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Abstract

Protein evolution involves mutations occurring across a wide range of time scales. In analogy
with disordered systems in statistical physics, this dynamical heterogeneity suggests strong
correlations between mutations happening at distinct sites and times. To quantify these
correlations, we examine the role of various fluctuation sources in protein evolution, simulated
using a data-driven energy landscape as a proxy for protein fitness. By applying spatio-temporal
correlation functions developed in the context of disordered physical systems, we disentangle
fluctuations originating from the initial condition, i.e. the ancestral sequence from which the
evolutionary process originated, from those driven by stochastic mutations along independent
evolutionary paths. Our analysis shows that, in diverse protein families, fluctuations from the
ancestral sequence predominate at shorter time scales. This allows us to identify a time scale
over which ancestral sequence information persists, enabling its reconstruction. We link this
persistence to the strength of epistatic interactions: ancestral sequences with stronger epistatic
signatures impact evolutionary trajectories over extended periods. At longer time scales,
however, ancestral influence fades as epistatically constrained sites evolve collectively. To
confirm this idea, we apply a standard ancestral sequence reconstruction (ASR) algorithm and
verify that the time-dependent recovery error is influenced by the properties of the ancestor
itself. Overall, our results reveal that the properties of ancestral sequences—particularly their
epistatic constraints—influence the initial evolutionary dynamics and the performance of
standard ASR algorithms.
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1. Introduction

Proteins play a key role in many biological processes that are
essential for life. At the same time, they display a huge evolu-
tionary flexibility, in that a large diversity of protein sequences
can fold into the same structure and perform the same bio-
logical function. Such proteins are called ‘homologous’ and
grouped into the same ‘protein family’ [1-4]. During evol-
ution, a single ancestral protein belonging to a given fam-
ily can diversify its amino acid sequence and, given enough
time, explore a portion of the ‘neutral space’ of equivalently
fit protein sequences [5]. Nevertheless, a random mutation in
the amino acid sequence has a high probability of negatively
impacting the structure and functionality of the protein [6—
8]. Such kind of deleterious mutations are eliminated by nat-
ural selection, by which certain protein variants are favored
over others due to their functional advantages: neutral (or
even beneficial) mutations that maintain (or enhance) protein
structure, stability, or function are more likely to persist in a
population [9].

The picture gets more complex as one takes into account
the concept of epistasis [10-18]: the effect of a mutation on
the sequence fitness changes with the ‘background’ in which
the mutation takes place, i.e. the amino acids that are present
in the other sites of the protein. As a consequence, a mutation
that would be deleterious in a particular background sequence
can be instead beneficial in another (also called sign epistasis),
allowing evolution to explore different pathways.

Understanding and characterizing the impact of epistasis in
evolution requires careful experiments and modeling. In par-
ticular, recent developments have substantially increased the
sequence divergence that can be reached by laboratory evolu-
tion experiments [19-23]. A large amount of data is therefore
now becoming available with more expected to come soon.
Yet, the sequence diversity of natural evolution still remains
out of reach of such experiments, thus leaving an unexplored
gap in evolutionary time scales. In order to fill this gap, one
can simulate the evolution of protein sequences in silico [24—
29], relying on the data-driven approach that goes under the
name of direct coupling analysis (DCA) [15, 30]. DCA infers
a fitness landscape (analogous to an energy function in the stat-
istical physics vocabulary) starting from a multiple sequence
alignment (MSA) of natural homologs constituting a given
protein family [31-35]. The energy function that results from
this inference procedure can then be used to assign a probab-
ility to each sequence. The resulting landscape is explored by
means of a biologically motivated Monte Carlo Markov-Chain
(MCMC) algorithm, providing in silico evolutionary trajector-
ies that quantitatively mimic experimental results [24-29, 36].

Within this framework, it has been recently shown [29]
that different sites evolve with widely different time scales,
which also depend on the background sequence, due to epi-
static interactions. More precisely, sites that are more epi-
statically constrained need much longer times (or number of
generations) to evolve (i.e. accumulate mutations) compared
to less constrained sites [29]. Furthermore, whether a site is
epistatically constrained or not depends on the rest of the
sequence (the background) [37-39], which adds sequence-to-
sequence heterogeneity on top of the site-to-site heterogen-
eity. This ‘heterogeneity of time scales’ is strongly reminis-
cent of similar phenomena observed in disordered physical
systems [40-50]. There, it has been shown that a large het-
erogeneity in time scales implies the presence of strong and
highly collective space-time correlations between sites that
slow down the dynamical evolution. Furthermore, it has been
shown that the structural disorder in the initial configuration
partially encodes future correlations, and can be used (pos-
sibly by machine learning tools) to predict the future dynam-
ics [51-54], see [55] for a recent review. These are the main
observations that motivated this work.

