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Abstract
We study continuity of the multiplier operator ei𝑞 acting on Gelfand–Shilov
spaces, where 𝑞 is a polynomial on𝐑𝑑 of degree at least twowith real coefficients.
In the parameter quadrant for the spaces, we identify a wedge that depends on
the polynomial degree for which the operator is continuous. We also show that
in a large part of the complement region the operator is not continuous in dimen-
sion one. The results give information on well-posedness for linear evolution
equations that generalize the Schrödinger equation for the free particle.

KEYWORDS
Gelfand–Shilov spaces, linear evolution equations, oscillatory multiplier operators, well-
posedness

1 INTRODUCTION

Let 𝑞 be a polynomial on 𝐑𝑑 with real coefficients. We consider in this paper the multiplication operator 𝑇 = 𝑇𝑔 with
𝑔(𝑥) = ei𝑞(𝑥) defined by

(𝑇𝑓)(𝑥) = ei𝑞(𝑥)𝑓(𝑥), 𝑥 ∈ 𝐑𝑑. (1.1)

This operator is unitary on 𝐿2(𝐑𝑑) and obviously acts continuously on the Schwartz space 𝒮(𝐑𝑑) of smooth functions
whose derivatives decay rapidly. The Schwartz space can equivalently be defined as the space of functions 𝑓 that decay
superpolynomially at infinity, plus the same condition on the Fourier transform 𝑓.
Our goal is to sort out for which parameters of Gelfand–Shilov spaces the operator 𝑇 is continuous. The Gelfand–Shilov

spaces are scales of spaces smaller than the Schwartz space. In fact a Gelfand–Shilov space has two parameters 𝜃, 𝑠 > 0
and can be defined by the exponential decay conditions

sup
𝑥∈𝐑𝑑

e𝑎|𝑥| 1𝜃 |𝑓(𝑥)| < ∞, sup
𝜉∈𝐑𝑑

e𝑎|𝜉| 1𝑠 |𝑓(𝜉)| < ∞, (1.2)

for some 𝑎 > 0. The parameter 𝜃 thus controls the decay rate of 𝑓, and the parameter 𝑠 controls the decay rate of 𝑓, that
is, the smoothness of 𝑓.
We use two types of Gelfand–Shilov spaces: the Roumieu spaces 𝑠

𝜃
(𝐑𝑑) for which (1.2) holds for some 𝑎 > 0, and the

Beurling spaces Σ𝑠
𝜃
(𝐑𝑑) for which (1.2) holds for all 𝑎 > 0.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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36 ARIAS and WAHLBERG

F IGURE 1 The (𝜃, 𝑠)-parameter quadrant with behavior of the operator 𝑇 acting on Gelfand–Shilov spaces indicated when𝑚 ⩾ 4 and
𝑑 = 1.

Our first result concerns sufficient conditions for continuity on Gelfand–Shilov spaces.

Theorem 1.1. Define 𝑇 by (1.1) where 𝑞 is a polynomial on 𝐑𝑑 with real coefficients and degree𝑚 ⩾ 2, and let 𝑠, 𝜃 > 0.

(i) If 𝑠 ⩾ (𝑚 − 1)𝜃 ⩾ 1 then 𝑇 is continuous on 𝑠
𝜃
(𝐑𝑑).

(ii) If 𝑠 ⩾ (𝑚 − 1)𝜃 ⩾ 1 and (𝜃, 𝑠) ≠ (
1

𝑚−1
, 1
)
then 𝑇 is continuous on Σ𝑠

𝜃
(𝐑𝑑).

An immediate consequence is the corresponding claim for ultradistributions
(𝑠
𝜃

)′
(𝐑𝑑) and

(
Σ𝑠
𝜃

)′
(𝐑𝑑), see

Corollary 4.1.
Second, we prove negative results for 𝑑 = 1 in a parameter region which is close to complementary to 𝑠 ⩾ (𝑚 − 1)𝜃. The

first result generalizes [1, Proposition 2].

Theorem 1.2. Define 𝑇 by (1.1) where 𝑞 is a polynomial on𝐑 with real coefficients and degree𝑚 ⩾ 2, and let 𝑠, 𝜃 > 0. If

1 ⩽ 𝑠 < 𝜃𝑚 −max(𝜃, 1),

and 𝜃 ⩾ 1 if𝑚 = 3, then 𝑇𝑠
𝜃
(𝐑) ⊈ 𝑠

𝜃
(𝐑).

Theorem 1.3. Define 𝑇 by (1.1) where 𝑞 is a polynomial on 𝐑 with real coefficients and degree𝑚 ⩾ 2, and let 𝑠, 𝜃 > 0. If

1 < 𝑠 < 𝜃𝑚 −max(𝜃, 1),

and 𝜃 > 1 if𝑚 = 3, then 𝑇Σ𝑠
𝜃
(𝐑) ⊈ Σ𝑠

𝜃
(𝐑).

Note that the statements in Theorems 1.2 and 1.3 are stronger than the lack of continuity on the spaces𝑠
𝜃
(𝐑) and Σ𝑠

𝜃
(𝐑),

respectively. We illustrate Theorems 1.1, 1.2, and 1.3 in Figure 1.
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ARIAS and WAHLBERG 37

Our results can be applied to well-posedness of the initial value Cauchy problem for linear evolution equations of the
form {

𝜕𝑡𝑢(𝑡, 𝑥) + i𝑝(𝐷𝑥)𝑢(𝑡, 𝑥) = 0, 𝑥 ∈ 𝐑𝑑, 𝑡 ∈ 𝐑,
𝑢(0, ⋅) = 𝑢0

(1.3)

where 𝑝 ∶ 𝐑𝑑 → 𝐑 is a polynomial with real coefficients of degree 𝑚 ⩾ 2. This generalizes the Schrödinger equation for
the free particle where𝑚 = 2 and 𝑝(𝜉) = |𝜉|2. The solution operator (propagator) to (1.3) is

𝑢(𝑡, 𝑥) = e−i𝑡𝑝(𝐷𝑥)𝑢0 = (2𝜋)
−
𝑑

2 ∫
𝐑𝑑
ei⟨𝑥,𝜉⟩−i𝑡𝑝(𝜉)𝑢0(𝜉)𝑑𝜉

for 𝑢0 ∈ 𝒮(𝐑𝑑). Thismeans that the propagator e−i𝑡𝑝(𝐷𝑥) = ℱ−1𝑇ℱ is the conjugation by the Fourier transform of themul-
tiplier operator (𝑇𝑓)(𝑥) = e−i𝑡𝑝(𝑥)𝑓(𝑥) of the form (1.1). Since the Fourier transformmaps the Gelfand–Shilov spaces into
themselves with an interchange of indices as ℱ ∶ 𝑠

𝜃
(𝐑𝑑) → 𝜃𝑠 (𝐑𝑑) and ℱ ∶ Σ𝑠𝜃(𝐑𝑑) → Σ𝜃𝑠 (𝐑𝑑) we obtain the following

consequence of Theorems 1.1, 1.2, and 1.3.

Corollary 1.4. Let𝑝 ∶ 𝐑𝑑 → 𝐑 be a polynomialwith real coefficients of degree𝑚 ⩾ 2, consider the solution operator 𝑒−𝑖𝑡𝑝(𝐷𝑥)
to the Cauchy problem (1.3), let 𝑠, 𝜃 > 0 and let 𝑡 ∈ 𝐑.

(i) If 𝜃 ⩾ (𝑚 − 1)𝑠 ⩾ 1 then 𝑒−𝑖𝑡𝑝(𝐷𝑥) is continuous on 𝑠
𝜃
(𝐑𝑑).

(ii) If 𝜃 ⩾ (𝑚 − 1)𝑠 ⩾ 1 and (𝑠, 𝜃) ≠ (
1

𝑚−1
, 1
)
then 𝑒−𝑖𝑡𝑝(𝐷𝑥) is continuous on Σ𝑠

𝜃
(𝐑𝑑).

(iii) If 𝑑 = 1, 1 ⩽ 𝜃 < 𝑠𝑚 −max(𝑠, 1), 𝑠 ⩾ 1 if𝑚 = 3, and 𝑡 ≠ 0 then 𝑒−𝑖𝑡𝑝(𝐷𝑥)𝑠
𝜃
(𝐑) ⊈ 𝑠

𝜃
(𝐑).

(iv) If 𝑑 = 1, 1 < 𝜃 < 𝑠𝑚 −max(𝑠, 1), 𝑠 > 1 if𝑚 = 3, and 𝑡 ≠ 0 then 𝑒−𝑖𝑡𝑝(𝐷𝑥)Σ𝑠
𝜃
(𝐑) ⊈ Σ𝑠

𝜃
(𝐑).

The proof of Theorem 1.1 usesDebrouwere andNeyt’s recent results [4] concerning characterization of smooth functions
that acts continuously bymultiplication on Gelfand–Shilov spaces, plus a result from [10]. The proofs of Theorems 1.2 and
1.3 are based on ideas from the proof of [1, Proposition 2] which concerns the multiplier function e−i𝑡𝑥2 , together with
an investigation of the polynomials 𝑝𝑘 that appear upon differentiation as 𝜕𝑘ei𝑞(𝑥) = 𝑝𝑘(𝑥) ei𝑞(𝑥) for 𝑘 ∈ 𝐍, where 𝑞 is
a monomial.
The paper is organized as follows. In Section 2, we specify notation, conventions and background material. Then in

Section 3 we work out the structure and estimates for the derivatives of exponential monomials in one variable of the
form e𝜆𝑥𝑚∕𝑚 for 𝑥 ∈ 𝐑,𝑚 ∈ 𝐍,𝑚 ⩾ 2 and 𝜆 ∈ 𝐂 ⧵ {0}. The results are used as tools for the negative results Theorems 1.2
and 1.3. Finally, Section 4 is devoted to the proof of Theorem 1.1 and Section 5 to the proofs of Theorems 1.2 and 1.3.

2 PRELIMINARIES

2.1 Notation

The floor function is denoted as ⌊𝑥⌋ for 𝑥 ∈ 𝐑. Multiindices𝛼 ∈ 𝐍𝑑 aremeasuredwith the 1-norm |𝛼| = ∑𝑑
𝑗=1
𝛼𝑗 , whereas

vectors 𝑥 ∈ 𝐑𝑑 aremeasuredwith the 2-norm |𝑥| = (∑𝑑
𝑗=1
𝑥2
𝑗

) 1
2 . We use the bracket ⟨𝑥⟩ = (

1 + |𝑥|2) 12 for 𝑥 ∈ 𝐑𝑑. Partial
differential operators on 𝐑𝑑 are denoted 𝜕𝛼 for 𝛼 ∈ 𝐍𝑑, and 𝐷𝛼 = i−|𝛼|𝜕𝛼. The normalization of the Fourier transform is

ℱ𝑓(𝜉) = 𝑓(𝜉) = (2𝜋)
−
𝑑

2 ∫
𝐑𝑑
𝑓(𝑥)e−i⟨𝑥,𝜉⟩ 𝑑𝑥, 𝜉 ∈ 𝐑𝑑,

for 𝑓 ∈ 𝒮(𝐑𝑑) (the Schwartz space), where ⟨ ⋅ , ⋅ ⟩ denotes the scalar product on 𝐑𝑑. The conjugate linear action of a
(ultra-)distribution 𝑢 on a test function 𝜙 is written as (𝑢, 𝜙), consistent with the 𝐿2 inner product ( ⋅ , ⋅ ) = ( ⋅ , ⋅ )𝐿2 which
is conjugate linear in the second argument.
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38 ARIAS and WAHLBERG

2.2 Gelfand–Shilov spaces

The Schwartz space 𝒮(𝐑𝑑) is the subspace of the smooth functions for which the seminorms

𝑓 ↦ sup
𝑥∈𝐑𝑑

|𝑥𝛼𝐷𝛽𝑓(𝑥)| ∶= 𝐶𝛼𝛽 (2.1)

are finite for all 𝛼, 𝛽 ∈ 𝐍𝑑.
In this paper, weworkwithGelfand–Shilov spaces and their dual ultradistribution spaces [5]. ForGelfand–Shilov spaces

you impose certain restrictions of the constants 𝐶𝛼𝛽 in (2.1) which leads to spaces that are smaller than 𝒮(𝐑𝑑).
Let 𝜃, 𝑠, ℎ > 0. The space denoted as 𝑠

𝜃,ℎ
(𝐑𝑑) is the set of all 𝑓 ∈ 𝐶∞(𝐑𝑑) such that

‖𝑓‖𝑠
𝜃,ℎ

≡ sup |𝑥𝛼𝐷𝛽𝑓(𝑥)|
ℎ|𝛼+𝛽|𝛼!𝜃 𝛽!𝑠 (2.2)

is finite, where the supremum is taken over all 𝛼, 𝛽 ∈ 𝐍𝑑 and 𝑥 ∈ 𝐑𝑑. The function space 𝑠
𝜃,ℎ

is a Banach space which
increases with ℎ, 𝑠 and 𝜃, and 𝑠

𝜃,ℎ
⊆ 𝒮. The topological dual (𝑠

𝜃,ℎ
)′(𝐑𝑑) is a Banach space which contains the tempered

distributions: 𝒮′(𝐑𝑑) ⊆ (𝑠
𝜃,ℎ
)′(𝐑𝑑).

