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This paper presents an effective method to deal
with problems formulated in terms of Wiener–
Hopf equations which contain entire unknowns and
exponential phase factors. The methodology reduces
the factorization problem to regularized integral
equations. In particular, we validate the method
analysing a practical application in electromagnetism:
the scattering of a plane wave by a slot in a thick
metallic screen.
This article is part of the theme issue ‘Analytically

grounded full‑wave methods for advances in compu‑
tational electromagnetics’.

1. Introduction
TheWiener–Hopf (WH) method [1–4] has been systemat‑
ically extended during the last 10 years to model complex
mathematical‑physics wave‑scattering problems with im‑
pact in engineering, see for instance [5–12]. This exten‑
sion is particularly relevant for the analysis of structures
composed of a combination of sub‑domains of different
shapes, like angular, layered and semi‑finite sub‑regions
made up of complex materials with different constitutive
parameters.

The present paper solves the still open (or at least not
completely addressed) problem of handling entire un‑
knowns and exponential phase factors in the solution of
Wiener–Hopf equations, that are evident starting from
the basic problems classified as modified Wiener–Hopf
equations or three‑part mixed boundary value problems
[1–4]. These kinds of unknowns are present each time
the Wiener–Hopf method in spectral domain is applied

©2025 The Author(s). Published by the Royal Society. All rights reserved.
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to scattering problems where the geometry of the problem presents finite penetrable/impenetra‑
ble regions, e.g. strips, slots, slits, bricks and cylindrical structures of various shapes that can be
staggered with respect to each other.

In fact, the presence of entire functions derives from the application of spectral transformation
to quantities defined in limited domain and the exponential phase factors arise prominently in
problems with staggered subdomains. These mathematical properties can be easily understood
through the application of Laplace or Fourier transformations to physical quantities defined in
the considered set of problems.

Several attempts in literature have shown the difficulty of reaching high quality/high precision
solutions for this category of Wiener–Hopf problems and in particular solutions are provided for
specific problems. The current literature presentsmethodologies thatmake reference to the funda‑
mental works inspired by Jones with his popular method to handle modifiedWH equations [13],
works where modified equations are transformed into classical matrix Wiener–Hopf equations
[4] and papers by Abrahams’s research group originating from [14].

The Jones method reduces the solution of modified equations to implicit Fredholm integral
equations that depends on the availability of kernel pre‑factorizations and the determination
of coefficients via a system of infinite equations due to the presence of poles or branch cuts in
the spectra. This method represents a valid first methodology to deal with problems modelled
by entire functions and it has been used by several authors with particularized modifications
[1–4,13,15–33].

Alternatively, for the specific cases of transversely/longitudinally modified equations, the
problem can be reduced systematically and effectively to matrix Wiener–Hopf equations where
in the case of longitudinally modified equations the matrix shows exponential phase factors, see
§1.5 of [4].

Another technique is proposed in [14] that applies a sampled representation of entire func‑
tions in terms of unknown coefficients, whose implementation recalls information theory, which
is not directly related to the physics of the problem. The solution procedure for theWH problems
requires integral equation formulation and the solution of a system of infinite equations for the
samples. The work inspired factorization of a matrix kernel containing exponential phase factors
and it is based on the solution of coupled integral equations that can be iteratively performed.
The technique has been applied and extended in [34–38].

The present paper reports an innovative, versatile, general, completed, not‑specialized ef‑
fective semi‑analytical method to obtain precise solution in arbitrarily general Wiener–Hopf
problems defined in spectral domain and containing entire unknowns with exponential phase
factors.

The paper also presents an innovative formulation method in the context of the Wiener–Hopf
technique for this class of problems. These equations are obtained directly in spectral domain
subdividing the geometry of the problem into canonical sub‑regions, and using the character‑
istic Greens’ function procedure [39], the Mittag–Leffler’s theorem [40,41] and a novel version
of the Fredholm factorization, whose original version was introduced by these authors to solve
Wiener–Hopf problems without closed‑form solutions and reduces systematically an arbitrary
Wiener–Hopf factorization problem to the Fredholm integral equation of the second kind [42,43],
constituting a general‑purpose factorization method. We here wish to clarify that we historically
introduced the Fredholm factorization in [42,44] to get factorization of matrix WH kernels in im‑
penetrable wedge diffraction problems. Due to the flexibility of the method, in subsequent works
and applications we focused instead on the direct solution of WH problems in terms of WH un‑
knowns by systematically reducing them to integral equations: the two applications of themethod
differ only in the source term. As a consequence, now, the original denomination ‘Fredholm fac‑
torization’ might be replaced with ‘Fredholm decomposition’. However, these authors have been
using the word ‘factorization’ since the origin of the method and different authors in literature
now use the method more oriented to factorize matrices.
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The novel version of the Fredholm factorization proposed in this paper is general and does
not require any specialized (pre)factorization and solutions of systems of infinite equations for
unknown coefficients (as in Jones’ method). Indeed, when the Wiener–Hopf equations show in‑
completeness for the presence of sampled unknowns (in addition to classical WH unknowns), we
apply a version of the integral Cauchy representation formula [9] that transforms the sampled
unknowns into augmented kernel terms while applying the Fredholm factorization method, by
preserving the properties of the Fredholm integral equation formulation.We demonstrate the key
role of the Cauchy representations that are perfectly integrated into the Fredholm factorization
method, in particular with entire functions.We note that this kind of representation closely relates
our methodology to the Hilbert method and it has been inspired by [45], i.e. the contamination
among methods allows once again progress in each other. Moreover, the explicitness of the inte‑
gral equation formulation in terms of only physical spectral unknowns is a great advantage with
respect to competingmethods where amulti‑step analysis of unknown coefficients is required for
the convergence. A similar procedure already demonstrated efficacy in handling incomplete WH
equationswith non‑entire unknowns, see [9].Moreover, the Fredholm factorization is also the per‑
fect instrument to consider exponential phase‑factors as demonstrated for non‑entire functions in
[7].

The method proposed in this work yields a completed exact Wiener–Hopf modelling of the
scattering problem and an exact representation of the solution in terms of Fredholm integral equa‑
tions of the second kind, considering problemswith both entire unknowns and exponential phase
factors. Due to the convergence properties of Fredholm integral equation modelling of the prob‑
lems (compact kernel), simple approximations like sample‑and‑hold yield high precision results
via the reconstruction formula [46]. It is of major importance to note that the quality of a solution
via the Fredholm factorization is also preserved for entire unknowns where pole singularities of
remote sources do not guide the dominant behaviour of solutions. Finally, for a systematic appli‑
cation of the method, both Wiener–Hopf formulation and Fredholm integral equation modelling
can be interpreted as network relations, to avoid redundancy.

To validate the method we investigate the particular but well‑representative electromagnetic
scattering problem of a slot in a thick metallic screen illuminated by plane‑waves.

Different attempts to get solutions have been reported for this problem and for very simi‑
lar ones such as the scattering by two sets of parallel plate waveguides with an hole and by
parallel planes of finite length. Among theworks that implement semi‑analytical methodswe rec‑
ognize the application of the Wiener–Hopf technique in [16,19,21,27,32], of the mode‑matching
and coupled integral equations in [47–53], of Weber–Schafheitlin discontinuous integrals and
Kobayashi–Nomura’s method in [54,55], of combined modal expansion and ray tracing methods
[56], and of Kirchhoff approximation and asymptotics [57,58] .

Unlike iterative methods as in Physical Optics (PO) and Ray Tracing (RT), the proposed tech‑
nique describes the complete structure with an exact comprehensive mathematical model in the
spectral domain avoiding multiple steps of interaction among separated structures, i.e. centres
of scattering and diffraction. As a result, we obtain the true spectra of the field components,
from which we extract by asymptotics physical/engineering phenomena excited by the structure,
similar to what is achieved in closed‑form analytical solutions.

The simplicity of the proposed reference validation test case (the thick slot) does not limit the
applicability of the method in more complex problems where impenetrable/penetrable boundary
conditions, finite dimension regions and localized sources are considered, see our preliminary
work [10]. For what concerns the inclusion of impenetrable (impedance) boundary conditions, the
method changes only for the enforcement of new constitutive relations among spectral field com‑
ponents, instead of cancelling them out from the equations as for perfect conducting boundaries.
In the case of penetrable boundaries (penetrable regions of semi‑infinite or finite dimensions) the
number of subdomains is increased, yielding dedicated spectra equations with the imposition of
continuity of the spectral field components. In general, the procedure continues as in the pro‑
posed validation test case, although equations became more numerous in the case of penetrable
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regions and/or contain different spectral unknown field components according to impenetrable
(impedance) boundary conditions. Finally, we comment on the case of localized source illumina‑
tion. While the spectra of plane waves are constituted by poles defining standard/non‑standard
WH unknowns (see §2), the spectra of localized sources are functions depending on the physical
branches of the problem. However, theWH formulation of the problem consists of the same steps,
and it yields the same equations except for the source terms, thus the solution method is formally
the same, although the more complicated source requires specific attention and computational
resources while applying the Fredholm factorization.

This article is organized into eight sections. In §2, we introduce the geometry of the validation
problem and the mathematical background in the spectral domain (Laplace transforms). Section
3 presents the Wiener–Hopf formulation of the problem according to the partition of the geome‑
try in terms of modified and incomplete WH equations; the latter obtained by using a particular
application of the characteristic Green’s function procedure. Section 4 describes the procedure to
render complete the incomplete equations, while the system of completed explicit Wiener–Hopf
equations is reported in §5. The solutionmethod based on the Fredholm factorizationmethod and
its extension is presented in §6 with a particular focus on completed Wiener–Hopf equations that
requires the application of the Cauchy integral representation formula to get explicit Fredholm
integral equations of the second kind. In §7, we show how to compute semi‑analytical solutions in
terms of spectral unknowns and how to estimate physical/engineering quantities by asymptotics
from them in terms of geometrical theory of diffraction (GTD) field components and total far
fields. The same section shows the validation and convergence of the proposed method in terms
of spectra and physical quantities, also considering independent comparison with fully numeri‑
cal solutions based on finite methods embedding singular modelling [59–62]. Finally, conclusions
are reported in §8.

2. Description of the problem and mathematical statements
In order to enhance the understanding of the proposed methodology for the solution of Wiener–
Hopf equations containing entire unknowns and exponential phase factors, we make reference to
a practical electromagnetic scattering problem: the scattering of a plane wave by a slot in a thick
perfectly electrically conducting (PEC) screen immersed in free space.