In this paper, we measure space-time correlations to
explore how the heterogeneity of evolutionary time scales
relates to the epistatic interactions within the ancestral
sequence. We follow the dynamics of the Hamming distance,
i.e. the number of accepted mutations with respect to the
ancestral sequence. We characterize how this quantity fluc-
tuates (i) between different evolutionary trajectories originat-
ing from the same ancestor, and (ii) between different ancest-
ors. We observe a strong dependence of the dynamics on the
ancestral sequence for short enough times, over which the first
source of fluctuations is found to be subdominant with respect
to the second. On the other hand, at long times the stochasti-
city of evolutionary trajectories takes over, and any memory
of the ancestor is lost. This has important consequences, as
it allows us to properly quantify the time scale over which it
should be possible to reconstruct the ancestral sequence of a
certain set of evolutionary trajectories, and how this time scale
depends on the epistatic interactions in the ancestor itself. In
fact, we find that the amount of epistatically constrained sites
in the ancestral sequence determines this time scale: more epi-
static sequences leave their trace on evolutionary dynamics
for longer times. We then measure the correlations between
the evolution of all pairs of sites at the time scale at which
such correlations are stronger, finding a different pattern for
each ancestral sequence, which is then reflected in the evol-
utionary dynamics. Finally, we show that the magnitude of
epistatic interactions, which controls the stochasticity of the
evolutionary trajectories, is also related to the linear response
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of the evolutionary dynamics to a change in selective pres-
sure (controlled by the temperature in our Monte Carlo sim-
ulations). Hence, we show and quantify how more epistatic-
ally constrained ancestors lead to a more complex evolutionary
dynamics over longer time scales, which is also more sensitive
to perturbations of the environment.

2. Epistasis in biological data

Epistasis plays a central role in shaping protein evolution,
influencing both the structure of fitness landscapes and the
fate of evolutionary trajectories, and as such it has been the
subject of theoretical, computational and experimental studies,
see [10-18] for a few recent reviews. It has been shown that
some epistatic effects can be accounted for by a global non-
linearity of the phenotype-fitness relation [56-59], but epi-
stasis is also due to a network of more specific pairwise and
higher-order interactions. While some of these interactions are
sparse [18, 60—66], multiple studies suggest that the most rel-
evant effects tend to emerge collectively, from the accumula-
tion of numerous weak interactions between a single site and
multiple other residues across the protein sequence [14, 15, 32,
38, 39, 67-70]. This form of distributed epistasis suggests that
the evolutionary constraints on a given mutation are shaped
by the broader sequence context, rather than by a few domin-
ant interactions, highlighting the complexity of protein fitness
landscapes.

Experiments have provided valuable insights into how
mutations interact, but each methodology comes with inherent
limitations. While some studies focus on measuring epistasis
in a restricted mutational space, others provide broader data-
sets but lack information on evolutionary dynamics. Here, we
summarize the main categories of experimental data available
and discuss their relevance to our theoretical framework.

e Combinatorial mutagenesis [18, 63, 65, 71-74] experiments
involving a small number of residues have demonstrated epi-
static effects. However, these studies typically do not allow
the accumulation of sufficient mutational effects to observe
the large-scale evolutionary patterns we investigate in this
work.

e Deep mutational scanning experiments across homologous
wild-type proteins [22, 39, 75, 76], reveal epistatic interac-
tions and can be used to explore the concept of site vari-
ability within a small region of the landscape. However,
these experiments lack direct observations of evolutionary
dynamics over multiple generations.

e Experimental studies tracking evolutionary dynamics
in vitro are available [19-21, 23], but only a few cases,
such as TEM-1 [19] and PSE-1 [20] 3-lactamases, involve
multiple wild-type homologs belonging to the same pro-
tein family, whose evolutionary dynamics can be directly
compared. Moreover, these experiments do not extend far
enough in sequence space to capture the long-term epistatic
effects central to our study.

Given these limitations, we anticipate that future advance-
ments in experimental techniques will provide richer datasets
capable of testing the predictions outlined in our study. In the
meantime, our theoretical framework serves as a guide for
interpreting existing data and shaping expectations for future
experimental work.

3. Methods

3.1 Modeling evolution in silico

In order to mimic the evolution of protein sequences, we use
the DCA model energy as a proxy for the fitness landscape.
We start by building an MSA of naturally occurring sequences
for each protein family we want to study. From the MSA we
infer the parameters (fields and couplings) of the DCA model
via Boltzmann machine learning (bmDCA) [77, 78]. The res-
ulting model assigns a probability P(A) = exp[—H.(A)]/Z to
each sequence A = (ay,...,ar), with L the common length of
aligned sequences in the MSA and g; being a symbol that takes
21 possible values corresponding to the 20 natural amino acids
plus the gap symbol needed for alignment. According to the
statistical physics language, low energy

H(A) :_Z‘]ij(aiaaj)_zhi(ai) M

i<j

corresponds to high probability, hence high fitness. In this
expression, epistatic interactions between different amino
acids are represented via the pairwise couplings Jj;(a;,a;) that
have been found to be crucial in data-driven statistical models
of biological sequences, see [15, 79]. Because training of these
models has become a standard and well-documented proced-
ure [77, 78], we do not give further details here.

Following [24, 25, 29], we consider a fixed initial sequence
Ao = (a),...,a?) as the ancestor, and we let many trajector-
ies evolve from it in parallel, hence restricting ourselves to a
star phylogeny describing an ensemble of independent evolu-
tionary trajectories of common initialization. Our goal is to
characterize the statistical properties of the specific ances-
tral sequence and the sequence space accessible from it in
a given evolutionary time. The sequence evolution is simu-
lated by Monte Carlo dynamics. In this work, we use the
Metropolis algorithm acting on amino acids for simplicity, and
we verified that more refined sampling strategies taking into
account amino-acid accessibility via the genetic code, inser-
tions and deletions [24, 25, 29] produce qualitatively the same
results, see the supplemental material (SM). As it was pre-
viously shown [79], at large times the generated sequences
accurately reproduces many statistical features of the natural
sequences used for the training, and have the same probability
of being biologically functional in a given experimental plat-
form; hence, the model is generative. Here, we are concerned
with what happens at short and intermediate times, where the
influence of the ancestral sequence is still important.
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The results we report mainly concern the DNA-binding
domain (DBD) protein family already studied in a similar
setting in [29] and experimentally in [22], but for some res-
ults we also generalize to other protein families, in particular
the WW domain (WW), chorismate mutase (CM), aminoglyc-
oside 6-N-acetyltransferase (AAC6), dihydrofolate reductase
(DHFR), beta lactamase (BL), and serine protease (SP) fam-
ilies. These families have been chosen because they span sev-
eral chain lengths, and experimental data obtained either from
Deep Mutational Scanning or by in vitro evolution are avail-
able. The procedures to construct the natural MSAs for these
families are given in the SM.

