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A LAW OF DATA RECONSTRUCTION
FOR RANDOM FEATURES (AND BEYOND)

Leonardo Iurada*f, Simone Bombari*?, Tatiana Tommasi’, Marco Mondelli!
f Politecnico di Torino, Italy nstitute of Science and Technology Austria (ISTA)

ABSTRACT

Large-scale deep learning models are known to memorize parts of the training
set. In machine learning theory, memorization is often framed as interpolation or
label fitting, and classical results show that this can be achieved when the number
of parameters p in the model is larger than the number of training samples n. In
this work, we consider memorization from the perspective of data reconstruction,
demonstrating that this can be achieved when p is larger than dn, where d is
the dimensionality of the data. More specifically, we show that, in the random
features model, when p > dn, the subspace spanned by the training samples in
feature space gives sufficient information to identify the individual samples in input
space. Our analysis suggests an optimization method to reconstruct the dataset
from the model parameters, and we demonstrate that this method performs well on
various architectures (random features, two-layer fully-connected and deep residual
networks). Our results reveal a law of data reconstruction, according to which the
entire training dataset can be recovered as p exceeds the threshold dn.

1 INTRODUCTION
How many parameters does a neural network need to memorize the training data?

The answer to this question depends on what one means by memorization, a term used with different
purposes in the machine learning literature. Informally speaking, it captures the phenomenon of
models storing the information of individual training samples, as opposed to learning the statistical
patterns in the data. Thus, on the one hand, it is used to describe the phenomenon of label fitting
(Zhang et al.,|2017) or forms of leave-one-out output stability (Feldman, 2020; |Feldman & Zhang,
2020). On the other hand, memorization is associated with reconstructing parts of the training set
through knowledge of the model parameters (Carlini et al.,|2023bj; |Schwarzschild et al., 2024} [(Cooper
& Grimmelmann, 2024)). Notably, this reconstruction is possible in modern foundation models
(Carlini et al.| 2021} |[Nasr et al.l 2025} |Cooper et al.| [2025)), with consequences in terms of privacy
concerns and copyright infringement (Tramer et al.| 2024; |Cooper & Grimmelmann, [2024)).

Understanding how many parameters a neural network needs to interpolate the dataset (or, equiv-
alently, memorize the labels) is a classical problem (Cover, |1965), with more modern literature
showing that interpolation occurs as soon as the number of model parameters p exceeds the number
of training samples n (Soltanolkotabi et al.||2018; Montanari & Zhong| [2022; | Bombari et al., 2022).
An intuition for the phenomenon is that solving n equations (given by the training samples) generally
requires p > n degrees of freedom (given by the model parameters). In contrast, for the problem
of reconstructing the training dataset, the situation is less clear. Empirical work has observed that
this task becomes easier as the model gets larger (Haim et al., 2022; (Carlini et al.,|2023b). However,
theoretical work has taken different perspectives, focusing e.g. on impossibility results for differen-
tially private training (Balle et al.l 2022), on reconstructing the data from the model gradients (Wang
et al., 2023)) or on models with an infinite number of parameters (Loo et al., [2024). To the best of our
knowledge, there is no theoretical result connecting feasibility of data reconstruction and model size.

To address this gap, we propose a law of data reconstruction, giving a threshold for which recon-
struction becomes possible. We consider random features (RF) regression, where the model is
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Figure 1: Thresholds for label fitting and data reconstruction in the random features model. (Left) We
consider RF regression with ReLU activation on binary labels (frogs vs. trucks) with n = 100 images (50
examples per class) from CIFAR-10 (d = 3072). We report the mean for both the reconstruction error (in red,
defined in @)) and the training error (in black, mean squared error), as the number of parameters p increases.
Statistics are computed across 4 distinct random seeds, and the standard deviation across seeds is very small (the
confidence interval at one standard deviation is reported in the plot as shaded area, but it is imperceptible). For
p > n, training labels are memorized, while reconstruction is feasible when p becomes larger than dn. (Right)
Results of the reconstruction when p = 10dn. Odd rows report the ground truth images, while even rows the
reconstructed ones which are all visually very similar.

fre(z,0) = p(z) 70, see Eq. (1). Here, x is the d-dimensional input, ¢(z) the corresponding p-
dimensional feature vector, and 0 the p-dimensional model parameter vector obtained by running gradi-
ent descent on the square loss over n samples. Our paper gives theoretical and empirical evidence that:

all the training data can be reconstructed when p > dn.

An intuition for the phenomenon is that solving dn equations (given by each dimension of each
training sample) generally requires p > dn degrees of freedom (given by the model parameters).
Our analysis also suggests an optimization algorithm to reconstruct the training dataset and, as a
proof of concept, we discuss the results of the designed method on CIFAR-10. We train a family
of RF models using the square loss on n = 100 training samples. The left panel of Figure[] shows
the training loss in black and the reconstruction error in red (formally defined in Eq. (12)), as
functions of the number of parameters p. As expected, the training error converges to 0 after the
interpolation threshold p = n, where labels are memorized. In contrast, the reconstruction error
drops only when p is of order dn. In the right panel of Figure[I] we display training images (odd
rows) and reconstructed ones (even rows) for p = 10dn, showing that the whole dataset is recovered
successfully. Our contributions are summarized below:

* In Theoreml we consider a set of n points &1, . .., &, € R%, and prove that when p > dn, if for
every training sample z; it holds ¢(z;) € span{{@(i )}j=1}, then all the &;-s must be close to
one of the original training data.

* As the previous result does not exclude the possibility of duplicates within the £;-s, in Theorem
we prove that the & ;-s must be distinct, focusing on the case n = 2 for simplicity. Taken together,
Theorem [T] and [2] show that, when p > dn, the entire training set can be reconstructed given
knowledge of the subspace span{{y(x;)}? ;}. In fact, having access to span{{p(z;)}*_,}, one
can then look for 1, ..., 2y s.t. v € span{{e(2;)}}_, } for any v € span{{p(z;)}}_,}.

* In practice, we have access to the vector of trained parameters 0*, which is in span{{p(z;)}_,},
see Eq. (2). This motivates considering the reconstruction loss ||P(§ 6*||3, where P is the projector
on span{{(&;)}7_,}: if ||P<§0* |5 = 0, then 6* € span{{p(Z;)}}_,}. We empirically show
that optimizing this loss over the £ ;-s via gradient descent leads to the reconstruction of the training
dataset, when p > dn. Notably, this procedure for data reconstruction is not limited to the RF
model, but it performs well also for two-layer and deep residual networks, see Figures [6}{7}

We finally remark that the scaling p >> dn was previously considered in the context of adversarial
robustness: prior work proved that the condition p >> dn is both necessary (Bubeck et al}, 2021},
[Bubeck & Sellke, [2021)) and, in some settings, sufficient (Bombari et al.} [2023) for smooth label
interpolation. This suggests an inherent connection between the adversarial robustness of the model
and the ability to reconstruct training data from knowledge of its parameters.
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2 RELATED WORK

Over-parameterization and memorization. The problem of label memorization and how it
relates to the number of parameters in a neural network dates back to seminal results (Cover, [1965}
Baum, |1988). More recently, a line of work aimed at showing that gradient descent converges
to O training loss (i.e., the model memorizes the labels) for networks with progressively smaller
over-parameterization (Allen-Zhu et al.,[2019; Du et al.| 2019bza; (Oymak & Soltanolkotabil, [2020;
Nguyen & Mondelli, 2020; Nguyen, [2021; [Nguyen et al., 2021; Bombari et al.| [2022), with|Bombari
et al.| (2022)) proving that p > n parameters are sufficient to fit any set of labels in deep neural
networks. Under a separability assumption, it has also been shown that n arbitrary training points can
be perfectly classified by a neural network with p > /n parameters (Vardi et al.,[2022). This, in the
context of regression, implies that p >> log(1/€)+/n is sufficient to guarantee an error of at most €. In
contrast, input data memorization and reconstruction is less explored from a theoretical standpoint.
Balle et al.|(2022) proved impossibility results if the model is trained with differential privacy (Dwork
et al.| 2006)), and showed that in generalized linear models it is possible to reconstruct an individual
data provided all other samples are known. |Loo et al.[| (2024} considered networks with an infinite
number of parameters, |[Smorodinsky et al.| (2024)) focused on partial uni-dimensional (d = 1) training
set reconstruction, and Wang et al.|(2023)) assumed knowledge of model gradients, requiring p > d?
parameters with 7 at most of order d'/4. The regime p > dn was heuristically identified by Haim
et al.| (2022)) as enabling successful data reconstruction, while (Brown et al., 2021} |Feldman et al.,
20235)) studied its role as a requirement for learning certain tasks, rather than for data reconstruction.

Data reconstruction. Recent studies have shown that training data can be extracted from generative
models by carefully prompting their generation routines (Carlini et al., [2023aj; /Zhang et al., 2023}
Nasr et al., 2025} (Cooper et al., [2025). More generally, data reconstruction is a broader task, not
limited to generative models, that aims to recover the training set directly from the learned model’s
parameters (Cooper & Grimmelmannl [2024). A possible approach is via model inversion attacks,
which optimize over the input space to raise a class score, although this method generally recovers
class prototypes rather than specific training samples (Fredrikson et al.,[2015; [Mahendran & Vedaldil
2015). Another strategy relies on the implicit bias of gradient descent for homogeneous networks
(Lyu & Li, 20205 J1 & Telgarskyl [2020): Haim et al.| (2022) proposed a reconstruction objective
motivated by the observation that gradient descent converges to points satisfying the KKT conditions
of a max-margin problem, and empirically showed that training samples on the classification margin
can be recovered. This method was then extended by Buzaglo et al.| (2023); Oz et al.| (2024)) to the
multiclass setting with general losses, and to larger scale pretrained models. [Loo et al.|(2024) adapted
the idea to neural networks trained with the square loss in the linear (or NTK) regime (Jacot et al.,
2018 |Lee et al.l [2019). This leads to an optimization method for data reconstruction which has
similarities with ours (compare Eq. (7) in (Loo et al.| 2024) with Eq. (T) in this work).

Random features (RF) regression. The RF model (Rahimi & Recht, 2007) can be regarded as
a two-layer network with random first layer weights. Its popularity stems from its mathematical
tractability and, in contrast with linear regression where number of parameters equals input dimension,
it captures the statistical effects of over-parameterization, as the number of parameters p scales
independently from d and n. [Mei & Montanari| (2022)) characterized the test loss of random features,
showing that it displays double descent (Belkin et al.,[2019)). Furthermore, the RF model has been
used to understand various phenomena such as feature learning (Ba et al.| [2022; |Damian et al., [2022}
Moniri et al., 2023)), robustness under adversarial attacks (Dohmatob & Bietti, 2022; |Bombari et al.,
2023} Hassani & Javanmard, 2024), distribution shift (Tripuraneni et al.l 2021} [Lee et al.l 2023}
Bombari & Mondelli, [2025b), and scaling laws (Defilippis et al., [2024; [Paquette et al., 2024).

3 PROBLEM SETUP

Notation. All complexity notations w, 2, ©, O, o are understood for sufficiently large input di-
mension d and number of parameters p. Given a positive number k, [k] denotes the set of positive
numbers from 1 to k. Given a vector v, ||v||, denotes its Euclidean norm. Given a matrix A € R™*™,
we denote by P4 € R™*™ the projector over span{rows(A)}. We say that an event holds with
overwhelming probability if it holds with probability at least 1 — e~<(ogd),

Let (X,Y) be a labeled training dataset, where X = [z1,...,2,]" € R"*9 contains the training
input data (sampled i.i.d. from a distribution Px) on its rows and Y = (y1,...,y,) € R™ contains
the corresponding labels. We define the random features (RF) model as
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fre(z,0) = (V)T = o(z) "6, @)
where (x) € RP is the feature vector associated to the input x € R, and § € RP are trainable
parameters. The random features matrix V € RP*¢ is s.t. Vij~iida. N(0,1/d),and ¢ : R — Risa
non-linearity applied component-wise. We note that frg(z, ) is a generalized linear model, and it
can be regarded as a two-layer fully-connected neural network, where only the second layer is trained.
We consider the supervised learning setup where a quadratic training loss (without regularization)
is minimized via gradient descent. When the learning rate is sufficiently small, gradient descent
converges to the interpolator which is the closest in 5 norm to the initialization (see Equation
(33) in (Bartlett et al., 2021))), which we consider equal to O for simplicity. Then, denoting with
D = [p(z1),...,0(x,)]" € R™ P the feature matrix, the trained parameters are

0* = oTY, 2
where & is the Moore-Penrose inverse of ®.

