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eywords:
-body problem
ymmetric periodic orbits
loquet multipliers
orse index

 A B S T R A C T

In this paper, we consider periodic solutions of the 𝑛-body problem that satisfy symmetry constraints, expressed 
through invariance under finite group actions. We focus on their stability properties and present algorithms 
specifically designed for the computation of Floquet multipliers and Morse indices. Numerical results are 
provided to illustrate our methods in both two and three dimensional configuration spaces, and for different 
choices on the number of bodies.
. Introduction

The 𝑛-body problem stands as one of the most important and chal-
enging models in celestial mechanics, having attracted the attention 
f mathematicians and physicists for centuries. Its formulation is both 
lear and simple: consider 𝑛 massive particles in the space, subject 
o their mutual gravitational attraction, in the framework of classical 
echanics.1 Starting from given initial conditions, the question is 
hether one can understand and predict the qualitative behaviour of 
heir motion. Gravitational Newton laws provide the motion equations 
f 𝑥1,… , 𝑥𝑛 ∈ R3 heavy bodies with masses 𝑚1,… , 𝑚𝑛 > 0, which read

𝑘𝑥̈𝑘(𝑡) = −
∑

𝑗≠𝑘
𝑚𝑘𝑚𝑗

𝑥𝑘(𝑡) − 𝑥𝑗 (𝑡)

‖𝑥𝑘(𝑡) − 𝑥𝑗 (𝑡)‖3
, for each 𝑘 ∈ {1,… , 𝑛},

here ‖ ⋅ ‖ is the Euclidean norm of R3. As a first observation, any 
ollision between two or more bodies is a singularity of the motion 
quations and breaks the completeness of the associated flow.
As a matter of fact, what appears to be an elementary formula-

ion soon reveals a remarkable complexity as the number of bodies 
ncreases. When only 2 bodies are involved, we deal with the famous
epler problem, which is an example of completely integrable system 
i.e., starting from any initial configuration, closed formulæ for solu-
ions can be found). The regular property of integrability is broken by 
ntroducing one or more additional bodies in the picture, as remarkably 
oticed in the pioneering studies of Poincaré (1893). Small changes 

I This article is part of a Special issue entitled: ‘HPC in Cosmology and Astrophysics’ published in Astronomy and Computing.
∗ Corresponding author.
E-mail address: irene.deblasi@unito.it (I. De Blasi).

1 We highlight that a relativistic study might be possible (see Di Ruzza, 2021), but the application of the hereby presented methods to such case lie outside 
he aim of this paper.

in the initial conditions of known solutions can lead to unexpected 
and unpredictable phenomena, raising a reasonable conjecture on the 
deterministic chaos of the 𝑛-body problem (see Moser, 1973; Bolotin, 
2006; Llibre and Simó, 1980; Guardia et al., 2016; Boekholt et al., 2020; 
Leigh et al., 2016). Moreover, interesting open questions on the long 
term behaviour and qualitative description of such systems still persist 
(see the book Montgomery, 2024).

Henri Poincaré conjectured that periodic orbits are dense in the 3-
body problem and claimed that they play a central role in capturing the 
system’s complexity. In this picture, periodic orbits provide a system-
atic and useful tool to approximate increasingly intricate trajectories, 
serving as empirical validation of topological chaos. For this reason, 
the community has shown great interest in finding periodic solutions 
for the 𝑛-body problem, employing both numerical and analytical 
approaches. In particular, since the 90s, variational methods have 
been successfully applied to produce collision-free periodic solutions 
(see Bahri and Rabinowitz, 1991; Serra and Terracini, 1992; Majer 
and Terracini, 1993a,b, 1995). In short, one can consider the Lagrange 
action functional associated with the motion equations

(𝑥) = ∫

𝑇

0

[

1
2

𝑛
∑

𝑖=1
𝑚𝑖‖𝑥̇𝑖(𝑡)‖2 +

∑

𝑖<𝑗

𝑚𝑖𝑚𝑗

‖𝑥𝑖(𝑡) − 𝑥𝑗 (𝑡)‖

]

𝑑𝑡

and look for its critical points, which naturally correspond to solutions 
of the 𝑛-body problem through a least action principle. Among all 
ttps://doi.org/10.1016/j.ascom.2026.101085
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periodic solutions, one can focus on those who satisfy a symmetry 
constraint, especially if this restriction makes the search of critical 
points more feasible. The first successful effort for the planar 𝑛-body 
problem traces back to Bessi and Zelati (1991), where the authors 
proved the existence of non-collision solutions using variational meth-
ods. Later on, in the celebrated paper (Chenciner and Montgomery, 
2000), Alain Chenciner and Richard Montgomery proved the existence 
of the spectacular figure-eight solution, previously discovered in Moore 
(1993). Subsequently, Davide Ferrario and Susanna Terracini enlarged 
the range of applicability of variational methods to symmetric 𝑛-body 
problems in the celebrated paper (Ferrario and Terracini, 2004). Dis-
covering elementary algebraic conditions, they allow to consider a wide 
class of symmetries, in which periodic solutions can be found. The 
symmetry constraint on the configurations of the bodies is expressed by 
using the action of a finite group 𝐺, and they look for critical points of 
the action functional among 𝐺-equivariant loops. Notably, variational 
methods produced many other results in the last two decades, enlarging 
the set of symmetric periodic solutions for the 𝑛-body problem (see, 
e.g., Chen, 2001; Ramos and Terracini, 1995; Chenciner and Venturelli, 
2000; Barutello and Terracini, 2004; Fusco et al., 2011; Simó, 2001b). 

