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 a b s t r a c t

In the past two decades, the application of surrogate models to expedite uncertainty quantification 
(UQ) received wide attention in the applied physics and engineering communities. In particular, 
extensive literature focused on high-dimensional problems and training efficiency with the aim of 
addressing the so-called “curse of dimensionality” and achieving satisfactory accuracy even with 
small experimental designs. Besides popular methods based on polynomial chaos expansion (PCE), 
recent works explored the application of machine learning regression methods to UQ, particularly 
kernel-based methods such as support vector regression and Gaussian process regression (GPR). 
Promising performance and superior accuracy were highlighted especially for small dataset sizes. 
In this context, the present paper provides a twofold contribution. First, it extends the literature 
survey and benchmarks by comparing PCE and kernel-based machine learning methods. Second, 
it introduces an open source toolbox that implements “PCE-GPR”, a recently proposed hybrid 
method that combines the advantages of PCE and GPR methods and is suitable for accurate high-
dimensional UQ. The analysis shows that kernel techniques tend to outperform PCE in high-
dimensional settings and in small-data scenarios, at the price of increased computational cost. 
Moreover, for most test cases, PCE-GPR is shown to significantly outperform all of the state-of-
the-art methods considered. The comparisons are based on popular benchmarks for surrogate 
modeling and UQ, simulations in various fields of engineering, as well as stochastic boundary 
value problems with high-dimensional random fields and up to 145 uncertain parameters.

1.  Introduction

Surrogate-based uncertainty quantification (UQ) became ubiquitous in science and engineering to accelerate the design explo-
ration of complex systems under the influence of uncertain parameters [1–7]. In this scenario, a computationally cheap surrogate or 
metamodel is trained from a limited set of observations from the actual underlying physical system. The surrogate is then used as a 
proxy of the original system to carry out UQ tasks that normally require a large number of simulation samples to converge.

Since the early 2000s, methods based on polynomial chaos expansion (PCE) [8] have gained a great deal of popularity. PCE 
approximates the input-output system relation using orthogonal polynomials that depend on the distribution of each random input. 
This guarantees an optimal converge rate as the expansion order is increased. Moreover, thanks to the orthogonality of the basis 
functions, statistical moments and sensitivity information are easily derived from the PCE coefficients [9].

Several classes of methods were proposed for the calculation of the PCE coefficients. In this work, we focus on data-driven methods, 
which are the most general and most suitable for engineering systems, since they only require collecting input-output samples, without 
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$\ell $


$\vet {x}=(x_1,\ldots ,x_d)\in \mathcal {X}\subseteq \mathbb {R}^d$


$\omega :\mathcal {X}\rightarrow \mathbb {R}^+$


$y$


\begin {align}y=\mathcal {M}(\vet {x}), \label {e:system}\end {align}


$\mathcal {M}:\mathcal {X}\rightarrow \mathrm {R}$


$y$


$\vet {x}$


$\mathcal {D}_\mathrm {train}=\{(\vet {x}_l,y_l)\}_{l=1}^L$


$L$


$y_l=\mathcal {M}(\vet {x}_l)$


\begin {align}\mathcal {M}_\mathrm {PCE}(\vet {x})=\sum _{\vet {\kappa }\in \mathcal {K}}c_{\vet {\kappa }}\psi _{\vet {\kappa }}(\vet {x}), \label {e:pce}\end {align}


$\psi _{\vet {\kappa }}$


$\vet {x}$


$\vet {x}$


\begin {align}\psi _{\vet {\kappa }}(\vet {x})=\prod _{j=1}^d\psi ^{(j)}_{\kappa _j}(x_j), \label {e:mv-basis}\end {align}


$\vet {\kappa }=(\kappa _1,\ldots ,\kappa _d)\in \mathbb {N}^d$


$\deg \left (\psi _k\right )=k$


$^{(j)}$


\begin {align}\inner {f,g}_j=\int _{\mathcal {X}_j}f(x_j)g(x_j)\omega _j(x_j), \label {e:inner}\end {align}


$\omega _j$


$\mathcal {X}_j$


$x_j$


\begin {align}\norm {\psi _{\kappa _j}^{(j)}}_2=\sqrt {\inner {\psi _{\kappa _j}^{(j)},\psi _{\kappa _j}^{(j)}}_j}=1 \label {Xeqn5-5}\end {align}


\begin {align}\mean {y}\approx c_{\vet {0}} \label {Xeqn6-6}\end {align}


\begin {align}\var {y}\approx \sum _{\vet {\kappa }\in \mathcal {K}\backslash \vet {0}}c_{\vet {\kappa }}^2 \label {e:var-pce}\end {align}


\begin {align}S_{T_i}\approx \frac {\sum _{\vet {\kappa }\in \mathcal {K}_j}c_{\vet {\kappa }}^2}{\sum _{\vet {\kappa }\in \mathcal {K}\backslash \mat {0}}c_{\vet {\kappa }}^2}, \label {e:pce-sobol}\end {align}


$\mathcal {K}_j\subset \mathcal {K}$


$j$


$\kappa _j>0$


$L^2$


$\mathcal {K}\subset \mathbb {N}^d$


\begin {align}\mathcal {K}=\left \{\vet {\kappa }:\norm {\vet {\kappa }}_1=\sum _{j=1}^d\kappa _j\leq p\right \} \label {Xeqn9-9}\end {align}


$|\mathcal {K}|=(p+d)!/(p!d!)$


\begin {align}\mathcal {K}=\left \{\vet {\kappa }:\norm {\vet {\kappa }}_q=\left (\sum _{j=1}^d\kappa _j^q\right )^{1/q}\leq p\right \}, \label {Xeqn10-10}\end {align}


$0<q<1$


$q=1$


$c_{\vet {\kappa }}$


$L^2$


$\mathcal {D}_\mathrm {train}$


\begin {align}\hat {\vet {c}}=\mathop {\arg \min }\limits _{\vet {c}\in \mathbb {R}^{|\mathcal {K}|}}\norm {\mat {\Psi }\vet {c}-\vet {y}}_2=\mat {\Psi }^{+}\vet {y} \label {e:ols}\end {align}


$\vet {c}$


$\vet {y}\in \mathbb {R}^L$


$\mat {\Psi }\in \mathcal {R}^{L\times |\mathcal {K}|}$


$\Psi _{l\vet {\kappa }}=\psi _{\vet {\kappa }}(\vet {x}_l)$


$\mat {\Psi }^{+}$


$L>|\mathcal {K}|$


$L\gg |\mathcal {K}|$


$\ell ^1$


$\mathcal {A}\subseteq \mathcal {K}$


$\mathcal {K}$


\begin {align}\hat {\vet {c}}=\mathop {\arg \min }\limits _{\vet {c}\in \mathbb {R}^{|\mathcal {A}|}}\norm {\mat {\Psi }\vet {c}-\vet {y}}_2+\lambda \norm {\vet {c}}_1, \label {e:lar}\end {align}


$\lambda $


$\mat {\Psi }^{(\mathcal {K})}$


$\mat {\Psi }^{(\mathcal {A})}$


\begin {align}\vet {\alpha }=\mathop {\arg \max }\limits _{\vet {\kappa }\in \mathcal {K}}\left |\vet {\psi }_{\vet {\kappa }}^\tran \vet {r}\right |, \label {Xeqn13-13}\end {align}


$\vet {\psi }_{\vet {\kappa }}$


$\psi _{\vet {\kappa }}$


$\vet {r}=\vet {y}-\mat {\Psi }^{(\mathcal {A})}\vet {c}$


$\vet {c}$


$\mat {\Psi }^{(\mathcal {K})\tran }\vet {r}$


$\vet {y}$


$\vet {\alpha }$


$\mathcal {K}$


$\mathcal {A}$


$L$


$K$


$K$


$\mat {\Psi }^{(\mathcal {K})\tran }\vet {r}$


$\vet {c}$


$K$


$2K$


$K$


$K$


\begin {align}\hat {\vet {c}}=\mathop {\arg \min }\limits _{\vet {c}\in \mathbb {R}^{|\mathcal {K}|}}\frac {1}{2}\norm {\mat {\Psi }\vet {c}-\vet {y}}_2^2\quad \mathrm {s.t.}\quad \norm {\vet {c}}_1\leq \tau \label {e:spgl1-lasso}\end {align}


\begin {align}\hat {\vet {c}}=\mathop {\arg \min }\limits _{\vet {c}\in \mathbb {R}^{|\mathcal {K}|}}\norm {\vet {c}}_1\quad \mathrm {s.t.}\quad \frac {1}{2}\norm {\mat {\Psi }\vet {c}-\vet {y}}_2^2\leq \sigma . \label {e:spgl1-bpdn}\end {align}


$\vet {\Phi }(\vet {x})=(\phi _1(\vet {x}),\ldots ,\phi _K(\vet {x}))^\tran $


$\vet {\Phi }:\mathbb {R}^d\rightarrow \mathbb {R}^K$


\begin {align}\mathcal {M}_\mathrm {SVR}(\vet {x})=\inner {\vet {w},\vet {\Phi }(\vet {x})}+b=\sum _{k=1}^Kw_k\phi _k(\vet {x})+b=\sum _{l=1}^L(\alpha _l-\alpha _l^*)\sum _{k=1}^K\phi _k(\vet {x})\phi _k(\vet {x}_l)+b. \label {e:svr-primal}\end {align}


$\vet {\alpha },\vet {\alpha }^*$


$\varepsilon $


\begin {align}\mathcal {L}_\nu ^\varepsilon (\vet {x})=\left \{\begin {array}{@{}ll} 0 & \mathrm {if}\quad |\mathcal {M}_\mathrm {SVR}(\vet {x})-y|<\varepsilon \\ \left (|\mathcal {M}_\mathrm {SVR}(\vet {x})-y|-\varepsilon \right )^\nu & \mathrm {otherwise}\end {array}\right . \label {e:svr-loss}\end {align}


$\nu =1$


$\nu =2$


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


\begin {align}\inner {\vet {\Phi }(\vet {x}),\vet {\Phi }(\vet {x}^\prime )}=\vet {\Phi }(\vet {x})^\tran \vet {\Phi }(\vet {x}^\prime )=\sum _{k=1}^K\phi _k(\vet {x})\phi _k(\vet {x}^\prime ) \label {e:kernel-explicit}\end {align}


$k(\vet {x},\vet {x}^\prime )=\inner {\vet {\Phi }(\vet {x}),\vet {\Phi }(\vet {x}^\prime )}$


$L$


\begin {align}\mathcal {M}_\mathrm {SVR}(\vet {x})=\sum _{l=1}^L(\alpha _l-\alpha _l^*)k(\vet {x},\vet {x}_l)+b=\sum _{l\in \mathcal {I}_\mathrm {SV}}(\alpha _l-\alpha _l^*)k(\vet {x},\vet {x}_l)+b, \label {e:svr-dual}\end {align}


$\vet {x}$


$\mathcal {I}_\mathrm {SV}$


\begin {align}w_k=\sum _{l=1}^L(\alpha _l-\alpha _l^*)\phi _k(\vet {x}_l),\quad k=1,\ldots ,K. \label {Xeqn20-20}\end {align}


\begin {align}k(\vet {x},\vet {x}^\prime )=(\vet {x}^\tran \vet {x}^\prime +c)^p, \label {Xeqn21-21}\end {align}


\begin {align}k(\vet {x},\vet {x}^\prime )=\exp \left (-\frac {1}{2}h^2\right ), \label {Xeqn22-22}\end {align}


\begin {align}k(\vet {x},\vet {x}^\prime )=C_{p+1/2}(h)=\exp \left (-\sqrt {2p+1}h\right )\frac {p!}{(2p)!}\sum _{k=0}^p\frac {(p+k)!}{k!(p-k)!}\left (2\sqrt {2p+1}h\right )^{p-k}, \label {Xeqn23-23}\end {align}


$p=1$


$p=2$


$u$


\begin {align}h=\sqrt {\sum _{j=1}^d\frac {(x_j-x_j^\prime )^2}{\theta _j^2}}, \label {Xeqn24-24}\end {align}


$\theta _j$


$\theta $


$u=\norm {\vet {x}-\vet {x}^\prime }_2/\theta $


$\vet {\theta }$


$c$


$p$


$\varepsilon $


\begin {align}\begin {array}{ll}\ds {\mathop {\arg \min }\limits _{\vet {\alpha },\vet {\alpha }^*}} & \frac {1}{2} \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix}^\tran \begin {pmatrix} \mat {K} & -\mat {K}\\ -\mat {K} & \mat {K} \end {pmatrix} \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix} + \begin {pmatrix} \varepsilon -\vet {y}\\ \varepsilon +\vet {y} \end {pmatrix}^\tran \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix}\\[4mm] \mathrm {s.t.} & \begin {pmatrix} \vet {1}\\ -\vet {1} \end {pmatrix}^\tran \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix} =\begin {pmatrix} \vet {0}\\ \vet {0} \end {pmatrix}, \qquad 0\leq \alpha _l,\alpha _l^*\leq C \end {array} \label {e:svr-l1-coeff}\end {align}


$\mat {K}\in \mathbb {R}^{L\times L}$


$K_{lm}=k(\vet {x}_l,\vet {x}_m)$


$l,m=1,\ldots ,L$


\begin {align}\begin {array}{ll}\ds {\mathop {\arg \min }\limits _{\vet {\alpha },\vet {\alpha }^*}} & \frac {1}{2} \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix}^\tran \begin {pmatrix} \tilde {\mat {K}} & -\tilde {\mat {K}}\\ -\tilde {\mat {K}} & \tilde {\mat {K}} \end {pmatrix} \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix} + \begin {pmatrix} \varepsilon -\vet {y}\\ \varepsilon +\vet {y} \end {pmatrix}^\tran \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix}\\[4mm] \mathrm {s.t.} & \begin {pmatrix} \vet {1}\\ -\vet {1} \end {pmatrix}^\tran \begin {pmatrix} \vet {\alpha }\\ \vet {\alpha }^* \end {pmatrix} =\begin {pmatrix} \vet {0}\\ \vet {0} \end {pmatrix}, \qquad \alpha _l,\alpha _l^*\geq 0 \end {array}, \label {e:svr-l2-coeff}\end {align}


$\tilde {\mat {K}}=\mat {K}+\frac {1}{C}\mat {I}$


$\mat {I}$


$L\times L$


$C$


$\varepsilon $


$C$


$\varepsilon $


\begin {align}\mathcal {M}_\mathrm {LSSVM}=\sum _{l=1}^L\alpha _lk(\vet {x},\vet {x}_l)+b \label {e:lssvm}\end {align}


$\vet {\alpha }$


\begin {align}\begin {pmatrix} \mat {K}+\mat {I}/\gamma & \mat {1}\\ \mat {1}^\tran & 0 \end {pmatrix} \begin {pmatrix} \vet {\alpha }\\ b \end {pmatrix} = \begin {pmatrix} \vet {y}\\ 0 \end {pmatrix}, \label {e:lssvm-coeff}\end {align}


$\gamma $


$C$


$b$


$\gamma $


$\varepsilon =0$


\begin {align}k(\vet {x},\vet {x}^\prime )=\sum _{\vet {\kappa }\in \mathcal {K}}\psi _{\vet {\kappa }}(\vet {x})\psi _{\vet {\kappa }}(\vet {x}^\prime ) \label {Xeqn29-29}\end {align}


$\mu (\vet {x})$


$k(\vet {x},\vet {x}^\prime )$


\begin {align}\mu (\vet {x})=\sum _{k=0}^K\beta _kh_k(\vet {x}), \label {e:trend}\end {align}


$\{h_k(\vet {x})\}_{k=0}^K$


\begin {align}k(\vet {x},\vet {x}^\prime )=\sigma ^2r(\vet {x},\vet {x}^\prime ), \label {Xeqn31-31}\end {align}


$r(\vet {x},\vet {x}^\prime )$


\begin {align}\mathcal {M}_\mathrm {GPR}(\vet {x})=\mu (\vet {x})+\sum _{l=1}^L\alpha _lr(\vet {x},\vet {x}_l), \label {e:gpr}\end {align}


$\vet {\alpha }$


\begin {align}\vet {\alpha }=(1-\tau )\tilde {\mat {R}}^{-1}(\vet {y}-\vet {\mu }), \label {e:gpr-coeff}\end {align}


$\vet {\mu }=(\mu (\vet {x}_1),\ldots ,\mu (\vet {x}_L))^\tran $


\begin {align}\tilde {\mat {R}}=(1-\tau )\mat {R}+\tau \mat {I}. \label {e:Rtilde}\end {align}


$\mat {R}$


$R_{lm}=r(\vet {x}_l,\vet {x}_m)$


$l,m=1,\ldots ,L$


$\tau $


\begin {align}\tau =\frac {\sigma _n^2}{\sigma ^2+\sigma _n^2}, \label {Xeqn35-35}\end {align}


$\sigma _n^2$


$\sigma ^2$


$\sigma _n=0$


$\mu (\vet {x})$


$\beta _k=1$


$\forall k=1,\ldots ,K$


$\mu (\vet {x})=\beta _0$


$h_0(\vet {x})=1$


$\vet {\beta }$


$\mu (\vet {x})=0$


$\sigma _n^2$


$\gamma $


$\tau $


\begin {align}r(x,x^\prime ;\rho )=\frac {1}{\sqrt {1-\rho ^2}}\exp \left (\frac {-\rho ^2\left (x^2+x^{\prime 2}\right )-2\rho xx^\prime }{2(1-\rho ^2)}\right )=\sum _{k=0}^\infty \frac {\rho ^k}{k!}H_k(x)H_k(x^\prime ), \label {e:kernel-hermite}\end {align}


