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ARTICLE INFO ABSTRACT
2020 MSC: This work introduces a method to compute descent directions common to two or more differ-
90C29

entiable functions defined over a shared unconstrained domain. Building on this, an alternative

gglégg Multiple-Gradient Descent procedure for Multi-Objective Optimization problems is proposed. The

core of the approach consists of solving a relatively cheap Linear Programming (LP) problem,
Keywords: where the objective and constraints are constructed from the gradients of the functions involved.
Multiple-gradient descent In particular, the LP formulation is designed such that, when a common descent direction does
Multi-objective optimization not exist, it still yields a direction that is perpendicular to all objectives’ gradients, if such a di-
Linear programming rection is available. Additionally, a tailored backtracking strategy is presented, enhancing the

performance of Multiple-Gradient Descent methods, especially when paired with the proposed
LP-based direction computation, by improving the exploration of the Pareto set and front. Theo-
retical analysis and experiments on standard benchmark problems are provided to evaluate the
effectiveness of the proposed techniques.

1. Introduction

Multi-Objective Optimization (MOO) is the area in optimization that deals with problems that involve multiple, and often com-
peting, objectives that must be optimized simultaneously. The importance of such a kind of optimization problems is evident from
the wide MOO applications in real-world scenarios, ranging from mechanical engineering and fluid dynamics [1-3], to energy-saving
strategies [4,5], to task allocation strategies [6], and many other topics. These applications have in common the need to find optimal
trade-offs between different objectives, typically characterized by competing behaviors with respect to the optimization variables.
The trade-off solutions typically are represented by the so-called Pareto set, while their images in the objectives’ space by the so-called
Pareto front. For more details about the theory of MOO problems, we refer to [7-9].

Often, MOO problems are solved using derivative-free methods, where the most used ones are the nature-inspired methods [10,11].
In particular, naturally inspired methods that were originally developed for single-objective, derivative-free optimization, such as
Genetic Algorithms (GAs) [12] and Particle Swarm Optimization (PSO) algorithms [13,14], have, in recent years, been extended to
solve MOO problems, becoming the most popular approaches for MOO [10]; see, e.g., [15-17] for GAs and [18] for PSO. The main
advantages of these methods are their derivative-free nature and their efficiency in exploring the domain through “populations” of
solutions; on the other hand, they lack “realistic” theoretical convergence properties (e.g., see [15]) or they have difficulties in finding
accurate solutions, typically due to premature convergence (e.g., see [17,18]). Another common approach for solving MOO problems
involves minimizing a single loss function formed by a weighted sum of the objective functions [7] or using specific scalarization
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techniques (e.g., see [19,20]). These methods have stronger theoretical foundations but require multiple runs with varying parameter
values to explore the Pareto set/front in depth.

A last approach for MOO problems is represented by Multiple-Gradient Descent (MGD) methods [21-26]. MGD methods aim to
build a sequence that converges to the Pareto set by solving sub-problems that determine descent directions shared by all the objective
functions. These methods are characterized by robust theoretical properties; nonetheless, similarly to the scalarization techniques,
they must be executed multiple times to fully explore the Pareto set/front, starting from different points sampled from the domain.
The sub-problems used in MGD methods for computing the shared descent directions are often nonlinear; for example, in [22-26] the
sub-problem consists in finding the minimum-norm vector in the anti-gradients’ convex hull. Nonetheless, there are some approaches
based on Linear Programming (LP) problems, as illustrated in [21]. Even if the methods for solving LP problems are fast and very
efficient, often the nonlinear sub-problems are preferred, probably due to the different properties of the directions they return. For
example, the anti-gradients’ convex hull used in [22-25] restricts the search of the descent directions to a sub-region of all the shared
descent directions that, unless of particular cases, is sufficiently distant to the boundary defined by the set of perpendicular directions
to one of the gradients; on the other hand, the LP problem described in [21] look for the direction in the whole region of shared
descent directions, therefore the solution can be almost perpendicular to some of the objective gradients. More details and theoretical
properties of this LP problem will be given in this work since it is used as a baseline for the new MGD method proposed.

In this work, the author proposes a new LP sub-problem that is a trade-off between the cheap LP sub-problem defined in [21] and
the nonlinear sub-problems with solutions characterized by “steepness properties”. Specifically, we introduce a new LP problem for
computing directions in MGD methods such that its solution is a direction that tries to maximize the distance from the boundaries
of the descent directions’ region and tries to follow as much as possible the direction identified by the sum of the anti-gradients. For
doing so, we start from the LP problem described in [21] and we modify its objective function and its constraints to achieve these
properties. A theoretical analysis for characterizing the solutions of the new LP problem is performed. In particular, we prove that
the new LP formulation admits the null direction as a solution for Pareto critical points only in the following two situations: i) all
the directions with non-positive dot product with respect to objectives’ gradients that are shared by all the objective functions are
perpendicular to all the gradients; ii) the only direction with non-positive dot product with respect to objectives’ gradients that is
shared by all the objectives is the null vector. In a third situation, where there is at least one direction of this kind, and it is also a
descent direction (i.e., not null) for at least one objective, the LP problem returns one of these vectors and not the null vector. The
latter characteristic (not present in the baseline LP problem) is an extra property that the author deliberately incorporates in the new
LP problem to enhance its interaction with a new backtracking strategy for MGD methods, which is also proposed in this work.

To the best of the author’s knowledge, the backtracking strategies used for MGD methods are always focused on building a
sequence of vectors {x®},.y that is strictly decreasing for all the objective functions (e.g., see all the MGD methods cited above).
These backtracking strategies can lead the sequence to very good (approximated) Pareto optimal solutions or can stop it “prematurely”,
i.e., as soon as they do not find a sufficiently small step to decrease all the objectives along the chosen direction. In order to avoid
this latter case and improve the possibility of building a sequence that converges toward a Pareto optimal solution, we develop a new
backtracking strategy. This new strategy is designed to accept the new point x(*+D if it is non-dominated by the previous point x)
when the Armijo condition is not satisfied for all objectives for all the backtracking steps. Additionally, we endow the backtracking
strategy with a “storing property”; i.e., in a sequence, we keep apart all the vectors x*) that do not dominate x**! and that are not
dominated by it, since this vectors are candidate Pareto optimals, and not only the last one. A theoretical analysis of MGD methods
based on this new backtracking strategy is performed and convergence properties are established.

Through numerical experiments, we analyze the performance of our new methods, both the new LP problem and the new back-
tracking strategy, and we compare them with the baseline given by the literature in [21]. The experiment results indicate that our
backtracking strategy consistently offers only advantages with respect to the “strictly decreasing” ones. While the new LP problem
performs well, its benefits are most evident when combined with the new backtracking strategy, outperforming the baseline when
applied to MOO problems characterized by large regions of Pareto critical points.

The work is organized as follows. In the next section (Section 2), the main notations and definitions used in MOO are listed. In
Section 3, the new LP sub-problem for shared descent directions is presented, whereas in Section 3.2 the theoretical characterization of
the sub-problem solutions is described. In Section 4 the new backtracking strategy is introduced and both the theoretical convergence
analyses and its implementation pseudo-codes are reported. Section 5 illustrates numerical results where the proposed methods are
compared with a baseline on some typical MOO test problems taken from the literature; in particular, the results assess the potential
of the new LP sub-problem and the new backtracking strategy. We end the paper with some conclusions drawn in Section 6.

2. Multi-objective optimization setting and notations

In this work, we consider the case of an unconstrained Multi-Objective Optimization (MOO) problem
min (f1(x), ..., f,,(x)), (€))
xeR"

with m differentiable objective functions f; : R” — R, foreachi=1,...,m.
In this section, for the reader’s convenience, we recall the main definitions related to MOO problems like (1) and Pareto optimality.
For a more detailed introduction about MOO, for example, see [7-9].

