = (Xt ,Λt ),

for all t ∈ [0, T ], where, by construction, X and Λ are the uniform limits of the sequences of 
processes {Xn}∞n=0 and {Λn}∞n=0, respectively. We now observe that, by virtue of properties (54a), 
(54b), and (65a), we have that

sup 
t∈[0,T ]

∥vΨt (Xn,t ,Λn,t ) − vΨt (Xt ,Λt )∥Rd ≤ Lv sup 
t∈[0,T ]

∥Yn,t − Y t∥Rd×F(U),

sup 
t∈[0,T ]

∥σΨt (Xn,t ,Λn,t ) − σΨt (Xt ,Λt )∥Rd×m ≤ Lσ sup 
t∈[0,T ]

∥Yn,t − Y t∥Rd×F(U),

sup 
t∈[0,T ]

∥𝒢Ψt (Xn,t ,Λn,t ) − 𝒢Ψt (Xt ,Λt )∥F(U) ≤ L𝒢 sup 
t∈[0,T ]

∥Yn,t − Y t∥Rd×F(U);

therefore we can replicate the argument of Section 3.2 (see the discussion just before Proposi
tion 3.13), by passing to the limit as n → ∞ in the definition of the iterations (66), and conclude 
that, P -almost surely, the process Y satisfies
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Xt = X0 +
t∫︂

0 

vΨs (Xs,Λs) ds +
t∫︂

0 

σΨs (Xs,Λs) dBs ,

Λt = e− t
θ Λ0 + 1 

θ

t∫︂
0 

e
s−t
θ 𝒢Ψs (Xs,Λs) ds,

(73)

for all t ∈ [0, T ]. Finally, equation (73) allows us to deduce that Y is a strong solution to the 
auxiliary problem (59). Indeed, arguing as in Proposition 3.13, we have the following result.

Proposition 4.14. The stochastic process Y defined in Proposition 4.12 satisfies, P -a.s.,⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Xt = X0 +
t∫︂

0 

vΨs (Xs,Λs) ds +
t∫︂

0 

σΨs (Xs,Λs) dBs ,

Λt = Λ0 +
t∫︂

0 

𝒯Ψs (Xs,Λs) ds,

for all t ∈ [0, T ]. (74)

The proof of existence of a solution to the auxiliary problem (59) is concluded.
The following a priori estimate on the moments of the strong solutions to (59) holds true.

Proposition 4.15. Let Y be a strong solution to problem (59), and let X0 a random variable in 
Lp(Ω,F ,P ) with p ≥ 2. Then the following estimate holds

E

[︃
sup 

t∈[0,T ]
∥Y t∥p

Rd×F(U)

]︃
≤ CΨ

(︂
1 +E

[︁∥X0∥p

Rd

]︁)︂
, (75)

where CΨ > 0 depends on p, T , MΨ
v , MΨ

σ .

Proof. The argument is analogous to that of Proposition 3.14 (and of Proposition 4.5). Here, the 
sublinearity estimates (55a) and (55b) must be used, which are valid by Remark 4.4. □

Finally, the proof of pathwise uniqueness is identical to the one presented in Section 3.4. The 
Lipschitz estimates (26) must be replaced by estimates (54), and the concluding argument is 
performed through Grönwall inequality and the a priori estimate (75). This concludes the proof 
of Proposition 4.7.

4.3. Construction of a solution to the meanfield problem: fixed-point argument

In this paragraph, we conclude the proof of existence of a solution to the meanfield problem 
(2) through a fixed-point argument.

Proposition 4.16. Let us assume that (17) and (18) are satisfied and that the initial datum Y 0 is 
such that its spatial component X0 belongs to L2(Ω,F ,P ). Then the map
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𝒮 : 𝒫2
(︁
𝒞([0, T ],Rd ×𝒫(U))

)︁−→𝒫2
(︁
𝒞([0, T ],Rd ×𝒫(U))

)︁
Ψ ↦−→ 𝒮(Ψ) := Law(Y

Ψ
),

(76)

is well defined. Here, Y
Ψ : Ω −→ 𝒞([0, T ],Rd × 𝒫(U)) is the pathwise unique strong solution 

of the auxiliary problem (59) associated with the measure Ψ ∈ 𝒫2
(︁
𝒞([0, T ],Rd × 𝒫(U))

)︁
(see 

Definition 4.6 and Proposition 4.7).

Proof. The statement is a consequence of Proposition 4.7. Indeed, for any fixed Ψ ∈𝒫2
(︁
𝒞([0, T ], 

Rd ×𝒫(U))
)︁
, we can construct a strong solution Y

Ψ : Ω −→ 𝒞([0, T ],Rd ×𝒫(U)) of the aux

iliary problem (59), whose law Law(Y
Ψ
) is unambiguously determined owing to the pathwise 

uniqueness. In fact, given two strong solutions of (59) Y
Ψ

1 and Y
Ψ

2 , pathwise uniqueness implies 

that the 𝒞([0, T ],Rd × 𝒫(U))-valued random variables Y
Ψ

1 and Y
Ψ

2 coincide P -almost surely. 
Since two random variables coinciding almost surely necessarily have the same law, we con
clude that 𝒮(Ψ) is well defined. Finally, to show that 𝒮(Ψ) ∈ 𝒫2

(︁
𝒞([0, T ],Rd ×𝒫(U))

)︁
, we use 

estimate (75), which ensures that the quantity

E

[︃
sup 

t∈[0,T ]
∥YΨ

t ∥2
Rd×F(U)

]︃
≤ CΨ

(︂
1 +E

[︁∥X0∥2
Rd

]︁)︂
is finite. Therefore 𝒮(Ψ) = Law(Y

Ψ
) is a measure with finite second moment. □

For all t ∈ [0, T ], and for all measures Ψ1,Ψ2 ∈ 𝒫2
(︁
𝒞([0, T ],Rd × 𝒫(U))

)︁
, we define the 

quantity

W2,t (Ψ
1,Ψ2) :=

(︃
inf 

π∈Γ(Ψ1,Ψ2)

∫︂
𝒞([0,T ],Rd×𝒫(U))2

sup 
u∈[0,t]

∥φ1(u) − φ2(u)∥2
Rd×F(U)

dπ(φ1, φ2)

)︃ 1
2

.

Remark 4.17. We highlight the following immediate facts about W2,t .

(a) The infimum defining W2,t (Ψ
1,Ψ2) is actually achieved for some optimal transport plan 

π̃ ∈ Γ(Ψ1,Ψ2), as a consequence of the general theory of Optimal Transport on complete 
and separable metric spaces [4, Theorem 2.10].

(b) If s ≤ t , then W2,s ≤ W2,t ; the quantity W2,T is the customary W2 distance on 𝒫2
(︁
𝒞([0, T ], 

Rd ×𝒫(U))
)︁
.

We now prove some estimates regarding the iteration of the map 𝒮 .

Lemma 4.18. For all Ψ1,Ψ2 ∈𝒫2(𝒞([0, T ],Rd ×𝒫(U))), n = 1,2, . . . , and t ∈ [0, T ] we have 
that

W 2
2,t (𝒮(Ψ1),𝒮(Ψ2)) ≤𝒦 t W 2

2 (Ψ1,Ψ2), (77a)

W 2
2,t (𝒮n(Ψ1),𝒮n(Ψ2)) ≤𝒦

t∫︂
0 

W 2
2,s(𝒮n−1(Ψ1),𝒮n−1(Ψ2)) ds, (77b)
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where 𝒦 > 0 depends only on Lv , Lσ , L𝒯 , and T .