Assumption 1 (Data distribution). The training samples {x1, ..., x,} are n i.i.d. samples from the
sub-Gaussian distribution Px, with ||z|,,, = O(1), and such that ||z ||, = V.

This assumption requires the data to have well-behaved tails (see the definition of the sub-Gaussian
norm ||-,, in Eq. in Appendix |A|for further details), and allows for badly conditioned distribu-
tions. This hypothesis is commonly used in the related literature, and it includes e.g. Gaussian data,
data respecting Lipschitz concentration (Bubeck & Sellke| [2021}; [Bombari et al., 2023} ivon Berg et al.|
2025)), and data uniform on the sphere (Mei & Montanari, |[2022; [Hu et al., [2024)). The normalization
|lz||]2 = V/d is chosen for technical convenience, and this scaling of the norm (combined with the
scaling of the random features matrix V') guarantees that the pre-activations of the model (i.e., the
entries of V x) are of constant order.

Assumption 2 (Activation function). The activation function ¢ : R — R is a non-linear, Lipschitz
continuous function such that its derivative is also Lipschitz. Letting p; denote the l-th Hermite
coefficient of ¢, we further assume that pig = po = 0, 1 # 0, and that there exist two non-zero
Hermite coefficients of order > 3 with different parity.

This assumption is motivated by theoretical convenience, and we expect our results to hold for a
wider set of activations (as in (Mei et al., [2022)) after a more involved analysis. Except for the
last condition on the parity of high-order Hermite coefficients, Assumption [2] resembles the setting
considered by Hu & Lu|(2022), and it covers a wide family of odd activations, including tanh. The
parity of high-order Hermite coefficients is used to reconstruct the correct sign of the training data,
and it appears to be necessary for that, see Remark [T| for details.

Assumption 3 (Over-parameterization). We consider a data dimensionality regime where n = O(d),
and an over-parameterized model with

p=uw (nd log2 d) . 3)

To guarantee that the RF model interpolates the data, it suffices that p > n (Mei et al.| 2022} Wang
& Zhul [2024). The stronger over-parameterization requirement in Eq. (3) was shown to be both
necessary (Bubeck & Sellkel 2021} and, in some settings, sufficient (Bombari et al., 2023) to achieve
smooth interpolation. We focus on the regime n = O(d), which includes the popular proportional
regime n = O(d) as well as the regime where n is a fixed constant (independent of d, p). We expect
our results to be generalizable also to n > d (Mei et al.,2022; |Hu et al., 2024} Pandit et al., 2024).

4 MAIN RESULTS

In this section, we present our main theoretical results, pinpointing p > dn as the over-
parameterization threshold such that data reconstruction can take place given knowledge of the
subspace of the training samples in feature space.

More formally, the goal of data reconstruction is to exhibit a matrix X € R™*4 such that its rows
i; € R? are close to the rows of the original training data matrix X. When 2|, = ||z;]|, = V/d, a
reconstructed sample #; can be considered close to a training sample x; if ||#; — z;[|, = o(V/d). Let
us also define ® = [@(21),. .., (in)] € R™ P as the feature matrix of the reconstructed data. Then,
the result below gives sufficient conditions for all rows of X to be close to training samples.
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Theorem 1. Let Assumptions and |3\ hold. Let X € R™*? be such that its rows satisfy
|#:ll, = V/d, and for every i € [n], p(x;) € span{rows(®)}. Then, with overwhelming probability,
forany i € [n], there exists i € [n] such that

|2 — ]l = o(Vad). @)
In words, Theorem [I] states that, if the random features of training samples are spanned by the random
features of a matrix X, the rows of X must be close (in input space) to the original training samples.
Geometrically, this result proves that, when p >> dn, in order to span the subspace generated by the
training data features, one has to consider approximately the same vectors, as there is no solution
to this problem obtained by non-degenerate linear combinations. In contrast with (Loo et al., 2024)
which tackles the case p — oo, our main contribution is to pinpoint the threshold p > dn constituting
a sufficient amount of over-parameterization to reconstruct the data. We also highlight that, for the
claim of Theorem [1|to hold, assumptions on the activation are necessary: if ¢ is linear, picking
& = Vd(z; + zig1) /|| + zigall2 G € [0 — 1)) and &, = Vd(z, — x1)/||Tn — 21]|2 gives a
counterexample to Eq. (@). The proof of Theorem [I]is deferred to Appendix [B] and a sketch is below.

Proof sketch. Prior results on the RF kernel concentration (Mei et al., [2022; Wang & Zhu, 2024)
guarantee that, for p > n, the smallest eigenvalue A, (PP ! ) is bounded away from 0. Thus, the
rows of @ are linearly independent (they span a sub-space of dimension exactly n). Then, as the n
row vectors of & span all rows of ® (by hypothesis), span{rows(®)} = span{rows(®)}. This in
turn gives that, if & € R is a generic row of X, then ©(Z) € span{rows(®)}, i.e.,

@@ZZMWJ Q)

As argued above, the result cannot hold for linear activations, so let us focus on the non-linear
component ¢(z;) = ¢(Vx;) — u1Va, in the Hermite basis. Taking the inner product of both sides
of (5) with @(x;) and with @(&) yields, with overwhelming probability,

|ﬂmﬂﬂ@—f%=o<¢?>+dm Mﬁ—ﬂ=0< ?)+du ©)

where a € R™ is defined as the vector containing a; in its i-th entry, and ji? is the sum of the squares
of the Hermite coefficients of ¢ of order at least 3. The two results in Eq. (6) are formalized in
Lemmas and they rely on concentration arguments on the random features V', which have to
hold uniformly over any & € v/dS*~'. To obtain such uniform concentration, we rely on an e-net
argument which crucially uses the condition p > dn.

Next, in Lemma[B.4] we show that, with overwhelming probability,

i (X&)
: <ci! 1 7
d dl 5 — + O( )? ( )
uniformly for every [ > 2. Combining Eq. (6)-(7) gives that |C' — 1| = o(1), i.e., there exists a single
training sample x; aligned with Z. To resolve the ambiguity in the sign, we use that there exist two

non-zero Hermite coefficients of order > 3 with different parity, which concludes the argument. [

, then

if C' = max;

Remark 1 (Sign ambiguity). The existence of two non-zero Hermite coefficients with different parity
is a necessary condition to recover the sign of the training samples. In fact, if ¢ is either even or
odd, the problem is under-determined in terms of the sign of the Z;-s, as span{rows((i))} does not
depend on them. Remarkably, this effect is also evident in numerical experiments optimizing the
reconstruction loss defined in Eq. (I1): FigureH|considers ReLU activation (which violates the last
condition of Assumption[2} as its Hermite coefficients 15111 = 0 for all | > 1) showing that negatives
of training samples may be reconstructed.

Theorem guarantees that all the rows of X are close to the training samples. However, it may still
happen that multiple rows of X are close to the same sample, leaving part of the training dataset not
reconstructed. This gap is approached by our next result which focuses on the case n = 2.
Theorem 2. Let Assumptions and[3|hold. Let n = 2 and X € R2*4 be such that its rows
satisfy || ]|, = Vd, and for every i € {1,2}, o(x;) € span{rows(®)}. Then, with overwhelming
probability, for any i € {1,2}, there exists i € {1,2} such that

|25 — @4]|y = o(Vd). (8)
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In words, Theorem 2] shows that all training samples are in fact reconstructed, ruling out the possibility
of X containing repetitions. The proof is deferred to Appendix|C|and a sketch is below.

Proof sketch. By contradiction, suppose there exist two vectors ¢}, e; € R? such that
lerll, llezll2 = o(Vd),  @(ws) = arp(a1 + €1) + asp(a1 + €2),
for some real values a1 and as. A Taylor expansion of p(z1 + €2) around =1 + €; gives
P(22) = (a1 + az)p(x1 + 1) + a2 ¢'(V(x1 +€1)) o (V(e2 — €1))
+az ((plz1 +e2) —p(r1+€1)) — ¢ (V(zr +e1) o (V(ez — e1))),

where o denotes the component-wise product of two vectors. First, we take the inner product of both
sides of Eq. (9) with Vz1, which yields

a €p — €
|a1+a2|0(| 2|||\2/g 12)+O(1),

with overwhelming probability (see Lemma|C.5). Then, we take the inner product with V (ez — €1),
and show that the first and third term of the RHS of Eq. (9) are negligible with respect to the second
one (see Lemmas|C.3]and [C.4). An upper bound on the LHS of Eq. (9) based on Cauchy-Schwartz
inequality is then enough to show in Lemma [C.6]that

laz| = O <ﬁ> , |ay + az| = O(1),

©)

ez —ell,

with overwhelming probability. The argument in Lemma [C.3|relies on a concentration result on the
sum of independent random variables with sub-exponential norm much larger than their standard
deviation (see Lemma[C.2)). This is obtained via a Bernstein-type bound combined with an e-net
argument as, similarly to Theorem |1} we need a uniform control over any choice of €;, €5. Finally, by
taking the inner product of the two sides of Eq. @) with @(z2), we obtain

B(x2) " p(x2) < |(az + a2)@(x2) " @(x1 + €1)| + |a2@(22) T (p(x1 + €2) — @(z1 + €1))] . (10)

Now, the LHS of Eq. is ©(p) since ¢ is non-linear; the first term in the RHS of Eq. is o(p)
as 1 and x5 are roughly orthogonal with overwhelming probability; and the last term in the RHS of
Eq. is also o(p) via generalized Stein’s lemma (see Lemma|C.7). This gives a contradiction. [

Remark 2 (Technical challenge for n > 3). We note that, already when n = 3, the presence of
duplicates is either given by the “triplet” T1, T2, T3 all similar to each other, or by a pair of duplicates
&1, &9, with a different 3. The constructive approach used in the proof of Theorem[2|would require
us to consider the two cases separately, and the amount of cases increases combinatorially with n.
Nevertheless, we suspect the idea that the span of duplicate samples cannot contain higher order
terms of the left-out samples (p(x2) in Eq. @) ) to carry over to a general n, as long as p > dn.

From the theory to a reconstruction algorithm. Our theoretical analysis shows that, under
sufficient over-parameterization (p > dn), the matrix X successfully reconstructs the training dataset
when ||P£- @(z;)||2 = 0 for every i € [n], where Py denotes the projector on span{rows(®)}. In

practice, we only have access to the trained model #*, V' and the activation ¢. Recall * = ®1Y ¢
span{rows(®)}, so #* is a linear combination of {¢(z;)}?_,, which suggests to solve the problem:

2
- (11)

Xt ||@i]l2=V4d

Importantly, enforcing that 8 lies in the span of the reconstructed features (£ (X' ) = 0) does not
immediately imply that ¢(z;) € span{rows(®)} for all i (as the implication only goes in the other
direction). In Figure , we numerically minimize £(X) and check whether the vectors ¢ (;) approxi-
mately lie in the subspace span{rows(®)}. To do so, we calculate the average per-feature orthogonal
residual, i.e. the average over ¢ € [n] of HP;ga(xL) ll2/+/P> Where Pg = I — P; projects onto the
orthogonal complement of span{rows(®)}. This quantity equals 0 if and only if every o (z;) lies
in span{rows(®)}. The normalization by /P makes r(®) =", ||P¢f<p(xl)|\2/(n\/;5) of order 1

so that values of r(®) < 1 indicate numerically negligible residuals (i.e., effective span inclusion).
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Figure 3: Thresholds for label fitting and data reconstruction when training on i.i.d. data uniformly drawn
from the d-dimensional sphere. We consider RF regression with ReLU activation, fitting a noisy linear model.
We report mean (solid line) and standard deviation (shaded area) for both the reconstruction error (in red) and
training loss (in black) as the number of parameters p increases, at different choices of input dimensions d and
number of dataset examples n. Statistics are computed across 10 distinct random seeds. Two distinct thresholds
clearly emerge: p > n for label fitting, and p > dn for data reconstruction.

In Figure 2| the per-feature orthogonal residual (plotted in blue) remains large until the model crosses
the threshold p ~ dn, after which it drops sharply (for p < n, the optimization converges to the non-
degenerate case P; = I, which makes the orthogonal residual trivially zero). Thus, this numerical

evidence suggests that minimizing ﬁ(X ) is sufficient to satisfy the hypotheses of our main theorems
for p > dn, and hence to successfully reconstruct the training data. Equipped with these insights and a
recipe for dataset reconstruction, we complement our theory with numerical results as discussed below.