Notation 2.1 (Order relations and vectors). Letwv, w € R". Then, we denote by v < w the relation between v and w such that v; < w;,
for each i = 1, ..., n (analogous for <, >, and >). We denote by v £ w the opposite of the relation v < w (analogous for £, #, and #);
ie., v £wif thereisi e {1,...,n} such that v; > w;.
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Definition 2.1. Let f : R” - R™ be the function such that f(x) = (f;(x), ..., f,,(x)), where f,,..., f,, are the m objective functions
of (1). Then, with respect to (1), we have that:

1. x, € R" dominates x, € R" if f(x) < f(x) and f(x,) # f(x,). Alternatively, we can say that x, is dominated by x,.
2. xy € R" is non-dominated by x, € R" if x; does not dominate x; i.e., f(x;) £ f(xq)
3. x* € R" is a local Pareto optimal for (1) if there is € > 0 such that x* is non-dominated by x, for each x € R”, ||x* — x|, < e.
4. x* € R" is a global Pareto optimal for (1) if x* is non-dominated by x, for each x € R".
5. The set of all and only the global Pareto optimals is defined as Pareto set of (1); its image through f is defined as Pareto front of
.
6. X € R" is defined as Pareto critical point for (1) if descent directions for all the objective functions f/, ..., f,, evaluated in X do not
exist; i.e, if
Jrxw £ 0, (2)
for each v € R", where J; denotes the Jacobian of f. By consequence, X € R" is not a Pareto critical point for (1) if a descent
direction for all the objective functions fi, ..., f,, evaluated in X exists; i.e, if p € R" exists such that
J f(5c\)p <0. (3)

Remark 2.1 (Necessary Condition for Local Pareto Optimals). Being a Pareto critical is a necessary condition for being a local Pareto
optimal. Specifically, if x* is a local Pareto optimal, then x* is a Pareto critical.

After recalling the main entities related to MOO, we introduce the definition of non-positive dot product regions for the objective
functions. This definition will be useful for studying and analyzing the properties of the proposed MGD method (see Section 3).
Definition 2.2. [Non-positive Dot Product Regions] Let f1, ..., f,, be the m objective functions of (1). Let x € R" be fixed. Then, for
each i = 1,..., m, we define non-positive dot product region of f; evaluated at x the set

P(x) :={peR"|Vfi(x)'p<0}; 4
i.e., Pi(x) is the union of the descent directions of f; at x and the directions perpendicular to V f;(x). Moreover, we define as region of

shared non-positive dot product directions the intersection of all the non-positive dot product regions, i.e., the set P(x) := (i, P(x) (it
always contains the null vector).

2.1. Descent methods for multi-objective optimization

Descent methods for MOO problems are iterative methods such that

x© € R” given )

XD = x6) 4 0 p0) k> )

where p® € R” is a descent direction for all the objective functions evaluated at x®, and n® € R, is the step-length of the descent
method at iteration k.

In literature, one of the favorite approaches used for the computation of a descent direction p* for m functions fi, ..., f,, evaluated
at a point x is the one based on finding the minimum-norm vector in the anti-gradients’ convex hull [22-26], i.e.:

pr==Y Vi), (6)
i=1

where

2 m
a*=argmina{ st ap,...,q, >0, Za,-=1}. 7)
i=1

Specifically, problem (7) is a quadratic optimization problem and its solutions a* guarantee that the vector p* defined by Eq. (6) is
either a descent direction for the m objective functions, if such a direction exists, or the null vector, if x is Pareto critical; e.g., see
Theorem 2.1 in [22] for a theoretical proof, or see Fig. 1 for a visual example.

On the other hand, there are methods simpler than (7) for finding a descent direction p*; for example, the method described in
[21] and based on solving the Linear Programming (LP) problem

Y a4V fi(x)
i=1

ming, 5 epntl
Vf’.(x)Tpﬁﬂ, Vi=1l,....m . LPpage

llpllee <1

Actually, the LP problem above involves n + 1 variables: the n variables stored in the vector p € R” and the scalar variable p;
therefore, by introducing the variable p := (p, f) € R™*!, we can rewrite LPy, as the problem

minpeRn+| [0,...,0,11p
VAT | -1
. . /
: : pSO ’ Lpbase
Vi, | =1
—1<p <, VYi=1,...,n
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Fig. 1. Example of the direction p* (green vector) obtained from (6) and (7). Grey color denotes regions of ascent directions for the objective
functions; white color denotes the shared regions of descent directions for the objective functions. The red region is the convex hull of the two
gradients considered; the green region denotes the convex hull of the anti-gradients.

or more explicitly as

—

mm(p pernt1(0, ..., 0,1]

VAT | -1
: 0

;]
|-

=

e —1 [
-1<p; <L Vi=1,....n

Then, the solution p* = (p*, f*) € R™! of LP; . is the concatenation of the shared descent direction found p* and the optimal value
f* <0 found for f; where we have that g* = 0 if x is Pareto critical, and that * < 0, otherwise (see Lemma 3.1).

3. A new method based on linear programming

In this paper, one of our focuses is the development of a new LP approach for finding a descent direction shared by multiple
functions. In particular, we start from the LP method described in [21] (see LP,, and LP’bds ), and we modify it. More precisely,
analogously to [21], the LP we define finds descent directions if they exist; otherwise, directions with non-positive dot product with
respect to the objective functions’ gradients are returned (see Definition 2.2). Nonetheless, these latter directions are positively used
by our MGD method, contrary to other methods in literature (see Section 1); indeed, in this work, we also define a novel and different
backtracking strategy for the optimization procedure (5) that is able to exploit them. In this section we focus on the new LP approach,
postponing the definition of the new backtracking strategy in Section 4.

First of all, solving LP, .., we observe that we obtain a shared descent direction p* (assuming it exists) such that its scalar product
with each gradient is less than the minimum value g* (always less than or equal to zero). It is worth noting that, in this formulation,
the gradients of the m objective functions affect only the inequality constraints that define the feasible region of the LP problem,
but not the objective function itself. Consequently, the magnitudes of the gradients have only a limited influence on determining
p*; rather, it is mainly their directions that define whether a feasible shared descent direction exists. In other words, problem LPy,,
ensures the computation of a direction p* that satisfies the descent condition for all objectives, but it does not ensure that a step taken
along p* will decrease all objective functions coherently with the steepness indicated by their gradients or by the average of all the
gradients.

In addition, problem LPy,. has good probabilities of returning the null vector as the solution (stopping the optimization procedure)
also in the special case of Pareto critical points characterized by the presence of at least one direction that is a descent direction for
at least one objective and perpendicular to other objectives’ gradients at most. Nonetheless, such a kind of non-null direction could
generate a new step of (5) where x**1 is non-dominated by x¥); therefore, under these circumstances, it can be useful to add this
option to a MGD optimization procedure, removing the null vector from the solution set of the LP problem.

Given the observations above, the purposes of the proposed new LP problem are the following:

1. Modify problem LP,, . such that, moving along the direction of p*, all the objective functions decrease as much coherently as
possible with their gradient’s characteristics;
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2. Avoid returning the null vector as a solution for Pareto critical points, if there is at least one direction that is a descent direction for
at least one objective and perpendicular to other objectives’ gradients at most. We recall that we are interested in these directions
too because our new backtracking strategy will exploit them (see Section 4).

Before starting with the formulation of the new LP problem, we introduce some notations. We denote by g;(x) the gradient V f;(x),
foreach i = 1,...,m, and by g(x) their sum, i.e.:

gx) = ) g(x). (8)
i=1
In addition, we denote by g;(x) the gradient g; normalized with respect to the euclidean norm; i.e.,
_ 8i(x)
(%) 1= )
. 8@l

for each i = 1,...,m. Then, we denote by G(x) and G(x) the matrices with rows defined by the gradients (i.e., the Jacobian of f, see
Definition 2.1) and the normalized gradients, respectively; specifically:

gl(x)T g1(x)T
G(x) := : e R™"  G(x) := : e R™", (10)
gn()" gn(0)"

/
base

Given (10), the inequality constraints of LP{  defined using the gradients can be rewritten as
[Gx) | —e]p <0, 11)

wheree :=(1,...,1) € R™.
3.1. Linear programming problem formalization
For improving the influence of the gradient magnitudes according to the purpose illustrated in item 1, we need to involve the

gradients both in the objective function and in the boundary values of the variables corresponding to the descent direction. Specifically,
we change the objective function of the problem LP,, , into

X7 p+cy(x)p (12)
and the boundary values into

Pl < 7(x), B =<0, (13)
where cg(x) > 0 (in practice, cg(x) := |Ig(x)ll, + &, € > 0, see Section 3.2 later) and

y(x) = max{[|g;(®)le --- » 18m (O 0- 18I0 } - 14

Clearly, for each p satisfying (11) and § < 0, it holds that g(x)" p + cg(x)p <mp + cy(x)p < 0.
Using the same notation of problem LP} _, the objective function is now

[8x)" | cs(x)]p, (15)
while the boundary values are
—y(x)<p; <y, Vi=1,...,n and p,.; <0. (16)

In Fig. 2(a) we illustrate the proposed objective function (15) with respect to the boundaries (16), in comparison with the cor-
responding objective function and boundaries of problem LP,,., illustrated in Fig. 2(a). Looking at these figures, we see that the
objective function for LPy,. is constant for each fixed value of f; on the other hand, the objective function (15) is not constant for
each fixed value of 8, because it is decreasing along the direction of the vector —g(x). Therefore, the change of objective function is
proposed because it forces the solution to find a descent direction that minimizes § but also follows as much as possible the direction
identified by the sum of the anti-gradients. On the other hand, the boundary values of the descent directions have been changed
in order to maintain at least a weak connection with the norms of the function gradients for a better embedding with an iterative
method like (5); this connection is not preserved if we use the condition ||p||,, < I like in LP,,.