Proof. In what follows, we shall denote by Y
1 := Y

Ψ1

and Y
2 := Y

Ψ2

the strong solutions to the 
auxiliary problem (59) associated with the measures Ψ1 and Ψ2, respectively. We first observe 
that, for all fixed t ∈ [0, T ], we have

W 2
2,t (𝒮(Ψ1),𝒮(Ψ2))

≤
∫︂

𝒞([0,T ],Rd×𝒫(U))2

sup 
u∈[0,t]

∥φ1(u) − φ2(u)∥2
Rd×F(U)

dP
(Y

1
,Y

2
)
(φ1, φ2)

=E

[︃
sup 

u∈[0,t]
∥Y 1

u − Y
2
u∥2

Rd×F(U)

]︃
,

(78)

where P
(Y

1
,Y

2
)
:= Law(Y

1
, Y

2
) = (Y

1
, Y

2
)♯P , which is an element of Γ(𝒮(Ψ1),𝒮(Ψ2)). Owing 

to Hölder inequality, (15), (17a), and (17b), we observe that

E

[︃
sup 

u∈[0,t]
∥X

1
u − X

2
u∥2

Rd

]︃

≤2t E
[︃ t∫︂

0 

∥vΨ1
s
(Y

1
s ) − vΨ2

s
(Y

2
s )∥2

Rd ds

]︃
+ 8E

[︃ t∫︂
0 

∥σΨ1
s
(Y

1
s ) − σΨ2

s
(Y

2
s )∥2

Rd×m ds

]︃

≤2t E
[︃ t∫︂

0 

(︁
Lv(∥Y

1
s − Y

2
s∥Rd×F(U) + W1(Ψ

1
s ,Ψ

2
s ))
)︁2 ds

]︃

+ 8E

[︃ t∫︂
0 

(︁
Lσ (∥Y 1

s − Y
2
s∥Rd×F(U) + W1(Ψ

1
s ,Ψ

2
s ))
)︁2 ds

]︃

≤4(tL2
v + 4L2

σ ) ·E
[︃ t∫︂

0 

(︁∥Y 1
s − Y

2
s∥2

Rd×F(U)
+ W 2

1 (Ψ1
s ,Ψ

2
s )
)︁

ds

]︃

and, owing to Hölder inequality and (17c), we analogously observe that

E

[︃
sup 

u∈[0,t]
∥Λ

1
u − Λ

2
u∥2

F(U)

]︃
≤E

[︃
t

t∫︂
0 

∥𝒯Ψ1
s
(Y

1
s ) − 𝒯Ψ2

s
(Y

2
s )∥2

F(U)ds

]︃

≤ t E
[︃ t∫︂

0 

(︁
L𝒯 (∥Y

1
s − Y

2
s∥Rd×F(U) + W1(Ψ

1
s ,Ψ

2
s ))
)︁2

ds

]︃

≤2t L2
𝒯 E

[︃ t∫︂
0 

(︁∥Y 1
s − Y

2
s∥2

Rd×F(U)
+ W 2

1 (Ψ1,Ψ2)
)︁

ds

]︃
.
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Combining the previous inequalities, we obtain the estimate

E

[︃
sup 

u∈[0,t]
∥Y 1

u − Y
2
u∥2

Rd×F(U)

]︃
≤ 2E

[︃
sup 

u∈[0,t]
∥X

1
u − X

2
u∥2

Rd

]︃
+ 2E

[︃
sup 

u∈[0,t]
∥Λ

1
u − Λ

2
u∥2

F(U)

]︃

≤4
(︁
2tL2

v + 8L2
σ + tL2

𝒯
)︁ ·E[︃ t∫︂

0 

(︁∥Y 1
s − Y

2
s∥2

Rd×F(U)
+ W 2

1 (Ψ1
s ,Ψ

2
s )
)︁

ds

]︃

≤4
(︁
2T L2

v + 8L2
σ + T L2

𝒯
)︁ ·(︃ t∫︂

0 

E

[︃
sup 

u∈[0,s]
∥Y 1

u − Y
2
u∥2

Rd×F(U)

]︃
ds +

t∫︂
0 

W 2
1 (Ψ1

s ,Ψ
2
s ) ds

)︃
.

To estimate the last integrand above, let us fix s ≤ s′ and let us consider a measure π̃ ∈ Γ(Ψ1,Ψ2)

which is optimal for W2,s′ (see Remark 4.17(a)). We also define the probability measure over 
(Rd ×𝒫(U))2 given by π̃s := (evs , evs)♯π̃ ∈ Γ(Ψ1

s ,Ψ
2
s ). We have that

W 2
1 (Ψ1

s ,Ψ
2
s ) ≤

(︃ ∫︂
(Rd×𝒫(U))2

∥y1 − y2∥Rd×F(U) dπ̃s(y1, y2)

)︃2

≤
∫︂

(Rd×𝒫(U))2

∥y1 − y2∥2
Rd×F(U)

dπ̃s(y1, y2)

=
∫︂

𝒞([0,T ],Rd×𝒫(U))2

∥φ1(s) − φ2(s)∥2
Rd×F(U)

dπ̃(φ1, φ2)

≤
∫︂

𝒞([0,T ],Rd×𝒫(U))2

sup 
u∈[0,s′]

∥φ1(u) − φ2(u)∥2
Rd×F(U)

dπ̃(φ1, φ2) = W 2
2,s′(Ψ1,Ψ2),

where we have used Jensen inequality in the second line and the optimality of π̃ in the last one. 
Using this last estimate with s′ = s, we can write

E

[︃
sup 

u∈[0,t]
∥Y 1

u−Y
2
u∥2

Rd×F(U)

]︃
≤ C0

(︃ t∫︂
0 

E

[︃
sup 

u∈[0,s]
∥Y 1

u−Y
2
u∥2

Rd×F(U)

]︃
ds+

t∫︂
0 

W 2
2,s(Ψ

1,Ψ2) ds

)︃
,

with C0 := 4
(︁
2T L2

v + 8L2
σ + T L2

𝒯
)︁
. Since the map t ↦−→ E

[︁
supu∈[0,t]∥Y 1

u − Y
2
u∥2

Rd×F(U)

]︁
is bounded over [0, T ] (see the a priori estimate (75)) and the map t ↦−→ ∫︁ t

0 W 2
2,s(Ψ

1,Ψ2) ds

is non decreasing and bounded (indeed 
∫︁ t

0 W 2
2,s(Ψ

1,Ψ2) ds ≤ T W 2
2 (Ψ1,Ψ2) < +∞, see Re

mark 4.17(b)), by Grönwall inequality we conclude that, for all t ∈ [0, T ], estimate (78) becomes

W 2
2,t (𝒮(Ψ1),𝒮(Ψ2)) ≤ E

[︃
sup 

u∈[0,t]
∥Y 1

u − Y
2
u∥2

Rd×F(U)

]︃
≤ eC0tC0

t∫︂
0 

W 2
2,s(Ψ

1,Ψ2) ds. (79)
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By choosing 𝒦 := eC0T C0, inequality (77a) follows from Remark 4.17(b), and inequality (77b)
follows by applying (79) replacing Ψi by 𝒮n−1(Ψi), for i = 1,2. □

The following contractivity estimates holds true.

Lemma 4.19. For all Ψ1,Ψ2 ∈ 𝒫2(𝒞([0, T ],Rd ×𝒫(U))) and n = 1,2, . . . , we have that

W2(𝒮n(Ψ1),𝒮n(Ψ2)) ≤
√︃

(𝒦T )n

n! W2(Ψ
1,Ψ2), (80)

where 𝒦 is the constant from Lemma 4.18.

