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HARDY SPACES AND RIESZ TRANSFORMS

ON A LIE GROUP OF EXPONENTIAL GROWTH

PETER SJÖGREN AND MARIA VALLARINO

Abstract. Let G be the Lie group R2 o R+ endowed with the Riemannian

symmetric space structure. Take a distinguished basis X0, X1, X2 of left-

invariant vector fields of the Lie algebra of G, and consider the Laplacian
∆ = −

∑2
i=0 X

2
i and the first-order Riesz transforms Ri = Xi∆

−1/2, i =

0, 1, 2. We first show that the atomic Hardy space H1 in G introduced by the
authors in a previous paper does not admit a characterization in terms of the

Riesz transforms Ri. It is also proved that two of these Riesz transforms are

bounded from H1 to H1.

1. Introduction

Let G be the Lie group R2 oR+ where the product rule is the following:

(x1, x2, a) · (x′1, x′2, a′) = (x1 + a x′1, x2 + a x′2, a a
′)

for (x1, x2, a), (x′1, x
′
2, a
′) ∈ G. We shall denote by x the point (x1, x2, a), and it

will be convenient to write

|x| =
√
x2

1 + x2
2 for x = (x1, x2, a).

The group G is not unimodular; a right and a left Haar measure of G are given by

dρ(x) = a−1 dx1 dx2 da and dλ(x) = a−3 dx1 dx2 da ,

respectively. The modular function is thus δ(x) = a−2. Throughout this paper,
unless explicitly stated, we use the right measure ρ on G and denote by Lp, ‖ · ‖p
and 〈·, ·〉 the Lp-space, the Lp-norm and the L2-scalar product with respect to ρ.

The group G has a Riemannian symmetric space structure, and the correspond-
ing metric, which we denote by d, is that of the three-dimensional hyperbolic half-
space. The metric d is invariant under left translation and given by

(1.1) cosh r(x) =
a+ a−1 + a−1|x|2

2
,

where r(x) = d(x, e) denotes the distance of the point x from the identity e =
(0, 0, 1) of G. The measure of a hyperbolic ball Br, centred at the identity and of
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2 P. SJÖGREN AND M. VALLARINO

radius r, behaves like

λ(Br) = ρ(Br) ∼

{
r3 if r < 1

e2r if r ≥ 1 .

Thus G is a group of exponential volume growth, and so nondoubling. In this
context, the classical Calderón–Zygmund theory and the classical definition of the
atomic Hardy space (see [7, 8, 32]) do not apply. But Hebisch and Steger [13] have
constructed a Calderón–Zygmund theory which applies to some nondoubling spaces,
in particular to our space (G, d, ρ). The main idea is to replace the family of balls
in the classical Calderón–Zygmund theory by a suitable family of parallelepipeds
which we call Calderón–Zygmund sets. The definition appears in [13] and implicitly
in [12], and reads as follows.

Definition 1.1. A Calderón-Zygmund set is a parallelepiped P = [x1 − L/2, x1 +
L/2] × [x2 − L/2, x2 + L/2] × [ae−r, aer], where L > 0, r > 0 and (x1, x2, a) ∈ G
are related by

e2a r ≤ L < e8a r if r < 1 ,

a e2r ≤ L < a e8r if r ≥ 1 .

The point (x1, x2, a) is the center of P , and we call r the parameter of P .

We let P denote the family of all Calderón–Zygmund sets, and observe that P is
invariant under left translation. In [13] it is proved that every integrable function
on G admits a Calderón–Zygmund decomposition involving the family P, and that
a Calderón–Zygmund theory can be developed in this context. Using the Calderón–
Zygmund sets, it is natural to introduce an atomic Hardy space H1 on the group
G, as follows (see [33] for details).

For 1 < p ≤ ∞, a (1, p)-atom is a function A in L1 such that

(i) A is supported in a Calderón–Zygmund set P ;
(ii) ‖A‖p ≤ ρ(P )−1+1/p ;
(iii)

∫
Adρ = 0 .

The atomic Hardy space is now defined in a standard way.

Definition 1.2. The atomic Hardy space H1,p is the space of all functions f in L1

which can be written as f =
∑
j λj Aj , where the Aj are (1, p)-atoms and λj are

complex numbers such that
∑
j |λj | < ∞. We denote by ‖f‖H1,p the infimum of∑

j |λj | over such decompositions.

By [33, Theorem 2.3], for any p ∈ (1,∞) the space H1,p coincides with H1,∞

and their norms are equivalent. In the following we shall simply denote this space
by H1 and its norm by ‖ · ‖H1 .

The Calderón–Zygmund theory from [13] has turned out to be useful to study the
boundedness of singular integral operators related to the distinguished Laplacian
on G, defined as follows.

Let X0, X1, X2 denote the left-invariant vector fields

X0 = a ∂a, X1 = a ∂x1
, X2 = a ∂x2

,

which span the Lie algebra of G. The Laplacian ∆ = −(X2
0 + X2

1 + X2
2 ) is a left-

invariant operator which is essentially selfadjoint on L2. It is well known that the
heat semigroup

(
e−t∆

)
t>0

is given by a kernel ht, in the sense that e−t∆f = f ∗ ht
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for suitable functions f . LetMh denote the corresponding heat maximal operator,
defined by

(1.2) Mh f(x) = sup
t>0
|f ∗ ht(x)| ∀x ∈ G .

We then define the heat maximal Hardy space H1
max,h as the space of all functions

f in L1 such that Mh f is in L1, endowed with the norm

‖f‖H1
max,h

= ‖Mhf‖1 .

The authors proved in [31] that H1 ⊂ H1
max,h and that this inclusion is strict.

Similarly, one can consider a maximal Hardy space H1
max,p on G by means of

the Poisson maximal function. It also strictly contains the atomic Hardy space, see
[34]. Thus there is no characterization of the atomic Hardy space by means of the
heat or the Poisson maximal operator, in our setting.

We shall now consider the first-order Riesz transforms associated with ∆, defined
by Ri = Xi ∆−1/2, i = 0, 1, 2. The associated Hardy space is

H1
Riesz = {f ∈ L1 : Rif ∈ L1, i = 0, 1, 2} ,

endowed with the norm

‖f‖H1
Riesz

= ‖f‖1 +

2∑
i=0

‖Rif‖1 .

The authors proved in [30] that the operators Ri, i = 0, 1, 2, are bounded from H1

to L1. Thus H1 is included in H1
Riesz. We prove the following.

Theorem 1.3. The inclusion H1 ⊂ H1
Riesz is strict.

Thus in our setting there is no characterization of the atomic Hardy space by
means of Riesz transforms, in contrast to the situation in the Euclidean and many
other cases, as we explain below.

In this paper, we also prove the following H1-H1 boundedness result.

Theorem 1.4. The Riesz transforms Ri, i = 1, 2, are bounded from H1 to H1.

This theorem is analogous to other boundedness results for Riesz transforms
in different contexts known in the literature, but its proof is very different since
the Hardy space H1 has only an atomic definition in our setting. Thus the proof
requires an explicit construction of the atomic decomposition of RiA for an atom
A. This will be based on a delicate argument of “mass transport” given in Section
4. It is still an open problem whether also R0 is bounded on H1.

The relation between Hardy spaces and Riesz transforms has been studied in
different settings in the literature. Here we shall only mention papers where ei-
ther a characterization of an atomic Hardy space in terms of Riesz transforms or
a boundedness result for Riesz transforms on an atomic Hardy space has been
investigated.

In the Euclidean case, the atomic Hardy space H1(Rn) can also be characterized
by means of the first-order Riesz transforms, with equivalence of norms (see [32,
Chapter 3]). Moreover, all Riesz transforms are bounded from H1(Rn) to H1(Rn).
Analogous results have been proved on nilpotent Lie groups [16] and more generally
on Lie groups of polynomial growth [28] for the first-order Riesz transforms asso-
ciated with a sub-Laplacian and for the atomic Hardy space defined in this setting
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(see [8]). See [2, 5, 17, 27] and the references therein for boundedness results on
Hardy spaces for first-order Riesz transforms on various doubling Riemannian man-
ifolds. The relation between Riesz transforms and Hardy spaces associated with
particular classes of operators has also been studied, for instance in [3, 10, 11, 25].