Figure 1 illustrates the problemwhere the slot is of thickness d andwideness s. In the following,
we use reference coordinate systems with different origins. For the application of the Wiener–
Hopf technique, we use Cartesian (x, y, z) and Cylindrical (𝜌, 𝜑, z) coordinate systems with origin
O on the top‑right corner of the left thick half‑plane, while for the computation of diffraction
and far‑field by asymptotics we select as origins the centre of the slot on the top face A′ with
coordinates (x, y, z) = (s∕2, 0, z) and on the bottom face A′′ with (x, y, z) = (s∕2,−d, z) respectively
for fields in the top and in the bottom regions. Moreover, in the application of the Wiener–Hopf
technique we also use the shifted Cartesian coordinate systems (X= x − s, y, z) with origin O′,
although we privilege, as the main reference system, the one with origin O, if not otherwise
specified.

Let us divide the problem, which is invariant along z, into three homogeneous regions (free
space) of simple canonical shapes. Using the reference system selected for the Wiener–Hopf for‑
mulation with origin O, the half spaces y> 0 and y<−d constitute respectively regions 1 and 2,
while region 3 is the thick slot that occupies 0< x< s, −d< y< 0.

For the sake of simplicity, we study the problem at Ez polarization (the procedure can be du‑
plicated for Hz polarization) with non‑null field components Ez(x, y),Hx(x, y),Hy(x, y) (invariant
components to z, z dependence will be omitted from now) and we assume time harmonic fields
with a time dependence specified e+j𝜔t, which is omitted. The problem is governed by Maxwell
equations and in particular by the relevant Faraday’s and Ampere’s laws

𝜕Ez
𝜕y

=−j𝜔𝜇oHx,
𝜕Ez
𝜕x

= j𝜔𝜇oHy,
𝜕Hy

𝜕x
−
𝜕Hx
𝜕y

= j𝜔𝜖oEz (2.1)
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Figure 1. The scattering of a plane wave by a slot in a thick PEC screen immersed in free space. We define regions 1 and 2
respectively as the half spaces y> 0 and y<−d and region 3 as the thick slot that occupies 0< x< s,−d< y< 0.

that yield the wave equation:

𝜕2Ez
𝜕x2

+
𝜕2Ez
𝜕y2

+ k2Ez = 0 (2.2)

where k=𝜔
√
𝜖o𝜇o is the propagation constant of free space with the permittivity and permeability

(𝜖o, 𝜇o), also characterized by the free space impedance Zo =
√
𝜇o∕𝜖o.

With reference to figure 1,we impose PECboundary conditions on the two thick half planes, i.e.
Ez = 0 (PEC condition) for (x= 0, s; −d< y< 0) ∪ (x< 0; y= 0,−d) ∪ (x> s; y= 0,−d). As the radial
distance from the four edges (x= 0, s; y= 0,−d) decrease to zero, Ez goes to zero as a polyno‑
mial with rational exponent (Meixner’s edge condition [63,64]): for instance at point O= (x=
0; y= 0) we have Ez(𝜌, 𝜑) =O(𝜌2∕3). The radiation condition is enforced considering vanishing
small losses in homogeneous medium, i.e. k= kr − jki (kr >> ki > 0, ki almost vanishing), thus
|Ez(𝜌, 𝜑) − Egz(𝜌, 𝜑)|< e−a𝜌 (with a> 0), where Egz is the geometrical optics (GO) components of
the total field Ez. The same assumption of small losses will be used for the correct definition of
Wiener–Hopf unknowns. The uniqueness of the solution of the wave equation is therefore a con‑
sequence of the imposition of the boundary conditions, the edge condition, and the radiation
conditions (for uniqueness theorem, see, for instance, [65,66]).

In the following, with reference to the origin O, we consider as a source of the problem an
Ez plane wave normally incident on the structure with azimuthal incident direction 𝜑= 𝜑o from
region 1:

Eiz(𝜌, 𝜑) = Eoejk 𝜌 cos(𝜑−𝜑o), Hi
x(𝜌, 𝜑) = −

Eo
Zo

sin(𝜑o)ejk 𝜌 cos(𝜑−𝜑o). (2.3)

The formulation of the problem in the spectral domain is based on the definition of the following
shifted right‑unilateral, left‑unilateral and right‑finite Laplace transforms, respectively defined
with different physical supports (X> 0, y= 0,−d), (x< 0, y= 0,−d), (0< x< s, y= 0,−d):

at y= 0

V1+(𝜂) =
∞
∫
0
Ėz(X, 0)ej𝜂XdX= e−j𝜂 s

∞
∫
s
Ez(x, 0)ej𝜂 xdx,

I1+(𝜂) =
∞
∫
0
Ḣx(X, 0)ej𝜂XdX= e−j𝜂 s

∞
∫
s
Hx(x, 0)ej𝜂 xdx

(2.4)

V1𝜋+(𝜂) =V1−(−𝜂) =
0
∫
−∞

Ez(x, 0)e−j𝜂 xdx,

I1𝜋+(𝜂) = −I1−(−𝜂) = −
0
∫
−∞

Hx(x, 0)e−j𝜂 xdx
(2.5)
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V1o(𝜂) =
s
∫
0
Ez(x, 0)ej𝜂 xdx,

I1o(𝜂) =
s
∫
0
Hx(x, 0)ej𝜂 xdx

(2.6)

and at y=−d

V2+(𝜂) =
∞
∫
0
Ėz(X,−d)ej𝜂XdX= e−j𝜂 s

∞
∫
s
Ez(x,−d)ej𝜂 xdx,

I2+(𝜂) =
∞
∫
0
Ḣx(X,−d)ej𝜂XdX= e−j𝜂 s

∞
∫
s
Hx(x,−d)ej𝜂 xdx

(2.7)

V2𝜋+(𝜂) =V2−(−𝜂) =
0
∫
−∞

Ez(x,−d)e−j𝜂 xdx,

I2𝜋+(𝜂) = −I2−(−𝜂) = −
0
∫
−∞

Hx(x,−d)e−j𝜂 xdx
(2.8)

V2o(𝜂) =
s
∫
0
Ez(x,−d)ej𝜂 xdx,

I2o(𝜂) =
s
∫
0
Hx(x,−d)ej𝜂 xdx

(2.9)

with Ėz(X, y) = Ez(x, y) and Ḣx(X, y) =Hx(x, y), recalling X= x − s. Moreover, due to the symmet‑
ric properties in WH formulations, we also use the auxiliary definitions of left‑finite Laplace
transforms

V1𝜋o(𝜂) = ej𝜂sV1o(−𝜂), I1𝜋o(𝜂) = ej𝜂sI1o(−𝜂), V2𝜋o(𝜂) = ej𝜂sV2o(−𝜂), I2𝜋o(𝜂) = ej𝜂sI2o(−𝜂) (2.10)

which in explicit forms are defined for y= 0

V1𝜋o(𝜂) =
0
∫
−s

Ez(X, 0)e−j𝜂XdX=
s
∫
0
Ez(X, 0)e−j𝜂 xej𝜂 sdx= ej𝜂 sV1o(−𝜂)

I1𝜋o(𝜂) =
0
∫
−s

Hx(X, 0)e−j𝜂XdX=
s
∫
0
Hx(X, 0)e−j𝜂 xej𝜂 sdx= ej𝜂 sI1o(−𝜂)

(2.11)

and similarly for y=−d

V2𝜋o(𝜂) =
0
∫
−s

Ez(X,−d)e−j𝜂XdX=
s
∫
0
Ez(X,−d)e−j𝜂 xej𝜂 sdx= ej𝜂 sV2o(−𝜂).

I2𝜋o(𝜂) =
0
∫
−s

Hx(X,−d)e−j𝜂XdX=
s
∫
0
Hx(X,−d)e−j𝜂 xej𝜂 sdx= ej𝜂 sI2o(−𝜂).

(2.12)

Note that, for our assumption, the 𝜋 currents, representing left‑unilateral Laplace transforms,
are transformations of −Hx, while 𝜋 currents, representing left‑finite Laplace transforms, are
transformations of +Hx.

The unilateral Laplace transforms (2.4), (2.5), (2.7), (2.8) labelled with (+) and (−) are respec‑
tively plus (+) and minus (−) functions in the Wiener–Hopf formulations, and in particular
Vi𝜋+(𝜂) and Ii𝜋+(𝜂) (i= 1, 2) are plus functions related to the minus functions Vi−(𝜂) and Ii−(𝜂).
Plus (minus) functions are analytic functions that are regular in an upper (lower) half‑plane
Im[𝜂]> Im[𝜂up] (Im[𝜂]< Im[𝜂lo]), go to zero at infinity as Laplace transforms and their integral
definitions converge towards infinity 𝜂→+j∞ (𝜂→−j∞). The + (−) functions are non‑standard
(labelled ns), if Im[𝜂up]> 0 (Im[𝜂lo]< 0), due to potential poles related to sources like plane waves.
In fact, with plane wave illumination, only Geometrical Optics (GO) contributions generate pole
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singularities of non‑standard type. In particular, we note that the locations of singularities ei‑
ther GO or structural (in general such as surface and leaky wave poles due to media or surface
impedance) are related to the x‑direction of propagation. Considering an Ez plane wave incident
with azimuthal direction 𝜑= 𝜑o (2.3), before imposing PEC boundary conditions, we obtain the
corresponding plus right‑unilateral Laplace transform (2.4)

Vi1+(𝜂) = e−j𝜂 s
∞

∫
s

Eiz(x, y= 0)ej𝜂 xdx=
jEoe−j𝜂o s

𝜂 − 𝜂o
(2.13)

with a pole 𝜂o =−k cos(𝜑o)which lies in the 2nd or 4th quadrant of complex plane 𝜂 along the seg‑
ment that connects k to −k, according to our assumption of small vanishing losses. While 0<𝜑o <
𝜋∕2 (𝜋∕2<𝜑o <𝜋), 𝜂o is located in the 2nd (4th) quadrant, therefore Vi1+(𝜂) is the non‑standard
(standard) plus function due to the regularity properties in the upper half‑plane.

