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Abstract— This manuscript sheds light into the fundamental
importance of the Principles of Local Activity and Edge of
Chaos for the future design of innovative circuits, which,
employing biomimetic memristive devices, are ideally suited for
the development of energy-efficient artificially-intelligent
technical systems. The focus of the work is the design of a
Second-Order Reactance-Less Oscillator, across which
oscillations may develop if and only if at least one of its two
different volatile thermally-activated memristor physical
realizations is biased along a negative differential resistance
branch of the respective DC locus, which turns it into a source
of local energy. Very importantly, the proposed cell is first found
to lock in the oscillatory mode out of a local Hopf Supercritical
Bifurcation when its design parameters are chosen from the
Edge of Chaos region, providing clear evidence for the high
degree of excitability it acquires as a result.

Keywords—Edge of Chaos, Local Activity, Negative
Differential Resistance, Memristors, Reactance-Less Thermally-
Activated Memristor Oscillators, Energy-Efficient Bio-Inspired
Electronics, Artificial Intelligence Edge Computing Applications

I. INTRODUCTION

The focus of the scientific community is currently directed
intensively and extensively on disruptive nanoscale
memristive devices, which, featuring rather unique
properties, promise to boost the performance of technical
systems for Artificial Intelligence applications, allowing
especially the implementation of energy-efficient Edge
Computing paradigms. While nonvolatile memristors are
typically employed as programmable resistors arranged in
dense crossbar arrays to accelerate matrix-vector
multiplications, i.e. the basic operations in machine learning
algorithms, or, alternatively, to store data in resistance form,
allowing the physical realization of in-memory computing
paradigms, the potential of biomimetic volatile memristors
[1]-[3] endowed with Local Activity [4], i.e. the capability to
act as sources of small-signal or infinitesimal or local energy
under suitable polarization, similarly as the ion channels in
neuronal membranes, to boost the energy efficiency and data-
processing functionalities of electronic circuits so to address
the Industry 4.0 demanding needs, is yet to be fully
uncovered.

Recently, the extremely-rich nonlinear dynamics of
memristive nanodevices of this kind [5], especially as they
operate on the stable part of their local activity domain,
referred to as Edge of Chaos [6], has been leveraged in
various works to reproduce complex phenomena, including
symmetry-breaking effects [7] and vital neuronal bifurcations
[8], emerging across high-order biological systems through
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lower-order electrical circuits, which clearly shed light into
the captivating opportunities they open up in the field of
energy-efficient bio-inspired electronics [9].

Recently, we showed how a simple second-order electrical
network, composed of two identical and diffusively-coupled
reaction cells, each of which including one niobium oxide
(NbOx) memristor [5] from NaMLab [10] and one DC
current source only, is capable to support static pattern
formation via Turing instability as the passive and linear
coupling resistance is decreased below a critical local
bifurcation threshold, provided the single cell is poised on the
Edge of Chaos on its own [11]. The reactance-less reaction-
diffusion network was however unable to lock in some
oscillatory operating mode. This paper presents an even
simpler second-order analogue electronic cell, which requires
just two distinct thermally-activated locally-active
memristors, namely a current-controlled NbOx threshold
nano-switch [5] from NaMLab and a voltage-contolled
positive temperature coefficient (PTC) thermistor [12], and a
couple of independent sources, generating a DC current and
a DC voltage, respectively, to sustain steady-state limit-cycle
oscillations. Critical to the oscillator design and at the origin
for the use of two DC sources in its circuit is ensuring that the
S-shaped DC locus of the current-controlled threshold switch
may cross the N-shaped DC load line extracted from the DC
locus of the voltage-controlled thermistor in such a way that
at least one of the two memristors is poised at some Negative
Differential Resistance operating point. Most importantly, an
in-depth nonlinear circuit-theoretic analysis allows to
demonstrate how fundamental is for the proposed cell to enter
the excitability regime of the Edge of Chaos for the
emergence of infinitesimally-small almost-sinusoidal
oscillations across its circuit out of a local Hopf supercritical
bifurcation [13]. A rigorous analysis of the local and global
dynamics of the thermally-activated cell under sweep in
either of the two bias sources allows to identify regions of the
plane, spanned by these two parameters, endowing it with an
oscillatory modus operandi, which correspondingly allows to
optimize the design so as to prevent nonidealities to ever
quench the oscillations. Before devoting efforts to realize the
oscillator in hardware, we shall next investigate whether the
use of other locally-active memristor physical realizations
may allow to simplify the bias circuitry of the proposed cell,
while concurrently enlarging the region of the design
parameter space where it operates as desired. The ultimate
goal of this research is to identify bio-inspired circuit
topologies which may be integrated densely across artificial
neural networks and solve challenging problems through



some intelligent and energy-efficient form while operating on
the Edge of Chaos, which could be triggered by opportune
stimuli at regular time intervals or on demand.