To the best of our knowledge, there are no results of this kind in the literature for
Hardy-type spaces on nondoubling Lie groups. Results on the H1-L1 boundedness
of Riesz transforms on some Lie groups of exponential growth can be found in [23]
and [30], but it seems that the H1-H1 boundedness of such operators has not been
investigated. Some results on the H1-L1 boundedness of Riesz transforms for a
flow Laplacian on infinite trees equipped with flow measures of exponential growth
are obtained in [15, 22, 21]; these can be thought as a discrete counterpart of the
results on Lie groups mentioned above.

Finally we mention some negative results which recall in some sense the negative
result in our Theorem 1.3.

On homogeneous trees, [6] says that the Hardy space defined in terms of the
first-order Riesz transform associated with the standard combinatorial Laplacian
does not admit an atomic decomposition. Santagati recently showed in [29] that
the natural atomic Hardy space defined on homogeneous trees equipped with the
canonical flow measure and the flow Laplacian does not admit a characterization
in terms of the Riesz transform, proving a discrete counterpart of Theorem 1.3.

In the setting of Riemannian manifolds of exponential growth with bounded
geometry and spectral gap, it was proved in [24] that the first-order Riesz transform
is not bounded from the atomic Hardy space introduced in [4] into the space of
integrable functions; hence it does not provide a characterization of this Hardy
space. However, on the same class of manifolds, the Hardy space defined by means
of the first-order Riesz transform was recently characterized as a suitably modified
Hardy space of Goldberg type [19, 20, 26].

Our paper is organized as follows. Section 2 contains explicit formulas for the
convolution kernels of the first-order Riesz transforms Ri and some of their deriva-
tives. In Section 3, we prove Theorem 1.3, and Theorem 1.4 is proved in Section 4.

In this paper, C denotes a positive, finite constant which may vary from occur-
rence to occurrence and may depend on parameters according to the context. Given
two positive quantities f and g, we mean by f . g that there exists a constant C
such that f ≤ C g, and f ∼ g means that g . f . g.

2. The convolution kernels of the Riesz transforms

In this section, we write the formulas for the convolution kernels of the Riesz
transforms of the first order and some of their derivatives, which were computed in
[30]. First recall that the convolution of two (suitable) functions f, g on G is

(2.1) f ∗ g(x) =

∫
G

f(xy−1) g(y) dρ(y) ∀x ∈ G .

The convolution kernel from the right of the operator Ri = Xi ∆−1/2 is the dis-
tribution pv ki, where ki = XiU , and U is the convolution kernel of ∆−1/2 given
by

(2.2) U(x) =
1

2π2
δ1/2(x)

1

r(x) sinh r(x)
.
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The integral kernel of Ri is given by the function

(2.3) Ri(x, y) = δ(y) ki(y
−1x) x 6= y ,

in the sense that for every f ∈ C∞0 (G)

(2.4) Rif(x) = f ∗ pv ki(x) = lim
ε→0+

f ∗ kεi (x),

where for every ε > 0, kεi = kiχBcε (see [30] for the details).
The explicit formulas for ki were obtained in [30, formulae (2.7), (2.8)] by means

of (2.2) and the fact that for x 6= e

(2.5) Xir(x) =

{
a−a−1−a−1(x2

1+x2
2)

2 sinh r(x) = a−cosh r
sinh r if i = 0

xi
sinh r(x) if i = 1, 2 ,

where r = r(x) = r(x1, x2, a) (see [30, Lemma 2.1]).
For i = 1, 2 and x 6= e

2π2ki(x) = − a−1 xi
sinh r + r cosh r

r2 sinh3 r
(2.6)

and

(2.7) 2π2k0(x) = − sinh r + r cosh r

r2 sinh3 r
+ a−1 cosh r sinh r + r

r2 sinh3 r
,

as verified in [30, formula (2.8)]. For all x 6= e the derivative X1k1(x) can be
computed using (2.6) and (2.5):

(2.8) 2π2X1k1(x)

= a−1 x2
1

sinh r

2r2 cosh2 r + r2 + 2 sinh2 r + 3r sinh r cosh r

r3 sinh4 r
− sinh r + r cosh r

r2 sinh3 r
.

In particular

(2.9) |X1k1(x)| . a−1 x2
1

r sinh3 r
+

1

r sinh2 r
.

1

r sinh2 r
∀x ∈ Bc1 ,

the last step since a−1 |x|2 < 2 cosh r(x) ' sinh r for these x.
Instead of computing the derivative X1k0(x) by means of formulas (2.7) and

(2.5), we estimate it for x ∈ Bc1. We need only observe that when we differentiate a
power of cosh r or sinh r with respect to r, the order of magnitude does not change
for r > 1, whereas a power of r gets smaller when differentiated. From (2.7) we
then get

|X1k0(x)| . |x1|
r sinh3 r

+ a−1 |x1|
r2 sinh2 r

+ a−1 |x1|
r sinh4 r

.

The last term here is no larger than the first term, since a−1 < 2 cosh r ' sinh r,
and we conclude that

(2.10) |X1k0(x)| . |x1|
r sinh3 r

+ a−1 |x1|
r2 sinh2 r

∀x ∈ Bc1 .

In the sequel we shall repeatedly use the following integration formula (see for
instance [9, Lemma 1.3]): for any radial function f such that δ1/2f is integrable

(2.11)

∫
G

δ1/2f dρ =

∫ ∞
0

f(r) r sinh r dr .
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3. Proof of Theorem 1.3

We recall a family of functions in the atomic Hardy space, which we introduced
in [31]. Let L > 2 be large, and consider the rectangles P0 = [−1, 1]× [−1, 1]× [ 1

e , e]

and PL = (L, 0, 1)·P0 = [L−1, L+1]×[−1, 1]×[ 1
e , e]. We then define fL = χPL−χP0

.
Obviously fL is a multiple of an atom and it was proved in [31] that ‖fL‖H1 ∼ logL
for L > 2 . We claim that there exists a positive constant C such that for L > C

(3.1) ‖RifL‖1 . log logL, i = 0, 1, 2 .

Once this has been verified, we deduce that

lim
L→∞

‖fL‖H1

‖fL‖H1
Riesz

=∞ ,

which proves Theorem 1.3.

When we now prove (3.1), we will neglect the case i = 2, since it is completely
analogous to i = 1.

Denote by 2P0 the rectangle [−2, 2]× [−2, 2]× [ 1
e2 , e

2] and by 2PL the rectangle

(L, 0, 1)·(2P0). For i = 0 and 1 we shall estimate the L1-norm ofRifL by integrating
over different regions, in four steps.

Step 1. Since Ri is bounded on L2 and ρ(2P0) = ρ(2PL) ∼ 1, we get by applying
the Cauchy–Schwarz inequality

(3.2) ‖RifL‖L1(2P0∪2PL) . ρ(2P0 ∪ 2PL)1/2 ‖Ri‖2→2 ‖fL‖2 ' 1 .

Step 2. Choose a ball B = B(e, rB) with rB = (logL)2. Then (1.1) implies that
B ⊃ 2P0 ∪ 2PL if L is large enough. For any x

(3.3) |RiχP0
(x)| =

∣∣∣ ∫ χP0
(y) ki(y

−1x) dλ(y)
∣∣∣ . sup

y∈P0

|ki(y−1x)| ,

since λ(P0) ∼ 1. If x = (x1, x2, a) ∈ (2P0)c and y = (y1, y2, b) ∈ P0, then

|r(y−1x)− r(x)| = |d(y, x)− d(x, e)| ≤ d(y, e) ≤ C .

We will often use the following simple quotient formula:

(3.4) y−1x = (y1, y2, b)
−1(x1, x2, a) = (b−1(x1 − y1), b−1(x2 − y2), ab−1) .

Since here ab−1 ∼ a and b−1|x1 − y1| . max(1, |x1|) , applying (2.6) and (2.7) we
obtain for x ∈ (2P0)c

(3.5) |R1χP0(x)| . sup
y∈P0

|k1(y−1x)| . a−1 1 + |x|
r(x) sinh2 r(x)

and

(3.6) |R0χP0
(x)| . sup

y∈P0

|k0(y−1x)| . 1

r(x) sinh2 r(x)
+ a−1 1

r(x)2 sinh r(x)
.