The Beurling-type Gelfand–Shilov space Σ𝑠
𝜃
(𝐑𝑑) is the projective limit of 𝑠

𝜃,ℎ
(𝐑𝑑) with respect to ℎ [5]. This means

Σ𝑠
𝜃
(𝐑𝑑) =

⋂
ℎ>0

𝑠
𝜃,ℎ
(𝐑𝑑) (2.3)

and the Fréchet space topology of Σ𝑠
𝜃
(𝐑𝑑) is defined by the seminorms ‖ ⋅ ‖𝑠

𝜃,ℎ
for ℎ > 0.

We have Σ𝑠
𝜃
(𝐑𝑑) ≠ {0} if and only if 𝑠 + 𝜃 > 1 [8]. The topological dual of Σ𝑠

𝜃
(𝐑𝑑) is the space of (Beurling type)Gelfand–

Shilov ultradistributions [5, Section I.4.3]

(Σ𝑠
𝜃
)′(𝐑𝑑) =

⋃
ℎ>0

(𝑠
𝜃,ℎ
)′(𝐑𝑑). (2.3′)

The Roumieu-type Gelfand–Shilov space is the union

𝑠
𝜃
(𝐑𝑑) =

⋃
ℎ>0

𝑠
𝜃,ℎ
(𝐑𝑑)

equipped with the inductive limit topology [9], that is the strongest topology such that each inclusion 𝑠
𝜃,ℎ
(𝐑𝑑) ⊆ 𝑠

𝜃
(𝐑𝑑)

is continuous. We have 𝑠
𝜃
(𝐑𝑑) ≠ {0} if and only if 𝑠 + 𝜃 ⩾ 1 [5]. The corresponding (Roumieu type) Gelfand–Shilov

ultradistribution space is

(𝑠
𝜃
)′(𝐑𝑑) =

⋂
ℎ>0

(𝑠
𝜃,ℎ
)′(𝐑𝑑).

For every 𝑠, 𝜃 > 0 such that 𝑠 + 𝜃 > 1, and for any 𝜀 > 0 we have

Σ𝑠
𝜃
(𝐑𝑑) ⊆ 𝑠

𝜃
(𝐑𝑑) ⊆ Σ𝑠+𝜀

𝜃+𝜀
(𝐑𝑑). (2.4)

The dual spaces (Σ𝑠
𝜃
)′(𝐑𝑑) and (𝑠

𝜃
)′(𝐑𝑑) may be equipped with several topologies. In this paper, we use the weak∗

topologies on (Σ𝑠
𝜃
)′(𝐑𝑑) and (𝑠

𝜃
)′(𝐑𝑑), respectively.

The Gelfand–Shilov (ultradistribution) spaces enjoy invariance properties, with respect to translation, dilation, ten-
sorization, coordinate transformation, and (partial) Fourier transformation. The Fourier transform extends uniquely
to homeomorphisms on 𝒮′(𝐑𝑑), from (𝑠

𝜃
)′(𝐑𝑑) to (𝜃𝑠 )′(𝐑𝑑), and from (Σ𝑠

𝜃
)′(𝐑𝑑) to (Σ𝜃𝑠 )′(𝐑𝑑), and restricts to

homeomorphisms on 𝒮(𝐑𝑑), from 𝑠
𝜃
(𝐑𝑑) to 𝜃𝑠 (𝐑𝑑), and from Σ𝑠𝜃(𝐑𝑑) to Σ𝜃𝑠 (𝐑𝑑), and to a unitary operator on 𝐿2(𝐑𝑑).
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ARIAS and WAHLBERG 39

Chung, Chung, and Kim characterized in [3] the Roumieu space 𝑠
𝜃
(𝐑𝑑) as the space of functions 𝑓 ∈ 𝐶∞(𝐑𝑑) that

satisfy (1.2) for some 𝑎 > 0. It also follows that the Beurling space Σ𝑠
𝜃
(𝐑𝑑) can be characterized as the space of functions

𝑓 ∈ 𝐶∞(𝐑𝑑) that satisfy (1.2) for all 𝑎 > 0.
We need the following result which says that we may use an alternative family of seminorms instead of the seminorms

(2.2) indexed by ℎ > 0 for the spaces Σ𝑠
𝜃
(𝐑𝑑) and 𝑠

𝜃
(𝐑𝑑). This is the family of seminorms

‖𝑓‖𝑎 ≡ sup
𝛽∈𝐍𝑑, 𝑥∈𝐑𝑑

e𝑎|𝑥| 1𝜃 𝛽!−𝑠𝑎|𝛽||𝐷𝛽𝑓(𝑥)| (2.5)

indexed by 𝑎 > 0. The result may be considered quite well known but we write down a proof for the benefit of the reader.

Lemma 2.1. Suppose 𝜃, 𝑠 > 0 and 𝜃 + 𝑠 > 1. For any 𝑎 > 0 there exists 𝐶, ℎ > 0 such that

‖𝑓‖𝑎 ⩽ 𝐶‖𝑓‖𝑠
𝜃,ℎ
, 𝑓 ∈ Σ𝑠

𝜃
(𝐑𝑑). (2.6)

For any ℎ > 0 there exists 𝐶, 𝑎 > 0 such that

‖𝑓‖𝑠
𝜃,ℎ
⩽ 𝐶‖𝑓‖𝑎, 𝑓 ∈ Σ𝑠𝜃(𝐑𝑑). (2.7)

Proof. Let 𝑓 ∈ Σ𝑠
𝜃
(𝐑𝑑). From (2.2) we have for any ℎ > 0

|𝑥𝛼𝐷𝛽𝑓(𝑥)| ⩽ ‖𝑓‖𝑠
𝜃,ℎ
𝛼!𝜃𝛽!𝑠ℎ|𝛼+𝛽|, 𝛼, 𝛽 ∈ 𝐍𝑑, 𝑥 ∈ 𝐑𝑑.

This gives for any 𝑛 ∈ 𝐍 and any 𝛽 ∈ 𝐍𝑑

|𝑥|𝑛|𝐷𝛽𝑓(𝑥)| ⩽ 𝑑𝑛2 max|𝛼|=𝑛 |𝑥𝛼𝐷𝛽𝑓(𝑥)| ⩽ 𝑑𝑛2 ‖𝑓‖𝑠𝜃,ℎ𝑛!𝜃𝛽!𝑠ℎ𝑛+|𝛽|, 𝑥 ∈ 𝐑𝑑.
Thus for 𝑎 > 0 we have

exp

(
𝑎

𝜃
|𝑥| 1𝜃)|𝐷𝛽𝑓(𝑥)| 1𝜃 = ∞∑

𝑛=0

|𝑥| 𝑛𝜃 |𝐷𝛽𝑓(𝑥)| 1𝜃(𝑑 12 ℎ)−𝑛𝜃
𝑛!

⎛⎜⎜⎜⎜⎜⎝
𝑎

(
𝑑
1

2 ℎ

) 1

𝜃

𝜃

⎞⎟⎟⎟⎟⎟⎠

𝑛

⩽ ‖𝑓‖ 1𝜃𝑠
𝜃,ℎ

𝛽!
𝑠

𝜃 ℎ
|𝛽|
𝜃

∞∑
𝑛=0

2−𝑛, 𝑥 ∈ 𝐑𝑑, 𝛽 ∈ 𝐍𝑑,

provided 2𝑎
(
𝑑
1

2 ℎ

) 1

𝜃

⩽ 𝜃. Hence

e𝑎|𝑥| 1𝜃 |𝐷𝛽𝑓(𝑥)| ⩽ 2𝜃‖𝑓‖𝑠
𝜃,ℎ
𝛽!𝑠ℎ|𝛽|

which gives

‖𝑓‖𝑎 ⩽ 2𝜃‖𝑓‖𝑠
𝜃,ℎ

provided ℎ ⩽ min
(
𝑎−1, 𝑑

−
1

2
(
𝜃2−1𝑎−1

)𝜃)
. We have shown (2.6).
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40 ARIAS and WAHLBERG

In order to show (2.7) we let 𝑓 ∈ Σ𝑠
𝜃
(𝐑𝑑). From (2.6) we know that ‖𝑓‖𝑎 < ∞ for any 𝑎 > 0. Hence, we have for any

𝑎 > 0, 𝛽 ∈ 𝐍𝑑 and 𝑥 ∈ 𝐑𝑑

∞∑
𝑛=0

|𝑥| 𝑛𝜃 |𝐷𝛽𝑓(𝑥)| 1𝜃
𝑛!

(𝑎
𝜃

)𝑛
= e

𝑎

𝜃
|𝑥| 1𝜃 |𝐷𝛽𝑓(𝑥)| 1𝜃 ⩽ ‖𝑓‖ 1𝜃𝑎 𝛽! 𝑠𝜃 𝑎− |𝛽|

𝜃 ,

which gives

|𝑥|𝑛|𝐷𝛽𝑓(𝑥)| ⩽ ‖𝑓‖𝑎𝑛!𝜃𝛽!𝑠𝑎−|𝛽|(𝜃𝑎
)𝜃𝑛
, 𝑛 ∈ 𝐍, 𝛽 ∈ 𝐍𝑑, 𝑥 ∈ 𝐑𝑑,

and thus, using [7, Eq. (0.3.3)],

|𝑥𝛼𝐷𝛽𝑓(𝑥)| ⩽ ‖𝑓‖𝑎𝛼!𝜃𝛽!𝑠𝑎−|𝛽|(𝑑𝜃𝑎
)𝜃|𝛼|

, 𝛼, 𝛽 ∈ 𝐍𝑑, 𝑥 ∈ 𝐑𝑑.

From this it follows that

‖𝑓‖𝑠
𝜃,ℎ
⩽ ‖𝑓‖𝑎, 𝑓 ∈ Σ𝑠𝜃(𝐑𝑑),

for any ℎ > 0 provided 𝑎 ⩾ max(ℎ−1, 𝑑𝜃ℎ−
1

𝜃 ). This proves (2.7). □

2.3 Faà di Bruno’s formula

Of the several available versions of Faà di Bruno’s formula, we will use the following two. If 𝑓, 𝑔 ∈ 𝐶∞(𝐑) then we have
for any 𝑘 ∈ 𝐍

𝑑𝑘

𝑑𝑥𝑘
(𝑓(𝑔(𝑥))) =

∑
𝑚1+2𝑚2+⋯+𝑘𝑚𝑘=𝑘

𝑘!

𝑚1!𝑚2!⋯𝑚𝑘!
𝑓(𝑚1+⋯+𝑚𝑘)(𝑔(𝑥))

𝑘∏
𝑗=1

(
𝑔(𝑗)(𝑥)

𝑗!

)𝑚𝑗
. (2.8)

The second version of Faà di Bruno’s formula concerns 𝑓 ∶ 𝐑 → 𝐑 and 𝑔 ∶ 𝐑𝑑 → 𝐑 with 𝑓 ∈ 𝐶∞(𝐑) and 𝑔 ∈ 𝐶∞(𝐑𝑑),
and reads

𝜕𝛼 (𝑓(𝑔(𝑥))) =

|𝛼|∑
𝑗=1

𝑓(𝑗)(𝑔(𝑥))

𝑗!

∑
𝛼1+⋯+𝛼𝑗=𝛼|𝛼𝓁|≥1, 1⩽𝓁⩽𝑗

𝛼!

𝛼1!⋯𝛼𝑗!

𝑗∏
𝓁=1

𝜕𝛼𝓁𝑔(𝑥) (2.9)

for any 𝛼 ∈ 𝐍𝑑 ⧵ {0} [6, Eq. (2.3)]. For an even more general version of Faà di Bruno’s formula, we refer the reader to [2,
Proposition 4.3].

3 DERIVATIVES OF EXPONENTIALMONOMIALS

Let𝑚 ∈ 𝐍,𝑚 ⩾ 2, 𝜆 ∈ 𝐂 ⧵ {0}, and consider the function

𝑔𝜆(𝑥) = 𝑒
𝜆𝑥𝑚∕𝑚, 𝑥 ∈ 𝐑. (3.1)
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ARIAS and WAHLBERG 41

This function can be considered a generalized Gaussian. Clearly we have for 𝑘 ∈ 𝐍

𝜕𝑘𝑔𝜆(𝑥) = 𝑝𝜆,𝑘(𝑥) 𝑔𝜆(𝑥) (3.2)

where 𝑝𝜆,𝑘 is a polynomial of degree deg 𝑝𝜆,𝑘 = 𝑘(𝑚 − 1). In fact we have 𝑝𝜆,0(𝑥) = 1, 𝑝𝜆,1(𝑥) = 𝜆𝑥𝑚−1, and the recursive
relation

𝑝𝜆,𝑘+1(𝑥) = 𝜆𝑥
𝑚−1𝑝𝜆,𝑘(𝑥) + 𝑝

′
𝜆,𝑘
(𝑥) (3.3)

for 𝑘 ∈ 𝐍. When𝑚 = 2 = −𝜆 then (−1)𝑘𝑝𝜆,𝑘 are the Hermite polynomials.