In general, each field component (GO, surface wave, leaky waves) is related to a singularity on
the spectra that lies in the 𝜂 complex plane, defining the regularity region of the spectral quan‑
tities. We note that poles on the spectra derive from the kernel singularities or field components
with infinite geometrical support (since Laplace transforms of quantities with finite support yield
entire functions). For example, with regard to GO components like reflected waves, we generalize
(2.3) to

Egoz (𝜌, 𝜑) = Egoejk 𝜌 cos(𝜑−𝜑go) (2.14)

where 𝜑go (𝜑GO) is the azimuthal direction of the wavewith the lower case (upper case) subscripts
go (GO) if referred to an incoming (outgoing) wave towards (from) the origin O of the reference
system, thus 𝜑GO = 𝜑go ± 𝜋. It yields that the spectrum of the plus right unilateral Laplace trans‑
form analogous to (2.13) of (2.14) contains a pole 𝜂go =−k cos(𝜑go)whose location in the 𝜂 complex
plane depends on the angle 𝜑go. As non‑standard poles are related only to sources (i.e. 𝜂go), we
notice that they are always located outside of the real axis, except in the limit punctual case of
𝜑go = 𝜋∕2.

Equations (2.6), (2.9), (2.11), (2.12) report respectively right and left finite Laplace transforms
which are entire functions (regular in the whole complex plane 𝜂) with an essential singularity
behaviour of type ej𝜂s and their integral definitions converge towards infinity 𝜂→+j∞. According
to these properties, (2.6), (2.9), (2.11), (2.12) can be considered (+) plus‑entire functions.

3. The Wiener–Hopf formulation
With reference to figure 1, we formulate the problem in spectral domain for the three regions (1, 2,
3), starting from thewave equation (2.2) with the application of the Laplace transforms (2.4)–(2.12)
and, themathematical statements relative to the constitutive relations, the radiation condition and
the boundary conditions reported in §2.

(a) Regions 1 and 2: the homogeneous half spaces
In the homogeneous half spaces, region 1 (y> 0) and region 2 (y<−d) of figure 1, we apply the
bilateral Laplace transforms along x (3.1) to non‑null field transverse‑to‑y components

v(𝜂, y) =

∞

∫
−∞

Ez(x, y)ej𝜂 xdx

i(𝜂, y) =

∞

∫
−∞

Hx(x, y)ej𝜂 xdx

(3.1)
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to represent Maxwell’s equation (2.1) in the spectral domain. It yields the following equivalent
spectral transmission line equationmodelling, as commonly reported in literature for the spectral
representation of planar stratified regions, see for instance [4,7,67] and references therein:

− dv(𝜂,y)
dy

= j𝜉(𝜂)Zc(𝜂)i(𝜂, y)

− di(𝜂,y)
dy

= j𝜉(𝜂)Yc(𝜂)v(𝜂, y)
(3.2)

where

𝜉 = 𝜉(𝜂) =
√
k2 − 𝜂2 (3.3)

is the spectral propagation constant and

Zc =Zc(𝜂) = 1∕Yc = 1∕Yc(𝜂) = kZo∕𝜉 (3.4)

is the spectral characteristic impedance of the transmission line (TL) along y. Since 𝜉(𝜂) is a multi‑
valued function of 𝜂, in the following,we assume as a proper sheet of 𝜉(𝜂) the onewith 𝜉(0) = k and
as branch lines the lines Im[𝜉(𝜂)] = 0 (Ch. 5.3b of [67]) or the vertical lines (Re[𝜂] =Re[k], Im[𝜂]<
Im[k]) and (Re[𝜂] =Re[−k], Im[𝜂]> Im[−k]).

For the region 1 (y> 0) and the region 2 (y<−d), we obtain from the spectral transmission line
representation the following admittance one‑port models

i(𝜂, 0) =Yc(𝜂) v(𝜂, 0)

i(𝜂,−d) = −Yc(𝜂) v(𝜂,−d)
(3.5)

that can be expressed in terms of the Laplace transforms defined in (2.4)–(2.12) for the WH
formulation:

−I1𝜋+(−𝜂) + I1o(𝜂) + ej𝜂sI1+(𝜂) =Yc(𝜂)[V1𝜋+(−𝜂) + V1o(𝜂) + ej𝜂sV1+(𝜂)],

I2𝜋+(−𝜂) − I2o(𝜂) − ej𝜂sI2+(𝜂) =Yc(𝜂)[V2𝜋+(−𝜂) + V2o(𝜂) + ej𝜂sV2+(𝜂)].
(3.6)

The system of WH equations for regions 1 and 2 is obtained after imposing the boundary con‑
ditions, i.e. Ez = 0 (PEC condition) for (x= 0, s; −d< y< 0) ∪ (x< 0; y= 0,−d) ∪ (x> s; y= 0,−d), it
yields from (3.6) respectively :

−I1𝜋+(−𝜂) + I1o(𝜂) + ej𝜂sI1+(𝜂) =Yc(𝜂)V1o(𝜂) (3.7)

I2𝜋+(−𝜂) − I2o(𝜂) − ej𝜂sI2+(𝜂) =Yc(𝜂)V2o(𝜂). (3.8)

Both (3.7) and (3.8) are explicit WH equations that can be interpreted as one port network model.
Moreover, they are in substance longitudinally modified WH equations for the presence of plus
entire functions in addition to plus and minus ones and exponential phase factors. As stated in
the introduction, see §1, these equations were introduced and studied by Jones through an ad‑hoc
popular method that exploits the analytical properties of the WH unknowns.

Alternatively, this class of equations (that contains three unknowns) can be studied exploit‑
ing the analytical properties of the WH unknowns and using suitable algebraic manipulations on
themselves. In particular, by substituting 𝜂with−𝜂, and bymultiplying by ej𝜂s the scalarmodified
equation (3.7), we obtain four non‑redundant WH equations (see first block in (5.1)). These four
equations can be reduced to classicalmatrixWHequations amenable to classical and/or Fredholm
factorization [4]. The procedure can be repeated for the scalar modified equation (3.8) linked to
the four equations of the second block in (5.1).
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(b) Region 3: the homogeneous thick slot
To model the homogeneous thick slot region 3 (0< x< s, −d< y< 0) of figure 1, we apply the
right‑finite Laplace transform along x (2.6), (2.9) to Ez(x, y),Hx(x, y) field components

Ẽz(𝜂, y) =

s

∫
0

Ez(x, y)ej𝜂xdx, H̃x(𝜂, y) =

s

∫
0

Hx(x, y)ej𝜂xdx (3.9)

to represent the wave equation (2.2) in the spectral domain. It yields:

(
d2

dy2
+ 𝜉2(𝜂)) Ẽz(𝜂, y) = f(𝜂, y) (3.10)

with 𝜉 defined in (3.3) and where

f(𝜂, y) = j𝜂[Ez(s−, y)ej𝜂s − Ez(0+, y)] −
𝜕
𝜕x
[Ez(s−, y)]ej𝜂s +

𝜕
𝜕x
[Ez(0+, y)] (3.11)

due to the properties of right‑finite Laplace transformonderivatives. The application ofMaxwell’s
equation (2.1) and of PEC boundary conditions Ez = 0 (PEC condition) for (x= 0, s; −d< y< 0)
yields

f(𝜂, y) = −j𝜔𝜇oHy(s−, y)ej𝜂s + j𝜔𝜇oHy(0+, y). (3.12)

Equation (3.10) is an ordinary differential equation of second order in y that holds for −d< y< 0
with the forcing function f𝜂(𝜂, y) and the boundary conditions of continuity at y= 0,−d in the
spectral domain:

Ẽz(𝜂, 0+) = Ẽz(𝜂, 0−) =V1o(𝜂), H̃x(𝜂, 0+) = H̃x(𝜂, 0−) = I1o(𝜂)

Ẽz(𝜂, d+) = Ẽz(𝜂, d−) =V2o(𝜂), H̃x(𝜂, d+) = H̃x(𝜂, d−) = I2o(𝜂)
(3.13)

with reference to the definitions (2.6), (2.9), and (3.9).
In classical literature, the solution of this type of differential problem can be expressed as the

sum of a particular integral and a linear combination of homogeneous solutions. We follow the
procedure outlined in [39] where the characteristic Green’s function method for the definition of
the particular integral is generalized and applied to problems with unmixed non‑homogeneous
boundary conditions, by building the Green’s function in terms of arbitrary homogeneous solu‑
tions (ignoring initially the boundary conditions of the problem). The Green’s functionmust fulfil
three essential conditions: (i) it must be continuous at y= y′ with y observation point and y′ in‑
tegration variable in the particular integral, (ii) it must have a derivative with jump at y= y′, and
(iii) it must be solution of the corresponding homogeneous differential equations.

Consequently, the solution of a differential problem with the forcing term and the boundary
conditions is constituted by the combination of the particular integral and the homogeneous com‑
ponent of the solution, with the arbitrary coefficients uniquely determined by the application of
the boundary conditions.

Without loss of generality, to build a Green’s function for the problem (3.10), we here select
from the set of homogeneous solutions

⎧

⎨
⎩

𝜑⃖𝜂(y) = sin[(𝜉)(y + d)]

𝜑𝜂(y) = sin(𝜉y)
(3.14)

which satisfy PEC boundary conditions respectively at y=−d, 0, i.e. they are null at y=−d, 0. As
we notice, this selection is not directly related to the physics of the problem (there is no PEC in‑
terface at y=−d, 0), however the construction of the Green’s function for the particular integral
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togetherwith the selection of coefficients on the homogeneous part of the solutionwill be enforced
in such a way as to satisfy the physical boundary conditions of continuity at y=−d, 0 (3.13).

According to [39] and (3.14), the Green’s function is

g𝜂
(
y, y′

)
=

𝜑⃖𝜂
(
y<
)
𝜑𝜂

(
y>
)

Wr
[
𝜑⃖𝜂

(
y<
)
, 𝜑𝜂

(
y>
)] =

sin
(
𝜉y>

)
sin

(
𝜉
(
y< + d

))

𝜉 sin(𝜉d)
(3.15)

where Wr
[
𝜑⃖1𝜂(y), 𝜑1𝜂(y)

]
is the Wronskian of the two functions 𝜑⃖𝜂(y) and 𝜑⃗𝜂(y) and y< and y>

denote respectively the lesser and the greater of quantities y and y′. The solution of (3.10) with
continuity boundary conditions at y=−d, 0 (unmixed non‑homogeneous boundary conditions)
is therefore

Ẽz+(𝜂, y) =∫
0

−d
g𝜂
(
y, y′

)
f
(
𝜂, y′

)
dy′ + A1(𝜂)𝜑⃖𝜂(y) + A2(𝜂)𝜑⃗𝜂(y) (3.16)

with arbitrary coefficients A1(𝜂) and A2(𝜂).
Because of the continuity boundary conditions at y=−d, 0 (3.13), we now establish the rela‑

tionship among the arbitrary coefficients A1(𝜂) and A2(𝜂) and the spectral fields at the interfaces
(2.6), (2.9), i.e.