$H_k$


$k$


\begin {align}r(x,x^\prime ;\rho )=\frac {K(u)}{\pi \sqrt {a-b}}=\sum _{k=0}^\infty \rho ^k P_k(x)P_k(x^\prime ), \label {e:kernel-legendre}\end {align}


\begin {align}u&=\sqrt {\frac {2b}{b-1}},\\ a&=1-2xx^\prime \rho +\rho ^2,\\ b&=-2\rho \sqrt {1-x^2}\sqrt {1-x^{\prime 2}},\end {align}


$K(u)$


\begin {align}K(u)=\int _0^1\frac {dt}{\sqrt {(1-t^2)(1-u^2t^2)}}. \label {e:ellipke}\end {align}


$\rho \in (0,1)$


\begin {align}r(\vet {x},\vet {x}^\prime ;\vet {\rho })=\prod _{j=1}^dr^{(j)}(x_j,x_j^\prime ;\rho _j) \label {e:pce-gpr-mv-corr}\end {align}


$^{(j)}$


\begin {align}c_{\vet {\kappa }}=\lambda _{\vet {\kappa }}\sum _{l=1}^L\alpha _l\psi _{\vet {\kappa }}(\vet {x}_l), \label {e:pce-gpr-coeff}\end {align}


$\lambda _{\vet {\kappa }}$


\begin {align}\lambda _{\vet {\kappa }}=\prod _{j=1}^d\lambda ^{(j)}_{\kappa _j}, \label {Xeqn41-44}\end {align}


\begin {align}\lambda ^{(j)}_{\kappa _j}=\rho ^\kappa _j \label {Xeqn42-45}\end {align}


$j$


\begin {align}\lambda ^{(j)}_{\kappa _j}=\frac {\rho ^\kappa _j}{2\kappa _j+1} \label {Xeqn43-46}\end {align}


$j$


\begin {align}\vet {c}=\mat {\Lambda }\mat {\Psi }^\tran \vet {\alpha }, \label {Xeqn44-47}\end {align}


$\mat {\Lambda }$


$\Lambda _{\vet {\kappa \kappa }}=\lambda _{\vet {\kappa }}$


$b$


$\mathcal {K}$


$\mathcal {K}$


$d$


$p$


$q$


$[5,20]$


$q=0.5$


$q=0.7$


$p$


$q$


$L$


$N=10^4$


$\mathcal {D}_\mathrm {test}=\{(\vet {x}_i,y_i)\}_{i=1}^N$


$N=10^4$


\begin {align}\mathcal {M}(x)=(6x-2)^2\sin (12x-4). \label {Xeqn45-48}\end {align}


$[0,1]$


$x\sim \mathcal {U}(0,1)$


\begin {align}\mathcal {M}(x_1,x_2,x_3)=\sin (x_1)+7\sin ^2(x_2)+0.1x_3^4\sin (x_1). \label {Xeqn46-49}\end {align}


$x_j\sim \mathcal {U}(-\pi ,\pi )$


$j=1,2,3$


\begin {align}\mathcal {M}(x_1,\ldots ,x_5)=10\sin (\pi x_1x_2)+20(x_3-0.5)^2+10x_4+5x_5, \label {Xeqn47-50}\end {align}


$x_j\sim \mathcal {U}(0,1)$


$j=1,\ldots ,5$


\begin {align}x_1\ddot {y}+\sigma (x_2+by^2)\dot {y}+x_4y(c+dy^2)=x_3\cos (x_5 t). \label {Xeqn48-51}\end {align}


$y(t)$


$t=0.5$


$x_1,\ldots ,x_5$


$\sigma =1.75$


$b=1$


$c=1$


$d=1$


\begin {align}\mathcal {M}(x_1,\ldots ,x_6) = 3x_4 - \left | \frac {2x_6}{x_3 w_0^2} \sin \left (\frac {w_0^2 x_5}{2}\right ) \right |, \label {Xeqn49-52}\end {align}


$w_0=\sqrt {(x_1 + x_2)/x_3}$


\begin {align}\mathcal {M}(x_1,\ldots ,x_8)=\frac {2\pi x_4 (x_6 - x_7)}{\ln \left (e^{x_8}/x_1\right ) \left (1 + \frac {2x_2 x_4}{\left (\ln \left (e^{x_8}/x_1\right ) x_1^2 x_3\right )} + \frac {x_4}{x_5} \right )}, \label {Xeqn50-53}\end {align}


$r=e^{x_8}$


$x_8=\ln (r)$


\begin {align}\begin {array}{l}\mathcal {M}(x_1,\ldots ,x_{10})= 0.036 \, x_1^{0.758} x_2^{0.0035} \left (\frac {x_3}{\cos (x_4 \pi / 180)^2}\right )^{0.6} x_5^{0.006} x_6^{0.04} \left (\frac {100 x_7}{\cos (x_4 \pi / 180)}\right )^{-0.3} (x_8 x_9)^{0.49} + x_1 x_{10}, \end {array} \label {Xeqn51-54}\end {align}


\begin {align}\mathcal {M}(x_1,\ldots ,x_{20})=\sum _{i=1}^{20}\beta _iw_i+\sum _{i<j}^{20}\beta _{ij}w_iw_j+\sum _{i<j<l}^{20}\beta _{ijl}w_iw_jw_l+5w_1w_2w_3w_4, \label {e:morris}\end {align}


\begin {align}w_i=\left \{\begin {array}{@{}ll}{\displaystyle 2\left (\frac {1.1x_i}{x_i+0.1}-0.5\right )} & i=3,5,7\\[4mm] 2(x_i-0.5) & \mathrm {otherwise}\end {array}\right . \label {Xeqn53-56}\end {align}


$x_i\sim \mathcal {U}(0,1)$


$i=1,\ldots ,20$


\begin {align}\begin {array}{l} \beta _i=\left \{\begin {array}{@{}ll}20 & i\leq 10\\ (-1)^i & i>10\end {array}\right .\\[4mm] \beta _{ij}=\left \{\begin {array}{@{}ll}-15 & i,j\leq 6\\ (-1)^{i+j} & i,j>6\end {array}\right .\\[4mm] \beta _{ijl}=\left \{\begin {array}{@{}ll}-10 & i,j\leq 5\\ 0 & i,j>5\end {array}\right .. \end {array} \label {Xeqn54-57}\end {align}


$x_j\sim \mathcal {U}(-1,1)$


$\forall j=1,\ldots ,20$


$\pm 20\%$


$\mathcal {N}(0,1)$


$10\%$


$\mathcal {N}(0,1)$


$10\%$


$\mathcal {N}(0,1)$


$\mathcal {U}(-1,1)$


$\rho $


\begin {align}\mathrm {RelMSE}=\frac {\sum _{i=1}^N\left (y_i-\hat {\mathcal {M}}(\vet {x}_i)\right )^2}{\sum _{i=1}^N\left (y_i-\bar {y}\right )^2} \label {Xeqn55-58}\end {align}


\begin {align}\bar {y}=\frac {1}{N}\sum _{i=1}^Ny_i \label {Xeqn56-59}\end {align}


$\hat {\mathcal {M}}$


$K$


$k=10$


$K=\left \lceil L/10\right \rceil $


$L$


$p=0.0002$


$\rho $


$(0,1)$


$\rho =1$


$\rho =0$


$\rho $


$-\infty $


$\log \rho \in \{[-1,0],[-2,0],[-4,0],[-6,0],[-8,0],[-10,0],[-12,0]\}$


$\rho $


$10^{-4}$


$10^{-6}$


$10^{-2}$


$10^{-4}$


$[-6,0]$


$\log (\rho )$


$K$


$\sigma $


$\tau $


$\sigma $


$\varepsilon $


$p$


$p=14$


$p=20$


$10^{-3}$


$10^{-10}$


$L=30$


$10^{-3}$


$d\leq 10$


$d=5$


$d=6$


$d=8$


$d=10$


$d=20$


$d=25)$


$d=26$


$d=54$


$\rho $


$\gamma $


$N(d+2)$


$N$


$N=10^5$


$5\cdot 10^5$


$8\cdot 10^5$


$10^6$


$1.2\cdot 10^6$


$L=200$


$\times $


$N=10^4$


\begin {align}-\frac {d}{dx}\left (a(x;\vet {\xi })\frac {d}{dx}u(x;\vet {\xi })\right )=1, \label {e:pdeKarniadakis2013}\end {align}


$x\in [0,1]$


$u(0)=u(1)=0$


\begin {align}a(x;\vet {\xi })=\bar {a}(x)+\sigma _a\sum _{k=1}^d\sqrt {\lambda _k}\phi _k(x)\xi _k, \label {e:kle}\end {align}


$\bar {a}=0.1$


$\sigma _a=0.021$


$d=40$


$\{\lambda _k\}_{k=1}^d$


$\{\phi _k(x)\}_{k=1}^d$


\begin {align}c(x,x^\prime )=\exp \left (-\frac {(x-x^\prime )^2}{l_x^2}\right ) \label {Xeqn59-62}\end {align}


$l_x=1/14$


$x$


$\xi $


$\{\xi _j\}_{j=1}^{40}$


$[-1,1]$


$\xi _j\sim \mathcal {U}(-1,1)$


$j=1,\ldots ,40$


$x=0.5$


$q=0.5$


$p=2$


$p=4$


$u(x;\vet {\xi })$


$x=0.5$


$L=15$


$L\geq 30$


$L=15$


$L=15$


\begin {align}-\frac {d}{dx}\left (a(x;\vet {\xi })\frac {d}{dx}u(x;\vet {\xi })\right )+Cu(x,\vet {\xi })=F, \label {e:pdeBilionis2020-1D}\end {align}


$x\in [0,1]$


$C=15$


$F=10$


$u(0)=1$


$u(1)=0$


$\ln (a(x;\vet {\xi }))$


$\bar {a}=0$


\begin {align}c(x,x^\prime )=\sigma _a^2\exp \left (-\frac {|x-x^\prime |}{l_x}\right ), \label {Xeqn61-64}\end {align}


$\sigma _a^2=1$


$l_x=0.03$


$\lambda _j/\lambda _1\geq 0.01$


$\forall j\leq d$


$\lambda _1$


$d=108$


$p=2$


$p=4$


$q=0.5$


$u(x;\vet {\xi })$


$x=0.505$


$L=200$


$x=0.505$


$L=200$


\begin {align}-\nabla \cdot \left (a(\vet {x};\vet {\xi })\nabla u(\vet {x};\vet {\xi })\right )=0, \label {e:pdeBilionis2020-2D}\end {align}


$\vet {x}=(x_1,x_2)\in [0,1]^2$


\begin {align}\nonumber &u=1,\quad \forall x_1=0\\ &u=0,\quad \forall x_1=1\\ \nonumber &\vet {n}^\tran \left (a(\vet {x};\vet {\xi })\nabla u(\vet {x};\vet {\xi })\right )=0,\quad \forall x_2=0,x_2=1.\end {align}


$a(\vet {x};\vet {\xi })$


\begin {align}c(\vet {x},\vet {x}^\prime )=\sigma _a^2\exp \left (-\sum _{i=1}^2\frac {|x_i-x_i^\prime |}{l_{x_i}}\right ), \label {Xeqn63-67}\end {align}


$\sigma _a^2=0.75$


$l_{x_1}=0.1$


$l_{x_2}=0.3$


$32\times 32$


$\lambda _j/\lambda _1\geq 0.01$


$\forall j\leq d$


$d=145$


$\vet {x}=(0.359,0.734)$


$p=2$


$p=4$


$q=0.5$


$u(\vet {x};\vet {\xi })$


$\vet {x}=(0.359,0.734)$


$L=200$


$L=200$


\begin {align}-\nabla \cdot \left (\kappa (\vet {x})\nabla T(\vet {x}\right )=Q\mathbb {I}_A(\vet {x}) \label {Xeqn64-68}\end {align}


$D=[-0.5,0.5]^2~\mathrm {m}$


$T=0$


$\nabla T\cdot \vet {n}=0$


$Q=500~\mathrm {W/m^2}$


$A=[0.2,0.3]^2~\mathrm {m}$


$\mathbb {I}_A$


\begin {align}\mathbb {I}_A(\vet {x})=\left \{\begin {array}{@{}ll} 1 & \vet {x}\in A\\0 &\vet {x}\notin A\end {array}\right .. \label {Xeqn65-69}\end {align}


$y$


$B=[-0.3,-0.2]^2~\mathrm {m}$


$\kappa (\vet {x})$


$\mu _\kappa =1~\mathrm {W/^\circ C\cdot m}$


$\sigma _\kappa =0.3~\mathrm {W/^\circ C\cdot m}$


$l=0.2~\mathrm {m}$


$d=53$


$p=4$


$q=0.5$


$L=50$


$L=50$


$V$


$d=5$


$b$


$h$


$\ell $


$E$


$p$


$[2,10]$


$q=0.5$


$b_0$


$h_0$


$f_y$


$\ln (b_0)\sim \mathcal {N}(12.3834,0.1)$


$\ln (h_0)\sim \mathcal {N}(-1.61,0.03)$


$\ln (f_y)\sim \mathcal {N}(-3,0.03)$


$d=23$


$d_c=\kappa \cdot t$


$\kappa =1$


$\ell =5$


$\rho =78.5$


$p=3$


$p=10$


$q=0.5$


$L=10$


$L=20$


$L=50$


$L=90$


$L=30$


$L=60$


$L=20$


$L=30$


$L=20$


$L=30$


$V$


$A_1$


$E_1$


$A_2$


$E_2$


$P_1,\ldots ,P_6$


$d=10$


$L=20$


$p=4$


$q=0.5$


$L=20$


$L=40$


$L=60$


$L=80$


$L=20$


$L>60$


$L=20$


$L^2$
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any specific knowledge of the underlying system. Among these, sparse regression techniques were shown to perform well especially 
in high-dimensional settings [10]. Sparse PCE approaches include least-angle regression (LAR) [11], orthogonal matching pursuit 
(OMP) [12], subspace pursuit (SP) [13], and Bayesian compressive sensing (BCS) [14]. Applications are found in very diverse fields 
including, e.g., brittle fracture analysis [15], hydrology [16], aerodynamics [17], eddy-current testing [18,19], FDTD solvers [20], 
electromagnetic compatibility [21], obesity diagnosis [22], as well as in the analysis of multibody systems [23], beam systems [24], 
transonic airfoils [25–27], astronautics problems [28], pesticide transfer [29], resonant gating structures [30,31], solar cells [32], 
multi-energy flow [33], low-pollution burners [34], cracking furnaces [35], water-exit vehicles [36] and underwater vehicles [37], 
chemical reactions [38], composite laminates [39], slope reliability [40], nonstationary geotechnical systems [41], thrust regulation 
in turbine aero-engines [42], rotor systems [43], supersonic turbulent jet-in-crossflows [44], fuel centrifugal pumps [45], human body 
electromagnetic exposure [46], Earth entry vehicles [47], and collision probability with debris in low-Earth orbits [48]. LAR, OMP, 
SP, and BCS are all implemented in UQLab [49,50], the prime toolbox for high-dimensional UQ. Their performance was extensively 
assessed in [10] based on several benchmarks.

More recently, the rapid evolution of machine learning and artificial intelligence led researches to explore alternative methods 
for regression. Although not specifically designed for UQ, machine learning regression techniques can also be adopted to construct 
surrogates for UQ purposes [51]. While neural networks are less attractive in this regard, as they typically require larger training 
datasets and incur higher self-training cost, kernel-based machine learning methods like support vector regression (SVR) [52] and 
Gaussian process regression (GPR) [53] do not assume a predetermined form and exhibit good predictive performance even with 
small amounts of training data. Applications of SVR and GPR, also known as Kriging, to UQ and sensitivity analysis are found, e.g., in 
the analysis of compressor cascades [54], mechanical metamaterials [55], dynamic stability analysis [56], dynamical systems [57], 
solid mechanics [58], lightning strike damage [59], aging corrosion [60], integrated electronic devices [2], high-speed electronic 
links [61], wireless power transfer efficiency [62], electromagnetic simulations [63], welded steel tubular joints [64], crude distillation 
units [65], drug effects on the cardiovascular system [66].

A technique combining PCE and GPR, named polynomial-chaos-based Kriging (PCK), was proposed in [67] and shown to provide 
better prediction performance than PCE and GPR alone. Specifically, PCK uses a sparse PCE in the trend of a Kriging model, while 
resorting to standard kernels as covariance function. Applications of PCK are found, e.g., in geotechnical engineering [68], civil 
engineering [69], hydrology [70], aerodynamics [71,72], and structural health monitoring [73].

Another hybrid technique, named “PCE-GPR”, was recently proposed in [74]. PCE-GPR leverages special kernels constructed from 
an infinite sequence of Hermite or Legendre polynomials, which are the PCE orthogonal bases for Gaussian and uniform variability, 
respectively. Hence, a fundamental difference with respect to PCK is that the PCE basis functions are embedded in the kernel rather 
than in the trend. PCE-GPR was shown to outperform both state-of-the-art PCE methods and classical GPR based on standard kernels. 
Moreover, thanks to the special kernel definition, the model can be fully converted into a PCE with arbitrary precision, enabling the 
analytical calculation of moments and sensitivity indices with the inclusion of confidence levels.