Proof. We proceed by induction to show that, for every n = 1,2, . . . and for every t ∈ [0, T ],

W 2
2,t (𝒮n(Ψ1),𝒮n(Ψ2)) ≤ (𝒦 t)n

n! W 2
2 (Ψ1,Ψ2). (81)

For n = 1, (81) is exactly (77a). Let us assume that (81) holds true for a given n − 1 ≥ 0. By 
(77b) and the inductive hypothesis, we can estimate

W 2
2,t (𝒮n(Ψ1),𝒮n(Ψ2)) ≤𝒦

t∫︂
0 

W 2
2,s(𝒮n−1(Ψ1),𝒮n−1(Ψ2)) ds

≤𝒦
t∫︂

0 

(𝒦 s)n−1

(n − 1)! W
2
2 (Ψ1,Ψ2) ds = (𝒦 t)n

n! W 2
2 (Ψ1,Ψ2),

which proves (81). Estimate (80) follows by taking t = T and by Remark 4.17(b). □
As a consequence of Lemma 4.19, in the next proposition we prove that the map 𝒮 has a 

unique fixed point.

Proposition 4.20. Under the hypotheses of Proposition 4.16, the map 𝒮 defined in (76) admits a 
unique fixed point in the space 𝒫2(𝒞([0, T ],Rd ×𝒫(U))).

Proof. Since the coefficient 
√

(𝒦T )n/n! < 1 for n sufficiently large, estimate (80) implies that 
the corresponding iterate 𝒮n is a contraction in the complete metric space 

(︁
𝒫2(𝒞([0, T ],Rd ×

𝒫(U))),W2
)︁
. A classical variant of the Banach–Caccioppoli fixed-point theorem (see, e.g., [18], 

see also [37]) allows us to conclude. □
4.4. Uniqueness of the solution to the meanfield problem

Analogously to what we did for the N -particle system in Proposition 3.15, we now prove 
continuous dependence on the initial data of the solution to (2). This result will allow us to 
deduce pathwise uniqueness of strong solutions to the McKean–Vlasov equation (2) in the class 
of strong solutions such that the map t ↦−→ Σt satisfies (51).
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Proposition 4.21. Let Y 1,0 and Y 2,0 be two F0-measurable, Rd × 𝒫(U)-valued random vari
ables with X1,0 and X2,0 belonging to Lp(Ω,F ,P ), with p ≥ 2. If Y 1 and Y 2 are strong 
solutions to problem (2) with initial datum Y 1,0 and Y 2,0, respectively, and such that the two 
maps t ↦−→ Σi,t = Law(Y i,t ) satisfy condition (51) for i = 1,2, then the following stability esti
mate holds true

E

[︃
sup 

u∈[0,t]
∥Y 1,u − Y 2,u∥p

Rd×F(U)

]︃
≤ eKtK0 E

[︂
∥Y 1,0 − Y 2,0∥p

Rd×F(U)

]︂
, (82)

where the constant K ≥ 0 depends on p, Lv , Lσ , L𝒯 , and T , and the constant K0 > 0 depends 
only on p.

Proof. The proof follows the scheme of that of Proposition 3.15. Indeed, by using Hölder in
equality, (15), (17a), and (17b), we can estimate, for all t ∈ [0, T ],

E

[︃
sup 

u∈[0,t]
∥X1,u − X2,u∥p

Rd

]︃

≤3p−1
(︃
E
[︂
∥X1,0 − X2,0∥p

Rd

]︂
+ tp−1E

[︃ t∫︂
0 

∥vΣ1,s
(Y 1,s) − vΣ2,s

(Y 2,s)∥p

Rd ds

]︃

+ cpt
p−2

2 E
[︃ t∫︂

0 

∥σΣ1,s
(Y 1,s) − σΣ2,s

(Y 2,s)∥p

Rd×m ds

]︃)︃

≤3p−1
(︃
E
[︂
∥X1,0 − X2,0∥p

Rd

]︂
+ T p−1E

[︃ t∫︂
0 

(︁
Lv(∥Y 1,s − Y 2,s∥Rd×F(U)

+ W1(Σ1,s ,Σ2,s))
)︁p ds

]︃

+ cpT
p−2

2 E
[︃ t∫︂

0 

(︁
Lσ (∥Y 1,s − Y 2,s∥Rd×F(U) + W1(Σ1,s ,Σ2,s))

)︁p ds

]︃)︃

≤3p−1
(︃
E
[︂
∥X1,0 − X2,0∥p

Rd

]︂
+ Kx

t∫︂
0 

(︂
E
[︂
∥Y 1,s − Y 2,s∥p

Rd×F(U)

]︂
+ W

p
1 (Σ1,s ,Σ2,s)

)︂
ds

)︃

where Kx := 2p−1
(︁
T p−1L

p
v + cpT

p−2
2 L

p
σ

)︁
. Similarly, by Hölder inequality and (17c), we can 

estimate, for all t ∈ [0, T ],

E

[︃
sup 

u∈[0,t]
∥Λ1,u − Λ2,u∥p

F(U)

]︃
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≤2p−1
(︃
E
[︂
∥Λ1,0 − Λ2,0∥p

F(U)

]︂
+ tp−1E

[︃ t∫︂
0 

∥𝒯Σ1,s
(Y 1,s ) − 𝒯Σ2,s

(Y 2,s)∥p

F(U) ds

]︃)︃

≤2p−1
(︃
E
[︂
∥Λ1,0 − Λ2,0∥p

F(U)

]︂
+ Kλ

t∫︂
0 

(︂
E
[︂
∥Y 1,s − Y 2,s∥p

Rd×F(U)

]︂
+ W

p

1 (Σ1,s ,Σ2,s)
)︂

ds

)︃

where Kλ := 2p−1T p−1L
p

𝒯 . By virtue of (2b), Σi,s = Law(Y i,s), for every s ∈ [0, T ] and for 
i = 1,2, so that, since W1 ≤ Wp and Law(Y 1,s , Y 2,s) ∈ Γ(Σ1,s ,Σ2,s), we estimate

W
p

1 (Σ1,s ,Σ2,s) ≤ W
p
p (Σ1,s ,Σ2,s) ≤ E

[︂
∥Y 1,s − Y 2,s∥p

Rd×F(U)

]︂
.

By combining the three previous estimates, we obtain

E

[︃
sup 

u∈[0,t]
∥Y 1,u − Y 2,u∥p

Rd×F(U)

]︃
≤2p−1

(︃
E

[︃
sup 

u∈[0,t]
∥X1,u − X2,u∥p

Rd

]︃
+E

[︃
sup 

u∈[0,t]
∥Λ1,u − Λ2,u∥p

F(U)

]︃)︃

≤K0 E
[︂
∥Y 1,0 − Y 2,0∥p

Rd×F(U)

]︂
+ K

t∫︂
0 

E

[︃
sup 

u∈[0,s]
∥Y 1,u − Y 2,u∥p

Rd×F(U)

]︃
ds,

where K0 := 6p−1 and K := 2
(︁
6p−1Kx + 4p−1Kλ

)︁
. We now show the boundedness of the func

tion

[0, T ] ∋ t ↦−→ v(t) := E

[︃
sup 

u∈[0,t]
∥Y 1,u − Y 2,u∥p

Rd×F(U)

]︃
.

Indeed, by virtue of a priori estimate (58), we have that, for all t ∈ [0, T ],

v(t) ≤ 2p−1
2 ∑︂

i=1 
E

[︃
sup 

u∈[0,t]
∥Y i,u∥p

Rd×F(U)

]︃
≤ 2p−1 max

{︁
CΣ1 ,CΣ2

}︁(︃
2 +

2 ∑︂
i=1 

E
[︁∥Xi,0∥p

Rd

]︁)︃
.