After the modification of the objective function and the boundary values, we observe that also the inequality constraints (11) can
be modified to improve the quality of the descent direction p*.

Ideally, the more parallel a descent direction is to the anti-gradient, the better; then, in the region of the descent directions, the
more distant it is from the hyperplane perpendicular to the gradient, the better. Actually, the inequality constraints (11) are implicitly
trying to apply the latter reasoning because the distances of p from each one of the hyperplanes perpendicular to the m gradients
are lower bounded by a quantity dependent on . Specifically, denoted by H;(x) the hyperplane perpendicular to g;(x), if p = (p, )
satisfies (11), then the distance of p from H;(x) is lower bounded by |4|/||g;(x)ll, i.e.:

T
dist(Hi(x),p)=M>L Vi=1,...,m. a7

gl ~ gl
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Fig. 2. Visual comparison of the objective function of problem LP, .. (sub-figure a) and dummyTXdummy- the proposed objective function (15)
(sub-figure b). The figures illustrate three function evaluations in R> for three fixed values of f = —1,-0.5, 0, three randomly generated gradients
£(%), 8:(x), g;(x) € R?, and (for sub-figure b) ¢;(x) = [|g(x)ll, + 0.25.

Therefore, looking at (17), we observe that a solution p* can result to be nearly-perpendicular to those gradients characterized
by a large norm, because the distance’s lower bound tends toward zero. This phenomenon can be a problem for an iterative method
like (5), because the step can be almost-perpendicular to the steepest descent direction of one of the steepest objective functions of
the problem (see the lightly obscured region varying with § and the vectors p*, p* in Fig. 3(a)).

Then, we modify the inequality constraints (11) using the matrix G(x) instead of G(x); i.e., we use the inequality constraints

[Gx) | —e]p<0. (18)

For a point x that is not Pareto critical, if (18) is used as inequality constraint, we can prove (see Lemma 3.2) that the minimum
distance of a solution p* from all the hyperplanes H;(x) is at least |#*| (see the lightly obscured region varying with # and the vectors
p*, p* in Fig. 3(b)).

In conclusion, applying to LP; . the changes listed above, we obtain the following new LP problem:

min a1 [ 8007 | ¢5(x) 1p

G —] <0

G | —eo .
—Y(x)<p; <y(x), Vi=1,....n

P+l SO

In Fig. 3 we illustrate an example of different solutions obtained by applying LP{’ase and LP,, to the same set of gradients. In

particular, in Fig. 3(a), we observe that the direction p* obtained from the solution p* of LP,., is almost perpendicular to g,(x), the
gradient with the largest norm, and consequently also to the sum-of-gradients vector g(x). This behavior reflects the observations
made for the lower bound (17) in LP,,,, where the lower bound on the distance of a feasible direction p from the hyperplanes
orthogonal to the gradients is directly proportional to |f| and inversely proportional to the gradient norms (see the lightly shaded
regions in Fig. 3(a)). Conversely, in Fig. 3(b), we can see that the direction p* obtained from the solution p* of LP,.,, is almost
parallel to —g(x), and the corresponding lower bound on the distance of feasible directions p from the gradient hyperplanes is directly
proportional to || but independent of the gradient norms (see the lightly shaded regions in Fig. 3(b)).

3.2. Theoretical results and characterization

Analogously to Lemma 3 in [21] for problem LP, ., we illustrate some theoretical results for the LP problem LP,
the main results of the Lemma for problem LP,,.. in the following, adapted to the notation used in this work.

We report

new*

Lemma 3.1 (Lemma 3 - [21]). Let V*, p* be the solution set and the optimum value of problem LPy .., respectively. Then:

1. if x is Pareto critical for the functions fi, ..., f,,, then 0 € V* and p* = 0;
2. if x is not Pareto critical for the functions f,, ..., f,,, then §* < 0 and any p* € V* is a descent direction for all the functions f|, ..., f,;

6
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Fig. 3. Visual comparison of the solutions p* and p* obtained from problem LP,, (sub-figure a) and dummyTXdummy- problem LP,,, (sub-figure
b), respectively, given the same gradients g, (x), g,(x), g;(x) € R?, and (for sub-figure b) cg(x) = ||g(x)]l, +0.25. The figures illustrate three objective
function evaluations in R? for three fixed values of g = f*, f*/2,0. The non-feasible region of each problem is obscured and changes with g (heavily
obscured for the region of non-descent directions).

For the theoretical analysis of our problem, we start with a proposition that characterizes the influence of the parameter c; on
the objective function evaluation. In the next results, we will show how this proposition is necessary to guarantee g* < 0 for non-null

solutions of LP,,,.
Notation 3.1. For ease of notation, from now on we will drop the dependency on x in the LP problems.

Proposition 3.1. Let p, = (py, fy) € R"*\. Let ¢ denotes the vector characterizing the objective function (15); i.e., ¢’ :=[g"| cy). Then, if
¢p > llgllp, we have that

cTpy—cTp; >0 (19)
for each p, = (p;, p;) such that p, < p, and dist(py, p;) < (fy — B)-
Proof. Let a be the angle between g and (p, — p,). Let Ap be the difference between f, and f;; i.e., A := f, — f; > 0. Then,

c"pg—c"py=g"(py—p)) +cyAp =

(20)
= llgll2llpo — pilla cosa + cgAp.
If cosa > 0, it holds
c"po—c"p; =lglallpo — pilly cosa + cyAp > 1)
> ¢y A8 > gl A
otherwise, if cos @ < 0, it holds
c"py—c'py = liglhllpo = pillacosa+ ;A8 >
= =lgll2llpo = pilly + cgAS > (22)

> |1gll2(A8 = llpo — p1ll2) = lIgll2 -
In both cases, cosa < 0 or cos @ > 0, the thesis (19) holds. [

In the following Lemma, we characterize the solutions obtained solving LP,.,, depending on the Pareto nature of x € R"; i.e.,
depending on x that is a Pareto critical point or not, following the lines of Lemma 3.1.

Lemma 3.2. Let p* = (p*, f*) € R"! be a solution of problem LP,y,,, with g > ligll,. Then:

1. If x is Pareto critical for the functions f|, ..., f,, then f* =0.

2. Let x be Pareto critical for the functions f, ..., f,,. Let V* be the solution set, let P; be the set of non-positive dot product directions of
f; at x, and let P be the intersection of all the sets P; (see Definition 2.2). Let us denote by II the set of all the feasible directions in P,
according to the constraints of the problem. Then, it holds:

2.1 0 ¢ V* if and only if there is p € Il such that g' p # 0;
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2.2 V*=Tifand only if g' p = 0 for each p € 11

2.3 V* ={0} if and only if 11 = {0};
3. If x is not Pareto critical for the functions f,, ..., f,,, then * < 0 and p* is a descent direction for all the functions f|, ..., f,, in x.
4. If x is not Pareto critical for the functions fi, ..., f,,, then:

4.1 p* =max,_; 8 p%

dist(H,-,p*) > |p; (23)
Proof. In the following, we prove one by one the results listed in the Lemma.

1. The proof is almost straightforward. If x is Pareto critical, no negative values of § permit to satisfy the inequality constraints (see
(2)); then, p* = 0.

2. If x is Pareto critical, no descent directions are shared by the m objective functions. Then, solutions are contained in the non-
positive dot product region; i.e., V* C II.