Back to the paper Ferrario and Terracini (2004), alongside with a 
huge theoretical effort to deal with collisions between the bodies and to 
provide a solid theory on 𝐺-equivariant loops, the authors conceived a 
useful algorithm to produce numerical symmetric solutions. Their the-
oretical results found a practical confirmation and the software symorb
was created (dlfer, 2017; Ferrario, 2024). It consists of a numerical 
pipeline based on a combination of Python, Fortran and GAP, which 
allows to choose a finite group, consider the symmetry involved and 
look for equivariant critical points of the action functional.

Recently, a new version of the original software was presented 
in DipMathUniTO (2024), Barutello et al. (2026). Distributed as a Julia 
package, SymOrb.jl represents a profound and modular redesign of the 
previous implementation. This new architecture provides a flexible and 
extensible framework, enabling seamless integration of both quanti-
tative and qualitative tools, such as stability analysis and topological 
index computations. It also introduces more efficient optimisation rou-
tines, improving computational performance. Finally, the new structure 
of SymOrb.jl enables the systematic organisation of symmetric orbits 
into databases and supports advanced numerical methods.

Starting from a collection of numerical results produced with
SymOrb.jl, the present paper aims to establish a set of benchmark cases, 
by examining their stability properties under variations of the action 
and small perturbations of the orbits’ initial conditions. To this end, two 
classical stability indicators are considered: the Morse index and the 
Floquet multipliers (Morse, 1934; Smale, 1965; Teschl, 2012). We also 
outline the main steps required to compute a numerical approximation 
of these indicators in our setting.

Overall, this work offers a first comprehensive illustration of how
SymOrb.jl, complemented by its stability modules, can be employed 
to find highly accurate numerical approximations of solutions to the 
𝑛-body problem and to analyse their stability through different method-
ological approaches.
Mathematical setting and problem statement. For 𝑛 ≥ 2 particles, we 
denote their masses as 𝑚1,… , 𝑚𝑛 > 0 and their positions as 𝑥𝑖 ∈ R𝑑 , 
where 𝑑 = 2, 3. Since the 𝑛-body problem is a mechanical system, we 
can introduce the potential function

𝑈 (𝑥1,… , 𝑥𝑛) =
∑

𝑗<𝑖

𝑚𝑗𝑚𝑖

‖𝑥𝑗 − 𝑥𝑖‖
, ‖ ⋅ ‖ Euclidean norm of R𝑑 ,

so that the equation of motion of the 𝑖−th particle is given by 

𝑚𝑖𝑥𝑖(𝑡) =
𝜕𝑈
𝜕𝑥𝑖

(𝑥1(𝑡),… , 𝑥𝑛(𝑡)). (1)

It is easy to see that the centre of mass of the system is invariant under 
translations, so it is useful to fix it at the origin and to introduce the 
2 
configuration space

𝜒 ∶=

{

𝑥 = (𝑥1,… , 𝑥𝑛) ∈ (R𝑑 )𝑛 ∶
𝑛
∑

𝑖=1
𝑚𝑖𝑥𝑖 = 0

}

.

Note that the potential function 𝑈 has a singularity whenever 𝑥𝑖 = 𝑥𝑗
for some 𝑗 ≠ 𝑖. The singularity set of 𝑈 can be described as follows
𝛥𝑖𝑗 =

{

𝑥 ∈ 𝜒 ∶ 𝑥𝑖 = 𝑥𝑗
}

, 𝛥 =
⋃

𝑖,𝑗
𝛥𝑖𝑗 ,

and, as a consequence, the set of non-colliding configurations is nothing 
but 𝜒̂ = 𝜒 ⧵ 𝛥. We also define the kinetic energy as

𝐾(𝑥̇) = 1
2

𝑛
∑

𝑖=1
𝑚𝑖‖𝑥̇𝑖‖, 𝑥̇ = (𝑥̇1,… , 𝑥̇𝑛) ∈ 𝑇𝑥𝜒,

where 𝑇𝑥𝜒 denotes the tangent space to 𝜒 at 𝑥 ∈ 𝜒 . In this way, the 
Lagrangian function associated to Eqs. (1) can be expressed as
𝐿(𝑥, 𝑥̇) = 𝑈 (𝑥) +𝐾(𝑥̇).

Classical periodic solutions of (1) are trajectories 𝑥(𝑡) = (𝑥1(𝑡),… , 𝑥𝑛(𝑡))
∈ 𝜒̂ such that 𝑥(𝑇 ) = 𝑥(0) for a suitable 𝑇 > 0: the smallest 𝑇  that 
satisfies this condition is called the period of the orbit. Given 𝑇 > 0, 
let us then define the torus of length 𝑇  as T = R∕𝑇Z, and consider 
the space of 𝐻1 T-periodic loops (possibly with collisions between the 
bodies)

𝛬 = 𝐻1(T;𝜒) =
{

𝑥, 𝑥̇ ∈ 𝐿2 ([0, 𝑇 ], 𝜒) ∶ 𝑥(0) = 𝑥(𝑇 )
}

.