Thus, we can apply Grönwall inequality and obtain that, for all t ∈ [0, T ],

v(t) ≤ eKtK0 E
[︂
∥Y 1,0 − Y 2,0∥p

Rd×F(U)

]︂
,

which is (82). This concludes the proof. □
Pathwise uniqueness for the McKean–Vlasov equation (2) now follows immediately from 

Proposition 4.21. Indeed, by taking Y 1,0 = Y 2,0, p = 2, and t = T , estimate (82) yields that

E

[︃
sup 

t∈[0,T ]
∥Y 1,t − Y 2,t∥2

Rd×F(U)

]︃
= 0,
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whence

P

(︃
sup 

t∈[0,T ]
∥Y 1,t − Y 2,t∥2

Rd×F(U)
= 0

)︃
= 1,

which is (50). Pathwise uniqueness is proved. □
5. Propagation of chaos

In this section, we prove the propagation of chaos, that is, the solution to the N -particle 
problem (1) converges to the solution to the meanfield problem (2), as N → ∞.

We start by recalling that we work in the filtered probability space (Ω,F , (Ft )t∈[0,T ],P ), 
which is fixed once and for all, and that we assume that the fields v, σ , and 𝒯 satisfy the structural 
assumptions (17) and (18).

This section contains two main results. In Proposition 5.1, we prove that if we consider a 
sequence {(Y n

0 ,Bn)}∞n=1 of i.i.d. pairs of initial datum and Brownian motion, then the corre
sponding solutions to the meanfield problem (2) maintain the i.i.d. property. In Theorem 5.3, we 
prove the pathwise propagation of chaos through synchronous coupling [26, Section 3].

Proposition 5.1 (independence and identical distribution). Let {(Y n
0 ,Bn)}∞n=1 be a sequence 

of independent and identically distributed random variables, where {Yn
0 }∞n=1 is a sequence of 

F0-measurable, Rd × 𝒫(U)-valued random variables with Yn
0 = (Xn

0 ,Λn
0) and {Xn

0}∞n=1 ⊆
L2(Ω,F ,P ), and where {Bn}∞n=1 is a sequence of m-dimensional standard Brownian motions. 
Then, denoting with Y

n
the solution to the meanfield problem (2) constructed from the initial da

tum Yn
0 and the Brownian motion Bn (for every n ∈N+), the processes {Yn}∞n=1 are independent 

and identically distributed.

The proof is obtained from the following technical result concerning the structure of the map 𝒮
defined in (76). To better understand the meaning of Proposition 5.2 below, notice that the map 𝒮
defined in (76) is determined, in principle, by the initial datum Y 0 and by the Brownian motion 
B defining the auxiliary problem (59), see the beginning of Section 4.1. Actually, 𝒮 is solely 
determined by the law of the initial datum Y 0.

Proposition 5.2 (properties of the map 𝒮). Under the hypotheses of Proposition 4.16, the map 𝒮
defined in (76) is determined only by the law of the initial datum Y 0. More precisely, let Y

1
0 and 

Y
2
0 be two identically distributed initial data, let B

1
and B

2
be two m-dimensional Brownian 

motions, and let 𝒮1 and 𝒮2 be the maps defined in (76) by solving the auxiliary problem (59)

associated with the pairs (Y
1
0 ,B

1
) and (Y

2
0 ,B

2
), respectively. Then 𝒮1 = 𝒮2.

Proof. Let us consider two identically distributed initial data Y
1
0, Y

2
0 and two m-dimensional 

Brownian motions B
1
, B

2
. We want to show that, for a fixed measure Ψ ∈ 𝒫2(𝒞([0, T ],Rd ×

𝒫(U))), the laws of the solutions Y
1

and Y
2

to the auxiliary problems
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X
i

t = X
i

0 +
t∫︂

0 

vΨs (X
i

s,Λ
i

s) ds +
t∫︂

0 

σΨs (X
i

s,Λ
i

s) dB
i

s ,

Λ
i

t = Λ
i

0 +
t∫︂

0 

𝒯Ψs (X
i

s,Λ
i

s) ds ,

(83)

(i = 1,2) actually coincide. From the proof of well-posedness of the auxiliary problem (83) (see 
Proposition 4.7), we know that, for i = 1,2, the solutions Y

i = (X
i
,Λ

i
) are P -almost surely the 

uniform limit of the iterations {Y i

k}∞k=0, which we recall to be defined as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

X
i

k,t = X
i

0 +
t∫︂

0 

vΨs (X
i

k−1,s ,Λ
i

k−1,s ) ds +
t∫︂

0 

σΨs (X
i

k−1,s ,Λ
i

k−1,s) dB
i

s ,

Λ
i

k,t = e− t
θ Λ

i

0 + 1 
θ

t∫︂
0 

e
s−t
θ

(︂
Λ

i

k−1,s + θ𝒯Ψs (X
i

k−1,s ,Λ
i

k−1,s)⏞ ⏟⏟ ⏞
=𝒢Ψs (X

i
k−1,s ,Λ

i
k−1,s ) 

)︂
ds,

(84)

for k = 0,1,2, . . . and for all t ∈ [0, T ].
Let us begin by proving that the two processes (Y

1
k,B

1
) and (Y

2
k,B

2
) (considered as random 

variables from Ω with values in 𝒞([0, T ],Rd × 𝒫(U) × Rm)) are identically distributed for 
all k = 0,1,2, . . . We proceed by induction on k: the case k = 0 follows from the fact that, 
by hypothesis, Y

1
0 and Y

2
0 are F0-measurable, hence (see, e.g., Exercise 3.4c in [12, page 75]) 

they are independent of the Brownian motions B
1

and B
2

respectively. Therefore the random 
variables (Y

1
0,B

1
) and (Y

2
0,B

2
) are identically distributed since their joint law is the product of 

the laws of their components.

We consider now k ≥ 1 and we suppose that (Y
1
k−1,B

1
) and (Y

2
k−1,B

2
) are identically dis

tributed; to show that (Y
1
k,B

1
) and (Y

2
k,B

2
) have in turn the same law, we prove that their finite

dimensional distributions coincide, that is, for any finite collection of times t1, . . . , tr ∈ [0, T ], the 
random vectors (Y

i

k(t1),B
i
(t1), . . . , Y

i

k(tr ),B
i
(tr )), for i = 1,2, are identically distributed (the 

fact that we are working with continuous processes taking values in a separable Banach space 
ensures the applicability of the criterion). We observe that, for any time tj ∈ {t1, . . . , tr}, we can 
construct a sequence of partitions πk,j

h
:= {0 = τ0 < τ1 < · · · < τ

M
k,j
h

= tj }2 of the interval [0, tj ]
with vanishing amplitude as h → ∞, and such that

tj∫︂
0 

vΨs (Y
i

k−1,s) ds = lim 
h→∞

M
k,j
h −1∑︂
η=0 

vΨτη
(Y

i

k−1,τη
)(τη+1 − τη), P -a.s.

2 To be precise, each node τη ∈ π
k,j
h

should be labelled with k, j , and h; we omit this explicit dependence to keep the 
notation lighter.
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tj∫︂
0 

σΨs (Y
i

k−1,s) dB
i

s = lim 
h→∞

M
k,j
h −1∑︂
η=0 

σΨτη
(Y

i

k−1,τη
)(B

i

τη+1
− B

i

τη
) , in P -probability,

tj∫︂
0 

e
s−tj

θ 𝒢Ψs (Y
i

k−1,s ) ds = lim 
h→∞

M
k,j
h −1∑︂
η=0 

e
τη−tj

θ 𝒢Ψτη
(Y

i

k−1,τη
)(τη+1 − τη), P -a.s.

for i = 1,2; this is possible thanks to the properties of Lebesgue, Itō (see [12, Proposition 7.4]), 
and Bochner integrals, owing to the continuity of the integrands. Therefore, from the sequences 
of partitions {πk,j

h }∞h=1, j = 1 . . . , r , we can extract suitable subsequences of partitions (which we 

will denote with the same set of symbols πk,j
h ) such that all limits in P -probability are P -almost 

sure limits.
Therefore, for any j = 1, . . . , r and for i = 1,2, we can write that, P -almost surely,