We shall now integrate these quantities over the set B \ 2P0. For a point x /∈ 2P0

it is elementary to verify that (1.1) implies r(x) > 1. If also x = (x1, x2, a) ∈ B,
the same formula shows that e−rB ≤ a ≤ erB and also

a+ a−1 . cosh r(x) ' sinh r(x).
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For the expression in (3.5) we get∫
B\2P0

a−1 1 + |x|
r(x) sinh2 r(x)

dρ(x) .
∫ erB

e−rB

da

log(a+ a−1)

∫
1 + |x|

(a2 + 1 + |x|2)2
dx

'
∫ erB

e−rB

da

(a+ 1) log(a+ a−1)

. log log erB

. log logL.

The argument for the first summand in (3.6) is similar and left to the reader. For
the second summand in (3.6), we use the integration formula (2.11) and the fact
that B(e, 1) ⊂ 2P0. This gives∫

B\2P0

a−1 1

r(x)2 sinh r(x)
dρ(x) .

∫ rB

1

r sinh r

r2 sinh r
dr . log rB ' log logL.

We conclude that for i = 1 and i = 0

(3.7)

∫
B\2P0

|RiχP0 |dρ . log logL .

Here we observe that this inequality remains true, with the same proof, if B is
replaced by the doubled ball 2B = B(e, 2rB).

The inequality (3.7) implies a similar estimate for RiχPL in B \ 2PL. Indeed,
RiχPL(x) = RiχP0

(τLx), where τLx = (−L, 0, 1) · x, for any x in G. Using the
facts that τLPL = P0 and τLB ⊂ 2B for large L, and changing variable τLx = v,
we obtain

(3.8)

∫
B\2PL

|RiχPL(x)|dρ(x) =

∫
B\2PL

|Ri χP0
(τLx)|dρ(x)

=

∫
τLB\τL(2PL)

|RiχP0
(v)| δ(−L, 0, 1) dρ(v)

≤
∫

2B\2P0

|RiχP0
| dρ

. log logL .

From (3.7) and (3.8), it now follows that∫
B\(2P0∪ 2PL)

|RifL|dρ . log logL , i = 0, 1,

which ends Step 2.

Step 3. To deal with the complement of the ball B, we will use cancellation between
the two parts of fL. For a point x ∈ Bc, we write the convolution fL ∗ ki(x) as

fL ∗ ki(x) =

∫
PL

ki
(
y−1x

)
dλ(y)−

∫
P0

ki(y
−1x) dλ(y)(3.9)

=

∫
P0

[
ki
(
y−1(−L, 0, 1)x

)
− ki(y−1x)

]
dλ(y) .

Let now y−1 = (y1, y2, b) be any point in (P0)−1 and x = (x1, x2, a) any point in
Bc. Then y−1(−L, 0, 1)x = y−1(−L, 0, 1)y · y−1x = (−bL, 0, 1) y−1x, and the Mean
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Value Theorem implies

ki
(
y−1(−L, 0, 1)x

)
− ki(y−1x) = −bL ∂1ki

(
(s, 0, 1) y−1x

)
,(3.10)

for some s ∈ (−bL, 0).
By the triangle inequality,

|r
(
(s, 0, 1) · y−1x

)
− r(x)| = |d

(
x, y · (−s, 0, 1)

)
− d(x, e)|

≤ d
(
y · (−s, 0, 1), e

)
≤ d
(
y · (−s, 0, 1), y

)
+ d
(
y, e
)

= d
(
(−s, 0, 1), e

)
+ d
(
y, e
)

. logL ,

where we also used (1.1). Now r(x) > (logL)2 implies r
(
(s, 0, 1) y−1 x

)
∼ r(x), and

also r
(
(s, 0, 1) y−1 x

)
> 1, since L is large. Further,

(3.11) sinh r
(
(s, 0, 1) · y−1x

)
& sinh (r(x)− logL) &

sinh r(x)

L
.

In the rest of this step, we will deal only with the case i = 1.
The estimate (2.9) now implies, since X1 = a∂1 and b ' 1,∣∣∂1k1

(
(s, 0, 1)y−1x

)∣∣ . (ba)−1 1

r
(
(s, 0, 1) y−1 x

)
sinh2 r

(
(s, 0, 1) y−1 x

) .
We deduce from (3.10) and (3.11) that for x ∈ Bc and y ∈ P0

∣∣k1

(
y−1(−L, 0, 1)x

)
− k1(y−1x)

∣∣ . La−1 1

r
(
(s, 0, 1) y−1 x

)
sinh2 r

(
(s, 0, 1) y−1 x

)(3.12)

. L3 a−1 1

r(x) sinh2 r(x)
.

The same bound holds for |R1fL| in Bc because of (3.9).
By applying the integration formula (2.11), we finish Step 3 concluding that

(3.13)

∫
Bc
|R1fL|dρ . L3

∫ ∞
rB

1

r sinh2 r
r sinh r dr .

L3

erB
. 1 .

Step 4. It remains to take i = 0 and estimate the integral of R0fL over the com-
plement of B. This requires some modifications from the argument in the preceding
step.

We split Bc into the following three parts:

Γ1 = {x = (x1, x2, a) ∈ Bc : a < a∗ and |x| < f(a)} ,
Γ2 = {x = (x1, x2, a) ∈ Bc : a ≥ a∗} ,

Γ3 =
{
x = (x1, x2, a) ∈ Bc : a < a∗, |x| ≥ f(a)

}
,

where a∗ = e−rB/8 and f(a) = exp(log a−1)3/4 .
To integrate R0fL over Γ1, we consider R0χP0 and R0χPL separately, and apply

(3.6). Observe that any point x ∈ Γ1 satisfies sinh r(x) ' cosh r(x) > a−1(1 +
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|x|2)/2 and thus r(x) & log a−1. Starting with R0χP0
and the last term in (3.6),

we have∫
Γ1

a−1 1

r(x)2 sinh r(x)
dρ(x) .

∫ a∗

0

da

a
a−1

∫
|x|<f(a)

dx

(log a−1)
2
a−1 (1 + |x|2)

'
∫ a∗

0

da

a

log f(a)

(log a−1)
2

=

∫ a∗

0

da

a (log a−1)
5/4
. 1.

The first term in (3.6) can be treated in a similar but easier way, and so∫
Γ1

R0χP0
dρ . 1.

A translation argument like (3.8) shows that the same estimate holds for R0χPL ,
and thus for R0fL.

In order to estimate the integrals over Γ2 and Γ3, we will use (3.9) and (3.10),
with i = 0. Combining (3.10) and (2.10), we see that

∣∣∂1k0

(
(s, 0, 1)y−1x

)∣∣ . (ba)−1 |s+ y1 + bx1|
r sinh3 r

+ (ba)−2 |s+ y1 + bx1|
r2 sinh2 r

,

where r = r
(
(s, 0, 1) y−1 x

)
& 1 . Using (3.11) and the facts that b ' 1 and

0 < s . L, we conclude that
(3.14)∣∣k0

(
y−1(−L, 0, 1)x

)
− k0(y−1x)

∣∣ . LC 1 + |x|
a r(x) sinh3 r(x)

+ LC
1 + |x|

a2 r(x)2 sinh2 r(x)
,

for some C.
To integrate the first summand here, we neglect the factor r(x) and apply the

following estimate, valid for r(x) > rB ,

sinh r(x) ' cosh r(x) & erB + a+ a−1(1 + |x|2).(3.15)

Further, we extend the integration to Bc which contains Γ2 ∪ Γ3, and get∫
Bc
LC

1 + |x|
a r(x) sinh3 r(x)

dρ(x) . LC
∫ ∞

0

da

a

∫
1 + |x|

a (erB + a+ a−1(1 + |x|2))
3 dx

= LC
∫ ∞

0

a da

∫
1 + |x|

(a erB + a2 + 1 + |x|2)
3 dx

. LC
∫ ∞

0

a
(
a erB + a2

)−3/2
da

. LC
∫ erB

0

a−1/2 e−3rB/2 da+ LC
∫ ∞
erB

a−2 da

. LC e−rB . 1 .
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To integrate the second term in (3.14), at first over Γ2, we use (3.15) and argue
almost as above. Thus∫

Γ2

LC
1 + |x|

a2 r(x)2 sinh2 r(x)
dρ(x) = LC

∫ ∞
a∗

da

a

∫
1 + |x|

(a erB + a2 + 1 + |x|2)
2 dx

. LC
∫ ∞
a∗

1

a (a erB + a2)
1/2

da

. LC
∫ erB

a∗
a−3/2 e−rB/2 da+ LC

∫ ∞
erB

a−2 da

. LC (a∗)
−1/2

e−rB/2 + LC e−rB . 1.

