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On the Stability of Dynamical Multi-Commodity Flow Networks

Davide Sipione, Giacomo Como

Abstract— We study a class of dynamical multi-commodity
flows in transportation networks. These are modeled as dynami-
cal systems describing the evolution of the densities of a number
of different commodities across the cells of a transportation
network. Each cell is characterized by commodity-specific
increasing demand functions returning the maximum outflow
of each commodity from the cell as a function of the current
density of that commodity, as well as a decreasing supply
function returning the total maximum inflow that is allowed in
the cell as a function of the current aggregate density in the cell.
Every commodity is characterized by a different routing matrix,
whose entries describe the turning ratios between adjacent cells.
We identify a (typically convex) capacity region: for exogenous
inflow vectors belonging to that region, we prove the existence
of a locally asymptotically stable free-flow equilibrium point.
Building on a contraction argument, we also provide an estimate
of the basin of attraction of such free-flow equilibrium point.
Finally, we analyze a simple special case showing that, when
the exogenous inflow vector does not belong to the region of
stability, non-free flow equilibrium points might arise.

I. INTRODUCTION

Transportation systems have evolved in recent years due to
increasing users’ heterogeneity and infrastructure reshaping
to tackle environmental challenges. The traffic modeling and
control problem has been an important field of study for
almost over a century [1] and [2] leading to models still
widely used in recent years. This is the case of the celebrated
Cell Transmission Model (CTM), [3] and [4], that efficiently
simulates traffic conditions such as congestion, bottlenecks
and shockwaves, making it a great tool for both theoretical
studies and real-world applications.

In this paper, we consider a class of multi-commodity
dynamical flow networks, modeled as dynamical systems
driven by mass conservation laws on directed multigraphs.
The nodes of the graph represent junctions and the links can
be identified with (portions of) roads. Multiple commodities
(representing, e.g., different types of vehicles) share the same
infrastructure and interact between each other. The laws
of mass conservation model how traffic volume varies on
each link. Demand functions determine the maximum total
outflow for each commodity and link while supply functions
are shared by commodities and model the maximum total
inflow for each link. Some links work as sources (on-ramps)
whose total inflow corresponds to a constant exogenous input
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of traffic volume coming from the external world. To make
it possible for vehicles to leave the network some link act as
sinks (off-ramps) whose total outflow simply corresponds to
their demand function.

This setting is widely use in the field of transportation net-
works, where models tend to differ based on how congestion
is handled. In fact, many allocation rules can be found in the
literature: a non-FIFO rule ( [5]), FIFO rules ( [6], [7] and
[8]), and mixed rules ( [9]). The main difference between
these rules appear when the supply functions are not able
to accomodate the whole incoming flow and thus congestion
is generated. In this paper we focus on the study of the
free-flow equilibrium points. Hence, if all these model act in
the same way when in free-flow, then it is possible to study
them together. So, we shall take in consideration models such
that in free-flow the flow between two links is simply the
demand function multiplied by a turning ratio, which is the
percentage of flow directed to that particular link.

Given these considerations, it is possible to characterize
the stability properties of this class of models. In fact, within
the space of the exogenous inflow there exists a (convex)
stability region, such that if the exogenous inflow lies strictly
inside it, then the network admits a locally asymptotically
stable equilibrium point. However, when this condition does
not occur, two distinct situations can happen: the traffic
volume of some links grows unbounded or the system still
converges to an equilibrium. Although this second case is
hard to characterize, we shall provide an insightful example
such that this congested equilibrium point can be analytically
computed.

This paper provides a novel mathematical model for
multicommodity dynamical flow networks which groups
previously studied models (e.g., [10]) that act in the same
way inside the free-flow region. The stability of this class of
models is studied by generalizing results obtained in single
commodity scenarios ( [5], [8]) and the presence of a free-
flow equilibrium point is characterized. It is worth men-
tioning that the multi-commodity dynamical flow network
model considered in this paper differs from [11], where
the commodities adopt dynamic routing rules on acyclic
networks. Similar classes of multi-commodity flow networks
are also studied in [12], within the framework of strong
input-to-state stability: our approach, based on [;-contraction,
differs from the one in [12] and provides tighter results (for
a more specific class of dynamical flow networks).