We then denote by
𝛬̂ = 𝐻1(T; 𝜒̂) ⊂ 𝛬

the open sub-set of collision-less loops. The Lagrange action functional 
on 𝛬 reads 

(𝑥) = ∫

𝑇

0
𝐿(𝑥(𝑡), 𝑥̇(𝑡)) 𝑑𝑡

= ∫

𝑇

0

[

1
2

𝑛
∑

𝑖=1
𝑚𝑖‖𝑥̇𝑖(𝑡)‖2 +

∑

𝑖<𝑗

𝑚𝑖𝑚𝑗

‖𝑥𝑖(𝑡) − 𝑥𝑗 (𝑡)‖

]

𝑑𝑡
(2)

and has the following property: if 𝑥 ∈ 𝛬̂ is a critical point of , then 𝑥
is a 𝑇 -periodic solution of (1) (see Ferrario and Terracini, 2004). This 
is the variational principle we are going to refer to in order to find 
𝑇−periodic solutions of our system.
Group actions, G-equivariance and optimisation. In this paragraph we 
briefly recall the basic definitions needed to impose symmetry con-
straints in the bodies motions. Our main reference here is Ferrario 
and Terracini (2004), while the interested reader can find a detailed 
account on G-equivariance and group actions in Barutello et al. (2026).

Let 𝐺 be a finite group; we say that 𝐺 acts on a set 𝑋 if there exists 
a map 𝜙 ∶ 𝐺 ×𝑋 → 𝑋 such that
𝜙(1, 𝑥) = 𝑥 ∀𝑥 ∈ 𝑋, 𝜙(𝑔, 𝜙(ℎ, 𝑥)) = 𝜙(𝑔ℎ, 𝑥) ∀𝑔, ℎ ∈ 𝐺, 𝑥 ∈ 𝑋.

In the context of 𝑇−periodic loops in 𝜒 , we can describe the action of a 
finite group 𝐺 by defining how its elements behave on the space, time 
and body labels. More precisely, given 𝑥 ∈ 𝛬 and 𝑡 ∈ T, it is possible to 
represent the action of an element 𝑔 ∈ 𝐺 over 𝑥(𝑡) through the following 
homomorphisms

𝜌 ∶ 𝐺 → 𝑂(𝑑), 𝜏 ∶ 𝐺 → 𝑂(2), 𝜎 ∶ 𝐺 → 𝛴𝑛,

where 𝑂(𝑑) and 𝑂(2) denote the orthogonal groups of dimension 𝑑 and 
2 respectively, and 𝛴𝑛 is the group of all permutations of 𝑛 objects 
labelled in {1,… , 𝑛}.

In practice, given 𝑔 ∈ 𝐺, 𝜌(𝑔) describes how 𝑔 acts on the
𝑑−dimensional space where every 𝑥𝑖 lies, while 𝜎(𝑔) describes the 
possible interchanging of bodies along the loop. As for 𝜏(𝑔), it is used to 
represent possible symmetries or recurrences of the orbit over a period 
𝑇 . In Section 3, a group 𝐺 will be identified by its generators, whose 
representations on 𝑂(𝑑), 𝑂(2) and 𝛴  will be provided.
𝑛
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Given a finite group 𝐺, we can define the set of the (possibly 
colliding) G-equivariant loops in 𝛬 as the sets

𝛬𝐺 = {𝑥 ∈ 𝛬 ∶ (𝑔𝑥)(𝑡) = 𝑥(𝑡), ∀𝑡 ∈ T, 𝑔 ∈ 𝐺} ,

𝛬̂𝐺 =
{

𝑥 ∈ 𝛬𝐺 ∶ 𝑥 ∈ 𝛬̂
}

that is, the set of all elements of 𝛬 (resp. 𝛬̂) which are invariant under 
the action of 𝐺. It is possible to show (see Barutello et al., 2026, Lemma 
2.4) that, if 𝑥̄ ∈ 𝛬̂𝐺 is a critical point of the restriction 

|𝛬𝐺
, then it is a 

critical point of  over the whole 𝛬, and hence a periodic 𝐺-equivariant 
solution of (1). With suitable constraints on 𝐺, one can ensure a priori
the existence of such collision-less critical points (see again (Ferrario 
and Terracini, 2004; Barutello et al., 2026) for more details).

To find critical points of 
|𝛬𝐺
, it is possible to operate a further 

reduction by considering a particular subinterval I ⊂ T, called the
fundamental domain. In short, the fundamental domain I is such that

(A) defined 𝐺̄ = 𝐺∕ ker 𝜏, one has

T =
⋃

[𝑔]∈𝐺̄

𝜏(𝑔−1)I, |I| = |T|
|𝐺̄|

(B) if 𝑦̄ ∶ I → 𝜒 is a critical point of the restricted action

I(𝑦) = ∫I
𝐿(𝑦(𝑡), 𝑦̇(𝑡))𝑑𝑡

over a suitable set of fixed-ends trajectories, then the sym-
metrised path given by the concatenation of 𝑔𝑦̄, 𝑔 ∈ 𝐺̄, is a 
solution of the 𝐺−equivariant 𝑛−body problem (see Barutello 
et al., 2026, Theorem 3.2).