Integrating the same term over Γ3 in a similar way, we get at most

LC
∫ a∗

0

da

a

∫
|x|>f(a)

1 + |x|
(1 + |x|2)

2 dx . LC
∫ a∗

0

da

a f(a)
= LC

∫ a∗

0

da

a exp(log a−1)3/4

=
4

3
LC
∫ ∞

(log(a∗)−1)3/4

s1/3

es
ds

' LC (log (a∗)−1)1/3

exp[(log (a∗)−1)3/4]
. 1 ;

here the change of variables used is s = (log a−1)3/4 .

Summing up Step 4, we conclude∫
Bc
|R0fL|dρ . 1 .

The combined results of Steps 1–4 now prove (3.1) and thus also Theorem 1.3.

4. Proof of Theorem 1.4

In this section we give the proof of Theorem 1.4 only for i = 1, since the case
i = 2 is completely analogous. To do so, we first prove a lemma.

Lemma 4.1. Every atom A satisfies
∫
R1A dρ = 0.

Proof. It is enough to prove the lemma for an atom A supported in a Calderón–
Zygmund set R = [−L/2, L/2]2× [e−α, eα] centred at (0, 0, 1). For every τ > 0 large
and ε > 0 we let χτ,ε denote the characteristic function of the set {x = (x1, x2, a) :
1/τ < a < τ, r(x) > ε}. Set

Rτ,ε1 A = A ∗ (k1 χτ,ε).

Then
∫
Rτ,ε1 A dρ = 0 by Fubini’s theorem and the cancellation condition of the

atom. We now claim that Rτ,ε1 A→ Rε1A in L1(ρ) as τ →∞, where Rε1A = R∞,ε1 A.
Indeed, for x = (x1, x2, a)

Rτ,ε1 A(x) =

∫
δ(y) k1(y−1x)χτ,ε(y

−1x)A(y) dρ(y),

and y = (y1, y2, b) ∈ suppA implies e−α ≤ b ≤ eα. If a > eατ or a < e−ατ−1, then
Rτ,ε1 A(x) = 0, and if eατ−1 < a < e−ατ then Rτ,ε1 A(x) = Rε1A(x).

For every ε > 0, Rε1A = R1A ∈ L1(ρ) in the set {x : d(x, suppA) > ε}, while
Rε1A is given by the convolution of the atom and a bounded kernel on the compact
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set {x : d(x, suppA) ≤ ε}, so that Rε1A is in L1(ρ). Hence to prove the claim it is
enough to verify that

(4.1)

∫
e−ατ<a<eατ

|R1A(x)| dρ(x)→ 0

and

(4.2)

∫
e−ατ−1<a<eατ−1

|R1A(x)| dρ(x)→ 0

as τ →∞.
We estimate k1(y−1x), with x as in (4.1) or (4.2) and y ∈ suppA. Then |x1 −

y1| ≤ C(|x1| + 1). Here and below constants C may depend on A, thus on L and
α.

For x as in (4.1), we have b−1a ' τ and cosh r(y−1x) ' τ−1(τ2 + |x|2), and
r(y−1x) & log τ .

From (2.6) we get

|k1(y−1x)| . |x1|+ 1

τ

1

τ−2 (τ2 + |x|2)2 log τ
.

τ

log τ

|x1|+ 1

(τ + |x|)4
,

and thus

(4.3)

∫
e−ατ<a<eατ

dρ(x)

∫
δ(y) |k1(y−1x)| |A(y)| dρ(y) .

1

log τ
,

which implies (4.1).
If instead x is as in (4.2), we have b−1a ' τ−1 and cosh r(y−1x) ' τ(1 + |x|2),

and r(y−1x) & log τ . Then

|k1(y−1x)| . τ (|x1|+ 1)
1

τ2 (1 + |x|2)2 log τ
.

1

τ log τ

1

(1 + |x|)3
,

and

(4.4)

∫
e−ατ−1<a<eατ−1

dρ(x)

∫
δ(y) |k1(y−1x)| |A(y)| dρ(y) .

1

τ log τ
.

From this, (4.2) follows, and the claim is proved. Since
∫
Rτ,ε1 A dρ = 0, this implies

that
∫
Rε1A dρ = 0.

Notice that Rε1A = R1A on {x : d(x, suppA) > 1} and by (2.4), |Rε1A − R1A|
converges to 0 pointwise and is dominated by supε>0 |Rε1A| which is square inte-
grable and then integrable on the compact set {x : d(x, suppA) ≤ 1}. Hence∫

R1A dρ =

∫
{x:d(x,suppA)>1}

Rε1A dρ+ lim
ε→0

∫
{x:d(x,suppA)≤1}

Rε1A dρ

= lim
ε→0

∫
Rε1A dρ = 0,

as required.
�

Proof of Theorem 1.4. It is enough to show that

(4.5) sup{‖R1A‖H1 : A is a (1,∞)−atom} <∞ .
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Indeed, let f ∈ H1 and write f =
∑
j λjAj , where Aj are (1,∞)-atoms and∑

j |λj | < 2‖f‖H1 . Since by [13, Theorem 2.3] R1 is of weak type (1, 1) and the

sum
∑
j λjAj is convergent in L1,

R1f =
∑
j

λjR1Aj

with convergence in L1,∞, so that (4.5) would imply

‖R1f‖H1 ≤ C
∑
j

|λj | ≤ C ‖f‖H1

and thus Theorem 1.4.
To prove (4.5) we take a (1,∞)-atom A supported in a Calderón–Zygmund set

R = [−L/2, L/2]2 × [e−α, eα] centred at (0, 0, 1). We call A a large atom if α ≥ 20,
a small atom if α < 1 and an intermediate atom if 1 ≤ α < 20.

For each x ∈ G, we have
(4.6)

|R1A(x)| ≤
∫
R

|A(y)| |k1(y−1x)|δ(y) dρ(y) ≤ ρ(R)−1

∫
R

|k1(y−1x)|δ(y) dρ(y) .

With y ∈ R, we will use (2.6) to estimate the value of k1 at the point z = y−1x, in
a way depending on the position of x in the group G. We first observe that (1.1)
implies for a point z = (z1, z2, d) such that d < 1/2

sinh r(z) ∼ cosh r(z) ∼ d−1 (1 + |z|2)

and r(z) & 1. From (2.6) we then get

(4.7) |k1(z)| . d−1 |z| 1

r(z) sinh2 r(z)
.

d |z|
(1 + |z|2)2

.

On the other hand, if d > 2 then

(4.8) cosh r(z) =
d+ d−1|z|2

2

(
1 +O

( 1

d2 + |z|2
))

,

and the same equality holds for sinh r(z). Further,

(4.9) r(z) ∼ log
d2 + |z|2

d
& log d.

From (2.6) we conclude when d > 2
(4.10)

2π2k1(z) = −d−1z1

d+d−1|z|2
2

(
1 +O

(
1

d2+|z|2

))
+ r(z)d+d−1|z|2

2

(
1 +O

(
1

d2+|z|2

)
r2(z)

(
d+d−1|z|2

2

)3(
1 +O

(
1

d2+|z|2

))
= − 4dz1

(d2 + |z|2)2

1 + r(z)

r2(z)

(
1 +O

( 1

d2 + |z|2
))

.

Since A has vanishing integral, so has R1A. Moreover, we shall see that R1A is
integrable and has vanishing integral on each horizontal plane R2×{a} for a < e−α

and for a > eα. We first verify that the function x 7→ k1(y−1x) has these properties
for any y = (y1, y2, b) ∈ R.
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If x = (x1, x2, a) with a /∈ [e−α, eα] and y ∈ R, we see from (3.4) that r(y−1x) &
1. Then (2.6) implies that∫

|k1(y−1(x1, x2, a)| dx1 dx2 <∞ .