3.2. Measures of epistasis

By using the MSA of a given protein family as input data, and
inferring the fitness landscape parameters via the DCA model,
the authors of [29, 38] have been able to roughly classify the
sites of any specific protein sequence belonging to the fam-
ily in three categories: conserved, mutable, and epistatically
constrained. In order to do so, they defined two site-mutability
metrics.

e The context-independent entropy (CIE) is obtained by com-
puting the empirical frequency f;(a) of occurrence of amino
acid a on site i, for every a and i, in the MSA obtained from
the natural sequences. This is then used to compute a stand-
ard Shannon entropy as

CIE; = Ef,

This quantity measures to what extent a site is variable or
conserved across the input MSA.

o The context-dependent entropy (CDE) is defined for site i in
sequence A as

a)log,fi(a @)

CDE} =

ZP

Using the conditional probability P;(alA\;) = P(a; = alA\;)
of having amino acid a on site i given the rest of the sequence
A\; = (a1,...,ai—1,0;y1,...,a.). This quantity cannot be
extracted directly from the input MSA and needs to be
obtained from the model parameters; due to the epistatic
couplings in the energy H(A) it actually differs from the
CIE. As indicated explicitly, the CDEZ depends on the site
i and the sequence A, hence on the context in which site i
finds itself. As a matter of fact, this metric quantifies the
local mutability of a site, i.e. its mutability within a certain
reference-sequence context Ay ;.

alA\;)log, P; (alAy;) . 3)

A large value of CIE or CDE means that many mutations are
allowed, while a small value means that only one or a few
amino acids are tolerated.

In terms of these quantities, a site i in a given background
sequence A can thus be classified as follows:

e Mutable sites have a large CDE and a large CIE. These sites
can tolerate many mutations, both in the natural MSA and
in the considered background.

e Conserved sites have a small CDE and a small CIE. These
sites do not tolerate mutations, neither in the natural MSA
nor in the considered background.

e Epistatically constrained sites have a small CDE and a large
CIE. These sites display a large variability in the natural
alignment, but only because the rest of the sequence is
mutating at the same time. In fact, in the considered back-
ground, only one or a few amino acids are tolerated.

Note that it is very rare that a site has a CDE larger than
the CIE, because generally speaking, fixing the background
reduces the number of mutations that can be tolerated [38].
We also stress that this classification depends on the back-
ground A, and [29] has shown that epistatically constrained
sites in a background can be mutable in another background
and vice versa (while conserved sites tend to remain so in all
backgrounds).

Furthermore, and most importantly for the present
work, [29] has considered a given background A as the ances-
tral sequence, and starting from it has performed many parallel
evolutions in silico, looking at how each site diversifies in the
library of mutants obtained after a certain evolutionary time. It
was found that mutable sites evolve very rapidly and quickly
reach their asymptotic mutability, i.e. the CIE. Conserved
sites remain so at any time during evolution, hence do not
display interesting dynamics. Epistatically constrained sites,
instead, are conserved at short evolutionary times, due to the
epistatic constraints in the background of the ancestor, which
cause a small CDE. But, as soon as the background sequence
mutates enough, they can tolerate more mutations, asymptot-
ically reaching the large CIE that they display in the natural
alignment. Their mutation, however, is contingent on several
mutations happening in the rest of the sequence, which often
require a rather long evolutionary time to take place [29].

Along with the classification of sites discussed above, we
also introduce a global measure of the level of epistasis in a
given sequence A. Because each sequence has a different set
of variable and epistatically constrained sites, we measure its
overall level of epistatic constraints by averaging the CDE over
sites,

L
1
CDE* = 7 ZCDE;‘ . “)

i=l

Hence, a more epistatically constrained sequence will display
a lower CDE".

3.3. Dynamical fluctuations

Building on the previous work described above, and inspired
by works on disordered systems [40—49], we devised a pro-
tocol (sketched in figure 1) to quantify how the amount of epi-
stasis in the ancestral sequence impacts the subsequent evolu-
tion. We consider a series of ancestral sequences, taken from
the natural MSA, let us call them Ag, By, Co, etc. Each ancestor
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Natural sequences (a)
W T TTT] B W BT 1A, —— O
BN N N BN N BSEENEEN BE B <
iy By— O | X
=y jEl_ HEN B BN B BON BEN BEN BN =R
) nl LS

—4 -2

0
PC1

0 2 -4 -2

0
PC1

Figure 1. Schematic representation of (a) an MSA in which each site is colored based on its mutability as measured by the CDE# and (b)
the protocol of our evolutionary dynamics with the relevant averages. (c) Depending on the epistatic constraints acting on the ancestral
sequence and for equal evolutionary times, we observe a different level of diversity of the evolved sequences (colored), corresponding to a

different exploration of the functional sequence space (gray).

has a different level of epistatic constraints, as measured by
the average CDE introduced in equation (4), as illustrated in
figure 1(a).