Lemma 3.1. Let𝑚 ∈ 𝐍,𝑚 ⩾ 2, 𝜆 ∈ 𝐂 ⧵ {0}, and let 𝑔𝜆 be defined by (3.1) and 𝑝𝜆,𝑘 by (3.2) for 𝑘 ∈ 𝐍. Then, the polynomials
𝑝𝜆,𝑘 have the form

𝑝𝜆,𝑘(𝑥) =

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=0

𝜆𝑘−𝑛𝑥(𝑚−1)𝑘−𝑛𝑚𝐶𝑘,𝑛 (3.4)

for 𝑘 ∈ 𝐍 ⧵ {0}, where 𝐶𝑘,𝑛 ∈ 𝐍 ⧵ {0} for 0 ⩽ 𝑛 ⩽ ⌊𝑘𝑚−1
𝑚

⌋, and 𝐶𝑘,0 = 1 for all 𝑘 ∈ 𝐍 ⧵ {0}.
Proof. First, we note that for 𝑘 ⩾ 1 we have

𝑘 − 1

2
⩽
⌊𝑘
2

⌋
⩽
⌊
𝑘
𝑚 − 1

𝑚

⌋
⩽ 𝑘 − 1. (3.5)

If 𝑘 = 1, then the sum (3.4) contains only one term of the stated form as confirmed above, with𝐶1,0 = 1. In an induction
argument, we suppose that (3.4) holds true for a fixed 𝑘 ⩾ 1. By (3.5) we have⌊

(𝑘 + 1)
𝑚 − 1

𝑚

⌋
⩾
⌊𝑘 + 1
2

⌋
⩾ 1

so the sum (3.4) with 𝑘 replaced by 𝑘 + 1 does contain the term with index 𝑛 = 1. We obtain from (3.3) and the induction
hypothesis (3.4) with 𝐶𝑘,0 = 1

𝑝𝜆,𝑘+1(𝑥) = 𝜆𝑥
𝑚−1𝑝𝜆,𝑘(𝑥) + 𝑝

′
𝜆,𝑘
(𝑥)

= 𝜆𝑘+1𝑥(𝑚−1)(𝑘+1) +
∑

1⩽𝑛⩽⌊𝑘 𝑚−1
𝑚

⌋ 𝜆
𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛

+ 𝜆𝑘𝑥(𝑚−1)𝑘−1(𝑚 − 1)𝑘

+
∑

1⩽𝑛<𝑘
𝑚−1

𝑚

𝜆𝑘−𝑛𝑥(𝑚−1)𝑘−𝑛𝑚−1𝐶𝑘,𝑛((𝑚 − 1)𝑘 − 𝑛𝑚)

= 𝜆𝑘+1𝑥(𝑚−1)(𝑘+1) +
∑

1⩽𝑛⩽⌊𝑘 𝑚−1
𝑚

⌋ 𝜆
𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛

+ 𝜆𝑘𝑥(𝑚−1)(𝑘+1)−𝑚(𝑚 − 1)𝑘

+
∑

2⩽𝑛<𝑘
𝑚−1

𝑚
+1

𝜆𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛−1((𝑚 − 1)𝑘 − (𝑛 − 1)𝑚).

(3.6)
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42 ARIAS and WAHLBERG

Note that the term 𝜆𝑘𝑥(𝑚−1)(𝑘+1)−𝑚(𝑚 − 1)𝑘 fits into (3.4) with 𝑘 replaced by 𝑘 + 1 and index 𝑛 = 1. In the last sum, the
indices 𝑛 satisfy 2𝑚 ⩽ 𝑚𝑛 ⩽ (𝑚 − 1)𝑘 + 𝑚 − 1 which gives 2 ⩽ 𝑛 ⩽ (𝑘 + 1)𝑚−1

𝑚
. Hence,

2 ⩽ 𝑛 ⩽
⌊
(𝑘 + 1)

𝑚 − 1

𝑚

⌋
.

We may conclude that all terms in (3.6) can be absorbed into formula (3.4) with 𝑘 replaced by 𝑘 + 1 for cer-
tain coefficients 𝐶𝑘+1,𝑛 ∈ 𝐍 ⧵ {0} for 0 ⩽ 𝑛 ⩽ ⌊(𝑘 + 1)𝑚−1

𝑚
⌋. In fact the coefficients 𝐶𝑘+1,𝑛 are linear combinations of

{𝐶𝑘,𝑛}0⩽𝑛⩽⌊𝑘 𝑚−1
𝑚

⌋ with positive integer coefficients. It also follows that 𝐶𝑘+1,0 = 1. This proves the induction step which
guarantees that (3.4) holds for any 𝑘 ∈ 𝐍 ⧵ {0}, and 𝐶𝑘,0 = 1 for all 𝑘 ∈ 𝐍 ⧵ {0}. □

In order to understand more about the polynomials 𝑝𝜆,𝑘, we would like to gain knowledge about the coefficients 𝐶𝑘,𝑛.
We know from Lemma 3.1 that 𝐶𝑘,0 = 1 for all 𝑘 ∈ 𝐍 ⧵ {0}.
We need a simple lemma.

Lemma 3.2. Suppose𝑚 ∈ 𝐍,𝑚 ⩾ 2 and 𝑘 ∈ 𝐍 ⧵ {0}. Then

𝑘 ∈ 𝑚𝐍 ⟹
⌊
(𝑘 + 1)

𝑚 − 1

𝑚

⌋
=
⌊
𝑘
𝑚 − 1

𝑚

⌋
(3.7)

and

𝑘 ∉ 𝑚𝐍 ⟹
⌊
(𝑘 + 1)

𝑚 − 1

𝑚

⌋
=
⌊
𝑘
𝑚 − 1

𝑚

⌋
+ 1. (3.8)

Proof. If 𝑘 ∈ 𝑚𝐍 then there exists 𝑝 ∈ 𝐍 ⧵ {0} such that 𝑘 = 𝑚𝑝 which gives

𝑘
𝑚 − 1

𝑚
= 𝑝(𝑚 − 1) =

⌊
𝑘
𝑚 − 1

𝑚

⌋
and (𝑘 + 1)𝑚−1

𝑚
= 𝑝(𝑚 − 1) + 1 −

1

𝑚
. Since 1

2
⩽ 1 −

1

𝑚
< 1 we get

⌊
(𝑘 + 1)

𝑚 − 1

𝑚

⌋
= 𝑝(𝑚 − 1) =

⌊
𝑘
𝑚 − 1

𝑚

⌋
which proves (3.7).
If instead 𝑘 ∉ 𝑚𝐍 then there exist 𝑝, 𝑞 ∈ 𝐍 with 1 ⩽ 𝑞 ⩽ 𝑚 − 1 such that 𝑘 = 𝑚𝑝 + 𝑞. Then, (𝑞 + 1)(𝑚 − 1) ⩾ 𝑞𝑚

which yields

(𝑘 + 1)
𝑚 − 1

𝑚
= 𝑝(𝑚 − 1) + (𝑞 + 1)

𝑚 − 1

𝑚
⩾ 𝑝(𝑚 − 1) + 𝑞

>𝑝(𝑚 − 1) + 𝑞

(
1 −

1

𝑚

)
= 𝑘
𝑚 − 1

𝑚
.

The implication (3.8) follows. □

The following result gives a recursion formula for the coefficients 𝐶𝑘,𝑛. First, note that

𝐶2,1 = 𝑚 − 1. (3.9)

Lemma 3.3. If𝑚 ⩾ 2 and 𝑘 ⩾ 2 then

𝐶𝑘+1,𝑛 = 𝐶𝑘,𝑛 + 𝐶𝑘,𝑛−1((𝑚 − 1)𝑘 − 𝑚(𝑛 − 1)), 1 ⩽ 𝑛 ⩽
⌊
𝑘
𝑚 − 1

𝑚

⌋
. (3.10)
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ARIAS and WAHLBERG 43

If 𝑘 ⩾ 2 and 𝑘 ∉ 𝑚𝐍, then we have also

𝐶𝑘+1,𝑛 = 𝐶𝑘,𝑛−1((𝑚 − 1)𝑘 − 𝑚(𝑛 − 1)), 𝑛 =
⌊
(𝑘 + 1)

𝑚 − 1

𝑚

⌋
. (3.11)

Proof. We use (3.3) and (3.4). If 𝑘 ∈ 𝑚𝐍, then the last term in (3.4) is constant. Thus, (3.3) gives

𝑝𝜆,𝑘+1(𝑥) =

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=0

𝜆𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛

+

⌊𝑘 𝑚−1
𝑚

⌋−1∑
𝑛=0

𝜆𝑘−𝑛𝑥(𝑚−1)𝑘−𝑛𝑚−1𝐶𝑘,𝑛((𝑚 − 1)𝑘 − 𝑛𝑚)

=

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=0

𝜆𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛

+

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=1

𝜆𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛−1((𝑚 − 1)𝑘 − 𝑚(𝑛 − 1)).

In view of Lemma 3.2 and (3.7), this proves (3.10) when 𝑘 ∈ 𝑚𝐍.
If 𝑘 ∉ 𝑚𝐍 then ⌊𝑘𝑚−1

𝑚
⌋ < 𝑘𝑚−1

𝑚
. In fact if we assume 𝑘𝑚−1

𝑚
= 𝑝 ∈ 𝐍 then we get the contradiction 𝑘 = 𝑚(𝑘 − 𝑝) ∈

𝑚𝐍. Thus, the last term in (3.4) contains a positive power of 𝑥. Thus again using (3.3) we get

𝑝𝜆,𝑘+1(𝑥) =

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=0

𝜆𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛

+

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=0

𝜆𝑘−𝑛𝑥(𝑚−1)𝑘−𝑛𝑚−1𝐶𝑘,𝑛((𝑚 − 1)𝑘 − 𝑛𝑚)

=

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=0

𝜆𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛

+

⌊𝑘 𝑚−1
𝑚

⌋+1∑
𝑛=1

𝜆𝑘+1−𝑛𝑥(𝑚−1)(𝑘+1)−𝑛𝑚𝐶𝑘,𝑛−1((𝑚 − 1)𝑘 − 𝑚(𝑛 − 1)).

Again, Lemma 3.2 and (3.8) prove (3.10) when 𝑘 ∉ 𝑚𝐍, and it also shows (3.11) when 𝑘 ∉ 𝑚𝐍. □

Remark 3.4. Note that (3.9), written as 𝐶2,1 = 𝑚 − 1 = 𝐶1,1 + 𝐶1,0(𝑚 − 1) using 𝐶1,0 = 1 and forcing 𝐶1,1 = 0, fits into
formula (3.10) for 𝑘 = 𝑛 = 1 (without the upper bound for 𝑛). Indeed 𝐶1,1 is not well defined due to ⌊𝑚−1

𝑚
⌋ = 0.

In general, it is challenging to find explicit expressions for the coefficients 𝐶𝑘,𝑛 when 𝑛 ≠ 0, but 𝑛 = 1 is an exception.
Lemma 3.5. If 𝑘 ⩾ 2, then

𝐶𝑘,1 =
1

2
(𝑚 − 1)𝑘(𝑘 − 1). (3.12)
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44 ARIAS and WAHLBERG

Proof. We observe that 𝐶2,1 = 𝑚 − 1may be written as (3.12) for 𝑘 = 2. If 𝑘 ⩾ 3 then (3.5) implies ⌊(𝑘 − 1)𝑚−1
𝑚

⌋ ⩾ 1. From
𝐶𝑘−1,0 = 1, Lemma 3.3 and (3.10) we get for 𝑘 ⩾ 3 and 𝑛 = 1

𝐶𝑘,1 = 𝐶𝑘−1,1 + (𝑚 − 1)(𝑘 − 1).

If we assume that (3.12) holds with 𝑘 replaced by 𝑘 − 1, then we get

𝐶𝑘,1 = 𝐶𝑘−1,1 + (𝑚 − 1)(𝑘 − 1)

=
1

2
(𝑚 − 1)(𝑘 − 1)(𝑘 − 2) + (𝑚 − 1)(𝑘 − 1)

= (𝑚 − 1)(𝑘 − 1)

(
1

2
(𝑘 − 2) + 1

)
=
1

2
(𝑚 − 1)𝑘(𝑘 − 1).

By induction this proves (3.12) for all 𝑘 ⩾ 2. □

In the next proposition, we need the following lemma.

Lemma 3.6. If𝑚 ⩾ 2 and 𝜃 ⩾ 2

𝑚
then

𝑓(𝑥) = (1 + 𝑥)𝑚𝜃 −

(
1 −

1

𝑚

)
𝑥𝑚𝜃−1 − 1 ⩾ 0 (3.13)

for all 0 ⩽ 𝑥 ⩽ 1.

Proof. We have 𝑓(0) = 0 and 𝑓(1) = 2𝑚𝜃 − 2 + 1

𝑚
> 0. If 0 < 𝑥 < 1 then

𝑓′(𝑥) = 𝑚𝜃(1 + 𝑥)𝑚𝜃−1 − (𝑚𝜃 − 1)

(
1 −

1

𝑚

)
𝑥𝑚𝜃−2

= 𝑚𝜃(1 + 𝑥)𝑚𝜃−2
(
1 + 𝑥 −

(
1 −

1

𝑚

)(
1 −

1

𝑚𝜃

)( 𝑥

1 + 𝑥

)𝑚𝜃−2)
.

It follows that 𝑓′(𝑥) > 0 for all 0 < 𝑥 < 1. The function 𝑓 is thus strictly increasing in [0,1] which proves the claim (3.13)
for 0 ⩽ 𝑥 ⩽ 1. □

We may now state and prove our main result on the coefficients 𝐶𝑘,𝑛, which concerns a recursive bound.

Proposition 3.7. Suppose 𝜆 ∈ 𝐂 ⧵ {0},𝑚 ∈ 𝐍,𝑚 ⩾ 2, 𝜃 ⩾ 2

𝑚
, and consider the polynomials 𝑝𝜆,𝑘 defined by (3.2) having the

form (3.4) involving the coefficients {𝐶𝑘,𝑛} ⊆ 𝐍 ⧵ {0}. Then, we have the bound

𝐶𝑘,𝑛+1 ⩽ 𝐶𝑘,𝑛𝑚𝑘
𝑚𝜃, 𝑘 ⩾ 2, 0 ⩽ 𝑛 ⩽

⌊
𝑘
𝑚 − 1

𝑚

⌋
− 1. (3.14)

Proof. If 𝑘 = 2, then by (3.5) we have
⌊
𝑘
𝑚−1

𝑚

⌋
= 1. We have 𝐶2,1 = 𝑚 − 1 ⩽ 𝐶2,0𝑚2𝑚𝜃 = 𝑚2𝑚𝜃 so (3.14) is true for 𝑘 = 2.