II. MODELS OF MEMRISTORS ON EDGE OF CHAOS

The next two sections present the two memristors on Edge of
Chaos [14] to be employed later on for the design of a second-
order reactance-less thermally-activated oscillator.

A. THE PTC THERMISTOR

The nonlinear dynamics of a voltage-controlled PTC
thermistor M may be described by the combination between
an ordinary differential equation (ODE) of the form [12]

T =T(T,vy) =8 Hz' - (To = T) + Goe (T) - H* - 03, (1)
and an algebraic constraint reading as

vy (T, UMT) = GMT (T)- Uners 2
where the device temperature T encodes its volatile state,
Vaep and I, stand for its voltage and current respectively,
whereas Gyr.(T), denoting its memductance function, is

given by
GMT(T) = Go " exp(—f - (T — Tp)). 3)
The values for the model parameters 8, H., Ty, G, and f are
reported in Table I.
Table I. PTC thermistor model parameter setting. Physical units are omitted.
4 He Ty Go B
48 4.8-107 300 15 10-10°

The DC current Iy, o4 versus voltage Vy,,. ., characteristic
of the PTC thermistor is shown in Fig. 1, where a magenta
(blue) branch includes DC bias points, where the device
admits a positive (negative) differential resistance, referred to
via the acronym PDR (NDR) in the remainder of this

manuscript.
60

——PDR branch I
40 ——NDR branch ) \
20 [

0 |

20 (
-40 \"

-60
AP A 15 P 9B O (95 B 1B A 9

Vivtyeq/V

Fig. 1 DC Iy, eq versus Vi, o characteristic of the voltage-controlled PTC
thermistor. Each bias point Par, = (Vagpeqr Inpeq) 1 unequivocally
associated to a device operating point @, = Teq. The locus of the voltage-
controlled device has a N shape on the first quadrant of the Iy, ., versus
Vitr,eq Dlane.

Table II reports the expressions for the PTC thermistor local
model parameters as a function of the respective operating
point Q.

Table I1. PTC thermistor local model coefficients about Qs -

Tty cq/mA

The local admittance YQMT of My about Q,r,, may be
expressed as

YQMT (s) = Ky,

Ay

5=2y,

' S—p - ? (4)
Yony

where the formulas for the scaling factor, the zero and the

pole are given in Table II.

Table II. Formulas for scaling factor, zero and pole of the admittance of the

cell in (a) at the respective input port about Q..

KYQMT = 1/ (Runtr.oney I R2aer,01e,)

Loy = =1/ Cotr, 016, * Rarer,00c, + R2061,00,))

Praye, = =1/ Cotrore " Rarerape,)

Rintr.0uey = O60,0a0p/ (O0er,050, " Ar.0ae, — D2er,0aey * CMr0ae,)

Ronr0uey = er.0aep/ Brer.0acy * C3r0ae,)

i . 2
Corae, = ~D3er,0aey " E3r.0a0p/ Bt aey

It may be demonstrated that RZ'MTrQMT and CMT,QMT are

always positive irrespective of Q.. On the other hand,
Rl:MTrQMT is negative at any operating point Qpe,
corresponding to a NDR bias point P, , whereas it is
positive elsewhere. Observing also that RLMT.QMT +
RZ,MT,QMT features the same polarity as Rl.MT,QMT for any

Q> the application of the Local Activity Theorem and of

the Edge of Chaos Corollary [6] allows to conclude that the

voltage-controlled PTC thermistor may only operate on the

Edge of Chaos at some operating point @, where

concurrently the two inequalities py o < 0 and zy >0
M Qump

apply, which is the case if and only if Py, lies on the NDR
branch of the I, .4 versus Vi, .4 locus.