Some considerations on properties (A) and (B) are in order to under-
stand the optimisation process and, later on, the computation of the 
stability indicators. Property (A) claims that it is possible to re-construct 
the whole period simply looking at the action of 𝜏(𝐺) on the segment I. 
As for property (B), it allows to restrict our search for critical points of 
the action in the set of segments of our 𝑇−periodic orbits with suitable 
constraints at the endpoints. In particular, 𝑦 must belong to a class 𝑌
of fixed-ends-type paths whose precise definition depends on the form 
of 𝜏(𝐺) (see Barutello et al., 2026, Proposition 3.1). Without loss of 
generality, we will take I = [0, 𝜋] and 𝑇 = 𝑙𝜋, 𝑙 ∈ N.

The optimisation of the restricted action functional I is the key 
problem tackled by the numerical algorithm, which is the core of
SymOrb.jl. Given a symmetry group, and, consequently, the correspond-
ing fundamental domain I and the set of the paths 𝑌 , the routine takes 
advantage of a wide variety of optimisation and refinement methods 
to compute an approximation of a critical point 𝑦̄ of I over 𝑌  as a 
truncated Fourier series added to a linear interpolation between the 
boundary configurations: 

𝑦(𝑡) = 𝑦0 +
𝑡
𝜋 (𝑦1 − 𝑦0) +

𝐹
∑

𝑘=1
𝑎𝑘 sin(𝑘𝑡), 𝑡 ∈ [0, 𝜋]. (3)

Finally, by symmetrising 𝑦̄, an approximated solution 𝑥̄ of (1) over 
the period 𝑇  is obtained and can be expressed as a truncated Fourier 
series 

𝑥̄(𝑡) = 𝐴0 +
𝐹
∑

𝑘=1
𝐴𝑘 cos

(

𝑘 2𝜋
𝑇 𝑡

)

+
𝐹
∑

𝑘=1
𝐵𝑘 sin

(

𝑘 2𝜋
𝑇 𝑡

)

, 𝑡 ∈ [0, 𝑇 ]. (4)

The coefficients 𝐴0, 𝐴𝑘, 𝐵𝑘 are computed analytically from the 𝑎𝑘 as 
shown in Appendix. 

The output of the optimisation is provided in two ways: first, the 
Fourier coefficients of 𝑦̄ on I, and secondly, the pointwise representa-
tion of 𝑥̄ on T.

Once the approximated solution is provided, one can proceed with 
its stability analysis, which is the topic of next Section.
3 
2. Stability indicators

Once an approximated solution of (1) is obtained via the SymOrb.jl
algorithm, it is possible to study its stability as a periodic orbit of the 
𝑛−body problem. In this section, we will propose two different ways 
to evaluate stability. First of all, we will define the Floquet multipliers, 
that can be used to evaluate the change rate of a periodic orbit under 
small changes in its initial condition. Secondly, we will introduce the 
Morse index, which is related to the variation of the Lagrangian action 
value when the orbit is slightly deformed. For both quantities, we 
will provide the basic definitions and the computing methods in our 
context; the interested can find more details on such stability indicators 
in Teschl (2012, Chapters 3 and 12), Morse (1934), Smale (1965), 
as well as other applications of index theory to problems in celestial 
mechanics in Ambrosetti and Coti Zelati (1993), Rabinowitz (1978), 
Barutello et al. (2020).

2.1. Floquet multipliers

Let us start by taking a general ordinary nonlinear differential 
equation of the form 
𝑥̇(𝑡) = 𝑓 (𝑥(𝑡)) (5)

where 𝑥 ∶ R → R𝑁 , for some 𝑁 ≥ 1 and 𝑓 ∶ R𝑁 → R𝑁 . Suppose that 
the above system admits a 𝑇−periodic solution, 𝑇 > 0, denoted by 𝑥̄(𝑡). 
The linear stability of such periodic solution can be analysed by passing 
to the linearised system 
𝑦̇(𝑡) = 𝐴𝑥̄(𝑡)𝑦(𝑡), 𝐴𝑥̄(𝑡) = 𝐷𝑓 (𝑥̄(𝑡)) ∶ (6)

clearly, 𝐴𝑥̄(𝑡) is a periodic 𝑁 × 𝑁 matrix and depends on the particular 
solution 𝑥̄(𝑡). Following the theory of periodic linear systems, it is 
possible to define the principal matrix solution 𝑋 as the unique solution 
of the differential system 
{

𝑋̇(𝑡) = 𝐴𝑥̄(𝑡)𝑋(𝑡)

𝑋(0) = 𝐼𝑁 ,
(7)

where 𝑋(𝑡) ∈ R𝑁×𝑁  for every 𝑡 ∈ R and 𝐼𝑁  is the 𝑁−dimensional 
identity. Starting from 𝑋(𝑡) one can define the Monodromy matrix
related to problem (6) as 𝑥̄ = 𝑋(𝑇 ).