This paper presents an open-source implementation of PCE-GPR. The PCE-GPR toolbox [75] relies on UQLab to train the model, as 
it offers advanced features for custom kernel definitions and hyperparameter estimation. Furthermore, the performance of PCE-GPR 
is assessed based on several benchmarks, including both low- and high-dimensional examples, stochastic boundary value problems, as 
well as analytical functions and numerical test cases in electronic engineering and structural mechanics. The benchmarking extends 
the analysis of [10] to classical kernel-based machine learning methods, namely SVR, GPR, PCK and least square support vector 
machine (LSSVM) regression, and to high-dimensional real-life examples with up to 145 uncertain parameters.

The remainder of the paper is organized as follows. Section 2 provides an overview of the state-of-the-art PCE and kernel methods, 
as well as of PCE-GPR. Section 3 introduces the test cases that are used in the benchmarking. Section 4 discusses the PCE-GPR toolbox 
and investigates the performance under various model settings to identify the recommended default configuration. In Section 5, 
we investigate the performance of PCE-GPR against state-of-the-art methods. Section 6 further explores the application of a subset 
of high-performing techniques to high-dimensional stochastic boundary value problems and structural mechanics. Finally, we draw 
conclusions in Section 7.

2.  Methods

In this section, we introduce the various methods for UQ that are considered in this work. The goal of forward UQ is to propagate 
the variability of uncertain parameters 𝒙 = (𝑥1,… , 𝑥𝑑 ) ∈  ⊆ ℝ𝑑 , with a known probability distribution 𝜔 ∶  → ℝ+, to the output 𝑦
of a system. We generically denote the system as 

𝑦 = (𝒙), (1)

where  ∶  → R is the function or code that needs to be evaluated or run to obtain 𝑦 for a given configuration of 𝒙.
We focus on systems with scalar and real-valued outputs and on data-driven methods only. Therefore, we assume that a training 

dataset train = {(𝒙𝑙 , 𝑦𝑙)}𝐿𝑙=1 (the experimental design) is available, with 𝐿 observations 𝑦𝑙 = (𝒙𝑙) computed using (1).

2.1.  Polynomial chaos expansion methods

The methods based on PCE approximate the functional relationship (1) as 
PCE(𝒙) =

∑

𝜿∈
𝑐𝜿𝜓𝜿 (𝒙), (2)
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where 𝜓𝜿 are orthogonal polynomials based on the probability distribution of the parameters 𝒙. In the common case of independent 
variation of the uncertain parameters 𝒙, the basis functions are expressed as the product of univariate polynomials, i.e., 

𝜓𝜿 (𝒙) =
𝑑
∏

𝑗=1
𝜓 (𝑗)
𝜅𝑗
(𝑥𝑗 ), (3)

where 𝜿 = (𝜅1,… , 𝜅𝑑 ) ∈ ℕ𝑑 are multi-indices defining the degree of the basis function in each input dimension, since deg (𝜓𝑘
)

= 𝑘. The 
superscript (𝑗) is used to highlight that the polynomials may differ for each input dimension, based on the corresponding distribution. 
The univariate polynomials are orthogonal based on the inner product 

⟨𝑓, 𝑔⟩𝑗 = ∫𝑗
𝑓 (𝑥𝑗 )𝑔(𝑥𝑗 )𝜔𝑗 (𝑥𝑗 ), (4)

where 𝜔𝑗 and 𝑗 denote the probability density and the domain of the variable 𝑥𝑗 , respectively.
For standard distributions, the orthogonal polynomial bases are well-known, e.g., Hermite, Legendre, and Jacobi polynomials for 

Gaussian, uniform, and beta distributions, respectively [8]. Without loss of generality, we assume that the polynomials are normalized 
so that 

‖

‖

‖

𝜓 (𝑗)
𝜅𝑗
‖

‖

‖2
=
√

⟨

𝜓 (𝑗)
𝜅𝑗 , 𝜓

(𝑗)
𝜅𝑗

⟩

𝑗
= 1 (5)

Numerical techniques exist to construct orthogonal polynomials for arbitrary distributions (e.g., [76]).
An attractive feature of PCE is that the first two statistical moments are readily derived from the expansion coefficients as 

E(𝑦) ≈ 𝑐𝟎 (6)

and 
Var(𝑦) ≈

∑

𝜿∈∖𝟎
𝑐2𝜿 (7)

Moreover, performing the above summation over suitable subsets of the coefficients provides Sobol’ sensitivity indices [9]. Specifi-
cally, the total Sobol’ indices quantify the individual contribution of each random input to the output variance and are obtained from 
the PCE coefficients as 

𝑆𝑇𝑖 ≈

∑

𝜿∈𝑗 𝑐
2
𝜿

∑

𝜿∈∖𝟎 𝑐2𝜿
, (8)

where 𝑗 ⊂  denotes the subset of orthogonal polynomials that are non-constant in the 𝑗-th input (i.e., the ones with 𝜅𝑗 > 0), 
while the denominator is the PCE estimate of the total variance (7). Selecting the optimal polynomial basis provides an exponential 
convergence rate for 𝐿2 functions, which correspond to functions with finite variance.

In addition to the selection of the proper orthogonal polynomials, one key definition is the truncation of the basis. Typically, the 
user first defines a preliminary truncation by identifying a suitable set of multi-indices  ⊂ ℕ𝑑 . This is usually achieved by bounding 
some norm of the multi-indices to a maximum degree. For example, the popular total degree truncation is defined as 

 =

{

𝜿 ∶ ‖𝜿‖1 =
𝑑
∑

𝑗=1
𝜅𝑗 ≤ 𝑝

}

(9)

and leads to || = (𝑝 + 𝑑)!∕(𝑝!𝑑!) coefficients in the expansion. The hyperbolic truncation is instead defined as 

 =

⎧

⎪

⎨

⎪

⎩

𝜿 ∶ ‖𝜿‖𝑞 =

( 𝑑
∑

𝑗=1
𝜅𝑞𝑗

)1∕𝑞

≤ 𝑝

⎫

⎪

⎬

⎪

⎭

, (10)

with 0 < 𝑞 < 1, and yields a sparser expansion. The total-degree truncation is equivalent to a hyperbolic truncation with 𝑞 = 1. Once 
the preliminary truncation is defined, one may compute all the coefficients of the resulting expansion using, e.g., collocation [77] or 
ordinary least-square (OLS) regression. Conversely, sparse PCE methods [10] are able to further prune the basis and retain important 
terms only.

In this work, we focus on high-dimensional and fully data-driven methods for the calculation of PCE coefficients. Therefore, we 
neglect intrusive methods like the stochastic Galerkin method [78], which operates directly on the system of equations by performing 
Galerkin projections and constructing an augmented system in the expansion coefficients. We also neglect collocation methods, which 
are usually based on Gauss quadrature rules [77]. These methods require to sample the function at predefined collocation nodes and 
typically result in a higher number of simulation samples.

Rather, we focus the analysis on regression schemes, which compute the coefficients 𝑐𝜿 by minimizing the 𝐿2 norm of the approx-
imation residual over the training dataset train. The well-known OLS regression solves 

𝒄̂ = argmin
𝒄∈ℝ||

‖𝚿𝒄 − 𝒚‖2 = 𝚿+𝒚 (11)
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where 𝒄 is the vector of PCE coefficients, 𝒚 ∈ ℝ𝐿 is the vector of observations, 𝚿 ∈ 𝐿×|| is the matrix with the basis functions 
(regressors) evaluated at the training points, with entries Ψ𝑙𝜿 = 𝜓𝜿 (𝒙𝑙), and 𝚿+ is its Moore-Penrose pseudoinverse. However, this 
approach requires 𝐿 > || samples to be well-posed, and in general 𝐿 ≫ || to be accurate, which is impractical in high-dimensional 
settings and/or for highly nonlinear systems, even with hyperbolic truncation schemes.

Sparse regression schemes further prune the basis functions and identify the most relevant coefficients via iterative schemes 
and/or by introducing a penalty in (11) to promote coefficient sparsity at the price of some (hopefully negligible) accuracy reduction. 
The method for solving the sparse regression problem and calculate the PCE coefficients becomes therefore the main feature that 
defines the various methods. An extensive and exhaustive list of state-of-the-art methods is described in [10]. Based on the careful 
review therein, we consider in this work LAR [11], OMP [12], SP [13], BCS [14,79], and spectral projected gradient descent with 
𝓁1-minimization (SPGL1) [80].

LAR and OMP are iterative schemes that create and expand an active set of regressors  ⊆  by progressively picking basis 
functions from  based on their correlation with the current residual. In this process, LAR introduces a penalty to (11) and solves 
the LASSO problem 

𝒄̂ = argmin
𝒄∈ℝ||

‖𝚿𝒄 − 𝒚‖2 + 𝜆‖𝒄‖1, (12)

where 𝜆 is a regularization hyperparameter.
OMP uses a greedy algorithm to find, at each iteration, the basis element that is the most correlated with the current approximation 

residual. Let us denote with 𝚿() and 𝚿() the matrix of the candidate and active regressors evaluated in the training samples, 
respectively. Finding the element that minimizes the resulting residual is equivalent to solving [49] 

𝜶 = argmax
𝜿∈

|

|

|

𝝍𝖳
𝜿𝒓
|

|

|

, (13)

where 𝝍𝜿 denotes the vector of the candidate basis function 𝜓𝜿 evaluated at the training samples and 𝒓 = 𝒚 −𝚿()𝒄 is the current 
approximation residual, in which the coefficients 𝒄 are computed via OLS regression over the active set of regressors. The above 
maximization corresponds to finding the largest element of the vector 𝚿()𝖳𝒓. The residual is initialized to the vector of training 
observations 𝒚. At each iteration, the leave-one-out (LOO) error estimate is stored and the selected basis element with multi-index 𝜶
is removed from the candidate set  and added to the active set . The process is repeated until the number of active regressors has 
reached the number of observed data 𝐿 or the cardinality of the original candidate set. The final active set is selected as the one that 
achieved the lowest LOO error throughout the iterations.

SP uses OLS on subsets of regressors to identify 𝐾 non-zero coefficients [13]. Specifically, it first adds to the active set the 
𝐾 regressors that are the most correlated to the current residual by taking the largest elements of 𝚿()𝖳𝒓. Then, it computes the 
corresponding coefficients 𝒄 via OLS regression and adds 𝐾 more regressors that are the most correlated with the updated residual. 
Next, it calculates the coefficients of the resulting 2𝐾 regressors, again via OLS regression, and removes from the active set the 𝐾
regressors with the smallest coefficients. The process is repeated until convergence. Since the optimal number of non-zero coefficients 
𝐾 is not known a priori, it is considered a hyperparameter to be tuned using cross-validation.

BCS recast the regression in a Bayesian framework and uses likelihood functions and priors to promote sparsity in the coefficients 
via a maximum-a-posteriori estimate. Finally, SPGL1 solves either the LASSO problem 

𝒄̂ = argmin
𝒄∈ℝ||

1
2
‖𝚿𝒄 − 𝒚‖22 s.t. ‖𝒄‖1 ≤ 𝜏 (14)

or the basis pursuit denoise problem 

𝒄̂ = argmin
𝒄∈ℝ||

‖𝒄‖1 s.t. 1
2
‖𝚿𝒄 − 𝒚‖22 ≤ 𝜎. (15)

2.2.  Kernel-based machine learning methods

Kernel-based methods follow a different rationale. As opposed to PCE methods, which first construct a candidate set of basis 
functions, they are nonparametric, meaning that they do not assume a predefined model form. They use combinations of kernel 
functions centered at the training points, which makes their complexity mainly determined by the number of available data, rather 
than the number of basis functions. As such, they naturally scale more easily to high-dimensional parameter spaces.

2.2.1.  Support-Vector Machine Regression
SVR defines a nonlinear regression by mapping input data to a high- or even infinite-dimensional feature space [52] by means of 

a function set 𝚽(𝒙) = (𝜙1(𝒙),… , 𝜙𝐾 (𝒙))𝖳, with 𝚽 ∶ ℝ𝑑 → ℝ𝐾 , leading to 

SVR(𝒙) = ⟨𝒘,𝚽(𝒙)⟩ + 𝑏 =
𝐾
∑

𝑘=1
𝑤𝑘𝜙𝑘(𝒙) + 𝑏 =

𝐿
∑

𝑙=1
(𝛼𝑙 − 𝛼∗𝑙 )

𝐾
∑

𝑘=1
𝜙𝑘(𝒙)𝜙𝑘(𝒙𝑙) + 𝑏. (16)

The coefficients 𝜶,𝜶∗ are obtained by minimizing the so-called 𝜀-insensitive loss function 

𝜀𝜈 (𝒙) =
{

0 if |SVR(𝒙) − 𝑦| < 𝜀
(

|SVR(𝒙) − 𝑦| − 𝜀
)𝜈 otherwise

(17)
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typically with 𝜈 = 1 (linear loss) or 𝜈 = 2 (quadratic loss). In (17), 𝜀 is a parameter defining the 𝜀-insensitive tube: only points outside 
it are penalized, whereas predictions within 𝜀 of the true value are considered error-free. A peculiar feature of SVR is that only a 
subset of the training points, lying outside the 𝜀-insensitive tube and called support vectors, have non-zero coefficients and contribute 
to the regression. Therefore, SVR seeks a trade-off between the width 𝜀 of the insensitive tube and the model accuracy: a small 𝜀 may 
lead to excessive overfitting, whereas a large 𝜀 may lead to poor accuracy.

One of the key advantages is that the evaluation of the inner product 

⟨

𝚽(𝒙),𝚽(𝒙′)
⟩

= 𝚽(𝒙)𝖳𝚽(𝒙′) =
𝐾
∑

𝑘=1
𝜙𝑘(𝒙)𝜙𝑘(𝒙′) (18)

does not need to be carried out explicitly, but it can be achieved by leveraging a kernel function such that 𝑘(𝒙,𝒙′) = ⟨𝚽(𝒙),𝚽(𝒙′)⟩. 
Any positive function that satisfies the Mercer’s condition [81] corresponds to an inner product in some feature space and is therefore 
a valid kernel. Therefore, the evaluation of (16) becomes a linear combination of 𝐿 kernel functions, i.e., 

SVR(𝒙) =
𝐿
∑

𝑙=1
(𝛼𝑙 − 𝛼∗𝑙 )𝑘(𝒙,𝒙𝑙) + 𝑏 =

∑

𝑙∈SV

(𝛼𝑙 − 𝛼∗𝑙 )𝑘(𝒙,𝒙𝑙) + 𝑏, (19)

regardless of the dimensionality of 𝒙. In (19), the index set SV defines the subset of training points that are support vectors.
Note that the equivalence between the dual space formulation (19) and the primal space formulation (16) is trivially demonstrated 

if the kernel is explicitly defined as in (18), with 

𝑤𝑘 =
𝐿
∑

𝑙=1
(𝛼𝑙 − 𝛼∗𝑙 )𝜙𝑘(𝒙𝑙), 𝑘 = 1,… , 𝐾. (20)

However, (19) holds also for implicit kernels, for which the feature space functions are often not available explicitly.
Popular kernel functions are the polynomial kernel 

𝑘(𝒙,𝒙′) = (𝒙𝖳𝒙′ + 𝑐)𝑝, (21)

the squared-exponential (or Gaussian) kernel 

𝑘(𝒙,𝒙′) = exp
(

−1
2
ℎ2

)

, (22)

and the family of Matérn functions 

𝑘(𝒙,𝒙′) = 𝐶𝑝+1∕2(ℎ) = exp
(

−
√

2𝑝 + 1ℎ
) 𝑝!
(2𝑝)!

𝑝
∑

𝑘=0

(𝑝 + 𝑘)!
𝑘!(𝑝 − 𝑘)!