Y
i

k(tj ) = lim 
h→∞Φ

k,j
h

(︁
Y

i

k−1(τ0),B
i
(τ0), . . . , Y

i

k−1

(︁
τ
M

k,j
h

)︁
,B

i(︁
τ
M

k,j
h

)︁)︁
,

where Φk,j
h : (Rd × 𝒫(U) × Rm)M

k,j
h +1 −→ Rd × F(U) is a suitable measurable map. Hence, 

we conclude that, P -almost surely and for i = 1,2, we have

(Y
i

k(t1),B
i
(t1), . . . , Y

i

k(tr ),B
i
(tr )) = lim 

h→∞Φk
h

(︁
Y

i

k−1(τ0),B
i
(τ0), . . . , Y

i

k−1

(︁
τMk

h

)︁
,B

i(︁
τMk

h

)︁)︁
where

τ0, . . . , τMk
h

∈ πk
h :=

r⋃︂
j=1

π
k,j
h

and Φk
h : (Rd ×𝒫(U)×Rm)M

k
h+1 −→ (Rd ×F(U)×Rm)r is a suitable measurable map, com

mon to i = 1,2. Since, by inductive hypothesis, (Y
1
k−1,B

1
) and (Y

2
k−1,B

2
) have the same law, 

and hence the same finite-dimensional distributions, we conclude that for all fixed h ∈ N we 
have

Law
(︁
Φk

h(Y
1
k−1(τ0),B

1
(τ0), . . . , Y

1
k−1(τNk

h
),B

1
(τMk

h
))
)︁

=Law
(︁
Φk

h(Y
2
k−1(τ0),B

2
(τ0), . . . , Y

2
k−1(τNk

h
),B

2
(τMk

h
))
)︁
.

By recalling that almost sure convergence implies weak convergence (that is, in duality with 
continuous and bounded functions) of the laws, we conclude that, for i = 1,2,

Law
(︁
Φk

h(Y
i

k−1(τ0),B
i
(τ0), . . . , Y

i

k−1(τMk
h
),B

i
(τMk

h
))
)︁

−−−⇀
h→∞ 

Law
(︁
Y

i

k(t1),B
i
(t1), . . . , Y

i

k(tr ),B
i
(tr )
)︁
,

but the previous argument shows that the two sequences on the left-hand side are actually the 
same sequence: by uniqueness of the weak limit of probability measures we deduce that
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Law
(︁
Y

1
k(t1),B

1
(t1), . . . , Y

1
k(tr ),B

1
(tr )
)︁= Law

(︁
Y

2
k(t1),B

2
(t1), . . . , Y

2
k(tr ),B

2
(tr )
)︁
,

and from the arbitrariness of times t1, . . . , tr we finally conclude that (Y
1
k,B

1
) and (Y

2
k,B

2
) are 

identically distributed.

To conclude the proof, we need to show that (Y
1
,B

1
) and (Y

2
,B

2
) have the same law. We 

proceed similarly to the last lines of the first part of the proof. We know that

(Y
i
,B

i
) = lim 

k→∞(Y
i

k,B
i
), P -a.s., for i = 1,2;

moreover, as shown earlier, for every k = 0,1,2, . . . , we have Law(Y
1
k,B

1
) = Law(Y

2
k,B

2
), 

therefore, relying again on the uniqueness of the weak limit, we conclude that Law(Y
1
,B

1
) =

Law(Y
2
,B

2
). Finally, by projecting onto the first component, it follows that Law(Y

1
) =

Law(Y
2
) and the proof is complete. □

Proof of Proposition 5.1. Let us begin by showing that the stochastic processes {Yn}∞n=1 are 
identically distributed. From the proof of the well-posedness of the meanfield problem (see 
Theorem 4.2), we know that Law(Y

n
) is the unique fixed point of the map 𝒮n defined as in 

(76) associating to the measure Ψ ∈ 𝒫2
(︁
𝒞([0, T ],Rd × 𝒫(U))

)︁
the law of the stochastic pro

cess solving the auxiliary problem (59) with data (Y n
0 ,Bn). Proposition 5.2 implies that all 

maps {𝒮n}∞n=1 actually coincide, since the random variables {(Y n
0 ,Bn)}∞n=1, and therefore the 

initial data {Yn
0 }∞n=1, are identically distributed. By uniqueness of the fixed point of the maps 

{𝒮n}∞n=1 (see Proposition 4.20), we conclude that Law(Y
1
) = Law(Y

2
) = · · · = Law(Y

n
) = · · · , 

thus proving the claim.
We now want to show that the family of sub-σ -algebras {σ(Y

n

t , t ∈ [0, T ])}∞n=1 of F is inde
pendent. By hypothesis, the family of sub-σ -algebras 

{︁
σ(Y n

0 ;Bn
t , t ∈ [0, T ])}︁∞

n=1 is independent. 
Letting N be the collection of the P -negligible elements of F , Lemma A.3 implies that also the 
family 

{︁
σ(Y n

0 ;Bn
t , t ∈ [0, T ];N )

}︁∞
n=1 is independent. By arguing as in Proposition 5.2, we can 

see that, for all t ∈ [0, T ], each random variable Y
n

t is measurable with respect to the σ -algebra 
σ(Y n

0 ;Bn
t , t ∈ [0, T ];N ). Indeed, Y

n

t is the P -almost sure limit of the sequence of iterations 
{Yn

k,t }∞k=0, which are, in turn, P -almost sure limits of σ(Y n
0 ;Bn

t , t ∈ [0, T ])-measurable func
tions. As a consequence, we have that, for all n ∈N+,

σ(Y
n

t , t ∈ [0, T ]) ⊆ σ(Y n
0 ;Bn

t , t ∈ [0, T ];N )

and since the family {σ(Y n
0 ;Bn

t , t ∈ [0, T ];N )}∞n=1 is independent, the same holds true for the 
family {σ(Y

n

t , t ∈ [0, T ])}∞n=1, and the proof is concluded. □
We are now in a position to state and prove the main result of this section, concerning the 

propagation of chaos as the number of particles N → ∞.

Theorem 5.3 (propagation of chaos). Let {(Y n
0 ,Bn)}∞n=1 be as in Proposition 5.1. For every 

fixed N ∈ N+, denote with Y 1,N , . . . , YN,N the stochastic processes solving the N -particle prob
lem (1), namely
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X
n,N
t = Xn

0 +
t∫︂

0 

v
Σ

n,N
s

(Xn,N
s ,Λn,N

s ) ds +
t∫︂

0 

σ
Σ

n,N
s

(Xn,N
s ,Λn,N

s ) dBn
s ,

Λ
n,N
t = Λn

0 +
t∫︂

0 

𝒯
Σ

n,N
s

(Xn,N
s ,Λn,N

s ) ds,

(n = 1, . . . ,N )

where Σn,N
t := 1 

N

∑︁N
j=1 δ

(X
j,N
t ,Λ

j,N
t )

, and denote with Y
1
, Y

2
, . . . the stochastic processes solving 

the mean field problems (2)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

X
n

t = Xn
0 +

t∫︂
0 

vΣs (X
n

s ,Λ
n

s ) ds +
t∫︂

0 

σΣs (X
n

s ,Λ
n

s ) dBn
s ,

Λ
n

t = Λn
0 +

t∫︂
0 

𝒯Σs (X
n

s ,Λ
n

s ) ds,

(n = 1,2, . . .) (85)

where Σt := Law(Y
1
t ) = Law(Y

2
t ) = · · · , for all t ∈ [0, T ]. Then

lim 
N→∞

(︃
max 

1≤n≤N
E

[︃
sup 

t∈[0,T ]
∥Yn,N

t − Y
n

t ∥2
Rd×F(U)

]︃)︃
= 0. (86)

The proof relies on the following two technical propositions.