Let us start with item 2.1. We use the proof by contradiction. Let the null vector be a solution and let p € II be such that g” p # 0.
Then, g"p <0, for each i = 1,...,m, and there is j € {1,...,m} such that gJT p < 0. By consequence, g’ p < 0 = g70. Therefore, 0 is
not a solution of problem LP, ., because (p, 0) is a feasible vector with negative objective function value, which is a contradiction;
i.e., 0 is not a solution if there is p € I1 such that g’ p # 0. On the other hand, let us assume that 0 ¢ V* and, again by contradiction,
that there is no p € Il such that g” p # 0; therefore, it holds g’ p = 0 for each p € IT and, for item 1, any solution (p*, f*) is such that
p* =0. As a consequence, the minimum objective function value can be only 0 and 0 € V*, which is a contradiction. Therefore,
there is at least one p € I such that g7 p £ 0if 0 ¢ V*.

We now continue with item 2.2. Let us assume that g’ p = 0, for each p € II. Since V* C I, we have that g’ p* = 0 for each
solution of the problem. But any vector in II satisfies the constraints and has the same minimum value for the objective function
(i.e., value 0). Then, IT C V*, and V* = II. On the other hand, let V* = II; then, since 0 € I1, we have that 0 € V* and, for item 2.1,
there is no p € I such that g7 p # 0. Then, the thesis holds.

Concerning the proof of item 2.3, first of all, it is straightforward to see that V* = {0} if IT = {0}. On the other hand, we prove
by contradiction that IT = {0} if V* = {0}. Let us assume that IT # {0} and V* = {0}; then, there is a feasible direction p € I1, p # 0,
such that g” p < 0 = g70. Therefore, there are two possible situations: i) g’ p < 0 and 0 is not a solution; ii) g/ p = 0 and 0 is not
the unique element of V*. Both cases are a contradiction of the hypothesis V* = {0}, proving the thesis.

3. The proof of this item is done by contradiction. Let us assume that LP,, has solution p* = (p*, p*) with p* = 0. Since x is not
Pareto critical, there is p € R” such that p # p* and p is feasible (i.e., Gp < 0 and ||p||, < 7). Let 6 denotes the euclidean distance
between p* and p and let § be such that

ﬁ 1= max {—5,i r{laxmgiT'ﬁ} <0. 24)

Then, p := (p, §) is a feasible point of the problem that satisfies the hypotheses of Proposition 3.1 with respect to p*; i.e., f < g* =0,
dist(p*, p) = 6 < (f* — ), and ¢; > ||g||, (last one is a hypothesis of this Lemma). Therefore, for Proposition 3.1, it holds

cTp*>cTp, (25)

which is a contradiction of the hypothesis that p* is solution of LP,,.

4. Let p* be a solution for the problem LP,,,. Then, for item 3 of this Theorem, #* < 0 and p* = (p*, p*) satisfies (18), because x is not
Pareto critical. It is easy to prove by contradiction that §* = max,_; _, & p* =: &% (item 4.1). Indeed, assuming §* > &7, for
Proposition 3.1 the feasible vector (p*,d7 ) returns a lower value of the objective function, while any vector (p*, §) with § < &7

is not feasible (i.e., does not satisfy (18)).

Concerning item 4.2, as previously observed, the distance of p* from H, is lower bounded by |5*|, for each i = 1, ..., m, because

p* satisfies (18); then, (23) holds.

O

Now we point the attention of the readers to item 2 of Lemma 3.2. The three sub-items correspond to the three possible situations
that occur for a Pareto critical point x € R"; specifically, we have:

e Lemma 3.2 - item 2.3 (V* =11 = {0}, see Fig. 4(a)): the critical point is such that for each direction p € R", p is an ascent direction
for at least one objective function; i.e., there is j € {1, ..., m} such that ngp > 0. This is a particular case of item 2.1 of the Lemma
(see below).

e Lemma 3.2 - item 2.2 (g7 p = 0 for each p € Il, V* =TI, see Fig. 4(b)): the critical point is such that: i) all the non-positive dot
product directions shared by all the objective functions are perpendicular to all the gradients; ii) case 2.2 of the Lemma (see
above).

e Lemma 3.2 - item 2.1 (there is p € IT such that g7 p # 0, 0 ¢ V*, see Fig. 4(c)): the critical point is such there is j € {1,...,m}
and there is a non-positive dot product direction shared by all the objectives such that it is a descent direction for the objective
function f;.
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Fig. 4. Visual example in R?, m = 3 objectives, of the three possible situations that occur for a Pareto critical point in LP,,,. Grey color denotes
regions of ascent directions for the objective functions (there are no shared descent directions because x is Pareto critical); the darker the grey
color, the more its objectives consider it as an ascent direction. Dark grey lines denote the regions of directions perpendicular to the gradients. We
highlight in green color the solution set V* of the LP problem.

One of the main differences between LP,,,. and LP,, is that for LP,,, we have that 0 € V* for all the three situations listed
above and illustrated in Fig. 4 (see Lemma 3.1). Therefore, LP,,, can return anytime a null direction p* = 0 if x is Pareto critical,
stopping the optimization procedure as a consequence. On the contrary, the new LP problem LP,.,, returns a null direction only if
there are no directions in II that are descent directions for at least one objective; therefore, if there is a direction in IT that is a descent
direction for at least one objective, LP,.,, returns a non-null solution p* and the optimization procedure (5) can continue looking for
point x(*1 along the direction p* such that x**1 is non-dominated by x*) = x. Moreover, it is possible to find x**! with decreased
values for the objective functions f i L for which it holds ng p* <0, j=j,...,Jjp- In this situation, in order to find such a kind
of new point for the sequence, we define a new backtracking strategy in the next section. Coupling LP,,, with this new backtracking
strategy, we are able to increase the possibility of detecting and/or exploring the Pareto set of a MOO problem, as illustrated by the
results of the numerical experiments of Section 5.

Remark 3.1 (Case of two objective functions). We observe that if m = 2, i.e., the MOO problem is characterized by two objective
functions only, the case 0 ¢ V* is not possible for x € R" Pareto critical. Indeed, only the cases corresponding to items 2.1 and 2.2
of Lemma 3.2 are possible. Therefore, when m = 2, the differences between LP,,,. and LP,.,, are in the orientation and norm of the
non-null solutions p*.

4. New backtracking strategy and convergence analysis

In this section, we describe how to better exploit a MGD method (5) that is based on descent directions evaluated with LP,,,. In
particular, we use a new line-search method for the step lengths {#; },cn, in order to guarantee that the sequence {x*},y is such
that x*+1 is non-dominated by x*), for each k € N. Therefore, we observe that the main difference between our line-search method
and the ones typically adopted in literature (e.g., see [21,23-26]) is in the nature of the sequence {x®¥},\: all the other methods
look for a sequence strictly decreasing for all the objective functions; on the contrary, we relax this requirement, accepting in general
vectors x**D that are non-dominated by x®) (but giving priority to the ones that decrease the values of all the objectives).

One of the simplest but most effective implementations of line-search methods for one-objective optimization problems is the
backtracking strategy with respect to the Armijo condition [27-30]. This condition can be easily extended to MOO for building the
sequence {x¥}, oy strictly decreasing with respect to all the objective functions [21,23-26]. Then, in this work, we extend even
further this approach for modifying the properties of the sequence {x®}, o as stated above.

Let a € (0, 1) be the factor of the backtracking strategy and let ¢; € (0, 1) be the parameter of the Armijo condition. Then, at each
step k > 0, we check if the Armijo condition

k) s k *

[0 4+ 70 p®) < £,x®) + ey g (x0T pr®, (26)
is satisfied for the base-value of the step-size n©) = n(()k) and for each i = 1,...,m. If it is not satisfied, we decrease the step-size by the
factor a until the condition

k) s k e
£, 400 p®) < £,(x®) + ¢yn ) g, (x0T pr®), Al

(k) (k)

is satisfied for the step-size r,;k) =@ =1, a',t>0,and foreachi=1,...,m.

However, it is possible that nik) does not satisfy A!, for each r > 0; in particular, it happens when x® is Pareto critical and,
therefore, p*®) is not a descent direction for all the objectives, but only a non-positive dot product direction or the null vector (see

9
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Lemma 3.2). Under these circumstances, instead of stopping the sequence like the other MOO methods (e.g., see [21]), if p*® # 0
we make a last check:

Jie(Lo.m) st f:ax®)> 0 47p®) @7

where 7 > 0 is a fixed arbitrary small parameter. Therefore, if (27) is satisfied, setting x**1 := x® 4 7 p*® returns a new point x*+1
for the sequence that is non-dominated by x¥, and the sequence can continue.
Then, we can summarize the sequence generated by the line search method described above as

{ x© e R?, {;1(()")},(EN CR*, 7>0 given BT
X+ = ) L) i) k>0 new
where
7 = n(()k)af if x® is not Par. crit. (r, 1st value of ¢ > 0 satisfying A)
=35 if x(®) is Par. crit. and does not dominate x* + 7 p*®) . (28)
0 otherwise (i.e., x®) is Par. crit. and dominates x*) + 7 p*®)

The new backtracking strategy can be used in general with any MGD method, independently of the type of sub-problems used to
compute the directions p*®¥); therefore, it can be used also with a MGD method based on LP, .. Nonetheless, we recall that BT,
has been specifically designed to take advantage of the properties of LP,,,; in particular, we recall the observations related to item
2.3 of Lemma 3.2.