In an induction argument, we suppose that (3.14) holds for a fixed 𝑘 ⩾ 2.
First, Lemma 3.5 yields

𝐶𝑘+1,1

𝑚(𝑘 + 1)𝑚𝜃
=
(𝑚 − 1)𝑘(𝑘 + 1)

2𝑚(𝑘 + 1)𝑚𝜃
=
1

2

(
1 −

1

𝑚

)
𝑘

(𝑘 + 1)𝑚𝜃−1
⩽ 1

due to the assumption𝑚𝜃 ⩾ 2. Thus, (3.14) holds when 𝑘 is replaced by 𝑘 + 1 and 𝑛 = 0.
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ARIAS and WAHLBERG 45

Next, let 1 ⩽ 𝑛 ⩽
⌊
(𝑘 + 1)

𝑚−1

𝑚

⌋
− 1. If 𝑘 ∈ 𝑚𝐍 then by Lemma 3.2 and (3.7) we have

⌊
(𝑘 + 1)

𝑚−1

𝑚

⌋
=
⌊
𝑘
𝑚−1

𝑚

⌋
.

Lemma 3.3 and (3.10) give 𝐶𝑘+1,𝑛 ⩾ 𝐶𝑘,𝑛 and therefore by the induction hypothesis

𝐶𝑘+1,𝑛+1
𝐶𝑘+1,𝑛

=
𝐶𝑘,𝑛+1 + 𝐶𝑘,𝑛((𝑚 − 1)𝑘 − 𝑚𝑛)

𝐶𝑘+1,𝑛

⩽
𝐶𝑘,𝑛+1
𝐶𝑘,𝑛

+ (𝑚 − 1)𝑘

⩽ 𝑚𝑘𝑚𝜃 + (𝑚 − 1)𝑘

= 𝑚(𝑘 + 1)𝑚𝜃
(
𝑘

𝑘 + 1

)𝑚𝜃(
1 +

(
1 −

1

𝑚

)
𝑘1−𝑚𝜃

)
⩽ 𝑚(𝑘 + 1)𝑚𝜃

in the final inequality using Lemma 3.6, in the form

1 +

(
1 −

1

𝑚

)
𝑘1−𝑚𝜃 ⩽

(
𝑘 + 1

𝑘

)𝑚𝜃
for all 𝑘 ⩾ 1. We have now shown the induction step which shows that (3.14) holds when 𝑘 is replaced by 𝑘 + 1 and
0 ⩽ 𝑛 ⩽

⌊
(𝑘 + 1)

𝑚−1

𝑚

⌋
− 1, provided 𝑘 ∈ 𝑚𝐍.

We also need to consider 𝑘 ∉ 𝑚𝐍 for which Lemma 3.2 and (3.8) yield
⌊
(𝑘 + 1)

𝑚−1

𝑚

⌋
=
⌊
𝑘
𝑚−1

𝑚

⌋
+ 1. Thus, we assume

1 ⩽ 𝑛 ⩽
⌊
𝑘
𝑚−1

𝑚

⌋
.

If 1 ⩽ 𝑛 ⩽
⌊
𝑘
𝑚−1

𝑚

⌋
− 1, then Lemma 3.3 and (3.10) give 𝐶𝑘+1,𝑛 ⩾ 𝐶𝑘,𝑛 and thus by the induction hypothesis

𝐶𝑘+1,𝑛+1
𝐶𝑘+1,𝑛

=
𝐶𝑘,𝑛+1 + 𝐶𝑘,𝑛((𝑚 − 1)𝑘 − 𝑚𝑛)

𝐶𝑘+1,𝑛

⩽
𝐶𝑘,𝑛+1
𝐶𝑘,𝑛

+ (𝑚 − 1)𝑘

⩽ 𝑚𝑘𝑚𝜃 + (𝑚 − 1)𝑘

= 𝑚(𝑘 + 1)𝑚𝜃
(
𝑘

𝑘 + 1

)𝑚𝜃(
1 +

(
1 −

1

𝑚

)
𝑘1−𝑚𝜃

)
⩽ 𝑚(𝑘 + 1)𝑚𝜃

as before.
Finally, if 𝑛 =

⌊
𝑘
𝑚−1

𝑚

⌋
then again by Lemma 3.3 and (3.10) we have 𝐶𝑘+1,𝑛 ⩾ 𝐶𝑘,𝑛. From (3.11), we obtain

𝐶𝑘+1,𝑛+1
𝐶𝑘+1,𝑛

⩽
𝐶𝑘+1,𝑛+1
𝐶𝑘,𝑛

= (𝑚 − 1)𝑘 − 𝑚𝑛 ⩽ 𝑚(𝑘 + 1)𝑚𝜃

again due to the assumption𝑚𝜃 ⩾ 2. We have shown the induction step in all cases. □

As a consequence of Proposition 3.7, we have

𝐶𝑘,2 ⩽ 𝑚
2𝑘2𝑚𝜃 (3.15)
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46 ARIAS and WAHLBERG

for 𝑘 ⩾ 4 and 𝜃 ⩾ 2

𝑚
. In fact (3.5) implies

⌊
𝑘
𝑚−1

𝑚

⌋
− 1 ⩾ 1 if 𝑘 ⩾ 4 so Proposition 3.7 applies to 𝑛 = 0 and 𝑛 = 1.

In the next result, we improve the estimate (3.15).

Proposition 3.8. Let 𝑚 ∈ 𝐍, 𝑚 ⩾ 2, 𝜆 ∈ 𝐂 ⧵ {0} and consider the polynomials 𝑝𝜆,𝑘 defined by (3.1) and (3.2) having the
form (3.4) involving the coefficients {𝐶𝑘,𝑛} ⊆ 𝐍 ⧵ {0}. If 𝑘 ⩾ 4, then

𝐶𝑘,2 ⩽
1

2
𝑚2𝑘4. (3.16)

Proof. From Faà di Bruno’s formula (2.9), we obtain if 𝑘 ⩾ 1

𝑝𝜆,𝑘(𝑥) =
𝜕𝑘𝑔𝜆(𝑥)

𝑔𝜆(𝑥)
=

𝑘∑
𝑗=1

𝜆𝑗

𝑚𝑗𝑗!

∑
𝑘1+⋯+𝑘𝑗=𝑘

1≤𝑘𝓁≤𝑚

𝑘!

𝑘1!⋯𝑘𝑗!

𝑗∏
𝓁=1

𝜕
𝑘𝓁
𝑥 𝑥

𝑚

=

𝑘∑
𝑗=1

𝜆𝑗𝑥𝑚𝑗−𝑘
𝑘!

𝑚𝑗𝑗!

∑
𝑘1+⋯+𝑘𝑗=𝑘

1≤𝑘𝓁≤𝑚

𝑗∏
𝓁=1

𝑚!

(𝑚 − 𝑘𝓁)!𝑘𝓁!

=

𝑘−1∑
𝑛=0

𝜆𝑘−𝑛𝑥(𝑚−1)𝑘−𝑛𝑚
𝑘!

𝑚𝑘−𝑛(𝑘 − 𝑛)!

∑
𝑘1+⋯+𝑘𝑘−𝑛=𝑘

1≤𝑘𝓁≤𝑚

𝑘−𝑛∏
𝓁=1

𝑚!

(𝑚 − 𝑘𝓁)!𝑘𝓁!
.

(3.17)

The smallest power of 𝑥 is (𝑚 − 1)𝑘 − (𝑘 − 1)𝑚 = 𝑚 − 𝑘when 𝑛 = 𝑘 − 1. This power seems to be negative if 𝑘 > 𝑚which
would be absurd. But negative powers are in fact excluded by (3.17): if 𝑘 − 𝑛 = 1 then the sum over 𝑘1 +⋯+ 𝑘𝑘−𝑛 = 𝑘
reduces to 𝑘1 = 𝑘 and 1 ⩽ 𝑘 ⩽ 𝑚 is postulated. Thus, the smallest power of 𝑥 is non-negative in (3.17).
Comparing (3.17) with (3.4) we observe that the upper limits for the summation index 𝑛 seem to be possibly different.

In fact by (3.5) we know that
⌊
𝑘
𝑚−1

𝑚

⌋
⩽ 𝑘 − 1. Suppose 𝑛 = 𝑘 − 1 >

⌊
𝑘
𝑚−1

𝑚

⌋
. Then

𝑘 − 2 ⩾
⌊
𝑘
𝑚 − 1

𝑚

⌋
> 𝑘
𝑚 − 1

𝑚
− 1 = 𝑘 − 1 −

𝑘

𝑚

which implies 𝑘 > 𝑚. This contradicts the conditions in the sum over 1 ⩽ 𝑘1 = 𝑘 ⩽ 𝑚 above, which is interpreted as zero
then. So, in fact (3.4) and (3.17) are identical.
The assumption 𝑘 ⩾ 4 and (3.5) implies that 𝑛 = 2 has a nonzero coefficient in (3.4). From the identity of (3.4) and (3.17),

it follows in particular that

𝐶𝑘,2 =
𝑘!

𝑚𝑘−2(𝑘 − 2)!

∑
𝑘1+⋯+𝑘𝑘−2=𝑘

1⩽𝑘𝓁⩽𝑚

𝑘−2∏
𝓁=1

𝑚!

(𝑚 − 𝑘𝓁)!𝑘𝓁!
.

Since 𝑘𝓁 ⩾ 1 for all 1 ⩽ 𝓁 ⩽ 𝑘 − 2 and 𝑘1 +⋯+ 𝑘𝑘−2 = 𝑘, we have

𝑘𝓁 ⩽ 3, 𝓁 = 1, 2, … , 𝑘 − 2.

Hence,

𝐶𝑘,2 =
𝑘!

𝑚𝑘−2(𝑘 − 2)!

∑
𝑘1+⋯+𝑘𝑘−2=𝑘

1⩽𝑘𝓁⩽3

𝑘−2∏
𝓁=1

𝑚!

(𝑚 − 𝑘𝓁)!𝑘𝓁!
. (3.18)
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ARIAS and WAHLBERG 47

For 𝑘1, … , 𝑘𝑘−2 satisfying

𝑘1 +⋯+ 𝑘𝑘−2 = 𝑘 and 𝑘𝓁 ≥ 1,
wemust have 𝑘𝓁1 = 3 for some 1 ⩽ 𝓁1 ⩽ 𝑘 − 2, and 𝑘𝓁 = 1 for 𝓁 ≠ 𝓁1, or 𝑘𝓁1 = 𝑘𝓁2 = 2 for some 1 ⩽ 𝓁1 ≠ 𝓁2 ⩽ 𝑘 − 2, and
𝑘𝓁 = 1 for 𝓁 ∉ {𝓁1, 𝓁2}.
In the first case, we have

𝑘−2∏
𝓁=1

𝑚!

(𝑚 − 𝑘𝓁)!𝑘𝓁!
=
𝑚(𝑚 − 1)(𝑚 − 2)

6
𝑚𝑘−3 ⩽ 𝑚𝑘 (3.19)

and in the second case we have

𝑘−2∏
𝓁=1

𝑚!

(𝑚 − 𝑘𝓁)!𝑘𝓁!
=
𝑚2(𝑚 − 1)2

4
𝑚𝑘−4 ⩽ 𝑚𝑘. (3.20)

Combinatorics give

∑
𝑘1+⋯+𝑘𝑘−2=𝑘

1⩽𝑘𝓁⩽3

⩽ 𝑘 − 2 +
(𝑘 − 2
2

)
=
1

2
(𝑘 − 1)(𝑘 − 2). (3.21)

Finally, we insert (3.19), (3.20), and (3.21) into (3.18) which gives

𝐶𝑘,2 ⩽
𝑘!

𝑚𝑘−2(𝑘 − 2)!
𝑚𝑘
1

2
(𝑘 − 1)(𝑘 − 2) =

1

2
𝑚2𝑘(𝑘 − 1)2(𝑘 − 2) ⩽

1

2
𝑚2𝑘4.

□

In the next result, we look at the particular case of (3.1) where 𝜆 = ±i𝑚, that is, 𝑔𝜆(𝑥) = e±i𝑥𝑚 , and the corresponding
polynomials 𝑝𝜆,𝑘 defined by (3.2).