Now r(y−1x) is a function of a, b and (x1 − y1)2 + (x2 − y2)2, and from (2.6) we
see that k1(y−1(x1, x2, a)) is an odd function in x1 − y1. Thus

(4.11)

∫
k1(y−1(x1, x2, a)) dx1 dx2 = 0.

Integrating this equality against A(y)δ(y) dρ(y), we conclude that

(4.12)

∫
R1A(x1, x2, a) dx1 dx2 = 0, a /∈ [e−α, eα],

and the integral is absolutely convergent.

We treat the three atom sizes separately.

Case I: large atom . In this case e2α ≤ L < e8α. We will construct an atomic
decomposition of R1A.

Let us first give a rough description of the idea. We will split G into slices of
type Sk = R2 × Ik, for disjoint intervals Ik, k ∈ Z. Then (4.12) and Lemma 4.1
will imply that

(4.13)

∫
Sk

R1A dρ = 0,

which will make it possible to decompose R1AχSk into atoms.

For each k, the slice Sk will be split into disjoint sets Bk,j = B̃k,j × Ik, j =

0, 1, . . . , where the B̃k,j , j = 0, 1, . . . , form a partition of R2 and expand exponen-
tially towards infinity as j → +∞. We want to make each R1AχBk,j into an atom
multiple, supported in a suitable Calderón-Zygmund set Zk,j ⊇ Bk,j . The Zk,j will
not be disjoint but increasing in j. Then

R1AχBk,j −
∫
Bk,j

R1A dρ
χZk,j
ρ(Zk,j)

has moment 0 and is an atom multiple. But these functions do not sum up in j to
R1AχSk as we want. Instead, we will modify R1AχBk,j by two quantities involving

Bk,` for all ` ≥ j. This can be seen as a way of transporting the “mass”
∫
Bk,0
R1A dρ

in the innermost Bk,0 step by step through Bk,1, Bk,2, . . . towards infinity. At each
step one leaves in Bk,j the mass −

∫
Bk,j
R1A dρ needed there. This leads to a

telescopic sum, and produces atom multiples summing up to R1AχSk .
Since the slice S0 will contain the support of A, the case k = 0 will require a

special treatment.

Let us now go into the details of this construction. We decompose G as the
union of the following three regions:

Ω1 = {x = (x1, x2, a) ∈ G : a < e−1−3α/2} ,

Ω2 = {x = (x1, x2, a) ∈ G : e−1−3α/2 ≤ a ≤ e1+3α/2} ,

Ω3 = {x = (x1, x2, a) ∈ G : a > e1+3α/2} .
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For a point x in any of these regions, we will derive size estimates of R1A(x) via
estimates of the kernel k1(y−1x), where y = (y1, y2, b) ∈ R. Observe that if |x| > 2L
then L < |x− y| ∼ |x|, but if |x| ≤ 2L then |x− y| ≤ 3L.

Let x ∈ Ω1, so that b−1a < 1/4. Consider first the case |x| > 2L. With z = y−1x
in (4.7), we get

|k1(y−1x)| . b−1a b−1|x− y|
(1 + b−2|x− y|2)2

.
a b2

|x|3
.

We conclude from (4.6) that for |x| > 2L

(4.14) |R1A(x)| . 1

αL2

∫ eα

e−α

∫
|y|<L/2

ab2

|x|3
b−2 dy db

b
.

a

|x|3
.

In the case when |x| ≤ 2L, we similarly conclude from (4.7) and (4.6)

(4.15)

|R1A(x)| . 1

αL2

∫ eα

e−α

∫
|y|<L/2

ab−2 |x− y|
(1 + b−2|x− y|2)2

b−2 dy db

b

=
a

αL2

∫ eα

e−α

∫
|v|<3L/b

b−1 |v|
(1 + |v|2)2

dv db

b

.
a

αL2

∫ eα

e−α

db

b2

≤ aeα

αL2
.

Let for k = −1,−2, . . .

Sk = R2 ×
[
e−2|k|−3α/2, e−2|k|−1−3α/2

]
and

Bk,j = {x ∈ Sk : 2ej−1L ≤ |x| ≤ 2ejL}
for j = 1, 2, . . . , but for j = 0 instead

Bk,0 = {x ∈ Sk : |x| ≤ 2L}.
Except for boundaries, Sk is the disjoint union of the Bk,j , and Ω1 is the disjoint

union of the Sk. The measure of Bk,j is ρ(Bk,j) ∼ e2jL22|k|. For x ∈ Bk,j with
j ≥ 1, (4.14) implies that

(4.16) |R1A(x)| . e−2|k|−1−3α/2

e3jL3
.

e−2|k|−1−α/2

e3jL2
.

The last bound here holds also for j = 0, since (4.15) yields

|R1A(x)| . e−2|k|−1−α/2

L2
,

if x ∈ Bk,0. For k ≤ −1 and j ≥ 0, we define

Zk,j = [−2ejL, 2ejL]2 × [e−3·2|k|−1−3α−j/2, e−2|k|−1+j/2] .

This set containsBk,j and is a Calderón–Zygmund set centered at
(

0, 0, e−2·2|k|−1−3α/2
)

,

of parameter 2|k|−1 + 3α/2 + j/2 and of measure ρ(Zk,j) ∼ e2j L2 (2|k| + α+ j).
We define for k ≤ −1 and j = 0, 1, . . .

fk,j = ρ(Zk,j)
−1χZk,j
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and

mk,j =

∞∑
`=j

∫
Bk,`

R1A dρ.

Observe that (4.12) implies (4.13) for each k ≤ −1, which means that mk,0 = 0.
For j ≥ 1 we get from (4.16)

(4.17) |mk,j | .
∞∑
`=j

e−2|k|−1−α/2 2|k|

e`
∼ e−2|k|−1−α/2 2|k|

ej
.

The functions

Ak,j = R1AχBk,j −mk,j fk,j +mk,j+1 fk,j+1

are bounded and supported in Zk,j+1, and they are easily seen to have integrals 0.
Thus they are multiples of (1,∞)-atoms. Their sum over j is

∞∑
j=0

Ak,j = R1AχSk −mk,0 fk,0 = R1AχSk .

Thus we have an atomic decomposition ofR1AχSk . Summing over k = −1,−2, . . . ,
we get a decomposition of R1AχΩ1

. Combining (4.16) and (4.17), and multiplying
(4.16) by ρ(Zk,j+1), we obtain

‖Ak,j‖H1 .
e−2|k|−1

e−α/2 (2|k| + α+ j + 1)

ej
+

e−2|k|−1

e−α/2 2|k|

ej
.

The right-hand side here is summable in j and k, and we conclude that

(4.18) ‖R1AχΩ1‖H1 . 1.

We next consider the region Ω3, and estimate R1A there. Let x ∈ Ω3 with
|x| > 2L, and take y = (y1, y2, b) ∈ R. Setting ỹ = (0, 0, b) we decompose R1A as

R1A(x) =

∫
R

A(y)[k1(y−1x)δ(y)− k1(ỹ−1x)δ(y)]dρ(y)

+

∫
R

A(y)[k1(ỹ−1x)δ(y)− k1(x)]dρ(y)

= R′1A(x) +R′′1A(x) .

In this case b−1a > 2, and from (4.8) we get for any z = (z1, z2, b) with |zi| < L

cosh r(y−1x) ∼ cosh r(z−1x) ∼ b−1a+ ba−1b−2|x− z|2 ∼ a

b
+
|x|2

ab
,

and also

r(y−1x) ∼ r(z−1x) ∼ log
(a
b

+
|x|2

ab

)
≥ log a− log b ∼ log a ,

since log a > 3α/2 and log b < α. By the Mean Value Theorem

|k1(y−1x)− k1(ỹ−1x)| ≤ L b−1(|∂1k1(z−1x)|+ |∂2k1(z−1x)|) ,
for some z = (z1, z2, b) with |zi| < L. Now apply the estimate (2.9) for X1k1 =
a∂1k1 to obtain that

(4.19) |∂1k1(x)| . 1

ar(x) cosh2 r(x)
for r(x) > 1 .
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The same estimate holds for |∂2k1|. We then have∣∣k1(y−1x)− k1(ỹ−1x)
∣∣ . L b−1 1

b−1a
(
a
b + |x|2

ab

)2

log a
=

Lab2

(a2 + |x|2)2 log a
,

so for |x| > 2L and x ∈ Ω3

(4.20)

|R′1A(x)| . 1

αL2

∫ eα

e−α

∫
|y|<L/2

Lab2

(a2 + |x|2)2 log a
b−2 dy db

b
≤ La

(a2 + |x|2)2 log a
.