Remark 4.1 (Strictly decreasing backtracking as a special case of the new one). Line search methods designed for building strictly
decreasing sequences for all the objectives can be interpreted as a special case of the new type of backtracking strategies, where 77 = 0.

4.1. Convergence results

If we look at all the possible sequences {x*®},. determined by the new backtracking strategy BT,.,,, we can identify three main
types of sub-sequences of consecutive elements:

1. {x®+m Mk, M > 0, such that x**™ is Pareto critical, ***) = 7, and x**+™ is not Pareto critical for each m < M.
We define this type of sub-sequence as 7-Pareto Critical end (PC;);
2. {xtk+m} s k >0, such that there is M € N for which x**™ is Pareto critical and #**™ = 0, for each m > M, and x**™ is not
Pareto critical for each m < M.
We define this type of sub-sequence as 0-Pareto Critical end (PC,);
3. {xtk+my o~ k > 0, such that x**™ is not Pareto critical for each m > 0.
We define this type of sub-sequence as non-Pareto Critical (nPC);

More precisely, we have that any sequence {x*},.\ has one of the following structures:

1. N € N consecutive PC; sub-sequences, followed by one PC,, sub-sequence;
2. N € N consecutive PC; sub-sequences, followed by one nPC sub-sequence;
3. Infinite consecutive PC; sub-sequences.

On the other hand, a sequence generated for being strictly decreasing for all the objectives coincides with a sub-sequence of type
nPC or, if it reaches a Pareto critical point, with a sub-sequence of type PC,,. In [21], the authors state that when such a kind of
sequences are of the nPC type, assuming proper limitation hypotheses on the objective functions, they have at least one accumulation
point, and each accumulation point of the sequence is a Pareto critical point. Below, we report this theorem ([21, Theorem 1]),
adapted to the notation used in this work.

Theorem 4.1 (Theorem 1 - [21]). Let {x*},oy be a sequence defined by BT, but with 7j = 0 (see Remark 4.1). Let x* be not Pareto
critical, for each k € N. Then:

1. {x®},cn stays bounded and has at least one accumulation point, if the function f (see Definition 2.1) has bounded level sets in the sense
that {x € R" | f(x) < f(x©)} is bounded;
2. Every accumulation point of the sequence {x*'},\ is a Pareto critical point.

Now, we state a theorem for characterizing the convergence properties of the sequences obtained using the new backtracking
strategy proposed; i.e., sequences determined by BT,.,,. In this theorem, we exclude the case of a sequence ending with a PC sub-
sequence because, in that case, the results are trivial.

Theorem 4.2. Let {x¥)}, be a sequence defined by BT,.,, and let C denotes the set of all the Pareto critical points of f : R" — R" (see
Definition 2.1). Let us assume the sequence does not end with a PC,, sub-sequence. Then:

1. liminf,_, . dist(x®,C) = 0;

10
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2. if {xW},cn ends with a sub-sequence {x*ot™} _ of nPC type, ko >0 fixed, and {x € R" | f(x) < f(x%0))} is bounded, then
{xtkotmy  « is bounded, admits at least one accumulation point and all its accumulation points are Pareto critical;

Proof. The structure of the sequence can be of only two types:

(i) N €N consecutive PC; sub-sequences, followed by one nPC sub-sequence;
(ii) Infinite consecutive PC; sub-sequences.

In the first case (i), we have to prove both the theses of the theorem. Nonetheless, using Theorem 4.1 [Theorem 1 - [21]] the proof
of item 2 is trivial and, as a consequence, also the proof of item 1.
Now, for case (ii), the sequence {x(®},y is made of infinite consecutive PC; sub-sequences, i.e.:

M M. . M;
{x(k)}keN — {x(kl+m)}m=10 U {x(k2+m)}m=20 U--U {x(k,+m)}m=/0 U =

= U{x("1+'”)}M[0,
e

i>1

where k; =1, k; =k;_; + M;_; + 1, and M;_; €N for each i > 2. Moreover, by definition, each one of these PC; sub-sequences
{cKitm) }Z’z"o is such that x(*i*M) is Pareto critical.
Then, for each k > 0, there is i > 1 such that k; = k; + M; > k, and x*) is Pareto critical; therefore, it holds

inf dist(x™, €) = dist(x*?, ) = 0
h>k
and

liminf dist(x®, C) = sup{inf dist(x,C)} = 0.
k—+o00 k>0 h>k

O

4.2. Implementation

Here, we report the pseudocode of an algorithm (Algorithm 1) that implements a MGD procedure with respect to the backtracking
strategy defined in this section. We assume a maximum number of iterations K € N, a maximum number of backtracking steps ® € N,
and, for simplicity, we set i§ = n,a®, where 7, € R 4+ is the base value of the step-size for each iteration. The direction p* described in
the algorithm is the vector obtained solving the LP problem LP,, of [21], the LP problem LP,,, proposed in this work, or any other
problem defined with the same scope.

4.2.1. Storage of non-dominated intermediate points

Until now, we focused on the advantages of finding a new non-dominated point x**1 even if x¥ is Pareto critical. Nonetheless,
since in MOO it is crucial to identify as many Pareto optimals as possible, it is better if we do not “forget” x¥) when it is not dominated
by x*+D; indeed, we recall that is possible to have both x**1 non-dominated by x*, and vice-versa.

Therefore, we can modify Algorithm 1 adding a “domination-check” for x*) with respect to x**1; specifically, if x¥) is not
dominated by x**1), we store it into a list C. Then, at the end of the procedure, the algorithm returns the last vector computed for the
sequence, denoted by %, and all the x € C that are non-dominated by all the other vectors in C U {x}; this set of vectors will represent
the (approximation of) Pareto optimals discovered by the optimization method during its run (not necessarily global Pareto optimals,
due to the local nature of the method).

The result of these modifications is Algorithm 2.

4.2.2. Blockwise implementation for searching global pareto optimals

We recall that MGD methods have a local nature. Therefore, all the Pareto critical points returned by the procedures are candidates
to be approximations of global and/or local Pareto optimals, mainly depending on the starting point x(. Therefore, a basic multi-start
approach for the optimization procedure, made with respect to a set of N € N random starting points

X0 = (x50 R,

can be a simple but efficient method for exploring and detecting as much as possible the Pareto set and the Pareto front of a MOO
problem.

11
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Algorithm 1 Let us consider the unconstrained MOO problem (1). Then, we define the following MGD algorithm for the implemen-
tation of the descent method BT,,,.

Data: x(© € R” starting point for (5); ¢;,a € (0, 1) parameters for the Armijo condition; #, starting value for the step length; ® € N
maximum number of backtracking steps; K € N maximum number of iterations; P sub-problem for computing p* feasible
direction with respect to x.

Procedure:
1: fork=0,...,(K—-1)do
2: State p*®) « solve P with respect to x*) > e.g., solve P =LP, ., or P =LP,,, for finding p**®

3 q® ey
4 fort=0,...,(0-1)do

5: if A; is true for each i = 1, ..., m then
6: break

7: else

8 7%« p®g

9: end if

10: end for

11: X « x® 4 50 pr

12: if X is dominated by x*) then > Always false, if Al istrueVi=1,...,m
13: break

14: else

15: xk+h %

16: end if

17: end for

18: x « x®
19: return : X

Algorithm 2 Let us consider the unconstrained MOO problem (1). Then, define the following MGD algorithm for the implementation

of the descent method (5).

Data: x© € R” starting point for (5); ¢;,a € (0, 1) parameters for the Armijo condition; 5, starting value for the step length; ® € N
maximum number of backtracking steps; K € N maximum number of iterations; P sub-problem for computing p* feasible
direction with respect to x.