The spectral properties of the monodromy matrix are related to the 
linear stability of the periodic solution 𝑥̄: if all eigenvalues of 𝑥̄ have 
complex modulus less or equal to 1, then 𝑥̄ is linearly stable. Otherwise, 
𝑥̄ is linearly unstable. The eigenvalues of 𝑀𝑥̄ are called the Floquet 
multipliers associated to the orbit 𝑥̄ (see, for instance, Teschl, 2012, 
Theorem 12.4 Barutello et al., 2016b and Calleja et al., 2021).

It is important to note that the analytical computation of Floquet 
multipliers is, in general, a challenging task, with only a limited number 
of known results. As a result, numerical methods are typically preferred 
for their determination (see the next sections for references in the case 
of 𝑛-body problem).

2.1.1. Computation of Floquet multipliers for the 𝑛−body problem
Following previous works in the literature (see, e.g., Vanderbei, 

2004a; Barutello et al., 2016b; Calleja et al., 2021), we analyse the 
stability of solutions in terms of Floquet multipliers for Problem (1), 
after rewriting it as the following first-order system of ODEs 
{

𝑥̇ = 𝑀−1 𝑦,

𝑦̇ = ∇𝑈 (𝑥),
(8)

where 𝑀−1 ∈ R𝑑×𝑛 is the inverse of the diagonal block-matrix

𝑀−1 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑚1 𝐼𝑛 0 0
0 𝑚2 𝐼𝑛 0

⋱
0 𝑚𝑑 𝐼𝑛

⎤

⎥

⎥

⎥

⎥

⎦
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In this case, (7) should be read with 𝐴𝑥̄ the following block-matrix 
R(𝑑×𝑛)2 :

𝐴𝑥̄(𝑡) =
[

0 𝑀−1

∇2𝑈 (𝑥̄(𝑡)) 0

]

where 0 = 0R𝑑×𝑛  and ∇2𝑈 is the Hessian matrix of the potential 𝑈
computed along the periodic solution 𝑥̄(𝑡).

In the context of mechanical systems, the monodromy matrix 𝑥̄
possesses the property that det(𝑥̄) = 1; this implies that for every 
(complex) eigenvalue 𝑧 with modulus |𝑧| = 𝑟, there exists another 
eigenvalue 𝑤 such that |𝑤| = 1∕𝑟. As a result, an orbit 𝑥̄ is stable if 
and only if the spectrum of 𝑥̄ is entirely contained within the unit 
circle {|𝑧| = 1} in the complex plane.

The following algorithm is proposed for reckoning the discrete 
Floquet stability of an orbit.

Algorithm 1 Floquet Algorithm
1: Input: The periodic orbit, expressed in terms of its (truncated) 
Fourier coefficients (see (4)).

2: Output: The eigenvalues of the monodromy matrix.
3: Step 1. Build the Hessian matrix ∇2𝑈 (𝑥̄(𝑡))
4: Step 2. Define the matrix differential equation (7)
5: Step 3. Compute the principal solution matrix 𝑋(𝑡)
6: Step 4. Compute the complex eigenvalues of 𝑥̄ = 𝑋(𝑇 )

In Section 3, we will apply the above algorithm to ten test cases, 
corresponding to orbits in the plane or the three-dimensional space 
with a variable number of bodies.

2.2. Discrete Morse index

The second stability indicator we propose is the Morse index, which 
measures the number of independent directions along which the action 
functional decreases, thus distinguishing minima, saddles, and unstable 
configurations within a variational framework (Morse, 1934; Smale, 
1965).

For numerical studies of periodic orbits and choreographies, the 
Morse index serves as a practical diagnostic tool, allowing one to 
detect bifurcations and qualitative changes in stability (Fukuda et al., 
2018, 2019; Barutello et al., 2016a). Its discrete formulation, following 
the combinatorial approach of Forman (1998), adapts these ideas to 
finite-dimensional settings, where the action is defined on a discretised 
configuration space.

Following Ciccarelli et al. (2025), we can give the following general 
definition.

Definition 1 (Computational Discrete Morse Index).  Let 𝑓 ∶ 𝐻 → R be a 
2 function and 𝑝 a non-degenerate critical point of 𝑓 . The index of 𝑝 is 
defined as the dimension of the maximal subspace of the tangent space 
at 𝑝 where the Hessian is negative definite. Consequently, the discrete 
Morse index 𝑛̃− of 𝑝 is the number of negative eigenvalues of the Hessian 
matrix 𝐻𝑓 (𝑝).

In summary, the discrete Morse index provides a numerical way to 
distinguish between different types of critical points: minima satisfy 
𝑛̃−(𝑝) = 0, while saddle points correspond to 𝑛̃−(𝑝) > 0.

