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Abstract: We study optimization problems for partially hinged rectangular plates, modeling bridge
roadways, in the presence of real and artificial obstacles. Real obstacles represent structural constraints
to avoid, while artificial ones are introduced to enhance stability. For the former, aiming to prevent
collisions, we set up a worst-case optimization problem in which we minimize the amplitude of
oscillations with respect to the density distribution; for the latter, aiming to improve the torsional
stability, we minimize, with respect to the obstacles, the maximum of a gap function quantifying the
displacement between the long edges of the plate. For both problems, existence results are provided,
along with a discussion about qualitative properties of optimal density distributions and obstacles.

Keywords: partially hinged plates; obstacle problems; worst-case optimization

1. Introduction

Recent years have seen growing interest in the study of partially hinged rectangular plates, due to
their applicability in mathematical models of footbridges and suspension bridges. Indeed, the roadway
of a bridge can be modeled by a long, thin plate, hinged at the short edges and free at the long edges,
see [4–10, 23, 26]. Expanding upon this model, in this work we consider an obstacle problem for
partially hinged rectangular plates, and related optimization issues, where the obstacles considered are
either real or artificial.

By real obstacles we mean structural elements of the bridge positioned above or below the roadway,
elements that the roadway, i.e., the plate in our model, should not collide with. Examples include multi-
level bridges or roadway coverings. A fundamental issue for the related mathematical models analysis
is to possibly suggest ways to prevent collisions. In the paper we face this issue by setting up a worst-
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case optimization problem aiming to reduce the amplitude of the oscillations in the deck by varying
the density distribution within the plate.

The second class of obstacle problems considered in the work involves artificial obstacles, i.e.,
obstacles, such as long metal guides (applied, e.g., along the long edges of the plate), intentionally
introduced into the structure to enhance its stability. In this case collisions are allowed. It is well known
that one of the main causes of instability in suspension bridges is that they are susceptible to torsional
instability, which can lead to significant performance issues; for further details we refer to [10] and
the monograph [26]. To mitigate this phenomenon, several previous papers were devoted to studying
the effect on the structure of modifying the shape of the plate ( [5]) or the distribution of materials
composing it ( [6, 7]). In order to measure the gain in stability achieved when performing the above-
mentioned changes, a function was introduced in [6] named gap function, measuring the displacement
between the long edges, see formula (4.4) below. Then a suitable worst-case optimization problem was
set up to improve the torsional stability of the plate. In our analysis we properly modify this problem by
minimizing the maximum of the gap function with respect to suitable families of obstacles. We point
out that, while the modification of the shape or the density distribution of the plate must obviously
precede its construction, the insertion of artificial obstacles can be thought of as a remedy applicable
afterward to existing structures whose performance in terms of stability one wishes to improve.

It is worth mentioning that, while the cost functional we minimize is entirely different, the second
class of problems considered in the paper shares similarities with optimal control problems in which the
obstacle itself plays the role of the control. These problems were first studied in [1], and subsequently
addressed by various authors, both in the second-order and higher-order settings, for linear as well as
nonlinear variational inequalities (see, e.g., [2, 21, 28] and references therein).

Moreover, we observe that, even if both optimization problems considered in the work are inspired
by the one proposed in [6], crucial differences emerge in the analysis. In particular, when real obstacles
are involved, the function being optimized is different, whereas in the case of artificial obstacles, the
distinction lies in the set over which the optimization is performed. Besides, the model considered
in [6] did not account for obstacles, and their introduction produces nontrivial modifications in the
mathematical framework with the consequent failure of several arguments exploited in the obstacles-
free case. For example, the rescaling of an admissible test function may no longer satisfy the
admissibility conditions imposed by the obstacles, therefore the strategy of constructing solutions for
rescaled data by linearity fails, in general. As a matter of fact, in the proposed analysis these difficulties
add to those usually arising when dealing with higher order variational (in)equalities, such as the lack
of weak maximum and comparison principles and the failure of reflection and truncation arguments.
These technical obstructions explain why, in the higher order case, the literature on obstacles problems
and free boundary problems is comparatively less developed than that in the second order one, see
e.g., [3, 11–14, 19, 20, 22, 24, 25, 29–31] and references therein. While most previous studies focus
on clamped or fully hinged plate models, to the best of our knowledge, this work is the first to
address obstacle problems involving partially hinged plates. Nevertheless, we observe that regularity
issues, central in the existing literature, are not explored in this paper. Indeed, even if mathematically
interesting, they are not of central importance to the analysis presented here, particularly in view of the
applications discussed above.

The paper is organized as follows: in Section 2, we introduce the mathematical framework of the
obstacle problem for partially hinged plates studied in the article, including its variational formulation
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and sufficient conditions for empty contact sets. Section 3 is devoted to real obstacles, where we set
up a worst case optimization problem to prevent collisions by modifying the plate density distribution
(see problem (3.6)). In Section 4 we consider the case of artificial obstacles, focusing on minimizing
the torsional response via the gap function (see problem (4.6)). For both problems, existence results
are provided, along with qualitative properties of optimal density distributions and obstacles, including
symmetry considerations and explicit constructions based on the Green function representation, see
Sections 3.2 and 4.2. Finally, Section 5 is devoted to the conclusions.

2. The obstacle problem for partially hinged plates

In what follows, up to scaling, we assume that the plate Ω has length π and width 2l � π so that
Ω = (0, π) × (−l, l) ⊂ R2. When the plate Ω is homogeneous, according to the Kirchhoff-Love theory
(see [27, Chapter 1]), the energy E of the vertical deformation u of Ω subject to a load f may be
computed through the functional

E(u,Ω) :=
ˆ

Ω

(
(∆u)2

2
+ (1 − σ)(u2

xy − uxxuyy) − f u
)

dxdy, (2.1)

where σ ∈ (0, 1) is the Poisson ratio. Under this condition on σ the quadratic part of the energy E is
positive. Since in our model the plate is assumed to be hinged at the short edges, the natural functional
space where to set the analysis is

H2
∗ (Ω) :=

{
v ∈ H2(Ω) : v = 0 on {0, π} × (−l, l)

}
which is a Hilbert space when endowed with the scalar product

(u, v)H2
∗ (Ω) :=

ˆ
Ω

(
∆u∆v + (1 − σ)(2uxyvxy − uxxvyy − uyyvxx)

)
dxdy,

and the associated norm ‖u‖2
H2
∗ (Ω)

:= (u, u)H2
∗ (Ω) for all σ ∈ (0, 1). This property is proved in [23,

Lemma 4.1] where authors show that the norm ‖ · ‖2
H2
∗ (Ω)

is equivalent to the standard norm in H2(Ω),
i.e., ‖u‖2H2(Ω) = ‖u‖2L2(Ω) + ‖D2u‖2L2(Ω).

We are interested in a partially hinged plate restricted to remain between two prescribed obstacles,
therefore the functional E should be minimized on the subset of H2

∗ (Ω):

H2
∗,ψ−,ψ+

(Ω) :=
{
v ∈ H2

∗ (Ω) : ψ− ≤ v ≤ ψ+ in Ω
}
,

where ψ−(x, y) ≤ 0 ≤ ψ+(x, y) for all (x, y) ∈ Ω, with ψ− . 0 and ψ+ . 0, are two prescribed continuous
functions defined on Ω. We remark that, since Ω is a planar domain, the space H2(Ω) is compactly
embedded in C0(Ω) and then the conditions v = 0 on {0, π}× (−l, l) and ψ− ≤ v ≤ ψ+ in Ω are pointwise
satisfied. Hence, H2

∗,ψ−,ψ+
(Ω) is closed and convex since ψ− ≤ λv1 + (1 − λ)v2 ≤ ψ+ in Ω for all

v1, v2 ∈ H2
∗,ψ−,ψ+

(Ω) and λ ∈ (0, 1).
Concerning the assumptions on the load f , the functional E is well-defined if f belongs to L1(Ω).

Otherwise, we set (C0(Ω))′ the dual space of C0(Ω) and we denote by 〈·, ·〉 the duality product. By
Riesz theorem the dual (C0(Ω))′ is isometric to the space of Radon measures. If µ is the measure
associated to f ∈ (C0(Ω))′, then we have to replace

´
Ω

u dµ with 〈 f , u〉 in (2.1) and ‖ f ‖(C0(Ω))′ = µ(Ω).
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For all f ∈ (C0(Ω))′ the minimizer u = u f ∈ H2
∗,ψ−,ψ+

(Ω) of E satisfies the variational inequality

(u, ϕ − u)H2
∗ (Ω) ≥ 〈 f , ϕ − u〉 ∀ϕ ∈ H2

∗,ψ−,ψ+
(Ω). (2.2)

In a natural way, we associate u with the following contact sets:

Ω− := {(x, y) ∈ Ω : u(x, y) = ψ−(x, y)} and Ω+ := {(x, y) ∈ Ω : u(x, y) = ψ+(x, y)}. (2.3)

Since u ∈ C0(Ω), the sets Ω− and Ω− are closed and if we also assume that ψ− < 0 < ψ+ they are
disjoint. When both Ω− and Ω+ are empty, namely ψ− < u < ψ+ in Ω, by taking as test function
in (2.2), u ± εφ with φ ∈ H2

∗ (Ω) and ε > 0 sufficiently small, it follows that u satisfies the partially
hinged plate problem:

(u, φ)H2
∗ (Ω) = 〈 f , φ〉 ∀φ ∈ H2

∗ (Ω), (2.4)

which in strong form reads
∆2u = f in Ω,

u = uxx = 0 on {0, π}×] − l, l[ ,
uyy + σuxx = uyyy + (2 − σ)uxxy = 0 on ]0, π[×{−l, l}.

(2.5)

See, [23, 27] for a detailed explanation of the model and for the derivation of the boundary conditions
in (2.5).