B. THE NIOBIUM OXIDE THRESHOLD NANO-SWITCH
The model [5] of a NbOx threshold nano-switch M, ,
manufactured at NaMLab [10], combines a state equation of

the form
v — 7 = . . “ 2
X=x(x,vp,) = +a; x+ (b +cy x+cppx°+

Co3 X3 + Cpg " XM Cps - X°) U, (5)
and an Ohm-based law reading as
vy = vy (X Vag,) = Gagy, () * Vi (6)

where x encodes the volatile state of the device, iyr,, (Var,,)
denotes the current (voltage) flowing (falling) through
(across) its physical stack, while Gy, (x), standing for its
memductance function, admits the formula

Gy () =do+dy " x+dy x* +dy - x> +dy - x* (7)
Despite the voltage variable v, appears on the right-hand
sides of equations (5) and (7), the NaMLab memristor is a
current-controlled  device from a circuit-theoretic
perspective. Table III reports the values of the model
parameters a,, aq, by, C21, €22, C23, Cos, Ca5, dg, dq, dy, d3,

a 2 (9T /aT b 2 (9T /dv.
e, Quey = ( 2/ ., _ 2, 0ne, 2= (OT/ MT)|Q]_%11 and d,.
=B Gagp(Teq) " Vi oq +6) - H 2 Viagpeq " Gaer(Teq) - He Table I1I. NbOx switch model parameter setting. Physical units are omitted.
Sararey = @/OT)) Doarqrey 2 @i/ 003, 4 | o [ b | oy C22 Ca | cu
M Mr 519-10° | —2.05-107 | 7.21-10° | —7-107 | 2.27-10° | —240 | 0.125
- GMT(Teq) ) VMT,eq GMT(TELZ) Cos dy dy d, d dy
One of the possible circuit representations of the device -269-10° | 65-107 | —6.66-107° | 2.14-1077| —214-107° | 1.19-107"

small-signal model about @y, is shown in Fig. 2(a).
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Fig. 2 A possible circuit-theoretic representation of the local model of the
voltage-controlled PTC thermistor about Q. (a), and of the current-
controlled NaMLab NbOx memristor about @Q,¢,, (b) [15].

The DC current I, .q versus voltage Vi, o locus of the
NaMLab memristor is illustrated in Fig. 2, where a black
(red) branch includes DC bias points, where the device admits
a PDR (NDR).

The formulas for the NaMLab memristor local model
parameters as a function of the respective operating point
Qxr,, are reported in Table IV. A possible circuit-theoretic
representation of the NaMLab memristor local model about



Qxr,, 1s depicted in plot (b) of Fig. 2. The local impedance

ZQMM of M), about Qy,, may be expressed as
Zo () =K, -0 ®)
Qaty ZQneyy $7Pzg,, '
M

where the formulas for the scaling factor, the zero and the
pole are given in Table V.
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Fig. 2 DC Iyr,, eq Versus Vi, oq characteristic of the NaMLab memristor.
Each bias point Py, = (Vary,eqr Incyeq) 18 unequivocally associated to a
device operating point Qyr,, £ Xeq.
device has a S shape on the first quadrant of the Iy, .q versus Vy,, .q plane.
Table IV. NaMLab memristor local model coefficients about Qg .
Bti000yy = O/l gy,

A+ Vineq (€1 + 2 Cop Xoq +3 oz X2q + 4 Cou Xoq + 5 o5 X2

The locus of the current-controlled

Dty 0ney, = (0)&/617MM)|QMM

2+ (by + a1 Xeg + €22 'Xezq +C23 'ng + C2q 'ng + C25 'Xesq) *Vatueq

Crurey 2 Olaa, /00|,
M
(di+2-dyXeg+3-d3- X2 +4-dy X3)  Varyeq
A2ty 030y, = Dingy /auMM)|QMM
Gy Keq)
Table V. Formulas for scaling factor, zero and pole of the impedance of the
linear circuit in (b) at the respective input port about Qg -
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It can be proved that RZ.MM,QMM and LMM.QMM are strictly

positive, irrespective of Qyr,, , whereas Ry ,, admits a
negative sign at any operating point Qy,, corresponding to a
NDR bias point P, , keeping positive-valued otherwise.
Therefore, applying the Local Activity Theorem and the Edge
of Chaos Corollary [6], the current-controlled NaMlab
memristor is found to work on the Edge of Chaos around
some operating point Q,, if and only if two inequalities,
specifically Pzgy. < 0 and 2200 > 0 , hold true
M M

simultaneously, which may only apply when P, sits on a
NDR branch of the Iy, ¢q Versus Vy,, .4 characteristic.

III. THERMALLY-ACTIVATED OSCILLATOR

This section presents the main steps of the systematic
methodology adopted for the design of a bio-inspired second-
order oscillator, where the only dynamic circuit elements are
the two memristors on Edge of Chaos described in sections
II.A and IL.B, respectively.

A. CIRCUIT TOPOLOGY

In the oscillator of Fig. 3(a), the one-port, featuring terminals
A and B, consists of the parallel connection between one

NaMLab threshold nano-switch Mwm [5] and the series

combination between a PTC thermistor Mr [12] and a DC
voltage source V, and is driven by a bias current source 1.