CIFAR-10 (Binary Labels, n = 100
5 NUMERICAL EXPERIMENTS " ;

p=n

We initialize the rows &; of X with i.i.d. standard Gaus-
sian vectors. We then minimize £(X) in with gra-
dient descent with momentum, normalizing each row
Z; after the update to constrain it on the d-dimensional |,
sphere v/d S*~!. In every experiment, we perform the .
optimization until the reconstruction loss converges to o
zero, i.e., E(X*) = 0 (up to machine precision). To
quantify reconstruction quality, we report the average

P

. ?

10" 10% 10% 10* 10° 10°

p
= Avg. |Pyo()ll2/v/p

== Reconstruction Error

{5 distance between the rows of the ground truth and
reconstructed data matrices, modulo a permutation on
the rows of the latter, i.e.,

p(X,X*) = min

1 n
e i | . 12

where P,, denotes the set of permutations of [n]. Obtain-
ing II* constitutes a classic linear assignment problem
(Bertsekas|, [1998), which we solve in polynomial time
via the Hungarian method (Kuhn, |1955). We normalize

Figure 2: Features of the training dataset
® are spanned by the features of the recon-
structed dataset ®. We consider the same
setup as in Figure [l For different values
of p, we optimize until [,(X ) = 0, and re-
port reconstruction error (in red, defined in Eq.
l) and normalized residual ||P§;go(as¢)||2 av-
eraged over ¢ € [n] (in blue), with their confi-
dence interval at one standard deviation (shaded
area). Further details and evidence are in Ap-

pendix [E.T} see Figure[9}

our success metric with n+/d so that a reconstruction

can be considered successful as p(X, X*) becomes much smaller than 1. As our main focus is
on ReL.U activations, whose odd Hermite coefficients (except ;) are zero, recovered samples can
appear with flipped sign (see Remarkand Figure . Accordingly, we also maximize p(X, X *) over
per-image sign flips. In the following, we present numerical results by first considering a synthetic
setup (i.i.d. data uniformly distributed on the d-dimensional sphere), and then by reconstructing
natural images from the CIFAR-10 dataset (Section [5.1)). Finally, we explore the extent to which
these phenomena are observed in neural networks trained with gradient descent (Section[5.2)).

5.1

Synthetic data on the d-dimensional sphere. We begin with a synthetic task, where the training
data X = [z1,...,x,]" € R™*¢are n i.i.d. samples drawn uniformly from the sphere of radius v/d.
The labels Y € R™ are given by Y = Xg + ¢, where g € R? has entries g; ~ N(0,1/d) and the

RANDOM FEATURES REGRESSION
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Figure 4: Images reconstructed from an RF model with ReL.U activation may have the wrong sign. We
repeat the experiment of Figure[TJusing a different random seed and observe that reconstructions from ReLU
models can appear as sign-flipped versions of original training data. This is due to the fact that ReLU has odd
Hermite coefficients of order > 3 equal to zero.

noise ¢ € R” is independent of the data X, with i.i.d. Gaussian entries with zero mean and variance
0.25. Figure [3|showcases the same trend for several choices of d and n: at p > n, the training loss
approaches zero, while the reconstruction error approaches zero when p becomes larger than dn.

Natural images with binary labels.
The same phenomenon observed in
the previous scenario carries over
to natural images with binary labels
{£1}. For these experiments, we re-
strict the CIFAR-10 training split to
the first 50 instances of the “frog” and
“truck” classes, fitting several RF mod-
els with ReLU activation. In the left
part of Figure[I] we can appreciate the

Same trgnsmons atp = n and p ~ dn Figure 5: Reconstruction of higher-dimensional images. We re-
respectlvely for label.ﬁttlng and data peat the same experiment of Figure[T] (right) using n = 20 samples
reconstruction; the right part of the  from Tiny-ImageNet and a random features model with p = 10dn.
figure then demonstrates that the re-

constructed dataset appears perceptually indistinguishable from the original training dataset. Notably,
for ReLU the above visual match may fail due to a sign error. In fact, with a different seed, we
reconstruct the negatives of some training images (Figure |4)) even if the condition p > dn is met
and the loss in Eq. (TI) converges. This aligns with Remark [T} ReLU violates Assumption 2]since
poer1 = 0 for £ > 1. In Figure [10] deferred to Appendix we show that the sign ambiguity
disappears upon taking the activation ¢(z) = ReLU(z) + tanh(z), which has mixed-parity Hermite
coefficients and, therefore, satisfies Assumption 2] In Figure[5] we display the reconstructed images
from the same experiment on Tiny-ImageNet, which has input dimension d = 3 x 64 x 64, for
n = 20 (additional details can be found in Figure[T4]and Appendices[DHE.3).

5.2 NEURAL NETWORKS TRAINED WITH GRADIENT DESCENT

Motivated by the RF baseline, we now turn our attention to finite-width networks, studying how
the number of parameters in the last layer p(F) determines the ability to reconstruct the training
dataset. Concretely, we train two-layer and deep residual networks with full-batch gradient descent,
minimizing the square loss Given that in this case the initialization is non-zero, we modify the

reconstruction loss as £(X) = ||PJ-( (&) 93“)”5, where 0(()]:) and 0" are respectively the

parameters of the last layer at initialization and at the end of training. The feature matrix d stacks
the penultimate layer feature vectors ¢(Z;). We assume access to trained weights of all layers

{Oil), e GiL) }, the last layer at initialization OSL), and the neural network’s computational graph.
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Figure 6: Thresholds for label fitting and data reconstruction for neural networks trained with gradient
descent on n = 10 CIFAR-10 images. We consider regression with the square loss, training two-layer ReLU
networks on the one-hot encoding of the 10-class labels (left) and ResNets on binary labels (right). We report
mean (solid line) and standard deviation (shaded area) across 10 distinct random seeds for both reconstruction
error (in red) and training loss (in black), as the number of parameters in the last layer p(L) increases.
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Figure 7: Multi-class training data reconstructed from a neural network trained on CIFAR-10. We train a
two-layer ReLU network on n = 100 images from CIFAR-10 dataset (10 examples per class) with gradient
descent. We cast the training procedure as multi-class regression on square loss, using one-hot encoded class
labels as targets. The number of parameters in the last layer of the network is pP) = ddn.

Two-layer neural networks. We consider a two-layer neural network fyn(z) = 0 ¢(0™M ), with
k-class output and ReLU activation ¢. The weight matrices (*) € R"* and (2 € R**" have i.i.d.
entries, initialized as G(j) ~ N(0,1/d), 0(2) N(0,1/h). In this setting, p(*) = k x h, where h is
the width of the network. In the left panel of Figure[6l we analyze the ability to reconstruct CIFAR-10
images with one-hot targets for each of the 10 classes. Although the output is no longer a scalar (as
for random features), when p(L) becomes larger than dn, the reconstruction error starts decreasing.
For all models reported in the plot, the total number of trainable parameters satisfies p > n (even
when p(&) < n), so the model interpolates all training labels and the training loss is close to zero. As
a confirmation of the quality of reconstructed images, we report in Figure 7 the reconstruction of
n = 100 examples (10 per class), when p(%) = 4dn. Also in this scenario, the reconstructed images
are perceptually indistinguishable from original training data.

Deep residual networks. We conclude the experimental evaluation with residual architectures,
probing how their structure (i.e., residual connections and convolutions) affects reconstructability.
We defer the formal definition of the model involved in these experiments to Appendix [D.I] On
CIFAR-10 (frogs vs. trucks), shown in the rightmost panel of Figure[6] ResNets display a transition for
data reconstruction consistent with earlier experiments and happening after the p(*) = dn threshold.
As for two-layer networks, the ResNets interpolate training labels even when p(*) < n, since the
total number of parameters p is much larger than the number of samples n for all models considered.
Classification via logistic and cross-entropy loss. We consider a synthetic task, where the training
data z; are n = 100 i.i.d. samples drawn uniformly on the sphere of radius v/d = 10. The labels are
given by y; = sign(g ' x;), where g € R? has entries g; ~ N(0,1/d). We compute §* minimizing
the logistic loss £(0) := >, log(1 + e‘y“"(“)w) with gradient descent, and consider the same
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Figure 8: Thresholds for data reconstruction on classification experiments. (Left) We consider binary
classification over n = 100 i.i.d. samples uniformly drawn from the d-dimensional sphere (d = 100). We train
RF models with ReLU activation by minimizing the logistic loss with gradient descent. (Right) We consider
multi-class classification and train two-layer ReLU networks on n = 10 CIFAR-10 images by minimizing
cross-entropy loss with gradient descent. We report mean (solid line) and standard deviation (shaded area) for
the reconstruction error (in red), for the training loss (in black) and for the per-feature orthogonal residual of
projecting ® onto span{rows(®)} (in blue). We indicate with p(*) the number of parameters in the last layer.
Statistics are computed across 10 distinct random seeds.

reconstruction algorithm as in Eq. (TT). In the left panel of Figure [§] we find the usual threshold
p ~ dn for successful reconstruction of the training set. In the right panel of Figure 8| we consider
a two-layer neural network trained with cross-entropy loss on n = 10 samples from the 10 classes
of CIFAR-10. and we see that the reconstruction algorithm yields similar results as the ones for
regression in Figure [6] Further implementation details can be found in Appendix and the
reconstructed images can be found in Figure

Additional ablation studies. In Appendix we first show that the optimization of L(X ) is robust
to different choices of the learning rate 7 (if it is sufficiently small). Then, we explore the setting
where X has 7 # n rows, showing that the result of the optimization gives overlapping images in the
case . < n, and successfully reconstructs the full training set (plus some extra duplicates) in the case
7. > mn. We later show successful reconstruction from the parameters of a vision transformer, and give
empirical evidence that adding a weight decay regularizer does not affect the law of reconstruction.
Finally, we show that it is possible to reconstruct the data from a pruned neural network, albeit with
higher values of p depending on the sparsity.

6 CONCLUSIONS

This work studies data memorization, intended as the feasibility of reconstructing n data samples of
dimension d from a trained model, focusing on the number of parameters p at which this becomes
possible. Our results on random features point to a law of data reconstruction, establishing the
threshold p ~ dn. Remarkably, the reconstruction method grounded in our theoretical analysis is
also successful in two-layer and deep residual networks. While our analysis assumes knowledge of
the subspace of the training samples in feature space (span{{¢(x;)}" ;}), the experimental results

demonstrate that, by optimizing the loss ll(f( ) in Eq. , the whole training set is reconstructed
when p > dn. This suggests two outstanding open problems to be tackled in future research: proving
that (i) all the global optima of £(X) are permutations of the training dataset, and that (ii) the
optimization problem can be efficiently solved with gradient methods despite the non-convexity of

L(X). Another interesting direction is to understand what happens in the regime n < p < dn.
On the one hand, |Balle et al.|(2022) indicate how to reconstruct any single training sample in this
regime under certain model assumptions, given access to the final parameters and, additionally, to
the remaining training data. On the other hand, we cautiously suspect that, without this additional
knowledge, reconstructing the entire dataset is information-theoretically impossible when p < dn: at
fixed machine precision, this would require recovering ©(dn) bits from only ©(p) bits, underscoring
a hard limit on reconstructability. Importantly, this would not guarantee that none of the training
samples is memorized. There is empirical evidence that learning models tend to memorize outliers
(Feldman} 2020)), and a possible direction for future work is to investigate if parts of the training data
sampled from a heavy-tailed distribution (therefore not respecting Assumption[I) would result in
memorization before the threshold p =~ dn.

10
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A  ADDITIONAL NOTATIONS AND PRELIMINARIES
‘We use the definition of the Orlicz norm of order « of a real random variable X as
||XH% :=1inf{t > 0 : E[exp(|X]|*/tY)] < 2}. (13)

From this definition, it follows that || |X|”YH%M = [|X|},,- We will say that a random variable X
is sub-Gaussian (sub-exponential) if its sub-Gaussian norm || X{|,,, (sub-exponential norm ||.X[,, )

is O(1) (i.e. it does not increase with the scalings of the problem). Notice that if X and Y are
scalar random variables, we have || XY, < [[X],, [[Y]l,,- We use the analogous definitions for

vectors. In particular, let X € R™ be a random vector, then HX||¢2 P SUD| =1 HuTXHw2 and

HXle ‘= sup

ull,=

1 ||uTX H o We note that if X € R is sub-Gaussian (sub-exponential) and

7 : R — R is Lipschitz, we have that 7(X) is sub-Gaussian (sub-exponential) as well. Also, if
a random variable is sub-Gaussian or sub-exponential, its p-th momentum is upper bounded by a
constant (that might depend on p).