2.2.1. Application to the 𝑛-body problem
In the context of the 𝑛-body problem, the computation of the 

discrete Morse index requires first the discretisation of the action 
functional. This preliminary step transforms the continuous variational 
problem into a finite-dimensional optimisation problem, whose critical 
points approximate periodic orbits of the system. Once the action 
functional has been discretised, the Morse index can then be evaluated 
either on the fundamental domain I or, by exploiting the symmetries 
of the orbit, on the entire domain. Clearly, the index computed on the 
fundamental domain does not exceed that obtained over the full orbit.
4 
Discretisation of the action functional. Following dlfer (2017), the action 
functional (2) can be discretised in two main ways.
Point discretisation. In this approach, the integral is approximated by 
quadrature on a uniform grid 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑀+1 = 𝑇 . Derivatives 
are replaced with finite differences, and the action is written in terms 
of the discrete variables 𝑦𝑘𝑖 ≈ 𝑥𝑖(𝑡𝑘) ∈ R𝑑 , for 𝑖 = 1,… , 𝑛 and 𝑘 =
0,… ,𝑀 + 1. This yields the discrete functional 
𝑓1(𝑦𝑘𝑖 ) = (1)

ℎ , (9)

defined on the block matrix (𝑦𝑘𝑖 )𝑖,𝑘 ∈ R𝑑×𝑛×(𝑀+2). For details see Cravero 
and Introna (2024), dlfer (2017).
Fourier coefficients discretisation. Alternatively, the trajectory is approx-
imated by a truncated Fourier series  as in (3) and (4). Substituting into 
(2) gives 
𝑓2(𝑥0, 𝑥1, 𝐴𝑘) = (2)

ℎ . (10)

The variables are the endpoints and Fourier coefficients, with dimen-
sion (𝐹 + 2) × 𝑑 × 𝑛. See dlfer (2017), Simó (2001b,c) for further 
discussion.

In both schemes, the problem reduces to optimising an objective 
function 𝑓 = 𝑓𝑖 (𝑖 = 1, 2) with respect to the chosen discrete variables, 
whose critical points correspond to periodic solutions of the system. 
Once a discrete periodic orbit has been obtained, one can further 
characterise the nature of the corresponding critical point by computing 
its discrete Morse index. This can be done in two equivalent settings, 
depending on whether one exploits the symmetries of the solution or 
not: either on the fundamental domain, where only a representative 
segment of the orbit is considered, or on the full orbit, where the 
computation is performed over the entire period.
On the fundamental domain. As described in Barutello et al. (2026), 
Ciccarelli et al. (2025), the Hessian of the discretised action functional 
can be computed within the fundamental domain I either by using a 
Fourier-based discretisation, where the trajectory is approximated by 
truncated series, or by direct pointwise discretisation, where the time 
interval is subdivided into a finite number of nodes.
On the full orbit. Alternatively, the discrete Morse index can be com-
puted on the full periodic orbit. In this case, the action functional 
is discretised over the entire period, ensuring that periodic boundary 
conditions are satisfied. Since a periodic orbit has identical initial and 
final points, only one of them is retained in the computation.

2.2.2. Algorithm
The following procedure summarises the computation of the dis-

crete Morse index on the entire orbit.

It is worth noting that, in contrast to previous studies that anal-
ysed specific families of solutions (such as the figure-eight choreogra-
phy Chenciner and Montgomery, 2000), the approach adopted here is 
formulated to be applicable to any periodic orbit obtained numerically. 
In this way, the abstract concepts introduced earlier are translated into 
general computational tools, establishing a direct connection between 
the theoretical framework and the analysis of stability in the 𝑛-body 
problem.

2.3. Variational and dynamical stability

Our numerical results (see Section 3) emphasise, through a study 
on stability indicators, a well-known distinction between variational 
stability, described, in our case, by the Morse index of the Lagrangian 
action, and dynamical (linear) stability, measured by Floquet multi-
pliers. Indeed, these are two different notions that, in general, do not 
coincide for the same orbit, as illustrated by several examples in this 
paper and in previous studies.
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Algorithm 2 Computation of the Discrete Morse Index
1: Input: Periodic solution given either

(a) by its Fourier coefficients (see (4)), or
(b) by sampled positions 𝑥𝑖(𝑡𝑘) for each body 𝑖 = 1,… , 𝑛 at times 

𝑡𝑘, 𝑘 = 1,… , 𝑤.

2: Output: Discrete Morse index 𝑛̃−(𝑝).
3: Step 1. Build the Hessian matrix of the discretised action 
functional:

• Fourier case: compute the Hessian in coefficient space.
• Pointwise case: assemble the Hessian from the discretised 
action.

4: Step 2. Compute all eigenvalues 𝜆𝑗 of the Hessian.
5: Step 3. The discrete Morse index is the number of negative 
eigenvalues:

𝑛̃−(𝑝) = #{𝜆𝑗 < 0}.

Variational stability concerns the behaviour of the action under a 
restricted class of perturbations, for example after imposing symmetries 
or after slightly deforming the orbit. A zero Morse index means that the 
orbit is a local minimiser of the action within this restricted setting.

On the other hand, dynamical stability describes how the orbit be-
haves under all small perturbations through the linearised equations of 
motion, including those that break the variational constraints. For this 
reason, unstable behaviours may take place even when the action has 
a local minimum, since they are not detected by the second variation 
of the action.

An example that clearly highlights this distinction is provided by 
the Lagrange equilateral triangle (Fig.  1). For the Newtonian 3-body 
problem with equal masses, the equilateral triangle is a minimising 
solution of the Lagrangian action among all periodic curves with the 
same symmetry constraints. This is confirmed by its zero Morse index. 
On the other hand, the computation of Floquet multipliers shows that 
this solution is linearly unstable, since some multipliers have modulus 
significantly larger than one. Indeed, the instability arises from pertur-
bations that are not taken into account in the constrained variational 
problem, but are still present in the full dynamics. This explains how 
an action minimiser can nevertheless be linearly unstable.