The rest of the paper is organized as follows: in the
remainder of this section we provide some basic notation. In
Section II we introduce the setting of transportation networks
and we exploit it to introduce the class of models under



Fig. 1: Two commodities share the same infrastructure: blue links are
reserved for commodity 1, red links for commodity 2, and purple links
can be used by both

study, providing some useful examples of different models.
In Section III we study the stability of these models and state
our main results. Section IV provides an insightful analytical
example. Finally, in Section V conclusions are drawn and
possible future research topics are issued. The proofs of
the theoretical results are omitted and can be found in the
extended version of this paper [13].

Notation

The sets R and Ry represent the sets of real and non-
negative numbers, respectively. Given two finite sets .4 and
B then R4 is the set of real numbers indexed by elements
of A. Similarly, R4*5 is the set indexed by the product set
of A and B. A directed multigraph G = (V,€) has a set
of nodes V and a finite multi-set of links £. Two vectors
o in V¢ and 7 in V¢ such that o; and 7; are two nodes
representing the tail and head node of a link ¢ in &.

II. MODEL
A. Multi-commodity Transportation Networks

We model the topology of the transportation network as
a nonempty finite directed multigraph G = (V, £) with node
set V and link set £. Every link ¢ in £ is directed from its tail
node o; in V to its head node 7; in V' \ {o;} and represents
a cell (or road section). Every node v in V represents either
a junction or the interface between two adjacent cellsﬂ A
special node w in V represents the external world: links ¢
in £ with 0; = w are called on-ramps, while links ¢ in £
such that 7; = w are called off-ramps. We denote the sets of
on-ramps and off-ramps as R ={i € £: 0, = w} and S =
{i € £: 7; = w}, respectively. We define the set of pairs of
adjacent cells as A= {(i,j) € EXE 1y =0 #w}.

The network infrastructure is shared by a nonempty finite
set K of commodities. For every ¢ in £ and k in I, the
variable :rgk) > 0 denotes the traffic volume (or density) of
commodity % on cell ¢. Every non on-ramp cell 7 in £\ R is
characterized by a supply function s; : Ry — R, returning
the maximum possible in-flow s; (3=, 2'*') as a function of
the total traffic volume ), J:gk) on that cell, and a family
of demand functions dl(-k) : Ry — Ry, for k in K, each
returning the maximum out-flow dgk) (xz(-k)) of commodity k

as a function of the traffic volume :cfk of such commodity on
that cell. Throughout the paper, we shall make the following
assumption on the supply and demand functions.

'Notice that assuming that o; # 7; for every i in £ is equivalent to
ruling out the presence of self-loops in G.

Assumption 1. (i) The supply function s; of every non-
onramp cell i in E\'R is Lipschitz-continuous, and such
that

5:(0) >0, 5:(€) < si(n), VE>n>0; (D

(ii) the demand function dgk) of every cell i in € and
commodity k in K is differentiable, and such that

dP0)=0, @)@ >0, vex=0. @

Example 1. We introduce an examples of linear demand and
affine supply function:

AP (&) = B¢ si(6) =~ —ag

A simple example of a network with multiple commodities
is shown in Figure [I]

To every commodity % in KC, we associate a routing matrix
R®) in Rixg, whose entries RE;C) represent the fraction of
commodity £ outflow from cell ¢ that is directed to cell j.

Assumption 2. For every commodity k in I, the routing
matrix R®) in RE*E is such that

k) _ .
RY =0, Wij)eExENA, 3)
w |1 Vie&\S
>R _{ 0 Vies, @
JjeE
and, for every iy in &, there exists | > 0 and (i1,1i2,...,4;)

in E' such that
l

€S, HR(k)

in_vin > 0. (5)
h=1

Equation (3) guarantees that non-sink cells only send flow
to adjacent cells, while equation (4) implies that the outflow
directed towards the external world comes only from sink
cells. Moreover, equation (E]) states that for each 7 in £ there
exists a finite path to a sink, so that flow can always leave
the network. This assumption is rather natural and implies
that, for every commodity % in /C, the routing matrix R is
Schur stable, i.e., its spectral radius is smaller than 1, so that
the matrix I — R(%) is invertible with nonnegative inverse

(I—RMY =14+ R® L (REZ 4. (6)

Definition 1. A Multi-commodity Transportation Network
(MTN) is the tuple of a nonempty finite directed multigraph
G = (V,&), a finite set of commodities IC, supply functions
s; and demand functions dl(.k) satisfying Assumption || and
routing matrices R%) satisfying Assumption for every cell
i in € and commodity k in K.