Given a matrix A, we indicate with A;. its ¢-th row, and with A.; its j-th column. Given a square
matrix A, we denote by Apyin (A) its smallest eigenvalue. Given a matrix A we indicate with
[[ Al its operator (or spectral) norm, and with ||A| 5 its Frobenius (or Hilbert-Schmidt) norm

(||A||§, =2 A7)). Given two matrices A, B € R™*", we denote by A o B their Hadamard
(component wise) product and by A% = A o A°(—1) the [-th Hadamard power, with A°! = A.

B PROOF OF THEOREM [II

First, notice that, with overwhelming probability over V' and X, due to Lemma 4.5 in (Bombari &
Mondelli, 2025a), we have
Amin (22 7) = Q(p). (14)

In particular, notice that the lower bound on 7 in their statement is not required to lower bound the
smallest eigenvalue of the kernel. This implies that ®® " is full rank. Since for every i € [n] we have

o(x;) € span{rows(®)}, we also have

span{rows(®)} C span{rows(®)}. (15)

Thus, the equation above implies that a subspace of dimension n (®P T is full rank) is a subset of
another subspace of dimension at most n. This implies that the two subspaces must be identical,
which in turn implies, for every i € [n],

©(Z;) € span{rows(®)}. (16)

Throughout the proof, we omit the subscript 2 to simplify the notation and we let & denote a row of
X such that £(X) = 0. Then, due to lb we will write

n

p(@)=0Ta=> ¢z, (17

i=1

where we introduced the vector ¢ € R™ containing the coefficients of (%) written in the basis

{e(@i) by

Furthermore, in this section, we will introduce the shorthand ¢(z) = ¢(V ), where ¢ : R — Ris a
non-linearity that shares the same Hermite coefficients as ¢, but with the first ji; = 0. This implies

that ¢(2) = ¢(2) — p1z is a Lipschitz function. We will use the shorthand 2 = 7%, 1i?.
Lemma B.1. Forany 0 < t < p and any i € [n], we have that

|@(x:) "p(x:) — @Pp| = O (ty/p), (18)

with probability at least 1 — 2 exp(—ct?) over V.. Furthermore, for any i # j, we have
- log3 d
|<P<9Ci>—r90($j)| =0 (t\/ﬁ‘*‘pW) ) (19)

16
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with probability at least 1 — 2 exp(—ct?) — 2 exp(—clog® d) over V and X. Finally, we jointly have

sup |(#) (@) — i*p| = O (Vpdlogd + 2 ). (20)
devdsi-1
sup [(a)Tp(@) — @) T@(@)| = O (Vadlogd + 2. en
#eVdsd-1
sup () T(@) — () T@(@)] = O (Vpdlogd + 23 ). @2

#eVdsd-1
for all i € [n], with probability at least 1 — 2 exp(—cdlog® d) over V.

Proof. For the first statement, we have

Gxi) Tplas) = dlu] 2:)d(v] x;)

NE

e
Il

1

bS]

(23)

(Bof wa)o(v] v;) — Bu, [S(0] 2o (0] 2,)])

>
Il
=

+pE, (600 2)0(vTx))] -
Let us analyze the two terms in the RHS separately. The first is the sum of p independent, mean-0,

sub-exponential random variables (in the probability space of V). This holds since both ¢ and ¢
are Lipschitz due to Assumption 2] and they arguments are sub-Gaussian. Then, due to Bernstein
inequality (see Theorem 2.8.1 of (Vershynin, 2018)), for any 0 < ¢ < p, we have

< typ, (24)

> (ol 2o (o] a) — B, [d(0] 2)o(v] )]
k=1

with probability at least 1 — 2 exp (—c;t?) over V. For the second term in the RHS of (23), using
the Hermite decomposition of ¢ and ¢~> we have that

CEDS

y (25)

PE, [6(0T2)o(vTx,)] 3o

=3

Considering the case ¢ = j, we readily obtain (I8). For the case i # 7, since the z;-s are sampled
independently from a sub-Gaussian distribution due to Assumption and ||z;||, = V/d for every i,
we have that

max,; |z] ;| < Vdlogd, (26)
with probability at least 1 — 2n2 exp(—cz log? d) > 1 — 2exp(—cslog? d), due to Assumption
Then, with this probability, we have that

= x?x»l z] x; i _, logd
b dﬁ) <»! d;) >t < i @7)
=3 =3

for every ¢ # j, which gives (T9).
Let us now consider an € v/d-net of vdS* ', namely {z¢, }»_,, such that for any z € v/dS?!

m=1>
there exists m € [M] such that ||z — z, ||, < € V/d. Due to Corollary 4.2.13 in (Vershynin, 2018),
for e < 1 we have that the net can be chosen such that M < (3/¢)<. Notice that, for any m € [M],

the same argument leading to (I8) yields
|2(5,) "elat,) — Ai*p| = O(V/pdlog d), (28)

with probability at least 1 — 2 exp(—csd log? d), after setting t = v/dlog d. Setting e = 1/d?, and
performing a union bound on all m € [M], we have that the previous statement holds uniformly with
probability at least

1—-2(3/€)% exp(—csdlog? d) = 1—2exp((log(3/€)—cslog? d)d) > 1—2exp(—cydlog? d), (29)
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where c4 is an absolute constant. By Lemma C.3 in (Bombari & Mondelli, 2024) we also have that
for any m € [M], we jointly have

(@)l = O(p), el = O(Vp), (30)

with probability at least 1 —2 exp(—c5p). Taking a union bound for all m € [M] . holds uniformly
over the net with probability at least 1 — 2 exp(—cgp) due to Assumption Smce € = 1/d?, for any
i, there exists m such that |2 — x¢,||, < 1/d>/2. This implies
sup - p(@)ly < maximenn lp(z)lly + sup - [lo(2) = @(z7,)ll;
gevVdsi—1 #eVdsd-1

< maxpem) le(@)lle + LIV,  sup (12— a5,
#eV/dsd-1 3D

—o(vreryb) ot

where the third step follows from ||[V||,, = O(y/p/d), which holds with probability at least 1 —
2 exp(—c7p) due to Theorem 4.4.5 in (Vershynin, [2018). Then, we have

€

sup |@(x5,) T(ar,) — 2(@) Te(@)| < sup [@(a5,) Te(er,) — @(ar,) T e@)

#eV/dsd-1 ze/dSd—1
+ osup [@(an,) Te() - o(2) " e(E)
deVdsi-1
>~ me[M] D m/ll2 op m v 2
< max 1o LIV,  sup a7, — &
iE\/ESd*I
+ oswp le@) LIV sup g, — 2l
geVdsi-1 ¥ pevasi-1
vP 1\ p
(‘[ Jadirz) 0 ((72) '
(32)
Thus, merging (28), (29) and (32) yields
. . - p
sup  |¢(2) (@) — A°p| = O (x/pdlogd + @) : (33)
#eVdsi-1
with probability at least 1 — 2 exp(—csd log? d) over V, which proves .
Let us now consider a fixed ¢ € [n] and m € [M]. We have
P
B(a) To(a,) — (@) T3 (@) = D (ol 2)o(v] a%,) — B, S0l z)o(vy 25,)] )
k=1
p ~
Z( o z)p(v z5,) — Ey, {éﬁ(vk zi)(vy x5, )D
k=1
+pE, {(b(vai)qb(vTxe )} —pE, {qg(vTle(vTxe )]
(34)

The last line is equal to 0, due to the Hermite coefficients of ¢ and gzNS The first two lines of the RHS
can be bounded separately via Bernstein inequality as in (24), giving

|2(i) "p(a,) — i) " @) = O(VpY), (35)
with probability at least 1 — 2 exp(—cgt?) over V, for any 0 < t < p. As done in (29), considering
again € = 1/d?, we have that the previous bound holds uniformly for every i € [n] and for every

m € [M], after setting t = v/dlog d, with probability at least 1 — 2 exp(—cjodlog® d). Then, a
similar argument as the one used in (32)) yields

sup |@(w0) (@) — $(a) TE(@)] = O (Vpdlogd + 2 ). (36)
2ev/dSd—1

with probability at least 1 — 2 exp(—ci1d log? d). This proves . The proof of is analogous
and the argument is complete. O
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Lemma B.2. Let 2 be a generic row of X such that ﬁ(X ) = 0and a € R" be defined according to
(I7). Then, we have that, for any i € [n],

. S - nlog®d
|p(xi) T 3(2) — i*pas| = O ((Ilaz +1) (x/pdlogd + y/pnlogd +pfd?,/§)> . (3D
with probability at least 1 — 2 exp(—clog® d) over V and X.

Proof. For any i € [n], (17) implies

G:) (@) = @) @ Ta =" @) p(z;)a;
i=1 (38)

J#i
This implies

|B(0) "(@) — i*pai| < |@(w:) "olws) = il lasl +  [Y (@) Te()))? llall
i

log’ d
=0 | |lally \/ﬁlogd—l—\/n (plogzd—ﬁ—p?ig) (39)

nlog® d
=0 <|a||2 <\/Elogd+ \/pnlogd+p\fd$/§>> ,

with probability at least 1 — 2 exp (fcl log2 d) over V' and X, where the second step holds due to the
first two equations in the statement of Lemma[B-I] Then, due to the fourth equation in the statement
of Lemma[B.1] we have

[p(a)To(@) = pla) Te(@)] = O (Vpdlogd + 55 ). (40)

which, together with (39), gives the desired result. O

Lemma B.3. We have that

dn log? d
‘||a|§—1‘=0<1/plogd+ \g/& ) (41)

with probability at least 1 — 2 exp(—clog® d).

Proof. ([7) directly implies
P(#) (@) = ¢(#) @ Ta: = Y ¢(2) Tp(a)a;. (42)
i=1

Due to the third and fifth equations in the statement of Lemma[B.I] we respectively have that

|#(@) (@) - i%p| = O (Vpdlogd + %5 ). 43)
() TR(#) — plan) TE(@)] = O (Vpdlogd + %) . (44)

with probability at least 1 — 2 exp(—cydlog? d). Then, by Cauchy-Schwartz inequality, (44) yields

=0 <||a||2 (y/pdnlogd—f— pf)) . 45)

> @) To@a — Y @(@) " @lxi)a;

i=1 =1
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Again by Cauchy-Schwartz inequality, we have

> ai (¢(&) " @(xs) — fi*pas)
=1

log® d
=0 (||a2 (lally + 1) <\/pndlogd +/pn logd—i-pndg/2>) (46)
log®d
=0 (Jal lall + 1) (Vimdiogd-+ 51 ) ).

with probability at least 1 —2 exp(—cs log? d), due to Lemma , where the last step is a consequence
of Assumption[3] Then, merging #2)), #3)), (43) and (#6), an application of the triangle inequality

yields
. log® d
o ol =1 = 0 ((jall + 1) (Vodnioga + 22 ). @)

Notice that, if ||al|, = w(1), the LHS of the previous equation would be Q(p ||a\|§), while the RHS
would be o(p ||a|\§) due to Assurnption Then, we necessarily have that ||a||, = O(1), which yields

d log® d
‘||a|§—1‘=0<,/:10gd+ Oja ) (48)

with probability at least 1 — 2 exp(—cs log? d), which gives the desired result. O

Lemma B.4. Let i: € \V/dS% ! a generic vector, and let 0 < C' < 1 be defined as

T A
C = max; it . (49)
Then, with probability at least 1 — 2 exp (—C\/g) over X, we have that
(Xz)°! -1 —0.1
Hdl 2§C +O(d ), (50)
uniformly for every | > 2.
Proof. Fix 0 < ¢ < 1, and consider the values of ¢ € [n] such that
x| &
L 0. 51
> (51)

Define M C [n] as the set containing all the values of 4 that satisfy the inequality above, m = | M| as
the cardinality of M, and X5 € R™*? as the matrix that contains in its rows all and only the x;-s
such that i € M. Note that X | is a matrix with independent sub-Gaussian columns, with fixed ¢

norm equal to V. Then, Theorem 1.3 in (Plan & Vershynin, |2025) yields

1], = V| = O(v), (52

with probability at least 1 — 2 exp(—cyn). This, due to Assumption guarantees that HX /\/d
O(1), and therefore

op

2 2

X3 X|? &
62m§H gH —1| =0(), (53)
d 2 \/g op \/& 2 ( )
which implies
1
m:o(p). (54)
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Consider all the possible subsets of size m of [n]. There are in total

log d
" <n™ <exp(mlogn) < exp C’li (55)
m 02
such subsets, where C' is an absolute constant, and where we used Assumption@ For each of these
subsets, the operator norm of the matrix X, € R™*4 with rows indexed by M is