Let Gp denote the Green function of the biharmonic operator on Ω, under partially hinged boundary
conditions, namely the solution to (2.4) with δp instead of f , where δp is the Dirac delta with mass
concentrated at p ∈ Ω. By showing that Gp is strictly positive in Ω (see Section 3.2 for more details),
in [8, Theorem 2.2] it was proved that problem (2.4) satisfies the positivity preserving property which
means that if f ∈ L2(Ω) and u ∈ H2

∗ (Ω) is the solution of (2.4), then the following implication holds:

f ≥ 0, f . 0 in Ω ⇒ u > 0 in (0, π) × [−l, l]. (2.6)

Thanks to (2.6), we deduce a sufficient condition for having empty contact sets:

Proposition 2.1. Let F = { f ∈ L∞(Ω) : ‖ f ‖∞ ≤ 1}. Furthermore, let Gp be the Green function of
problem (2.5) (given explicitly in formula (3.16) below) and let ψ± ∈ C0(Ω) be such that

|ψ±(x, y)| >
ˆ

Ω

Gp(x, y) dp in Ω. (2.7)

Then, the contact sets (2.3) of problem (2.2), with f ∈ F and obstacles ψ− and ψ+, are empty, namely
the unique minimizer of E as defined in (2.1) satisfies ψ− < u < ψ+ in Ω.

Proof. Denote by z ∈ H2
∗ (Ω), the unique solution to the partially hinged plate problem (2.4) with f ≡ 1.

From (2.6), we infer that z > 0 in (0, π) × [−l, l]. Let u ∈ H2
∗ (Ω) be the unique solution to the partially

hinged plate problem (2.4) with f ∈ F . Clearly, z ± u ∈ H2
∗ (Ω) satisfy (2.4) with load g± = 1 ± f . By

definition of F , g± ≥ 0 in Ω, hence, by (2.6),

z ± u ≥ 0 in Ω. (2.8)
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Noticing that z(x, y) =
´

Ω
Gp(x, y) dp for all (x, y) ∈ Ω and, since |ψ−| = −ψ− and |ψ+| = ψ+, (2.7) yields

z ≤ ψ+ and z ≤ −ψ−. This combined with (2.8) gives that

ψ− < −z ≤ u ≤ z < ψ+ in Ω.

Furthermore, for all ϕ ∈ H2
∗,ψ−,ψ+

(Ω), taking as test function in (2.4) ϕ − u, it is readily seen that u
satisfies (2.2) with the equality. This completes the proof. �

3. A worst-case optimization problem to avoid collisions

In this section we assume that the obstacles ψ± (as defined in Section 2) are fixed. Expanding on
the model proposed in [6], we examine two strategies to prevent contact with the obstacles: increasing
the cost associated with the bending energy or reducing the effect of the applied force. In applications
these changes can be interpreted, respectively, as reinforcing suitable regions of the plate or changing
its surface density distribution.

More precisely, in the following we denote by D ⊂ Ω an open region and Dc := Ω\D. Furthermore,
we assume that D belongs to a certain class of setsD, while f belongs to some space F of admissible
forcing terms. Both classes will be specified later on. Let 0 < α < 1 < β, we modify the original
energy (2.1) into the following two ways:

E1(u,Ω) :=
ˆ

Ω

[
(βχD + αχDc)

(
(∆u)2

2
+ (1 − σ)(u2

xy − uxxuyy)
)
− f u

]
dxdy (3.1)

and

E2(u,Ω) :=
ˆ

Ω

[
(∆u)2

2
+ (1 − σ)(u2

xy − uxxuyy) − (βχD + αχDc) f u
]

dxdy, (3.2)

where χD and χDc are the characteristic functions of D and Dc. The choice of the two-step constant
function βχD + αχDc is suggested by the classical theory for composite membranes which has been
recently extended to plates, see, e.g., [15–18] and the survey paper [34]. The constants α, β stand for
the densities of two different materials, located in different parts of the plate. In order to make the
comparison between different choices of D, α, β consistent, when α < 1 < β we assume that |D| =

|Ω|
1 − α
β − α

so that
´

Ω
(βχD + αχDc) dxdy = |Ω| for all D ∈ D. The quadratic part of the functionals (3.1)

and (3.2) are positive as happens for (2.1) and will be minimized on the space H2
∗,ψ−,ψ+

(Ω). To deal
with (3.1) for any open set D ⊂ Ω we introduce the following bilinear form

(u, v)D :=
ˆ

D

(
∆u∆v + (1 − σ)(2uxyvxy − uxxvyy − uyyvxx)

)
dxdy.

Clearly, (u, v)Ω = (u, v)H2
∗ (Ω). Then, for all f ∈ (C0(Ω))′ the minimizer u f ,D ∈ H2

∗,ψ−,ψ+
(Ω) of E1 satisfies

the variational inequality

α(u f ,D, ϕ − u f ,D)H2
∗ (Ω) + (β − α)(u f ,D, ϕ − u f ,D)D ≥ 〈 f , ϕ − u f ,D〉 ∀ϕ ∈ H2

∗,ψ−,ψ+
(Ω). (3.3)

For what concerns E2, it is well defined for any f ∈ Lp(Ω) with p ≥ 1, but not in general for any
f ∈ (C0(Ω))′. Moreover, the minimizer satisfies the variational inequality

(u f ,D, ϕ − u f ,D)H2
∗ (Ω) ≥

ˆ
Ω

(βχD + αχDc) f · (ϕ − u f ,D) dxdy ∀ϕ ∈ H2
∗,ψ−,ψ+

(Ω). (3.4)
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Both E1 and E2 admit a unique minimizer in H2
∗,ψ−,ψ+

(Ω). Indeed, by [23], the bilinear form (u, ϕ −
u)H2

∗ (Ω) is continuous and coercive. Furthermore, both the functionals on the right-hand side of (3.3)
and (3.4) are linear and continuous, besides H2

∗,ψ−,ψ+
(Ω) is a closed, convex subset of H2

∗ (Ω).
Finally, we set up a worst case optimization problem aiming to prevent collisions between the plate

and the obstacles. For ( f ,D) ∈ F × D, we denote by u f ,D ∈ H2
∗,ψ−,ψ+

(Ω) the minimizer of E1 or E2.
We notice that u f ,D depends on α and β as well but we will not indicate this dependence to keep the
notation as simple as possible. Given D ∈ D, we first look for the worst f ∈ F yielding the maximal
L∞ norm of u f ,D:

A∞D := max
f∈F
A∞f ,D = max

f∈F
max

(x,y)∈Ω
|u f ,D(x, y)|. (3.5)

Then, we search for the best D ∈ D minimizing the L∞ norm in the worst scenario:

A∞ := min
D∈D
A∞D = min

D∈D
max
f∈F

max
(x,y)∈Ω

|u f ,D(x, y)|. (3.6)

In Section 3.1, we provide some classes F and D in which (3.5) and (3.6) admit a solution, while in
Section 3.2, when E = E2, we exploit the Green function representation formula to suggest possible
locations of best reinforcements, namely of the set D in Ω.

3.1. Existence results

We start by showing thatA∞D defined in (3.5) is well defined for a suitable choice of F .

Theorem 3.1. For any open set D ⊂ Ω and every p ∈ (1,+∞], the problems

A∞D := max
f∈F
A∞f ,D with F :=

{
f ∈ (C0(Ω))′ : ‖ f ‖(C0(Ω))′ ≤ 1

}
(for E1), (3.7)

and

A∞D := max
f∈F
A∞f ,D with F :=

{
f ∈ Lp(Ω) : ‖ f ‖Lp(Ω) ≤ 1

}
(for both E1 and E2), (3.8)

admit a solution. Furthermore, in both cases, if −ψ− ≡ ψ+ = ψ, and f is a maximizer of A∞D , then − f
is a maximizer as well.

In order to prove Theorem 3.1 we first show the continuity of the mapA∞f ,D defined in (3.5).

Proposition 3.2. Let p ∈ (1,+∞] and letD be a class of open subdomains of Ω closed with respect to
the L1 topology. Then the maps

( f ,D) ∈ (C0(Ω))′ ×D 7→ A∞f ,D ∈ [0,+∞) (for E1),

( f ,D) ∈ Lp(Ω) ×D 7→ A∞f ,D ∈ [0,+∞) (for both E1 and E2)

are sequentially continuous, when (C0(Ω))′ and Lp(Ω) are endowed with the weak* topology andD is
endowed with the L1 topology.
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Proof. We first consider the case of energy E1. Let {( fn,Dn)}n ⊂ F ×D be such that ( fn,Dn)→ ( f ,D)
as n → +∞, that is fn ⇀ f weakly* in F (i.e., fn ⇀ f weakly* in (C0(Ω))′ or fn ⇀ f in Lp(Ω) if
1 < p < ∞ or fn ⇀ f weakly* in L∞(Ω)) and χDn → χD strongly in L1(Ω) as n → +∞. For simplicity
of notation, we denote by u = u f ,D and un = u fn,Dn , for all n ∈ N, the corresponding solutions of (3.3).
In particular, for every n ∈ N, it holds

α(un, ϕ − un)H2
∗ (Ω) + (β − α)(un, ϕ − un)Dn ≥ 〈 fn, ϕ − un〉 ∀ϕ ∈ H2

∗,ψ−,ψ+
(Ω). (3.9)

Since the zero constant function belongs to the class of admissible functions H2
∗,ψ−,ψ+

(Ω), we have

α(un,−un)H2
∗ (Ω) + (β − α)(un,−un)Dn ≥ 〈 fn,−un〉

and we deduce that for a suitable constant C > 0, independent of un, there holds

‖un‖
2
H2
∗ (Ω) ≤ C ‖ fn‖F ‖un‖H2

∗ (Ω).

Since fn ⇀ f weakly* in F , the sequence { fn}n is bounded in F . Therefore, {un}n is bounded in H2
∗ (Ω),

and then there exists u ∈ H2
∗ (Ω) such that, up to a subsequence, un ⇀ u weakly in H2

∗ (Ω). Moreover,
since H2

∗,ψ−,ψ+
(Ω) is closed and convex, we have that u ∈ H2

∗,ψ−,ψ+
(Ω).