Procedure:

1: C « empty list > Initialization of the list of x*) non-dominated by x*+V
2: fork=0,...,(K—-1)do

3:  p*® « solve P with respect to x¥) > e.g., solve P =LP,, . or P =LP,, for finding p*®
4 ™ e

5: fort=0,...,(@-1)do

6: if A; is true for each i = 1, ..., m then

7: break

8: else

o 0 g
10: end if

11: end for
122 % « x4 40 p0
13:  if ¥ is dominated by x*’ then

14: break

15: else

16: xk+D) ¥

17: end if

18:  if x® is not dominated by x**1 then
19: Add x® to C

20: end if

21: end for

22: X « x®
23: C « {x € C | x non-dom. by y, Vy € CU {X}, y # x}
24: return: X, C

12
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Concerning a multi-start approach, it is interesting to observe that the solutions pJ, ..., p}, of N LP problems like LP,.,,, if con-
; K (o Y — . N(n+1) ;
catenated into a vector p* = (p*l‘, s PN = ((p’l‘,ﬁ;‘), (P BY) ER n+1) "are solution of the LP problem
min,cpNen [ CIT [ ] L‘ITV]P
A
<0
] b , (29)
AN
-y;e<p; <vje, Vi=1,..,N
B <0, Vi=1,....,N

and vice-versa; where ¢; € R"* 1A ;€ R+ “and v; € R, are: the vector of the linear objective function, the matrix of inequality
constraints, and the scalar for boundary values of p;, respectively, of the jth LP problem, for each j =1,..., N.

Then, if the user cannot directly parallelize the multi-start procedure, they can still exploit (29) for a fast computation of the N
directions py, ..., py,. Of course, techniques for fastening the evaluation of the Jacobians G, ..., Gy are suggested, but their discussion
does not fall within the scope of this work.

A similar block-wise parallelization can be implemented also for problem LP, ..

5. Numerical experiments

In this section, we study and analyze the behavior of the new method LP,, for computing the shared descent direction of
multiple objectives, using the new backtracking strategy BT,.,, for MGD methods. Specifically, we run Algorithm 2, using LP,.,, for
computing the direction p*®, with parameter c;k) = cy(x®)) = || g(x®)||, + 1. Then, the analysis is made through a comparison with

[21], representing the baseline; i.e., the baseline is represented by
Lpbase

, using a backtracking strategy designed for building a sequence strictly decreasing for all the objectives; we report the pseudocode of

a MGD implementation using this backtracking strategy in Appendix A (see Algorithm Appendix A). Nonetheless, we study also how

the behavior of LP,, . changes if BT,,, is used (i.e., we run Algorithm 1 with respect to LP,,..) and how the behavior of LP,.,, changes

if the backtracking strategy for strictly decreasing objectives is used (i.e., we run Algorithm Appendix A with respect to LP,,,).
Summarizing, we analyze the behavior of:

¢ Algorithm Appendix A and Algorithm 2 run with respect to LP,,.. We denote them as BT, ,,.-LP; ;. and BT,.,,—~LPy .., respectively;
e Algorithm Appendix A and Algorithm 2 run with respect to LP,,,. We denote them as BT, ,.-LP,.,, and BT, .,,—LP,,,, respectively;.

new* new new” —% new?

The baseline is represented by BT,,-LPy,. (see [21]), while the new method we propose is represented by BT, ,,—LP,,,. All the other
“intermediate” cases are added to the analysis to better understand the effects of using different backtracking strategies and different
shared descent directions in a MGD method.

All the cases are compared analyzing the results obtained by applying them to three well-known MOO test problems: the Fonseca-
Fleming problem [31], the Kursawe problem [32], and the Viennet problem [33]. For all these problems, all the algorithms are
executed with respect to N = 500 randomly sampled starting points (exploiting a blockwise implementation, see Section 4.2.2); the
backtracking strategy is characterized by a maximum number of steps ® = 40 and parameters ¢; = 10~°, @ = 0.8, and 7, = 1 for the
Armijo condition A!. For more details about the test problems, the starting point samplings, etc., see Section 5.1.

The comparison between the methods is performed by measuring the ratio of sequences, among all the N ones, that have detected
at least one Pareto critical that is non-dominated by all the other Pareto critical points detected by itself and the other sequences.
Indeed, such a kind of Pareto critical points can be considered as a good approximation of a global Pareto optimal and, therefore, it
means that the sequence reached at least one point near to the Pareto set of the problem.

Specifically, let C_‘j be the set containing the outputs of a MGD algorithm, starting from xﬁo), foreach j =1,...,N;i.e., C_j = {x}
for Algorithm Appendix A, while C; contains X and all the non-dominated critical points of the sequence for Algorithm 2 (see the
algorithm’s pseudocode). Let CV be the union of all the sets C;, i.e., CV := Uj\’: , €}, and let 51 be the set points in C; non-dominated

by all the other points in CV, i.e.

~ = =N
Cj._{xecjlxnon-dom. byy, Vye C",y # x}. (30)

Then, for a MGD algorithm, we define the index

#ofnon—emptyaj {jléj;ég’j:l»"'sN}
- N - N ’
where the superscript N denotes the number of sequences used for computing the index. We define this index as the global Pareto
ratio of the MGD algorithm, with respect to N runs.

pN : (31)

13
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Fig. 5. Fonseca-Flemig test case. Movement of the N = 500 sequences in the objectives’ space. The blue dots are the starting points’ images f (xﬁm) €
R2, j =1,..., N, while the red dots are the last points of the sequence. The black, dotted, and piece-wise linear curves describe the movement of
each sequence from its starting point to its last element. Critical points stored during Algorithm 4.2 are not represented because they are (almost)
coincident with red dots.

Remark 5.1 (About the global Pareto ratio index). We introduce index (31) in order to analyze the performance of different MGD
algorithms independently on the availability of a known Pareto set and Pareto front. Alternative indices can be used, such as the
Hypervolume (HV) indicator, which is able to measure the “quality” of a Pareto set/front through the hyper-volume of the dominated
region in the objectives’ space (see [34,35]). Nonetheless, the HV indicator (and the other MOO indicators) focuses too much on the
spread properties of the detected global Pareto optimals, with the drawback of finding often situations where very similar indicator
values are measured, despite the very different number of points in the Pareto front; for this reason. we prefer instead to use index
(31) for our analyses, because it is better for quantifying the ability of a MGD algorithm to reach the Pareto set of the problem,
varying the starting point. However, we will report also the normalized HV indicator for the numerical experiments of this section,
and not only the index PV.

For a better comparison of the methods, we conclude the beginning of this section with a discussion on their computational costs.
Actually, the computational costs of LP,,.. and LP,,, can be considered equivalent, since for both the problems we have to compute
m gradients (one for each objective function), while the computation of g and y (see Egs. (8) and (14), respectively) are negligible;
moreover, also the cost of the solution of the LP problem is the same. On the other hand, there are instead differences in the costs of
Algorithm Appendix A (backtracking strategy BTy,,.) and Algorithm 2 (backtracking strategy BT,.,,); even if the computational costs
in terms of time and operations are almost the same for the iterative procedure that builds the sequence {x®},, Algorithm 2 is
characterized by these additional costs: (i) it requires a greater amount of memory to store in the list C all the vectors x*) that are
not dominated by x*+D; (ii) if the cardinality of the list C is large, the computation of the set C at the end of the iterative procedure
(see line 23 of the algorithm) can be not negligible, requiring more computational efforts.

In general, we notice that a possible limitation to the scalability of all the methods is the cost of the m gradient computations (i.e.,
the computation of the Jacobian of f, f = (f}., ..., f,,)); indeed, when both n > 1 and m > 1, the costs of derivative computations can
be significant if repeated for each iteration, especially in case of derivatives approximations (e.g., finite differences).

5.1. Multi-objective test problems
In this section, we report the formulations of the three MOO test problems used in the numerical experiments, together with
information about the selection of starting points and the maximum number of steps K used.
* Fonseca-Fleming [31,36]. The objective functions of the MOO problem are
fi=1- e—2i=l"(xi—l/\/;)2
fr=1- o= Zi=l"(xi+1/y/n)?

The starting points for the MGD methods are sampled with random uniform distribution U°([-2, 2]"), n = 3. The maximum number
of steps used for the MGD methods is K = 250.

14



F. Della Santa Journal of Computational and Applied Mathematics 482 (2026) 117324

Fig. 6. Kursawe test case. The red dots are points in the cube [-1.5,0.5]> (see Section 5.1) where the normalized gradients are (almost) opposite
(e, lIg; + &, < 107).