Proposition 3.9. Let𝑚 ∈ 𝐍,𝑚 ⩾ 2, 𝜆 = ±𝑖𝑚 and consider the polynomials 𝑝𝜆,𝑘 defined by (3.1) and (3.2) having the form
(3.4) involving the coefficients {𝐶𝑘,𝑛} ⊆ 𝐍 ⧵ {0}. If 𝜃 ⩾

2

𝑚
, then there exists a sequence {𝑘𝑗}+∞𝑗=1 ⊆ 𝐍 such that lim

𝑗→∞
𝑘𝑗 = ∞ and

|||𝑝𝜆,𝑘𝑗 (𝑘𝜃𝑗 )||| ⩾ 12𝑚𝑘𝑗𝑘𝜃𝑘𝑗(𝑚−1)𝑗
, 𝑗 ∈ 𝐍 ⧵ {0}. (3.22)

Proof. Let 𝑗 ∈ 𝐍 ⧵ {0}. Due to 1 < 𝑚

𝑚−1
⩽ 2, the interval [4𝑗 𝑚

𝑚−1
, (4𝑗 + 1)

𝑚

𝑚−1
] must contain positive integers. Denote by

𝑘𝑗 ∈ 𝐍 ⧵ {0} the smallest of them. Hence, we have 4𝑗 ⩽ 𝑘𝑗
𝑚−1

𝑚
⩽ 4𝑗 + 1, and therefore

4𝑗 ⩽
⌊
𝑘𝑗
𝑚 − 1

𝑚

⌋
⩽ 4𝑗 + 1 (3.23)

as well as ⌊1
2

⌊
𝑘𝑗
𝑚 − 1

𝑚

⌋⌋
= 2𝑗. (3.24)

The bound 𝑘𝑗 ⩾ 4𝑗
𝑚

𝑚−1
> 4𝑗 implies that 𝑘𝑗 ⩾ 4 for all 𝑗 ∈ 𝐍 ⧵ {0}.

For notational simplicity, we write 𝑘 = 𝑘𝑗 . Lemma 3.1 and (3.4) gives

𝑝𝜆,𝑘(𝑥) = (±1)
𝑘i𝑘𝑚𝑘𝑥(𝑚−1)𝑘

⌊𝑘 𝑚−1
𝑚

⌋∑
𝑛=0

(±1)𝑛i−𝑛𝑚−𝑛𝑥−𝑛𝑚𝐶𝑘,𝑛
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48 ARIAS and WAHLBERG

which in turn gives

|||𝑝𝜆,𝑘(𝑘𝜃)||| = 𝑚𝑘𝑘𝜃(𝑚−1)𝑘
||||||||
⌊𝑘 𝑚−1

𝑚
⌋∑

𝑛=0

(±1)𝑛i−𝑛𝑚−𝑛𝑘−𝜃𝑛𝑚𝐶𝑘,𝑛

||||||||
⩾ 𝑚𝑘𝑘𝜃(𝑚−1)𝑘

||||||||
⌊𝑘 𝑚−1

𝑚
⌋∑

𝑛=0
𝑛 even

i−𝑛𝑚−𝑛𝑘−𝜃𝑛𝑚𝐶𝑘,𝑛

||||||||
= 𝑚𝑘𝑘𝜃(𝑚−1)𝑘

||||||||
⌊ 1
2
⌊𝑘 𝑚−1

𝑚
⌋⌋∑

𝑛=0

(−1)𝑛𝑚−2𝑛𝑘−2𝜃𝑛𝑚𝐶𝑘,2𝑛

||||||||.

(3.25)

Using (3.24), and noting that𝑚−4𝑗𝑘−4𝜃𝑗𝑚𝐶𝑘,4𝑗 ⩾ 0, we have

⌊ 1
2
⌊𝑘 𝑚−1

𝑚
⌋⌋∑

𝑛=0

(−1)𝑛𝑚−2𝑛𝑘−2𝜃𝑛𝑚𝐶𝑘,2𝑛 ⩾

2𝑗−1∑
𝑛=0

(−1)𝑛𝑚−2𝑛𝑘−2𝜃𝑛𝑚𝐶𝑘,2𝑛

= 1 −
𝐶𝑘,2

𝑚2𝑘2𝜃𝑚

+
𝐶𝑘,4

𝑚4𝑘4𝜃𝑚
−
𝐶𝑘,6

𝑚6𝑘6𝜃𝑚
+⋯+

𝐶𝑘,2(2𝑗−2)

𝑚2(2𝑗−2)𝑘2(2𝑗−2)𝜃𝑚
−

𝐶𝑘,2(2𝑗−1)

𝑚2(2𝑗−1)𝑘2(2𝑗−1)𝜃𝑚
.

(3.26)

By Proposition 3.7, we have if 0 ⩽ 2𝑛 ⩽ ⌊𝑘𝑚−1
𝑚

⌋ − 2,
𝐶𝑘,2(𝑛+1) ⩽ 𝐶𝑘,2𝑛𝑚

2𝑘2𝜃𝑚

which gives

𝐶𝑘,2𝑛

𝑚2𝑛𝑘2𝑛𝜃𝑚
−

𝐶𝑘,2(𝑛+1)

𝑚2(𝑛+1)𝑘2(𝑛+1)𝜃𝑚
⩾ 0

for all 𝑛 ∈ 𝐍 ⧵ {0} such that 0 ⩽ 2𝑛 ⩽ ⌊𝑘𝑚−1
𝑚

⌋ − 2. By (3.23) this includes all 𝑛 ∈ 𝐍 ⧵ {0} such that 2 ⩽ 𝑛 ⩽ 2𝑗 − 2. Wemay
conclude that

⌊ 1
2
⌊𝑘 𝑚−1

𝑚
⌋⌋∑

𝑛=0

(−1)𝑛𝑚−2𝑛𝑘−2𝜃𝑛𝑚𝐶𝑘,2𝑛 ⩾ 1 −
𝐶𝑘,2

𝑚2𝑘2𝜃𝑚
. (3.27)

Finally, the assumption 𝜃 ⩾ 2

𝑚
and Proposition 3.8 yield

𝐶𝑘,2

𝑚2𝑘2𝜃𝑚
⩽
𝑚2𝑘4

2𝑚2𝑘2𝜃𝑚
=
1

2
𝑘2(2−𝜃𝑚) ⩽

1

2

for all 𝑘. Combining this with (3.25) and (3.27), we obtain (3.22). □
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ARIAS and WAHLBERG 49

4 PROOF THEOREM 1.1

In [4, Theorem 5.7], the authors identify the subspace of 𝑔 ∈ 𝐶∞(𝐑𝑑) such that the multiplier operator 𝑇𝑔𝑓 = 𝑓𝑔 is con-
tinuous on Σ𝑠

𝜃
(𝐑𝑑) and on 𝑠

𝜃
(𝐑𝑑), respectively. They prove a characterization of the multiplier space formulated in terms

of estimates of the form

|𝜕𝛼𝑔(𝑥)| ⩽ 𝐶ℎ|𝛼||𝛼|!𝑠e𝜆− 1𝜃 |𝑥| 1𝜃 , 𝛼 ∈ 𝐍𝑑, 𝑥 ∈ 𝐑𝑑. (4.1)

In fact 𝑇𝑔 ∶ 𝑠𝜃(𝐑𝑑) → 𝑠
𝜃
(𝐑𝑑) is continuous if and only if (4.1) holds for all 𝜆 > 0, some 𝐶 = 𝐶(𝜆) > 0, and some ℎ =

ℎ(𝜆) > 0. Moreover, 𝑇𝑔 ∶ Σ𝑠𝜃(𝐑
𝑑) → Σ𝑠

𝜃
(𝐑𝑑) is continuous if and only if (4.1) holds for all ℎ > 0, some 𝐶 = 𝐶(ℎ) > 0, and

some 𝜆 = 𝜆(ℎ) > 0.

Proof of Theorem 1.1. Theorem 1.1 concerns multiplier functions 𝑔(𝑥) = ei𝑞(𝑥) where 𝑞 is a polynomial of degree 𝑚 ⩾ 2,
that is

𝑞(𝑥) =
∑

|𝛼|⩽𝑚 𝑐𝛼𝑥
𝛼, 𝑐𝛼 ∈ 𝐑, 𝑥 ∈ 𝐑

𝑑, (4.2)

and 𝑐𝛼 ≠ 0 for some 𝛼 ∈ 𝐍𝑑 with |𝛼| = 𝑚.
If 𝛾 ∈ 𝐍𝑑 and |𝛾| ⩽ 𝑚 then

𝜕𝛾𝑞(𝑥) =
∑

|𝛼|=𝑚
𝛼⩾𝛾

𝑐𝛼
𝛼!

(𝛼 − 𝛾)!
𝑥𝛼−𝛾 + L.O.T. (4.3)

Hence,

|𝜕𝛾𝑞(𝑥)| ≤ 𝐶𝑞,𝑚 max(1, |𝑥|𝑚−|𝛾|), (4.4)

where 𝐶𝑞,𝑚 > 0 is a constant depending only on𝑚 and on the coefficients of 𝑞.
From Faà di Bruno’s formula (2.9), one gets for 𝛼 ∈ 𝐍𝑑 ⧵ {0}

𝜕𝛼𝑔(𝑥) =

|𝛼|∑
𝑗=1

𝑖𝑗
𝑔(𝑥)

𝑗!

∑
𝛼1+⋯+𝛼𝑗=𝛼

1⩽|𝛼𝓁|⩽𝑚, 1⩽𝓁⩽𝑗
𝛼!

𝛼1!⋯𝛼𝑗!

𝑗∏
𝓁=1

𝜕𝛼𝓁𝑞(𝑥). (4.5)

Now, (4.4) entails if |𝑥| ⩾ 1
|𝜕𝛼𝑔(𝑥)| ⩽ |𝛼|∑

𝑗=1

1

𝑗!

∑
𝛼1+⋯+𝛼𝑗=𝛼

1⩽|𝛼𝓁|⩽𝑚, 1⩽𝓁⩽𝑗

𝛼!

𝛼1!⋯𝛼𝑗!

𝑗∏
𝓁=1

𝐶𝑞,𝑚|𝑥|𝑚−|𝛼𝓁|

⩽ 𝛼!

|𝛼|∑
𝑗=1

𝐶
𝑗
𝑞,𝑚

𝑗!
|𝑥|jm−|𝛼| ∑

𝛼1+⋯+𝛼𝑗=𝛼

1⩽|𝛼𝓁|⩽𝑚, 1⩽𝓁⩽𝑗

1

𝛼1!⋯𝛼𝑗!
. (4.6)

On one hand, we get from [7, Eq. (0.3.15)]

∑
𝛼1+⋯+𝛼𝑗=𝛼

1⩽|𝛼𝓁|⩽𝑚, 1⩽𝓁⩽𝑗

1

𝛼1!⋯𝛼𝑗!
⩽
(𝑚 + 𝑑
𝑚

)𝑗
⩽ 2(𝑚+𝑑)𝑗. (4.7)
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50 ARIAS and WAHLBERG

On the other hand if |𝑥| ⩾ 1 we have for any 𝜆 > 0, using 𝑗 ⩽ |𝛼| ⩽ 𝑗𝑚,

|𝑥|𝑗𝑚−|𝛼| =
⎛⎜⎜⎜⎜⎜⎝

(
𝜃−1

(
𝜆−1|𝑥|) 1𝜃)𝑗𝑚−|𝛼|
(𝑗𝑚 − |𝛼|)!

⎞⎟⎟⎟⎟⎟⎠

𝜃

(𝑗𝑚 − |𝛼|)!𝜃(𝜃𝜃𝜆)𝑗𝑚−|𝛼|

⩽ 𝑒(𝜆
−1|𝑥|) 1𝜃 (𝑗(𝑚 − 1))!𝜃(𝜃𝜃𝜆)𝑗𝑚−|𝛼|

(4.8)

and, using [7, Eq. (0.3.12)],

(𝑗(𝑚 − 1))!𝜃 ⩽ (𝑗(𝑚 − 1))
𝑗(𝑚−1)𝜃

= (𝑚 − 1)(𝑚−1)𝜃𝑗𝑗𝑗(𝑚−1)𝜃

⩽ (𝑒(𝑚 − 1))
(𝑚−1)𝜃𝑗

𝑗!(𝑚−1)𝜃.

(4.9)

If |𝑥| ⩾ 1, then insertion of (4.7), (4.8), and (4.9) into (4.6) gives, using the assumption (𝑚 − 1)𝜃 ≥ 1,
|𝜕𝛼𝑔(𝑥)| ⩽ 𝛼!e(𝜆−1|𝑥|) 1𝜃 |𝛼|∑

𝑗=1

(
𝐶𝑞,𝑚(𝑒(𝑚 − 1))

(𝑚−1)𝜃
2𝑚+𝑑

)𝑗(
𝜃𝜃𝜆

)𝑗𝑚−|𝛼|
𝑗!(𝑚−1)𝜃−1

⩽ 𝐶|𝛼||𝛼|!(𝑚−1)𝜃e(𝜆−1|𝑥|) 1𝜃 |𝛼|∑
𝑗=1

𝜆𝑗𝑚−|𝛼|
(4.10)

for some 𝐶 > 0.
If |𝑥| ⩽ 1 then (4.4), (4.5), (4.7), and (4.8) with |𝑥| = 1, and (4.9) give for any 𝜆 > 0

|𝜕𝛼𝑔(𝑥)| ⩽ 𝛼! |𝛼|∑
𝑗=1

(
𝐶𝑞,𝑚2

𝑚+𝑑
)𝑗
𝑗!−1

⩽ 𝛼!

|𝛼|∑
𝑗=1

(
𝐶𝑞,𝑚2

𝑚+𝑑
)𝑗
𝑗!−1e𝜆

−
1
𝜃 (𝑗(𝑚 − 1))!𝜃

(
𝜃𝜃𝜆

)𝑗𝑚−|𝛼|
⩽ 𝛼!e𝜆

−
1
𝜃

|𝛼|∑
𝑗=1

(
𝐶𝑞,𝑚(𝑒(𝑚 − 1))