Ẽz+(𝜂, 0) =V1o(𝜂) = +A1(𝜂, ) sin(𝜉d)

Ẽz+(𝜂,−d) =V2o(𝜂) = −A2(𝜂) sin(𝜉d)
(3.17)

thus

A1(𝜂) =
V1o(𝜂)
sin(𝜉d)

, A2(𝜂) = −
V2o(𝜂)
sin(𝜉d)

. (3.18)

The imposition of the second condition of continuity (3.13), i.e. on the Hx component, yields the
WH formulation of region 3 in terms of the spectral fields at the interfaces (2.6), (2.9). In fact, tak‑
ing into consideration the first of Maxwell’s equations reported in (2.1) with Ẽz+(𝜂, y) defined in
(3.16) with (3.18) and the continuity relations (3.13) for Hx, we get the following two equations
that respectively hold at y= 0,−d

I1o(𝜂) = −Y11(𝜂)V1o(𝜂) − Y12(𝜂)V2o(𝜂) +

0
∫
−d

sin[𝜉(y′+d)]f(𝜂,y′)dy

−jkZo sin(𝜉d)

I2o(𝜂) =Y21(𝜂)V1o(𝜂) + Y22(𝜂)V2o(𝜂) +

0
∫
−d

sin(𝜉y′)f(𝜂,y′)dy

−jkZo sin(𝜉d)

(3.19)

with

Y11(𝜂) =Y22(𝜂) = −jYc(𝜂) cot(𝜉d), Y12(𝜂) =Y21(𝜂) = jYc(𝜂) csc(𝜉d) (3.20)

and Yc(𝜂) and f(𝜂, y′) defined respectively in (3.4) and (3.12).
Since the integral part in (3.19) is not explicit in terms of the spectral unknowns, the equations

are considered incomplete (not explicit)WH equations, however (3.19) can be interpreted as a two
port networkmodel of the thick slot, closely resembling the two port networkmodel of an infinite
layer of thickness d except for the presence of the particular integral terms that can be considered
as local dependent sources.

4. Solving incompleteness of Wiener–Hopf equations: region 3
Unlike what happens in regions 1 and 2, where we have obtained modified Wiener–Hopf equa‑
tions, the finiteness of the section’s shape of region 3 yields incompleteWH equations as reported
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in §3b at (3.19). We exploit the Mittag–Leffler theorem [40,41] to solve incompleteness, by rep‑
resenting the particular integrals via samples of the physical spectral unknowns in 𝜂 at physical
poles of the problems. We notice, alternatively to [14], that the sampling is related to the structure
of particular integrals and specifically to their denominators.

With reference to (3.19), we notice that the denominators of the integral terms are defined in
terms of sin(𝜉d) that provides the poles

𝜉n = n𝜋∕d, 𝜂n =

√

k2 − (n𝜋
d
)
2
, n∈ℕ0 (4.1)

which are the same poles of the admittances Yij(𝜂) (η) (3.20). Notice that the poles (4.1) are also
those of a parallel plate waveguide of width d (i.e. modal propagation constants along y), thus
with a physical meaning, at least in terms of the equivalence theorem [66].

We observe that the integrals in (3.19) can be written as

0
∫
−d

sin[𝜉(y′+d)]f(𝜂,y′)dy′

−jkZo sin(𝜉d)
=−ej𝜂sqo(𝜂) + po(𝜂)

0
∫
−d

sin(𝜉y′)f(𝜂,y′)dy′

−jkZo sin(𝜉d)
=−ej𝜂sso(𝜂) + ro(𝜂)

(4.2)

where, considering (3.12), we obtain the explicit expressions at the second members of (4.3)

po(𝜂) =

0
∫
−d

sin(𝜉(y′+d))(jkZo)Hy(0+,y′)dy′

−jkZo sin(𝜉d)
=

∞∑

n=1

An

𝜉2−𝜉2n
=−

∞∑

n=1

An

𝜂2−𝜂2n
.

qo(𝜂) =

0
∫
−d

sin(𝜉(y′+d))(jkZo)Hy(s−,y′)dy′

−jkZo sin(𝜉d)
=

∞∑

n=1

Cn

𝜉2−𝜉2n
=−

∞∑

n=1

Cn

𝜂2−𝜂2n
.

ro(𝜂) =

0
∫
−d

sin(𝜉y′)(jkZo)Hy(0+,y′)dy′

−jkZo sin(𝜉d)
=

∞∑

n=1

Bn
𝜉2−𝜉2n

=−
∞∑

n=1

Bn
𝜂2−𝜂2n

.

so(𝜂) =

0
∫
−d

sin(𝜉y′)(jkZo)Hy(s−,y′)dy′

−jkZo sin(𝜉d)
=

∞∑

n=1

Dn

𝜉2−𝜉2n
=−

∞∑

n=1

Dn

𝜂2−𝜂2n
.

(4.3)

We notice that the second members of (4.3) are even meromorphic functions of 𝜉, for which
the application of the Mittag–Leffler theorem [40,41] provides the representations reported at
the third members of (4.3) with coefficients An,Bn,Cn,Dn to be determined. Observing the new
representation of WH equation (3.19) of region 3 after substituting (4.2) and (4.3)

−ej𝜂sqo(𝜂) + po(𝜂) − I1o(𝜂) =Y11(𝜂)V1o(𝜂) + Y12(𝜂)V2o(𝜂)

−ej𝜂sso(𝜂) + ro(𝜂) − I2o(𝜂) = −Y21(𝜂)V1o(𝜂) − Y22(𝜂)V2o(𝜂)
(4.4)

we notice that, while po(𝜂), qo(𝜂), ro(𝜂), so(𝜂) and the admittances Yij(𝜂) (η) (3.20) have poles
at 𝜂 =±𝜂n, the entire spectral unknowns V1o(𝜂), I1o(𝜂),V2o(𝜂), I2o(𝜂) are regular functions in
the whole complex plane 𝜂. Consequently, we can derive expressions for An,Bn,Cn,Dn in
po(𝜂), qo(𝜂), ro(𝜂), so(𝜂) by imposing the balance of the poles 𝜂 =±𝜂n in the above equation (4.4).

Going back to the definition of V1o(𝜂), I1o(𝜂),V2o(𝜂), I2o(𝜂) (2.6), (2.9), we recall that the right‑
finite Laplace transform integrals converge for 𝜂→+j∞ but diverge for 𝜂→−j∞, therefore the
sampling on entire unknowns becomes unstable for+𝜂n (4.1) with growing n. To avoid this issue,
while implementing the estimation of An,Bn,Cn,Dn, we resort to the symmetry property of WH
equations and the definition of the 𝜋 auxiliary entire unknowns V1𝜋o(𝜂), I1𝜋o(𝜂),V2𝜋o(𝜂), I2𝜋o(𝜂)
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(2.10), whose transform integrals converge for 𝜂→+j∞ and diverge for 𝜂→−j∞. This yields a
different sets of equations derived from (4.4):

−qo(𝜂) + ej𝜂spo(𝜂) − I1𝜋o(𝜂) =Y11(𝜂)V1𝜋o(𝜂) + Y12(𝜂)V2𝜋o(𝜂).

−so(𝜂) + ej𝜂sro(𝜂) − I2𝜋o(𝜂) = −Y21(𝜂)V1𝜋o(𝜂) − Y22(𝜂)V2𝜋o(𝜂).
(4.5)

We now have four equations (4.4) and (4.5) that allow the determination of An,Bn,Cn,Dn just
sampling at 𝜂 =−𝜂n, where all the unknowns also converge for increasing values of n. In
order to implement the system of equations, when we preliminary estimate the residues of
po(𝜂), qo(𝜂), ro(𝜂), so(𝜂) (4.3) and Yij(𝜂) (3.20) at 𝜂 =−𝜂n, we get:

Res[po(𝜂),−𝜂n] =
An
2𝜉n

, Res[qo(𝜂),−𝜂n] =
Cn
2𝜉n

.

Res[ro(𝜂),−𝜂n]
Bn
2𝜉n

, Res[so(𝜂),−𝜂n] =
Dn
2𝜉n

.

Res[Y11(𝜂),−𝜂n] =Res[Y22(𝜂),−𝜂n] = −
jn2𝜋2

d3kZo𝜉n
.

Res[Y12(𝜂),−𝜂n] =Res[Y21(𝜂),−𝜂n] =
jn2𝜋2(−1)n

d3kZo𝜉n
.

(4.6)

Imposing the balance on the poles in (4.4) and (4.5), we get the system of equations for each n∈ℕ0

− e−j𝜂ns
Cn
2𝜂n

+
An
2𝜂n

=−
j(𝜋n)2

d3kZo𝜂n
V1o(−𝜂n) +

j(𝜋n)2(−1)n

d3kZo𝜂n
V2o(−𝜂n)

−
Cn
2𝜂n

+ e−j𝜂ns
An
2𝜂n

=−
j(𝜋n)2

d3kZo𝜂n
V1𝜋o(−𝜂n) +

j(𝜋n)2(−1)n

d3kZo𝜂n
V2𝜋o(−𝜂n)

− e−j𝜂ns
Dn
2𝜂n

+
Bn
2𝜂n

=−
j(𝜋n)2(−1)n

d3kZo𝜂n
V1o(−𝜂n) +

j(𝜋n)2

d3kZo𝜂n
V2o(−𝜂n)

−
Dn
2𝜂n

+ e−j𝜂ns
Bn
2𝜂n

=−
j(𝜋n)2(−1)n

d3kZo𝜂n
V1𝜋o(−𝜂n) +

j(𝜋n)2

d3kZo𝜂n
V2𝜋o(−𝜂n)

(4.7)

whose solution provides

An =−
2j𝜋2n2ej𝜂ns

[
ej𝜂nsV1o(−𝜂n) − (−1)nej𝜂nsV2o(−𝜂n)−V1𝜋o(−𝜂n)+(−1)

nV2𝜋o(−𝜂n)
]

d3kZo
(
−1 + ej2𝜂ns

) .

Cn =−
2j𝜋2n2ej𝜂ns

[
V1o(−𝜂n) − (−1)nV2o(−𝜂n) − ej𝜂nsV1𝜋o(−𝜂n) + (−1)nej𝜂nsV2𝜋o(−𝜂n)

]

d3kZo
(
−1 + ej2𝜂ns

) .

Bn = (−1)nAn, Dn = (−1)nCn.

(4.8)

Now, the system of the WH equations (4.4) and (4.5) with (4.3) and (4.8) constitutes an explicit
(completed) set of WH equations in terms of the spectral unknowns in continuous and sampled
forms.