[1Xllgp = V| < Ca (Vim +1), (56)
with probability 1 — 2 exp(—cyt?), again due to Theorem 1.3 in (Plan & Vershynin, 2025). Then,
performing a union bound over all subsets and setting t = /2C" /¢ Y lgg 2 we have that all matrices

with rows belonging to a generic subset of size m of the rows of X respect (56) with probability at

least 1 — 2exp (fCl l%%d) In particular, with this probability, we also have

Vdogd
||Xa||op—\/&’ < G (Vm+t) =O< 5g ) (57)
where in the second step we used (54). Then, we have that
X012 X )00 |2 X212
H ( ;) < H ( ‘zlgf) + (n —m)é* < c%2 —(‘;x + nét, (58)
2 2 2

where in the last step we used that [ > 2, and the definition of C' in . Setting § = d—03,
Assumption 3] gives nd* = O(d~%2), which yields

X5 H Viegd+1
22 < ||/ v §1+’HX Vi —1’§1+0, 59
H |, s/ o s/ o 3 Jdd 08 (59
where the last step holds due to lb with probability at least 1 — 2exp (—C’1 ;‘l%‘fg) > 1-
2exp (—03 \/ﬁ) Thus, plugging in |b the thesis readily follows. O

Proof of Theorem As done in Lemma , consider the v/d e-net of the sphere v/d S¢~!, with
e = 1/d. For any element z¢, of this set (with a fixed index m € [M], where M denotes the
cardinality of the net), (T7) yields

G5,) "o(@) = @lag,) @ Ta =D @(ag,) e(w)as, (60)
i=1
where each term of the sum above reads
P
Blae) T eles) = 3 (S0l at)o (0] 2) — By, [0 25,)0(0] 22)] ) o
k=1

+1ﬂEv[$(vT$;)T¢(vTxﬁ}-

By Bernstein inequality (see the same argument as in (24))), we have that

> (ST 2500l 2) = B, [ 25 )o(0f 2)|) = O (Vpdlogd) . (62

p
k=1

with probability at least 1 — 2 exp (—01d log? d). Performing a union bound over the elements of
the net, we have that holds uniformly for all i € [n] and all m € [M] with probability at least
1—2exp (—02d log2 d) (see the argument prior to ). Furthermore, the Hermite decomposition

of ¢ and ¢ gives

(63)
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which thus allows us to write

n R (el )

Z (x5 T p(xi)a; — pZai Z,ul lT =0 (Ha||2 \/pdnlogd)

=0 (\/Mlogd),

where the first step follows from (61)), (62) and (63)), and an application of Cauchy Schwartz inequality;
the second step holds due to Lemma with probability at least 1 — 2 exp (—63 log? d).

(64)

By the definition of the net, there exists m € [M] such that ||z¢, — 2|, < 1/V/d. Fixing such m, we
have

nooEe (o7 ze)
Pp—pY_a; ufgg%ﬁﬁgf
=1 =3

T

< |i*p— (@) T p(d)

_|_

n l
~ T, T
Z P(w5,) " p(ai)ai — pz a; Z HlZldilm

=1

i=1 =3

=0 (\/]ﬂlogd—k g + g + \/pdnlogd)

=0 (Vpdnlogd + 1),

due to the third equation in the statement of Lemma[B.I] an argument equivalent to the one in (32),
and (64). Considering the union bound on these high probability events, we have that (63) holds with

probability at least 1 — 2 exp (—c4 log” d).

Let’s suppose we have
i:Tmi

d
where C'is an absolute constant (independent of d, n, p). Thus,

<C <1, (66)

max;

g, i T Ty, — 2|y ||z,

d d d

where the last inequality holds for sufficiently large d. Then, we have

+oo
< lall, ZN%
=3

dn IOgBd = 2 (Al—1 —0.1
<l1+C “—10 d+ Cm 4+ Cod™™ (68)
( 1( D g Nz ));M( 2 )
~2 ~2 dn —0.1
<p CEJng(”plongrd ),

where we applied Cauchy Schwartz inequality separately for every [ in the first step and used Lemmas
[B:3]and [B-4]in the second step. Here, C; and C5 denote two positive absolute constants, and the

inequality holds with probability at least 1 — 2 exp (—c5 log” d). Plugging in yields

p?(1-C?) =0 (ﬁ / C%Llogd+ d0'1> =o(1), (69)

where the last step is a consequence of Assumption [3] which provides a contradiction with the
hypothesis in (66)), implying that

AT H €

< max;

max; + max;

1
§C+E§Q<L 67)

n

+o0 T e \!
> o3 it

=1 =

(Xap,)
dl

SACTI’i

— o(1), (70)

‘1 — max;

with probability at least 1 — 2 exp (—c5 log” d).

22



Published as a conference paper at ICLR 2026

Let j = argmax; | x;| (taking the smallest index if there are multiple indices that maximize this
value), and suppose 4T a; > 0. Then, the law of cosines yields

i = a1, =1 20 (1= 57 ) = o (V) n

where the last step holds due to (70). Thus, for k& # j we have

oli| |ala; | o) (@-a)

d | |"a T
where the last step holds with probability at least 1 — 2 exp (—06 log? d) due to li and . In the
case 2 ' x; < 0 the same argument with —x; instead of x; yields the same thesis. Thus, comparing
with 1| we have that arg max; |:i’T:cZ’ has a unique solution j, and all other indices are such that
|27 @] /d = o(1).

This proves that 2 is aligned with z;. It remains to prove that & also has the correct sign (i.e., it is
close to x; and not to —x;). To do so, following the same approach that led to , we have that

400 T e !
Sa Sl o), 73)

i#£j =3

_ |zl L lallp 12 = 25,

= ] =o(1), (72)

with probability at least 1 — 2 exp (707 log2 d). Thus, comparing with , we get

X (x]ae, :
i —aj Zﬂfw‘ =o(1). (714)
1=3

Since |a;| < 1+ o(1) by Lemma 1| can hold only if (m?win)l have all the same sign for all
[ > 3 such that y; # 0. By Assumption , this is possible only if m;rxfn > 0, which concludes the
argument. O

C PROOF OF THEOREM

Due to Theorem |1} we have that, with overwhelming probability, every Z; has a unique “closest” row
vector in X, such that

AT i
1 Z;

=o(1). (75)

Then, if we consider the case n = 2, either both samples are reconstructed, or the same training
sample is reconstructed twice. By contradiction, let us suppose the latter hypothesis, which without
loss of generality can be framed as the first sample z; being reconstructed twice.

Since we have that ¢(x2) € span{rows(®)}, which means that there exist two real numbers a; and
ao such that

o(x2) = a1p(z1 + €1) + agp(z1 + €2), (76)
where
21+ e1lly = [lo1 + e2l, = Vd, (77
as we are considering data reconstruction on the sphere. From now on, we will always assume that
(76) and (77) hold. We will often consider the following expansion:
p(x2) = arp(x1 + €1) + azp(21 + €2)
ar1p(x1 + €1) + azp(x1 + €1 + (€2 — €1))
(a1 + az2)p(x1 + €1) (78)
+az ((p(z1 + e2) — p(z1 +€1)) — ¢'(V(z1 + €1)) o (V(e2 — €1)))
+as ' (V(zy+e1))o(Viea —e€1)),

which can be used since ¢ admits first derivative according to Assumption 2] Note that

0= [lz1 + el — lz1ls = 22{ 1 + [ler]l5, (79)
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which yields
T 2
2|z 1| = ey, (80)
with the same relation holding for €5. Similarly, we have
2 2

0= [le1 +erlls = llo1 +eall; = 221 (&1 —e2) + (leally + llealls) (Jeally = llezll,) . @D
which yields

2]af (e —e2)| < (feally + lle2lly) ler — el - (82)

We will use the following notation

maX{H€1H27H€2H2} 0
_ 1 83
Vd W -
and lle2 — enl|
€2 — €1l
g="= 212 _ 0O(1). 84

Notice that, by definition, we have § = O(¢). The idea is to prove that, with overwhelming probability,
there exists no solution to such that e = o(1). This then readily implies the claim of Theorem
To do so, we state and prove a number of preliminary results.

Lemma C.1. We jointly have
P
Vi, =O0Wp/d),  IVIE=0®m). > luls=0()), (85)
k=1

with probability at least 1 — 2 exp (—clog2 d) over V. Furthermore, we have that

sup p(2)]l, = ©(VP), sup  [[p(2)ll, = O(VP)- (86)

ze/dSsa-1 zev/dSd—1

with probability at least 1 — 2 exp (—clog2 d) overV.

Proof. The first equation holds with probability at least 1 — 2 exp(—c;p) due to Theorem 4.4.5 in
(Vershynin, 2018). The second equation is a direct consequence of Theorem 3.1.1 in (Vershynin,
2018)). For the third equation, due to Theorem 3.1.1 in (Vershynin| 2018]), we have that

1
leall = 11, =0 (7= ). &7

Hlvrllzlly, =O@). (88)

which implies

Then, we have that the Orlicz norm H Hvk||§’ o O(1), which also implies E [||vk|\§} = 0(1).
2/3

Then, due to Lemma B.6 in (Bombari et al.,[2023)), we have that
L 3
> okl = Op), (89)
k=1

with probability at least 1 —2 exp (—c1 log2 d), where we also used Assumption The last statement
statement can be obtained via the same argument in (31)). O

Lemma C.2. Let p1, p2, p3 € R be sub-Gaussian random variables, not necessarily independent.
Consider the random variable

Z = min (M, |p1]) |p2ps] , ©0)

where M = w(1). Then, Z — E[Z] is sub-exponential with parameters (v, ) (see Definition 2.7 in
(Wainwright, [2019)) such that
v=0(1), a=O0(M). 1)
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Proof. Since the p-s are sub-Gaussian, we have that both the absolute value of the mean and the
second moment of Z (and therefore its variance) are upper bounded by positive absolute constants.
Denote with C a constant order upper bound on the absolute value of E[Z]. Furthermore, without
loss of generality, we will consider the sub-Gaussian norms of p1, p2, p3 to be equal to 1.

Consider a real number ) such that 4M|\| < 1. Defining Z = Z — E[Z], and noting that * <
1+ 2z + 22l?l /2 for every z € R (due to the mean-value theorem), we have that

_ 2 _
E [ekz} <E {1 + A7+ )\2226>\|Z|:|

)\2 _ _
<1+E [2Z26|AZ|]
/\2

< 1+?E |:Z2€

Mlpap3|+Cy
aM

)\2 9 (92)
<1+ SE[(Iprpopsl + 1)’ e

lp2p3|+1
P

22 1/2 lpopal+171/2
<1+5E [(\P1P2P3| + 01)4} E [6 24 H}
<1+ Co)?

2
S 602>\ .

Here, in third line we used Z < M|p2p3/; in the fourth line we used that M > Cy and Z < |p1p2p3];
in the sixth line we upper bounded the expectations via an absolute constant, as |pap3| is sub-
exponential with norm 1. Thus, we can set & = 4M, and for all |A| < 1/«, we have

E[eM] < e, (93)
which gives the desired result according to Definition 2.7 in (Wainwright, |[2019). [

Lemma C.3. We have that

[(ea =€) TV ((p(21 + €2) — pla1 + 1)) = ¢/ (V21 + 1)) o (V(e2 — 1))

94
= O (p0® + dlog? ds?) ©

with probability at least 1 — 2 exp (—06 log? d) overV.

Proof. Since ¢ is differentiable due to Assumption 2} by the mean-value theorem, we have that there
exists ¢ € RP such that
p(z1+€) —p(z1+ea) = ¢ (V(zr +e) + () o (Ve —e1)), (95)
where each entry of ¢ is such that (; € [0,[V(e2 —e€1)],] (or ¢z € [[V(e2 —e1)],,0], if
[V (€2 — €1)],, is negative). Then, we have that the thesis becomes
(2 =€) TV ((¢'(V(21 + €1) + () = ¢/ (V@1 + 1)) o (V(e2 — 1)) 96)
= O (p6® + dlog” dé?) .

First, let ¢ € R? be defined as

€y — €1
(S )

i.e. the vector lying on the sphere v/d S¢~! with the same direction as €5 — €;. Then, dividing both

sides of by 6% and expanding the sum, the desired result can be reformulated as

£= o7)

p ’ ! ’
S~ (o) L) + OB @i +a)) (ro_ g <p+ tlog d) )
k=1
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Due to Assumption [2] we have both ¢/(2) < L and |¢/(z1) — ¢/(22)| < L'|z1 — 22|. Thus, the
previous equation is implied by

p 2
Zmin (25L,L’ yv,jg|> (wfe) =0 (p+ dlof d) , (99)

as we have | (x| < 5|vk §| from its definition in ( .