Another example is given by the figure-eight solution (Fig.  3), which 
illustrates the opposite phenomenon. In this case, the orbit is not a 
minimiser of the action and has a positive Morse index. However, the 
Floquet spectrum lies close to the unit circle, indicating near linear 
stability. This behaviour can be explained by the strong symmetries 
of the orbit, which eliminate many unstable perturbations and make 
the linearised system highly degenerate. As a result, the remaining 
perturbations increase the action without leading to rapid dynamical 
instability.

The numerical results presented in the next section thus confirm 
the theoretical foundations stating that being a minimiser of the action 
is neither necessary nor sufficient for linear stability, even in highly 
symmetric settings. 
Comparison with Morse index computations. Only a limited number of 
works address the computation of Morse indices for periodic solutions 
of the three-body problem, and most of the available results are ob-
tained through analytical or semi-analytical methods rather than direct 
numerical evaluation of the second variation of the action. A direct 
correspondence can nevertheless be established between the discrete 
Morse indices computed in the present work and the Morse indices 
for the figure-eight choreography previously obtained by Fukuda et al. 
(2018, 2019). In that setting, the second variation of the action is 
analysed through the spectral properties of the continuous Hessian 
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operator, and three distinct Morse indices are introduced, depending 
on the class of admissible variations: the full periodic Morse index 
𝑁 , the choreographic Morse index 𝑁𝑐 , and the figure-eight chore-
ographic Morse index 𝑁𝑒. For the Newtonian figure-eight solution, 
they report 𝑁 = 2, while 𝑁𝑐 = 𝑁𝑒 = 0, indicating that the orbit 
is a saddle point of the unrestricted action functional, but a local 
minimiser when variations are constrained to respect choreographic 
and figure-eight symmetries. Our numerical results are in full agree-
ment with this structure. When the Morse index is computed on the 
full period, we obtain a positive index equal to two, corresponding 
to unstable directions that break the choreographic symmetry. Con-
versely, when the computation is restricted to the fundamental domain 
associated with the figure-eight symmetry, the discrete Morse index 
vanishes, showing that no negative directions remain within the sym-
metric subspace. This agreement confirms that the discrete Hessian 
of the discretised action correctly captures the symmetry-dependent 
variational properties of the figure-eight choreography and provides a 
consistent finite-dimensional approximation of the corresponding con-
tinuous Morse index theory. A closely related phenomenon appears for 
other highly symmetric periodic solutions of the three-body problem. 
In particular, the Morse index of the Lagrangian circular orbit has 
been computed analytically by Barutello et al. (2016b), who showed 
that this relative equilibrium is, in general, a saddle point of the 
Lagrangian action functional on the full loop space, while it becomes 
a minimiser only when suitable constraints or invariant subspaces 
are imposed. Moreover, they demonstrated that transitions in linear 
stability are accompanied by jumps in the Morse index of the orbit and 
of its iterates. This behaviour closely parallels what is observed for the 
figure-eight choreography, where unstable directions exist in the un-
restricted variational setting but disappear when symmetry restrictions 
are enforced.

3. Numerical results

This Section presents the application of the algorithms described 
in Section 2 to a set of ten distinct periodic orbits computed using
SymOrb.jl. Figs.  1–10 display a wide variety of examples, including both 
planar and spatial configurations, and involving different numbers of 
bodies. For each orbit, we report:

• the generators of the finite symmetry group 𝐺 associated with 
the orbits; recall that 𝐺̄ = 𝐺∕ ker 𝜏 (see Section 1), and that the 
notation 𝑅(𝜃) denotes the rotation matrices of the form

𝑅(𝜃) =
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)

;

• the values of the action  and its gradient, to assess the accuracy 
of the numerical method in locating a critical point of ;

• the numerical Morse index, computed both on the fundamental 
domain I and over the entire period; whenever this index is non-
zero, we additionally report the maximal negative eigenvalue of 
𝐻𝑒𝑠𝑠();

• the largest modulus of the eigenvalues of the monodromy matrix, 
i.e., the maximal Floquet multiplier.

In the variational framework of the Morse index, the maximal 
negative eigenvalue provides a quantitative indication on how clearly 
the negative spectrum is separated from zero, and thus on the reliability 
of the computed Morse index. Conversely, in the Floquet analysis, the 
focus lies on the maximal (in modulus) eigenvalue of the monodromy 
matrix: when it lies far from ±1, we can confidently conclude that the 
orbit, though numerical approximated, is linearly unstable.

The selected set of orbits is designed to represent the diversity of 
periodic solutions we can find in the 𝑛−body problem, with particular 
attention to non-collisional examples.

A notable subset consists in the so-called choreographies, where 
all bodies move along a common trajectory, as in Figs.  1, 3, and 5. 
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Fig. 1. Lagrange equilateral triangle. This orbit is a minimiser of the action, 
with zero Morse index, but exhibits linear instability, as indicated by Floquet 
multipliers with modulus larger than one.

Fig. 2. Collinear relative equilibrium. This orbit is a linearly unstable collinear 
periodic solution of the 3-body problem, as indicated by its Floquet multipliers.
6 
Fig. 3. Figure-eight choreography. The orbit is not a minimiser of the action 
and has positive Morse index, but its Floquet multipliers lie close to the unit 
circle, indicating near-linear stability.