5. Explicit set of Wiener–Hopf equations for the thick slot problem
To solve in a stable manner the incompleteness of equation (4.4) for region 3, in §4 we used the
symmetric equation (4.5). To formalize a set of non‑redundant equations for the entire problem of
figure 1, we also recover the explicit modified WH equations of regions 1 and 2 reported at (3.7),
(3.8) and we symmetrize and duplicate them substituting 𝜂 with −𝜂, by multiplying them by ej𝜂s,
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using the definition of V1𝜋o(𝜂), I1𝜋o(𝜂),V2𝜋o(𝜂), I2𝜋o(𝜂) (2.10). The final set of WH equations that
we consider is:

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

⎧
⎪
⎪

⎨
⎪
⎪
⎩

− I1𝜋+(−𝜂) + I1o(𝜂) + ej𝜂sI1+(𝜂) =Yc(𝜂)V1o(𝜂)

− I1𝜋+(𝜂) + I1o(−𝜂) + e−j𝜂sI1+(−𝜂) =Yc(𝜂)V1o(−𝜂)

− ej𝜂sI1𝜋+(𝜂) + I1𝜋o(𝜂) + I1+(−𝜂) =Yc(𝜂)V1𝜋o(𝜂)

− e−j𝜂sI1𝜋+(−𝜂) + I1𝜋o(−𝜂) + I1+(𝜂) =Yc(𝜂)V1𝜋o(−𝜂)

⎧
⎪
⎪

⎨
⎪
⎪
⎩

I2𝜋+(−𝜂) − I2o(𝜂) − ej𝜂sI2+(𝜂) =Yc(𝜂)V2o(𝜂)

I2𝜋+(𝜂) − I2o(−𝜂) − e−j𝜂sI2+(−𝜂) =Yc(𝜂)V2o(−𝜂)

ej𝜂sI2𝜋+(𝜂) − I2𝜋o(𝜂) − I2+(−𝜂) =Yc(𝜂)V2𝜋o(𝜂)

e−j𝜂sI2𝜋+(−𝜂) − I2𝜋o(−𝜂) − I2+(𝜂) =Yc(𝜂)V2𝜋o(−𝜂)

⎧
⎪
⎪

⎨
⎪
⎪
⎩

− Is1o(𝜂) − I1o(𝜂) =Y11(𝜂)V1o(𝜂) + Y12(𝜂)V2o(𝜂)

Is2o(𝜂) + I2o(𝜂) =Y21(𝜂)V1o(𝜂) + Y22(𝜂)V2o(𝜂)

− Is1𝜋o(𝜂) − I1𝜋o(𝜂) =Y11(𝜂)V1𝜋o(𝜂) + Y12(𝜂)V2𝜋o(𝜂)

Is2𝜋o(𝜂) + I2𝜋o(𝜂) =Y21(𝜂)V1𝜋o(𝜂) + Y22(𝜂)V2𝜋o(𝜂)

(5.1)

with

−Is1o(𝜂) = −ej𝜂sqo(𝜂) + po(𝜂) = −
∞∑

n=1

An

𝜂2−𝜂2n
+ ej𝜂s

∞∑

n=1

Cn

𝜂2−𝜂2n

−Is2o(𝜂) = −ej𝜂sso(𝜂) + ro(𝜂) = −
∞∑

n=1

Bn
𝜂2−𝜂2n

+ ej𝜂s
∞∑

n=1

Dn

𝜂2−𝜂2n

−Is1𝜋o(𝜂) = −qo(𝜂) + ej𝜂spo(𝜂) = −ej𝜂s
∞∑

n=1

An

𝜂2−𝜂2n
+

∞∑

n=1

Cn

𝜂2−𝜂2n

−Is2𝜋o(𝜂) = −so(𝜂) + ej𝜂sro(𝜂) = −ej𝜂s
∞∑

n=1

Bn
𝜂2−𝜂2n

+
∞∑

n=1

Dn

𝜂2−𝜂2n

(5.2)

and where An,Bn,Cn,Dn are reported in terms of spectral samples at (4.8), thus

Is1o(𝜂) =
∞∑

n=1

[
h11(𝜂,n)V1o(−𝜂n) + h12(𝜂,n)V2o(−𝜂n) + h13(𝜂, n)V1𝜋o(−𝜂n) + h14(𝜂, n)V2𝜋o(−𝜂n)

]

Is2o(𝜂) = −
∞∑

n=1

[
h21(𝜂, n)V1o(−𝜂n) + h22(𝜂, n)V2o(−𝜂n) + h23(𝜂, n)V1𝜋o(−𝜂n) + h24(𝜂, n)V2𝜋o(−𝜂n)

]

Is1𝜋o(𝜂) =
∞∑

n=1

[
h31(𝜂, n)V1o(−𝜂n) + h32(𝜂, n)V2o(−𝜂n) + h33(𝜂, n)V1𝜋o(−𝜂n) + h34(𝜂, n)V2𝜋o(−𝜂n)

]

Is2𝜋o(𝜂) = −
∞∑

n=1

[
h41(𝜂, n)V1o(−𝜂n) + h42(𝜂, n)V2o(−𝜂n) + h43(𝜂, n)V1𝜋o(−𝜂n) + h44(𝜂, n)V2𝜋o(−𝜂n)

]

(5.3)
where we omit to report the explicit expressions of hij(𝜂, n).

Notice that the first, the second and the third blocks of the explicit WH equation (5.1) re‑
spectively model regions 1, 2, 3. We note that (5.1) are homogeneous WH equations even in the
presence of plane wave illuminations as the source terms are implicitly stored in the not‑entire
WH unknowns, see p. 183 of [4].

The set of equation (5.1) might be erroneously considered redundant because in each block
from one equation we get the other three after mathematical manipulations; on the contrary, the
regularity properties of the WH unknowns in the set of equation (5.1) are fundamental to get sta‑
ble convergent solutions through a generalized form of the Fredholm factorization, reported in
the next section.
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6. Fredholm factorization for classical and completed equations
In the application of the Fredholm factorization to classical WH equations, we use the addi‑
tive decomposition of an arbitrary analytic function into plus and minus components, i.e. F(𝜂) =
F+(𝜂) + F−(𝜂), by means of the Cauchy decomposition formula [1,42]:

F+(𝜂) =
1
2𝜋j

∫
𝛾1

F(𝜂′)
𝜂′−𝜂

d𝜂′ = 1
2
F(𝜂) + PV

2𝜋j

+∞
∫
−∞

F(𝜂′)
𝜂′−𝜂

d𝜂, 𝜂 ∈ℝ

F−(𝜂) = − 1
2𝜋j

∫
𝛾2

F(𝜂′)
𝜂′−𝜂

d𝜂′ = 1
2
F(𝜂) − PV

2𝜋j

+∞
∫
−∞

F(𝜂′)
𝜂′−𝜂

d𝜂′, 𝜂 ∈ℝ
(6.1)

where PV denotes the principal value and 𝛾1 and 𝛾2 are, respectively, the smile and the frown inte‑
gration lines in the 𝜂‑plane [14,42], i.e. the real axis of the 𝜂′‑plane indented at 𝜂′ = 𝜂 with a small
semi‑circumference respectively in the lower and in the upper half plane.

In the next sub‑sections, we extensively apply the following generalized Cauchy decomposi‑
tion formula [4,42] in the presence of potential non‑standard singularities (offending singularities
in the regularity half‑plane as defined in §2):

1
2𝜋j

∫
𝛾1

F+(𝜂′)
𝜂′−𝜂

d𝜂′ = F+(𝜂) − Fns+ (𝜂),
1
2𝜋j

∫
𝛾2

F+(𝜂′)
𝜂′−𝜂

d𝜂′ =−Fns+ (𝜂)

1
2𝜋j

∫
𝛾2

F−(𝜂′)
𝜂′−𝜂

d𝜂′ =−F−(𝜂) + Fns− (𝜂),
1
2𝜋j

∫
𝛾1

F−(𝜂′)
𝜂′−𝜂

d𝜂′ = Fns− (𝜂)
(6.2)

for 𝜂 ∈ℝ and, where Fns± (𝜂) are non‑standard parts of F±(𝜂), i.e. F±(𝜂) = Fs±(𝜂) + Fns± (𝜂)with F
s
±(𝜂)

being the standard parts. From a computational point of view the non‑standard parts are Laplace
transforms related to GO components as defined in §2, see (2.13) and (2.14), and therefore they
can be easily estimated by GO. We also note that (6.1) and (6.2) can be extended to finite Laplace
transforms, considering the property of being entire functions.

The Fredholm factorization method [4,42,43] is founded on the decomposition formula (6.2)
and it reduces the system of spectral WH equations to integral representations of the second kind
with compact kernels, by eliminating one kind of unknown (plus or minus). In the following, we
privilege the elimination of the minus unknowns for the solution of WH equations.

In this work, we generalize the application of the Fredholm factorization to entire unknowns
and to completed equations, where the original incompleteness of equations has been treated by
means of the Mittag–Leffler theorem [40,41]. Making reference to the proposed reference exam‑
ple (figure 1), we have obtained the sets of explicit equations reported in §5, whose explicitness
is defined in terms of samples of the spectral entire unknowns at physical poles. We note that
this formulation, although explicit and physically related, requires the determination of infinite
samples that apparently resumes the drawbacks of alternative techniques reported in §1.

Alternatively, in this work, we formulate the solution using a generalized form of the Fred‑
holm factorization that yields explicit Fredholm integral equations of the second kind, remov‑
ing the requirements for solving infinite coefficients, and is amenable to simple approximations
for high precision results [46]. The method is general and does not require any specialized
(pre)factorization and solutions of systems of infinite equations for unknown coefficients.

The completeness solved via the Mittag–Leffler theorem is here combined with a special ver‑
sion of the integral Cauchy representation formula. The consequent application of the Fredholm
factorization to thewhole problem yields explicit Fredholm integral equation formulations for the
solution of the WH problem with augmented kernels due to Cauchy’s formula terms, preserving
convergence properties. In particular, we observe that the method allows us to get regularized
integral representations with compact kernels.
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(a) Application to classical WH equations: regions 1 and 2
In regions 1 and 2, explicit modified WH equations hold, i.e. the first two blocks in (5.1). The
apparently redundant equations in the blocks are here exploited to get symmetric Fredholm in‑
tegral equations via the classical application of the Fredholm factorization for a formulation just
in terms of plus unknowns, i.e. by eliminating the minus ones. In the following, we assume that
the non‑standard parts of the WH unknowns are related to a plane wave source characterized by
the pole 𝜂o (2.13).