(𝑚−1)𝜃
2𝑚+𝑑

)𝑗(
𝜃𝜃𝜆

)𝑗𝑚−|𝛼|
𝑗!(𝑚−1)𝜃−1

⩽ 𝐶|𝛼||𝛼|!(𝑚−1)𝜃e𝜆− 1𝜃 |𝛼|∑
𝑗=1

𝜆𝑗𝑚−|𝛼|

(4.11)

for some 𝐶 > 0.
The estimate (4.10) for |𝑥| ⩾ 1 and the estimate (4.11) for |𝑥| ⩽ 1 can be combined into the estimate for 𝑥 ∈ 𝐑𝑑

|𝜕𝛼𝑔(𝑥)| ⩽ e𝜆− 1𝜃 𝐶|𝛼||𝛼|!(𝑚−1)𝜃e(𝜆−1|𝑥|) 1𝜃 |𝛼|∑
𝑗=1

𝜆𝑗𝑚−|𝛼| (4.12)

for some 𝐶 > 0.
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ARIAS and WAHLBERG 51

Proof of Claim (i). The assumption 𝑠 ⩾ (𝑚 − 1)𝜃 and (4.12) imply if 𝜆 ⩾ 1

|𝜕𝛼𝑔(𝑥)| ⩽ e𝜆− 1𝜃 𝐶|𝛼||𝛼|!𝑠e(𝜆−1|𝑥|) 1𝜃 |𝛼|∑
𝑗=1

𝜆|𝛼|(𝑚−1)

⩽ e𝜆
−
1
𝜃
(
2𝐶𝜆𝑚−1

)|𝛼||𝛼|!𝑠e(𝜆−1|𝑥|) 1𝜃
(4.13)

and if 0 < 𝜆 < 1

|𝜕𝛼𝑔(𝑥)| ⩽ e𝜆− 1𝜃 𝐶|𝛼||𝛼|!𝑠e(𝜆−1|𝑥|) 1𝜃 |𝛼|∑
𝑗=1

𝜆−|𝛼|

⩽ e𝜆
−
1
𝜃
(
2𝐶𝜆−1

)|𝛼||𝛼|!𝑠e(𝜆−1|𝑥|) 1𝜃 . (4.14)

Combining (4.13) and (4.14) we may by the criterion in [4, Theorem 5.7] conclude that 𝑇 is continuous on 𝑠
𝜃
(𝐑𝑑). Claim

(i) has been proved.

Proof of Claim (ii). The assumptions imply that either 𝑠 ⩾ 𝜃(𝑚 − 1) > 1 or 𝑠 > 𝜃(𝑚 − 1) ⩾ 1. First, we suppose that 𝑠 ⩾
𝜃(𝑚 − 1) > 1. Then, [10, Theorem 7.1] shows that 𝑇 is continuous on Σ𝑠

𝜃
(𝐑𝑑).

It remains to consider 𝑠 > 𝜃(𝑚 − 1) ⩾ 1. Then, 𝜀 ∶= 𝑠 − 𝜃(𝑚 − 1) > 0. From (4.12) with 𝜆 = 1 we obtain for any ℎ > 0

|𝜕𝛼𝑔(𝑥)| ⩽ 𝑒 𝐶|𝛼||𝛼|!𝑠−𝜀e|𝑥| 1𝜃 |𝛼|
⩽ 𝑒(2𝐶ℎ)

|𝛼||𝛼|!𝑠e|𝑥| 1𝜃 ⎛⎜⎜⎝
ℎ
−

|𝛼|
𝜀|𝛼|! ⎞⎟⎟⎠
𝜀

⩽ e1+𝜀ℎ
−
1
𝜀 (2𝐶ℎ)

|𝛼||𝛼|!𝑠e|𝑥| 1𝜃 .
Again by the criterion in [4, Theorem5.7]wemay conclude that𝑇 is continuous onΣ𝑠

𝜃
(𝐑𝑑). Claim (ii) has been proved. □

Corollary 4.1. Define 𝑇 by (1.1) where 𝑞 is a polynomial on𝐑𝑑 with real coefficients and degree𝑚 ⩾ 2, and let 𝑠, 𝜃 > 0.

(i) If 𝑠 ⩾ (𝑚 − 1)𝜃 ⩾ 1, then 𝑇 is continuous on
(𝑠
𝜃

)′
(𝐑𝑑).

(ii) If 𝑠 ⩾ (𝑚 − 1)𝜃 ⩾ 1 and (𝜃, 𝑠) ≠ (
1

𝑚−1
, 1
)
, then 𝑇 is continuous on

(
Σ𝑠
𝜃

)′
(𝐑𝑑).

5 PROOFS OF THEOREMS 1.2 AND 1.3

Lemma 5.1. Let 𝑓, 𝑔 ∈ 𝐶∞(𝐑). If there exists 𝐴, 𝐵, 𝑎, 𝜃, 𝜈 > 0, and 𝑠 ⩾ 1 such that

|𝐷𝑘𝑓(𝑥)| ⩽ 𝐵𝑘𝑘!|𝑓(𝑥)|⟨𝑥⟩𝑘max ( 1𝜈 −1,0), 𝑘 ∈ 𝐍, (5.1)

and

|𝐷𝑘(𝑔(𝑥)𝑓(𝑥))| ⩽ 𝐴𝐵𝑘𝑘!𝑠𝑒−𝑎|𝑥| 1𝜃 , 𝑘 ∈ 𝐍, (5.2)

then

|(𝐷𝑘𝑔)(𝑥)𝑓(𝑥)| ⩽ 𝐴(2𝐵)𝑘𝑘!𝑠𝑒−𝑎|𝑥| 1𝜃 ⟨𝑥⟩𝑘max ( 1𝜈 −1,0), 𝑘 ∈ 𝐍. (5.3)
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52 ARIAS and WAHLBERG

Proof. Assumption (5.2) for 𝑘 = 0 implies (5.3) for 𝑘 = 0. In an induction proof, we let 𝑘 ∈ 𝐍 ⧵ {0} and assume that (5.3)
holds for orders smaller than 𝑘. We use

(𝐷𝑘𝑔)(𝑥)𝑓(𝑥) = 𝐷𝑘(𝑔(𝑥)𝑓(𝑥)) −

𝑘−1∑
𝑛=0

(𝑘
𝑛

)
𝐷𝑛𝑔(𝑥)𝐷𝑘−𝑛𝑓(𝑥)

(5.1), (5.2), the induction hypothesis, and 𝑠 ⩾ 1. If 𝜈 ⩾ 1, thenmax
(
1

𝜈
− 1, 0

)
= 0 which gives

|(𝐷𝑘𝑔)(𝑥)𝑓(𝑥)| ⩽ |𝐷𝑘(𝑔(𝑥)𝑓(𝑥))| + 𝑘−1∑
𝑛=0

(𝑘
𝑛

)|𝐷𝑛𝑔(𝑥)| |𝐷𝑘−𝑛𝑓(𝑥)|
⩽ 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃 + 𝑘−1∑

𝑛=0

(𝑘
𝑛

)|𝐷𝑛𝑔(𝑥)| |𝑓(𝑥)|𝐵𝑘−𝑛(𝑘 − 𝑛)!
⩽ 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃 + 𝑘−1∑

𝑛=0

(𝑘
𝑛

)
𝐴(2𝐵)𝑛𝑛!𝑠e−𝑎|𝑥| 1𝜃 𝐵𝑘−𝑛(𝑘 − 𝑛)!

= 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃
(
1 +

𝑘−1∑
𝑛=0

(
𝑛!

𝑘!

)𝑠−1
2𝑛

)

⩽ 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃
(
1 +

𝑘−1∑
𝑛=0

2𝑛

)

= 𝐴(2𝐵)𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃 .
This proves the induction step, and hence (5.3), provided 𝜈 ⩾ 1.
It remains to consider 0 < 𝜈 < 1. Then,max

(
1

𝜈
− 1, 0

)
=
1

𝜈
− 1 and we have

|(𝐷𝑘𝑔)(𝑥)𝑓(𝑥)| ⩽ |𝐷𝑘(𝑔(𝑥)𝑓(𝑥))| + 𝑘−1∑
𝑛=0

(𝑘
𝑛

)|𝐷𝑛𝑔(𝑥)| |𝐷𝑘−𝑛𝑓(𝑥)|
⩽ 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃 + 𝑘−1∑

𝑛=0

(𝑘
𝑛

)|𝐷𝑛𝑔(𝑥)| |𝑓(𝑥)| ⟨𝑥⟩(𝑘−𝑛)( 1𝜈 −1) 𝐵𝑘−𝑛(𝑘 − 𝑛)!
⩽ 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃 + 𝑘−1∑

𝑛=0

(𝑘
𝑛

)
𝐴(2𝐵)𝑛𝑛!𝑠e−𝑎|𝑥| 1𝜃 ⟨𝑥⟩𝑘( 1𝜈 −1)𝐵𝑘−𝑛(𝑘 − 𝑛)!

= 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃
(
1 + ⟨𝑥⟩𝑘( 1𝜈 −1) 𝑘−1∑

𝑛=0

(
𝑛!

𝑘!

)𝑠−1
2𝑛

)

⩽ 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃
(
1 + ⟨𝑥⟩𝑘( 1𝜈 −1) 𝑘−1∑

𝑛=0

2𝑛

)

= 𝐴𝐵𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃 (1 + ⟨𝑥⟩𝑘( 1𝜈 −1)(2𝑘 − 1))
⩽ 𝐴(2𝐵)𝑘𝑘!𝑠e−𝑎|𝑥| 1𝜃 ⟨𝑥⟩𝑘( 1𝜈 −1)

which proves the induction step, and hence (5.3), when 0 < 𝜈 < 1. □
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ARIAS and WAHLBERG 53

Consider the function ⟨𝑥⟩𝑡 = (1 + 𝑥2) 𝑡2 for 𝑥 ∈ 𝐑 with 𝑡 ∈ 𝐑. We have the following estimate for its derivatives.
Lemma 5.2. If 𝑡 ∈ 𝐑, then there exists 𝐶𝑡 ⩾ 1 such that for all 𝑘 ∈ 𝐍|||𝐷𝑘⟨𝑥⟩𝑡||| ⩽ 𝐶𝑡23𝑘𝑘!⟨𝑥⟩𝑡−𝑘, 𝑥 ∈ 𝐑. (5.4)

Proof. First, we assume |𝑡| ⩽ 1 and show
|||𝐷𝑘⟨𝑥⟩𝑡||| ⩽ 22𝑘+5𝑘!⟨𝑥⟩𝑡−𝑘, 𝑥 ∈ 𝐑, (5.5)

for all 𝑘 ∈ 𝐍.
The function ⟨𝑥⟩𝑡 = (1 + 𝑥2) 𝑡2 is a composition of𝑓(𝑥) = 𝑥 𝑡2 with 𝑔(𝑥) = 1 + 𝑥2. The estimate (5.5) is trivial when 𝑘 = 0,

and can be verified for 𝑘 = 1 and 𝑘 = 2 so we may assume that 𝑘 ⩾ 3.
For 𝑛 ∈ 𝐍, we have

𝑓(𝑛)(𝑥) =
𝑡

2

( 𝑡
2
− 1

)
⋯

( 𝑡
2
− (𝑛 − 1)

)
𝑥
𝑡

2
−𝑛 (5.6)

and if𝑚𝑗 = 0 for 3 ⩽ 𝑗 ⩽ 𝑘 then

𝑘∏
𝑗=1

(
𝑔(𝑗)(𝑥)

𝑗!

)𝑚𝑗
=
(
𝑔′(𝑥)

)𝑚1(𝑔′′(𝑥)
2

)𝑚2
= 2𝑚1𝑥𝑚1. (5.7)

If instead𝑚𝑗 > 0 for some 3 ⩽ 𝑗 ⩽ 𝑘 then the product is zero.
Inserting (5.6) and (5.7) into Faà di Bruno’s formula (2.8) yields by means of [7, Eq. (0.3.5)]

|||𝐷𝑘⟨𝑥⟩𝑡|||
𝑘!⟨𝑥⟩𝑡−𝑘 ⩽ ∑

𝑚1+2𝑚2=𝑘

1

𝑚1!𝑚2!

|||| 𝑡2( 𝑡2 − 1)⋯( 𝑡
2
− (𝑚1 + 𝑚2 − 1)

)||||⟨𝑥⟩𝑡−2(𝑚1+𝑚2)+𝑘−𝑡2𝑚1𝑥𝑚1
⩽

|𝑡|
2

∑
𝑚1+2𝑚2=𝑘

1

𝑚1!𝑚2!

(|𝑡|
2
+ 1

)
⋯

(|𝑡|
2
+ 𝑚1 + 𝑚2 + 1

)⟨𝑥⟩−(𝑚1+2𝑚2)+𝑘2𝑚1
⩽

∑
𝑚1+2𝑚2=𝑘

2𝑚1−1(𝑚1 + 𝑚2 + 2)!

𝑚1!𝑚2!
⩽

∑
𝑚1+2𝑚2=𝑘

22𝑚1+𝑚2+1(𝑚2 + 2)(𝑚2 + 1)

⩽
∑

𝑚1+2𝑚2=𝑘

22𝑚1+3𝑚2+4 =

⌊ 𝑘
2
⌋∑

𝑚2=0

22(𝑘−2𝑚2)+3𝑚2+4 = 22𝑘+4
⌊ 𝑘
2
⌋∑

𝑚2=0

2−𝑚2 ⩽ 22𝑘+5

which proves (5.5) provided |𝑡| ⩽ 1.
Next, we consider |𝑡| > 1 and put𝑚 = ⌊|𝑡|⌋. Writing

⟨𝑥⟩𝑡 = ⟨𝑥⟩±|𝑡| = ⟨𝑥⟩±(|𝑡|−𝑚) 𝑚∏
𝑗=1

⟨𝑥⟩±1
we use Leibniz’ rule

𝐷𝑘⟨𝑥⟩𝑡 = ∑
𝑘0+𝑘1+⋯+𝑘𝑚=𝑘

𝑘!