B. Multi-Commodity Dynamical Flow Networks

The system’s state is a time-varying element x = x(¢) of
the nonnegative orthant

X =R{F, ™

whose entries xgk) = xgk) (t) represent the traffic volume

of each commodity & in K and cell ¢ in £ at time ¢ > 0.



We shall refer to the vector of traffic volumes of the same
commodity k in K as %) in Rf.

The system’s inputs are exogenous inflows )\Z(»k) > 0 for
every on-ramp ¢ in £ and commodity % in /C, representing the
rate of traffic entering the network from the external world.
For notational convenience, we shall set )\Ek) = 0 for every
non on-ramp cell ¢ in £\ R and refer to A = (Agk))ies,kelc
as the exogenous inflow array.

Mass conservation then dictates that the variation of traffic
volume of a commodity & in a cell ¢ equals the difference
between the total inflow to and the total outflow from that

cell
. (k k k
S
jEE

) — 2 (), ®)

where fi(f) () > 0 is the state-dependent direct flow of
commodity & in /C from a cell ¢ in £ to another cell j in &,
while
" > @) iee\s
2" (x) = § i€ )
dP @Ry ies,

is the total out-flow of commodity k£ from cell ¢. Notice that
(8) can be rewritten in compact vector form as

") = \®)  (RONT R () — W (z) vk e K. (10)

In order to fully specify the dynamics of the system, we
are then left to express the functional dependence of the cell-
to-cell flows fi(f) (z) on the state x. For this, we account for:

« the demand and routing constraints, dictating that the
direct flow fi(f) (z) of a commodity k from a cell i to
another cell 5 should not exceed the (product of demand

dgk)( (k)) times the turning ratio RU , Le.,

1P @) < RPdP ™), vijeé kek.
1D
Combined with (9)), implies that
(@) < d® (@M, Vie&, kek,

i.e., the total outflow of a commodity from a cell never
exceeds the demand, while (3) and together imply
that

@) =0,

so that there is no direct flow of any commodity between
non-adjacent cells;

« the supply constraints, dictating that the aggregate total
inflow of all commodities in a non on-ramp cell ¢ should
not exceed the supply s;(> ", xik)), ie.,

N> i@ <sid 2,

keK jeE kex

V(i,j) € Ex E\ A,

i€ E\R. (12)

It is convenient to identify those states x in X such that

SRV @) <530,

keK je& keK

13)

for every 7 in £ \ R, i.e., where the supply constraints are
inactive, even if all demand and routing constraints are met
with equality. We shall refer to the set of such states as the
free-flow region and denote it by

F={zeXx:([13}.

Given all these considerations it is possible to define the
Multicommodity Dynamical Flow Network.

Definition 2. Given a MTN and an exogenous inflow array
A= (/\Z(-k))ie&ke;g, a Multicommodity Dynamical Flow Net-
work (MDFN) is a dynamical systems satisfying equations

@)-(12) and

@)= RPdP ),  veerF, ijee, kek.

(14)

Equation (14) dictates that, for every free-flow state x in
F, the demand and routing constraints (IT) are met with
equality. In particular this yields

B @) =3 1B () = 3 RO (o)

JjEE je€

= d® (M)

15)
for every free-flow state x in F, cell ¢ in £\S and commodity
k in K.

Notice that the definition above only models the behavior
of the system within the free-flow region, so it is possible
to use models that act differently outside of that region. To
this end, we shall introduce two relevant examples.

Example 2. Consider the following FIFO allocation rule

F(@) = F (@)RY dP (@) (16)
where vF' = max{vy € [0,1] : .}
- max Z ZR,L])d,(f ) < SJ(Z mg-k)), (17)
R(k) , kK heg keK

ie., vF is the maximum value in [0,1] such that for each
cell j, with (i,7) in A, the supply constraint is satisfied.
This means that all the flows sent to downstream cells are
scaled by the same value, even if for some cells more flow
could be allocated. In the literature we found examples of

FIFOs models in [6], [14], [7].