Proposition 5.4. Under the hypotheses of Theorem 5.3, for all N ∈ N+, define the empirical 
measures

Σ
N := 1 

N

N∑︂
j=1 

δ
Y

j : Ω −→ 𝒫2(𝒞([0, T ],Rd ×𝒫(U))), (87)

associated with the N processes Y
1
, . . . , Y

N
, solving the first N instances of the meanfield 

problems (85). Define Σ := Law(Y
1
) = Law(Y

2
) = · · · . Then the following inequality holds:

max 
1≤n≤N

E

[︃
sup 

t∈[0,T ]
∥Yn,N

t − Y
n

t ∥2
Rd×F(U)

]︃
≤ 𝒞 E

[︂
W 2

2 (Σ
N

,Σ)
]︂
, (88)

where 𝒞 > 0 is a constant depending on Lv , Lσ , L𝒯 , and T .

Proof. For a fixed N ∈ N+ and t ∈ [0, T ], by applying Hölder and Burkholder–Davis--Gundy 
(15) inequalities, combined with the Lipschitz properties (17a) and (17b), we have that for all 
n = 1, . . . ,N
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E

[︃
sup 

u∈[0,t]
∥Xn,N

u − X
n

u∥2
Rd

]︃

≤2t E
[︃ t∫︂

0 

∥vΣN
s
(Y n,N

s ) − vΣs (Y
n

s )∥2
Rd ds

]︃
+ 8E

[︃ t∫︂
0 

∥σΣN
s
(Y n,N

s ) − σΣs (Y
n

s )∥2
Rd×m ds

]︃

≤2t E
[︃ t∫︂

0 

(︁
Lv

(︁∥Yn,N
s − Y

n

s ∥Rd×F(U) + W1(Σ
N
s ,Σs)

)︁)︁2 ds

]︃
+

+ 8E

[︃ t∫︂
0 

(︁
Lσ

(︁∥Yn,N
s − Y

n

s ∥Rd×F(U) + W1(Σ
N
s ,Σs)

)︁)︁2 ds

]︃

≤4(tL2
v + 4L2

σ ) ·E
[︃ t∫︂

0 

(︁∥Yn,N
s − Y

n

s ∥2
Rd×F(U)

+ W 2
1 (ΣN

s ,Σs)
)︁

ds

]︃
.

Analogously, by applying Hölder inequality and the Lipschitz property (17c), we have that

E

[︃
sup 

u∈[0,t]
∥Λn,N

u − Λ
n

u∥2
F(U)

]︃
≤ E

[︃
t

t∫︂
0 

∥𝒯ΣN
s
(Y n,N

s ) − 𝒯Σs (Y
n

s )∥2
F(U) ds

]︃

≤ t E
[︃ t∫︂

0 

(︁
L𝒯
(︁∥Yn,N

s − Y
n

s ∥Rd×F(U) + W1(Σ
N
s ,Σs)

)︁)︁2 ds

]︃

≤2t L2
𝒯 E
[︃ t∫︂

0 

(︁∥Yn,N
s − Y

n

s ∥2
Rd×F(U)

+ W 2
1 (ΣN

s ,Σs)
)︁

ds

]︃
.

Combining the previous inequalities, we obtain that, for all t ∈ [0, T ] and n = 1, . . . ,N ,

E

[︃
sup 

u∈[0,t]
∥Yn,N

u − Y
n

u∥2
Rd×F(U)

]︃
≤ 2E

[︃
sup 

u∈[0,t]
∥Xn,N

u − X
n

u∥2
Rd

]︃
+ 2E

[︃
sup 

u∈[0,t]
∥Λn,N

u − Λ
n

u∥2
F(U)

]︃

≤ 4(2tL2
v + 8L2

σ + tL2
𝒯 ) ·E

[︃ t∫︂
0 

(︁∥Yn,N
s − Y

n

s ∥2
Rd×F(U)

+ W 2
1 (ΣN

s ,Σs)
)︁

ds

]︃

≤ 4(2T L2
v + 8L2

σ + T L2
𝒯 ) ·

(︃
E

[︃ t∫︂
0 

∥Yn,N
s − Y

n

s ∥2
Rd×F(U)

ds

]︃
+E

[︃ t∫︂
0 

W 2
1 (ΣN

s ,Σs) ds

]︃)︃
.

We shall now estimate the last integral in the previous inequality. We note that, by triangle in
equality, for all s ∈ [0, t], we have

W1(Σ
N
s ,Σs) ≤ W1(Σ

N
s ,Σ

N

s ) + W1(Σ
N

s ,Σs),
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where Σ
N

t := (evt )♯Σ
N

; therefore we obtain that, for all t ∈ [0, T ],
t∫︂

0 

W 2
1 (ΣN

s ,Σs) ds ≤ 2

t∫︂
0 

W 2
1 (ΣN

s ,Σ
N

s ) ds + 2

t∫︂
0 

W 2
1 (Σ

N

s ,Σs) ds =: 2It + 2IIt .

We observe now that, by definition of the Wasserstein distance and by convexity of the square 
function, we have

It ≤
t∫︂

0 

(︃ ∫︂
(Rd×𝒫(U))2

∥x − y∥Rd×F(U) d

(︃
1 
N

N∑︂
i=1 

δ
(Y

n,N
s ,Y

n
s )

)︃
(x, y)

)︃2

ds

≤
t∫︂

0 

(︃
1 
N

N∑︂
i=1 

∥Yn,N
s − Y

n

s ∥Rd×F(U)

)︃2

ds ≤
t∫︂

0 

1 
N

N∑︂
i=1 

∥Yn,N
s − Y

n

s ∥2
Rd×F(U)

ds

and, since W1(Σ
N

s ,Σs) ≤ W2(Σ
N

s ,Σs) ≤ W2(Σ
N

,Σ), we immediately obtain that IIt ≤
T W 2

2 (Σ
N

,Σ). Therefore, by letting C0 := 4(2T L2
v + 8L2

σ + T L2
𝒯 ), we can write that, for all 

t ∈ [0, T ] and n = 1, . . . ,N ,

E

[︃
sup 

u∈[0,t]
∥Yn,N

u − Y
n

u∥2
Rd×F(U)

]︃
≤ C0

(︃
E

[︃ t∫︂
0 

∥Yn,N
s − Y

n

s ∥2
Rd×F(U)

ds

]︃

+ 2E

[︃ t∫︂
0 

1 
N

N∑︂
i=1 

∥Yn,N
s − Y

n

s ∥2
Rd×F(U)

ds

]︃
+E

[︂
2T W 2

2 (Σ
N

,Σ)
]︂)︃

≤C0

(︃ t∫︂
0 

max 
1≤n≤N

E

[︃
sup 

u∈[0,s]
∥Yn,N

u − Y
n

u∥2
Rd×F(U)

]︃
ds

+ 2

t∫︂
0 

1 
N

· N max 
1≤n≤N

E

[︃
sup 

u∈[0,s]
∥Yn,N

u − Y
n

u∥2
Rd×F(U)

]︃
ds + 2TE

[︃
W 2

2 (Σ
N

,Σ)

]︃)︃

≤3C0

t∫︂
0 

max 
1≤n≤N

E

[︃
sup 

u∈[0,s]
∥Yn,N

u − Y
n

u∥2
Rd×F(U)

]︃
ds + 2T C0E

[︂
W 2

2 (Σ
N

,Σ)
]︂
.