By the weak convergence of un to u in H2
∗ (Ω), ‖u‖H2

∗ (Ω) ≤ ‖un‖H2
∗ (Ω) + o(1) as n → +∞ and the first

term on the left-hand side of (3.9) can be estimated as follows

(un, ϕ − un)H2
∗ (Ω) = (un, ϕ)H2

∗ (Ω) − ‖un‖
2
H2
∗ (Ω) ≤ (u, ϕ − u)H2

∗ (Ω) + o(1) as n→ +∞. (3.10)

Next we consider the second term on the left-hand side of (3.9). To this aim, we first notice that, by
exploiting the strong convergence of χDn to χD in L1(Ω), it holds

(u, u)1/2
D\Dn
→ 0 as n→ +∞. (3.11)

Moreover, we have that
(u, u)D ≤ (un, un)Dn + o(1) as n→ +∞. (3.12)

Indeed, by the weak convergence of un to u in H2
∗ (Ω), we derive

(u, u)D = (un, u)D + o(1) = (un, u)D∩Dn + (un, u)D\Dn + o(1).

Next, using the Cauchy-Schwarz inequality, the boundedness of {un}n and (3.11), we infer

(un, u)D∩Dn + (un, u)D\Dn + o(1) ≤ (un, un)1/2
D (u, u)1/2

D + (un, un)1/2
D (u, u)1/2

D\Dn
+ o(1)

≤ (un, un)1/2
D (u, u)1/2

D + C(u, u)1/2
D\Dn

+ o(1)

≤ (un, un)1/2
D (u, u)1/2

D + o(1) as n→ +∞,

where C is a positive constant independent of un. Finally, from (3.12), we get

(un, ϕ − un)Dn ≤(un, ϕ)Dn − (u, u)D + o(1)
= (un, ϕ)D + (un, ϕ)Dn\D − (un, ϕ)D\Dn − (u, u)D + o(1)
= (u, ϕ − u)D + o(1), (3.13)

Mathematics in Engineering Volume 8, Issue 1, 43–69.



50

where again we have exploited the strong convergence of χDn to χD in L1(Ω) and the boundedness of
the sequence {un}n to get

|(ϕ, un)Dn\D| ≤ C‖ϕ‖H2
∗ (Dn\D) → 0 as n→ +∞

and
|(ϕ, un)D\Dn | ≤ C‖ϕ‖H2

∗ (D\Dn) → 0 as n→ +∞.

From the compactness of the embedding H2(Ω) ⊂ C0(Ω), we deduce that un → u in C0(Ω). This,
together with the fact that fn ⇀ f weakly* in F , gives that

〈 fn, ϕ − un〉 → 〈 f , ϕ − u〉 as n→ +∞. (3.14)

Passing to the limit as n→ +∞ in (3.9) and using (3.10), (3.13) and (3.14), we get

α(u, ϕ − u)H2
∗ (Ω) + (β − α)(u, ϕ − u)D ≥ 〈 f , ϕ − u〉 ∀ϕ ∈ H2

∗,ψ−,ψ+
(Ω).

Thus, we can conclude that u = u in Ω, by the uniqueness of solutions.
Since un → u in C0(Ω), we find that A fn,Dn → A f ,D uniformly as n → +∞ in [0, π], i.e., A∞fn,Dn

→

A∞f ,D as n→ +∞.
A similar proof works for the energy E2. �

Proof of Theorem 3.1. Fix D ⊂ D. We consider the two cases.

• CASE 1: F :=
{
f ∈ (C0(Ω))′ : ‖ f ‖(C0(Ω))′ ≤ 1

}
and the energy E1. Let { fn}n ⊂ (C0(Ω))′ be a

maximizing sequence for (3.7) such that ‖ fn‖(C0(Ω))′ ≤ 1. Since { fn}n is bounded in (C0(Ω))′, there
exists f ∈ (C0(Ω))′ such that, up to a subsequence, fn ⇀

∗ f in (C0(Ω))′. Then, by Proposition 3.2, we
get

A∞
f ,D

= A∞D .

On the other hand, by weak lower semicontinuity of the norm, we have

‖ f ‖(C0(Ω))′ ≤ lim inf
n→+∞

‖ fn‖(C0(Ω))′ ≤ 1.

Hence, f ∈ F and solves problem (3.7).

• CASE 2: F :=
{
f ∈ Lp(Ω) : ‖ f ‖Lp(Ω) ≤ 1

}
and the energy E1 or E2. Let { fn}n ⊂ Lp(Ω) be a

maximizing sequence for (3.8) such that ‖ fn‖Lp ≤ 1. Since { fn}n is bounded in Lp(Ω), there exists
f ∈ Lp(Ω) such that, up to a subsequence, fn ⇀ f in Lp(Ω) for 1 < p < ∞ and fn ⇀

∗ f in L∞(Ω). By
Proposition 3.2, we get

A∞
f ,D

= A∞D .

Furthermore, as in the previous case, we have that f ∈ F , hence it solves problem (3.8).
Finally, we show that if −ψ− ≡ ψ+ ≡ ψ, and f is a maximizer ofA∞D , then − f is a maximizer as well.

We first observe that ϕ ∈ H2
∗,−ψ,ψ(Ω) if and only if −ϕ ∈ H2

∗,−ψ,ψ(Ω). Consequently, if u f ,D ∈ H2
∗,−ψ,ψ(Ω)

satisfies either (3.3) or (3.4), then −u f ,D ∈ H2
∗,−ψ,ψ(Ω) and it satisfies the corresponding inequality with

− f in place of f , thus proving the claim. �
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In order to show that problem (3.6) is well-defined as well, we consider some classes of admissible
domains originally introduced in [6] and which may have applicative interest.

Definition 3.3. [6, Definition 3.1] (a) Cross-type reinforcements:

C :=
{
D ⊂ Ω : D =

( N⋃
i=1

]xi − µ, xi + µ[×] − l, l[
)
∪

( M⋃
j=1

]0, π[×]y j − ε, y j + ε[
)}
,

where for N,M ∈ N, µ ∈]0, π/2N[, ε ∈]0, l/M[, xi ∈ [µ, π − µ] for i = 1, . . . ,N with xi+1 − xi > 2µ for
i ≤ N − 1, and y j ∈ [−l + ε, l − ε] for j = 1, . . . ,M with y j+1 − y j > 2ε for j ≤ M − 1.

(b) Tiles of rectangular shapes:

T :=
{
D ⊂ Ω : D =

N⋃
i=1

Ri,Ri ⊂ Ω is an open rectangle with inradius ≥ ε
}
,

where N ∈ N and ε ∈]0, l[.
(c) Networks of bounded length:

N :=
{
D ⊂ Ω : D = Σε where Σ ⊂ Ω is closed, connected,H1(Σ) ≤ L

}
,

where ε ∈]0, l[ and L > 0. H1 denotes the one-dimensional Hausdorff measure of a set, and Σε

represents the ε-tubular neighborhood of Σ, namely the set of points in Ω at distance to Σ less than ε.
(d) Lipschitz trusses:

L :=
{
D ⊂ Ω : D open with the inner ε-cone property

}
,

where ε ∈]0, l[ and the inner ε-cone property means that at every point x of the boundary ∂D there is
some truncated cone from x with an opening angle ε and radius ε inside D.

Some of these classes are monotone with respect to set inclusion, namely C ⊂ T ⊂ L, for suitable
choices of the parameters N, ε, µ, L. We show that problem (3.6) is well-defined if the class D is one
of those introduced in the above definition.

Theorem 3.4. Let α < 1 < β and let C,T ,N and L be the classes of sets introduced in Definition 3.3.
The minimization problem

A∞ := min
D∈D
A∞D

with

D :=
{

D ∈ C (or T or Nor L) and |D| = |Ω|
1 − α
β − α

}
admits a solution.

Proof. We first notice that by its definition, the continuity proved in Proposition 3.2 and the existence
of a worst force given in Theorem 3.1, the functional D 7→ A∞D is lower-semicontinuous with respect
to the L1-convergence of sets. Indeed, if Dn → D in L1(Ω) as n→ +∞ (namely, χDn → χD strongly in
L1(Ω) as n→ +∞) and f ∈ F is the maximizer ofA∞D given by Theorem 3.1, then

A∞D = A∞
f ,D

= lim
n→+∞

A∞
f ,Dn
≤ lim inf

n→+∞
A∞Dn

.

Mathematics in Engineering Volume 8, Issue 1, 43–69.



52

Once this noticed, the existence of a solution to problem (3.6) follows from the Direct Method in
the Calculus of Variations for every class of admissible sets D that is compact with respect to the
L1-convergence of sets. In particular, this holds if D is contained in one of the classes of sets
C,T ,N and L, introduced in Definition 3.3 and for which this compactness issue was established
in [6, Theorem 3.2]. �

3.2. Hints about the location of the best reinforcements

We have proved that for F and D as given in Theorems 3.1 and 3.4, respectively, problem (3.6)
admits a solution. Clearly, from an applied perspective, it would be interesting to apriori determine
qualitative properties of the set(s) D that attain the minimum (and, in turn, allow to prevent collisions
with the obstacles). In this section we exploit the representation formula for the solution of the partially
hinged plate problem (2.4) proven in [8], to provide some hints about the best location of the set D
within the plate, i.e., where to put the heavier (with density β) and, in turn, the lighter (with density α)
materials within the plate.