Let us focus the application of the Fredholm factorization on the first two equations of (5.1) and
subsequently we repeat the procedure for the other six equations. Considering the first of (5.1)

−I1𝜋+(−𝜂) + I1o(𝜂) + ej𝜂sI1+(𝜂) =Yc(𝜂)V1o(𝜂) (6.3)

the application of the smile contour 𝛾1 integration (6.2) to the left hand side (LHS) of (6.3) yields

1
2𝜋j

∫
𝛾1

−I1𝜋+(−𝜂′) + I1o(𝜂′) + ej𝜂′sI1+(𝜂′)
𝜂′ − 𝜂

d𝜂′ =−Ins1𝜋+(−𝜂) + I1o(𝜂) + ej𝜂sI1+(𝜂) − ej𝜂osIns1+(𝜂) (6.4)

with non‑standard parts defined as in (6.2). The same contour integration on the right‑hand side
(RHS) of (6.3) yields

1
2𝜋j

∫
𝛾1

Yc(𝜂′)V1o(𝜂′)
𝜂′ − 𝜂

d𝜂′ =Yc(𝜂)V1o(𝜂) +
1
2𝜋j

∞

∫
−∞

[Yc(𝜂′) − Yc(𝜂)]V1o(𝜂′)
𝜂′ − 𝜂

d𝜂′. (6.5)

Notice that while performing contour integration we consider that no singularity is present along
the path, due to the location of the physical poles (𝜂go) and the branch points 𝜂 =±k, see §2.

Equation (6.5) is obtained by subtracting and summing 1
2𝜋j

∫
𝛾2

Yc(𝜂)V1o(𝜂′)
𝜂′−𝜂

d𝜂′ and considering

(6.1) and (6.2) respectively in the two first integral terms and in the third one, which results in
null (V1o(𝜂) is thus entire without the non‑standard part and for plus function the contours are
closed in the upper half plane).

In (6.4), we have considered that the closure of the contour 𝛾1 for integrands −I1𝜋+(−𝜂),
I1o(𝜂), ej𝜂sI1+(𝜂) (respectively minus, plus‑entire and plus unknowns) is correspondingly per‑
formed in the lower, upper and upper half‑planes (6.2), due to the convergence properties of the
corresponding Laplace transform integrals (see §2) and considering the exponential factor ej𝜂s.

Equating (6.4) to (6.5), we get the regularized integral representation of (6.3):

I1o(𝜂) + ej𝜂sI1+(𝜂) − ej𝜂osIns1+(𝜂) − Ins1𝜋+(−𝜂) =Yc(𝜂)V1o(𝜂) +
1
2𝜋j

∞

∫
−∞

[Yc(𝜂′) − Yc(𝜂)]V1o(𝜂′)
𝜂′ − 𝜂

d𝜂′ (6.6)

that presents only plus and plus‑entire unknowns togetherwith non‑standard source terms,while
the minus unknown I1𝜋+(−𝜂) is eliminated.

Considering the second equation of (5.1)

−I1𝜋+(𝜂) + I1o(−𝜂) + e−j𝜂sI1+(−𝜂) =Yc(𝜂)V1o(−𝜂) (6.7)

we have a slightly different procedure. The application of the smile contour 𝛾1 integration (6.2) to
the left hand side (LHS) of (6.7) yields

1
2𝜋j

∫
𝛾1

−I1𝜋+(𝜂) + I1o(−𝜂) + e−j𝜂sI1+(−𝜂)
𝜂′ − 𝜂

d𝜂′ =−I1𝜋+(𝜂) + Ins1𝜋+(𝜂) + ej𝜂osIns1+(−𝜂) (6.8)

where we have considered that for integrands −I1𝜋+(𝜂), I1o(−𝜂), e−j𝜂sI1+(−𝜂) (respectively plus,
minus‑entire and minus unknowns) the closure of the integration contour 𝛾1 is correspondingly
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performed in the upper, lower and lower half‑planes (6.2), due to the convergence properties of
the corresponding Laplace transform integrals (see §2) and considering the exponential factor ej𝜂s.
Note that in this case the contribution of I1o(−𝜂) is null (I1o(−𝜂) is a minus‑entire function accord‑
ing to the definition of plus‑entire functions given at the end of §2). On the right‑hand side (RHS)
of (6.7) the 𝛾1 contour integration yields

1
2𝜋j

∫
𝛾1

Yc(𝜂′)V1o(−𝜂′)
𝜂′ − 𝜂

d𝜂′ = 1
2𝜋j

∞

∫
−∞

[Yc(𝜂′) − Yc(𝜂)]V1o(𝜂′)
𝜂′ + 𝜂

d𝜂′ (6.9)

by subtracting and summing 1
2𝜋j

∫
𝛾1

Yc(𝜂)V1o(−𝜂′)
𝜂′−𝜂

d𝜂′, using (6.1) and (6.2) respectively in the two first

integral terms and in the third one (we performed closure of integration contours in the lower half
planes for minus integrands and changed the sign of the integration variable).

Equating (6.8) to (6.9), we get the regularized integral representation of (6.7):

−I1𝜋+(𝜂) + Ins1𝜋+(𝜂) + ej𝜂osIns1+(−𝜂) =
1
2𝜋j

∞

∫
−∞

[Yc(𝜂′) − Yc(𝜂)]V1o(𝜂′)
𝜂′ + 𝜂

d𝜂′ (6.10)

that presents only plus and plus‑entire unknowns togetherwith non‑standard source terms,while
the minus and minus‑entire unknowns I1𝜋+(−𝜂), I1o(−𝜂) are eliminated.

Without loss of completeness we can repeat the procedures highlighted for the first two equa‑
tions of (5.1) to the other six getting similar integral representations. Equation (6.11) and (6.12)
report two blocks of integral representations corresponding respectively to the first two blocks of
the WH equation (5.1) and they present only plus and plus‑entire unknowns after elimination of
all minus and minus‑entire unknowns.

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

I1o(𝜂) + ej𝜂sI1+(𝜂) − ej𝜂osIns1+(𝜂) − Ins1𝜋+(−𝜂) =Yc(𝜂)V1o(𝜂) +
1
2𝜋j

∞
∫
−∞

[Yc(𝜂′)−Yc(𝜂)]V1o(𝜂′)
𝜂′−𝜂

d𝜂′.

−I1𝜋+(𝜂) + Ins1𝜋+(𝜂) + ej𝜂osIns1+(−𝜂) =
1
2𝜋j

∞
∫
−∞

[Yc(𝜂′)−Yc(𝜂)]V1o(𝜂′)
𝜂′+𝜂

d𝜂′.

−ej𝜂sI1𝜋+(𝜂) + e−j𝜂osIns1𝜋+(𝜂) + I1𝜋o(𝜂) + Ins1+(−𝜂) =Yc(𝜂)V1𝜋o(𝜂) +
1
2𝜋j

∞
∫
−∞

[Yc(𝜂′)−Yc(𝜂)]V1𝜋o(𝜂′)
𝜂′−𝜂

d𝜂′.

−e−j𝜂osIns1𝜋+(−𝜂) + I1+(𝜂) − Ins1+(𝜂) =
1
2𝜋j

∞
∫
−∞

[Yc(𝜂)−Yc(𝜂′)]V1𝜋o(𝜂′)]
𝜂′+𝜂

d𝜂′.

(6.11)

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

−I2o(𝜂) − ej𝜂sI2+(𝜂) + ej𝜂osIns2+(𝜂) + Ins2𝜋+(−𝜂) =Yc(𝜂)V2o(𝜂) +
1
2𝜋j

∞
∫
−∞

[Yc(𝜂′)−Yc(𝜂)]V2o(𝜂′)
𝜂′−𝜂

d𝜂′.

−ej𝜂osIns2+(−𝜂) + I2𝜋+(𝜂) − Ins2𝜋+(𝜂) =
1
2𝜋j

∞
∫
−∞

[Yc(𝜂)−Yc(𝜂′)]V2o(𝜂′)
𝜂′+𝜂

d𝜂′.

ej𝜂sI2𝜋+(𝜂) − e−j𝜂osIns2𝜋+(𝜂) − I2𝜋o(𝜂) − Ins2+(−𝜂) =Yc(𝜂)V2𝜋o(𝜂) +
1
2𝜋j

∞
∫
−∞

[Yc(𝜂′)−Yc(𝜂)]V2𝜋o(𝜂′)
𝜂′−𝜂

d𝜂′.

+e−j𝜂osIns2𝜋+(−𝜂) − I2+(𝜂) + Ins2+(𝜂) =
1
2𝜋j

∞
∫
−∞

[Yc(𝜂)−Yc(𝜂′)]V2𝜋o(𝜂′)]
𝜂′+𝜂

d𝜂′.

(6.12)

(b) Application to complete WH equations: region 3
In region 3, explicit completed WH equations are derived by solving incompleteness in terms
of a series of sampled spectral unknowns, see third block in (5.1) with (5.3), (5.2) and (4.8). As
per the modified WH equations of regions 1 and 2, we exploit again the regularity properties
of all reported entire WH unknowns in the set of non‑redundant equations for the solution of
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the problem. Since the third block in (5.1) contains only plus‑entire unknowns, the procedure
highlighted in the previous subsection is not required, i.e. the contour integration to eliminate all
minus unknowns1. In order to avoid sampled spectral unknowns in the formulation, we apply a
special version of the integral Cauchy representation formula. Equation (6.13) reports the special
application of the integral Cauchy representation formula to a generic plus‑entire function Fo(𝜂)
estimated at 𝜂 =−𝜂n:

Fo(−𝜂n) =
1
2𝜋j

∫
𝛾1

Fo(𝜂′)
𝜂′ + 𝜂n

d𝜂′ = 1
2𝜋j

∞

∫
−∞

Fo(𝜂′)
𝜂′ + 𝜂n

d𝜂′, n∈ℕ0 (6.13)

where 𝛾1 is the smile integration line and 𝜂′ =−𝜂n are the required samples located in the upper
half‑plane. Once the sampled plus entire spectral unknowns (5.3) have been represented in terms
of (6.13), the third block in (5.1) becomes integral representations with a series of integral terms
(according to n), i.e. (5.3) in (5.1) becomes:

Is1o(𝜂) =
1
2𝜋j

∞

∫
−∞

[H11(𝜂, 𝜂′)V1o(𝜂′) +H12(𝜂, 𝜂′)V2o(𝜂′)

+H13(𝜂, 𝜂′)V1𝜋o(𝜂′) +H14(𝜂, 𝜂′)V2𝜋o(𝜂′)]d𝜂′

Is2o(𝜂) =
1
2𝜋j

∞

∫
−∞

[H21(𝜂, 𝜂′)V1o(𝜂′) +H22(𝜂, 𝜂′)V2o(𝜂′)