Now we can apply Grönwall inequality to the function

v(t) := max 
1≤n≤N

E

[︃
sup 

u∈[0,t]
∥Yn,N

u − Y
n

u∥2
Rd×F(U)

]︃
,

which is bounded on [0, T ] as a consequence of the a priori estimates (45) and (58) (with p = 2), 
to conclude that, for all t ∈ [0, T ],
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v(t) ≤ e3C0t2T C0 E
[︂
W 2

2 (Σ
N

,Σ)
]︂
,

and by substituting t = T we finally obtain estimate (88) with 𝒞 := e3C0T 2T C0. □
The next proposition, which is a consequence of the strong law of large numbers, can be found 

in [44, Lemma 4.7.1]; we present its proof in Appendix A.3 for the reader’s convenience.

Proposition 5.5. Let Zn : Ω −→𝒳 be a sequence of random variables defined on the probability 
space (Ω,F ,P ) taking values in a complete and separable metric space (𝒳 , d). Let us assume 
that the random variables {Zn}∞n=1 are i.i.d., and, for a certain p ∈ [1,+∞), they all have finite 
p-th moment. Then, by denoting with μ ∈ 𝒫p(𝒳 ) the common law of the Zn’s and with μN the 
empirical measure

μN := 1 
N

N∑︂
n=1 

δZn : Ω −→𝒫p(𝒳 ), N ∈N+,

we have

lim 
N→∞E

[︁
W

p
p (μN,μ)

]︁= 0. (89)

Thanks to Propositions 5.4 and 5.5, we can now obtain our propagation of chaos result.

Proof of Theorem 5.3. By Proposition 5.1, the processes {Yn}∞n=1 are i.i.d. with common law 
Σ ∈ 𝒫2(𝒞([0, T ],Rd ×𝒫(U))), so that (86) holds by combining (88) and (89) in Proposition 5.5, 
which we apply in the complete metric space 𝒳 = 𝒞([0, T ],Rd ×𝒫(U)) to the random variables 
Zn = Y

n
and with p = 2. □
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Appendix A. Proofs of some technical propositions

In this appendix, we present the proofs of some propositions with a more probabilistic flavour, 
which we left behind in the preceding text. To do so, we start by recalling some known facts on 
the measurability of maps with values in metric and Banach spaces: the statements of the next 
two propositions are borrowed from [60] and adapted to our needs.

Proposition A.1 ([60, Chapter I, Proposition 1.1]). Let (𝒜,A ) be a measurable space and 
let 𝒳 be a metric space endowed with its Borel σ -algebra B(𝒳 ). Let fn : 𝒜 −→ 𝒳 , n ∈ N , 
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be (A ,B(𝒳 ))-measurable maps. If the map f : 𝒜 −→ 𝒳 is the pointwise limit of the sequence 
{fn}∞n=0, then it is (A ,B(𝒳 ))-measurable.

Proposition A.2 ([60, Chapter II, Theorem 1.1]). Let (𝒜,A ) be a measurable space and E be 
a separable Banach space endowed with its Borel σ -algebra B(E). If f : 𝒜 −→ E then the 
following are equivalent:

(a) the map f is (A ,B(E))-measurable;
(b) for every continuous linear functional φ ∈ E∗, the function ⟨φ,f ⟩ : 𝒜 −→R is (A ,B(R))

measurable.

A.1. Proofs of Propositions 3.6 and 3.12

Proof of Proposition 3.6. We proceed by induction on n. By definition (33), we have that 
X0,t = X0 for all t ∈ [0, T ], therefore the initial (spatial) iteration is clearly continuous, and 
it is (Ft )t∈[0,T ]-adapted since, by hypothesis, the initial datum X0 is an F0-measurable random 
variable. We argue identically for the process 𝚲0.

We now consider n ≥ 0, and assume that the n-th iterations Xn and 𝚲n are continuous and 
(Ft )t∈[0,T ]-adapted. We first prove the continuity of the trajectories of Xn+1 and 𝚲n+1. Let 
ω ∈ Ω be fixed; we observe that the maps [0, T ] ∋ s ↦−→ 𝒗ΣN

n,s
(Xn,s,𝚲n,s)(ω) ∈ (Rd)N and 

s ↦−→ 𝓖ΣN
n,s

(Xn,s,𝚲n,s)(ω) ∈ (F (U))N are continuous, since they are obtained through the com
position of continuous maps, therefore they are integrable (in the sense of Lebesgue and Bochner 
respectively) and the two maps

t ↦−→
t∫︂

0 

𝒗
Σ

N,n
s

(Xn,s,𝚲n,s)(ω) ds, t ↦−→ 1 
θ

t∫︂
0 

e
s−t
θ 𝓖

Σ
N,n
s

(Xn,s,𝚲n,s)(ω) ds

are in turn continuous over [0, T ]. The inductive hypothesis also implies that the RdN×mN
valued process (𝝈

Σ
N,n
t

(Xn,t ,𝚲n,t ))t∈[0,T ] is continuous and (Ft )t∈[0,T ]-adapted, hence it is 
progressively measurable as a consequence of [12, Proposition 2.1], and satisfies the condition ∫︁ T

0 ∥𝝈
Σ

N,n
t

(Xn,t ,𝚲n,t )∥2
RdN×dm dt < ∞ everywhere on Ω. Therefore, it is integrable in the sense 

of Itō, and the map

t ↦−→
(︃ t∫︂

0 

𝝈
Σ

N,n
s

(Xn,s,𝚲n,s) dBs

)︃
(ω)

is continuous over [0, T ] by virtue of the continuity properties of stochastic integrals (see, 
e.g., [12, Theorem 7.3]). Recalling definition (32), we conclude that the maps [0, T ] ∋ t ↦−→
Xn+1,t (ω) ∈ (Rd)N and [0, T ] ∋ t ↦−→ 𝚲n+1,t (ω) ∈ (F (U))N are continuous, thus proving the 
claim concerning continuity.

We now show that both Xn+1 and 𝚲n+1 are (Ft )t∈[0,T ]-adapted. We start from the spa
tial components: owing to the progressive measurability of Xn and 𝚲n (coming, again, 
from [12, Proposition 2.1]), we deduce that, for every t ∈ [0, T ], the map Ω × [0, t] ∋
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(ω, s) ↦−→ 𝒗
Σ

N,n
s

(Xn,s,𝚲n,s)(ω) is Ft ⊗ B([0, t])-measurable; by the Fubini–Tonelli The
orem (see, e.g., [12, Theorem 1.2(a)]), we can conclude that, for every t ∈ [0, T ], the 
map Ω ∋ ω ↦−→ ∫︁ t

0 𝒗
Σ

N,n
s

(Xn,s,𝚲n,s)(ω) ds is Ft -measurable. By recalling that the random 

variable 
∫︁ t

0 𝝈
Σ

N,n
s

(Xn,s,𝚲n,s)dBs is Ft -measurable, we conclude that so is Xn+1,t , whence 
the process Xn+1 is adapted. Since 𝚲n+1,t takes valued in the separable Banach space 
((F (U))N ,∥·∥(F (U))N ), by virtue of Proposition A.2, we conclude if we show that, for every 
continuous linear functional φ ∈ ((F (U))N)∗, the real-valued map Ω ∋ ω ↦−→ ⟨φ,𝚲n+1,t (ω)⟩ is 
Ft -measurable. By taking φ ∈ ((F (U))N)∗, we have that

⟨φ,𝚲n+1,t (ω)⟩ = e− t
θ ⟨φ,𝚲0(ω)⟩ + 1 

θ

t∫︂
0 

e
s−t
θ

⟨︂
φ,𝓖

Σ
N,n
s

(Xn,s,𝚲n,s)(ω)
⟩︂
ds, (A.1)

where we have used [63, Chapter 5.5, Corollary 2] to swap the time integral and the duality ac
tion. Since the integral in (A.1) is a Lebesgue integral, we can argue as for the spatial components 
to obtain that the map Ω ∋ ω ↦−→ 1 