As in Section 2, we denote by Gp the Green function of the biharmonic operator on Ω, under
partially hinged boundary conditions. Then, the solution of (2.4) with f ∈ L2(Ω) writes

u(x, y) =

ˆ
Ω

Gp(x, y) f (p) dp ∀(x, y) ∈ Ω. (3.15)

The Fourier expansion of Gp was computed in [8, Theorem 2.1] and reads

Gp(x, y) =

+∞∑
m=1

1
2π
φm(y, η)

m3 sin(mξ) sin(mx) ∀p = (ξ, η) and (x, y) ∈ Ω. (3.16)

For all m ∈ N+, the coefficients φm(y, η) are defined as follows

φm(y, η) := e−ml
[

cosh(mη)
(
ζ(my,ml)

F(ml)
+ ml

ψ(my,ml)
F(ml)

− mη
ω(my,ml)

F(ml)

)
+ sinh(mη)

(
ϑ(my,ml)

F(ml)
+ ml

ω(my,ml)

F(ml)
− mη

ψ(my,ml)
F(ml)

)]
+(1 + m|y − η|)e−m|y−η|

(3.17)

with F, F : (0,+∞)→ (0,+∞) and ζ, ϑ, ψ, ω : R × (0,+∞)→ R as follows:

F(z) :=
(3 + σ)

2
sinh(2z) − z(1 − σ), F(z) :=

(3 + σ)
2

sinh(2z) + z(1 − σ),

ζ(r, z) :=
( 4
1 − σ

− z(1 + σ)
)

cosh(r) cosh(z) +

( (1 + σ)2

1 − σ
+ 2z

)
cosh(r) sinh(z)

− 2r sinh(r) cosh(z) + r(1 + σ) sinh(r) sinh(z),

ϑ(r, z) :=r(1 + σ) cosh(r) cosh(z) − 2r cosh(r) sinh(z)

+

( (1 + σ)2

1 − σ
+ 2z

)
sinh(r) cosh(z) +

( 4
1 − σ

− z(1 + σ)
)

sinh(r) sinh(z),

ψ(r, z) :=
(
2 + (1 − σ)z

)
cosh(r) cosh(z) +

(
− (1 + σ) + z(1 − σ)

)
cosh(r) sinh(z)
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− r(1 − σ) sinh(r) cosh(z) − r(1 − σ) sinh(r) sinh(z),
ω(r, z) := − r(1 − σ) cosh(r) cosh(z) − r(1 − σ) cosh(r) sinh(z)

+
(
− (1 + σ) + z(1 − σ)

)
sinh(r) cosh(z) +

(
2 + (1 − σ)z

)
sinh(r) sinh(z).

By means of several delicate estimates, in [8, Theorem 2.1] it was proved that the φm are strictly
positive and strictly decreasing with respect to m, i.e.,

0 < φm+1(y, η) < φm(y, η) ∀m ∈ N+,∀y, η ∈ [−l, l]. (3.18)

Exploiting the above information, in [8, Theorem 2.2] it was proved that the series defining Gp is
uniformly convergent in Ω and, through iterative estimates, that Gp is strictly positive in (0, π)× [−l, l].
In turn, problem (2.4) satisfies the positivity preserving property (2.6).

Now we focus on the modified energy E2 with F = { f ∈ L∞(Ω) : ‖ f ‖∞ ≤ 1} and we apriori assume
that the plate does not touch the obstacles; we will come back to this assumption at the end. Then,
the unique minimizer u f ,D of E2 satisfies (3.15) with (βχD + αχDc) f instead of f . Recalling that Gp is
positive, for all D ∈ D, we deduce that:

A∞D = max
f∈F

max
(x,y)∈Ω

|u f ,D(x, y)| ≤ max
(x,y)∈Ω

[
β

ˆ
D

Gp(x, y) dp + α

ˆ
Dc

Gp(x, y) dp
]
. (3.19)

The bound (3.19) suggests that one possible way to reduce A∞D , is to place the heavier and lighter
materials where the map p 7→ Gp attains its minimum and maximum values, respectively. Due to the
complexity of the expression of Gp, a complete analytical optimization of the right-hand side of (3.19)
proves to be quite challenging. Nevertheless, preliminary insights can be readily obtained through
elementary estimates.

By exploiting the elementary inequality | sin(mξ)| < m sin(ξ) for all ξ ∈ (0, π) and all positive integer
m, and (3.18) we get that

A∞D ≤
π

12
max

(x,y)∈Ω

[
β

ˆ
D
φ1(y, η) sin(ξ) dη dξ + α

ˆ
Dc
φ1(y, η) sin(ξ) dη dξ

]
.

According to the above estimate, the heavier material β has to be located where sin(ξ) has the
minimum value, namely near the short edges. Conversely, the lighter material α has to be located
where sin(ξ) has maximum value, namely near the line ξ = π

2 .
The behavior of η 7→ φ1(y, η) is more delicate to investigate. Nevertheless, using the fact that

F(l) > F(l) > 0 and the following estimates for all y ∈ [−l, l]:

|ζ(y, l)| ≤ A(l, σ), |ϑ(y, l)| ≤ A(l, σ), |ψ(y, l)| ≤ B(l, σ), |ω(y, l)| ≤ B(l, σ) (3.20)

with A(l, σ) :=
(4 + (1 + σ)2

1 − σ
+2l(3+σ)

)
cosh2(l) and B(l, σ) :=

(
3+σ+4(1−σ)l

)
cosh2(l), we deduce

that
φ1(y, η) ≤ C(l, σ)(cosh(η) + | sinh(η)|)(1 + |η|) + 1 =: g(η) ∀y, η ∈ [−l, l], (3.21)

where

C(l, σ) :=
cosh2(l)
elF(l)

[
4 + (1 + σ)2

1 − σ
+ l(13 − σ)

]
> 0.
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Since the function g defined in (3.21) is even and strictly increasing in [0, l], the upper bound forA∞D
suggests that the heavier material β should be located near the midline of the plate, while its maximum
value is at η = ±l, therefore the lighter material should be located near the long edges. Based on the
observations made so far, we conclude that:

In order to reduceA∞D and thereby prevent collisions between the plate and the obstacles:

• the set D should include the short edges and the midline of the plate;
• the set Dc should include the line ξ = π

2 and the long edges of the plate.

In particular, the above suggestions should be followed when choosing the sets D in the family D
considered in Theorem 3.4.

As already remarked, the above estimates hold under the assumption that the contact sets are empty.
Recalling the compatibility condition |D| = |Ω| 1−α

β−α
, this assumption follows from the above estimates

by assuming e.g., that the obstacles functions satisfy:

|ψ±| >
lg(l)π2

6
in Ω with g as in (3.21).

Alternatively, let zβ ∈ H2
∗ (Ω) be the unique solution to the partially hinged plate problem (2.4) with

f ≡ β. Since ‖ (βχD + αχDc) f ‖∞ ≤ β for all f ∈ F and 0 < α < β, arguing as in the proof of
Proposition 2.1, we infer that the contact sets of problem (3.4) (with obstacles ψ− and ψ+) are empty
as soon as ψ± ∈ C0(Ω) satisfy

|ψ±| > zβ = β

ˆ
Ω

Gp(x, y) dp in Ω.

4. A worst-case optimization problem to improve stability

We start by introducing a suitable class of obstacles among which to search for the most effective
ones to insert into the structure, in order to minimize the torsional response of the plate. More precisely,
we assume that the partially hinged plate is forced to remain between two prescribed obstacles located
in a suitable not empty, closed region ΩO ⊆ Ω . Therefore, from now on we slightly modify the notation
introduced in Section 2 and we minimize the functional E given in (2.1) over the set

H2
∗,ψ−,ψ+

(Ω) :=
{
v ∈ H2

∗ (Ω) : ψ− ≤ v ≤ ψ+ in ΩO

}
,

where ψ+ and ψ− belong, respectively, to the following sets:

O+(γ+) :=
{
ψ : ΩO → R : ψ ∈ C0(ΩO), ψ ≥ γ+ in ΩO

}
(4.1)

and
O−(γ−) :=

{
ψ : ΩO → R : ψ ∈ C0(ΩO), ψ ≤ −γ− in ΩO

}
, (4.2)

for some constants γ+, γ− > 0. Then, for a given f ∈ (C0(Ω))′ the minimizer u f ,ψ−,ψ+
∈ H2

∗,ψ−,ψ+
(Ω) of E

satisfies the variational inequality

(u f ,ψ−,ψ+
, ϕ − u f ,ψ−,ψ+

)H2
∗ (Ω) ≥ 〈 f , ϕ − u f ,ψ−,ψ+

〉 ∀ϕ ∈ H2
∗,ψ−,ψ+

(Ω). (4.3)
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In the case ΩO is a curve, we refer to (4.3) as a thin obstacle problem (see, [32, 33]). If ψ− < u f ,ψ−,ψ+
<

ψ+ in ΩO, as in the case of obstacles defined over the whole set Ω, by taking as test function in (4.3),
u f ,ψ−,ψ+

± εφ with φ ∈ H2
∗ (Ω) and ε > 0 sufficiently small, it follows that u f ,ψ−,ψ+

satisfies the partially
hinged plate problem (2.4).

Recalling that H2
∗ (Ω) ⊂ C0(Ω), to u f ,ψ−,ψ+

we may associate the gap function:

G f ,ψ−,ψ+
(x) := u f ,ψ−,ψ+

(x, l) − u f ,ψ−,ψ+
(x,−l) x ∈ [0, π]

and the maximal gap:
G∞f ,ψ−,ψ+

:= max
x∈[0,π]

|G f ,ψ−,ψ+
(x)|. (4.4)

As already recalled in the introduction, the gap function (originally introduced in [6] for the partially
hinged plate problem without obstacles) measures the difference on the vertical displacements on the
two free edges of the plate, therefore the maximal gap provides a measure of its torsional response.
This is the quantity one aims to keep under control, and possibly to minimize, in order to improve the
stability of the structure. We observe that if we remove the conditions ψ− ≤ −γ− and ψ+ ≥ γ+ in the
definition of O±(γ±), then ψ± ≡ 0 becomes admissible and u f ,0,0 ≡ 0 is trivially the unique minimizer
of the energy. Therefore, G f ,0,0 ≡ 0 ≡ G∞f ,0,0.