Let us now consider an ¢ v/d-net of v/dS?!, namely {2¢,}}_,, such that for any z € v/dS*~*
there exists m € [M] such that ||z — z£, ||, < eV/d. Due to Corollary 4.2.13 in (Vershynin, [2018),

for € < 1 we have that the net can be chosen such that M < (3/¢)?. Setting e = d—3/2, we have that
there exists m* € [M] such that || — 25, |, < 1/d, and M < e“141°84 where ¢, is an absolute
positive constant. Consider a generic element z,, and define

P
m : 2L € e \2
70" = " min (5,L’ \v,jxm|> (v, 25,) " - (100)
k=1
Each term T,Sm) in the sum above is such that its expectation is

E,, [Tém)} =E,, {min (?,L' ‘v,;rxfn|> (U;x;)z} < L'E,, [|U;xfn’3] =0(1). (101)

Furthermore, T,Em) is sub-exponential (in the probability space of vj) with parameters (v, ) (see
Definition 2.7 in (Wainwright, 2019)) such that

v=0(1), a=0("1), (102)
due to Lemma|C.2] Thus, Equation (2.18) in (Wainwright, 2019) guarantees that

P 2
dlog”d
Py ( Z (T’inb) —E,, {Tém)D >p+ o(;g > < exp (—c2 min (p, dlog® d))
k=1
< exp (*nglOgQ d) ,
where the last step used Assumption 3] Next, we perform a union bound on the elements of the net,
obtaining that
dlog®d
sup ’TW)‘ ~0 (p 208 ) : (104)
me[M] o

with probability at least 1 — exp (703dlog2 d+ ci1dlog d) >1—2exp (7C4d10g2 d). Then, with
this same probability, due to (T0I), we also have that

P 2
oL dlog?d
3" min <5’ L v a5, ) (vf25.) =0 <p + Of > . (105)
k=1

Since the min function is 1 Lipschitz in any of its arguments, for every & € [p], we have

2L
) = min (25,2 oel ) < ol - el =0 (1512 ) 00

d
) — min (Q(SL,L’ ’v,;r§|>
p

Cy €
< X7 Il il = 0)

where the last step used the first statement of Lemma [C.1] and holds with probability at least
1—2exp (—05 log? d). Furthermore, for every k € [p], we have

(103)

2L
min (5’L/ lup @5, -

Thus,

(v,;r:cin* ) 2

mln( Loy

>

(107)

(025" = (WL €)%] = [0 (@e = )] [0 (e + )|

) o2 (108)
< 2Vd g |2 5 — &ll, = O ,

Vd
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which yields
2 P 03 3
me (57 el ) [ a5 )? = €7 < 32 Sl el =0, 109
= vl
again due to Lemma [C.] Finally, applying the triangle inequality to (T03), (I07), and (I09), gives
dlog®d
me( L v k€|> (v{fﬁ)zo(p+ O(Sg ) (110)

with probability at least 1 — 2 exp (—cg log® d), which concludes the proof. O

Lemma C.4. Suppose € = o(1). Then, we have that

2
[e2 — enll;

(e2—€e) VT (¢'(V(z1 4 e1))o (Ve —er))) — g bm|= o(pd?), (111)

with probability at least 1 — 2 exp (—clog2 d) overV.

Proof. First, let £ € R< be defined as in . Then, the desired result can be reformulated as

P

> ¢ () (w1 + 1)) (UJE)Q —pu1| =

k=1

o(p). (112)

Let us now consider an € v/d-net of v/d S%! (as we did after ( P) Settlng € = d~2, we have that there
exist m®) and m(*) in [M] such that ||¢ — 2¢ ||, < 1/d2, ||(z1 + e1) — 25, ||, < 1/d*/?, and
the size of the net is M < ec1¢1984 where ¢; is an absolute positive constant. Consider two generic
elements of this net: ¢ ,, and ¢ (,), and define

T m®) _

p
Z <¢/ (UkaUfnm) (Ul;rl’fnm)Q —E,, [QI)/ (Ui;rmfnu)) (Uz;rﬂv";q(z))QD ‘ - (113)

k=1

Since |¢5’ (v,;r x:n(l)) ’ < L, each element of the sum is sub-exponential (in the probability space of
vi). Then, due to Bernstein inequality (see Theorem 2.8.1 in (Vershynin, 2018))), we have that

Py (T“"‘”vm‘”) e \/M) < 2exp (—c2 min (cfdlog d,C, W))

< 2exp (—csCidlogd),

(114)

where the second step is a consequence of Assumption EL Performing a union bound, we have that,
for every pair of points on the net (there are less than e2“1¢1°8¢ guch pairs), including zt () and
T (., the equation above holds with probability at least 1 — 2 exp (—c3Cidlogd + 2cidlogd) >
1 — 2exp (—cqdlogd) if C1 is chosen sufficiently large. Thus, with this probability, we have
p
€ € 2 € 2
= 1D (¢ W) (0 w0)” = Bu [0 (0] w6y) (0 250)°] ) |
k=1

T(m(m) 7m(&))

p
=3¢ (vl at) (o) 25, 0))" = pE [(b’ (%) (pE)Q] e

= J(m) = o(p),

where we used Assumption E| and introduced pg and p§ as two standard Gaussian variables with

correlation (xjnm)T € (¢ /d. Note that
2
o)
(p)" =1+ \@T = ho (p§) + V22 (pf) (116)
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where h( and ho denote the Oth and 2nd Hermite polynomials. Thus, we have that

€ T € 2
Hﬂd@®@8ﬂ=u€+¢w?<@%mzxm“>, (117)

where ug ' is the Oth Hermite coefficient of @'. Note that ug’ / corresponds to the 1st Hermite coefficient
of ¢, which is y; # 0 due to Assumption[2] The second term on the RHS of (T17) can be bounded
via

‘(x:n“))Txfn“) < o [l [#5e = €lly + |25 — 21 — el €l + ’(3«”1 + el)Tﬁ‘
2 Jaf (e1—e)| | (e1—e)| (1 (118)

where we used (82) in the last step. Then, plugging in (IT7), we obtain

hﬂwwwwaﬂ—uq—o(&+e)=dn. (119)
We also have
0 (0l w5 (0l w50)” = & (o] (21 + 1)) (] €)”|
<|(¢' (W atu) = ¢ (o (1 + €0))) (o] )|
(ol 1+ @) (0 2500)” = (o)) (120)
< L Joglly |20 — 21 — e, ol d+ 2LV ok ll3 |25, — €],

+

2 3
[[orllz + lloelly

\/& 9
where (5 is some positive constant. This yields
P
. 2 2
Z vk xmm (v,;racm(g)) — ¢ (U,I(ml + 61)) (v,;rf) ’ =0 (ﬁ) = o(p), (121)

with probability at least 1 — 2exp (—c5log? d) due to Lemma Then, applying the triangle
inequality to (TT3)), (TT9), and (I21)), the proof is complete. O

Lemma C.5. Suppose € = o(1). Then, we have that

<Cy

p

a1 +as| = O <|a2|5—|— l(j/g&d), (122)

with probability at least 1 — 2 exp (—c log? d) overV and X.

Proof. Consider (78), written as
p(r2) = (a1 + a2)p(w1 + €1) + az (p(r1 + €2) — (a1 +€1)) . (123)

Let us now take an inner product of both sides of (I23)) with V1. Due to Lemma|[C.I]and since z1 is
a sub-Gaussian vector independent of V and x5 due to Assumption [T} we have that

’:EIVTcp(xgﬂ =0 <\]/)g logd> , (124)

with probability at least 1 — 2 exp (—01 log? d) over z1 and V. Then, consider
[2{ VTp(z1 + 1) — pup| < |1’1TVT¢( (961 +er)) =l VIg(Van)|

125
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and let us bound the two terms on the RHS separately. For the first one, since ¢ is L-Lipschitz by
Assumption 2] we have that

|2 Vo (V(zr+e)) —a{ VIgp(Var)| < L|[Va|l, Ve, = O (pe) , (126)

with probability at least 1 — 2 exp (—cl log2 d) due to Lemmaand . For the second term in
the RHS of (123)), using the Hermite decomposition of ¢, we have that

P
2 VT ¢(Vay) — up| = Zv,;rxlgb(v,jxl) — Ky, [vh z10(v] 21)] |- (127)
k=1

Since ¢ is Lipschitz, we have that q&(v;xl) is a sub-Gaussian random variable (with respect to vy,),

and thus fu,jxl gﬁ(v;xl) are p i.i.d. sub-exponential random variables. Thus, Bernstein inequality (see
Theorem 2.8.1. in (Vershynin, 2018))) yields

|a:1rVT¢(Vx1) — p1p| = O (y/plogd) (128)

with probability at least 1 — 2 exp (—03 log® d) over V. Then, plugging this and 1| in l ,
together with the fact that y; # 0 by Assumption 2] we have

|2{ VT p(x1 + €1) — pap| = O (pe + /plog d) = o(p), (129)

with probability at least 1 — 2 exp (—04 log® d) over V. Considering now the last term in (123)), we
have

lo(x1 + €2) — (a1 + €1)ll, = O (v/pd), (130)

due to the Lipschitzness of ¢ and due to Lemma Thus, with probability 1 — 2 exp (705 log? d),
we have

|2{ VT (@(z1 + €2) — (21 + €1))| = O (pd), (131)

where we used again Lemma|[C.I] Then, plugging (T24), (T29) and (T31) in (T23), an application of
the triangle inequality yields

logd
|a1+a2p:O<a2p5+p\/§ ), (132)
which gives the desired result. O
Lemma C.6. Suppose € = o(1). Then, we have that
las] = O0(57Y), a1 +ag| = O(1), (133)

with probability at least 1 — 2 exp (—c log? d) overV and X.

Proof. The proof consists in considering the inner product of both sides of (78), namely

p(x2) = (a1 + az)p(z1 + €1)
+az ((p(r1 + €2) — p(z1 + €1)) — ¢ (V(z1 + 1)) o (V(e2 — €1))) (134)
+as ' (V(zy+e1))o(Viea —e€1)),
with V(eg — €1).
First, we have that the LHS reads
|(e2 — 1) TV T p(22)| = O (6p), (135)

due to Lemma with probability at least 1 — 2exp (—c1 log d) over V. Consider now (es —
€1) "V p(z1 + €1). A net argument similar to the one used to obtain the third statement in Lemma

B:1]yields
(e2—e) (z1+e1)

(e2—€1) V' p(z1 +e1) — pp 7

op
:O<(5\/pdlogd+ d2>’ (136)
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with probability at least 1 — 2 exp (—cs log® d) over V. This, together with and Lemma
gives

(a1 +as)(ez — 1) TV (@1 +e1)| = O <<a2 5+ > <5\F1ogd+ + 56p>)

(137)

with probability at least 1 — 2 exp (—c; log® d) over V and X. Due to Lemma we have
[(e2 =€) TV ((p(a1 + €2) — pla1 + 1)) — ¢/ (V1 + 1)) o (V(e2 — 1)) (138)

= O (p6® + dlog” d6*) = o(ps?),
and due to Lemma[C4] we have
2
€y — €

(e2—e) V(¢ (V(z1+€))o (Vi —e))) — MPM = o(pd®), (139)

jointly with probability 1 — 2 exp (—cq4 log® d) over V. Then, taking , , , and

together, we have that
2
|Cl2|||€2 61”2

7 Pbm = A1+ Ax + Az + Ay, (140)
where
[As| = O(0p),
logd
| Aa| :O(< as| 0 + o8 ) (6\/ dlogd + — +5ep>> =0(6p)+0(|a2|p62), (141)
|A3| = o (|az|ps?) ,
|A4] = o (|az|ps?) .
As p1 # 0, this readily implies that
las| =0 (671), (142)
which, together with Lemma[C.3| gives the desired result. O
Lemma C.7. Suppose € = o(1). Then, we have that
|a2(w2) " (p(a1 + €2) = @(21 + €1))| = o(p). (143)

with probability at least 1 — 2 exp (—clog2 d) overV and X.