Fig. 7. Kursawe test case. Movement of the N = 500 sequences in the objectives’ space. The blue dots are the starting points’ images f (x;(’)) eRr?,
j=1,...,N, while the red dots are the last points of the sequence. The orange dots are the critical points stored during Algorithm 4.2, before the
final pruning (see the pseudocode). The black, dotted, and piece-wise linear curves describe the movement of each sequence from its starting point
to its last element.

e Kursawe [32]. The objective functions of the MOO problem are

fl _ i_loe—O.Z‘/xlz+x?+l

i=1
3

f= Z(|x,|°-8 + 5sin(x}))
i=1

The starting points for the MGD methods are sampled with random uniform distribution U°([-1.5,0.5]"), n = 3. The maximum
number of steps used for the MGD methods is K = 1500.
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Fig. 8. Kursawe test case. Images in the objectves’ space of the non-dominated points among all the outputs returned by the MGD algorithms; i.e.,
images of the points in Ufl:] C; (see (30)).

¢ Viennet [33]. The objective functions of the MOO problem are

fi1= O.S(x% + x%) + sin(x% + x%)

(Bx; —2xy + 42 (x; +x, +1)?
+ +
8 27
1

fi= — L1
x% + x% +1

fr= 15

The starting points for the MGD methods are sampled with random uniform distribution U°([-3, 1.5]"), n = 2. The maximum
number of steps used for the MGD methods is K = 7500.

5.2. Numerical results and analyses

In this subsection, we analyze and study the results obtained by the four given MGD algorithms applied to the three test problems
illustrated in the previous subsection (Fonseca-Fleming, Kursawe, and Viennet). We start analyzing the results for the Fonseca-Fleming
problem, focusing on the different paths generated by using directions that are solutions of LP,,,, or LP,,; in this case, the type of
backtracking strategy is not crucial, due to the characteristics of the objective functions. On the contrary, when we continue to the
results for the Kursawe problem, we observe how the usage of BT,,, (i.e., Algorithm 2) improves concretely the global Pareto ratio PV.
In the end, we analyze the results for the Viennet problem; for this latter case, we observe that only the MGD method BT, —LP,,, is
able to return a good PV value, outperforming all the other methods. A summary of the global Pareto ratio values for all the methods,
with respect to all the problems, is reported in Table 1.

In Table 1, we report also the normalized HV indicator computed with respect to the non-dominated final points of the converged
sequences. According to the comments in Remark 5.1, we notice that even with very different quantities of non-dominated points, the
normalized HV indicator does not change consistently, because this measure focuses on the spread of the points in the objective space;
for example, in the Viennet problem we have 464 non-dominated points (92.80% of 500 sequences) for the case BT,,,—LP,.,, and
174 non-dominated points (34.80% of 500 sequences) for the case BT -LP,.,, but both the cases have a normalized HV indicator
that is almost the same (0.7710 and 0.7712, respectively). For this reason, we will focus our analyses on the comparison of the index
PV,

5.2.1. Fonseca-fleming

With respect to the Fonseca-Fleming test problem, all the MGD methods return 100% of PN (see Table 1). Looking only at these
values, we deduce that the sequences built with LP,,, are a valuable alternative to the ones built with LP, .. We do not see differences
in the performances while changing the backtracking strategy because the characteristics of the problem are such that A! is very easy
to be satisfied in regions far from the Pareto set (e.g., both the objective functions are convex); therefore, all the sequences are
decreasing with respect to all the objectives except when an approximation of a global Pareto optimal has already been reached.
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Fig. 9. Kursawe test case. Non-dominated points among all the outputs returned by the MGD algorithms; i.e., the points in UjN: . 5/ (see (30)).

However, looking at the paths of the sequences’ images in the objectives’ space in Fig. 5, we observe different behaviors for LPy,,
and LP,,,. For both the methods, the paths end (approximately) on the Pareto front of the problem, but the paths generated with
LPy,.. are attracted more by the “center” of the front (Fig. 5(a) and (b)), while the paths generated with LP,, are distributed more
uniformly on the front (Fig. 5(c) and (d)).

Summarizing, with these results we show that LP,,, is able to generate good sequences for a MGD algorithm, but the sequences
we obtain are characterized by a different behavior from the ones generated with LP, . (as expected, by construction of LP, ).

new

5.2.2. Kursawe

The Kursawe problem is more complicated than the Fonseca-Fleming one. In this case, analogously to the Fonseca-Fleming test,
we observe similar performances but different path behaviors for LP,,, and LP,.,, (given the same backtracking strategy); actually,
the performances of methods based on LP,,, are a bit smaller than the performances of methods based on LP,,,. (see Table 1). The
different path behaviors of the two methods are evident if Fig. 7; in particular, we have that LP,.,, generates sequences attracted more
by the “center” of the front, while LP,, . generates sequences mainly focused in reducing the value of f; (i.e., “leftward movement”
in the objectives’ space).
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Fig. 10. Viennet test case. The red color denotes the points in the square [-3,1.5]> (see Section 5.1) where the normalized gradient of the first
objective function is (almost) equal to minus the normalized gradient of the third objective function (i.e., [|g, + &I, < 107®); blue color, otherwise.
In particular, red regions are regions of critical points of the same type illustrated in Fig. 4(c).

Table 1

For each case, with respect to N = 500 sequences {xj.k)}keN, j=1,...,N, were-
port the global Pareto convergence ratios (PV, represented as percentages) and
the normalized HV indicator of the non-dominated final points of the converged
sequences. The HV indicator is computed with respect to the reference vectors:
(1, 1) for Fonseca-Fleming, (—14,-0.1) for Kursawe, and (9, 36,0.3) for Viennet.
The HV indicator is normalized with respect to the hypervolume delimited by
the reference vector and an opposite vector that is: (0,0) for Fonseca-Fleming,
(=20.5,-11) for Kursawe, and (0, 14.5, —0.2) for Viennet..

BT, Algorithm 1 BT, Algorithm 2

Problem LP Problem PV norm. HV PV norm. HV
FonsecaFleming e 100.00% 03349 100.00%  0.3349
& Lp,, 100.00%  0.3395 100.00%  0.3395
Kursawe LP,,. 3120% 04211 6640% 04155
LP,., 24.00% 0.4221 63.60% 0.4044
Viennet LPy,. 37.00% 0.7722 42.00% 0.7722
LP, 34.80% 0.7712 92.80% 0.7710

new

With respect to the global Pareto ratio, the real difference is made by BT,,,. Indeed, independently on the LP problem used for
computing the directions, the adoption of the new backtracking strategy guarantees a PN =~ 65%; more than twice the value obtained
using Algorithm Appendix A (see Table 1 and the approximated Pareto front/set in Figs. 8 and 9, respectively). We can explain this
phenomenon looking at the orange dots in Fig. 7(b) and (d); the orange dots are points x;k) with respect to which the backtracking

strategy cannot find a point along the direction p** that is able to decrease all the objectives, but BT,,, finds x;“l) such that it is not

dominated by xi.k) and vice-versa; such a kind of points are Pareto critical points or points very near to them (see Fig. 6). In Fig. 7(b)
and (d), we clearly see that there are paths of (almost) Pareto critical orange dots that (often) end with an approximated global Pareto
optimal; i.e., BT, permits the movement along trajectories made of Pareto critical points, increasing the probability of reaching the
Pareto set/front of the problem. On the contrary, BTy, stops the iterations as soon as a Pareto critical point is reached, reducing the
probability of finding a global Pareto optimal from a “non-suitable” starting point; an example is represented by the dominated red
dots in Fig. 7(a) and (c).

We conclude the analysis of the Kursawe problem focusing again on Fig. 6. We observe that the Kursawe problem is characterized
by m = 2 objective functions; therefore, for the observations in Remark 3.1 we have that the only difference between LP,,,, and LP,,,
is in the properties of the directions evaluated for the points that are not Pareto critical. For Pareto critical points, the only difference
is in the norm of p*, if it is not equal to the null vector.