(

2
√

2𝑝 + 1ℎ
)𝑝−𝑘

, (23)

for which 𝑝 = 1 or 𝑝 = 2 is commonly used. The argument 𝑢 of the squared-exponential and Matérn kernels is defined as 

ℎ =

√

√

√

√

√

𝑑
∑

𝑗=1

(𝑥𝑗 − 𝑥′𝑗 )2

𝜃2𝑗
, (24)

where 𝜃𝑗 are scale parameters. If the scale parameters are allowed to differ for each input, the kernel is said to be anisotropic. In 
contrast, isotropic kernels use the same scale parameter 𝜃 for each input, leading to 𝑢 = ‖

‖

𝒙 − 𝒙′‖
‖2∕𝜃. The scales 𝜽, as well as the bias 

term 𝑐 and the degree 𝑝 of the polynomial kernel, are hyperparameters that are tuned during the training process, typically using CV.
For the case of linear 𝜀-insensitive loss, the model coefficients are computed by solving the quadratic programming problem [82] 

argmin
𝜶,𝜶∗

1
2

(

𝜶
𝜶∗

)𝖳( 𝑲 −𝑲
−𝑲 𝑲

)(

𝜶
𝜶∗

)

+
(

𝜀 − 𝒚
𝜀 + 𝒚

)𝖳( 𝜶
𝜶∗

)

s.t.
(

𝟏
−𝟏

)𝖳( 𝜶
𝜶∗

)

=
(

𝟎
𝟎

)

, 0 ≤ 𝛼𝑙 , 𝛼∗𝑙 ≤ 𝐶

(25)

where 𝑲 ∈ ℝ𝐿×𝐿 is the Gram matrix of the kernel evaluated at the training samples, with entries 𝐾𝑙𝑚 = 𝑘(𝒙𝑙 ,𝒙𝑚), for 𝑙, 𝑚 = 1,… , 𝐿. 
For the quadratic loss, the quadratic programming minimization problem becomes 

argmin
𝜶,𝜶∗

1
2

(

𝜶
𝜶∗

)𝖳( 𝑲̃ −𝑲̃
−𝑲̃ 𝑲̃

)(

𝜶
𝜶∗

)

+
(

𝜀 − 𝒚
𝜀 + 𝒚

)𝖳( 𝜶
𝜶∗

)

s.t.
(

𝟏
−𝟏

)𝖳( 𝜶
𝜶∗

)

=
(

𝟎
𝟎

)

, 𝛼𝑙 , 𝛼∗𝑙 ≥ 0

, (26)

with the modified Gram matrix 𝑲̃ = 𝑲 + 1
𝐶 𝑰 , where 𝑰 is the 𝐿 × 𝐿 identity matrix. In both cases, 𝐶 is a regularization parameter 

that helps avoid overfitting along with 𝜀. The regularizer 𝐶 and the tube width 𝜀 are further hyperparameters to be tuned along with 
kernel scale(s).
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2.2.2.  Least-Square Support-Vector Machines
LSSVM is the least-square reformulation of SVR [84]. The dual-space LSSVM model reads 

LSSVM =
𝐿
∑

𝑙=1
𝛼𝑙𝑘(𝒙,𝒙𝑙) + 𝑏 (27)

where now the coefficients 𝜶 are conveniently computed by solving the linear system 
(

𝑲 + 𝑰∕𝛾 𝟏
𝟏𝖳 0

)(

𝜶
𝑏

)

=
(

𝒚
0

)

, (28)

instead of a quadratic programming problem, where 𝛾 is a regularization hyperparameter that plays a similar role as 𝐶 in (26). In 
fact, LSSVM is a kernel ridge regression with the addition of the bias term 𝑏. Also in this case, the hyperpameters (the regularizer 𝛾
and kernel parameters) are tuned using CV. From (26), it is readily shown that the LSSVM is equivalent to an SVR with quadratic loss 
and 𝜀 = 0, in which all training samples contribute as support vectors. Despite the loss of the sparsity of support vectors, the LSSVM 
has the advantage of requiring a mere solution of a linear system instead of a quadratic programming.

In [85], it was shown that the primal-space LSSVM formulation is equivalent to a PCE if the kernel function is constructed using 
the PCE basis as feature-space functions, i.e., 

𝑘(𝒙,𝒙′) =
∑

𝜿∈
𝜓𝜿 (𝒙)𝜓𝜿 (𝒙′) (29)

Moreover, special implicit kernels were introduced that correspond to an infinite sequence of Hermite or Legendre polynomials, as 
will be discussed later on.

2.2.3.  Gaussian Process Regression / Kriging
GPR starts from the assumption that the target function (1) is a realization of a Gaussian process (prior) with mean function or 

trend 𝜇(𝒙) and covariance function 𝑘(𝒙,𝒙′). The mean and covariance functions are more conveniently expressed as 

𝜇(𝒙) =
𝐾
∑

𝑘=0
𝛽𝑘ℎ𝑘(𝒙), (30)

i.e., a linear combination of basis functions {ℎ𝑘(𝒙)}𝐾𝑘=0, and 
𝑘(𝒙,𝒙′) = 𝜎2𝑟(𝒙,𝒙′), (31)

respectively, where 𝑟(𝒙,𝒙′) is the prior correlation function. Although the starting point and interpretation are different, the covariance 
function plays in fact the same role as a kernel, and the same kernel functions as for SVR and LSSVM are commonly used as prior 
covariance (e.g., [53,86]).

The GPR model reads 

GPR(𝒙) = 𝜇(𝒙) +
𝐿
∑

𝑙=1
𝛼𝑙𝑟(𝒙,𝒙𝑙), (32)

which, in Bayesian settings, corresponds to the mean function of a posterior Gaussian process that is obtained by constraining (con-
ditioning) the prior to the available observations.

If a zero-mean white noise is assumed on the observations, the coefficients 𝜶 are obtained as 
𝜶 = (1 − 𝜏)𝑹̃−1(𝒚 − 𝝁), (33)

where 𝝁 = (𝜇(𝒙1),… , 𝜇(𝒙𝐿))𝖳 is a vector with the trend evaluated at the training points and 
𝑹̃ = (1 − 𝜏)𝑹 + 𝜏𝑰 . (34)

In (34), 𝑹 is the correlation matrix of the training samples, with elements 𝑅𝑙𝑚 = 𝑟(𝒙𝑙 ,𝒙𝑚), 𝑙, 𝑚 = 1,… , 𝐿, while 𝜏 is defined as 

𝜏 =
𝜎2𝑛

𝜎2 + 𝜎2𝑛
, (35)

where 𝜎2𝑛 is the noise variance and 𝜎2 is the kernel variance. If the observations are assumed to be noiseless, then 𝜎𝑛 = 0 and (32) 
interpolates them.

One of the attractive features of GPR is that, building upon a Bayesian interpretation, it is possible to associate a posterior 
covariance function to the model predictions obtained with (32). The posterior covariance reflects the intrinsic uncertainty related 
to the limited availability of training data and allows assigning confidence intervals to model predictions. In this work, however, we 
focus the attention only on the predictive capabilities, and hence we disregard the posterior uncertainty and distribution.

The mean function 𝜇(𝒙) embeds prior beliefs on the general trend of the target function. Several options are commonly adopted:
• Simple Kriging: the trend is fully known, i.e., 𝛽𝑘 = 1, ∀𝑘 = 1,… , 𝐾;
• Ordinary Kriging: the trend is constant yet unknown, i.e., 𝜇(𝒙) = 𝛽0, with ℎ0(𝒙) = 1;
• Universal Kriging: same as (30), with unknown coefficients 𝜷.
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A very common case of simple Kriging is 𝜇(𝒙) = 0 (null trend). When the trend coefficients are instead unknown (ordinary and 
universal Kriging), they are estimated using a generalized least-square regression [86]. In universal Kriging, a sequence of polynomials 
of increasing order is often assumed. It should be noted that, especially in multi-dimensional settings, this choice partially cancels the 
advantage of using a kernel formulation, since the number of basis functions in the trend increases exponentially and the coefficients 
needs to be estimated with a parametric regression. Finally, it is relevant to note that the ordinary Kriging model is equivalent to the 
LSSVM, where the noise term 𝜎2𝑛 plays the same role as the regularizer 𝛾.

Besides the use of classical CV, the hyperparameters of GPR models (i.e., kernel lengthscale, kernel variance, and noise variance 
or 𝜏) can also be tuned using maximum likelihood (ML) estimation [53,86].

2.2.4.  Polynomial-Chaos-Based Kriging
PCK is a special case of universal Kriging in which a PCE is considered for the trend [67], while standard kernel functions are still 

leveraged for the covariance. It was shown in [67] that PCK provides superior accuracy compared to PCE and GPR alone. PCK is a 
hybrid method that combines the features of PCE and GPR. However, the model cannot be fully described in terms of PCE coefficients 
due to the kernel part, and therefore it does not provide statistical and sensitivity information in closed form.

Two implementations of PCK are available: in sequential PCK, the most relevant basis functions for the trend are estimated first 
using a standard sparse regression method (e.g., LAR) and then plugged into the GPR model. In optimal PCK, the algorithm iterates 
between PCE estimation and GPR calibration to yield a more accurate model at the price of a reduced training efficiency.

2.3.  PCE-GPR

PCE-GPR is a hybrid method recently proposed in [74]. It employs a GPR formulation with null trend and special correlation 
functions that are built from an infinite sequence of Hermite or Legendre polynomials and originally introduced in [74]. The univariate 
Hermite correlation reads 

𝑟(𝑥, 𝑥′; 𝜌) = 1
√

1 − 𝜌2
exp

(

−𝜌2
(

𝑥2 + 𝑥′2
)

− 2𝜌𝑥𝑥′

2(1 − 𝜌2)

)

=
∞
∑

𝑘=0

𝜌𝑘

𝑘!
𝐻𝑘(𝑥)𝐻𝑘(𝑥′), (36)

where 𝐻𝑘 denotes the 𝑘-th probabilists’ Hermite polynomial. The univeraite Legendre correlation reads 

𝑟(𝑥, 𝑥′; 𝜌) =
𝐾(𝑢)

𝜋
√

𝑎 − 𝑏
=

∞
∑

𝑘=0
𝜌𝑘𝑃𝑘(𝑥)𝑃𝑘(𝑥′), (37)

where

𝑢 =
√

2𝑏
𝑏 − 1

, (38)

𝑎 = 1 − 2𝑥𝑥′𝜌 + 𝜌2, (39)

𝑏 = −2𝜌
√

1 − 𝑥2
√

1 − 𝑥′2, (40)

and 𝐾(𝑢) is the complete elliptic integral of the first kind, i.e., 

𝐾(𝑢) = ∫

1

0

𝑑𝑡
√

(1 − 𝑡2)(1 − 𝑢2𝑡2)
. (41)

In both cases, 𝜌 ∈ (0, 1) is a hyperparameter that plays a similar role as the traditional scale. The multivariate correlation is constructed 
using the separable formulation [81] 

𝑟(𝒙,𝒙′;𝝆) =
𝑑
∏

𝑗=1
𝑟(𝑗)(𝑥𝑗 , 𝑥′𝑗 ; 𝜌𝑗 ) (42)

and embeds all product combinations of the univariate chaos polynomials up to order infinity. In (42), the subscript (𝑗) is used to 
highlight that different univariate correlations may be used according to the input distribution.

The advantage of using these special kernels, as opposed to the PCK method, is that the GPR model can now be analytically 
converted from (32) in a PCE by computing the corresponding coefficients up to an arbitrary order as 

𝑐𝜿 = 𝜆𝜿
𝐿
∑

𝑙=1
𝛼𝑙𝜓𝜿 (𝒙𝑙), (43)

where 𝜆𝜿 are scale factors related to the correlation function. These are computed as 

𝜆𝜿 =
𝑑
∏

𝑗=1
𝜆(𝑗)𝜅𝑗 , (44)

with 
𝜆(𝑗)𝜅𝑗 = 𝜌𝜅𝑗 (45)
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if the 𝑗-th input has a Gaussian distribution (Hermite correlation) or 

𝜆(𝑗)𝜅𝑗 =
𝜌𝜅𝑗

2𝜅𝑗 + 1
(46)

of the 𝑗-th input has a uniform distribution (Legendre correlation).
Hence, while it can be used as a classical nonparametric Kriging model, PCE-GPR also allows the analytical calculation of PCE 

coefficients, from which statistical information is readily obtained. This calculation merely involves the evaluation of the PCE basis 
functions at the training points. Although the PCE coefficients are obtained individually using (43), they can also be computed 
compactly for an entire expansion as 

𝒄 = 𝚲𝚿𝖳𝜶, (47)

where 𝚲 is a diagonal matrix with entries Λ𝜿𝜿 = 𝜆𝜿 . Furthermore, it is also possible to calculate the covariance matrix of the estimated 
PCE coefficients, from which pointwise predictions and statistical information are obtained probabilistically with the inclusion of 
confidence information. The superior performance of PCE-GPR over standard PCE and GPR was demonstrated for some engineering 
application examples [74].

At this point, we should highlight an important difference between PCK and PCE-GPR: While the former places the PCE basis 
functions in the trend, PCE-GPR inherently embeds them in the kernel, thereby fully preserving the nonparametric nature of GPR (a 
part from the possible post-processing calculation of the PCE coefficients).

2.4.  PCE-LSSVM

PCE-LSSVM [85] is another hybrid method and a precursor of PCE-GPR, which uses the same kernel functions but is based on 
the LSSVM formulation (27). Although conceptually similar, PCE-LSSVM does not rely on a Bayesian framework and therefore does 
not provide confidence information. Moreover, the hyperparameter tuning is based on CV and is hardly implemented in existing 
toolboxes. A notable difference is that, in PCE-LSSVM, the zero-order PCE coefficient is explicitly represented by the bias term 𝑏.

2.5.  Discussion

PCE methods are specifically designed for UQ and readily provide at least the first two statistical moments and sensitivity indices. 
Even sparse methods require to construct the full candidate set , which can become computationally demanding in very high-
dimensional settings, unless a sparse truncation (e.g., hyperbolic) is used. In any case, the size of  increases with the number of 
input dimensions and/or expansion order. The choice of the candidate set was shown in [74] to impact the precision even for sparse 
methods, since regression typically estimates the coefficients of a smaller basis with greater accuracy for a given number of samples. 
This may introduce a trade-off on the accuracy: on the one hand, a sparser candidate set increases the accuracy in the calculation of 
the coefficients; on the other hand, it may exclude a priori relevant expansion terms.

Conversely, kernel machine learning methods provide generic surrogates to replace the expensive computational model (1). The 
model complexity is determined by the size of the training dataset and is therefore not (directly) related to the input dimensions. The 
evaluation of the kernel is itself inexpensive both in low and in high-dimensional settings. However, the input dimensionality may 
indirectly affect the training cost because: 1) a high-dimensional problem may require more training data; 2) the hyperparameter 
tuning becomes more expensive if anisotropic kernels are used, since in that case the number of scale parameters equals the number 
of input dimensions and the optimization problem becomes itself high-dimensional. Compared to PCE methods, the training time for 
a given number of samples is usually higher as they require the inversion of a dense and potentially large kernel matrix.

PCE-GPR is a hybrid method that takes the advantageous features of both classes of methods, i.e., analytical statistical information 
and nonparametric training with good scalability to high-dimensional settings. It should be noted that the post-processing calculation 
of the PCE coefficients is per se parametric. However, as opposed to classical PCE methods, in this case the coefficients can be 
computed individually and up to an arbitrary order.

3.  Benchmark functions and test cases

The computational models and test cases that will be used to benchmark the PCE-GPR toolbox against state-of-the-art UQ methods 
are listed in Table 1 by increasing dimensionality. They are a combination of popular benchmarks for surrogate and UQ methods, 
most of which are collected from [10], and realistic test cases related to electronic device simulation, which were introduced in [74]. 
For each test case, all datasets used in the simulations, both for training and validation, are available online [83]. We also provide 
MATLAB files for the analytical and numerical functions and the SPICE simulation netlists for the electronic designs. The number 
of training samples is varied as indicated in Table 1. For each training dataset, 50 independent realizations are provided, generated 
with Latin hypercube sampling (LHS). The test datasets test = {(𝒙𝑖, 𝑦𝑖)}𝑁𝑖=1 are also generated with LHS. The number of test samples 
is 𝑁 = 104 for both the MATLAB functions and the SPICE test cases. Table 1 also provides relevant parameters such as the number of 
uncertain parameters, their distribution, the truncation for PCE-based methods, and the size of the available training datasets. The 
Reader is referred to the indicated references for additional information on the test cases.

The Forrester function is a simple but highly nonlinear one-dimensional function introduced in [87] as 
(𝑥) = (6𝑥 − 2)2 sin(12𝑥 − 4). (48)
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Table 1 
Information on the considered test cases, listed by increasing input dimensionality 𝑑. Italic font denotes 
models that involve numerical simulations, while bold font further indicates test cases that require 
the use of external software (SPICE); the other models are analytical. For the PCE-based methods, a 
truncation of order 𝑝 and hyperbolic truncation factor 𝑞 is used. For some highly nonlinear analytical 
functions (Forrester and Friedman) and the state-of-the-art PCE methods available in UQLab, the or-
der is selected adaptively in the range [5, 20]. For the SPICE examples, the truncation factor is chosen 
adaptively between 𝑞 = 0.5 and 𝑞 = 0.7. In SPGL1 and PCE-GPR, the largest value of 𝑝 and 𝑞 is used. 
The available sizes for the training datasets (𝐿) are also indicated, whereas the size of the test datasets 
is 𝑁 = 104 for each case. The last column provides the literature in which the test cases and their input 
distributions are described in detail.
 Test case 𝑑  Distribution  PCE truncation 𝐿  References
 Forrester function  1  uniform 𝑝 ∈ [5, 20]a , 𝑞 = 1  10 to 50  [87]
 Ishigami function  3  uniform 𝑝 = 14, 𝑞 = 1  30 to 200  [10,88]
 Friedman function  5  uniform 𝑝 ∈ [5, 20]a , 𝑞 = 0.5  40 to 200  [89]
 Duffing-van der Pol oscillator  5  Gaussian/uniform 𝑝 = 5, 𝑞 = 1  50 to 250  [23]
 Undamped oscillator  6  Gaussian 𝑝 = 5, 𝑞 = 1  30 to 150  [10,90]
 Borehole function  8  Gaussian/uniform 𝑝 = 5, 𝑞 = 1  50 to 300  [10,91]
 Wingweight function  10  uniform 𝑝 = 4, 𝑞 = 1  50 to 300  [10,87]
 Morris function  20  uniform 𝑝 = 8, 𝑞 = 0.5  100 to 400  [10,92]
 Amplifier gain  25  uniform 𝑝 = 3, 𝑞 = {0.5, 0.7}a  30 to 150  [74,93]
 Maximum crosstalk  26  Gaussian 𝑝 = 3, 𝑞 = {0.5, 0.7}a  40 to 120  [74,94]
 Interconnect delay  54  Gaussian 𝑝 = 3, 𝑞 = {0.5, 0.7}a  50 to 250  [74,95]
a Adaptive

Table 2 
Input distributions for the Duffing-van der Pol oscillator, the undamped oscillator, the borehole function, 
and the wingweight function benchmarks.
 Variable  Distribution

 Duffing-van der Pol oscillator  Undamped oscillator  Borehole function  Wingweight function
𝑥1  (4, 0.6)  (1, 0.1)  (0.1, 0.0161812)  (150, 200)
𝑥2  (−2, 0.4)  (0.1, 0.01)  (1120, 1680)  (220, 300)
𝑥3  (2, 0.5)  (1, 0.05)  (9855, 12045)  (6, 10)
𝑥4  (0.5, 2.5)  (0.5, 0.05)  (63070, 115600)  (−10, 10)
𝑥5  (46, 54)  (1, 0.2)  (63.1, 116)  (16, 45)
𝑥6  –  (0.5, 1∕12)  (990, 1110)  (0.5, 1)
𝑥7  –  –  (700, 820)  (0.08, 0.18)
𝑥8  –  –  (7.71, 1.0056)a  (2.5, 6)
𝑥9  –  –  –  (1700, 2500)
𝑥10  –  –  –  (0.025, 0.08)

a Originally lognormal

Since, in its original definition, the function is defined over the support [0, 1], we consider 𝑥 ∼  (0, 1) for the UQ analysis.
The Ishigami function [88] is a popular benchmark for UQ methods and is defined as 

(𝑥1, 𝑥2, 𝑥3) = sin(𝑥1) + 7 sin2(𝑥2) + 0.1𝑥43 sin(𝑥1). (49)

The distribution of the input variables is 𝑥𝑗 ∼  (−𝜋, 𝜋), for 𝑗 = 1, 2, 3.
The Friedman function is defined in [89] as 

(𝑥1,… , 𝑥5) = 10 sin(𝜋𝑥1𝑥2) + 20(𝑥3 − 0.5)2 + 10𝑥4 + 5𝑥5, (50)

with 𝑥𝑗 ∼  (0, 1), for 𝑗 = 1,… , 5.
The Duffing-van der Pol oscillator is a popular mathematical model that is used in various scientific fields to describe systems that 

exhibit self-sustained oscillations with non-linear damping. In our benchmark study, we consider the uncertain description in [23], 
which involves the numerical solution of the ordinary differential equation 

𝑥1𝑦̈ + 𝜎(𝑥2 + 𝑏𝑦2)𝑦̇ + 𝑥4𝑦(𝑐 + 𝑑𝑦2) = 𝑥3 cos(𝑥5𝑡). (51)

In particular, we look at the dynamic response 𝑦(𝑡) at time 𝑡 = 0.5 s. The five uncertain parameters 𝑥1,… , 𝑥5 have the distributions 
indicated in the second column of Table 2. The remaining parameters are deterministic, with values 𝜎 = 1.75, 𝑏 = 1, 𝑐 = 1, and 𝑑 = 1.