I ZMMVQMM

(b)
Fig. 3 (a) Thermal oscillator. (b) Local equivalent circuit model of the cell in
(a) about an operating point Qg = (Qarys Qary,)-

A.1 Model

The differential algebraic equation (DAE) set, capturing the
bio-inspired operating principles of the proposed second-
order reactance-less thermally-activated oscillator, is
composed of two ODEs, specifically

T =T(T, Vi, — V), and Q)
% = (X, Uy, ), (10)
and one algebraic constraint, namely

_ I+Gr(MV
UM = G+ Gr (i

A.2 Conditions For the Emergence of Self-Sustained Limit-
Cycle Oscillations via Hopf Supercritical Bifurcation

In order for the cell of Fig. 3(a) to undergo infinitesimally-
small  self-sustained  almost-sinusoidal  oscillations,
originating from a local Hopf Supercritical Bifurcation [13],
the bias stimuli V and I should be chosen so as to satisfy the
conditions to follow:

1) The DC Ippy,eq versus Vig, oq characteristic of the
NaMLab threshold switch crosses the respective nonlinear
load line, expressed by

IMM,eq =1- GMT(Teq) ' (VM,eq - V)a (12)
in a unique point Py, , where at least one of the two
memristors My and M), admits a NDR around the
respective operating point.

2) Fixing one of the two bias stimuli, say V, while tuning the
other, here I, the poles of the local impedance Z; 4, of the
oscillator of Fig. 3(a) at the port A-B about its unique
operating point, defined as Q¢ = (Qrp» Uary) » form a
complex conjugate pair, crossing together the imaginary axis
from left to right, as the DC current I attains a specific
threshold Iy, signaling the occurrence of a local Hopf
Supercritical Bifurcation in the proposed bio-inspired circuit.
A case study from one of the three possible scenarios, where,
particularly, the crossing point P, between the DC locus
of the threshold switch and the associated nonlinear load line
triggers NDR effects in both memristors, is described below.

B. CASE STUDY: BOTH DEVICES ON EDGE OF CHAOS

Notions from the principles of Local Activity and Edge of
Chaos [6] and techniques from nonlinear circuit and system
theory [22] are invoked to determine suitable values for the
bias parameters V and I, which, allowing to fulfill both
conditions 1) and 2) from section A.2, induce self-sustained
oscillations originating out of a local Hopf Supercritical
Bifurcation [13] across the proposed bio-inspired all-
memristor oscillator of Fig. 3(a) in the scenario where both
memristors are poised on NDR bias points. In our exemplary
case study, setting V to 0.75V, if and only if I is chosen from
the range [52.0716,71.5928]mA, is the thermally-activated
oscillator poised on a unique operating point Q 4, whose first
(second) component Qr ( Q4 ) corresponds to a NDR
operating point Py (Py¢,,) for the PTC thermistor (NbO



threshold nano-switch), as indicated in Fig. 4. Applying the
Local Activity Theorem [6] to the impedance Zo,0 o seen at
the input port of the circuit of Fig. 3(b) at Qp, as I is
decreased from 71.5928mA to 52.0716mA, the cell in Fig.
3(a) is found to transition from the Edge of Chaos operating
regime to the instability domain when I descends down to the
Hopf Supercritical Bifurcation threshold of Iz =
68.9415mA . Fig. 5 demonstrates the uniqueness of the
unstable oscillator operating point, when I is let equal to
55mA, while Fig. 6 visualizes the time evolution of the
sustained oscillations, which consequently develop across the
cell of Fig. 3(a).

@——————— M, Poised on the Rightmost NDR Branch —————>,
&— M, —>@—— ‘M, Poised on the Rightmost NDR Branch —————>;
Poised
on the
PDR
Branch
e— Qo —>— Qp —><«— Qy —>c——— Q, Unstable Node ———>
Stable Stable Unstable
Focus Focus Focus
Ye—— Q, is not unique! —> V. W
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Fig. 4 Unfolding the local behavior of the two-memristor oscillator around
an operating point Q4 at which the PTC thermistor (NaMLab memristor) is
poised on the rightmost blue (red) branch of its DC current Iy, eq (Ingy,eq)
versus voltage Var, eq (Vagy,eq) characteristic for V- = 0.75V. As verified via
phase-portrait investigation, as [ is decreased from 100.1971mA to
43.6013mA, oscillations are found to emerge across the bio-inspired cell out
of a Hopf Supercritical Bifurcation when the DC current descends down to
68.9415mA. The cell keeps locked in the oscillatory operating mode for any
other smaller DC current until [ is decreased down to 52.0716mA, when,
with reference to Fig. 5, the minimum of the nonlinear load line becomes
tangent to the PDR branch of the NaMLab memristor DC locus, which
induces a Saddle-Node Bifurcation across the cell of Fig. 3(a), found to admit
two additional operating points, one unstable, similarly as Q, and the other
stable, for all lower DC input current / values in the range under sweep.