Next, we consider a star phylogeny of independent MCMC
evolutionary trajectories, all starting from the same ancestor
and evolving in parallel (figure 1(b)). Hence, for each ancestor,
we construct, as a function of evolutionary time, an MSA of
descendants that mimic those obtained through in vitro evol-
ution experiments. As a measure of diversity, we focus on
the evolution of the Hamming distance, between the ancestor
Ap and the MSA of evolving sequences at time f, A, =
(a),---,a}), defined as

L

H ) =HAA) =13 (1-6,0) .

i=1

introducing the Kronecker delta symbol 6, ,0, which is zero if
site i is mutated between the two sequenceé A, and Ay, and one
otherwise. This quantity corresponds to the ‘overlap’ in the
disordered systems literature and to the number of accepted
mutations in evolution. Other measures could be considered
as well, but we focus on this one for simplicity. For a given
ancestor, simulating many parallel evolutionary trajectories,
we thus obtain a set of realizations of the random variable
HA(1).

As illustrated through a projection in PCA space in
figure 1(c), we observe that the level of epistasis in the
ancestor determines the size of the portion of the fitness land-
scape explored by evolution. For comparable evolutionary
time, ancestors with more epistatically constrained sites (e.g.
sequence Cy in figure 1) lead to a less diverse set of evolved

sequences. Conversely, ancestors with less epistatically con-
strained sites (e.g. Ap in figure 1) lead to a widely diverse set
of evolved sequences.

To make this observation quantitative, we characterize the
statistical properties of the resulting MSAs, and how they
depend on the ancestor, by introducing two distinct averages
and corresponding fluctuations, inspired from the disordered
systems literature [45, 46, 48-50] and illustrated in figure 1(b).
Recall that the number of accepted mutations H**(¢) at evol-
utionary time ¢ for fixed ancestor A is a random variabile,
whose realizations depend on the stochasticity of the evolu-
tionary trajectory.

o First, we consider averaging over many evolutionary traject-
ories for fixed ancestor. We denote this average as [- - -]. The
variance of H4 () can then be defined as

Xaoa (1) = [H?] — [H] (6)

where the dependence of H*(¢) on Ay and ¢ is omitted to
simplify the notation. The quantity Xﬁgn(t) depends on the
ancestor Ag and on time ¢.

e Second, we consider the average over different ancestors,
which we define as (- - - ). In particular, we consider the aver-
age number of mutations [H"()] for a given ancestor, that
measures the average diversity of the evolved MSA, and
we measure how this quantity fluctuates from ancestor to
ancestor via the variance

Xeg (1) = ([H]”) — ([H])* , %)

where again the dependence of [H] = [H"*(¢)] on A and  is
omitted to simplify the notation. This quantity is the variance
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of [H] associated to the fluctuations in the background of the
ancestral sequence Ay, hence the suffix ‘bg’.

Note that the total variance of H(¢) over both sources of ran-
domness, i.e. the random choice of ancestor and the stochasti-
city of mutations along the evolutionary trajectory, can be
decomposed as

X (1) = ([H]) = ([H])?
= ([#]) = ([H) + () = (H)* @)

= Xbg (t) + Xdyn (t) 5
where
Xayn (1) = (Xion (1)) )

is the average of the ancestor-dependent ng"n (¢) over Ag. Using
these quantities, which are called ‘dynamical susceptibilities’
in the physics of disordered systems, we can thus quantify
the relative importance of the ancestor and the evolutionary
noise in determining the diversity of the resulting MSAs at a
fixed evolutionary time. In the SM we also study some altern-
ative definitions of susceptibilities, based for example on the
Hamming distance between two chains starting from the same
ancestor. However, because our MCMC algorithm is time-
reversible, these two quantities are related.

4. Results

4.1. Mutational dynamics and its fluctuations

The dynamical evolution of the Hamming distance H"(r)
(number of accepted mutations with respect to the ancestor) is
displayed as a function of the number of Monte Carlo sweeps
in figure 2, with a sweep corresponding, on average, to one
attempted mutation per site. More specifically, figure 2(a)
shows the average [H"(1)] over a star phylogeny of 10* par-
allel evolutions, for 200 choices of the ancestor A, taken at
random (with weights, see SM) from the DBD protein family.
Figure 2(b) reports the variance Xg;‘n(t) = [H?] — [H)? defined
in equation (6) over the same phylogeny, and for the same ini-
tial sequences as in figure 2(a).

Before describing three interesting cases that we high-
lighted with colors, we discuss the general traits of such
dynamics. The average Hamming distance and its variance
are both initially null because all chains start from the same
ancestral sequence. Because the DCA model is generative and
the evolutionary dynamics respects detailed balance, at large
times we expect the simulated sequences to be independent
samples from the DCA model, which then reproduce statist-
ical features of the natural ones used for training. This means
that the average of H*°(¢) and its variance converge, respect-
ively, to the average and the variance of the Hamming distance
between the chosen ancestral sequence and the rest of the nat-
ural ones. These values can vary significantly (the final average
Hamming distance in figure 2(a) varies from roughly 0.55—
0.65) depending on how close Ap is to the other sequences

10t 10°

MC Sweeps

Figure 2. Average (a) and variance (b) of the Hamming distance
between the evolving sequence and the ancestor estimated using 10>
independent trajectories, for many different ancestors (gray lines).
The thick black line represents the average over ancestors, i.e.
([H"(1)]) and xayn (1) = (X’3§“(t)>, over 200 ancestors. The green,
blue and red lines highlights the same specific choices of ancestor
used in figure 1.

in the natural MSA. The different curves, corresponding to
distinct ancestors Aj, show a wide range of behaviors and
time scales: some trajectories reach the steady state rapidly
while others take much longer, displaying intermediate plat-
eaus as a hallmark of epistasis. In some cases ngn (¢) displays a
peak and then decreases, while in others the equilibrium value
is reached in a monotonic way. The large value reached by
Xﬁ;n(t) for some initial sequences implies strong fluctuations
between distinct evolutionary trajectories, making it hard to
predict the dynamics.