The undamped oscillator was defined in [90] as the solution of a nonlinear mechanical system, given by 

(𝑥1,… , 𝑥6) = 3𝑥4 −
|

|

|

|

|

|

2𝑥6
𝑥3𝑤2

0

sin

(

𝑤2
0𝑥5
2

)

|

|

|

|

|

|

, (52)

with 𝑤0 =
√

(𝑥1 + 𝑥2)∕𝑥3. The distribution of the six input parameters is indicated in third column of Table 2.
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The borehole function simulates the water flow between two aquifers and was defined in [91] as 

(𝑥1,… , 𝑥8) =
2𝜋𝑥4(𝑥6 − 𝑥7)

ln
(

𝑒𝑥8∕𝑥1
)

(

1 + 2𝑥2𝑥4
(

ln
(

𝑒𝑥8 ∕𝑥1
)

𝑥21𝑥3
) + 𝑥4

𝑥5

) , (53)

with the distributions indicated in the fourth column of Table 2. It should be noted that, in the original formulation, a lognormal 
distribution is ascribed to the parameter 𝑟 = 𝑒𝑥8 . However, since the lognormal distribution cannot be handled directly with PCE-GPR, 
we equivalently consider a Gaussian distribution for 𝑥8 = ln(𝑟).

The Wingweight function estimates the weight of a light aircraft wing, roughly representative of a Cessna C172 Skyhawk. It was 
defined in [87] as 

(𝑥1,… , 𝑥10) = 0.036 𝑥0.7581 𝑥0.00352

(

𝑥3
cos(𝑥4𝜋∕180)2

)0.6
𝑥0.0065 𝑥0.046

(

100𝑥7
cos(𝑥4𝜋∕180)

)−0.3
(𝑥8𝑥9)0.49 + 𝑥1𝑥10, (54)

for which the input distributions are again indicated in the last column of Table 2.
Finally, the last analytical benchmark is the Morris function, defined as [92] 

(𝑥1,… , 𝑥20) =
20
∑

𝑖=1
𝛽𝑖𝑤𝑖 +

20
∑

𝑖<𝑗
𝛽𝑖𝑗𝑤𝑖𝑤𝑗 +

20
∑

𝑖<𝑗<𝑙
𝛽𝑖𝑗𝑙𝑤𝑖𝑤𝑗𝑤𝑙 + 5𝑤1𝑤2𝑤3𝑤4, (55)

where 

𝑤𝑖 =

⎧

⎪

⎨

⎪

⎩

2
(

1.1𝑥𝑖
𝑥𝑖 + 0.1

− 0.5
)

𝑖 = 3, 5, 7

2(𝑥𝑖 − 0.5) otherwise

(56)

The input distributions are 𝑥𝑖 ∼  (0, 1), for 𝑖 = 1,… , 20, [96] and the coefficients are defined as 

𝛽𝑖 =
{

20 𝑖 ≤ 10
(−1)𝑖 𝑖 > 10

𝛽𝑖𝑗 =
{

−15 𝑖, 𝑗 ≤ 6
(−1)𝑖+𝑗 𝑖, 𝑗 > 6

𝛽𝑖𝑗𝑙 =
{

−10 𝑖, 𝑗 ≤ 5
0 𝑖, 𝑗 > 5

.

(57)

The electronic design test cases refer to:

1. The gain at 2 GHz of a bipolar junction transistor low-noise amplifier. The design was originally inspired to [93]. The uncertainty 
is provided by 25 electrical parameters, including element values, physical properties, and geometrical dimensions. For simplicity, 
in the SPICE netlists the variation of all parameters is standardized so that 𝑥𝑗 ∼  (−1, 1), ∀𝑗 = 1,… , 20, and the variation is within 
±20% around the nominal value.

2. The maximum interference (crosstalk) between adjacent transmission lines occurring in an electrical interconnect with coupled 
microstrip lines. The design was originally inspired to [94]. The uncertainty is provided by 26 geometrical and material parameters 
of the microstrip lines. All variations are standardized to  (0, 1) to provide a relative standard deviation of 10% from the nominal 
value.

3. The propagation delay occurring in the transient simulation of an electrical interconnect with single microstrip lines. The design 
was originally inspired to [95]. The delay is defined at the time at which the terminal voltage raises above 100 mV and is expressed 
in nanoseconds. The uncertainty is provided by 54 parameters, including lumped element values and geometrical and material 
parameters of the microstrip lines. All variations are standardized to  (0, 1) to provide a relative standard deviation of 10% from 
the nominal value.

4.  PCE-GPR toolbox: implementation and assessment

This section briefly introduces the PCE-GPR toolbox [75]. Additional details are provided in the user guide. The toolbox has 
been implemented in MATLAB and builds upon the UQLab toolbox, release 2.0.0 [50], and specifically on the Kriging module [86]. 
UQLab provides all necessary features and a robust and well-consolidated implementation, which makes a custom implementation 
superfluous. UQLab was preferred over the Statistics and Machine Learning Toolbox™ (SMLTB) in MATLAB, and specifically the 
function fitrgp therein available, or the scikit-learn package in Python because it allows greater flexibility in the definition of 
custom kernel functions, as well as in model training and hyperparameter estimation.

Some UQLab definitions are constrained by the peculiar features of PCE-GPR. In particular, the trend function is set to be zero, 
whereas the kernel function is defined according to the input distribution, as outlined in Section 2.3. The variation of the input 
parameters is rescaled internally to the standardized distributions typical of PCE, i.e.,  (0, 1) and  (−1, 1) for Gaussian and uniform 
variability, respectively. This step is required to leverage standard Hermite/Legendre polynomials and their respective kernels and is 
transparent to the user. The user is allowed to choose between the following main options:
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Table 3 
Configurations considered for the analysis. If noise is activated, the GPR model works 
in regression mode; otherwise, the model interpolates training data. The last column 
provides the labels with which the model are identified in the figures. By default, the 
Kriging model in UQLab uses a noise-free interpolation with an anisotropic kernel 
and LOO-CV estimation.
 Noise  Hyperparameter estimation  Kernel type  Label
 True (regression)  ML  Anisotropic  REG-ML-AN
 False (interpolation)  ML  Anisotropic  INT-ML-AN
 True  LOO-CV  Anisotropic  REG-LOO-CV-AN
 False  LOO CV  Anisotropic  INT-LOO-CV-ANa
 True  10-out CV  Anisotropic  REG-10out-CV-AN
 False  10-out CV  Anisotropic  INT-10out-CV-AN
 True  ML  Isotropic  REG-ML-IS
 False  ML  Isotropic  INT-ML-IS
 True  LOO-CV  Isotropic  REG-LOO-CV-IS
 False  LOO CV  Isotropic  INT-LOO-CV-IS
a UQLab default

• Isotropic or anisotropic kernel;
• ML or CV estimation of the hyperparameters; this is carried out by considering the logarithm of 𝜌.
• Interpolation mode (noiseless model) or regression mode (noisy model).

Moreover, advanced UQLab settings regarding CV and the hyperparameter optimizer can also be modified.
Before proceeding with the benchmarking against state-of-the-art methods, we provide a comparative analysis of some implemen-

tational features to assess the performance of the toolbox and identify the recommended default settings. The analysis is carried out 
on the basis of the electronic design test cases, using datasets of three different sizes and, for each dataset, all the 50 independent 
realizations available. We compare the prediction performance based on the relative mean square error on the available test samples, 
defined as [10] 

RelMSE =
∑𝑁
𝑖=1

(

𝑦𝑖 − ̂(𝒙𝑖)
)2

∑𝑁
𝑖=1

(

𝑦𝑖 − 𝑦̄
)2

(58)

where 

𝑦̄ = 1
𝑁

𝑁
∑

𝑖=1
𝑦𝑖 (59)

is the dataset mean and ̂ denotes the model prediction.

4.1.  Standard options: kernel type, hyperparameter estimation, and noise

In this section, we assess the impact of the standard settings the user is allowed to select, namely kernel type (isotropic or 
anisotropic), hyperparameter estimation method (ML or CV), and noise (true or false). For anisotropic kernels, we consider both a 
LOO and a 𝐾-fold CV scheme. For the latter, we leave 𝑘 = 10 samples out, which corresponds to using 𝐾 = ⌈𝐿∕10⌉ folds, where 𝐿
is the total number of training samples in the dataset [86]. The hybrid covariance matrix adaptation-evolution strategy (HCMAES) 
optimizer is used. Table 3 summarized the various configurations considered for the analysis. It should be noted that training data 
are noiseless, but the noise term in GPR acts as a regularizer and may help avoid overfitting.

The boxplots in Fig. 1 show the resulting RelMSE. The configurations yielding the smallest and largest median across the 50 
datasets are highlighted using green and red colors, respectively. Notably, the configuration providing the best result is always the 
one without noise and using an anisotropic kernel with a ML estimation of the hyperparameters. Conversely, in most cases the worst 
model is provided by a regression model with either 10-out CV or isotropic kernel. Based on this analysis, we set anisotropic kernels 
with noise-free ML estimation as default options.

4.2.  Optimizer

Next, we assess the performance of the different optimizers available in UQLab for the hyperparameter estimation. The optimizer is 
invoked to solve the minimization problem associated to the estimation strategy: the minimization of the CV error or the minimization 
of the negative log-likelihood function (which is equivalent to maximizing the likelihood function). The available options are [86]:

• Broyden-Fletcher-Goldfarb-Shanno (BFGS) method;
• Genetic algorithm (GA);
• Hybrid genetic algorithm (HGA; UQLab default);
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Fig. 1. Prediction error obtained with various model configurations for the three SPICE test cases and three training dataset sizes. Green and red 
colors highlight the models with the lowest and largest median error, respectively.

Table 4 
Performance ranking of the five optimizers for the hyperparameter es-
timation, based on the Borda score. The Friedman tests suggests that 
the performance is significantly different across optimization methods 
with 𝑝 = 0.0002.

 Method  Rank  Borda score
 HCMAES  1  17
 HGA  2  21
 CMAES  3  26
 BFGS  4  27
 GA  5  45

• Covariance matrix adaptation-evolution strategy (CMAES);
• Hybrid covariance matrix adaptation-evolution strategy (HCMAES);

For the standard options, we use the default values identified with the previous analysis, i.e., a noise-free model with an anisotropic 
kernel and ML estimation.

The results are illustrated in the boxplots of Fig. 2. In this case, the unanimous conclusion is that GA has the worst performance 
in all cases, with both higher median and larger dispersion across the dataset realizations. Conversely, HGA, CMAES, and HCMAES 
exhibit a better and rather similar performance. In Table 4, the five methods are ranked based on the Borda score, which assigns 
points based on the rank in each test case. The method with the lowest total score is ranked best. Overall, the HCMAES ranks first 
followed by HGA, despite the latter exhibits the best performance in five out of nine cases. Indeed, even when HCMAES is not the 
best-performing method, its error remains comparable. Although BFGS ranks third in terms of median error, Fig. 2 shows that it 
exhibits a rather large error dispersion across different training datasets. A Friedman test suggests that the difference in performance 
is significant with a p-value of 0.0002. Based on this analysis, we select the HCMAES as the default optimization method.

4.3.  Hyperparameter bounds

In standard GPR, the main hyperparameter is usually the kernel scale, which is constrained to be strictly positive but is not upper-
bounded. In the PCE-GPR kernels, the hyperparameter 𝜌 is limited to the interval (0, 1). The extrema are excluded since the kernels 
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Fig. 2. Prediction error obtained with various optimizers.

Fig. 3. Prediction error obtained with various hyperparameter optimization bounds.

are singular for 𝜌 = 1, while they would yield a vanishing PCE for 𝜌 = 0. As 𝜌 plays a crucial role on the accuracy, it is fundamental 
to understand how close its value may get to these extrema and set correct lower and upper bounds for the optimization. Since we 
are using a logarithmic transform in the optimization problem, the definition of the lower bound is particularly critical, as clearly 
this cannot be −∞. Therefore, we assess the prediction accuracy for different hyperparameter bounds. In particular, we consider 
log 𝜌 ∈ {[−1, 0], [−2, 0], [−4, 0], [−6, 0], [−8, 0], [−10, 0], [−12, 0]}.
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Table 5 
Methods considered for the comparative analysis. The toolbox used for the implementation is indicated 
along with the specific settings considered.
 Method  Type  Toolbox  Version  Specific settings
 LAR  PCE  UQLab [97]  v2.0.0  Default
 OMP  PCE  UQLab [97]  v2.0.0  Default
 SP  PCE  UQLab [97]  v2.0.0  Hyperparameter tuning: 4-fold CV
 SP-LOO  PCE  UQLab [97]  v2.0.0  Hyperparameter tuning: LOO-CV (default)
 BCS  PCE  UQLab [97]  v2.0.0  Default
 SPGL1  PCE  spgl1 [98]  v2.1  Hyperparameter tuning: 4-fold CV
 SVR-L1  kernel  UQLab [82]  v2.0.0  Loss function: L1 (default)

 Kernel: anisotropic Gaussian
 Hyperparameter tuning: span LOO estimate (default)
 QP solver: interior point method
 Optimizer: HCMAES

 SVR-L2  kernel  UQLab [82]  v2.0.0  Loss function: L2
 Other settings: same as above

 SVR  kernel  SMLTB [99]  v24.2  Kernel: isotropic Gaussian
 (SMLTB)  (fitrsvm)  Hyperparameter tuning: 5-fold CV

 QP solver: sequential minimal optimization (default)
 LSSVM  kernel  LS-SVMlab [100]  v1.8  Kernel: isotropic Gaussian

 Hyperparameter tuning: LOO-CV
 Optimizer: simplex method

 GPR  kernel  UQLab [86]  v2.0.0  Trend: constant
 (UQLab)  Kernel: anisotropic Gaussian

 Noise: false
 Hyperparameter tuning: ML
 Optimizer: HCMAES

 GPR  kernel  SMLTB [99]  v24.2  Trend: constant
 (SMLTB)  (fitrgp)  Kernel: anisotropic Gaussian

 Noise: true
 Hyperparameter tuning: ML (default)
 Optimizer: quasi-Newton (default)

 PCK  kernel  UQLab [101]  v2.0.0  Mode: sequential
 (sequential)  Kernel: anisotropic Gaussian

 Noise: false
 Hyperparameter tuning: ML
 Optimizer: HCMAES

 PCK  kernel  UQLab [101]  v2.0.0  Mode: optimal
 (optimal)  Other settings: same as above
 PCE-GPR  hybrid  PCE-GPR [75]  v1.0  Kernel: anisotropic (default)
 (ML)  Hyperparameter tuning: ML (default)

 Noise: false (default)
 PCE-GPR  hybrid  PCE-GPR [75]  v1.0  Hyperparameter tuning: LOO-CV
 (CV)  Other settings: same as above

The results, summarized in Fig. 3, indicate that the lowest median error is obtained by setting the lower bound for 𝜌 to either 10−4
or 10−6, while setting it to 10−2 or higher significantly reduces accuracy. The prediction error generally stabilizes for lower bounds 
of 10−4 and below, with smaller values having little impact on accuracy. Therefore, we set [−6, 0] as the default optimization bounds 
for log(𝜌); this can be adjusted through UQLab-specific options.