Proof. First, following the same decomposition considered in (93)), we have

|as@(2) " ((z1 + €2) — p(21 + €1))]
< az@(z2) " ((¢'(V (21 + 1) +¢) = ¢'(V(z1 + 1)) o (V(e2 — 1)) (144)
+ |a2@(w2) T/ (V (21 + 1)) o (V(e2 — 1)),
where each entry of ¢ is such that (, € [0,[V(e2 —e€1)],] (or ¢ € [[V(e2 —€1)],,0], if
[V (€2 — €1)],, is negative). The first term on the RHS can be bounded as

las@(z2) T ((¢/ (V(z1 + &) + () — ¢/ (V(z1 + 1)) o (V(e2 — 1))

P

< las] Z ‘q@(v;xg)‘ min (2L, L |v}. (€2 — €1)|) |vp (e2 — €1)] (145)
k=1

= |az]|O (pé2 + dlog® ds) = O (pd + dlog® d),

with probability at least 1 — 2 exp ( c1 log lé%lover V and X, due to the same argument used in
LemmalCJ3]and where we used also Lemma

Next, let us look at the second term on the RHS of li and consider an € \/E—net of ﬁSd’l
(as we did after ). Setting € = d—2, we have that there exist m&), m(*1) and m*2) in [M]
such that [|€ — < 1/d%/? (where £ is defined in l) , ) =€ ) ||2 < 1/d3/?,

fn(i)’|2
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|| (z2) — € (o) ||2 < 1/d3/?, and the size of the net is M < 2?1984 where ¢, is an absolute
positive constant. Consider three generic elements of this net: ¢ ., 2% (), and ¢ ), and define

p
T(m(l)’m@)’m(?:)) _ Z (¢(U1;rl'fﬂ(1>)¢/ (v;$;(2)) (Uljxfnw))

2 (146)
B, [d0l a0 (o] 25e) ()] )]

Since |¢ (vk x¢ (1)) ’ < L, each element of the sum is sub-exponential (in the probability space of
vy). Then, the argument based on Bernstein inequality used in Lemma|C.4] after performing a union
bound on the net, yields

T(mwg),m(zl)’m(s)) _
p ~
> (907 2800)0 (W 2en) (o i) ) = PE |6 (05,) &' (05,) (05) ] ’ ~ o(p).
k=1

(147)
with probability at least 1 — 2 exp ( csdlog? d) (due to Assumptlon' where we introduced pf, ,
Pg, and pg as three standard Gaussian variables with correlations

T T
(x:n(l'l)) T (o) (x:n(l'l)) LA

prz 1= cort (95, p5,) =l Toen) o (e, ) = ,
d d 148
€ T, .€ ( )
. € ey (T/mww) L)
pag i= cort (pg,, p) =
Note that
Ip12| = o(1), lp1e| = o(1), (149)
where the two bounds hold due to our net definition, due to | z2| = o(d) with probability at

least 1 — 2 exp(—c4 log® d) (coming from Assumption , and due to (82). By Isserlis’ theorem (or
generalized Stein’s lemma) we also have

E |6(05,)0' (05,) pE| = p2eE [0/ (05,)0" (05,)| + o1¢E [95,)0" (65,)] . (150)
We have that
[orcE [3(6,)0" (5,)]| < el B [306,07] = [0 (02,)7] " =0, aasp

where we used (149), |¢"'| < L’ (L' being the Lipschitz constant of ¢') and that ¢ is Lipschitz due
to Assumption 2] To study the first term on the LHS of (T50), notice that the Hermite coefficient of
order 0 of é’ is 0, since the Hermite coefficient of order 1 of qg is 0 by definition. Thus, denoting by
11!, il. the r-th Hermite coefficient respectively of ¢/, ¢/, we have

Z firr. 07

2B [8(65,)0' (65,)] | < 2l < lpral 3 Ittt
r=1

oo oo

< loual (| S0 ()% | ()? (152

r=1 r=1
< Il B[505,)7] B [ (05,)

where in the last step we used (149), |¢'| < L and that ¢> is Lipschitz due to Assumptlonl Putting

(I31) and (152) in (I30), and pluggmg this in (I47) yields

p
Z Uk Ty (02)) P (Uk xmm)) (v,;rx;<5))
k=1

1" = o),

= o(p), (153)

with probability at least 1 — 2 exp(—c5 log? d) over V and X.
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Then, following a similar argument as the one that led to (TZI)), we obtain
p ~ ~
3 B ) () (R 050) — BT 22)df (07 (1 + e0)) (07 )| = o), (154)
k=1

with probability at least 1 — 2 exp &6 log” d) over V due to Lemma Putting (153) and (154)

together with the result of Lemma yields
|a2(a2) "¢ (V (21 + €1)) © (V(e2 — e1))] = 0(p), (155)

with probability at least 1 — 2 exp (—07 log2 d) over V' and X. This last equation, when plugged in
(T44) together with (I43), gives the desired result. O

Proof of Theorem[2l Let us consider

@(r2) = arp(z1 + €1) + azp(r1 + €2), (156)
where
21 + e1ll, = |21 + €|, = V. (157)

Suppose by contradiction that there exists a solution to the equations above such that e = o(1). Take
the inner product of both sides of (156) with the vector ¢(x5 ), namely

G(w2) " p(x2) = (a1 + a2)@(w2) "1 + €1) + a2@(w2) " (p(x1 + €2) — (w1 +€1)) . (158)

For the LHS, we have that
¢(x2) " p(w2) = O(p), (159)

with probability at least 1 — 2 exp (—01 log? d), due to the first statement of Lemma For the first
term of the RHS, we have

(a1 + a2) §(x2) T (1 + €1) — (a1 + az) G(2) T p(a1)|

g (160)
< lar + az| [|@(x2)lly LIV ||, ]y = o(p),

with probability at least 1 — 2 exp (—02 log? d), due to Lemmas and|C.6] Then, using the Hermite
expansion of q~5 and ¢ we have

oo T T
5(x2) T (1) — =2 h ‘=o< ), (161)
% ¢ pé( y > »

with probability at least 1—2 exp (—c3 log® d) due to Bernstein inequality. As we have |z z1| = o(d)
with this same probability due to Assumption[I] we readily obtain

(a1 + a2)@(x2) "(a1)| = o(p), (162)
where we also used the bound on |a1 + a2| from Lemma|C.6
Finally, due to Lemma|[C.7} we have
|ax3(2) " (@(z1 + €2) — (21 + €1))| = o(p) (163)
with probability at least 1 — 2 exp (—cq log” d).
Plugging (139), (160), (162) and (I63) in (I58) generates a contradiction with high probability.

This implies that, with probability at least 1 — 2 exp (—c5 log” d), we have € = Q(1). Taking the
intersection between this event and the one described by Theorem [I| we obtain the thesis. [
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D IMPLEMENTATION DETAILS

Computational resources. We executed all the experiments on a machine equipped with two GPUs
(an NVIDIA GeForce RTX 3090, 24 GB VRAM and an NVIDIA RTX A5000, 24 GB VRAM), an
Intel(R) Core(TM) 19-10920X CPU @ 3.50GHz and 128 GB of RAM.

Training procedure of neural networks. By default, we train both two-layer and deep residual
networks with full-batch gradient descent with step size 10~° on square loss for 10° steps, unless
stated otherwise. For the classification experiments on random features and two-layer neural networks,
we set the step size to 10~ and optimize logistic loss (in the case of binary classification) or cross-
entropy loss (in the case of multi-class classification) with full-batch gradient descent for 10° steps.

Optimization details for the reconstruction algorithm. We provide precise implementation details
of the reconstruction algorithm. The inputs of our procedure are the model’s optimal weights 8* and
the structure of fgrg, i.e., V and ¢. As already mentioned in Section in the case of neural networks
where initialization is not zero, we define 6* £ G,EL) — HéL), where 6 are the initial parameters and
6* are the trained parameters after gradient descent converged on the training set. The superscript ()
indicates the weights of the last layer. For neural networks we also assume access to their trained

weights of all layers {#*(1), ... 6*(1)}, but we only require knowledge of the initialization of the

last layer QSL) and their internal structure. The reconstruction problem is solved by minimizing the
following objective via gradient descent with momentum:

X* = argmin HPl9*
X: [ERPES Vd
We initialize the rows z; as i.i.d. standard Gaussian vectors. To efficiently compute the objective
in li at each gradient descent iterate, we leverage the fact that, by definition, P(if is symmetric
((P;;)T = Pg;) and idempotent ((P;;)2 = Ps-). Expanding according to the definitions and
properties above,

. (164)

LX) =||pier;

Pi6*]T Pio*
9*]T[PL]TPL9*
9*]TPL9*

0*]" (I — d+d)6*

0*)To* — [9*]T<i)T((i)(i)T)fl(i>0*
070" — 0" "D T .

=
=
=
= |
=
=

Here, « is the solution of the system of n linear equations in 7 unknowns (‘i)i)T) o = ®0* which
can be numerically computed via the conjugate gradient method (Hestenes et al. |1952), skipping
the need of inverting explicitly dDT  R™*™ at each iteration. After the gradient descent update on
X , we then normalize its rows ; to force them to lie on the d-dimensional sphere Vd S?1. More
precisely, &; < vVd - ;/||#;||2, thus respecting the fact that minimization should happen on the
sphere as in ( . Unless stated otherwise, the step size is set by default to 2 - 102 for the CIFAR-10
experiments and to 20 for the experiments on synthetic data. On Tiny-ImageNet we use a step size of
8 - 10%. Momentum is set to 0.9. We consider the reconstruction optimization converged when the
normalized reconstruction loss £(X)/||6* |2 drops below 10~7. Normalizing by ||9* |2 makes the
loss of order 1 at the beginning of the optimization so that the chosen threshold of 10~7 corresponds
to the effective numerical resolution in floating point representation. Unless explicitly mentioned
otherwise, in every experiment we perform, the optimization is run until the reconstruction loss has
converged.

Statistical robustness. To ensure that our findings are not tied to a particular random initialization, all
experiments are repeated over multiple random seeds. Each seed induces independent initializations

of network parameters and of the reconstruction variables X. All the quantitative results reported in
the paper correspond to averages (and variability) across these runs.

CIFAR-10 protocol. For random features experiments, we construct a balanced subset from the
CIFAR-10 (Krizhevsky et al.,|2009) training split by iterating once through the data and collecting the
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first n/2 occurrences of the “frog” class (negative) and n/2 of the “truck” class (positive), yielding n
samples. Each image is flattened to d = 3 - 32 - 32 = 3072 and concatenated into X € R™"*?. We
standardize using subset statistics computed over the selected n examples. Targets are Y € {£+1}",
with the first n/2 entries set to —1 and the remaining n/2 to +1. We use “frog” vs. “truck” purely
as a convenient benchmark. Our conclusions do not hinge on category semantics, and we observed
the same qualitative behavior across alternative class pairs. For multi-class experiments, we use the
same balanced construction; targets are one-hot encoded as 10-dimensional vectors with a single 1
at the true class index (and 0 elsewhere). Also for ResNet and vision transformer runs we use the
same protocol as for random features, but images are kept in tensor form (R3*32*32) and normalized
per channel using the full CIFAR-10 training split statistics (mean [0.4914, 0.4822, 0.4465], std
[0.247,0.243,0.261]).

Tiny-ImageNet protocol. We construct a balanced subset from the Tiny-ImageNet (Le & Yang|
2015) training split by iterating once through the data and collecting the first n/2 occurrences of
class 2 (negative) and n/2 of class 116 (positive), yielding n samples. Each image is flattened to
d = 3-64-64 = 12288 and concatenated into X € R"*?, We standardize using subset statistics
computed over the selected n samples. Targets are Y € {£1}", with the first n/2 entries set to —1
and the remaining n/2 to +1. We have randomly drawn class 2 vs. class 116 and used this pair purely
as a convenient benchmark. Also in this case, our conclusions do not hinge on category semantics.

D.1 ADDITIONAL DETAILS ON DEEP RESIDUAL NETWORKS

In this section, we give precise implementation details of the class of deep residual networks we
consider. We focus on ResNet-style architectures (He et al.,[2016)) adapted to CIFAR-10 images while
preserving the canonical residual topology. Specifically, we remove batch normalization and max
pooling layers so that feature map resolution and statistics are maintained throughout. Apart from
this, the residual block structure and overall layout are preserved. More formally, let ¢(-) = ReLU(+)
applied element-wise and let C’f:’l‘)[} denote a bias-free 2D convolution with kernel size k x k, stride
1 and padding 1, mapping from a to b channels. Let a residual block be

B(u) = ¢(u+ Cp 5 [o(C5 [ul)]) - (165)

Given an image x € R3*32%32 (ag in the case of CIFAR-10 examples), we consider in our experiments
deep residual networks with architecture

20 = Cgix,fg[x] 2y = B(zp—1) forb=1,...,4, frn(z) = [H(L)]Tvec(z4) ,  (166)
with (1) € R"77 the last layer’s parameters. We denote with vec(-) the flattening of the dimensions
of the 3D tensor z; to a vector. The choice of dimensionality for #(%) is motivated by the first
convolution mapping the spatial size for CIFAR-10 images to h x 7 x 7 and the blocks preserving
it. We select the number of output channels h based on the choice of the number of parameters in
the last layer p(™) as these two quantities are tied together, being h = p(¥) /72, eventually truncated
to the nearest integer. Parameters of the first convolutional layer are initialized as 91(70]-) ~N(0,1/d)
i.i.d., while for [ > 1 parameters are initialized as 02(1]) ~ N(0,1/fan_in) i.i.d. Here, fan_in equals

the number of input units (for convolutional layers: h - k2; for the last linear layer: p(%)).