+H23(𝜂, 𝜂′)V1𝜋o(𝜂′) +H24(𝜂, 𝜂′)V2𝜋o(𝜂′)]d𝜂′

Is𝜋1o(𝜂) =
1
2𝜋j

∞

∫
−∞

[H31(𝜂, 𝜂′)V1o(𝜂′) +H32(𝜂, 𝜂′)V2o(𝜂′)

+H33(𝜂, 𝜂′)V1𝜋o(𝜂′) +H34(𝜂, 𝜂′)V2𝜋o(𝜂′)]d𝜂′

Is2𝜋o(𝜂) =
1
2𝜋j

∞

∫
−∞

[H41(𝜂, 𝜂′)V1o(𝜂′) +H42(𝜂, 𝜂′)V2o(𝜂′)

+H43(𝜂, 𝜂′)V1𝜋o(𝜂′) +H44(𝜂, 𝜂′)V2𝜋o(𝜂′)]d𝜂′

(6.14)

with

Hij(𝜂, 𝜂′) =
∞∑

n=1

hij(𝜂, n)
t + 𝜂n

, i, j= 1, 2, 3, 4. (6.15)

(c) Building the Fredholm integral equations of the problem
The key role in the method is performed by the application of the Cauchy representations to the
spectral samples of the plus‑entire unknowns, that is perfectly integrated into the Fredholm fac‑
torization method. In fact, after collecting the 12 integral representations reported in the three
blocks constituted of (6.11), (6.12) and the third block in (5.1) with (6.14), we eliminate the current

1In case a problem presents a mixture of plus/plus‑entire unknowns with minus/minus‑entire unknowns together with
sampled unknowns the procedure requires contour integration for the elimination of the minus unknowns as outlined in
§6a.
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unknowns (Ii+(𝜂), Ii𝜋+(𝜂), Iio(𝜂), Ii𝜋o(𝜂); i= 1, 2) by substitution, yielding a system of Fredholm in‑
tegral equations of the second kind of dimension four in terms of the voltage entire unknowns
(Vio(𝜂),Vi𝜋o(𝜂); i= 1, 2).

[Yc(𝜂) + Y11(𝜂)]V1o(𝜂) + Y12(𝜂)V2o(𝜂) +
1
2𝜋j

∞

∫
−∞

[(p(𝜂, 𝜂′) +H11(𝜂, 𝜂′))V1o(𝜂′) +H12(𝜂, 𝜂′)V2o(𝜂′)

+ (H13(𝜂, 𝜂′) − ej𝜂sq(𝜂, 𝜂′))V1𝜋o(𝜂′) +H14(𝜂, 𝜂′)V2𝜋o(𝜂′)]d𝜂′ = n1(𝜂)

Y21(𝜂)V1o(𝜂) + [Yc(𝜂) + Y22(𝜂)]V2o(𝜂) +
1
2𝜋j

∞

∫
−∞

[H21(𝜂, 𝜂′)V1o(𝜂′) + (p(𝜂, 𝜂′) +H22(𝜂, 𝜂′))V2o(𝜂′)

+H23(𝜂, 𝜂′)V1𝜋o(𝜂′) + (H24(𝜂, 𝜂′) − ej𝜂sq(𝜂, 𝜂′))V2𝜋o(𝜂′)]d𝜂′ = n2(𝜂)

[Yc(𝜂) + Y11(𝜂)]V1𝜋o(𝜂) + Y12(𝜂)V2𝜋o(𝜂) +
1
2𝜋j

∞

∫
−∞

[(H31(𝜂, 𝜂′) − ej𝜂sq(𝜂, 𝜂′))V1o(𝜂′)

+H32(𝜂, 𝜂′)V2o(𝜂′) + (p(𝜂, 𝜂′) +H33(𝜂, 𝜂′))V1𝜋o(𝜂′) +H44(𝜂, 𝜂′)V2𝜋o(𝜂′)]d𝜂′ = n3(𝜂)

Y21(𝜂)V1𝜋o(𝜂) + [Yc(𝜂) + Y22(𝜂)]V2𝜋o(𝜂) +
1
2𝜋j

∞

∫
−∞

[H41(𝜂, 𝜂′)V1o(𝜂′)

+ (H42(𝜂, 𝜂′) − ej𝜂sq(𝜂, 𝜂′))V2o(𝜂′) +H43(𝜂, 𝜂′)V1𝜋o(𝜂′) + (p(𝜂, 𝜂′)

+H44(𝜂, 𝜂′))V2𝜋o(𝜂′)]d𝜂′ = n4(𝜂)
(6.16)

with

p(𝜂, 𝜂′) =
Yc(𝜂′) − Yc(𝜂)

𝜂′ − 𝜂
, q(𝜂, 𝜂′) = −

Yc(𝜂′) − Yc(𝜂)
𝜂′ + 𝜂

(6.17)

and

n1(𝜂) = (ej𝜂s − ej𝜂os)Ins1+(𝜂) + (ej(𝜂−𝜂o)s − 1)Ins1𝜋+(−𝜂),

n2(𝜂) = (ej𝜂os − ej𝜂s)Ins2+(𝜂) + (1 − ej(𝜂−𝜂o)s)Ins2𝜋+(−𝜂),

n3(𝜂) = (1 − ej(𝜂+𝜂o)s)Ins1+(−𝜂) + (e−j𝜂os − ej𝜂s)Ins1𝜋+(𝜂),

n4(𝜂) = (ej(𝜂+𝜂o)s − 1)Ins2+(−𝜂) + (ej𝜂s − e−j𝜂os)Ins2𝜋+(𝜂).

(6.18)

The series of integral terms derived by the Cauchy representations (6.14) with (6.15) augment the
compact kernels present in (6.11), (6.12), preserving convergence properties, thus the formulation
is regularized. We get (6.16)–(6.18). Equations (6.16) are non‑homogeneous equations unlike the
originalWH equation (5.1), as the application of the fundamental Cauchy decomposition formula
(6.2) to (5.1) has extracted the source ni(𝜂) (η) (6.18). These terms are non‑standard contributions
of the WH unknowns defined in terms of GO field components.

The final set of Fredholm integral equations can be written in compact form as follows:

Vo(𝜂) =
1
2𝜋j

∞

∫
−∞

K(𝜂, 𝜂′)Vo(𝜂′)d𝜂′ + s(𝜂) (6.19)

with 𝜂 ∈ℝ and where the vector Vo(𝜂) = [V1o(𝜂),V2o(𝜂),V1𝜋o(𝜂),V2𝜋o(𝜂)]
t, the matrix K(𝜂, 𝜂′) con‑

tains the kernels and the vector s(𝜂) is the known term on the right hand side due to sources
(non‑standard terms). In case of plane wave illumination from region 1 we have to consider in
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s(𝜂) and (ni(𝜂)) (6.18) only non‑standard terms of I1+(𝜂), I1𝜋+(𝜂) due to the incident wave and the
reflected wave:

Hg
x(𝜌, 𝜑) = −

Eo
Zo

sin(𝜑o)ejk 𝜌 cos(𝜑−𝜑o) +
Eo
Zo

sin(𝜑o)ejk 𝜌 cos(𝜑+𝜑o). (6.20)

According to (2.3)–(2.5) (see also (2.13)) it yields:

Ins1+(𝜂) = −
2jEo sin(𝜑o)e−j𝜂o s

Zo(𝜂 − 𝜂o)
, Ins1𝜋+(𝜂) =

2jEo sin(𝜑o)
Zo(𝜂 + 𝜂o)

. (6.21)

Note that the kernel K(𝜂, 𝜂′) contains a series of terms depending on Hij(𝜂, 𝜂′), see (6.15), that
requires truncation at someN during implementation. Such truncation can be guided by the num‑
ber of propagating/non‑propagating modes we want to consider to represent the field in region
3, according to 𝜂n (4.1).

Equation (6.16) and (6.19) are complete and explicit systems of Fredholm integral equations of
the second kind, in particular, we resort to the theory reported in the Appendix of [68] inspired by
[69] to demonstrate that (6.19) is with compact kernel considering a suitable generalized Hilbert
space. Thus, simple numerical quadratures, such as sample‑and‑hold, allow us to obtain an ap‑
proximate version of (6.19) fromwhich we get approximate solutions [46] with the reconstruction
formula. We recall that the integration is performed along the real axis to avoid any divergence
in exponential terms and to avoid crossing any of the source/structural singularities, which are
located in the 2nd and 4th quadrants.

7. Numerical results and validation
To validate the proposed technique we examine in detail the representative electromagnetic scat‑
tering problem of a slot in a thick metallic screen illuminated by plane‑waves (figure 1), whose
formulation is reported in detail in the previous sections.

In the following, we present self‑convergence tests and validation through an independent
fully numerical solution based on finite methods embedding singular modelling [59–62] with the
help of the open source specialized library for singular quadrature reported in [70,71].

We consider the reference problem of figure 1 illuminated by an Ez plane wave (2.3) with the
followingparameters:Eo = 1V∕m, k= kr − jkr∕10000,𝜑o = 2𝜋∕9 rad, krd= 2, krs= 7, andwe assume
a normalized value kr = 1 for graphics about spectra.

We examine self‑convergence in terms of spectral solutions of the relevant Fredholm equation
(6.19) and we validate the solution against the finite element method by computing GTD field
components and total far field via asymptotics applied on the semi‑analytical spectral solution
proposed in this work.

In the following, we consider as a reference solution the one obtained with sample‑and‑hold
quadrature in (6.19) with truncation of the integration interval A= 40 (i.e. the integration interval
is 𝜂 ∈ [−A,A]), integration step h= 0.05, number of 𝜂n to be considered in the augmented kernel
N= 15 (as discussed in §6b,c with (6.15)) for a convergent solution.