For R′′1A we use (4.10) to see that

2π2 k1(ỹ−1x)δ(y) = − 4ax1b
2

(a2 + |x|2)2

1 + r(ỹ−1x)

r2(ỹ−1x)

(
1 +O

( b2

a2 + |x|2
))

b−2.

This must be compared with 2π2 k1(x), which is obtained by replacing b by 1 and
thus ỹ by e here. Observe that∣∣∣1 + r(ỹ−1x)

r2(ỹ−1x)
− 1 + r(x)

r2(x)

∣∣∣ . |r(ỹ−1x)− r(x)|
r(ỹ−1x)r(x)

.
| log b|

(log a)2
,

where we applied the triangle inequality and (4.9). Using this and estimating the
O(. . . ) terms, we obtain∣∣k1(ỹ−1x)δ(y)− k1(x)

∣∣ . a|x1|
(a2 + |x|2)2

1 + | log b|
(log a)2

.

We then deduce that for |x| > 2L

(4.21)

|R′′1A(x)| . 1

αL2

a|x1|
(a2 + |x|2)2

1

(log a)2

∫
|y|<L/2

∫ eα

e−α
(1 + | log b|) dbdy

b

.
αa|x1|

(a2 + |x|2)2 (log a)2
.

Take now x ∈ Ω3 with |x| ≤ 2L. If also y ∈ R, (4.10) implies

|k1(y−1x)| . ab2|x− y|
(a2 + |x− y|2)2 log a

.

For R1A we then obtain

(4.22)

|R1A(x)| . a

αL2

∫ eα

e−α

∫
|y|<L/2

|x− y|
(a2 + |x− y|2)2 log a

dy db

b

≤ 1

αL2 log a

∫
|v|<5L/2a

|v|
(1 + |v|2)2

dv

∫ eα

e−α

db

b

.
1

L2 log a
(min(1, L/a))

3
.

From this estimate we get for x ∈ Ω3 and |x| ≤ 2L

(4.23) |R1A(x)| .

{
L

a3 log a if a > L ,
1

L2 log a if e1+ 3
2α ≤ a ≤ L .

The atomic decomposition of R1A in Ω3 is analogous to that in Ω1. But since the
estimate (4.23) distinguishes between the cases a > L and a ≤ L, we need to do
the same when we define the slices Sk.
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For this, we first choose an integer κ > 1 and a number Q ∈ (2, 3) such that
Qκ = logL− 3α/2. This is possible, since the equation amounts to

κ =
log(logL− 3α/2)

logQ

and logL−3α/2 ≥ α/2 ≥ 10. One can therefore choose κ between (log(logL− 3α/2))/log 3
and (log(logL− 3α/2))/log 2, and then Q will be determined.

For k = κ+ 1, κ+ 2, . . . , we define slices

Sk = R2 × [ek−κ−1L, ek−κL].

But for k = 1, . . . κ, the slices are instead

Sk = R2 × [e1−Qκ−k+1

L, e1−Qκ−kL].

It is easily verified that (Sk)∞1 is a partition of Ω3, except for boundaries, and that
with x ∈ Sk the cases k > κ and k ≤ κ correspond to a ≥ L and a ≤ L, respectively.

For k > κ we define

Bk,j = {x ∈ Sk : 2ek−κ+j−1L ≤ |x| ≤ 2ek−κ+jL}, j = 1, 2, . . . ,

and
Bk,0 = {x ∈ Sk : |x| ≤ 2ek−κL};

we also define

Zk,j = [−2ek−κ+jL, 2ek−κ+jL]2 × [ek−κ−1−j/2L, ek−κ+j/2L] , j = 0, 1, . . . .

The measures of these sets are given by

(4.24) ρ(Bk,j) ∼ e2(k−κ+j)L2 and ρ(Zk,j) ∼ e2(k−κ+j)L2(j + 1),

and Zk,j is a Calderón–Zygmund set, with center (0, 0, ek−κ−1/2L) and parameter
(j + 1)/2.

For k > κ and j ≥ 1, we conclude from (4.20) and (4.21) that for x ∈ Bk,j

(4.25) |R1A(x)| . 1

L2 e3(k−κ) e4j (k − κ+ α)
+

α

L2 e2(k−κ) e3j (k − κ+ α)2
.

Observe that this holds also for j = 0 because of (4.23).

For 1 ≤ k ≤ κ, we set instead

Bk,j = {x ∈ Sk : 2ej−1L ≤ |x| ≤ 2ejL}, j = 1, 2, . . . ,

and
Bk,0 = {x ∈ Sk : |x| ≤ 2L} ,

and also

Zk,j = [−2ejL, 2ejL]2 × [e1−Qκ−k+1−j/2L, e1−Qκ−k+j/2L] , j = 0, 1, . . . .

The measures are now given by

(4.26) ρ(Bk,j) ∼ e2jL2Qκ−k and ρ(Zk,j) ∼ e2jL2(Qκ−k + j),

and Zk,j is again a Calderón-Zygmund set, with center (0, 0, Le1−Qκ−k(Q+1)/2) and
parameter j/2 +Qκ−k (Q− 1)/2.

If 1 ≤ k ≤ κ and j ≥ 1, we derive from (4.20), (4.21) and the inequality log a > α
that

(4.27) |R1A(x)| . e−Q
κ−k

L2e3j α
,
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for any x ∈ Bk,j . However, when x ∈ Bk,0 we get from (4.23)

(4.28) |R1A(x)| . 1

L2α
.

For k ≥ 1 and j ≥ 0, we let as before fk,j = ρ(Zk,j)
−1χZk,j and

mk,j =

∞∑
`=j

∫
Bk,`

R1A dρ.

Notice that mk,0 = 0 for all k ≥ 1, because of (4.12). From (4.25) and (4.24), we
obtain for k > κ and j ≥ 0

(4.29) |mk,j | .
1

ek−κ e2j (k − κ+ α)
+

α

ej (k − κ+ α)2
.

For 1 ≤ k ≤ κ and j ≥ 1, we similarly get from (4.27) and (4.26)

(4.30) |mk,j | .
e−Q

κ−k
Qκ−k

ej α
.

We now come to the atoms, and define for k ≥ 1 and j ≥ 0

(4.31) Ak,j = R1AχBk,j −mk,jfk,j +mk,j+1fk,j+1.

Then Ak,j is supported in the Calderón–Zygmund set Zk,j+1 and has vanishing
moment. Further

(4.32)

∞∑
k=1

∞∑
j=0

Ak,j = R1AχΩ3 .

The Ak,j are multiples of (1,∞)-atoms. We estimate their norms in H1. When
k > κ and j ≥ 0, (4.25), (4.24) and (4.29) imply

‖Ak,j‖H1 .
j + 1

ek−κ e2j (k − κ+ α)
+

(j + 1)α

ej (k − κ+ α)2

+
1

ek−κ e2j (k − κ+ α)
+

α

ej (k − κ+ α)2
.

Summing, one obtains

(4.33) ‖
∑
k>κ

∑
j≥0

Ak,j‖H1 . 1.

For 1 ≤ k ≤ κ and j ≥ 1, we similarly see from (4.27), (4.26) and (4.30) that

‖Ak,j‖H1 .
e−Q

κ−k
(Qκ−k + j)

ejα
Again, we can sum and get

(4.34) ‖
∑

1≤k≤κ

∑
j≥1

Ak,j‖H1 . 1.