Example 3. Consider the following non-FIFO allocation

rule
Sj( 2 x§-h’)
(k) (k) (k) (K)o hE’C
fij (x) = Ry d;™ (2;"") min 4 1, 5 ZRZ (h))
ictnex

(18)
which states that when the supply function cannot accomo-
date all the incoming flows of all commodities, each flow
is properly scaled based on the total amount each cell and
commodity want to send. In [5] such non-FIFO allocation
rule has been studied in the single-commodity case.

We conclude this section with the following standard result



establishing well-posedness of the initial value problem
associated to any MDFN.

Lemma 1. Consider a MDFN and define X be as in (7).
Then, there exists a map

0 R XX = X,

such that for every T in X, x(t) = @(t,T) is the unique
solution of the MDFN with initial state x(0) = 7.

We conclude this section by recalling a few standard
definitions that will be used in the next section. For a MDFN:

e for § >0 and z* in X,
Bs(z*)={x € X: ||z — a™||1 < d};

e an equilibrium point is an array z* in X such that
p(t,z*) = x* for every t > 0;

« an equilibrium point z* is stable if for every € > O there
exists some ¢ > 0 such that, for every x in Bs(z*), we
have that ¢(t,z) € B:(z*) for every t > 0;

o the region of attraction of an equilibrium point x* is
defined as A(z*) = {z € X : o(t,z) "=5° 2*};

o an equilibrium point z* is asymptotically stable if it is
stable and there exists 6 > 0 such that B5(z*) C A(z*);

« an equilibrium point 2* is globally asymptotically stable
if it is stable and A(z*) = X.

III. EXISTENCE AND ASYMPTOTIC STABILITY OF
FREE-FLOW EQUILIBRIUM POINTS

In this section we study the existence and asymptotic
stability of free-flow equilibrium points of MDFNs, using
single-commodity studies in [8] as a foundation.

Towards this goal, we start by introducing the notions of
capacity region of a cell and of stability region of an MTN.

Definition 3. Consider a MTN with topology G = (V, £), set
of commodities IC, supply functions s; and demand functions
dgk) satisfying Assumption |1} and routing matrices R¥)
satisfying Assumption [2] for every i in € and k in K. Then:

(i) the capacity region of a non on-ramp cell i in E\ R is

Ci = {C ERY: D Go<si() (dgk))_l(Ck))} ; (19)

ke keK
(ii) the stability region of the MTN is the set of inflow
vectors \ in R such that

(((r=@®M)T)=a®) )
and will be denoted by
A={XeRPC: @O} .

A few comments are in order. First, consider the single-
commodity case, i.e., the special case when |K| = 1. In this
case, the capacity region of each non on-ramp cell 7 in £\ R
is a semi-open interval C; = [0, ¢;) where the capacity value

c; =sup{d;(§) : £ >0, di(§) <si(§)},

ECia

Vi e E\R, (20)
ke

G

\1 Ca
Fig. 2: Capacity region with || = 2, d{"(¢) = d'?(€) = &, s:(¢) = 2—¢.

is either the value where the cell’s demand and supply curves
meet, or it is equal +o00, when the two curves do not meet.
On the other hand, for every exogenous flow vector A in R,

(I=RT)TIAN=A+R" A+ (RD2A+(RT3N+..., 2D

is a nonnegative vector that accounts for both direct and
indirect effects of \, as transported by the routing matrix R.
Hence, in the single-commodity case, (20) requires that every
entry ((I — RT)’l)\)i of the vector (ZI)) corresponding to a
non on-ramp cell 4 in £\R is strictly below the corresponding
capacity value c;.

In the multi-commodity case, i.e., when || > 1,
defines the capacity region C; of a non on-ramp cell ¢ in
E\'R as the set of non-negative vectors ¢ in R’f whose entry
sum »_, (j is strictly below the value of the cell’s supply
function s;(-) computed in the sum across all commodities
in KC of the inverse demand functions (dgk))_1 (Ck). For every
exogenous inflow vector A(¥) in Ri of a commodity £ in /C,
each nonnegative vector (I —(R*))T)=I\(¥) again accounts
for both direct and indirect effects of A(*), as transported by
commodity k’s routing matrix R*). Condition requires
that, for every non on-ramp cell ¢ in £ \ R, the nonnegative
vector ¢ in RY with entries ((I — (R(k))—r)*l)\)i for every
commodity k in K, belongs to the capacity region C;.