In both panels of figure 2, we highlighted with colors some
representative curves. In particular, the green curve corres-
ponds to an ancestor that behaves in a rather ‘typical’ way,
close to the average. The blue curve corresponds to an ancestor
that has less epistatically constrained sites, hence the dynam-
ics is faster and less heterogeneous. Finally, the red curve cor-
responds to a highly epistatically constrained ancestor, which
leads to a slower dynamics with an intermediate plateau in
[H"(1)], and a large peak in ng"n(t). The same three ancest-
ors have been used to construct the PCA plots in figure 1 that
correspond to time t =50 MC Sweeps.

4.2. Dynamical heterogeneity across families

In figure 3 we generalize our results to many protein families,
chosen to have different ranges of sequence length, MSA depth
(number of natural sequences) and equilibration time scales.
These families are also interesting because for some of them,
experimental data from Deep Mutational Scans and in vitro
evolution are available.

For compactness, we only display the average dynamical
fluctuations, with i corresponding to the total variance of
H, X4yn to the variance due to the stochatisticy of the evolution
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DHFR

—_—

BL

MC Sweeps

Figure 3. Evolution of the different susceptibilities Xot, Xbg, and
Xdyn, for different protein families. (a) WW domain,

(b) DNA-binding domain (DBD), (c) chorismate mutase (CM), (d)
AAC6, (e) DHFR enzyme, (f) beta-lactamase (BL), and (g) serine
protease (SP).

(averaged over the ancestor), and X, to the variance due to
the choice of ancestor. All the y curves display a similar
behavior, increasing from zero to a maximum value that is
maintained over one or more decades, before finally decreas-
ing to a smaller value corresponding to equilibrium. What mat-
ters most to us, however, is the relative importance of the two
terms Xdyn and xpg in which X can be decomposed. The key
observation is that background-related fluctuations dominate
over dynamical ones at short evolutionary times, while the
inverse is true at larger times. This means that, at least over
time scales for which X > Xdyn, We can hope to reconstruct
with good accuracy the ancestral sequence from which a set
of evolutionary trajectories started. Conversely, at larger time
scales, the dynamical noise contribution dominates and the
trajectory-to-trajectory fluctuations are large enough to hide
the signal coming from the ancestral sequence, precluding the
possibility to reconstruct it. This behavior is observed in all
the protein families that we tested, with the exception of the
WW domain in which xp, never grows to larger values than
Xdyn- We attribute this difference to the small size of the WW
domain, which prevents the sequences to accumulate enough

161 162 163 10
MC Sweeps

Figure 4. Evolution of the entropy of the most epistatically
constrained sites for a specific ancestral sequence of DBD plotted
together with xi};n of the same sequence. (a)—(c) are for the blue,
green, and red sequences in figure 2, respectively.

epistatic interactions. However, both the time scales and the
relative importance of the two terms contributing to the total
susceptibility vary greatly from family to family (figure 3). In
DBD, AAC6, DHFR, and SP the peak of i is reached quite
early in the dynamics and the two contributions Xgy, and Xpg
are almost non-overlapping. On the other hand, for CM and
BL, the peak occurs much later due to the two contributions
having a significant overlap.

For a given family and a typical ancestor, the time scale at
which x4yn and X, cross, the former becoming larger than the
latter, defines a characteristic evolutionary time scale, around
which the memory of the ancestor is lost.

4.3. Epistatic constraints and dynamical fluctuations

Up to this point, we discussed the time dependence of the dif-
ferent contributions to the total fluctuations. We argued that,
as long as the dominant contribution to X, comes from Xpg,
the ancestral sequence is strongly related to the evolving ones.
We now want to better understand the transition to the final
regime in which dynamical fluctuations, i.e. Xdyn, dominate.

In figure 4 we show, for the three ancestral sequences high-
lighted in figure 2, how the dynamical part of the susceptibility
is strongly related to the epistatically constrained sites (defined
as in section 3.2 and in [29]). To make this relation clear, we
first checked that the time scale at which the dynamical sus-
ceptibility reaches its peak is compatible with the time scale
at which epistatically constrained sites evolve. For a given
ancestor Ay, we consider the five most epistatically constrained
sites, i.e. those with the largest CIE; — CDE’?”. For these sites,
we consider at time ¢ the frequency of appearance of amino
acid a, fi(a), in the set of sequences that evolved from Ay, and
from it we compute a time-dependent entropy
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Zf’ )log, i (a) . (10)

In figure 4, Xﬁ;n(f) (colored curve) is superposed to S; () of the
five sites (gray curves), as a function of evolutionary time 7. We
observe that the peak of Xf};n is reached just before the equi-
libration of the epistatically constrained sites, i.e. the time at
which S;(¢) approaches the CIE;. The time of equilibration of
epistatically constrained sites also increases from figure 4(a) to
figure 4(c), similarly to what happens for the equilibration of
the Hamming distance in the same three sequences in figure 2.
Epistasis does not only affect the time scale at which the peak
of Xﬁgn is reached, but also the intensity of the peak, which
means that more epistatic ancestors lead to a more heterogen-
eous dynamics at intermediate times, when the epistatic sites
mutate.