For Ak,0 with 1 ≤ k ≤ κ, we have in view of (4.28), (4.26) and (4.30)

‖Ak,0‖H1 .
Qκ−k

α
+

e−Q
κ−k

Qκ−k

α
,

and since Qκ ' α, this implies

(4.35) ‖
∑

1≤k≤κ

Ak,0‖H1 . 1.
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Summing up, we have an atomic decomposition of the restriction of R1A to Ω3

with control of the norm.

To deal with the region Ω2, we first derive estimates for the kernel and R1A
there. For x = (x1, x2, a) ∈ Ω2 with |x| > 2L and y ∈ R, one has |x− y| ∼ |x| and
e−1−5α/2 < b−1a < e1+5α/2, so that |x|2 > 4L2 > 4e4α > 2(a2 + b2) and

cosh r(y−1x) ∼ a

b
+
b

a
+
b

a
b−2 |x|2 ∼ |x|

2

ab
and r(y−1x) ∼ log |x| .

This implies that by (2.6)

|k1(y−1x)| . b

a
|x| b−1

( |x|2
ab

)−2 1

log |x|
≤ ab2

|x|3

for |x| > 2L, and by (4.6)

(4.36) |R1A(x)| ≤ ρ(R)−1

∫ eα

e−α

∫
|y|<L/2

ab2

|x|3
b−2 dy db

b
.

a

|x|3
, |x| > 2L.

We proceed mainly as before, and define

S0 = Ω2 = R2 × [e−1−3α/2, e1+3α/2].

The argument is split into two subcases, depending on the size of L ∈ [e2α, e8α).
Subcase (i): L ≥ e3α. Here we let

B0,j = {x ∈ Ω2 : 2ej−1L ≤ |x| ≤ 2ejL}, j = 1, 2, . . . ,

and

B0,0 = {x ∈ S0 : |x| ≤ 2L}.
Further, we define

Z0,j = [−2ej+2L, 2ej+2L]2 × [e−1−3α/2−j/2, e1+3α/2+j/2], j = 0, 1, . . . .

Then B0,j ⊂ Z0,j , and since L ≥ e3α the Z0,j are Calderón–Zygmund sets, centered
at (0, 0, 1) and of parameter 1 + 3α/2 + j/2. The measures of these sets are given
by

(4.37) ρ(B0,j) ∼ e2jL2α and ρ(Z0,j) ∼ e2jL2(α+ j).

Now (4.36) implies that for x ∈ B0,j , j ≥ 1

(4.38) |R1A(x)| . e3α/2

e3jL3

As before, we define for j = 0, 1, . . .

(4.39) m0,j =

∞∑
`=j

∫
B0,`

R1A dρ.

Since (4.12) and Lemma 4.1 imply
∫
S0
R1Adρ = 0, so that m0,0 = 0. Further,

(4.37) and (4.38) imply

|m0,j | .
e3α/2 α

ejL
, j ≥ 1.

We again let f0,j = ρ(Z0,j)
−1χZ0,j for j = 0, 1, . . . and define

(4.40) A0,j = R1AχB0,j
−m0,j f0,j +m0,j+1 f0,j+1.
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Then
∞∑
j=0

A0,j = R1AχΩ2 −m0,0 f0,0 = R1AχΩ2 .

Each A0,j is supported in Z0,j+1 and has integral 0. Because of (4.38), A0,j is
bounded for j ≥ 1 and is thus a multiple of a (1,∞)-atom, with

‖A0,j‖H1 . e2jL2(α+ j)
e3α/2

e3jL3
+

e3α/2 α

ejL
.

j

ej
, j ≥ 1,

since L ≥ e3α in this subcase. Thus

‖
∞∑
1

A0,j‖H1 . 1.

It only remains to consider A0,0, which need not be bounded. We use now the
boundedness of R1 on L2, which implies

(4.41)

‖A0,0‖2 . ‖R1A‖2 + |m0,1| ρ(Z0,1)−1/2

. ‖A‖2 +
e3α/2α

L
ρ(Z0,1)−1/2 . ρ(Z0,1)−1/2.

Thus A0,0 is a multiple of a (1, 2)-atom.
Summing up, we conclude that R1AχΩ2

∈ H1 with bounded norm. This ends
Subcase (i).

Subcase (ii): L < e3α. Here we divide S0 into two slices, defining

S0− = R2 × [e−1−3α/2, eα/2]

and

S0+ = R2 × [eα/2, e1+3α/2].

Further, we let for j = 1, 2, . . .

B0−,j = {x ∈ S0− : 2ej−1L ≤ |x| ≤ 2ejL}
and

B0+,j = {x ∈ S0+ : 2ej−1L ≤ |x| ≤ 2ejL},
but for j = 0, as before,

B0±,0 = {x ∈ S0± : |x| ≤ 2L}.
Then

Z0−,j := [−2ej+2L, 2ej+2L]2 × [e−1−3α/2−j/2, eα/2+j/2], j = 0, 1, . . . ,

are Calderón–Zygmund sets of center (0, 0, e−(α+1)/2) and parameter α+ (j + 1)/2
containing B0−,j . Almost similarly,

Z0+,j := [−2ej+2L, 2ej+2L]2 × [eα/2−j/2, e1+3α/2+j/2], j = 0, 1, . . . ,

are Calderón–Zygmund sets of center (0, 0, eα+1/2) and parameter (α + 1 + j)/2
containing B0+,j . The measures of these sets are

ρ(B0±,j) ∼ e2jL2α and ρ(Z0±,j) ∼ e2jL2(α+ j).

For x ∈ B0−,j with j ≥ 1, the estimate (4.36) implies

(4.42) |R1A(x)| . eα/2

e3jL3
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and for x ∈ B0+,j with j ≥ 1

(4.43) |R1A(x)| . e3α/2

e3jL3
.

Proceeding as before, for j = 0, 1, . . . we define f0±,j = ρ(Z0±,j)
−1χZ0±,j and

m0±,j =

∞∑
`=j

∫
B0±,`

R1A dρ.

and for j ≥ 1 also

(4.44) A0±,j = R1AχB0±,j −m0±,j f0±,j +m0±,j+1 f0±,j+1.

These A0±,j are multiples of (1,∞)-atoms, because they are bounded and supported
in Z0±,j+1 and have vanishing integrals. Since (4.42) and (4.43) imply

|m0±,j | .
e3α/2α

ejL
, j ≥ 1,

one finds that

‖A0±,j‖H1 .
e3α/2(α+ j)

ejL
+

e3α/2α

ejL
.

j

ej
, j ≥ 1.

The sum of these A0±,j is thus an H1 function, and

∞∑
j=1

A0±,j = R1Aχ∪∞1 B0±,j −
∫
∪∞1 B0±,j

R1A dρ.

These two sums form a large part of the desired atomic decomposition of R1AχS0
.

What is missing is

(4.45) R1AχS0 −
∞∑
j=1

A0−,j −
∞∑
j=1

A0+,j

= R1AχB0−,0 +R1AχB0+,0
+

∫
∪∞1 B0−,j

R1A dρ+

∫
∪∞1 B0+,j

R1A dρ.

Comparing with Subcase (i), we have S0− ∪S0+ = S0 and B0−,j ∪B0+.j = B0,j for
j = 0, 1, . . . , and we observed there that

∫
S0
R1A dρ = 0. It follows that the last

two terms in the right-hand side of (4.45) sum up to −
∫
B0,0
R1A dρ, and the first

two terms amount to R1AχB0,0
. This means that the expression in (4.45) coincides

with the atom multiple A0,0 from Subcase (i), and the estimate (4.41) holds in both
subcases. We thus have an atomic decomposition of R1AχS0

in Subcase (ii), which
ends the proof of Case I in Theorem 1.4.

Case II: intermediate atom. In this case 1 ≤ α < 20 and e2α ≤ L <
e8α. We consider A as a function supported in the larger Calderón–Zygmund set
[−L̃/2, L̃/2]2 × [e−20, e20], where L̃ = max{L, e40}. Considered with this support,
A will be a multiple of a large atom, and the preceding argument applies.
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Case III: small atom. Here α < 1 and e2α ≤ L < e8α. We use a slightly different
decomposition of the space into regions, as follows

Ω̃1 = {(x1, x2, a) : a ≤ e−2} ,

Ω̃2 = {(x1, x2, a) : e−2 < a < e2} ,

Ω̃3 = {(x1, x2, a) : a ≥ e2} .