Notice that, if the demand functions dgk) of a non
onramp cell ¢ in £ \ R are concave, their inverses
(dgk))_1 are convex; if, moreover, the supply function
s; is concave non-increasing, then the composition { —
5i(Q pex (dgk))_l(ck)) is concave, hence in this case the
capacity region C; of the cell 4 is convex. Since dictates
that a linear function of the exogenous flow A belongs to the
capacity region C; for every non onramp cell 7 in £\ R, we
get that a MTN whose demand and supply functions are all
concave has a convex stability region A.

Example 1 (continued). Recall the demand and supply
Sfunctions previously defined. Here we will set 8 = o = 1 and
~v = 2, which yields dgk) (&) =€ and s;(§) = 2 — £ Hence
for every (i, in R, this implies that (dl(k))fl((k) = (-
For the sake of simplicity we shall assume to have only two
commodities, namely a and b. Then, for any non-onramp
cell i in E\ R, we can compute the capacity region as
C; = {( € Ri o+ G < 1)} . The capacity region of a
cell i just found can be seen in Figure [2}

We are now ready to state our first result providing
necessary and sufficient conditions for the existence and
uniqueness of a free-flow equilibrium in a MDFN.

Proposition 1. Consider a MTN satisfying Assumptions



and 2] and let A be its stability region. Then, every MDFN
with exogenous inflow array A admits a free-flow equilibrium
point if and only if A € A. Moreover, in this case, the free-
flow equilibrium point is unique.

We shall now introduce the concept of /;-nonexpansivness
useful for the stability analisys.

Definition 4. The MDFN is l1-nonexpansive in a region R C
X if for every x and y in 'R and for every T > 0 such that

o(s,2),p(s,9) ER, VOo<s<T, (22)

we have that

llo(t,y) — ot 2)|l1 < |ly —z|h (23)

Lemma 2. Every MDFN is l1-nonexpansive in every convex
subset D C F of its free-flow region.

Lemma 3. Consider a MDFN. For a free-flow equilibrium
point x* in F, let

0" = sup{d > 0 : MDFN is ly-nonexpansive on Bs(z")}
If =* is asymptotically stable, then Bs«(z*) C A(x*).
We are now ready to state and prove our main result.

Theorem 1. Consider a MTN satisfying Assumptions [I| and
and let A in A be an exogenous inflow array within its
stability region. Consider a MDFN and let x=* in F be its
unique free-flow equilibrium. Define

§= inf ||z —a*|; >0.

(24)
TEX\F

Then, x* is asymptotically stable and
Bs(z*) C Bs-(z*) C A(z*).

We now show that, as a special case, Theorem E] recovers
a result first proven in [5].

Corollary 1. Consider a MTN with |K| = 1, satisfying
Assumptions |l| and 2| and let \ in A be an exogenous
inflow array within its stability region. Consider the MDFN
with the non-FIFO allocation rule (18). Then, the free-flow
equilibrium point x* is globally asymptotically stable.

The following result concerns another special case when
Theorem [I] ensures global asymptotic stability of the free-
flow equilibrium point.

Corollary 2. Given \ € A, let x* € F be such that
(@) = (@) UZ=(RE)T) AV vieg kek

(25)
If for every t > 0 holds that

s> 2" >3 dP V) viee

keKx keK

(26)

then the equilibrium point x* is GAS.

IV. AN ANALYTICAL EXAMPLE

Even though it is possible to characterize free-flow equi-
librium points analytically, it does not appear clear whether

where for each demand & = 20

Fig. 3: Diverge junction network

some non free-flow equilibrium points may arise and, if they
do so, under what circumstances. In order to address this
problem, we introduce a relevant example, while keeping
the dimensionality of the MDFN as low as possible.

Consider the network G = (V, £) in Figure [3| with {1} in
R and {2,3} in S. The flow is split into two commodities,
namely a and b, that interact with each other in a non-FIFO
manner. Assume demand and supply functions as in Example

, ~ and for each supply
E=> xgk). Commodity a is equally split between cells
2 and 3, while commodity b is sent entirely towards cell 2.
Thus, the routing matrices, R@ and R(b), can be defined
such that R{Y = R{? = 05, R{Y = 1 and equal to 0
otherwise.