To quantify these observations, in figure 5 we consider the
same set of families as in figure 3, namely WW, DBD, CM,
AAC6,DHFR, BL, and SP, spanning a wide range of sequence
length (from L =31 in WW to L =220 in SP). For each family,
we consider a set of ancestors Ay and we report a scatter plot
of the following quantities, each Ay being a point:

o the value of CDE™ defined as in equation (4),

e the maximum value max;, Xf;;n (¢), indicated as max ( ngn) for
simplicity,

e and the time 19y at which the average [H"] over the traject-
ories reaches 90% of the equilibrium (r — oc) value.

We observe that both max ( xfi‘;n) and to9 markedly increase as

CDE™ decreases. Hence, a ‘highly epistatic’ sequence with a
small value of CDE? (with respect to the typical value of the
family) has many sites with low context-dependent entropy,
which cannot mutate at the beginning of evolution, leading to
a slower and more heterogeneous overall dynamics. This is
for example the case of the red sequence in figure 2, for which
we have CDE* = 1.45, while for the blue one CDEY =2.11.
The three sequences considered in Figure 2 are indicated with
stars of the corresponding colors in figure 5(b).

Epistatically constrained sites also carry the specific signa-
ture of the ancestral sequence, because the conserved sites are
roughly the same for every sequence of the family and the vari-
able ones carry little to no information. These results thus sug-
gest that tracing back an evolutionary trajectory to its ancestral
sequence becomes more difficult as one approaches the peak
of x4yn, because this is when the epistatic sites, i.e. the sites that
carry information about that initial sequence, start to mutate.

4.4. Cooperative mutational dynamics

We have established that, when epistatic sites start to mutate,
ij\;n reaches its peak, and that the intensity of this peak is
correlated with the amount of epistatically correlated sites in
the ancestral sequence. We now want to show that the peak

of Xﬁ;n is due to dynamical correlations between different
sites, caused by the strong interaction between those sites and
the context. These correlations result in a cooperative muta-
tional process, in which epistatically constrained sites can only
mutate because other such sites mutate, leading to an ava-
lanche of mutations.

To precisely quantify this effect, one can interpret the
dynamical susceptibility as the sum of a site-site dynamical
correlation function [47]. The Hamming distance is defined
in equation (5). Inserting its expression into equation (6), we
obtain

an

E Ao
dyn L2

with

Ggo( ) [6 al,a ?6a’,tt0:| - [6a:u?:| |:6a/’.,uj0:| ’ 12)
recalling that the Kronecker delta symbol 6, . is zero if site i
is mutated between the two sequences A, and AO, and one oth-
erwise. The matrix G is a time-dependent correlation matrix
between sites i and j ] It is high when the sites are dynamically
correlated, i.e. if a! is different from a?, then a is likely dif-

ferent from ajo as well, and vice versa. It is low when the sites

mutate independently. Because Xﬁ;n is the sum of Gg“ over
all pairs (i, ), a large value of Xf;;n implies that many (i,j) are
strongly correlated. Furthermore, by looking at this correlation
matrix one can infer which pairs of sites mutate in a correlated
way during evolution.

The value of the off-diagonal part of G’;O(t*), computed
at the time ¢* at which a peak in the dynamical susceptibil-
ity is observed, is shown in figure 6 for six different starting
sequences in the DBD family.

Figure 6(a) corresponds to an ancestor (red in figure 2)
for which a large peak and a longer time to equilibrate are
observed in the evolution of X‘(?;n' The large value of Xf};n,
which is just the sum of all matrix elements, implies a large
number of positively correlated sites. Figure 6(e) corresponds
to an ancestor (green in figure 2) for which Xﬁfm has a smal-

ler peak before saturating. We notice in this case that Gg-‘) ()
still displays some strong correlations, but the majority of the
sites are uncorrelated. Finally, figure 6(f) corresponds to an
ancestor (blue in figure 2) for which ngn saturates to a small
value. In this case correlations are almost absent at ¢*, which
means that essentially all sites mutate independently. It is thus
evident how different initial sequences give rise to different
patterns in the Gg-“ matrix. Atlarge times the chains reach equi-
librium and are almost statistically indistinguishable from nat-
ural sequences. This means that Gf}“(t — 00) & G, with

ij,nat?

G

ij,nat

<§a?a!’a?6a?a!’a?>nat - <5a?“‘,ao>ndt<5 nal 0>nat7

where (..
sequences.

nat is the average computed over the natural
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Figure 6. Correlations between sites at time #* at which Xé‘;n(z) reaches its maximum (with a cutoff at #;, = 1000 sweeps), for different
ancestral sequences. The bar above each snapshot encodes the strength of epistatic constraints for the sites in the ancestral sequence.

In section 4.3, we showed that the presence of a peak in
X’:};n is correlated to CDEAO, i.e. to the amount of epistatic-
ally constrained sites in the ancestral sequence. In this section,
we show that these sites also display large dynamical correla-
tions between themselves. The bar above each plot in figure 6
is shaded to represent CIE; — CDE~, capturing the informa-
tion about site i encoded in the background sequence Ay;. This
coloring reflects the degree to which each site is constrained
by epistatic interactions. The conserved and variable sites are
indicated in white, while the epistatically constrained ones are
shown in black. As expected, we see good agreement between
these residues and the ones that give a large contribution to
X’:};n. Hence, we conclude that epistatically constrained sites
mutate cooperatively around the time scale corresponding to
the peak of ngn.