5.  Numerical results and benchmarking

In this section, we benchmark the PCE-GPR toolbox against the state-of-the-art PCE and kernel methods reviewed in Section 2, 
based on the test cases listed in Table 1. The analysis is carried out in terms of predictive accuracy, assessed using the RelMSE, and 
computational time. We implement existing methods using available toolboxes.

Table 5 lists all the methods considered, along with the indication of the toolbox used and pertinent information regarding the 
method’s settings. LAR, OMP, SP, and BCS are all available in the PCE module of UQLab [97]. For LAR, OMP, and BCS we use 
standard default settings. Since SP requires the definition of a CV scheme to estimate the number 𝐾 of non-zero coefficients, we 
consider the same two implementations as in [10]: one using a 4-fold CV, which we simply denote as “SP”, and one using a LOO-CV 
scheme, denoted as “SP-LOO”. We use instead the spgl1-2.1 toolbox [98] to implement the SPGL1 method. The toolbox generically 
allows solving either the LASSO (14) or the basis pursuit denoise (15) problem. We align with the suggestion in [10]: for a given 
𝜎, we solve (14) for different values of 𝜏 to find the minimum that meets the constraint in (15). In the process, 𝜎 is considered as 
a hyperparameter that is tuned via a 4-fold CV leveraging dedicated features available in the SMLTB. It should be noted that, for 
the analytical benchmarks, the analysis of the PCE methods replicates the one in [10] and is repeated here only for the sake of 
completeness and to facilitate a direct and transparent comparison between the two classes of PCE and kernel methods. Yet, the same 
analysis is extended to numerical and higher-dimensional test cases that were not considered in the previous literature.
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As to the kernel methods, the SVR is implemented leveraging both UQLab, via the dedicated module [82], and the SMLTB using 
the function fitrsvm. The UQLab implementation allows choosing between a linear (L1) and a quadratic (L2) 𝜀-insensitive loss and 
supports anisotropic kernels. By default, it uses a span estimate of the LOO-CV error for tuning the hyperparameters. Conversely,
fitrsvm only supports a linear loss and isotropic kernels. By default, it calculates hyperparameters empirically based on the training 
data, i.e., it does not tune their value, which results in poor predictive performance. Therefore, we rather choose to tune them using 
a 5-fold CV scheme.

The LSSVM is implemented via the LS-SVMlab toolbox [100]. We consider an isotropic Gaussian kernel (therein termed “radial 
basis function” kernel). Anisotropic kernels are not supported. We also investigated other kernel types (e.g., polynomial), which 
resulted in poorer predictive performance and whose results are therefore omitted. The hyperparameters are tuned via a LOO-CV 
estimation based on the simplex method.

For the implementation of the standard GPR, we again consider both UQLab and the fitrgp function available in the SMLTB. In 
both cases, we consider a constant trend function, an anisotropic Gaussian kernel, and a ML estimation for tuning the hyperparameters 
(the SMLTB does not support CV for anisotropic kernels). In UQLab, we use a noise-free model and the HCMAES optimizer for 
consistency with PCE-GPR; in the SMLTB instead, we consider a noisy model since a noise-free interpolation is not supported (the 
noise standard deviation must be set to a minimum non-zero value) and the default quasi-Newton optimizer. Matérn kernels were 
also tested resulting in similar or worse performance and therefore are not considered in our analysis.

The PCK is implemented using the corresponding module in UQLab [101]. We consider both the “sequential” and “optimal” 
strategy for estimating the trend coefficients: the former first identifies the relevant PCE basis for the trend and then trains the GPR 
model; the latter implements an iterative algorithm in which the trend coefficients and the GPR model are calibrated concurrently. 
The remaining settings are chosen consistently with the standard GPR method: anisotropic Gaussian kernel, noise-free model, and 
ML estimation of the hyperparameters based on the HCMAES optimizer.

All the above methods are compared against PCE-GPR with default settings (cfr. Section 4) except for the hyperparameter esti-
mation method, for which we consider both ML (default) and LOO-CV estimation. It should be noted that, in Table 5, the PCE-GPR 
method is defined as “hybrid” because it is able to provide a full PCE model. In PCK instead, the PCE is available only for the trend 
part, while the kernel contribution cannot be analytically represented as such.

5.1.  Predictive accuracy

We first compare the methods in terms of predictive performance, starting from the low-dimensional synthetic benchmarks, i.e., 
the Forrester, Ishigami, and Friedman functions. These functions are highly nonlinear and specifically designed to test surrogate 
models and stress their predictive performance. For the PCE methods implemented in UQLab, we let the toolbox adaptively select 
the expansion order 𝑝 between 5 and 20, with the exception of the Ishigami function, for which we consider 𝑝 = 14 for the sake of 
consistency with [10]. In the adaptive case, the algorithm tends to pick the highest order (𝑝 = 20), especially for the largest datasets.

The results are shown in Fig. 4, which provides a compact representation of boxplots. Specifically, the lines indicate the median 
RelMSE across the 50 training datasets, while the upper and lower bars denote the 75th and 25th percentile, respectively. To avoid 
cluttering the figure, we collect PCE methods in the left panel and kernel methods in the right panel. In this regard, PCK is considered 
a kernel method because it does not provide PCE coefficients for the whole model. For PCE-GPR, we report in the right panel the 
prediction of the kernel model and in the left panel the prediction of the PCE model, which is obtained in post-processing using the 
highest expansion degree (cfr. Table 1). The difference between the two models is negligible, since the expansion order turns out to 
be high enough in all cases. It is worth mentioning that, for the scope of our analysis, it is not relevant to convert the model to a PCE, 
but this is in general useful for analytically obtaining statistical information like Sobol’ sensitivity indices, as will be shown later in 
Section 5.3.

For the Forrester function, PCE-GPR significantly outperforms all the state-of-the-art PCE methods, achieving a median relative 
accuracy of almost 10−3 with 10 training samples only and of about 10−10 with 20 training samples. The latter is about six orders of 
magnitude smaller compared to the other PCE methods. LAR and OMP achieve similar accuracy beyond 30 training samples. PCE-GPR 
also tends to be more accurate than other kernel methods, exhibiting performance similar to that of PCK for larger training datasets. 
The ML and CV estimations of the PCE-GPR hyperparameters are found to provide similar accuracy for the smaller datasets, whereas 
the accuracy of the former degrades when the number of training samples increases.

For the Ishigami function instead, all kernel methods, including PCE-GPR, perform much worse than PCE except for PCK, for which 
the PCE trend likely contributes to most of the accuracy. The optimal strategy overall achieves slightly better accuracy compared 
to the sequential one. PCE-GPR achieves better performance only for the smallest dataset with 𝐿 = 30 training samples. OMP and 
SP-LOO provide very similar accuracy, which is slightly worse than SP for the largest training datasets. However, SP exhibits a much 
larger error for smaller datasets. Among the other kernel methods, PCE-GPR exhibits the best accuracy, with a median relative error 
of about 10−3 for the largest datasets.

For the Friedman function, all methods provide comparable accuracy, with SPGL1 and SP-LOO performing the worst and the best 
among PCE methods, respectively. PCE-GPR and PCK achieve similar performance as SP-LOO, especially for the smaller datasets. 
All in all, PCE-GPR is found to perform similarly or better than the state-of-the-art PCE and kernel methods except for the Ishigami 
function.

Next, we consider the remaining low-dimensional examples, i.e., the ones with 𝑑 ≤ 10, which are characterized by a moderate 
nonlinearity. The results are shown in Fig. 5. In all cases, PCE-GPR achieves an error that is one to two orders of magnitude smaller than 
the best performing state-of-the-art technique. Specifically, the comparison with standard GPR, which virtually considers the same 
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Fig. 4. Predictive performance of PCE methods (left panels) and kernel methods (right panels) for the Forrester function (a), Ishigami function (b), 
and Friedman function (c). For PCE-GPR, the left panels report the prediction of the PCE model obtained using the same truncation as for the other 
PCE methods.

settings apart from the kernel function, suggests that the special kernels leveraged by PCE-GPR play a fundamental role in improving 
the accuracy. Regarding the PCE-GPR hyperparameter estimation, the performance of ML and CV is found to be comparable.

Among the state-of-the-art kernel methods based on support vector machines, the LSSVM achieves the best performance for 
the Duffing-van der Pol oscillator and the undamped oscillator. For the Borehole and Wingweight functions, the SVR-L1 in UQLab 
provides comparable performance, although the accuracy tends to degrade for larger training datasets. Conversely, the SVR model 
trained with fitrsvm provides a much larger error for all test cases. As to PCK, the optimal training strategy provides, as expected, 
a better performance. However, as we will discuss later on, this comes at the price of a much larger training cost. Compared to PCK, 
the GPR model trained with fitrgp achieves even better performance for the Borehole and Wingweight functions and the smaller 
training datasets, while it fails to provide an accurate model for the Duffing-van der Pol oscillator.

In order to better benchmark the PCE-GPR performance against state-of-the-art methods, Fig. 6 restricts the comparison to the best 
performing PCE and kernel techniques for each test case. For the Duffing-van der Pol oscillator and the Wingweight function, BCS 
provides the best accuracy among the standard PCE methods. SP-LOO is instead the best PCE method for the undamped oscillator and 
Borehole function. As far as kernel methods are concerned, the LSSVM provides the best performance for the undamped oscillator. For 
the other three benchmarks, GPR performs the best but – for the Borehole and Wingweight functions – is outperformed by the optimal 
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Fig. 5. Predictive performance of PCE methods (left panels) and kernel methods (right panels) for the Duffing-van der Pol oscillator (a), the 
undamped oscillator (b), the Borehole function (c), and the Wingweight function (d).
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Fig. 6. Comparison between PCE-GPR and the best performing PCE and kernel methods for the low-dimensional test cases: Duffing-van der Pol 
oscillator (𝑑 = 5), undamped oscillator (𝑑 = 6), Borehole function (𝑑 = 8), and Wingweight function (𝑑 = 10). Line style and color are the same as 
in Fig. 5.

Table 6 
Summary of best performing techniques for the considered test cases.
 Test case  Best state-of-the-art PCE  Best state-of-the-art kernel  Best overall  PCE-GPR rank
 Forrester function  LAR / OMP  PCK  PCE-GPR  1st
 Ishigami function  OMP / SP-LOO  PCK  OMP / SP-LOO  7th
 Friedman  SP-LOO  PCK  SP-LOO  1st to 5th
 Duffing-van der Pol oscillator  BCS  GPR  PCE-GPR  1st
 Undamped oscillator  SP-LOO  LSSVM  PCE-GPR  1st
 Borehole function  SP-LOO  GPR / PCK  PCE-GPR  1st
 Wingweight function  BCS  GPR / PCK  PCE-GPR  1st
 Morris function  BCS  GPR  PCE-GPR  1st
 Amplifier gain  BCS  GPR  PCE-GPR  1st
 Maximum crosstalk  BCS  GPR  PCE-GPR  1st
 Interconnect delay  BCS  PCK  PCE-GPR  1st

PCK when using larger training datasets. The analysis of Fig. 6 suggests that the kernel methods tend to perform better than PCE 
techniques, especially when the number of training samples is small. Moreover, PCE-GPR outperforms all state-of-the-art methods.

Similar results are provided for the high-dimensional examples in Fig. 7. The performance of the various methods is found to 
be more consistent between the different test cases. In particular, BCS always performs the best among PCE methods. As to kernel 
methods, the GPR models trained with fitrgp perform the best except for the interconnect delay test case, for which the model 
returned a nearly constant prediction. For this test case, UQLab failed to train the SVR models and the best accuracy is obtained with 
the optimal PCK. The training of the optimal PCK model run out of memory for the Morris function, due to the combination of high 
dimensionality and large number of training data. For PCE-GPR, ML estimation consistently yields a more accurate model than CV. 
Therefore, ML appears to be more suitable to estimate hyperparameters in high-dimensional settings.

As before, we restrict the comparison of PCE-GPR against the best performing PCE and kernel methods in Fig. 8. It is observed 
that kernel methods outperform PCE methods except for the interconnect delay test case, for which BCS and optimal PCK provide 
similar accuracy. The comparisons also show that PCE-GPR performs similarly to or better than state-of-the-art methods.

Table 6 summarizes, for each test case, the best-performing methods among the state-of-the-art PCE and kernel techniques. It also 
highlights the overall best method, considering in this case also PCE-GPR, and reports the rank of PCE-GPR among the ten different 
techniques evaluated (excluding their variants). Overall, SP-LOO and BCS exhibit the best performance among PCE methods, while 
GPR and PCK lead among kernel methods. Although treated here as a distinct method, PCK is in fact a specific configuration of GPR. 

Computer Methods in Applied Mechanics and Engineering 449 (2026) 118523 

18 



P. Manfredi

Fig. 7. Predictive performance of PCE methods (left panels) and kernel methods (right panels) for the Morris function (a), amplifier gain (b), 
maximum crosstalk (c), and interconnect delay (d). For PCE-GPR, the left panels report the prediction of the PCE model obtained using the same 
truncation as for the other PCE methods.
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Fig. 8. Comparison between PCE-GPR and the best performing PCE and kernel methods for the high-dimensional test cases: Morris function (𝑑 = 20), 
Amplifier gain (𝑑 = 25), Maximum crosstalk (𝑑 = 26), and Interconnect delay (𝑑 = 54). Line style and color are the same as in Fig. 5.

As previously noted, kernel methods generally outperform PCE techniques, particularly in high-dimensional examples and with small 
experimental designs. In most cases, PCE-GPR achieves the highest rank, with the exception of the Ishigami and Friedman functions, 
which are two of the most nonlinear benchmarks. For the latter, the ranking is highly sensitive to the dataset size and ranges from 
first to fifth place. This highlights a possible limitation, or a reduced efficacy, of PCE-GPR in modeling highly nonlinear functions, 
although its accuracy remains within acceptable levels. It is worth noting, however, that these are highly artificial examples, whereas 
for the test cases that are representative of physical systems – both the analytical and numerical ones – PCE-GPR consistently and 
significantly outperforms all other methods.

5.2.  Comparison against the PCE-LSSVM method

In this section, we further compare the PCE-GPR method against its LSSVM-based predecessor [85], which is however not available 
in a public toolbox. We base the analysis on the three SPICE examples, i.e., amplifier gain, maximum crosstalk, and interconnect delay, 
for which reference information and results are available in [85]. As in [85], we consider isotropic kernels, since anisotropic kernels 
are found to provide similar or worse performance. The PCE-LSSVM hyperparameters (𝜌 and 𝛾) are tuned based on the LOO-CV 
error and Bayesian optimization. For PCE-GPR instead, we tune the hyperparameters based on ML estimation, since it was shown in 
Section 5.1 to provide better results for these benchmarks.

The PCE-LSSVM and PCE-GPR methods are compared in terms of prediction accuracy in Fig. 9. PCE-GPR is shown to significantly 
outperform PCE-LSSVM in all three test cases. Despite using a similar kernel formulation, PCE-GPR takes advantage of the ML 
estimation of the hyperparameters and the robust training algorithms available in UQLab.

5.3.  Sobol’ indices

As highlighted before, PCE-GPR allows the calculation of statistical information in closed form thanks to the analytical conver-
sion to a PCE. In this section, we compare the performance of PCE-GPR against standard PCE methods in the calculation of Sobol’ 
sensitivity indices (8) for four selected examples, namely the Ishigami function, the undamped oscillator, the Borehole function, and 
the Wingweight function. The comparison is provided against the best performing PCE method according to Table 6, i.e., the SP-LOO 
method for the first three test cases and the BCS method for the Wingweight function.

Reference values are obtained with a quasi-Monte Carlo analysis based on Sobol’ sampling sequences [102]. This approach involves 
the calculation of 𝑁(𝑑 + 2) samples, where 𝑁 is the baseline number of Monte Carlo evaluations. For an accurate reference, we use 
𝑁 = 105. Therefore, the total number of samples is 5 ⋅ 105 for the Ishigami function, 8 ⋅ 105 for the undamped oscillator, 106 for the 
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Fig. 9. Comparison between PCE-GPR and PCE-LSSVM for the three SPICE examples.

Table 7 
Comaparison between PCE-GPR and the standard PCE methods in the calculation of Sobol’ sensitivity indices for the 
Ishigami function, the undamped oscillator, the Borehole function, and the Wingweight function. For each Sobol’ index, 
the minimum and maximum prediction across the 50 independent realizations of the smallest and largest datasets are 
reported.