Once our framework has been set, we can delve into the
study of the stability of the MDFN. Firstly, it is crucial
to understand under what conditions an equilibrium does
exist, i.e., the maximum amount of exogenous inflow that
can be handled by the network. To this end, the fact that
at equilibrium the difference between the total incoming and
out-going flow must be zero implies the existence of a region
Ap, defined as Ap = {\ € R? : A§“> + )\gb) < 2}. Recall
that, in (20), we defined the region for which a free-flow
equilibrium point does exist. In our examg)le, this stability
region is App == A = {} € R2 : AW 4 2\ < 2},
Notice that Apr C Ap, which follows from the fact that Ag
is the biggest region that makes an equilibrium admissible.
Moreover, this implies the existence of a third region Ap\ pp
such that App U AB\FF = Ag.

Only four scenarios may arise: (i) free-flow, (ii) congestion
on cell 2, (iii) congestion on cell 3, and (iv) congestion
on both cells 2 and 3. Our analysis will then proceed by
analytically finding the equilibrium points in each of those.

(i) free-flow: as proven, a free-flow equilibrium point ex-
ists only if A is in App and can be computed as

(2@)r = (T (RO)T)~\®
(@) = (T—(RO)T)"AW

Thus, we find
()"
()"

(i) Congestion only on cell 2: in the non-FIFO model this
implies that

0. 10 )
(M7 AY)

a b
2—xé)—xg) <1

0< 27)

Jai” +af”
Since xéa) +x§b) = 1, because cell 2 is a congested off-
ramp, we solve the equations of equilibrium, yielding



‘ 2 A

Fig. 4: Stability and bounded regions with points A = (0.5,0.5), B =
(1.2,0.5) and C = (1.5,0.5)

2", 1= AP, A AP - 1)
AP A 1) (8)
oe M)

()"
(z®)*

Hence, the equilibrium point is unique and by substi-
tuting it in (27) yields the inequality

AY 422" > 2 5N € Apypr

So, a congestion happening on cell 2 allows for an
equilibrium z* only if A is chosen outside of the
stability region.

(iii) Congestion only on cell 3: in this particular setting this
case never occurs. Indeed, since cell 3 always receives
less flow, if it is congested so is cell 2;

(iv) Congestion on both cells 2 and 3: this case can be
interpreted as

27w;a)7a:éb>

0< =32 <1
oy 4y
a)
2—x
0< —as <1
5T
271

Again, it is possible to solve the equilibrium’s equation,
yielding

a))* )\ga) -1 (a)
(x( )) = (07l OBE )\1 — ]., 1)
203
(@) = (e A")

where c is in R. So, there are infinitely many equilib-
rium points, that have different values of xga) and xgb).
Moreover, if we substitute an equilibrium point into the
condition xéa) + ng) = 1, we obtain )\ga + A(lb) =2
so that A € OAp. To summarize, a continuum of
equilibrium points can arise if A is chosen on the
boundary of Ap.
To validate these results, we provide simulation of the system
by choosing three different combinations of exogenous in-
flows as shown in Figure EL Moreover, for each combination
two different initial conditions z(0) and Z(0) are considered.
Given the exogenous inflows J, it is possible to compute
the equilibrium points for each case separately.

ehp = (0.5,0.5,0.25,0.5,0.25)
Cppp = (14,0.7,0.5,05,0.7)
Thp (2¢,¢,0.5,0.5,1)

The results, shown in Figure [5| show that if A is chosen
inside or outside the stability region, the trajectories corre-
sponding to the two initial conditions converge to the same
equilibrium point. On the contrary, when X is chosen on the

Taffic Volus

Traffic Volus

K] 5 o E) = I 5 o E) = I 5 o E) = )

Fig. 5: Two initial conditions ((0) in red and Z(0) in blue) under different
exogenous inflows: A € App (left), A € Ag\pr (middle) and A € Ap

(right).

boundary of Ap, different initial condition may converge to
different equilibrium points.

V. CONCLUSIONS

This paper studies a class of dynamical systems based
on dynamical flow networks led by mass conservation laws,
that act similarly in the free-flow region. This allows us to
analyze its stability properties and discuss the presence of
equilibrium points. Moreover, through an insightful example
it is shown the existence of equilibrium points not in free-
flow. Future researches could focus on generalizing the
presence of congested equilibrium points to any network and
on studying the system’s global stability.
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