4.5. Response to environmental variation

In the literature on disordered physical systems, it has
been established that the dynamical correlations discussed
in sections 4.3 and 4.4 are related to the linear response of
the dynamics to a change in temperature through a kind of
fluctuation-dissipation relation [44].

In the present context, the ‘temperature’ is a parameter that
controls the probability with which mutations are accepted.
High temperature corresponds to all mutations being accep-
ted (very low selection), while low temperature corresponds
to only the most beneficial mutations being accepted (very

strong selection, i.e. directed evolution). The value of T =1
corresponds to the conditions at which the DCA model is
trained on natural sequences, hence T~ 1 corresponds to
a neutral drift dynamics during which the neutral space of
sequences that have comparable fitness to natural ones is
explored [25]. Indeed, [25] has shown that two distinct in vitro
evolution experiments, realized with selection pressures com-
parable to the natural one, can be described by fitting the tem-
perature in a range slightly above T ~ 1.

Hence, in our modeling framework, a change of tem-
perature corresponds to a change of selection strength.
Following [44], we check whether the dynamical susceptib-
ilities are related to the response of the average dynamics
with respect to the temperature variation. To estimate such lin-
ear response, we consider two evolutionary dynamics starting
from the same ancestor, one at temperature 7' # 1 and the other
at temperature 7 =1, and we compare the average number
of accepted mutations [H(z; T)] between the two evolutions.
The dynamical linear response is given by

[HY (,T)] — [HY (5T =1)]

R (1) = lim 1 ,

T—1

13)

and we emphasize that this quantity depends on the ancestor
Ap and on time ¢. In figure 7, we compare the time depend-
ence of x3§n(t) with R4 (¢) for the same three ancestors as in
figure 2. Note that we cannot take the limit 7 — 1 due to statist-
ical noise, and we estimate R () by observing that the curves
for several values of T close to 1 are almost superimposed to
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Figure 7. Evolution of the dynamical susceptibility Xﬁ;n(f)
compared with the linear response of the average Hamming distance
to a change of temperature R’ (¢). The three panels correspond to
the three ancestral sequences highlighted in figure 2, (a) blue,

(b) green, (c) red.

each other. Figure 7 shows that the fluctuation-dissipation rela-
tion seems to hold quite well, such that Xé;n(l) o RY (1), at
least for times 7 smaller than the peak of both quantities.

The results in figure 7 suggest that more epistatically con-
strained ancestral sequences, which display a stronger peak
in the dynamical susceptibility, will also display a stronger
response of the evolutionary dynamics to a small change in
selection strength. Such response is stronger around the time
of the peak in Xfi“y)n(t), which is also the time at which epistat-
ically constrained sites mutate cooperatively, see section 4.4.
In other words, sequences with more epistatically constrained
sites are more sensitive to environmental changes. In the SM,
we give an additional analytical argument based on the short-
time dynamics, that supports the same conclusion.

4.6. Limits of ancestral sequence reconstruction (ASR)

In an evolutionary process, predictions can be made in two
directions: either starting from the ancestral sequence and pre-
dicting its future evolution over a given time; or starting from
a set of evolved sequences and attempting to infer the ances-
tral sequence from which the evolution began. An attempt at
predicting future evolution has been made in [25] (see [51—
55] for related studies in disordered systems), where however
the prediction was limited to small evolutionary time scales.
Because we have repeatedly hinted that our analysis can
provide insight into the time scale over which reconstructing
the ancestral sequence of an evolutionary process is possible,
before concluding, we consider here the ASR problem more
explicitly.

For each of the three sequences we analyzed in figure 2,
we simulate 200 independent evolutionary trajectories, thus
obtaining several MSAs of 200 evolved sequences at different
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Figure 8. (a) The full lines represent the evolution of the average
Hamming distance for the same three ancestors as in figure 2. The
star symbols represent the Hamming distance H*S® between the
ground truth ancestor and the one reconstructed using the simulated
MSAs at different times. (b) Hamming distance H*SR between the
reconstructed ancestor and the ground truth as a function of the
average distance [H (r)] between the ancestor and the MSA used
for the reconstruction. The colors refer to the same sequences of
panel (a).

evolutionary times 7. Then, we use the FastML online tool [80]
to infer the ancestral sequence starting from those MSAs and
using a star-shaped phylogenetic tree. We then check how
close the reconstructed sequence is to the actual ancestor.
The results are shown in figure 8(a), where we plot the evol-
ution of the average Hamming distance for the same sequences
as in figure 2, and we compare it with the Hamming dis-
tance (i.e. the percentage of errors) between the ground truth
ancestor and the reconstructed one. At the beginning of the
dynamics the FastML tool is able to reconstruct perfectly the
original sequence in all of the three cases. This is not sur-
prising, as at short times few mutations appear. The situation
is similar at large times, where the MSAs generated from
the three starting sequences are statistically indistinguishable
and the FastML tool performs equally bad in all of them [81,
82]. Thus, it is more insightful to look at intermediate times,
where a significant difference between the evolving sequences
is present. After ~ 10 sweeps the variable sites begin to mutate
and the ASR tool cannot reproduce the initial sequence per-
fectly. The leap in the error percentage with respect to the pre-
vious point is however larger for the blue sequence, which
is the one with fewer epistastic sites, while the red one is
still recovered reasonably well. This difference is present for
the subsequent points as well, until the error saturates. In
figure 8(b) we show that the Hamming distance (percentage
of errors) of the sequence reconstruction results grows roughly
proportionally to the average sequence divergence of the evol-
utionary trajectories for all of the three studied sequences, but
more so for the more epistatic red sequence. We conclude that,
at least with the FastML tool, the possibility of reconstructing
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ancestral sequences is mostly determined by the Hamming dis-
tance of the ancestor from the evolving sequences, i.e. [H*(7)],
with more errors accumulating when using datasets of more
diverged sequences.