 Smallest dataset  Largest dataset
 Function  Sobol’ index  Monte Carlo  Standard PCE  PCE-GPR  Standard PCE  PCE-GPR
 Ishigami 𝑆𝑇1  0.5650 [0.2619, 1.0000] [0.0259, 0.8573] [0.5576, 0.5576] [0.5544, 0.5720]

𝑆𝑇2  0.4484 [0.3391, 1.0000] [0.0895, 0.8713] [0.4424, 0.4424] [0.4376, 0.4539]
𝑆𝑇3  0.2469 [0.2547, 0.9607] [0.0001, 0.9569] [0.2437, 0.2437] [0.2416, 0.2685]

 Undamped oscillator 𝑆𝑇1  0.0010 [0, 0.0510] [0.0006, 0.0013] [0.0009, 0.0010] [0.0009, 0.0010]
𝑆𝑇2  0.0000 [0, 0.0087] [0, 0.0004] [0, 0] [0, 0]
𝑆𝑇3  0.0128 [0.0092, 0.0578] [0.0118, 0.0141] [0.0125, 0.0127] [0.0126, 0.0126]
𝑆𝑇4  0.6251 [0.2921, 0.6472] [0.6088, 0.6180] [0.6140, 0.6154] [0.6148, 0.6149]
𝑆𝑇5  0.2056 [0.1847, 0.6075] [0.1965, 0.2117] [0.2018, 0.2031] [0.2022, 0.2023]
𝑆𝑇6  0.1786 [0.1382, 0.2063] [0.1706, 0.1783] [0.1754, 0.1759] [0.1756, 0.1757]

 Borehole 𝑆𝑇1  0.6982 [0.6286, 0.7747] [0.6722, 0.7126] [0.6940, 0.6945] [0.6941, 0.6943]
𝑆𝑇2  0.1034 [0.0662, 0.2542] [0.0940, 0.1090] [0.1027, 0.1029] [0.1027, 0.1028]
𝑆𝑇3  0.0253 [0, 0.1649] [0.0199, 0.0263] [0.0251, 0.0252] [0.0251, 0.0251]
𝑆𝑇4  0.0000 [0, 0.0576] [0, 0.0024] [0, 0] [0, 0]
𝑆𝑇5  0.0000 [0, 0.0429] [0, 0.0035] [0, 0] [0, 0]
𝑆𝑇6  0.1068 [0.0688, 0.1948] [0.0970, 0.1145] [0.1060, 0.1062] [0.1060, 0.1062]
𝑆𝑇7  0.1067 [0.0712, 0.2324] [0.1003, 0.1130] [0.1058, 0.1062] [0.1061, 0.1062]
𝑆𝑇8  0.0000 [0, 0.0973] [0, 0.0032] [0, 0] [0, 0]

 Wingweight 𝑆𝑇1  0.1286 [0.1044, 0.1592] [0.1222, 0.1394] [0.1276, 0.1282] [0.1277, 0.1280]
𝑆𝑇2  0.0000 [0, 0.0068] [0, 0.0008] [0, 0] [0, 0]
𝑆𝑇3  0.2272 [0.1987, 0.2606] [0.2201, 0.2379] [0.2256, 0.2263] [0.2259, 0.2261]
𝑆𝑇4  0.0005 [0, 0.0063] [0, 0.0008] [0.0005, 0.0005] [0.0005, 0.0005]
𝑆𝑇5  0.0001 [0, 0.0180] [0, 0.0006] [0.0001, 0.0001] [0.0001, 0.0001]
𝑆𝑇6  0.0019 [0, 0.0255] [0.0013, 0.0027] [0.0018, 0.0019] [0.0019, 0.0019]
𝑆𝑇7  0.1459 [0.1159, 0.1658] [0.1344, 0.1535] [0.1447, 0.1454] [0.1449, 0.1453]
𝑆𝑇8  0.4219 [0.3604, 0.4868] [0.4121, 0.4330] [0.4191, 0.4202] [0.4194, 0.4199]
𝑆𝑇9  0.0881 [0.0557, 0.1161] [0.0759, 0.0929] [0.0874, 0.0878] [0.0875, 0.0877]
𝑆𝑇10  0.0034 [0, 0.0193] [0.0021, 0.0045] [0.0033, 0.0034] [0.0033, 0.0034]

Borehole function, and 1.2 ⋅ 106 for the Wingweight function. Hence, the calculation of an accurate reference becomes prohibitive for 
the numerical benchmarks.

The results are collected in Table 7 for two scenarios, considering the smallest and largest available datasets. The minimum and 
maximum prediction of each Sobol’ index, obtained across the 50 realizations available in the public dataset [83], are reported. The 
performance is consistent with the one observed in Section 5.1. Both the standard PCE and PCE-GPR struggle to predict the Sobol’ 
indices of the Ishigami function with the small datasets, exhibiting a large dispersion between the minimum and maximum value. 
The results are instead accurate and comparable for the large datasets. For the other three benchmarks, the PCE-GPR result is much 
closer to the reference and exhibits low dispersion already for the small datasets. The accuracy is again similar for the large ones. Yet, 
the PCE-GPR prediction is more consistent across the different realizations. This analysis corroborates the conclusion that PCE-GPR 
tends to be more accurate than standard PCE methods, especially in small data regimes.
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Fig. 10. Training cost for the highly nonlinear low-dimensional test cases. For each dataset size, the cost is computed by averaging the training 
time over the 50 independent realizations. The color of the bars reflects their relative height on a logarithmic scale.

5.4.  Computational time

We now compare the performance in terms of training cost. To this end, we record the time taken by training each model and we 
take the average across the 50 independent runs. The results are shown by means of colored bars in Fig. 10 for the highly nonlinear 
examples, in Fig. 11 for the moderately nonlinear and low-dimensional benchmarks, and in Fig. 12 for the high-dimensional test 
cases. The color reflects the height of the bar on a logarithmic scale. The training cost is then summarized in Table 8, which reports 
the largest training time taken by each method for the various test cases, usually corresponding to the largest training dataset.

The analysis shows that the training of PCE techniques is generally faster compared to kernel methods, especially for larger 
training datasets. This is a known limitation of kernel methods, which is due to the inversion of a potentially large kernel/covariance 
matrix. Among the state-of-the-art PCE methods, SPGL1 is the slowest, followed by BCS. In absolute terms, the slowest training time 
for SPGL1 is 35.1 s for the interconnect delay, while it is 22.8 s for BCS with the Morris function. The remaining methods (i.e., LAR, 
OMP, SP, and SP-LOO) are significantly faster, with SP taking the largest training time, i.e., 1.6 s, for the Friedman function with 
𝐿 = 200.

As to kernel methods, SVR is usually slower because it requires to solve a quadratic programming minimization problem rather 
than a linear system, as it is instead the case for LSSVM and GPR. In this regard, the training of LSSVM is below 3 s, while it remains 
below 6 s for standard GPR. This difference is also due to the fact that the LS-SVMlab only supports isotropic kernels, whereas the 
training of anisotropic GPR models is more expensive. In contrast, SVR takes up to 99 s for the Morris function and quadratic loss 
function. As to PCK, the optimal strategy is by far more expensive than the sequential strategy, taking up to 349 s for the interconnect 
delay problem. The sequential strategy is always below 5 s instead. The difference between optimal and sequential strategies is as 
large as 146× for the Wingweight function (281 s vs 2 s). Compared to PCE techniques, standard GPR and sequential PCK exhibit 
similar training cost, while often performing better in terms of accuracy.

Concerning PCE-GPR, the training cost remains within feasible limits, usually tens of seconds, except for the Morris function, for 
which it reaches 188 s. In this regard, it is observed that the training is more time-consuming for problems with uniform distribution 
due to the evaluation of the elliptic integral within the Legendre kernel. No significant difference is found instead by using a ML 
or CV estimation of the hyperparameters. Hence, the superior accuracy that PCE-GPR was shown to provide comes at the price of 
a slightly higher training cost. It should be noted, however, that in realistic applications the collection of training samples is often 
expensive, which makes a training cost within tens or hundreds of seconds still acceptable.

6.  Additional examples

In this section, we report seven additional examples to further enhance the comparison and demonstrate the performance of the 
hybrid PCE-GPR method. All examples are taken from relevant UQ-related literature and include applications to partial differential 
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Fig. 11. Training cost for the low-dimensional test cases with moderate nonlinearity.

Table 8 
Maximum average training cost (time in seconds) for the considered methods and the various test cases.
 Method  Forrester  Ishigami  Friedman Duffing-van 

der Pol
Undamped 
oscillator

 Borehole  Wingweight  Morris  Gain  Crosstalk  Delay

 LAR  0.04  0.08  0.82  0.11  0.06  0.18  0.20  0.14  0.08  0.06  0.21
 OMP  0.04  0.04  0.47  0.04  0.02  0.18  0.22  0.44  0.06  0.04  0.17
 SP  0.06  0.19  1.59  0.18  0.10  0.54  0.47  0.56  0.12  0.10  0.48
 SP-LOO  0.04  0.09  0.72  0.05  0.06  0.25  0.22  0.23  0.06  0.05  0.21
 BCS  0.45  0.79  3.67  0.59  0.28  1.37  1.59  22.83  1.64  1.52  6.03
 SPGL1  1.28  7.50  9.59  1.62  6.88  25.45  13.18  21.13  6.28  6.61  35.12
 LSSVM  0.24  0.75  0.77  1.06  0.52  1.46  1.47  2.56  0.54  0.43  1.09
 SVR-L1  1.40  11.15  13.09  13.05  5.93  28.54  32.38  83.03  12.99  9.24  n/a
 SVR-L2  1.45  15.82  19.75  9.38  6.05  41.43  50.22  99.46  17.10  7.36  n/a
 SVR (SMLTB)  4.71  12.43  14.18  12.33  11.58  18.21  8.70  10.69  7.96  5.42  6.06
 GPR (UQLab)  0.16  0.57  0.93  1.10  0.49  1.46  1.63  5.08  0.96  0.70  2.99
 GPR (SMLTB)  0.02  0.10  0.12  0.27  0.12  0.37  0.49  4.80  0.80  0.61  1.07
 PCK (sequential)  0.21  0.69  1.68  1.27  0.97  2.03  1.93  4.84  1.35  0.90  3.78
 PCK (optimal)  3.15  37.41  100.26  101.87  51.67  248.12  281.33  n/a  75.02  27.42  348.78
 PCE-GPR (ML)  0.84  2.88  4.76  4.20  1.24  10.07  17.67  188.06  20.10  2.93  24.19
 PCE-GPR (CV)  0.70  2.79  5.22  2.67  1.35  10.25  17.19  183.91  16.84  1.91  9.73

equations with stochastic coefficients described by high-dimensional random fields, as well as thermal and structural mechanics 
problems. This analysis aims to validate the performance of the hybrid PCE-GPR method on realistic, high-dimensional problems that 
are relevant to various engineering fields and require numerical solutions. Based on the results of the previous section, we restrict 
the analysis to LAR, OMP, SP-LOO, and BCS among the PCE methods, and to GPR, PCK, and PCE-GPR among the kernel methods. 
For GPR, we consider only the UQLab implementation for a direct comparison with the PCE-GPR toolbox. The PCK simulations are 
limited to the sequential strategy. For GPR, PCK, PCE-GPR, we consider a ML estimation of the hyperparameters. Reference results 
are generated with a Monte Carlo analysis based on 𝑁 = 104 samples.

6.1.  Stochastic boundary value problems

The first example is taken from [103] and concerns the solution of the stochastic partial differential equation 

− 𝑑
𝑑𝑥

(

𝑎(𝑥; 𝝃) 𝑑
𝑑𝑥
𝑢(𝑥; 𝝃)

)

= 1, (60)
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Fig. 12. Training cost for the high-dimensional test cases.

Fig. 13. Five realizations of the Gaussian random field (left) and corresponding solutions of (60) (right).

with 𝑥 ∈ [0, 1] and Dirichlet boundary conditions 𝑢(0) = 𝑢(1) = 0. The random diffusion coefficient is expressed as the truncated 
Karhunen-Loève expansion (KLE) [104] 

𝑎(𝑥; 𝝃) = 𝑎̄(𝑥) + 𝜎𝑎
𝑑
∑

𝑘=1

√

𝜆𝑘𝜙𝑘(𝑥)𝜉𝑘, (61)

with 𝑎̄ = 0.1, 𝜎𝑎 = 0.021, and 𝑑 = 40 terms, where {𝜆𝑘}𝑑𝑘=1 and {𝜙𝑘(𝑥)}𝑑𝑘=1 are the eigvenvalues and eigenfunctions of the Gaussian 
covariance kernel 

𝑐(𝑥, 𝑥′) = exp

(

−
(𝑥 − 𝑥′)2

𝑙2𝑥

)

(62)

with autocorrelation length 𝑙𝑥 = 1∕14. It should be noted that, for consistency with the literature, 𝑥 now denotes the spatial variable, 
while the uncertain variables are denoted with 𝜉. The random variables {𝜉𝑗}40𝑗=1 are uniformly distributed in [−1, 1], i.e., 𝜉𝑗 ∼  (−1, 1)
for 𝑗 = 1,… , 40. The Eq. (60) is solved numerically in MATLAB using the Partial Differential Equation Toolbox [105]. The eigenvalues 

Computer Methods in Applied Mechanics and Engineering 449 (2026) 118523 

24 



P. Manfredi

Fig. 14. Results for the solution 𝑢(𝑥; 𝝃) of (60) at 𝑥 = 0.5: (a) prediction accuracy for the various methods and different sizes of the training dataset; 
(b) comparison between SP-LOO and PCE-GPR in the prediction of the PDF with 𝐿 = 15 training samples. The PDF predictions are provided for five 
independent runs with randomized training data. The histogram represents the reference result from the Monte Carlo analysis.

Fig. 15. Five realizations of the lognormal random field (left) and corresponding solutions of (63) (right).

and eigenfunctions are obtained by evaluating the autocorrelation matrix at 1001 spatial points. Fig. 13 illustrates five realizations 
of the random field (left panel) and the corresponding solutions (right panel).

To compare the performance of the various methods, we focus on the solution of at 𝑥 = 0.5, in analogy with the results reported 
in [103]. For the state-of-the-art PCE methods, we consider a hyperbolic truncation with 𝑞 = 0.5 and an adaptive selection of the 
expansion order between 𝑝 = 2 and 𝑝 = 4. Fig. 14(a) shows the results for the prediction accuracy based on 20 independent realizations 
of training datasets of various sizes. PCE-GPR achieves the best performance and is comparable to BCS for 𝐿 ≥ 30. However, for the 
smallest dataset size (𝐿 = 15), the median RelMSE is about an order of magnitude lower compared to the state-of-the-art method that 
performs best, SP-LOO in that case.

To further highlight the difference in predictive performance between these two methods, we consider the probability density 
function (PDF) of the solution. Fig. 14(b) compares the distribution of the reference samples from the Monte Carlo simulation (his-
togram) and the predictions obtained with SP-LOO and PCE-GPR for five realizations of the training dataset with 𝐿 = 15. The results 
show that, for this very small sample size, the PCE-GPR prediction is consistently more accurate and exhibits a much lower dispersion 
between the different runs, in agreement with the performance observed in Fig. 14(a).

The second example is taken from [106]. Despite being similar to the previous test case, it is more challenging since the random 
field exhibits a larger variation. The stochastic boundary value problem now reads 

− 𝑑
𝑑𝑥

(

𝑎(𝑥; 𝝃) 𝑑
𝑑𝑥
𝑢(𝑥; 𝝃)

)

+ 𝐶𝑢(𝑥, 𝝃) = 𝐹 , (63)

with 𝑥 ∈ [0, 1], 𝐶 = 15, 𝐹 = 10, and Dirichlet boundary conditions 𝑢(0) = 1 and 𝑢(1) = 0. The random field is lognormal and is con-
structed by letting ln(𝑎(𝑥; 𝝃)) be a Gaussian field with mean 𝑎̄ = 0 and exponential covariance function 

𝑐(𝑥, 𝑥′) = 𝜎2𝑎 exp
(

−
|𝑥 − 𝑥′|
𝑙𝑥

)

, (64)
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Fig. 16. Results for the solution 𝑢(𝑥; 𝝃) of (63) at 𝑥 = 0.505: (a) performance of the various methods for different sizes of the training dataset; (b) 
comparison between BCS and PCE-GPR in the prediction of the PDF for five realizations of the training dataset with 𝐿 = 200.

Fig. 17. Lognormal random field (left) and corresponding solution of (65) (right). The mesh is also shown in the right panel.

where 𝜎2𝑎 = 1 and 𝑙𝑥 = 0.03. The random field is again approximated as (61). The KLE is calculated by decomposing the covariance 
matrix evaluated at 1001 spatial points and is truncated to retain all eigenvalues such that 𝜆𝑗∕𝜆1 ≥ 0.01, ∀𝑗 ≤ 𝑑, where 𝜆1 is the 
largest eigenvalue. This leads to 𝑑 = 108 terms in the expansion. Fig. 15 shows five realizations of the random field (left panel) and 
the corresponding solutions (right panel).

For the PCE methods, we consider an adaptive order selection between 𝑝 = 2 and 𝑝 = 4 and a hyperbolic truncation with 𝑞 = 0.5. 
Fig. 16(a) compares the predictive performance by considering the solution at 𝑥 = 0.505 and 20 independent realizations of training 
dataset of various sizes. In this case, all methods exhibit slow convergence, with BCS and GPR performing slightly better than PCE-
GPR, LAR, and PCK. Nevertheless, the predictive performance of PCE-GPR is also rather good, as highlighted in Fig. 16(b). The 
figure compares the PDF of the solution obtained with the best-performing method (BCS) and with PCE-GPR for five independent 
realizations of 𝐿 = 200 training data. Both results agree well with the reference distribution (histogram).

The next example is taken again from [106] and considers the two-dimensional stochastic boundary value problem 
−∇ ⋅ (𝑎(𝒙; 𝝃)∇𝑢(𝒙; 𝝃)) = 0, (65)

with 𝒙 = (𝑥1, 𝑥2) ∈ [0, 1]2 and boundary conditions
𝑢 = 1, ∀𝑥1 = 0

𝑢 = 0, ∀𝑥1 = 1 (66)

𝒏𝖳(𝑎(𝒙; 𝝃)∇𝑢(𝒙; 𝝃)) = 0, ∀𝑥2 = 0, 𝑥2 = 1.
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Fig. 18. Results for the solution 𝑢(𝒙; 𝝃) of (65) at 𝒙 = (0.359, 0.734): (a) predictive performance of the various methods for different sizes of the 
training dataset; (b) comparison between BCS and PCE-GPR in the prediction of the PDF for five realizations of the training dataset with 𝐿 = 200.