5.2.3. Viennet

The last problem we consider is the Viennet problem. This problem is particularly difficult for MGD methods, because it is
characterized by regions where the gradient g; of the first objective function is parallel and opposite to the gradient g; of the third
objective function (i.e., g, = —g3, see Fig. 10). Therefore, all these points are Pareto critical, and shared descent directions do not
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Fig. 11. Viennet test case. Movement of the N = 500 sequences in the objectives’ space. The blue dots are the starting points’ images f (xj.o)) € R3,
j=1,...,N, while the red dots are the last points of the sequence. The orange dots are the critical points stored during Algorithm 4.2, before the
final pruning (see the pseudocode). The black, dotted, and piece-wise linear curves describe the movement of each sequence from its starting point
to its last element.

exist for the objectives in those points; at most, there are non-positive dot product directions perpendicular to g, and g; that are
descent directions for the second objective function (e.g., see Fig. 4(c)).

Under these circumstances, we clearly see how the pairing of BT,,, with LP,, is crucial for increasing the possibility of reaching
the Pareto set/front of the problem, starting from a random point. Indeed, looking at the values of Table 1, we see that only the MGD
method BT,,,-LP,., reaches a good PV value of 92.80%; all the other MGD methods reaches a value of PV that is approximately
between 35% and 45%. Nonetheless, some of the observations made for the Fonseca-Fleming and the Kursawe problems still hold.
Specifically, we see that BT,,,, improves the performances in general, while the usage of LP,,, or LP,.,, generates directions with
different characteristics that, using Algorithm Appendix A as backtracking strategy, does not result in consistent differences in the
performances. We can see the effects of these observations looking also at the approximated Pareto front/set in Figs. 12 and 14,
respectively.

The performance improvements obtained using BT,,.,, depend on the fact that this backtracking strategy helps to push the sequences
along and/or beyond the “static regions” of Pareto critical points (see Fig. 10). This behavior is evident looking at the paths made of
orange dots in Fig. 11(b) and (d) (objectives’ space) and Fig. 13(b) and (d) (domain); in particular, see how the paths in Fig. 13(b)
and (d) corresponds to the red regions in Fig. 10. On the other hand, since BT,,,. cannot help to overcome this kind of difficulty,
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Fig. 12. Viennet test case. Images in the objectves’ space of the non-dominated points among all the outputs returned by the MGD algorithms; i.e.,
images of the points in U7=1 C; (see (30)).

instead of paths made of orange dots, for these regions we observe “frozen” red dots (i.e., sequences that stops at the beginning); see
Fig. 11(a) and (c) (objectives’ space) and Fig. 13(a) and (c) (domain). We observed a similar phenomenon in the Kursawe problem
too, but less explicit.

Moreover, it is evident from Table 1 that the best performances are obtained when we use BT, and the sequences are built with
respect to LP,,,. The reasons for these better performances depend on the different properties of the solutions returned by LP,,, and
the solutions returned by LPy,., with respect to the Pareto critical points belonging to the red regions illustrated in Fig. 10. Indeed,
LP, can return a null direction anytime the point of the sequence is Pareto critical (see Lemma 3.1), de-facto stopping the sequence
itself; moreover, the infinite-norm of the computed direction is at most 1, generating steps that are not related to the gradients’ order
of magnitude (in this case, too small steps). On the other hand, LP,,, returns a non-null direction for sure for all the points in the red
regions illustrated in Fig. 10 where g, # 0, because of Lemma 3.2 - item 2.3; moreover, the upper bound of the infinite-norm of the
computed direction depends on the infinite-norms of the gradients of the objective functions (see (14)), granting longer steps when
objectives are steeper.

From these observations, we deduce that the combination of LP,, with BT, is particularly effective for the MOO problems
like the Viennet problem, because it generates search directions and step sizes that prevent the sequences from stalling in the static
regions of Pareto critical points. Indeed, LP,,, does not return the null direction in these regions (as long as g, # 0), ensuring that
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Fig. 13. Viennet test case. Movement of the N = 500 sequences. The blue dots are the starting points xio) €R?, j=1,..., N, while the red dots are
the last points of the sequence. The orange dots are the critical points stored during Algorithm 4.2, before the final pruning (see the pseudocode).
The black, dotted, and piece-wise linear curves describe the movement of each sequence from its starting point to its last element.

Fig. 14. Viennet test case. Non-dominated points among all the outputs returned by the MGD algorithms; i.e., the points in UJN: . fj (see (30)).

the iterations continue to move. As a consequence, the resulting sequences are able to progress along the critical regions, instead of
stopping at their boundaries, thereby increasing the probability of reaching a good global Pareto approximation. See how the paths
generated by orange/critical Points in Fig. 13(d) (but also Fig. 13(b)) follow the circular shapes of the red regions of Fig. 10, while in
the objectives’ space their movement actually results mostly in a reduction of the second objective function (see Fig. 11(d), but also

Fig. 11(b)).
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6. Conclusion

In this paper, we introduced LP,,,, a novel LP problem specifically designed for computing directions in MGD methods. This new
LP problem is derived from LP, ., introduced by Fliege and Svaiter in [21]. Through rigorous theoretical analysis (see Lemma 3.2),
we demonstrated that our proposed LP formulation surely returns non-null directions if the point x of the sequence is Pareto critical
but under particular conditions; namely, when at x there is at least one non-positive dot product direction that is a descent direction
for at least one objective function. This is one of the main properties that distinguishes the new LP problem from the one in [21],
which can return null directions anytime the point of the sequence we consider is a Pareto critical point.

Additionally, we developed a new backtracking strategy for MGD methods (see BT,., ). This strategy is characterized by the
acceptance of a new point x*+D = x® 4 7 p* (%) at the last backtracking step if it is non-dominated by x*, even if the Armijo condition
is not satisfied for all objectives. Furthermore, we introduced a “storing property” within this strategy (see Algorithm 2), ensuring that
all points x*) which do not dominate x*+1), and vice-versa, are stored. This innovation aims to improve the efficiency and robustness
of the backtracking process, improving the probability of any sequence to reach the Pareto set. We provided theoretical proof of the
convergence properties for a MGD method that incorporates our new backtracking strategy.

To validate our theoretical findings, we conducted numerical experiments to evaluate the performance of the new methods com-
pared to the baseline method taken from [21]. The numerical experiments confirmed the theoretical findings and indicated that
the new backtracking strategy consistently improves performance over the baseline BT, .. Independently of the LP problem used to
compute directions, adopting BT,,, significantly increases the probability that a sequence reaches the Pareto set, reducing premature
stagnation near non-optimal Pareto critical points.

The experiments also clarify the role of the new LP problem. While LP ., does not uniformly outperform the formulation in
[21], the difference between the two becomes substantial when the objective landscape contains large and diffuse regions of Pareto
critical points. In such situations, exemplified by the Viennet problem, combining LP,,, with the new backtracking strategy produces
search directions that prevent stalling and enable sequences to move along or beyond these “static regions”. This leads to higher
probabilities of reaching good global Pareto approximations, whereas using LP,,. may still result in early stagnation. Consequently,
MGD methods based on BT,,, are preferable to their BT, counterparts, and LP, ., becomes particularly advantageous for problems
where extended sets of Pareto critical points are expected.

Future work will focus on extending our new methods to constrained MOO and on applying them to real-world problems. This
will enable further validation of their practical utility and potential for broader adoption in various application domains.

new
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Appendix A. Strictly Decreasing Backtracking for MGD

In this appendix section, we report the pseudocode of the standard MGD algorithm used in Section 5; i.e., the algorithm that
implements a backtracking strategy looking for a decreasing sequence for all the objectives. Actually, this algorithm is equivalent to

a simplified version of Algorithm 1, where the algorithm stops if the Armijo condition A! is not satisfied for all the objectives, for all
t=0,...,0.
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Algorithm 3 Let us consider the unconstrained MOO problem (1). Then, we define the following MGD algorithm for the implemen-
tation of the classic descent method based on a backtracking strategy looking for a decreasing sequence for all the objectives.

Data: x© € R" starting point for (5); ¢;,a € (0, 1) parameters for the Armijo condition; 5, starting value for the step length; ® € N
maximum number of backtracking steps; K € N maximum number of iterations; P sub-problem for computing p* feasible

direction with respect to x (e.g., an LP problem like LP,,.. and LP,,).

Procedure:

1: fork=0,...,(K—-1)do

2. p*® « solve P with respect to x*©) > e.g., solve P =LP,. or P =LP,, for finding p**

3 n®

4 fort=0,...,(0-1)do

5: if A; is true for each i = 1, ..., m then

6: break

7 else

8 7% < yhg

9 end if

10: end for
11: if #® = y,a® and there is i € {1, ...,m} s.t. Al is false then

12: break

13: else

14: X+ B () )
15: end if

16: end for

17: % « x®
18: return : X
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