Our analysis shows that, for a given evolutionary time,
the amount of diversity [H*(¢)] depends strongly on the
ancestor, due to highly non-trivial epistatic dynamical cor-
relations. More epistatically constrained ancestors give rise
to less diversity, thus allowing for reconstruction over longer
evolutionary times (figure 8(a)). Yet, at comparable amount of
diversity, more epistatic ancestors are more difficult to recon-
struct (figure 8(b)), at least using the FastML algorithm that
neglects correlations between sites [83]. These results confirm
once more that the evolutionary time limit for predictability
is linked to the presence of epistatic sites that carry informa-
tion about the starting sequence only up to a certain sequence
divergence. We further observe that more advanced tools (yet
to be fully developed) for ASR might exploit the epistatic cor-
relations to achieve a better reconstruction [84], which is not
done in FastML and similar algorithms. We expect that such
tools would perform better on more epistatic ancestors such as
the red one in figure 8.

5. Conclusions

In this study, we explore the role of disorder and stochasticity
in protein evolution, focusing on the interplay between epi-
stasis, site correlations, and sequence-dependent fluctuations.
We simulated evolution in silico using DCA to model the fit-
ness landscape, and an MCMC algorithm to mimic the pro-
cess of mutation and selection, a methodology that has been
validated in previous work [24, 25, 29]. By employing tools
from statistical physics [40-49], we quantified how the ances-
tral amino acid sequence significantly influences early evolu-
tionary dynamics, as measured by the dynamical susceptibil-
ity. Our main results are the following.

e Our analysis shows that, during the initial phase of evolu-
tion, there is very significant heterogeneity in the dynam-
ics, depending on the choice of ancestral sequence. Some
ancestral sequences lead to a smooth evolution where each
site mutates almost independently of the others, while others
lead to a more complex dynamics characterized by interme-
diate plateaus and significant fluctuations (section 4.1).

e We have shown that, for a variety of protein families, the
noise arising from the starting sequence dominates over
stochastic evolutionary fluctuations, implying that one can,
in principle, trace the evolutionary trajectory back to its ori-
gin (section 4.2). This effect is more or less pronounced,
depending on the family, and our tools allow one to quantify
it. However, as time progresses and epistatically constrained
sites evolve, this traceability is lost due to the growing influ-
ence of the mutational stochasticity.

The heterogeneity of the initial evolutionary dynamics can

be traced back to the amount of epistatic constraints in the

ancestral sequence. We introduced a quantity, the average
over sites of the context-dependent entropy, and we have

shown that this quantity is strongly correlated with the time
at which dynamical heterogeneity reaches its peak and with
the strength of the fluctuations at the peak (section 4.3).
This method for assessing sequence evolvability could
guide experimentalists in selecting an appropriate starting
sequence for experiments, based on the desired functional
behavior.

The amplitude of the global fluctuations can be expressed in
terms of a sum of pairwise dynamical correlations between
pairs of residues. More epistatically constrained ancestral
sequences show groups of residues that mutate collectively,
and those patterns can be identified from the correlation mat-
rix Gf}"(r) we introduced in section 4.4. The observed cor-
relations between sites thus reflect a complex epistatic land-
scape, where certain residues evolve in a highly context-
dependent manner. These correlations could also be lever-
aged in experimental settings; for instance, one may imagine
to control the evolvability of a specific residue by targeting
sites that exhibit strong correlations with it.

We demonstrated that these epistatic sites, which evolve
over long time scales, significantly affect the response of
the dynamics to a change in environmental conditions. More
epistatically constrained sequences lead to a larger response
to a change in environment, suggesting potential implica-
tions on sequence evolvability imposed by environmental
pressures, such as antibiotic concentration (section 4.5).
Finally, we presented a preliminary study of the perform-
ance of an ASR algorithm (here, FastML), in light of our
previous findings. We found that more epistatically con-
strained ancestors lead to less diversity at comparable time
scales, which facilitates their reconstruction. Yet, at com-
parable diversity, they are more difficult to reconstruct. We
believe that this analysis will be instrumental in improving
the efficiency of ASR algorithms, which could in principle
exploit the correlations identified in this work.

More generally, our findings extend the analogy between pro-
tein evolution and disordered physical systems, reinforcing
the idea that protein dynamics exhibit characteristics of com-
plex and strongly correlated systems. However, when com-
paring these results with statistical physics models exhibit-
ing glassy dynamics, we also found qualitative differences,
emphasizing the unique constraints imposed by natural evol-
ution on proteins. Future work should aim to further elucidate
the connection between epistasis, evolvability, and environ-
mental selection, which may offer insights into evolutionary
strategies across diverse biological systems. Moreover, more
realistic evolutionary dynamics could be considered. In this
paper we focused on independent Monte Carlo chains, which
corresponds to evolution on a star tree. Introducing a more
complex tree structure could affect the results presented here,
as the varying distance between the leaves of the tree and its
root and the correlations coming from a common ancestor may
affect the computation of ngn' Furthermore, we believe that
most of the ideas presented in this work will soon be amen-
able to experimental testing, thanks to the increased power of
in vitro evolution platforms.
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