The random field 𝑎(𝒙; 𝝃) is lognormal and the underlying Gaussian field has exponential covariance function 

𝑐(𝒙,𝒙′) = 𝜎2𝑎 exp

(

−
2
∑

𝑖=1

|𝑥𝑖 − 𝑥′𝑖|
𝑙𝑥𝑖

)

, (67)

where 𝜎2𝑎 = 0.75, 𝑙𝑥1 = 0.1, and 𝑙𝑥2 = 0.3. The field is approximated using a truncated KLE. The eigenvalues and eigenfunctions of 
the Gaussian field are obtained through the eigenvalue decomposition of the autocorrelation matrix computed over a uniform grid 
of 32 × 32 points. We retain the terms such that 𝜆𝑗∕𝜆1 ≥ 0.01, ∀𝑗 ≤ 𝑑, which leads to 𝑑 = 145 terms in the KLE. Fig. 17 shows one 
realization of the random field (left panel) and the corresponding solution along with the mesh used for its computation (right panel).

We align with the analysis in [106] and focus on the solution at 𝒙 = (0.359, 0.734). The same settings as for the previous example 
are considered for the PCE methods, i.e., adaptive order selection between 𝑝 = 2 and 𝑝 = 4 and a hyperbolic truncation with 𝑞 = 0.5. 
The results comparing the predictive performance of the various methods are collected in Fig. 18(a) and highlight that PCE-GPR 
outperforms all state-of-the-art methods, while BCS performs slightly worse in terms of median error. Fig. 18(b) compares the accuracy 
of PCE-GPR and BCS in predicting the PDF of the solution based on 𝐿 = 200 samples and five independent runs. Both methods agree 
well with the Monte Carlo distribution (histogram), yet PCE-GPR better matches the reference PDF.

6.2.  Heat diffusion problem

We now consider a two-dimensional heat diffusion problem [107], described by the partial differential equation 
−∇ ⋅ (𝜅(𝒙)∇𝑇 (𝒙) = 𝑄𝕀𝐴(𝒙) (68)

over the squared domain 𝐷 = [−0.5, 0.5]2 m, with a Dirichlet boundary condition 𝑇 = 0 on the top boundary and Neumann boundary 
conditions ∇𝑇 ⋅ 𝒏 = 0 on the remaining boundaries. A heat source with strength 𝑄 = 500W∕m2 is located in the region 𝐴 = [0.2, 0.3]2 m, 
as illustrated in Fig. 19(a). The term 𝕀𝐴 is an indicator function such that 

𝕀𝐴(𝒙) =
{

1 𝒙 ∈ 𝐴
0 𝒙 ∉ 𝐴

. (69)

The quantity of interest 𝑦 is the average temperature in the region 𝐵 = [−0.3,−0.2]2 m. The computational domain is illustrated in 
Fig. 19(a).

The diffusion coefficient 𝜅(𝒙) is modeled as a lognormal random field with mean 𝜇𝜅 = 1 W∕◦C ⋅m and standard deviation 𝜎𝜅 =
0.3 W∕◦C ⋅m. The underlying Gaussian field has an isotropic squared-exponential autocorrelation function with correlation length 
𝑙 = 0.2 m. The random field is discretized using the Expansion Optimal Linear Estimation (EOLE) method [108] with 𝑑 = 53 normally 
distributed terms. Fig. 19(b) shows an example of the solution for one realization of the random diffusion coefficient. A public dataset 
containing both training and validation data is available [109] and is used in our simulations. The training samples are available for 
20 independent realizations.

The expansion order for PCE methods is set to 𝑝 = 4 and a hyperbolic truncation with 𝑞 = 0.5 is used. Fig. 20(a) compares the 
predictive performance of the various methods. PCE-GPR is over four times more accurate than state-of-the-art methods. Among these, 
the standard GPR performs the best with the smallest datasets, while BCS becomes (slightly) more accurate with larger experimental 
designs. This confirms once again that the kernel methods tend to be more accurate when the number of training data is scarce.
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Fig. 19. Two-dimensional heat diffusion problem: (a) domain and boundary conditions; (b) solution example for one realization of the random 
diffusion coefficient.

Fig. 20. Results for the heat diffusion problem: (a) predictive accuracy of the various methods for different sizes of the training dataset; (b) PDF 
of the average temperature obtained by GPR and PCE-GPR for five independent runs using 𝐿 = 50 samples (lines), compared against the reference 
distribution from the Monte Carlo analysis (histogram).

To further highlight the PCE-GPR performance with small experimental designs, Fig. 20(b) compares PDF of the average temper-
ature obtained for five realizations of the training dataset with 𝐿 = 50 samples. The performance is compared against the standard 
GPR, which is the best-performing state-of-the-art method for this samples size, and with the reference distribution of the Monte 
Carlo samples (histogram). The predictions achieved by PCE-GPR are remarkably better and exhibit a much lower dispersion across 
the different runs.

6.3.  Problems in structural mechanics

Finally, we consider three examples from structural mechanics. The first example investigates the midspan deflection 𝑉  of the 
simply supported beam illustrated in Fig. 21(a). There are 𝑑 = 5 uncertain parameters, namely the beam width 𝑏, height ℎ, and 
length 𝓁, as well as the Young’s modulus 𝐸 and the uniform load 𝑝, all with a lognormal distribution [107]. The code and parameters 
for this example are provided in the UQLab toolbox [49]. We equivalently consider a normal distribution of the logarithm of these 
parameters to facilitate the application of PCE-GPR, which only supports normal and uniform distributions. The original distributions 
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Fig. 21. Illustration of the first two structural mechanics examples: (a) simply supported beam with midspan deflection; (b) steel beam with 
corrosion and midspan plastic hinge.

Table 9 
Input distributions for the simply supported beam example. The actual distribution and the approximate 
distribution considered for the analysis indicated.
 Variable  Actual distribution  Mean  Standard deviation  Variable and distribution used for the analysis
𝑏 (m)  Lognormal 0.15 0.0075 ln(𝑏) ∼  (−1.8984, 0.05)
ℎ (m)  Lognormal 0.3 0.015 ln(ℎ) ∼  (−1.2052, 0.05)
𝓁 (m)  Lognormal 5 0.05 ln(𝓁) ∼  (1.6094, 0.01)
𝐸 (Pa)  Lognormal 3 × 1010 4.5 × 109 ln(𝐸) ∼  (24.1133, 0.1492)
𝑝 (N∕m)  Lognormal 1 × 104 2 × 103 ln(𝑝) ∼  (9.1907, 0.1980)

and those used in the analysis are indicated in Table 9. For the state-of-the-art PCE methods, we use an adaptive selection of the 
expansion order in the interval [2, 10] and a hyperbolic truncation with 𝑞 = 0.5.

The second example assesses the resistance of a steel beam subject to corrosion over a 10-year span. The beam is illustrated in 
Fig. 21(b) and has uncertain breadth 𝑏0, height ℎ0, and is subject to a random yield stress 𝑓𝑦, all with lognormal distribution. We 
equivalently consider their logarithm to be Gaussian, with ln(𝑏0) ∼  (12.3834, 0.1), ln(ℎ0) ∼  (−1.61, 0.03), and ln(𝑓𝑦) ∼  (−3, 0.03). 
Furthermore, the beam is subject to a stochastic load that is modeled as a random process with Gaussian autocorrelation and a 
correlation length of 3 months. For modeling purposes, the stochastic process is approximated using an expansion of 20 standard 
normal random variables. Therefore, the total number of uncertain parameters for this example is 𝑑 = 23 (three beam parameters 
plus the twenty parameters describing the stochastic load).

The remaining parameters are deterministic. The corrosion depth is modeled as 𝑑𝑐 = 𝜅 ⋅ 𝑡, i.e., a linear increase over time, with a 
kinematic coefficient of 𝜅 = 1 mm/year. The beam length is 𝓁 = 5 m and the steel mass density is 𝜌 = 78.5 kN/mm. We consider as 
output the formation of a plastic hinge midspan after a period of 10 years, which is computed using the simulation code available 
within the UQLab package [49]. For the state-of-the-art PCE methods, we consider an adaptive selection of the order between 𝑝 = 3
and 𝑝 = 10 and a hyperbolic truncation with 𝑞 = 0.5.

Fig. 22 compares the predictive accuracy of the various methods over 50 independent realizations of training datasets of various 
sizes. For the simply supported beam example (left panel), the standard GPR and PCE-GPR perform similarly when using the smallest 
training dataset (𝐿 = 10). However, the latter outperforms all the methods for larger datasets. In particular, the median error is about 
an order of magnitude lower than the state-of-the-art PCE methods for 𝐿 = 20 and than the kernel methods for 𝐿 = 50.

The results for the steel beam with corrosion are provided in the right panel of Fig. 22. PCE-GPR is found to be more accurate 
than all the alternative kernel methods and also outperforms the mainstream PCE methods when the number of training samples is 
lower than 𝐿 = 90. In particular, with 𝐿 = 30 and 𝐿 = 60 training samples, it achieves an accuracy that is approximately two orders 
of magnitude better than the best performing PCE method.

We further compare the performance in the prediction of the output PDF with small experimental designs. Fig. 23 compares the 
results obtained with the standard GPR and PCE-GPR against the reference Monte Carlo distribution (histograms). The results are 
obtained with 𝐿 = 20 training samples for the simply supported beam (left panel) and with 𝐿 = 30 samples for the steel beam with 
corrosion (right panel). We consider five independent runs with random realizations of the training dataset. In both cases, PCE-GPR 
achieves a more accurate and consistent result, especially for the steel beam with corrosion.

The third and last example refers to the truss structure depicted in Fig. 24(a) [11,107]. The output of interest is the midspan 
deflection 𝑉 . The uncertain variables are:
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Fig. 22. Prediction accuracy for the structural mechanics examples of Fig. 21: simply supported beam (left) and steel beam with corrosion (right).

Fig. 23. Comparison between standard GPR and PCE-GPR in the prediction of the output PDF for the simply supported beam (left) and the steel 
beam with corrosion (right). Five independent runs with 𝐿 = 20 and 𝐿 = 30 training samples are considered, respectively.

Fig. 24. Truss model example: (a) Illustration of the structure; (b) actual distribution (histogram) and assumption made for PCE-GPR (line).
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Table 10 
Input distributions for the truss structure. The actual distribution and the approximate distribution considered 
for PCE-GPR are indicated.
 Variable  Actual distribution  Mean  Standard deviation  Variable and distribution used for PCE-GPR
𝐸1 , 𝐸2 (Pa)  Lognormal 2.1 × 1011 2.1 × 1010 ln(𝐸1), ln(𝐸2) ∼  (26.06545, 0.09955)
𝐴1 (mm2)  Lognormal 2 × 10−3 2 × 10−4 ln(𝐴1) ∼  (−6.2198, 0.0996)
𝐴2 (mm2)  Lognormal 1 × 10−3 1 × 10−4 ln(𝐴2) ∼  (−6.9129, 0.0999)
𝑃1 ,… , 𝑃6 (N)  Gumbel 5 × 104 7.5 × 103 ln(𝑃1),… , ln(𝑃6) ∼  (10.81, 0.1425)

Fig. 25. Results for the truss structure: (a) predictive accuracy of the various methods for different sizes of the training dataset; (b) PDF of the 
midspan deflection obtained with BCS and PCE-GPR for five runs using 𝐿 = 20 samples (lines), compared against the reference distribution from 
the Monte Carlo analysis (histogram).

• The cross-sectional area and the Young’s modulus of the horizontal bars, denoted with 𝐴1 and 𝐸1, respectively;
• The cross-sectional area and the Young’s modulus of the vertical bars, denoted with 𝐴2 and 𝐸2, respectively;
• The six vertical loads, denoted with 𝑃1,… , 𝑃6.

The total number of random variables is therefore 𝑑 = 10. The cross-sectional areas and the Young’s moduli have a lognormal distri-
bution, while the loads follow a Gumbel distribution. Both distributions are supported in UQLab. For the PCE-GPR toolbox instead, 
we consider a normal distribution for the natural logarithm of the uncertain variables. Although this transformation is exact for the 
lognormal distribution, it is an approximation for the Gumbel distribution, as illustrated in Fig. 24(b). Therefore, the use of Hermite 
kernels in PCE-GPR is nonoptimal for these variables. However, it should be noted that this assumption influences only the selection 
of kernel functions, while input data remain unchanged. These considerations do not affect standard kernel methods, since no specific 
assumption is made on the input distribution. The actual distributions, considered for the state-of-the-art methods, and those assumed 
for PCE-GPR are summarized in Table 10. A public dataset with training and validation data for this example is available [110].

Fig. 25(a) shows the predictive accuracy achieved by the various methods with different samples sizes over 20 independent runs. 
For the PCE methods, a hyperbolic truncation with order 𝑝 = 4 and 𝑞 = 0.5 is considered. Remarkably, PCE-GPR provides again the 
most accurate prediction for the smallest datasets with 𝐿 = 20 and 𝐿 = 40 training samples, while it is (slightly) outperformed by 
BCS for 𝐿 = 60 and 𝐿 = 80. The standard GPR ranks second for 𝐿 = 20 but exhibits slow convergence, becoming the least accurate 
method for 𝐿 > 60. With 𝐿 = 20 samples, PCE-GPR achieves a median prediction error that is over one order of magnitude lower 
compared to state-of-the-art PCE techniques. This can be further appreciated in Fig. 25(b), which compares BCS and PCE-GPR in 
predicting the PDF of the deflection for five realizations of the training dataset. Once again, the PCE-GPR result is more accurate and 
more consistent across the different runs. These results show that PCE-GPR maintains its accuracy even when input parameters are 
drawn from distributions that are not directly supported by the current implementation.

The results in this section confirm that PCE-GPR scales effectively to high-dimensional problems and maintains high predictive 
accuracy even in small-sample regimes. This dual performance arises from the combination of two key factors: 1) the use of a kernel 
method, which is inherently nonparametric and whose model complexity grows with the amount of training data rather than with 
the input dimensionality; and 2) the construction of the kernel from Hermite and Legendre polynomials, which — according to the 
Wiener-Askey scheme [8] — form the optimal 𝐿2 basis for functions with Gaussian or uniform inputs.
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7.  Conclusions

This paper reviewed state-of-the-art PCE and kernel-based machine learning methods for UQ and introduced a novel open-source 
toolbox, named “PCE-GPR”, for accurate high-dimensional UQ. The toolbox is based on UQLab and implements a recently proposed 
hybrid method that leverages a GPR formulation with special kernels constructed from Hermite or Legendre polynomials. This for-
mulation enables higher prediction accuracy and the analytical calculation of PCE coefficients, from which statistical information is 
readily obtained. A systematic analysis was conducted to identify the recommended default settings, which resulted in an anisotropic 
kernel formulation with a ML estimation of the hyperparameters using the HCMAES optimizer.

Moreover, the paper provided an extensive benchmarking of PCE-GPR against the state-of-the-art techniques in terms of predic-
tive accuracy and training cost. The analysis, based on both popular analytical benchmarks and numerical simulations of physical 
and electronic systems, extends previous literature in comparing the performance of kernel machine learning methods against PCE 
techniques in high-dimensional UQ. All datasets and test cases have been made publicly available.

The results show that SP-LOO and BCS usually perform the best among the PCE techniques. However, kernel methods tend to 
outperform PCE, especially for high-dimensional problems and with small training datasets. Furthermore, the proposed PCE-GPR 
toolbox is shown to substantially outperform all state-of-the-art methods in most test cases, with the exception of the Ishigami and 
Friedman functions, for which lower or comparable accuracy was observed. This highlighted a potential limitation of PCE-GPR in 
accurately modeling strongly nonlinear functions. The comparison with PCK, which uses a GPR formulation with a polynomial trend 
and provided an accurate model for these benchmarks, suggests that the limited accuracy may be related to using a constant or zero 
trend when surrogating highly nonlinear functions with kernel methods. Also, an ML estimation of PCE-GPR hyperparameters was 
found to yield more accurate models in high-dimensional benchmarks. PCE-GPR was also compared with standard PCE techniques 
in the calculation of Sobol’ indices, for which it turned out to provide accurate and more consistent results across different training 
datasets and with a small number of samples already, and against PCE-LSSVM, highlighting a significant improvement in predictive 
performance.

In terms of computational time, PCE methods are shown to be generally faster than kernel methods, although BCS and SPGL1 are 
significantly slower than LAR, OMP, and SP. In this regard, PCE-GPR is found to be faster than SVR and optimal PCK, and slightly 
slower than LSSVM and standard GPR or sequential PCK, with a training time that is comparable to BCS and SPGL1.

Further comparisons were performed for three stochastic boundary value problems with high-dimensional random fields, a heat 
diffusion problem, and three test cases in structural mechanics. This analysis confirmed that BCS stands out among PCE methods 
but tends to be outperformed by PCE-GPR, especially for small experimental designs. The results also demonstrated that PCE-GPR 
remains accurate even when the input parameters follow distributions beyond the supported normal and uniform cases.

All in all, PCE-GPR showed the potential to become a cutting-edge technique for data-driven and high-dimensional UQ. Currently, 
the implementation is limited to Gaussian and uniform distributions. Future work will focus on extending the approach to other input 
distributions, exploring alternative kernel formulations, and incorporating non-constant trend definitions.
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