At the top of figure 2, we show the spectrum V1o(𝜂), ej𝜂sV1𝜋o(−𝜂),V2o(𝜂), ej𝜂sV2𝜋o(−𝜂) (accord‑
ing to (2.10)) for real 𝜂 obtained for the reference solution. In the central part of figure 2, we show
the relative errors in log10 scale among the representationswith𝜋 auxiliary functions andwith the
original entire functions. The central subfigures demonstrate the coincidence of representations
and the symmetry of the formulation reaching relative errors of approximatelymachine level, and
it constitutes a first validation of the correctness of the equations. At the bottomof figure 2,we have
the self‑convergence validation analysing the relative errors in log 10 scale for V1o(𝜂),V2o(𝜂)with
various A, h and fixed N= 10 with respect to the reference solution (A= 40, h= 0.05, N= 15). The
bottom subfigures shows self‑convergence, in particular in the spectral zone where the relevant
spectrum is significant.
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Figure 2. Thick slot illuminated by an Ez plane wave with Eo = 1V∕m, k= kr − jkr∕10000, 𝜑o = 2𝜋∕9 rad, krd= 2,
krs= 7 (we assume a normalized value kr = 1). The top left (right) subfigure reports the absolute value of V1o(𝜂) and
ej𝜂sV1𝜋o(−𝜂) (V2o(𝜂) and ej𝜂sV2𝜋o(−𝜂) for the reference solution obtained with A= 40, h= 0.05, N= 15. The central
left (right) subfigure reports the respective relative error in log10 among the two evaluations: the coincidence of the two repre-
sentations from relative errors reaching almost machine precision is clear. The bottom left (right) subfigure reports the relative
errors in log10 on the computation of V1o(𝜂) (V2o(𝜂))with various A, h and fixed N= 10 with respect to the reference solu-
tion.

Figure 3 shows the spectrumV1o(𝜂),V2o(𝜂) for real 𝜂 obtained for the reference solution (A= 40,
h= 0.05, N= 15) and for solutions with fixed A= 20, h= 0.1 and various N= 0, 1, 2, 10. The bot‑
tom of figure 3 shows the relative errors in log10 on the computation of V1o(𝜂),V2o(𝜂) with fixed
A= 20, h= 0.1 and N= 0, 1, 2, 10 with respect to the reference solution. Figure 3 demonstrates
convergence in particular for the chosen number of N.

The proposed simulations (figures 2 and 3) demonstrate self‑convergence according to all three
different parameters of computation A, h,N.
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Figure 3. Thick slot illuminated by an Ez plane wave with Eo = 1V∕m, k= kr − jkr∕10000, 𝜑o = 2𝜋∕9 rad, krd= 2,
krs= 7 (we assume a normalized value kr = 1). The top left (right) subfigure reports the absolute value of V1o(𝜂) (V2o(𝜂)) for
the reference solution obtained with A= 40, h= 0.05, N= 15 and for solutions with A= 20, h= 0.1 and N= 0, 1, 2, 10.
The bottom left (right) subfigure reports the relative errors in log10 on the computation of V1o(𝜂) (V2o(𝜂)) with fixed
A= 20, h= 0.1 and various Nwith respect to the reference solution.

To further validate the method we compare our reference solution with the one obtained
with finite element methods embedding singular modelling [59] and implementing the singu‑
lar quadrature [71] with the following setup: regions 1 and 2 are truncated at a distance of 30𝜆
respectively from the originA′ andA′′ (figure 1)with a semi‑cylindrical shaped perfectlymatched
layer (PML) of depth 𝜆∕2, and the geometrical domain is discretized with curvilinear 2nd order
triangular elements of maximum side length 𝜆∕10.

We compare the GTD field and total far field obtained at k𝜌= 10 with respect to A′ and A′′

(figure 1) respectively in regions 1 and 2. For what concerns the evaluation of GTD field compo‑
nents from spectral solutions, we apply the saddle point technique to the spectra derived for the
two reference systems related to the two regions. From V1o(𝜂),V2o(𝜂), we compute the spectra for
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Figure 4. Thick slot illuminated by an Ez plane wave with Eo = 1V∕m, k= kr − jkr∕10000, 𝜑o = 2𝜋∕9 rad, krd= 2,
krs= 7 (we assume a normalized value kr = 1). GTD field for the test problem under consideration respectively for region
1 at k𝜌= 10 from A′ and for region 2 at k𝜌= 10 from A′′. Left (right): Comparison among absolute value (phase) of GTD field
estimated via asymptotics (7.3), (7.5) from the obtained reference spectral solution (A= 40, h= 0.05, N= 15), via finite el-
ement simulation and via the application of adaptive numerical integration in the inverse transforms (7.2) of the reference
spectral solution along the real axis 𝜂.

the reference systems respectively centred at A′ and A′′ (figure 1), and obtain:

VA
′

1o(𝜂) = e−j𝜂s∕2V1o(𝜂)

VA
′′

2o(𝜂) = e−j𝜂s∕2V2o(𝜂)
(7.1)

This redefinition of spectra is of major importance for the correct computation of phase in fields.
The diffracted contribution derives from the inverse Laplace formula applied to the entire volt‑

age spectraVA
′

1o (𝜂),V
A′′

2o (𝜂) thatwe estimatewarping the integration contour (real axis) into the SDP
path

Edz(x, y) =
1
2𝜋

∞
∫
−∞
VA

′

1o(𝜂)e
−j𝜉(𝜂)ye−j𝜂(x−

s
2
)d𝜂 =− 1

2𝜋
∫

SDP
VA

′

1o(𝜂)e
−j𝜉(𝜂)ye−j𝜂(x−

s
2
)d𝜂, y> 0

Edz(x, y) =
1
2𝜋

∞
∫
−∞
VA

′′

2o(𝜂)e
+j𝜉(𝜂)(y+d)e−j𝜂(x−

s
2
)d𝜂 =− 1

2𝜋
∫

SDP
VA

′′

2o(𝜂)e
+j𝜉(𝜂)(y+d)e−j𝜂(x−

s
2
)d𝜂, y<−d.

(7.2)

At far field in region 1, we approximate the first integral of (7.2) only with the evaluation of the
integrand at the saddle point (𝜂s = k cos𝜑), that provides the GTD field component

EGTDz (𝜌, 𝜑) =

√
k

2𝜋𝜌 e
−j(k𝜌−𝜋∕4)VA

′

1o(k cos𝜑) sin𝜑, 0<𝜑 <𝜋 (7.3)

where the cylindrical coordinates are defined with respect to the origin A′ (figure 1). For what
concerns the GO field in region 1 we have

Egz(𝜌, 𝜑) = Eoe−jk𝜌cos(𝜑−𝜑o) − Eoe−jk𝜌cos(𝜑+𝜑o), 0<𝜑 <𝜋 (7.4)

with respect to the phase centre A′.
Similarly in region 2, we have the GTD field component

EGTDz (𝜌, 𝜑) =

√
k

2𝜋𝜌 e
−j(k𝜌−𝜋∕4)VA

′′

2o(k cos𝜑)| sin𝜑|, −𝜋 < 𝜑 < 0 (7.5)
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Figure 5. Thick slot illuminated by an Ez planewavewith Eo = 1V∕m, k= kr − jkr∕10000,𝜑o = 2𝜋∕9 rad, krd= 2, krs=
7 (we assume a normalized value kr = 1). Left: GO component (7.4), GTD component (7.3), (7.5) and total far field at kr𝜌= 10
obtained by asymptotic estimations applied to the reference spectral semi-analytical solution (A= 40, h= 0.05, N= 15).
Right: the total far field of our solution is compared with the one obtained with the finite element method and the one ob-
tained using numerical integration of the inverse Laplace transformation of our semi-analytical spectral reference solution.

where the cylindrical coordinates are defined with respect to the origin A′′ (figure 1) and the GO
component is null as we illuminate region 1 only.

Figure 4 reports the GTD component of the field for the validation problem, by considering for
regions 1 and 2 respectively a distance from the origins A′ and A′′ of k𝜌= 10. The figure reports,
in terms of absolute value and phase, the comparison among (i) the asymptotic GTD field (7.3),
(7.5) estimated from the obtained reference spectral solution (A= 40, h= 0.05,N= 15), (ii) the GTD
field obtained from finite element simulation and (iii) the one obtained by applying adaptive nu‑
merical integration in the inverse transforms (7.2) of the reference spectral solution along the real
axis 𝜂. We notice the coincidence among the three presented results in terms of absolute value and
phase. We recall that the phase is a very sensitive parameter to check the quality of convergence
in comparison to the absolute value.

We also report an incomparable advantage in terms of computational time for our semi‑
analytical‑spectral solution combined with asymptotic analysis with respect to full numerical
techniques and hybrid computations as performed in the numerical integration for the inverse
Laplace transformation of the semi‑analytical spectral solutions.

Figure 5 reports on the left our reference solution (A= 40, h= 0.05,N= 15) after asymptotic
evaluation in terms of field components at kr𝜌= 10: GO component (7.4), GTD component (7.3),
(7.5) and total far field which is the sum of the two previous components. On the right side of the
same figure, the total far field of our solution is compared with the one obtained with the finite
element method and the one obtained using numerical integration in the inverse Laplace trans‑
formation of our semi‑analytical spectral reference solution. Again the lines of the figure almost
overlap, providing a validation of the obtained results.

8. Conclusion
This paper presents an innovative, versatile, general, completed, not‑specialized effective semi‑
analytical method to deal with problems formulated in terms of Wiener–Hopf equations which
contain entire unknowns and exponential phase factors. The methodology reduces the factoriza‑
tion problem to regularized integral equations and does not require either any pre‑factorization
of kernels and/or solutions of systems of infinite equations with no physical interpretation. The

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

15
 A

ug
us

t 2
02

5 



24

royalsocietypublishing.org/journal/rsta
Phil.Trans.R.Soc.A

383:
20240351

.........................................................................................................................

key role in the method is represented by a particular application of the Fredholm factorization
method combined with the Cauchy integral representation formula that allows us to remedy the
incompleteness of the Wiener–Hopf formulation providing a complete exact Wiener–Hopf mod‑
elling. The method systematically yields Fredholm integral equations of the second kind with
augmented kernel that are explicit in terms of the spectral physical unknowns of the problem,
therefore it provides regularized integral equation formulations. The solution of integral equa‑
tions is semi‑analytical in spectral domainwith simple quadrature formula that allows asymptotic
estimation of field components similarly to what is done in problems with available closed‑form
spectral solutions.

In particular, we validate the method analysing a practical application in electromagnetism:
the scattering of a plane wave by a slot in a thick metallic screen. The simplicity of the proposed
reference validation test case does not limit the applicability of themethod inmore complex prob‑
lemswhere impenetrable/penetrable boundary conditions, finite dimension regions and localized
sources are considered, but the technical details of the application to these problems go beyond
the scope of this fundamental methodological paper.

The paper also provides an innovativemethod to obtain systematically theWiener–Hopf equa‑
tions in spectral domain by partitioning the geometry of the problem and applying a systematic
network interpretation of the formulation. In the paper, we demonstrate that the combination of
thesemathematical tools allows us to study the test problem in spectral domainwith physical and
engineering insights. Numerical results validate the proposed methodology.
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