E ADDITIONAL NUMERICAL RESULTS

E.1 FURTHER RESULTS ON SPAN INCLUSION

As mentioned at the end of Section ] and in the caption of Figure [2] we test whether the features
computed on the training dataset are spanned by the features of the reconstructed examples. To this
end, we calculate the average per-feature orthogonal residual, formally defined as

R 1 <&
r(®) = n—ﬁZHP; o(z)| (167)
=1

2 )

where Pg = I — P; projects onto the orthogonal complement of span{rows(®)}. Thus r(®) = 0

if and only if every ¢(x;) lies in span{rows(®)}. The normalization by n,/p makes 7(®) of order 1

so that values of r(®) < 1 indicate numerically negligible residuals (i.e., effective span inclusion).
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Figure 9: Features of the training dataset ® are spanned by the features of the reconstructed dataset o.
We consider RF regression with ReLLU activation on i.i.d. samples uniformly distributed on the d-dimensional
sphere (d = 100, n = 20), 10-class one-hot regression with a 2-layer ReLU network trained with gradient
descent on CIFAR-10 (n = 10) and regression on binary labels (frogs vs. trucks) with a ResNet trained with
gradient descent on CIFAR-10 (n = 10). We report mean (solid line) and standard deviation (shaded area) for
the reconstruction error (in red), for the training loss (in black) and for the per-feature orthogonal residual of
projecting ® onto span{rows(®)} (in blue), as the number of parameters increases. We indicate with p‘*) the
number of parameters in the last layer. Statistics are computed across 10 distinct random seeds.
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Figure 10: Reconstructing CIFAR-10 training images from an RF model with the activation function
satisfying Assumption[2] We repeat Figure ] with the same seed, reconstructing CIFAR-10 training images
(n = 100) from an RF model with activation function ¢(z) = ReLU(z) + tanh(z) on binary labels at
p = 10dn. Odd rows report the ground truth images, while even rows the reconstructed ones. In this experiment
the activation function is consistent with Assumption[2} and indeed, this excludes the possibility of reconstructing
sign-flipped versions of the originals.

Figure 0] summarizes the interpolation-reconstruction behavior across RF regression (synthetic data,
same setting of Figure 3, two-layer ReLU neural networks (CIFAR-10, multi-class, same setting
of left Figure [6), and deep residual networks (CIFAR-10, binary, same setting of right Figure [6)).
Both the reconstruction error (red) and the per-feature orthogonal residual (blue) remain large until
the model crosses the threshold p ~ dn (p*) ~ dn for neural networks), after which they drop
sharply. This trend is consistent with Figure 2} successful reconstruction occurs precisely when
©(x;) € span{rows(®)} for all 7, i.e., when ||P£‘<p($i)||2 ~ 0. Also in these settings, for p < n, the
optimization converges to the non-degenerate case Py = I, which makes the orthogonal residual
trivially zero.

E.2 DATA RECONSTRUCTION ON RF WITH MIXED-PARITY ACTIVATIONS

Figure[I0repeats the setup of Figured]on CIFAR-10 (binary labels, n = 100) using the same random
seed and optimization protocol, but replacing ReLU with the activation ¢(z) = ReLU(z) + tanh(z)
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that has high-order Hermite coefficients of different parities. In contrast to Figure[d] no sign-flipped
reconstructions appear. This outcome is precisely what Assumption 2]and Remark [T] predict: ReLU
alone violates the assumption (its odd Hermite coefficients pi2¢41 vanish for £ > 1), allowing x; and
—x; to be indistinguishable under the reconstruction loss. Adding tanh supplies non-zero coefficients
of opposite parity, restoring identifiability of the sign and removing this degeneracy.

E.3 ADDITIONAL ABLATION STUDIES

Effects of different learning rates in the reconstruction optimization. To assess the effect of the
step size on the success of the data reconstruction, we have conducted an additional ablation using
Binary CIFAR-10 (n = 20) on the RF model. Starting from the base step size n* = 2 - 102, we have
considered n € {n*/4,1*/2,n*,2n*,4n*} across 10 distinct random seeds. In Figure[11] we plot
the reconstruction error, the total number of iterations for which the reconstruction algorithm is run,
and the final reconstruction loss £, as a function of the number of parameters p. For larger step sizes
(2n* and 4n*), we observe oscillatory behavior of the reconstruction loss that prevents convergence
within a reasonable budget. Guided by the smallest step size (n* /4), for which the loss consistently
converges to zero within at most 6 - 10* iterations across seeds and number of parameters p, we cap
the optimization at 6 - 10* iterations in this experiment. As shown in Figure for all step sizes that
converge within this budget (n* /4, n* /2, n*), the reconstruction error drops to zero once p > dn,
indicating that the reconstruction procedure is robust to the choice of the step size provided it is not
taken excessively large.

Number of reconstructed samples different from number of training samples. So far, we only
discussed the results of optimizing £(X) when setting X to be a matrix in R"*¢, In Figure we

numerically investigate the effects of setting X to be a matrix of size 72 x d, when 7 # n. Specifically,
we consider Binary CIFAR-10 with n = 50 (25 “frog” images vs. 25 “truck” images) and a RF
model with p = 10dn. When reconstructing fewer samples (7 < n), we observe that the outputs of
the reconstruction often mix the structure coming from multiple ground-truth images. Intuitively,
this translates in the fact that the reconstruction seems to be minimized when X has rows that are a
superposition of multiple training data, rather than a subset of the training data themselves. Increasing
n progressively reduces this noise. Conversely, when reconstructing with more rows than training
samples (7 > n), we find that 50 of the recovered images match the n = 50 training samples, while
the extra 7 — n = 10 reconstructions are simply duplicates. From a practical perspective, this means
that, in order to estimate n, it suffices to iteratively increase n until the first duplicate appears.

Reconstruction from vision transformer architecture. In Figure|13| we provide numerical results
on vision transformers trained on CIFAR-10 in the multi-class setting, using the same reconstruction
procedure. We study randomly initialized vision transformers (Dosovitskiy et al.l [2021) akin to
ViT-B/16 on which we vary the embedding dimension trained on one-hot encoded labels from the first
five classes of the CIFAR-10 dataset (n = 5). Vision transformers display a similar phenomenology
to fully connected and residual architectures: when the number of parameters p(*) exceeds dn, the
reconstruction error goes down and images are recovered successfully.

Effects of weight regularization. So far, we discussed reconstruction from the weights of a trained
model without regularization, as expressed in Eq. (2). Adding a ridge parameter A > 0 would change
the training loss as

3 (o) 70— yi)” + All6)2, (168)

i=1

Etrm’n (0) =

S|

whose unique minimizer is
0 =37 (@7 +nA) Y. (169)
For a fixed value of \ (not dependent on d, n and p), and due to Eq. , we have

[, = O(n), Amin (227) = Q(p). (170)

Intuitively this suggests that, as p grows large, the effect of a fixed regularization term A\ becomes
negligible, and reconstruction is still possible. This is verified numerically in Figure [I5] where
we see that even for very large values of A we find a qualitatively similar threshold for successful
reconstruction.
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Figure 11: Ablation on step size used for the reconstruction procedure. We consider RF regression with
ReLU activation on binary labels (frogs vs. trucks) with n = 20 images (10 examples per class) from CIFAR-10.
Starting from the base step size n* = 2 - 10 used in all the CIFAR-10 experiments, we report the reconstruction
error (left), total number of training iterations needed by the reconstruction algorithm (center) and reconstruction
loss (right) as a function of the number of parameters p, aggregated over 10 distinct random seeds. Guided by
the smallest step size (17* /4), for which the loss consistently converges to zero within at most 6 - 10* iterations
across seeds and number of parameters p, we cap the optimization at 6 - 10* iterations.
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Figure 12: Dataset reconstruction without knowing the exact number of training samples n. We fit an RF
model with ReLU activation and p = 10dn on binary labels (frogs vs. trucks) with n = 50 images (25 examples
per class) from CIFAR-10. We then optimize the reconstruction loss [,(X ) with X € R and the number of
reconstructed samples 7 different from n. We assess both the case when reconstructing fewer samples (7 < n,
left column) and more samples (2 > n, right column) than the ground-truth number of samples n. In the latter
case, we also plot the extra n — n = 10 examples.

Effects of pruning. In Figure [I6] we explore numerically the behavior of our reconstruction
algorithm on a pruned network, following the same synthetic setup of Figure 3] We first obtain
0* = ®TY and then run Optimal Brain Surgeon (Hassibi & Stork, |1992|) which in our context
(convex problem on square loss) provably incurs in the minimal increase in training loss, given a
fixed sparsity ratio. We select either d = 30,n = 20 (left plot of Figure[3) or d = 100,n = 100
(right plot of Figure[3), reporting the results for several sparsity ratios. As expected, pruning seems to
increase the number of parameters needed for data reconstruction.
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Figure 13: Thresholds for label fitting and data reconstruction for Vision Transformers trained with
gradient descent on n = 5 CIFAR-10 images. (Left) We consider regression with the square loss, training
Vision Transformers on the one-hot encoding of 5-class labels. We report mean (solid line) and standard
deviation (shaded area) for the reconstruction error (in red), for the training loss (in black) and for the per-feature
orthogonal residual of projecting ® onto span{rows(®)} (in blue), as the number of parameters in the last layer
p™) increases. Statistics are computed across 10 distinct random seeds. (Right) Results of the reconstruction
when p*) = 4dn. The first row reports the ground truth images, while the second row the reconstructed ones.
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Figure 14: Thresholds for label fitting and data reconstruction on Tiny-ImageNet. (Left) We consider RF
regression with ReLU activation on binary labels (class 2 vs. class 116) with n = 20 images (10 examples per
class) from Tiny-ImageNet (d = 12288). We report mean (solid line) and standard deviation (shaded area) for
the reconstruction error (in red), for the training loss (in black) and for the per-feature orthogonal residual of
projecting ® onto span{rows(®)} (in blue), as the number of parameters p increases. Statistics are computed
across 10 distinct random seeds. (Right) Results of the reconstruction when p = 10dn. Odd rows report the
ground truth images, while even rows the reconstructed ones which are all visually very similar.
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Figure 15: Thresholds for label fitting and data reconstruction in the presence of regularization. We
consider RF regression with ReLU activation, fitting a noisy linear model with /> penalty (ridge). The training
data is i.i.d. uniformly drawn from the d-dimensional sphere. We report mean (solid/dashed lines) and standard
deviation (shaded areas) for both the reconstruction error (solid lines) and training loss (dashed lines) as the
number of parameters p increases, at different choices of input dimensions d and number of samples n. Statistics
are computed across 10 distinct random seeds. Lighter colors refer to stronger regularization, which does not
significantly deviate from the behavior of training without regularization (red lines, occluded).
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Figure 16: Thresholds for label fitting and data reconstruction of pruned models. We consider RF regression
with ReLU activation, fitting a noisy linear model. The training data is i.i.d. uniformly drawn from the d-
dimensional sphere. After fitting, we prune the trained parameters #* with Optimal Brain Surgeon
to a desired sparsity ratio (i.e., p’ /p with p’ the number of remaining parameters). We report
mean (solid/dashed lines) and standard deviation (shaded areas) for both the reconstruction error (solid lines)
and training loss (dashed lines) as the number of parameter p increases, at different choices of input dimensions
d and number of samples n. Statistics are computed across 10 distinct random seeds. Lighter colors refer to
lower sparsity ratios, compared against the unpruned baselines (red lines).
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Figure 17: Multi-class training data reconstructed from a neural network trained with cross-entropy on
CIFAR-10. We repeat the experiment of Figure[7]by training a two-layer ReLU network on n = 100 images
from CIFAR-10 dataset (10 examples per class) with gradient descent. In this experiment, we cast the training
procedure as multi-class classification on cross-entropy loss. The number of parameters in the last layer of the

network is p») = 4dn.
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