Starting with Ω̃1, we let x ∈ Ω̃1 and y = (y1, y2, b) ∈ R. Then b−1a < e−1, and
(4.7) shows that

|k1(y−1x)| . a

1 + |x|3
and |R1A(x)| . a

1 + |x|3
.

We can construct an atomic decomposition of R1AχΩ̃1
using the following sets for

k < 0 and j ≥ 0:

Bk,j = {2ej−1 ≤ |x| ≤ 2ej} × [e−2|k|−2, e−2|k|−1−2] , j ≥ 1 ,

Bk,0 = {|x| ≤ 2} × [e−2|k|−2, e−2|k|−1−2] ,

Zk,j = [−2ej , 2ej ]2 × [e−3·2|k|−1−2−j/2, e−2|k|−1−2+j/2], j ≥ 0 .

The Zk,j are Calderón–Zygmund sets, centered at (0, 0, e−2·2|k|−1−2) and with pa-

rameters 2|k|−1 + j/2. The relevant measures are ρ(Bk,j) ∼ e2j2|k| and ρ(Zk,j) ∼
e2j(2|k| + j). We then have in the set Bk,j

|R1A| .
e−2|k|−1

e3j
, k < 0, j ≥ 0.

From here, we proceed as in the case of the region Ω1 for a large atom. The
details are left to the reader, since the construction is quite similar. We will have
‖R1AχΩ̃1

‖H1 . 1 .

In the case of Ω̃3, we argue as we did to obtain the estimates (4.20) and (4.21),

to show that for x = (x1, x2, a) ∈ Ω̃3

|R1A(x)| . La

(a2 + |x|2)2 log a
+

a|x1|α
(a2 + |x|2)2(log a)2

, |x| > 2,

and (4.10) leads to

|R1A(x)| . 1

a3 log a
, |x| ≤ 2.

We now construct an atomic decomposition of R1AχΩ̃3
, using the following sets for

k ≥ 1 and j ≥ 0:

Bk,j = {ek+j+1 ≤ |x| ≤ ek+j+2} × [ek+1, ek+2] , j ≥ 1 ,

Bk,0 = {|x| ≤ ek+2} × [ek+1, ek+2] ,

Zk,j = {|x| ≤ ek+j+2} × [ek+1−j/2, ek+2+j/2] .

Here each Zk,j is a Calderón–Zygmund set of center (0, 0, ek+3/2) and parameter
(j + 1)/2 containing Bk,j . The measures satisfy ρ(Bk,j) ∼ e2k+2j and ρ(Zk,j) ∼
e2k+2j(j + 1). In Bk,j we will have

|R1A| .
1

e3k+4jk
+

1

e2k+3jk2
.
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Again, we can now follow the procedure used for a large atom in the region Ω1.
In particular, fk, mk,j and Ak,j will be as there, although k is now positive and
the Bk,j and Zk,j are those we just defined. The relevant estimates will now be

|mk,j | .
∞∑
`=j

(
1

e3k+4`k
e2k+2` +

1

e2k+3`k2
e2k+2`

)
. e−k−2j + e−j

1

k2

and

‖Ak,j‖H1

.
1

e3k+4j k
e2k+2j (j + 1) +

1

e2k+3j k2
e2k+2j (j + 1) + e−k−2j + e−j

1

k2

. e−k−2j (j + 1) + e−j
j + 1

k2
.

These quantities are summable over j ≥ 0 and k ≥ 1, and so ‖R1AχΩ̃3
‖H1 . 1.

To treat the region Ω̃2 we will construct a sequence of sets B0,j expanding from R
in all three coordinates until they reach essentially unit size. Then they will expand
only in the coordinates x1, x2. More precisely, we never let the a width of any B0,j

be larger than [e−2, e2], so that B0,j stays in Ω̃2. A sequence of Calderón–Zygmund
sets Z0,j will be defined accordingly. It is not restrictive to suppose that α = 2j0 , for
some integer j0 ≤ 0. The definition of a Calderón–Zygmund set then implies that
e2 ≤ 2−j0L < e8. The B0,j and the Z0,j will be defined for j = j0 + 1, j0 + 2, . . . ,
as follows.

We start by setting B0,j0 = ∅ and recursively for j ≥ j0 + 1

B0,j =
(
{|x| < 2j−j0−1L} × [e−min(2,2j), emin(2,2j)]

)
\B0,j−1 ,

For j0 + 1 ≤ j ≤ 0 (which occurs only if j0 < 0 ), we let

Z0,j = [−2j−j0−1L, 2j−j0−1L]2 × [e−2j , e2j ] ,

but for j > 0

Z0,j = [−2j−j0+2L, 2j−j0+2L]2 × [e−2−j/2, e2+j/2] .

Then B0,j ⊂ Z0,j for each j ≥ j0 + 1, and the Z0,j are Calderón–Zygmund sets
centered at (0, 0, 1) and of parameter min(2, 2j) + j+/2. The measures of these
sets are ρ(B0,j) ∼ 22j+j− and ρ(Z0,j) ∼ 22j(2j− + j+). Here j+ = max(j, 0) and
j− = min(j, 0).

Suppose now that j0 + 2 ≤ j ≤ 0. We bound R1A in the set B0,j by means of
estimates similar to those for the Riesz transforms in the Euclidean setting. Observe
first that each point x = (x1, x2, a) ∈ B0,j is at some distance from any point y
in R, so that r(y−1x) ∼ r(x). Then simple computations together with formulas
(2.6), (2.8), (2.7) and (2.5) show that

|k1(y−1x)| . r(x)−3 ,

|Xik1(y−1x)| . r(x)−4 , i = 0, 1, 2 .

Notice that when r(x) is small, it is essentially the Euclidean distance from x to

e; indeed r(x) ∼
√
x2

1 + x2
2 + (log a)2 as seen from (1.1). From the Mean Value
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Theorem and the fact that δ(y) = 1 +O(α) here, it now follows that for x ∈ B0,j

|R1A(x)| .
∫
R

|A(y)||k1(y−1x)δ(y)− k1(x)|dρ(y)

.
∫
R

|A(y)||k1(y−1x)− k1(x)|dρ(y) + α

∫
R

|A(y)||k1(y−1x) dρ(y)

.
α

r(x)4
+

α

r(x)3
. α2−3j .

Suppose now instead that j > 0. Then (4.36) shows that for each x ∈ B0,j

|R1A(x)| . 1

|x|3
. 2−3j .

But we can also apply the Mean Value Theorem as in the preceding case. Then we
need (2.9) to estimate Xik1 for i = 1, 2, and by means of (2.6) and (2.5) one can
verify that the same estimate holds also for X0k1. The result will be

|R1A(x)| . α

|x|2 log |x|
.
α2−2j

j
.

We now argue essentially as in Subcase (i) above. In particular, we define m0,j

by (4.39) and A0,j by (4.40), for all j ≥ j0 + 1. Then
∑∞
j=j0+1A0,j = R1 χΩ̃2

, and

m0,j0+1 =
∫
BΩ̃2

R1Adρ = 0.

Using these estimates for R1A, we estimate m0,j , first when j0 + 1 < j ≤ 0.
Then

|m0,j | .
∞∑
`=j

∫
B0,`

|R1A| dρ .
0∑
`=j

α2−3` 23` +

∞∑
`=1

min

(
2−3` 22``,

α2−2`

`
22``

)
.α (1 + log 1/α),

the last step since the number of terms in the finite sum is at most |j0| . 1+log 1/α
and the last sum is easy to control.

If j > 0 we have instead

|m0,j | .
∞∑
`=j

2−3` 22`` . 2−jj.

Our estimates for R1A and ρ(Z0,j) now show that

‖A0,j‖H1 . α (1 + log 1/α) , j0 + 1 < j ≤ 0 ,

‖A0,j‖H1 . 2−jj j > 0 .

Finally, we use the L2-boundedness of R1 as in (4.41) to deduce that A0,j0+1 is a
multiple of a (1, 2)-atom. We can now sum the H1-norms of all the A0,j and obtain
‖R1AχΩ̃2

‖H1 . 1.

This concludes the proof of Theorem 1.4.
�
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