θ

∫︁ t

0 e
s−t
θ

⟨︁
φ,𝓖

Σ
N,n
s

(Xn,s,𝚲n,s)(ω)
⟩︁
ds is Ft -measurable. We 

conclude by arbitrariness of φ. □
Proof of Proposition 3.12. Letting t ∈ [0, T ] and n = 0,1,2, . . . , by defining the random vari
able ˜︁Yn,t : Ω −→ (Rd × F(U))N as

˜︁Yn,t (ω) :=
{︄

Yn,t (ω), ω ∈𝒵c,

𝒚̃, ω ∈𝒵,

we can write Yt (ω) = limn→∞˜︁Yn,t (ω), for every ω ∈ Ω. Proposition 3.6 grants that, for every 
n = 0,1,2, . . . , the random variables Yn,t are Ft -measurable. Since the filtration (Ft )t∈[0,T ] is 
standard, 𝒵 ∈ Ft , so that the random variables ˜︁Yn,t are Ft -measurable. Since Yt is the pointwise 
limit of a sequence of Ft -measurable random variables, by Proposition A.1, we conclude that it 
is Ft -measurable. The thesis follows from the arbitrariness of t . □
A.2. On the independence of sub-σ -algebras augmented by null sets

Lemma A.3. Let (Ω,F ,P ) be a probability space, and let N ⊆ F be the collection of its P
negligible subsets. If {Aα}α∈I is an independent family of sub-σ -algebras of F , so is the family 
{A α}α∈I , where A α := σ(Aα ∪ N ), for all α ∈ I .

Proof. We want to show that, for any finite collection of indices α1, . . . , αr ∈ I , and for any 
choice of A1 ∈ A α1 , . . . , Ar ∈ A αr , we have

P (A1 ∩ · · · ∩ Ar) =
r∏︂

i=1 
P (Ai). (A.2)

By a repeated application of the coincidence criterion for finite measures [12, Theorem 1.1 and 
Remark 1.1], it is straightforward to check that it suffices to verify condition (A.2) for A1 ∈ Cα1 , 
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. . . , Ar ∈ Cαr , where Cαi
⊆ A αi

(for i = 1, . . . , r) is a subclass which is stable with respect to 
finite intersection and such that σ(Cαi

) = A αi
. In the present case, we may choose the subclasses

Cαi
:= {A ∩ N : A ∈ Aαi

and either N = Ω or N ∈ N }, for i = 1, . . . , r ,

which satisfy the desired properties. We observe that two cases can arise: either all the sets 
A1, . . . ,Ar are of the form Ai ∩ Ω with Ai ∈ Aαi

, and in this case (A.2) is satisfied owing to the 
assumed independence of the family {Aα}α∈I , or one of the sets A1, . . . ,Ar (say A1) is of the 
form A1 ∩ N1 with A1 ∈ Aα1 and N1 ∈ N , in this case we have that

P (A1 ∩ · · · ∩ Ar) = P (A1 ∩ N1 ∩ · · · ∩ Ar ∩ Nr) = 0 =
r∏︂

i=1 
P (Ai ∩ Ni) =

r∏︂
i=1 

P (Ai),

since both A1 ∩ N1 ∩ · · · ∩ Ar ∩ Nr and A1 ∩ N1 are contained in the negligible set N1. □
A.3. Proof of Proposition 5.5

To obtain the proof of Proposition 5.5, the following generalization of Lebesgue’s Dominated 
Convergence Theorem is needed.

Proposition A.4 ([33, Theorem   1.20]). Let (E,E , ν) be a measure space and, for all N ∈ N+, 
let gN ,g be ν-integrable functions, and fN ,f be measurable functions. Assume that

(a) limN→∞ fN = f , ν-a.e.;
(b) |fN | ≤ gN , for every N ∈ N+;
(c) limN→∞ gN = g, ν-a.e.;

(d) lim 
N→∞

∫︂
E

gN dν =
∫︂
E

g dν.

Then the functions {fN }∞N=1 and f are ν-integrable and it holds

lim 
N→∞

∫︂
E

fN dν =
∫︂
E

f dν.

Proof of Proposition 5.5. We start by showing that for almost every ω ∈ Ω we have that 
W

p
p (μN(ω),μ) = 0. By [61, Theorem 6.9], this is equivalent to showing that there exists a P

negligible set 𝒩 ∈ F such that, for every ω ∈𝒩 c, the following conditions hold:

(i) (convergence of p-th moments) for some z0 ∈𝒳 ,∫︂
𝒳

d(z, z0)
p d(μN(ω))(z) −→

∫︂
𝒳

d(z, z0)
p dμ(z), as N → ∞,

(ii) (weak convergence, in duality with 𝒞b(𝒳 )) μN(ω)
 −⇀ μ, as N → ∞.

56 



A. Baldi and M. Morandotti Journal of Differential Equations 466 (2026) 114329 

To show (i), we observe that the real-valued random variables {d(Zn, z0)
p}∞n=1 are i.i.d. and have 

finite first moment. Thus, we can apply the strong law of large numbers [13, Theorem 22.1] to 
deduce the existence of a P -negligible set 𝒩0 ∈ F such that, for every ω ∈𝒩 c

0 ,

∫︂
𝒳

d(z, z0)
p d(μN(ω))(z) = 1 

N

N∑︂
n=1 

d(Zn(ω), z0)
p −−−−→

N→∞ 
E[d(Z1, z0)

p] =
∫︂
𝒳

d(z, z0)
p dμ(z).

To show (ii), we use the fact that, being 𝒳 a separable space, it suffices to test the convergence 
condition on a suitable countable collection {φk}∞k=1 ⊆ 𝒞b(𝒳 ) (see the discussion at the beginning 
of [44, Section 2.2.2]). By applying, for every fixed k, the strong law of large numbers to the real
valued random variables {φk(Zn)}∞m=1 (which turn out to be i.i.d. and with finite first moment), 
we conclude that for a certain P -negligible set 𝒩k ∈ F , we have that, for every ω ∈𝒩 c

k ,

∫︂
𝒳

φk(z) d(μN(ω))(z) = 1 
N

N∑︂
n=1 

φk(Zn(ω)) −−−−→
N→∞ 

E[φk(Z1)] =
∫︂
𝒳

φk(z) dμ(z).

Now the set 𝒩 := ∪∞
k=0𝒩k belongs to F , is P -negligible, and, for every ω ∈ 𝒩 c, we have 

W
p
p (μN(ω),μ) → 0, as N → ∞, as desired.
To obtain (89), we need to pass to the limit under the expectation, so that

lim 
N→∞E

[︁
W

p
p (μN,μ)

]︁= E
[︂

lim 
N→∞W

p
p (μN,μ)

]︂
= 0.

To show the first equality above, we apply Proposition A.4 with (E,E , ν) = (Ω,F ,P ),

gN(ω) := 1 
N

N∑︂
n=1 

∫︂
𝒳

d(Zn(ω), z)p dμ(z), for all N , and g(ω) := E

[︃∫︂
𝒳

d(Z1, z)
p dμ(z)

]︃
,

fN(ω) := W
p
p (μN(ω),μ), for all N ∈ N+, and f (ω) := 0. Indeed, condition (a) follows from 

what we have just proved; condition (b) is a consequence of the definition of Wp by taking 
μN(ω) ⊗ μ as a competitor in (6); condition (c) follows from the strong law of large numbers 
applied to the i.i.d. random variables 

∫︁
𝒳 d(Zn, z)

p dμ(z); finally, condition (d) is a conse

quence of the identical distribution of Zn, so that E[gN ] = 1 
N

∑︁N
i=1 E[∫︁𝒳 d(Zn, z)

p dμ(z)] =
E[∫︁𝒳 d(Z1, z)

p dμ(z)] = E[g]. The proof is concluded. □
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