𝑘0!𝑘1!⋯𝑘𝑚!
𝐷𝑘0⟨𝑥⟩±(|𝑡|−𝑚) 𝑚∏

𝑗=1

𝐷𝑘𝑗 ⟨𝑥⟩±1.
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54 ARIAS and WAHLBERG

Since 0 ⩽ |𝑡| −𝑚 < 1 we may use (5.5) which yields, using [7, Eq. (0.3.16)],
|||𝐷𝑘⟨𝑥⟩𝑡||| ⩽ ∑

𝑘0+𝑘1+⋯+𝑘𝑚=𝑘

𝑘!

𝑘0!𝑘1!⋯𝑘𝑚!
|||𝐷𝑘0⟨𝑥⟩±(|𝑡|−𝑚)||| 𝑚∏

𝑗=1

|||𝐷𝑘𝑗 ⟨𝑥⟩±1|||
⩽

∑
𝑘0+𝑘1+⋯+𝑘𝑚=𝑘

𝑘!

𝑘0!𝑘1!⋯𝑘𝑚!
22𝑘0+5𝑘0!⟨𝑥⟩±(|𝑡|−𝑚)−𝑘0 𝑚∏

𝑗=1

22𝑘𝑗+5𝑘𝑗!⟨𝑥⟩±1−𝑘𝑗
⩽ 22𝑘+5(𝑚+1)𝑘!⟨𝑥⟩𝑡−𝑘 ∑

𝑘0+𝑘1+⋯+𝑘𝑚=𝑘

= 22𝑘+5(𝑚+1)𝑘!⟨𝑥⟩𝑡−𝑘(𝑘 + 𝑚
𝑚

)
⩽ 23𝑘+6𝑚+5𝑘!⟨𝑥⟩𝑡−𝑘 ⩽ 23𝑘+6|𝑡|+5𝑘!⟨𝑥⟩𝑡−𝑘.

Combined with (5.5) for |𝑡| ⩽ 1 we have now shown (5.4) for all 𝑡 ∈ 𝐑. □

Let 𝜃 > 0 and consider the function

𝑓(𝑥) = e−⟨𝑥⟩ 1𝜃 , 𝑥 ∈ 𝐑. (5.8)

Lemma 5.3. If 𝑓 is defined by (5.8) with 𝜃 > 0 then there exists 𝐶𝜃 ⩾ 1 such that for all 𝑘 ∈ 𝐍 ⧵ {0}

|𝑓(𝑘)(𝑥)| ⩽ 𝐶𝑘
𝜃
𝑘!𝑓(𝑥)

𝑘∑
𝑗=1

1

𝑗!
⟨𝑥⟩𝑗( 1𝜃 −1).

Proof. Faà di Bruno’s formula (2.9), Lemma 5.2 and [7, Eq. (0.3.16)] give for some 𝐶𝜃 ⩾ 1 if 𝑘 ⩾ 1

|𝑓(𝑘)(𝑥)|
𝑘!𝑓(𝑥)

=

|||||||||
𝑘∑
𝑗=1

(−1)
𝑗

𝑗!

∑
𝑘1+⋯+𝑘𝑗=𝑘

𝑘𝓁≥1, 1⩽𝓁⩽𝑗

1

𝑘1!⋯𝑘𝑗!

𝑗∏
𝓁=1

𝐷𝑘𝓁⟨𝑥⟩ 1𝜃
|||||||||

⩽

𝑘∑
𝑗=1

1

𝑗!

∑
𝑘1+⋯+𝑘𝑗=𝑘

𝑘𝓁≥1, 1⩽𝓁⩽𝑗

𝑗∏
𝓁=1

𝐶𝜃2
3𝑘𝓁⟨𝑥⟩ 1𝜃 −𝑘𝓁

⩽ 𝐶𝑘
𝜃
23𝑘

𝑘∑
𝑗=1

1

𝑗!
⟨𝑥⟩ 𝑗𝜃 −𝑘 ∑

𝑘1+⋯+𝑘𝑗=𝑘

𝑘𝓁≥1, 1⩽𝓁⩽𝑗

⩽ 𝐶𝑘
𝜃
23𝑘

𝑘∑
𝑗=1

1

𝑗!
⟨𝑥⟩ 𝑗𝜃 −𝑘(𝑘 + 𝑗 − 1

𝑗 − 1

)

⩽ 𝐶𝑘
𝜃
23𝑘

𝑘∑
𝑗=1

1

𝑗!
⟨𝑥⟩ 𝑗𝜃 −𝑘2𝑘+𝑗−1

⩽ 𝐶𝑘
𝜃
25𝑘

𝑘∑
𝑗=1

1

𝑗!
⟨𝑥⟩𝑗( 1𝜃 −1).

□
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ARIAS and WAHLBERG 55

Corollary 5.4. If 𝑓 is defined by (5.8) with 𝜃 > 0 then there exists 𝐶𝜃 ⩾ 1 such that for all 𝑘 ∈ 𝐍

|𝑓(𝑘)(𝑥)| ⩽ 𝐶𝑘
𝜃
𝑘!𝑓(𝑥)⟨𝑥⟩𝑘max ( 1𝜃 −1,0).

Proof. The estimate is trivial, when 𝑘 = 0. Lemma 5.3 gives for some 𝐶𝜃 ⩾ 1 and 𝑘 ⩾ 1 with 𝜏 = max
(
1

𝜃
− 1, 0

)

|𝑓(𝑘)(𝑥)| ⩽ 𝐶𝑘
𝜃
𝑘!𝑓(𝑥)

𝑘∑
𝑗=1

1

𝑗!
⟨𝑥⟩𝑗𝜏

⩽ (2𝐶𝜃)
𝑘
𝑘!𝑓(𝑥)⟨𝑥⟩𝑘𝜏. □

Proposition 5.5. If 𝜃 > 0 and the function 𝑓 is defined by (5.8) then 𝑓 ∈ 1
𝜃
(𝐑).

Proof. If 𝜃 ⩾ 1, then Corollary 5.4 gives

|𝑓(𝑘)(𝑥)| ⩽ 𝐶𝑘
𝜃
𝑘!e−⟨𝑥⟩ 1𝜃

for some 𝐶𝜃 ⩾ 1, and thus it follows from Lemma 2.1 that 𝑓 ∈ 1
𝜃
(𝐑).

Let 0 < 𝜃 < 1. We have for 𝑥 ∈ 𝐑 and 𝑗 ∈ 𝐍

⟨𝑥⟩𝑗 = ⎛⎜⎜⎝
⟨𝑥⟩ 𝑗𝜃
𝑗!

⎞⎟⎟⎠
𝜃

𝑗!𝜃 ⩽ e𝜃⟨𝑥⟩ 1𝜃 𝑗!𝜃

which combined with Lemma 5.3 gives for some 𝐶𝜃 ⩾ 1 and all 𝑘 ⩾ 1

|𝑓(𝑘)(𝑥)| ⩽ 𝐶𝑘
𝜃
𝑘!𝑓(𝑥)

𝑘∑
𝑗=1

1

𝑗!
⟨𝑥⟩𝑗 1−𝜃𝜃

⩽ 𝐶𝑘
𝜃
𝑘!𝑓(𝑥) 𝑒(1−𝜃)⟨𝑥⟩ 1𝜃 𝑘∑

𝑗=1

𝑗!−1+1−𝜃

⩽ (2𝐶𝜃)
𝑘𝑘!e−𝜃⟨𝑥⟩ 1𝜃 .

Lemma 2.1 again shows that 𝑓 ∈ 1
𝜃
(𝐑). □

We assume that 𝑞 is a polynomial on 𝐑 with real coefficients of degree𝑚 ≥ 2, that is,

𝑞(𝑥) =

𝑚∑
𝑘=0

𝑐𝑘𝑥
𝑘, 𝑐𝑘 ∈ 𝐑, 𝑐𝑚 ≠ 0, 𝑥 ∈ 𝐑.

In order to show Theorems 1.2 and 1.3, we may be a rescaling argument assume that 𝑐𝑚 = ±1, that is,

𝑞(𝑥) = ±𝑥𝑚 + 𝑞𝑚−1(𝑥), (5.9)

where 𝑞𝑚−1 is a polynomial with real coefficients of degree deg 𝑞𝑚−1 ⩽ 𝑚 − 1.

Lemma 5.6. Let𝑚 ∈ 𝐍,𝑚 ⩾ 2, and let 𝜃 > 2

𝑚
. Let the polynomial 𝑞 be defined by (5.9) and let 𝑓 ∈ 𝐶∞(𝐑).
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56 ARIAS and WAHLBERG

(i) Suppose 𝜃 ⩾ 1 if𝑚 = 3. If

𝑒±𝑖𝑥
𝑚
𝑓 ∉

⋃
1⩽𝑠<𝜃𝑚−max(𝜃,1)

𝑠
𝜃
(𝐑) (5.10)

then

𝑒𝑖𝑞(𝑥)𝑓 ∉
⋃

1⩽𝑠<𝜃𝑚−max(𝜃,1)

𝑠
𝜃
(𝐑). (5.11)

(ii) Suppose 𝜃 > 1 if𝑚 = 3. If 2
𝑚
< 𝜈 < 𝜃 and

𝑒±𝑖𝑥
𝑚
𝑓 ∉

⋃
1<𝑠<𝜈𝑚−max(𝜈,1)

Σ𝑠
𝜃
(𝐑) (5.12)

then

𝑒𝑖𝑞(𝑥)𝑓 ∉
⋃

1<𝑠<𝜈𝑚−max(𝜈,1)

Σ𝑠
𝜃
(𝐑). (5.13)

Proof. We start by proving statement (i). First, we discuss the case 𝑚 = 2 in which 𝑞𝑚−1 = 𝑞1 is a polynomial of degree
one. By assumption 𝜃 > 1. Suppose e±i𝑥2𝑓 ∉ 𝑠

𝜃
(𝐑) for some 1 ⩽ 𝑠 < 𝜃. Then, ei𝑞(𝑥)𝑓 = ei𝑞1(𝑥)e±i𝑥2𝑓 ∉ 𝑠

𝜃
(𝐑) follows from

the invariance of 𝑠
𝜃
(𝐑) with respect to modulation. This shows a strengthened form of statement (i).

It remains to consider the case 𝑚 ⩾ 3, in which the assumptions imply that (𝑚 − 2)𝜃 ⩾ 1. Assumption (5.10) means
that e±i𝑥𝑚𝑓 ∉ 𝑠

𝜃
(𝐑) for all

1 ⩽ 𝑠 < 𝜃𝑚 −max(𝜃, 1).

In a contradictory argument, we suppose that (5.11) is not true, that is, ei𝑞𝑓 ∈ 𝑠
𝜃
(𝐑) for some 1 ⩽ 𝑠 < 𝜃𝑚 −max(𝜃, 1).

If (𝑚 − 2)𝜃 ⩽ 𝑠 < 𝜃𝑚 −max(𝜃, 1) then Theorem 1.1 (i) implies that e−i𝑞𝑚−1 is continuous on 𝑠
𝜃
(𝐑), which gives

e±i𝑥𝑚𝑓 = e−i𝑞𝑚−1ei𝑞𝑓 ∈ 𝑠
𝜃
(𝐑). This contradicts the assumption (5.10).

If instead 1 ⩽ 𝑠 < (𝑚 − 2)𝜃 then ei𝑞𝑓 ∈ 𝑠
𝜃
(𝐑) ⊆  (𝑚−2)𝜃

𝜃
(𝐑). Theorem 1.1 (i) again implies that e−i𝑞𝑚−1 is continuous

on  (𝑚−2)𝜃
𝜃

(𝐑), which gives e±i𝑥𝑚𝑓 = e−i𝑞𝑚−1ei𝑞𝑓 ∈  (𝑚−2)𝜃
𝜃

(𝐑). This again contradicts the assumption (5.10). We have
shown statement (i) for all𝑚 ⩾ 2.
It remains to prove statement (ii). If𝑚 = 2 then 𝑞𝑚−1 = 𝑞1 is a polynomial of degree one and 𝜃 > 1. Suppose e±i𝑥

2
𝑓 ∉

Σ𝑠
𝜃
(𝐑) for some 1 < 𝑠 < 𝜈. Then, ei𝑞(𝑥)𝑓 = ei𝑞1(𝑥)e±i𝑥2𝑓 ∉ Σ𝑠

𝜃
(𝐑) follows from the invariance of Σ𝑠

𝜃
(𝐑) with respect to

modulation. This shows a strengthened form of statement (ii).
Let𝑚 ⩾ 3. The assumptions imply (𝑚 − 2)𝜃 > 1. Assumption (5.12) means that e±i𝑥𝑚𝑓 ∉ Σ𝑠

𝜃
(𝐑) for all

1 < 𝑠 < 𝜈𝑚 −max(𝜈, 1).

Suppose that (5.13) is not true, that is, ei𝑞𝑓 ∈ Σ𝑠
𝜃
(𝐑) for some 1 < 𝑠 < 𝜈𝑚 −max(𝜈, 1).

If (𝑚 − 2)𝜃 ⩽ 𝑠 < 𝜈𝑚 −max(𝜈, 1), then Theorem 1.1 (ii) implies that e−𝑖𝑞𝑚−1 is continuous on Σ𝑠
𝜃
(𝐑), which gives

e±i𝑥𝑚𝑓 = e−i𝑞𝑚−1ei𝑞𝑓 ∈ Σ𝑠
𝜃
(𝐑). This contradicts the assumption (5.12).