V =0.75V,1 mA

77777 NaMLab memristor DC locus

100 - NaMLab memristor load line

= 551

20
A A P 0P (8 O (95 o (1O N 4P

Viorea/V
Fig. 5 Determination of the operating point Pyr,, = (Viyeq Imeq) Of the
threshold switch in the cell from Fig. 3(a) as the crossing (open circle)
between the DC I, versus V), locus of Fig. 2 and the nonlinear load line from
equation (12). Here Vy.q = 0.917V and Iy, = 7.310mA . The only
oscillator operating point Qy = (Q, @), with Q7 = 300.000K and Q =
513.318, is unstable.

300.0008

V =0.75V, I = 55mA

1000

300.0006 800
o]
=~ 300.0004 600 =
=

300.0002 400

300 200
997.5 998 998.5 999 999.5 1000

t/us
Fig. 6 Blue (red) trace: steady-state oscillatory behaviour of the state of the
thermistor (NbOx memristor) in the cell of Fig. 3(a) for V = 0.75V and I =
55mA.

IV. CONCLUSIONS

The recent report of a metallic wire, which, when immersed
on a physical medium based upon lanthanum cobaltite and
biased on the Edge of Chaos, is capable to amplify small-
signals without the need to accommodate repeaters along its
extension [16] has provided experimental proof of evidence
for the extraordinary add-on functionalities, which an
otherwise dumb physical system may showcase while poised
on a stable yet highly-excitable locally active operating point.
This discovery motivates further research on materials
blessed with the capability to operate on the Edge of Chaos.
Recently we explored the potential of certain volatile
memristor physical realizations, featuring a negative
differential resistance under suitable polarization, to induce
the development of emergent biological phenomena,
including spatio-temporal pattern formation ([7], [17]-[18]),
across reaction-diffusion cellular neural networks, or to allow
the design of innovative bio-plausible electronic neurons ([8],
[19]-[20]). In another publication [11] we revealed how an
electrical circuit, composed of three resistors, two memristors
on Edge of Chaos and two DC voltage sources may undergo
symmetry-breaking phenomena, similarly as those observed
by Alan Turing in a biological array of reaction cells let
interact via diffusion processes, while employing half the
number of degrees of freedom relative to the reference
system. Yet, the proposed reactance-less circuit was unable
to support sustained limit-cycle oscillations on its own. On
the other hand, adding just one linear capacitor across a
memristor, preliminarily poised on the Edge of Chaos
through a simple bias circuit, suffices to trigger the
development of oscillations [9] and even chaos [21] across
the overall electrical system. In this paper we design a novel
all-memristor circuit, which, differently from the electrical
network in [11], may lock into an oscillatory operating mode.
Powerful concepts from the Local Activity Principle [6] and
methods from Bifurcation Theory [22] were employed to
derive the conditions necessary for the proposed second-
order cell, accommodating just two different physical
memristors, featuring in turn a N- and a S-shaped DC
characteristic, and a couple of bias sources, of current and
voltage form, respectively, to experience a local Hopf
supercritical bifurcation [13] spawning infinitesimal quasi-
sinusoidal oscillations across its circuitry at steady state.
Fundamental to the development of sustained oscillations
across the cell is the polarization of at least one of the two
memristors along a negative differential resistance branch of
the respective DC locus. Importantly, for one of the three
admissible scenarios, and precisely when negative
differential resistance effects are triggered across both
memristors, we demonstrated that the Hopf bifurcation
occurs across the proposed all-memristor circuit when the
bias parameter setting sets it at the frontier between the
highly-excitable Edge of Chaos domain and the instability
regime. This work is intended to inspire future studies aiming
to the development of robust building blocks [23]-[24],
combining Memristors on Edge of Chaos [5] with other
groundbreaking nanotechnologies, such as ferroelectric
capacitors, admitting a negative differential capacitance
under suitable DC stimulation [25], for innovative bio-
inspired energy-efficient electronic circuits and systems
intended to serve artificial intelligence-based applications.
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