We are now in a position to formally state our optimization problem. Let F and Ψ± be suitable
subsets of, respectively, (C0(Ω))′ and O±(γ±). Given (ψ−, ψ+) ∈ Ψ− × Ψ+, we first look for the worst
f ∈ F yielding the maximum of the maximal gap:

G∞ψ−,ψ+
:= max

f∈F
G∞f ,ψ−,ψ+

= max
f∈F

max
x∈[0,π]

|G f ,ψ−,ψ+
(x)|, (4.5)

and then the best obstacles (ψ−, ψ+) ∈ Ψ− × Ψ+ minimizing the torsional response of the plate, namely
such that

G∞ := min
(ψ−,ψ+)∈Ψ−×Ψ+

G∞ψ−,ψ+
. (4.6)

In Section 4.1 we provide some classes F and Ψ± in which (4.5) and (4.6) admit a solution, while
in Section 4.2 we provide some qualitative information about them.

4.1. Existence results

We start by studying the well-posedness of G∞ψ−,ψ+
.

Theorem 4.1. Let γ−, γ+ > 0 and (ψ−, ψ+) ∈ O−(γ−) × O+(γ+). The problem

G∞ψ−,ψ+
:= max

f∈F
G∞f ,ψ−,ψ+

with F :=
{
f ∈ (C0(Ω))′ : ‖ f ‖(C0(Ω))′ ≤ 1

}
(4.7)

admits a solution. Furthermore, if −ψ− ≡ ψ+ ≡ ψ, and f is a maximizer of G∞
−ψ,ψ, then − f is a

maximizer as well.

Before presenting the proof of the above statement, we show that the map G∞f ,ψ−,ψ+
defined in (4.4)

is continuous with respect to its arguments.
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Proposition 4.2. Let O±(γ±) be the classes defined in (4.1) and (4.2), with γ−, γ+ > 0. Then the map

( f , ψ−, ψ+) ∈ (C0(Ω))′ × O−(γ−) × O+(γ+) 7→ G∞f ,ψ−,ψ+
∈ [0,+∞)

is sequentially continuous, when (C0(Ω))′ is endowed with the weak* topology and O±(γ±) are endowed
with the sup-norm topology.

Proof. Let {( fn, ψ−,n, ψ+,n)}n ⊂ (C0(Ω))′ ×O−(γ−) ×O+(γ+) be such that ( fn, ψ−,n, ψ+,n)→ ( f , ψ−, ψ+) as
n→ +∞, that is fn ⇀

∗ f in (C0(Ω))′ and ‖ψ±,n−ψ±‖L∞(ΩO) → 0 as n→ +∞. For simplicity of notation,
we denote by u = u f ,ψ−,ψ+

and un = u fn,ψ−,n,ψ+,n , for all n ∈ N, the corresponding solutions of (4.3). In
particular, for every n ∈ N, it holds

(un, ϕ − un)H2
∗ (Ω) ≥ 〈 fn, ϕ − un〉 ∀ϕ ∈ H2

∗,ψ−,n,ψ+,n
(Ω). (4.8)

Since the zero constant function belongs to the class H2
∗,ψ−,n,ψ+,n

(Ω), we have

(un,−un)H2
∗ (Ω) ≥ 〈 fn,−un〉

and we conclude there exists C > 0 independent of un such that

‖un‖H2
∗ (Ω) ≤ C‖ fn‖(C0(Ω))′ .

Then, the weak∗−convergence of fn to f in (C0(Ω))′ gives that {un}n is bounded in H2
∗ (Ω), and hence

there exists u ∈ H2
∗ (Ω) such that, up to a subsequence, un ⇀ u weakly in H2

∗ (Ω). Moreover, since

ψ−,n ≤ un ≤ ψ+,n in ΩO

and
ψ−,n → ψ−, ψ−,n → ψ+ pointwise in ΩO, un → u pointwise in Ω as n→ +∞,

we have that u ∈ H2
∗,ψ−,ψ+

(Ω).
We claim that u satisfies the variational inequality

(u, ϕ − u)H2
∗ (Ω) ≥ 〈 f , ϕ − u〉 ∀ϕ ∈ H2

∗,ψ−,ψ+
(Ω). (4.9)

Given 0 < ε < γ++γ−
2 , the uniform convergence of ψ−,n to ψ− and of ψ+,n to ψ+ yields that there exists

n0 ∈ N such that for all n > n0

ψ−,n < ψ− + ε < ψ+ − ε < ψ+,n in ΩO. (4.10)

Then, for 0 < ε < min
{
γ++γ−

2 ,min{min |ψ+|,min |ψ−|}
}

and for ϕ ∈ H2
∗,ψ−,ψ+

(Ω) fixed, we define ϕε ∈
H2
∗,ψ−,ψ+

(Ω) as follows:

ϕε := Kεϕ with Kε := 1 −
ε

min{min |ψ+|,min |ψ−|}
∈ (0, 1).

It is readily seen that ϕε → ϕ strongly in H2
∗ (Ω) as ε→ 0. Furthermore, by construction we have

ϕε ≤ ψ+ − ε
|ψ+|

min{min |ψ+|,min |ψ−|}
≤ ψ+ − ε
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and
ϕε ≥ ψ− + ε

|ψ−|

min{min |ψ+|,min |ψ−|}
≥ ψ− + ε.

Hence, thanks to (4.10), we obtain

ϕε ∈
⋂
n>n0

H2
∗,ψ−,n,ψ+,n

(Ω),

therefore, it can be used as a test function in (4.8) for all n > n0, that is

(un, ϕε − un)H2
∗ (Ω) ≥ 〈 fn, ϕε − un〉 ∀n > n0. (4.11)

Recalling that un ⇀ u in H2
∗ (Ω), hence un → u in C0(Ω) (from the compactness of the embedding

H2(Ω) ⊂ C0(Ω)), exploiting the weak lower semicontinuity of the norm, and recalling that fn ⇀ f
weakly* in (C0(Ω))′, we pass to the limit as n→ +∞ in (4.11) getting

(u, ϕε − u)H2
∗ (Ω) ≥ 〈 f , ϕε − u〉. (4.12)

Then, passing to the limit as ε → 0 (since ϕε → ϕ strongly in H2
∗ (Ω)), from the arbitrariness of

ϕ ∈ H2
∗,ψ−,ψ+

(Ω), (4.12) proves (4.9). Therefore, we can conclude that u = u in Ω, by the uniqueness of
solution.

Finally, from the fact that un → u in C0(Ω), we conclude that G fn,ψ−,n,ψ+,n → G f ,ψ−,ψ+
uniformly as

n→ +∞ in [0, π], i.e., G∞fn,ψ−,n,ψ+,n
→ G∞f ,ψ−,ψ+

as n→ +∞. �

Proof of Theorem 4.1. For (ψ−, ψ+) ∈ O−(γ−) × O+(γ+) fixed, let { fn}n ⊂ (C0(Ω))′ be a maximizing
sequence for (4.7) such that ‖ fn‖(C0(Ω))′ ≤ 1. Since { fn}n is bounded in (C0(Ω))′, there exists f ∈ (C0(Ω))′

such that, up to a subsequence, fn ⇀ f in (C0(Ω))′. Then, by Proposition 4.2, we get

G∞
f ,ψ−,ψ+

= G∞ψ−,ψ+
.

On the other hand, by weak lower semicontinuity of the norm, we have

‖ f ‖(C0(Ω))′ ≤ lim inf
n→+∞

‖ fn‖(C0(Ω))′ ≤ 1.

Hence, f ∈ F and solves problem (4.7). Finally, the proof of the last part of the statement follows
arguing as in the proof of Theorem 3.1. �

We now prove that G∞ is well defined if the minimum in (4.6) is taken over a suitable class of
obstacles Ψ± ⊂ O±(γ±) given in the following:

Theorem 4.3. Let κ± ≥ γ± > 0. Then, the problem

G∞ := min
(ψ−,ψ+)∈Ψ−×Ψ+

G∞ψ−,ψ+
(4.13)

with Ψ± = Ψ±(γ±, k±,ΩO) defined as follows

Ψ± :=
{
ψ± ∈ O±(γ±) ∩C0,α(ΩO) for some 0 < α < 1 : ‖ψ±‖C0,α(ΩO) ≤ κ±

}
(4.14)

admits a solution*.
*Here, we used the customary notation ‖v‖C0,α(ΩO) := ‖v‖L∞(ΩO) + supx,y∈ΩO ,x,y

|v(x)−v(y)|
|x−y|α .
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Proof. Let {(ψ−,n, ψ+,n)}n ⊂ Ψ− × Ψ+ be a minimizing sequence for problem (4.13). Then, by Ascoli-
Arzelà theorem, there exist ψ± ∈ C0,α(ΩO) such that, up to a subsequence, ψ±,n → ψ± in C0(ΩO).
Moreover, it holds ‖ψ±‖C0,α(ΩO) ≤ κ±, ψ− ≤ −γ− and ψ+ ≥ γ+. Hence, ψ± ∈ Ψ±. Furthermore, by
Proposition 4.2, arguing as in the proof of Theorem 3.4, it follows that the functional (ψ−, ψ+) ∈
Ψ− ×Ψ+ 7→ G

∞
ψ−,ψ+

is lower-semicontinuous with respect to the C0-convergence. Then, the existence of
a solution to problem (4.13) follows from the Direct Method in the Calculus of Variations. �

4.2. Qualitative properties of worst forces and best obstacles

Theorems 4.1 and 4.3 provide suitable classes F and Ψ± such that problems (4.5) and (4.6) admit
a solution, namely under which worst forces and best obstacles exist. The aim of this section is to
provide some qualitative information about them.

4.2.1. Symmetry properties

We first observe that the solutions to (4.3) inherit the symmetry properties of the datum f assuming
suitable symmetry in the obstacle functions (and their domain ΩO). To this aim we introduce the
subspaces of even and odd functions with respect to y:

C0
E(Ω) := {u ∈ C0(Ω) : u(x,−y) = u(x, y) ∀(x, y) ∈ Ω},

C0
O

(Ω) := {u ∈ C0(Ω) : u(x,−y) = −u(x, y) ∀(x, y) ∈ Ω}.