If instead 1 < 𝑠 < (𝑚 − 2)𝜃 then ei𝑞𝑓 ∈ Σ𝑠
𝜃
(𝐑) ⊆ Σ

(𝑚−2)𝜃

𝜃
(𝐑). Theorem 1.1 (ii) again implies that e−i𝑞𝑚−1 is continuous on

Σ
(𝑚−2)𝜃

𝜃
(𝐑), which gives e±i𝑥𝑚𝑓 = e−i𝑞𝑚−1ei𝑞𝑓 ∈ Σ(𝑚−2)𝜃

𝜃
(𝐑). This again contradicts the assumption (5.12). We have shown

statement (ii) for all𝑚 ⩾ 2. □

Proof of Theorem 1.2. The assumptions for Lemma 5.6 (i) are satisfied. If 𝑚 = 2, then the assumptions for Theorem 1.2
are 1 ⩽ 𝑠 < 𝜃. The proof of [1, Proposition 2] shows that there exists 𝑓 ∈ 1

𝜃
(𝐑) such that e±i𝑥2𝑓 ∉ 𝑠

𝜃
(𝐑) for all 1 ⩽ 𝑠 < 𝜃.

Lemma 5.6 (i) then implies that ei𝑞(𝑥)𝑓 ∉ 𝑠
𝜃
(𝐑) for all 1 ⩽ 𝑠 < 𝜃 which proves Theorem 1.2 when𝑚 = 2.
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Suppose next that 𝑚 ⩾ 3. The assumptions imply (𝑚 − 2)𝜃 ⩾ 1. First, we show that there exists 𝑓 ∈ 1
𝜃
(𝐑) such that

e±i𝑥𝑚𝑓 ∉ 𝑠
𝜃
(𝐑) for all 𝑠 > 0 such that 1 ⩽ 𝑠 < 𝜃𝑚 −max(𝜃, 1).

In fact for the function (5.8) we have 𝑓 ∈ 1
𝜃
(𝐑) by Proposition 5.5. In order to show e±i𝑥𝑚𝑓 ∉ 𝑠

𝜃
(𝐑) for all 𝑠 > 0 such

that 1 ⩽ 𝑠 < 𝜃𝑚 −max(𝜃, 1)we argue by contradiction. Let 1 ⩽ 𝑠 < 𝜃𝑚 −max(𝜃, 1) and suppose that e±i𝑥𝑚𝑓 ∈ 𝑠
𝜃
(𝐑). By

Lemma 2.1, the estimate (5.2) with 𝑔(𝑥) = e±i𝑥𝑚 holds for some 𝐴, 𝐵, 𝑎 > 0. By Corollary 5.4 and Lemma 5.1 with 𝜈 = 𝜃
we may conclude that (5.3) holds. Thus, (5.3) for 𝑥 = 𝑘𝜃 gives with 𝜏 = max

(
1

𝜃
− 1, 0

)
|(𝐷𝑘𝑔)(𝑘𝜃)𝑓(𝑘𝜃)| ⩽ 𝐴(2𝐵)𝑘𝑘!𝑠e−𝑎𝑘⟨𝑘𝜃⟩𝑘𝜏

⩽ 𝐴(2𝐵)𝑘𝑘!𝑠e−𝑎𝑘2
1

2
𝑘𝜏
𝑘𝑘(1−min(𝜃,1))

⩽ 𝐴(21+𝜏𝐵)𝑘𝑘𝑘(𝑠+1−min(𝜃,1))e−𝑎𝑘, 𝑘 ∈ 𝐍 ⧵ {0}.

(5.14)

On the other hand, we may apply Proposition 3.9 since the assumptions imply 𝜃 > 2

𝑚
. Hence

|(𝐷𝑘𝑔)(𝑘𝜃
𝑗
)𝑓(𝑘𝜃

𝑗
)| = |||𝑝±𝑖𝑚,𝑘𝑗 (𝑘𝜃𝑗 ))|||e−⟨𝑘𝜃𝑗 ⟩ 1𝜃 ⩾ 12𝑚𝑘𝑗𝑘𝜃𝑘𝑗(𝑚−1)𝑗

e−2
1
2𝜃 𝑘𝑗 , 𝑗 ∈ 𝐍 ⧵ {0}, (5.15)

for some sequence {𝑘𝑗}+∞𝑗=1 ⊆ 𝐍 such that lim
𝑗→∞
𝑘𝑗 = ∞, using 𝑘𝜃𝑗 ⩾ 1.

Combining (5.15) and (5.14) yields

1

2
𝑚𝑘𝑗𝑘

𝑘𝑗𝜃(𝑚−1)

𝑗
e−2

1
2𝜃 𝑘𝑗 ⩽ 𝐴(21+𝜏𝐵)𝑘𝑗𝑘

𝑘𝑗(𝑠+1−min(𝜃,1))

𝑗
e−𝑎𝑘𝑗

for 𝑗 ∈ 𝐍 ⧵ {0} which contradicts the assumption 𝑠 < 𝜃𝑚 −max(𝜃, 1). The assumption that e±i𝑥𝑚𝑓 ∈ 𝑠
𝜃
(𝐑) hence must

be wrong. Thus

e±i𝑥𝑚𝑓 ∉
⋃

1⩽𝑠<𝜃𝑚−max(𝜃,1)

𝑠
𝜃
(𝐑),

and Lemma 5.6 (i) yields

𝑇𝑓 ∉
⋃

1⩽𝑠<𝜃𝑚−max(𝜃,1)

𝑠
𝜃
(𝐑).

Since 𝑓 ∈ 1
𝜃
(𝐑) ⊆ 𝑠

𝜃
(𝐑) when 𝑠 ⩾ 1 we have in particular 𝑇𝑠

𝜃
(𝐑) ⊈ 𝑠

𝜃
(𝐑) for any 𝑠 > 0 such that 1 ⩽ 𝑠 < 𝜃𝑚 −

max(𝜃, 1). □

Proof of Theorem 1.3. Pick 𝜈 < 𝜃 such that 𝜈 > 2

𝑚
, 1 < 𝜈 < 𝜃 if 𝜃 > 1, and 1 < 𝑠 < 𝜈𝑚 −max(𝜈, 1). Set

𝑓(𝑥) = e−⟨𝑥⟩ 1𝜈 , 𝑥 ∈ 𝐑.
By Proposition 5.5, we have 𝑓 ∈ 1𝜈 (𝐑).
Let 𝑔(𝑥) = 𝑔±𝑖𝑚(𝑥) = e±i𝑥𝑚 and suppose that 𝑇𝑔𝑓 ∈ Σ𝜎𝜃(𝐑) for some 𝜎 > 0 such that 1 < 𝜎 < 𝜈𝑚 −max(𝜈, 1). Then by

Lemma 2.1 the estimate

|𝐷𝑘(𝑔(𝑥)𝑓(𝑥))| ⩽ 𝐴𝐵𝑘𝑘!𝜎e−𝑎|𝑥| 1𝜃 , 𝑘 ∈ 𝐍,
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58 ARIAS and WAHLBERG

holds for all 𝐵, 𝑎 > 0, and some 𝐴 > 0 depending on 𝐵 and 𝑎. By Corollary 5.4 and Lemma 5.1, we may conclude that

|(𝐷𝑘𝑔)(𝑥)𝑓(𝑥)| ⩽ 𝐴(2𝐵)𝑘𝑘!𝜎e−𝑎|𝑥| 1𝜃 ⟨𝑥⟩𝑘max ( 1𝜈 −1,0), 𝑘 ∈ 𝐍,
holds for some 𝐴, 𝐵, 𝑎 > 0. This gives for 𝑥 = 𝑘𝜈 with 𝜏 = max

(
1

𝜈
− 1, 0

)
|(𝐷𝑘𝑔)(𝑘𝜈)𝑓(𝑘𝜈)| ⩽ 𝐴(2𝐵)𝑘𝑘!𝜎e−𝑎𝑘 𝜈𝜃 ⟨𝑘𝜈⟩𝑘𝜏

⩽ 𝐴(21+𝜏𝐵)𝑘𝑘𝑘(𝜎+1−min(𝜈,1))e−𝑎𝑘
𝜈
𝜃 , 𝑘 ∈ 𝐍 ⧵ {0}.

(5.16)

Due to 𝜈 > 2

𝑚
the assumptions for Proposition 3.9 with 𝜃 replaced by 𝜈 are satisfied. We obtain from Proposition 3.9

|(𝐷𝑘𝑔)(𝑘𝜈
𝑗
)𝑓(𝑘𝜈

𝑗
)| = |||𝑝±𝑖𝑚,𝑘𝑗 (𝑘𝜈𝑗 ))|||e−⟨𝑘𝜈𝑗 ⟩ 1𝜈 ⩾ 12𝑚𝑘𝑗𝑘𝜈𝑘𝑗(𝑚−1)𝑗

e−2
1
2𝜈 𝑘𝑗 , 𝑗 ∈ 𝐍 ⧵ {0}, (5.17)

for some sequence {𝑘𝑗}+∞𝑗=1 ⊆ 𝐍 such that lim
𝑗→∞
𝑘𝑗 = ∞, using 𝑘𝜈𝑗 ⩾ 1.

Combining (5.17) and (5.16) yields finally

1

2
𝑚𝑘𝑗𝑘

𝑘𝑗𝜈(𝑚−1)

𝑗
e−2

1
2𝜈 𝑘𝑗 ⩽ 𝐴(21+𝜏𝐵)𝑘𝑗𝑘

𝑘𝑗(𝜎+1−min(𝜈,1))

𝑗
e−𝑎𝑘

𝜈
𝜃
𝑗

for 𝑗 ∈ 𝐍 ⧵ {0} which contradicts the assumption 𝜎 < 𝜈𝑚 −max(𝜈, 1). The assumption that 𝑇𝑔𝑓 ∈ Σ𝜎𝜃(𝐑) hence must be
wrong. Thus

𝑇𝑔𝑓 ∉
⋃

1<𝜎<𝜈𝑚−max(𝜈,1)

Σ𝜎
𝜃
(𝐑).

The assumptions for Lemma 5.6 (ii) are satisfied, so we obtain

𝑇𝑓 ∉
⋃

1<𝜎<𝜈𝑚−max(𝜈,1)

Σ𝜎
𝜃
(𝐑).

Since 𝑓 ∈ 1𝜈 (𝐑) ⊆ Σ𝑠𝜃(𝐑) and 1 < 𝑠 < 𝜈𝑚 −max(𝜈, 1), we get 𝑇Σ𝑠𝜃(𝐑) ⊈ Σ𝑠𝜃(𝐑). □

Remark 5.7. When 𝑔(𝑥) = 𝑔±𝑖𝑚(𝑥) = e±i𝑥𝑚 it is possible to prove the lack of continuity of the operator 𝑇 = 𝑇𝑔 in Theo-
rems 1.2 and 1.3 on 𝑠

𝜃
(𝐑) and Σ𝑠

𝜃
(𝐑) respectively, by other means. Here, we may weaken the assumptions into 0 < 𝑠 <

(𝑚 − 1)𝜃 and 𝜃 ⩾ 2

𝑚
. In fact we may use the criterion (4.1) and [4, Theorem 5.7].

Consider the assumptions of Theorem 1.2 relaxed into 0 < 𝑠 < (𝑚 − 1)𝜃 and 𝜃 ⩾ 2

𝑚
. By Proposition 3.9, we have

|(𝐷𝑘𝑔)(𝑘𝜃
𝑗
)| = |||𝑝±𝑖𝑚,𝑘𝑗 (𝑘𝜃𝑗 ))||| ⩾ 12𝑚𝑘𝑗𝑘𝜃𝑘𝑗(𝑚−1)𝑗

𝑗 ∈ 𝐍 ⧵ {0}, (5.18)

for some sequence {𝑘𝑗}+∞𝑗=1 ⊆ 𝐍 such that lim
𝑗→∞
𝑘𝑗 = ∞.

Suppose that (4.1) holds for all 𝜆 > 0, some 𝐶 = 𝐶(𝜆) > 0, and some ℎ = ℎ(𝜆) > 0. Then, we obtain from (5.18)

1

2
𝑚𝑘𝑗𝑘

𝜃𝑘𝑗(𝑚−1)

𝑗
⩽ 𝐶ℎ𝑘𝑗𝑘𝑗!

𝑠e𝜆
−
1
𝜃 𝑘𝑗 ⩽ 𝐶ℎ𝑘𝑗𝑘

𝑠𝑘𝑗
𝑗
e𝜆
−
1
𝜃 𝑘𝑗 , 𝑗 ∈ 𝐍 ⧵ {0}. (5.19)

If 𝑠 < (𝑚 − 1)𝜃 this is a contradiction. By [4, Theorem 5.7] it follows that 𝑇𝑔 is not continuous on 𝑠
𝜃
(𝐑).
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ARIAS and WAHLBERG 59

Consider finally the assumptions of Theorem 1.3 relaxed into 0 < 𝑠 < (𝑚 − 1)𝜃 and 𝜃 ⩾ 2

𝑚
. Suppose that (4.1) holds for

all ℎ > 0, some 𝐶 = 𝐶(ℎ) > 0, and some 𝜆 = 𝜆(ℎ) > 0. Again the estimate (5.19) gives a contradiction if 𝑠 < (𝑚 − 1)𝜃. It
follows by [4, Theorem 5.7] that 𝑇𝑔 is not continuous on Σ𝑠𝜃(𝐑).
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