There holds
C0(Ω) = C0

E(Ω) ⊕C0
O

(Ω) (4.15)

and according to this decomposition we denote the components ue ∈ C0
E
(Ω) and uo ∈ C0

O
(Ω), i.e.,

ue(x, y) =
u(x, y) + u(x,−y)

2
, uo(x, y) =

u(x, y) − u(x,−y)
2

and the projections

PE : C0(Ω)→ C0
E(Ω) : PEu = ue ; PO : C0(Ω)→ C0

O
(Ω) : POu = uo.

We observe that
(ue, uo)H2

∗ (Ω) = 0 for all u ∈ H2
∗ (Ω). (4.16)

Finally, we define
(C0(Ω))′E = { f ∈ (C0(Ω))′ : 〈 f , u〉 = 0 ∀u ∈ C0

O
(Ω)}

and
(C0(Ω))′

O
= { f ∈ (C0(Ω))′ : 〈 f , u〉 = 0 ∀u ∈ C0

E(Ω)}.

We get that (C0(Ω))′ = (C0(Ω))′
E
⊕ (C0(Ω))′

O
and for every f ∈ (C0(Ω))′ we can write f = f e + f o,

where f e := f ◦ PE ∈ (C0(Ω))′
E

and f o := f ◦ PO ∈ (C0(Ω))′
O

.
As usual, we endow the dual space with the norm ‖ f ‖(C0(Ω))′ = sup‖v‖C0(Ω)=1 |〈 f , v〉|. By the definition

of dual norm, we observe that the following inequality is satisfied:

max
{
‖ f e‖(C0(Ω))′ , ‖ f

o‖(C0(Ω))′

}
≤ ‖ f ‖(C0(Ω))′ . (4.17)
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For the sake of notation, in the following, when ψ+ ≡ −ψ− ≡ ψ, we shall write H2
∗,ψ, G f ,ψ, G∞f ,ψ, G∞ψ

instead of H2
∗,−ψ,ψ, G f ,−ψ,ψ, G∞f ,−ψ,ψ, G∞

−ψ,ψ, respectively.

Lemma 4.4. Let f ∈ (C0(Ω))′, ψ± ∈ O±(γ±) for some γ± > 0 and assume that ΩO is symmetric with
respect to the x-axis, namely (x, y) ∈ ΩO if and only if (x,−y) ∈ ΩO. Furthermore, let u = u f ,ψ−,ψ+

∈

H2
∗,ψ−,ψ+

(Ω) satisfy the corresponding variational inequality (4.3). The following implications hold:

(i) If ψ− and ψ+ are even in y and f o = 0, then uo ≡ 0 in Ω;
(ii) If ψ− = −ψ+ = ψ, with ψ even in y and f e = 0, then ue ≡ 0 in Ω.

Proof. We first notice that, if ϕ ∈ H2
∗,ψ−,ψ+

(Ω) one has

ψ−(x, y) + ψ−(x,−y)
2

≤
ϕ(x, y) + ϕ(x,−y)

2
≤
ψ+(x, y) + ψ+(x,−y)

2
for all (x, y) ∈ Ω

and if ϕ ∈ H2
∗,ψ(Ω) also that

−ψ(x, y) − ψ(x,−y)
2

≤
ϕ(x, y) − ϕ(x,−y)

2
≤
ψ(x, y) + ψ(x,−y)

2
for all (x, y) ∈ Ω.

Hence, by the definition of even and odd parts, we infer that

ϕ ∈ H2
∗,ψ−,ψ+

(Ω) =⇒ ψe
− ≤ ϕ

e ≤ ψe
+ and ϕ ∈ H2

∗,ψ(Ω) =⇒ −ψe ≤ ϕe, ϕo ≤ ψe.

Assume that u ∈ H2
∗,ψ−,ψ+

(Ω) is the solution to the variational inequality (4.3). We shall prove that if
f o = 0, then uo = 0. Using the decomposition (4.15), inequality (4.3) can be written in the following
way

(ue, ϕe − ue)H2
∗ (Ω) + (uo, ϕo − uo)H2

∗ (Ω) ≥ 〈 f
e, ϕe − ue〉 + 〈 f o, ϕo − uo〉, (4.18)

for every ϕ ∈ H2
∗,ψ−,ψ+

(Ω). Now, since ψ− and ψ+ are even in y, by the first implication in (4.18), we can
test (4.18) with ϕ = ue, then using (4.16) and the assumption f o = 0, we get

‖uo‖2H2
∗ (Ω) ≤ 0.

Hence, uo = 0. The second assertion follows in a similar way by testing (4.18) with ϕ = uo, in view of
the second implication in (4.18). �

Next, we consider the symmetry with respect to the line x = π
2 . Since the proof we provide is a

matter of changes of variables, we restrict the attention to f ∈ Lp(Ω) ⊂ (C0(Ω))′, for all p ∈ [1,+∞].

Lemma 4.5. Let f ∈ Lp(Ω) for some p ∈ [1,+∞], ψ± ∈ O±(γ±) for some γ± > 0 and assume that
ΩO is symmetric with respect to the line x = π

2 . Furthermore, let u = u f ,ψ−,ψ+
∈ H2

∗,ψ−,ψ+
(Ω) satisfy

the corresponding variational inequality (4.3). If ψ±(x, y) = ψ±(π − x, y) for all (x, y) ∈ ΩO and
f (x, y) = f (π − x, y) for all (x, y) ∈ Ω, then

u(x, y) = u(π − x, y) for all (x, y) ∈ Ω.
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Proof. If f ∈ Lp(Ω), inequality (4.3) with u = u f ,ψ−,ψ+
∈ H2

∗,ψ−,ψ+
(Ω) writes

(u, ϕ − u)H2
∗ (Ω) ≥

ˆ
Ω

f · (ϕ − u) dxdy ∀ϕ ∈ H2
∗,ψ−,ψ+

(Ω).

Set w(x, y) = u(π−x, y) and ζ(x, y) = ϕ(π−x, y) , for all (x, y) ∈ Ω. In view of the symmetry assumptions
on ψ± and ΩO, we have w, ζ ∈ H2

∗,ψ−,ψ+
(Ω). Then, by changing the variable in the above inequality and

recalling the symmetry assumption of f , we readily get

(w, ζ − u)H2
∗ (Ω) ≥

ˆ
Ω

f · (ζ − w) dxdy ∀ζ ∈ H2
∗,ψ−,ψ+

(Ω).

By uniqueness, u ≡ w in Ω and the proof is complete. �

We are in a position to prove that the worst force(s) f (whose existence is ensured by Theorem 4.1
in the set F ) must have a nontrivial odd part when the obstacle functions are even in y.

Proposition 4.6. Assume that ΩO is symmetric with respect to the x-axis and that ψ+ ≡ −ψ− ≡ ψ with
ψ ∈ O+(γ) for some γ > 0, even in y. If f ∈ (C0(Ω))′ is the corresponding maximizer of G∞ψ as defined
in (4.7), then f o , 0. Moreover, if the contact sets Ω− and Ω+ as defined in (2.3) are both empty, then
f o is a maximizer.

Proof. For ψ ∈ O+(γ), even in y, fixed, let f ∈ (C0(Ω))′ be the maximizer of G∞ψ and let u = u f ,ψ ∈

H2
∗,ψ(Ω) be the corresponding solution to (4.3). By the definition of the gap function and the maximal

gap, we have

G f ,ψ(x) = uo(x, l) − uo(x,−l) and G∞f ,ψ = max
x∈[0,π]

|uo(x, l) − uo(x,−l)|. (4.19)

If f o = 0, by Lemma 4.4 point i), we have uo = 0, hence G∞f ,ψ = 0 and f cannot be a maximizer for G∞ψ .
Therefore, f o , 0.

For the last part of the proof, assume that the contact sets are both empty, then u = u f ,ψ satisfies the
partially hinged plate problem (2.4). By testing (2.4) with odd test functions we get

(uo, ϕo)H2
∗ (Ω) = 〈 f o, ϕo〉 ∀ϕ ∈ H2

∗ (Ω),

and then
(uo, ϕ)H2

∗ (Ω) = 〈 f o, ϕ〉 ∀ϕ ∈ H2
∗ (Ω).

Since |uo| < ψ in Ω, this means that uo solves (2.2) with f = f o. In view of (4.19) and since from (4.17)
‖ f o‖(C0(Ω))′ ≤ 1, we infer that G∞ψ = G∞f ,ψ = G∞f o,ψ, namely f o is a maximizer. �

4.2.2. Some remarks about the best obstacles under odd forces

Let F be the set of functions defined in Theorem 4.1 and, for κ± ≥ γ± > 0, let Ψ± = Ψ±(γ±, κ±,ΩO)
be the set of obstacles defined in (4.14). We denote Ψe

± = Ψe
±(γ±, κ±,ΩO) the subset of Ψ± of

even in y obstacles (with domain ΩO symmetric with respect to the x-axis). From Theorem 4.1
and Proposition 4.6 we know that, if γ+ ≡ γ− ≡ γ, κ+ ≡ κ− ≡ κ and ψ+ ≡ −ψ− ≡ ψ with
ψ ∈ Ψe

+ = Ψe
+(γ, κ,ΩO), then the corresponding worst force/s exists in F and must have a nontrivial
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odd part. Moreover, when the contact sets are empty, the worst force can be assumed to be odd. This
motivates our choice in the following two sections to restrict the set of admissible worst forces to
odd distributions, regardless of whether the contact sets are empty or not. Therefore, we consider the
problem

G∞ψ = max
f∈F , f≡ f o

G∞f ,ψ = G∞fψ,ψ

for some fψ ∈ (C0(Ω))′
O

. Then, we look for the best obstacles, namely minimizers of

G∞ = min
ψ∈Ψe

+

G∞ψ = min
ψ∈Ψe

+

G∞fψ,ψ.

From Theorem 4.3 the above problem admits a solution; we call an optimal pair any couple of worst
force - best obstacle ( fψ̄, ψ̄) ∈ (C0(Ω))′

O
× Ψe

+ achieving G∞, namely such that

G∞ = G∞fψ̄,ψ̄
. (4.20)

In the following we provide some information about the value of G∞ and optimal pairs which allow
us to suggest, at the end of the section, the possible best obstacles. We start by remarking that, by
statement (ii) of Lemma 4.4, the minimizer u f ,ψ ∈ H2

∗,ψ(Ω) of the energy E, corresponding to any
couple ( f , ψ) ∈ (C0(Ω))′

O
× Ψe

+, is odd in y. Then, if we denote by L± the long edges of the plate,
namely L− = [0, π] × {−l} and L+ = [0, π] × {l}, and we assume that L− ∪ L+ ⊆ ΩO, we deduce that

G∞f ,ψ = 2 max
x∈[0,π]

|u f ,ψ(x, l)| ≤ 2 max
x∈[0,π]

ψ(x, l)

and, in turn, that
G∞ ≤ 2 min

ψ∈Ψe
+

max
x∈[0,π]

ψ(x, l) = 2γ. (4.21)

The above minimum is trivially achieved by ψ ≡ γ or, more in general by any ψ ∈ Ψe
+ satisfying

ψ|L+
≡ γ. However, the following proposition suggests that the upper bound 2γ for G∞, given in (4.21),

might not be sharp.

Theorem 4.7. Assume that ΩO is symmetric with respect to the x-axis and that L− ∪ L+ ⊆ ΩO.
Furthermore, let ( fψ̄, ψ̄) ∈ (C0(Ω))′

O
× Ψe

+ be an optimal pair as defined in (4.20) and denote by
u fψ̄,ψ̄ ∈ H2

∗,ψ̄
(Ω) the corresponding minimizer of the energy E. There holds

(i) G∞ = min
ψ∈Ψe

+

G∞fψ,ψ < 2γ if and only if ‖u fψ̄,ψ̄‖L∞(L+) < γ;

(ii) G∞ = min
ψ∈Ψe

+

G∞fψ,ψ = 2γ if and only if |u fψ̄,ψ̄(x0, l)| = γ for some x0 ∈ (0, π).

In particular, if case (ii) occurs, then G∞ = min
ψ∈Ψe

+

G∞fψ,ψ = G∞fψγ ,ψγ for any ψγ ∈ Ψe
+ : ψγ|L+

≡ γ.

Proof. Let ( fψ̄, ψ̄) ∈ (C0(Ω))′
O
×Ψe

+ be an optimal pair, then the corresponding minimizer of the energy
E, u fψ̄,ψ̄ ∈ H2

∗,ψ̄
(Ω), satisfies

G∞ = G∞fψ̄,ψ̄
= 2 max

x∈[0,π]
|u fψ̄,ψ̄(x, l)| = 2‖u fψ̄,ψ̄‖L∞(L+)

and the statement (i) follows at once.
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As for the statement (ii), if G∞ = 2γ, from the above formula we immediately infer that there must
exist x0 ∈ (0, π) such that |u fψ̄,ψ̄(x0, l)| = γ. Conversely, if we assume that |u fψ̄,ψ̄(x0, l)| = γ for some
x0 ∈ (0, π), then the fact that ( fψ̄, ψ̄) ∈ (C0(Ω))′

O
× Ψe

+ is an optimal pair readily gives that

G∞ = G∞fψ̄,ψ̄
≥ 2|u fψ̄,ψ̄(x0, l)| = 2γ.

Whence, in view of (4.21) we immediately conclude that G∞ = 2γ. To complete the proof, let u fψγ ,ψγ ∈

H2
∗,ψγ

(Ω) be the minimizer of the energy corresponding to any obstacle ψγ ∈ Ψe
+ with ψγ ∈ Ψe

+ :

ψγ|L+
≡ γ and to the worst among odd forces fψγ ∈ (C0(Ω))′

O
. Namely,

max
f∈F , f≡ f o

G∞f ,ψγ = G∞fψγ ,ψγ = 2 max
x∈[0,π]

|u fψγ ,ψγ(x, l)|.

Since |u fψγ ,ψγ(x, l)| ≤ ψγ|L+
≡ γ for all x ∈ [0, π], for what was proved above we deduce that

G∞ = 2γ ≥ 2 max
x∈[0,π]

|u fψγ ,ψγ(x, l)| = G∞fψγ ,ψγ ≥ min
ψ∈Ψe

+

G∞fψ,ψ = G∞.

Namely, ( fψγ , ψγ) ∈ (C0(Ω))′
O
× Ψe

+ is an optimal pair and the proof is complete. �

From Proposition 4.7 we deduce that:

• Case (i) can be seen as the safer case since G∞ does not reach the upper bound (4.21) and u fψ̄,ψ̄

does not touch the obstacles along the long edges. In particular, if ΩO = L−∪ L+, then u fψ̄,ψ̄ solves
the partially hinged plate problem (2.4) with f = fψ̄;
• If case (ii) occurs, then the minimizer may touch the obstacles at the long edges, as it happens

for the minimizer corresponding to the optimal couples ( fψγ , ψγ) defined in the last part of the
statement. This is the situation in which obstacles help in improving the stability. Furthermore,
the constant function ψ ≡ γ is among the best obstacles.

Based on the above observations we conclude that, for γ > 0 given, case (i) is the safer but since
we do not know whether it occurs: A way to improve the torsional stability of the plate is applying
horizontal guides along its long edges (at levels ±γ).

In the next section we provide sufficient conditions on γ (in terms of the parameters of the plate) for
case (i) and (ii) of Proposition 4.7 to occur when F is properly chosen, see Theorems 4.10 and 4.11.

4.2.3. Best obstacles for antisymmetric delta-type forces

As in Section 4.2.2 we assume that γ+ ≡ γ− ≡ γ, κ+ ≡ κ− ≡ κ and ψ+ ≡ −ψ− ≡ ψ with ψ ∈ Ψe
+ =

Ψe
+(γ, κ,ΩO) with ΩO symmetric with respect to the x-axis, and we restrict our attention on odd forces.

More precisely, here we focus on the odd distributions:

Tξ,η :=
δ(ξ,η) − δ(ξ,−η)

2
with (ξ, η) ∈ Ω

where δp is the Dirac delta with mass concentrated at p ∈ Ω. Tξ,η ∈ (C0(Ω))′
O

and ‖Tξ,η‖(C0(Ω))′ ≤

1. The above choice is motivated by [4, Conjecture 5] , where it was shown that the maximizing
sequences found numerically for problem (4.4), in the obstacle free case with L1 loads, even if does not
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converge, exhibits spikes with opposite signs in the boundary points that suggest a weak*-convergence
to deltas concentrated in these points. Then, we denote by wξ,η ∈ H2

∗,ψ(Ω) ⊂ C0(Ω) the minimizer of E
corresponding to f = Tξ,η. Hence, wξ,η satisfies the variational inequality

(wξ,η, ϕ − wξ,η)H2
∗ (Ω) ≥ 〈Tξ,η, ϕ − wξ,η〉 ∀ϕ ∈ H2

∗,ψ(Ω). (4.22)

Furthermore, we denote by vξ,η ∈ H2
∗ (Ω) ⊂ C0(Ω) the solution to the partially hinged plate problem,

namely
(vξ,η, φ)H2

∗
= 〈Tξ,η, φ〉 ∀φ ∈ H2

∗ (Ω). (4.23)

When the contact sets (2.3) are empty, then vξ,η and wξ,η coincide. From the Fourier expansion of
the Green function (3.16) (proved in [8, Theorem 2.1]), one can also straightforwardly deduce a
representation formula for vξ,η. More precisely, there holds:

Proposition 4.8. Let p = (ξ, η) ∈ Ω and σ ∈ [0, 1). Then,

vξ,η(x, y) =
1

4π

+∞∑
m=1

φm(y, η) − φm(y,−η)
m3 sin(mξ) sin(mx) ∀(x, y) ∈ Ω,

where the functions φm(y, η) are given explicitly in formula (3.17) and the series converges uniformly
in Ω.

For a given ψ ∈ Ψe
+, we denote the gap function associated with wξ,η and vξ,η, respectively, as GTξ,η,ψ

and GTξ,η with their maximal gaps: G∞Tξ,η,ψ and G∞Tξ,η . More precisely, since both wξ,η and vξ,η are odd in
y, we have

GTξ,η,ψ(x) = 2wξ,η(x, l) and G∞Tξ,η,ψ = max
x∈[0,π]

|GTξ,η(x)| , (4.24)

GTξ,η(x) = 2vξ,η(x, l) and G∞Tξ,η = max
x∈[0,π]

|GTξ,η(x)| .

As usual, we first seek the worst among the forces Tξ,η as (ξ, η) vary in Ω, namely, the one maximizing
the maximal gaps. In the obstacle-free case, from Proposition 4.8 it readily follows the Fourier
expansion of the gap function GTξ,η . However, the complexity of the analytic expression of the
coefficients φm makes it hard to determine the maximum points of the map (ξ, η) ∈ Ω 7→ G∞Tξ,η . We refer
to [4, Conjecture 5] for a numerical solution of the problem in the obstacle-free case. An analytical
proof was given in [9, Theorem 2.3], by replacing Ω with a suitable subset Ω̃:

Proposition 4.9. [9, Theorem 2.3] There holds

max
(ξ,η)∈Ω̃

G∞Tξ,η = G∞T π
2 ,±l
, (4.25)

where
Ω̃ :=

(
[0, z0] ∪ [π − z0, π] ∪

{
π

2

})
× [−l, l] ∪ [0, π] × [−w0,w0] ⊂ Ω (4.26)

with 0 < z0 <
π
2 and 0 < w0 < l explicitly given in [9, Section 5].
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The goal of this section is to provide an explicit threshold for γ so that the two cases of
Proposition 4.7 occur when restricting to the family of distributions considered in Proposition 4.9,
namely to the class of forces

F̃ := {Tξ,η : (ξ, η) ∈ Ω̃}

with Ω̃ as given in (4.26). Let ΩO be a closed subset of Ω, symmetric with respect to the x-axis, and let
vξ,η be as given in Proposition 4.8, we set

Mξ,η = Mξ,η(σ, l,ΩO) := max
(x,y)∈ΩO

|vξ,η(x, y)| and M = M(σ, l,ΩO) := max
(ξ,η)∈Ω̃

Mξ,η. (4.27)

Clearly, M0,η = Mπ,η = Mξ,0 = 0. Moreover, the map (ξ, η) ∈ Ω̃ 7→ Mξ,η ∈ [0,M] is continuous. In
the following statement we prove that, when the forces lie in the set F̃ and γ > M, then the obstacles
cannot be exploited to improve the torsional stability of the plate:

Theorem 4.10. Let ΩO be a not empty, closed subset of Ω, symmetric with respect to the x-axis and let
M = M(σ, l,ΩO) be as defined in (4.27). Furthermore, consider the set Ψe

+ = Ψe
+(γ, κ,ΩO) with

κ > γ > M. (4.28)

Then vξ,η is the unique minimizer of the functional E with f = Tξ,η ∈ F̃ , over the set H2
∗,ψ(Ω), namely it

satisfies (4.22). Moreover, Tπ/2,±l is the worst force for all ψ ∈ Ψe
+, namely

max
f∈F̃
G∞f ,ψ = max

f∈F̃
max
x∈[0,π]

|G f ,ψ(x)| = G∞T π
2 ,±l
. (4.29)

In particular,
G̃∞ := min

ψ∈Ψe
+

max
f∈F̃
G∞f ,ψ = G∞T π

2 ,±l
and G̃∞ < 2γ. (4.30)

Proof. Under the given assumptions, by recalling the definition of M, the solution vξ,η of (4.23) satisfies
|vξ,η(x, y)| ≤ M < γ ≤ ψ(x, y) for all (x, y) ∈ ΩO, all (ξ, η) ∈ Ω̃ and all ψ ∈ Ψe

+. Hence, the contact sets
of vξ,η are empty, whence wξ,η ≡ vξ,η. Then, (4.29) readily comes from (4.25). The second part of the
statement instead follows from (4.29) and by noticing that

G̃∞ = G∞T π
2 ,±l

= 2 max
x∈[0,π]

|v π
2 ,±l(x, l)| ≤ 2M < 2γ.

�

An explicit upper bound for M and, in turn, an explicit lower bound for γ so that condition (4.28)
holds, is given in Proposition 4.13 below. The case γ ≤ M is instead considered in the following
statement where we show that ψ ≡ γ is a best obstacle when ΩO = L+ ∪ L−, i.e., it improves the
torsional stability. Furthermore, in this case M is given explicitly.

Theorem 4.11. Assume that ΩO = L+ ∪ L− (thin obstacle problem) and let M = M(σ, l,ΩO) be as
defined in (4.27). Then

M = M(σ, l) =
4
π

+∞∑
m=1, odd

sinh(m`)2

m3(1 − σ)[(3 + σ) sinh(2m`) + 2m`(1 − σ)]
. (4.31)
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Furthermore, consider the set Ψe
+ = Ψe

+(γ, κ,ΩO) with

0 < γ ≤ M and κ > γ

and let G̃∞ be as defined in (4.30). There holds

G̃∞ = 2γ and G̃∞ = G∞Tξ,η,γ
for some (ξ, η) ∈ Ω̃.

Namely, (Tξ,η, γ) ∈ F̃ × Ψe
+ is an optimal pair for G̃∞.

Proof. We start by noticing that, by slightly modifying the proof of Theorems 4.1 and 4.3, there exists
an optimal pair as defined in (4.20), say ( fψ̄, ψ̄) ∈ F̃ × Ψe

+, such that

G̃∞ = min
ψ∈Ψe

+

max
f∈F̃
G∞f ,ψ = G∞fψ̄,ψ̄

≥ G∞f ,ψ̄ for all f ∈ F̃ . (4.32)

On the other hand, since ΩO = L+ ∪ L−, (4.24) combined with (4.27) yields Mξ,η = 1
2G
∞
Tξ,η for all

(ξ, η) ∈ Ω̃, while (4.25) gives M = 1
2G
∞
T π

2 ,±l
. Then, (4.31) follows from [9, Lemma 5.4] where the latter

value was computed.
Moreover, note that

(
π
2 , η

)
∈ Ω̃ for all η ∈ [−l, l], so T π

2 ,η
∈ F̃ for all such η. The map

η ∈ [−l, l] 7→ G∞T π
2 ,η

is continuous and, by [9, Proposition 5.1], it is even and strictly increasing in [0, l]. In particular, it is
bijective from [0, l] onto [0, 2M]. Therefore, since 0 < γ ≤ M, there exists η̄ = η̄(γ) ∈ (0, l] such that
G∞T π

2 ,η̄
= 2γ, and for all 0 < ε < 2γ, there exists ηε ∈ (0, η̄) such that G∞T π

2 ,ηε
= 2γ − ε. Recalling the

definition of G∞T π
2 ,ηε

, this implies that

|v π
2 ,ηε

(x, y)| < γ ≤ ψ(x, y) for all (x, y) ∈ ΩO and all ψ ∈ Ψe
+.

Hence, v π
2 ,ηε

solves the obstacle problem (4.22) for all such ψ, hence v π
2 ,ηε
≡ w π

2 ,ηε
. Then, by

testing (4.32) with f = T π
2 ,ηε

, we get

G̃∞ ≥ G∞T π
2 ,η̄
,ψ̄

= G∞T π
2 ,η̄

= 2γ − ε.

Eventually, letting ε → 0+ and recalling the upper bound (4.21), we get the value of G̃∞. The last part
of the thesis follows arguing as in the last part of the proof of Proposition 4.7. �

By combining the statements of Theorems 4.10 and 4.11, we deduce the following:

Corollary 4.12. Assume that ΩO = L+ ∪ L− and let M = M(σ, l) be as defined in (4.31). Furthermore,
consider the set Ψe

+ = Ψe
+(γ, κ,ΩO) with κ > γ > 0 and let G̃∞ be as defined in (4.30). Then, we have

(i) γ > M ⇐⇒ G̃∞ < 2γ;
(ii) γ ≤ M ⇐⇒ G̃∞ = 2γ.

We conclude with an estimate that provides a more explicit indication of how much large γ must be
in Theorem 4.10.
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Proposition 4.13. Let M = M(σ, l,ΩO) be as defined in (4.27), there holds

M ≤ C(σ, l) :=
π cosh2(l)

[
5 + 2σ + σ2 + 2l(5 + 2σ)(1 − σ) + 8l2(1 − σ)2

]
6(1 − σ)[(3 + σ) sinh(2l) − l(1 + σ)]

+
π

12
. (4.33)

Proof. In view of (3.18), since
+∞∑
m=1

1
m3 ≤

+∞∑
m=1

1
m2 =

π2

6
, we immediately get that

|vξ,η(x, y)| ≤

 1
4π

+∞∑
m=1

1
m3

 (φ1(y, η) + φ1(y,−η)) ≤
π

24
(φ1(y, η) + φ1(y,−η)) ,

∀(ξ, η) ∈ Ω̃,∀(x, y) ∈ Ω . Furthermore, from (3.17) we have that

φ1(y, η) + φ1(y,−η) = e−l
[
2 cosh(η)

(
ζ(y, l)
F(l)

+ l
ψ(y, l)
F(l)

)
− 2 sinh(η)η

ψ(y, l)
F(l)

]
+(1 + |y − η|)e−|y−η| + (1 + |y + η|)e−|y+η|.

Then, exploiting the estimates given in (3.20), since F(l) > 0, we get

φ1(y, η) + φ1(y,−η) ≤
2e−l cosh(l)

F(l)

[
|ζ(y, l)| + 2l|ψ(y, l)|

]
+ 2

≤
4 cosh2(l)

[
5 + 2σ + σ2 + 4l(3 + σ)(1 − σ) + 8l2(1 − σ)2

]
(1 − σ)(3 + σ) sinh(2l) − l(1 − σ2)

+ 2.

Summing up, we have

|vξ,η(x, y)| ≤ C(σ, l) ∀(ξ, η) ∈ Ω̃,∀(x, y) ∈ Ω

with C(σ, l) as defined in (4.33). �

5. Conclusions

In this work we have introduced and analyzed two classes of optimization problems for partially
hinged rectangular plates in the presence of real or artificial obstacles, motivated by models of
bridge roadways and their stability properties. Within the variational setting appropriate for partially
hinged plates, we have addressed the analytical issues arising from the lack of comparison principles,
truncation arguments, and other tools commonly available in second-order settings.

For real obstacles, we formulated a worst-case optimization problem aimed at preventing collisions
between the plate and the surrounding structural elements by modifying the density distribution. We
established existence results for both the inner maximization over admissible loads and the outer
minimization over admissible material configurations. Moreover, by exploiting the Green function
representation of the partially hinged plate operator, we derived qualitative information about the
optimal placement of heavier and lighter materials.

For artificial obstacles, we considered a different optimization strategy, focused on improving
torsional stability by minimizing the maximum of the gap function. Also in this setting we proved
existence of optimal obstacles and discussed their qualitative properties.
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Overall, our analysis shows that the introduction of obstacles, either as constraints to avoid or
as devices to enhance stability, significantly enriches the mathematical structure of the problem and
leads to optimization strategies with potential applicative relevance. Several directions remain open
for future research, including regularity of the free boundaries, numerical exploration of optimal
configurations, and refined optimality conditions for both density distributions and obstacle shapes.
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