Fig. 4. Solution of the 3-body problem, typically known as Ducati and first 
discovered in Moore (1993). Its Floquet multipliers show that the orbit is 
linearly stable.
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Fig. 5. Linearly unstable choreography of the 12-body problem.

Fig. 6. Linearly unstable periodic solution of the 10-body problem.

Moreover, Figs.  1–4 correspond to classical solutions already studied 
in the literature (see, e.g., Barutello et al., 2016b; Roberts, 2002; Simó, 
2001a; Roberts, 2007; Vanderbei, 2004b), included here to facilitate 
7 
Fig. 7. Linearly unstable periodic solution of the spacial isosceles 3-body 
problem.

Fig. 8. Linearly unstable periodic solution of the 4-body problem.

comparison between our computations and known results. In particu-
lar, Fig.  2 shows a collinear relative equilibrium, a well-known solution 

whose first study traces back to early works such as Mayer (1933).
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Fig. 9. Linearly unstable periodic solution of the 4-body problem.

Fig. 10. Linearly unstable periodic solution of the 12-body problem.

Among our findings, it is worth noticing that the triangular La-

grange solution (Fig.  1) minimises the action functional, despite being 
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linearly unstable. Conversely, the celebrated figure-eight choreography 
(Fig.  3) is not a minimiser of the action functional over its full period, 
yet it exhibits substantial linear stability – in agreement with previous 
studies (Simó, 2001a; Roberts, 2007; Galán-Vioque et al., 2005; Kapela 
and Simó, 2007).

Overall, our results illustrate the rich interplay between the varia-
tional and dynamical features of periodic orbits in the 𝑛-body problem. 
The comparison between Morse index (reflecting the local behaviour 
of  as a variational functional) and Floquet multipliers (character-
ising linear stability) reveals a wide spectrum of behaviours, which 
may serve as a useful tool for classifying and distinguishing periodic 
solutions according to their shared dynamical properties.

3.1. Implementation details and sensitivity analysis

As previously stated, all orbits were initially computed using
SymOrb.jl.

A notable difference from the version presented in Barutello et al. 
(2026) (corresponding to Git commit 9ef31f3 of DipMathUniTO, 
2024) is the introduction of two enhanced integration algorithms to 
compute the potential part of the action, its gradient, and its Hes-
sian. The first algorithm, from FastGaussQuadrature.jl, em-
ploys Gauss–Legendre quadratures. It is used to improve the con-
vergence of the optimisation procedure compared to the Trapezoidal 
method, without increasing computational complexity. The second al-
gorithm is an implementation of adaptive Gauss–Kronrod quadratures 
provided by QuadGK.jl. This method adaptively subdivides the in-
tegration domain and recursively performs integration until a relative 
error tolerance of tol = √

𝜖 is met, where 𝜖 ≈ 2.22×10−16 is the machine 
epsilon.2 Since this method is noticeably slower than the former one, it 
is used exclusively to improve the resolution of the found orbit and to 
precisely compute the indices.

The monodromy equation was integrated using the Julia package
DifferentialEquations.jl (Rackauckas and Nie, 2017) via 

the Tsit5 algorithm, a Tsitouras 5/4 Runge–Kutta method with a free 
4th-order interpolant.

Table  1 reports two distinct truncation orders, 𝐹  and 𝐹 . The former, 
𝐹 , refers to the representation of the orbit on the fundamental domain 
and it was initially set at 𝐹1 = 24 to identify the orbits and compute the 
corresponding results. To ensure the correctness of these findings, the 
orbits were subsequently refined using 𝐹2 = 36, 𝐹3 = 48 and 𝐹4 = 96
modes, and the computations were repeated for verification. The latter, 
𝐹 , refers to the truncation order for the full period 𝑇 = 𝑚𝜋, where 𝑚 is 
the order of the symmetry group. It is chosen to be 𝐹 = 𝑚 ⋅𝐹 , to avoid 
losing orbital features.

The results displayed in Figs.  1–10 correspond to the initial trunca-
tion order 𝐹1 and 𝐹1, while the complete data for all cases are presented 
in Table  1.

We highlight that calculating the Morse index and Floquet multi-
pliers requires finding the eigenvalues of potentially large matrices. 
In this work, we used built-in Julia functions (based on LAPACK and 
BLAS routines) to compute the full spectrum of eigenvalues for matrices 
with dimensions that scale linearly with both the truncation order and 
the number of bodies. Note that the results for Orbit 5 and Orbit 
10 are reported only for 𝐹1 = 288 and 𝐹2 = 432 Fourier modes 
since the available RAM was insufficient to handle the periodic orbit 
computations for the higher resolutions of 𝐹3 = 576 and 𝐹4 = 1152. This 
limitation could be addressed in future work by employing optimised 
or iterative algorithms.

Given the numerical nature of these spectral computations, we 
apply a threshold to distinguish physical instability from numerical 

2 For all results presented, computations were performed using Julia 1.12 
on a notebook equipped with 16 GB of RAM, Intel® CoreTM Ultra 7 155H, 
running Arch Linux.



D. Berti et al. Astronomy and Computing 55 (2026) 101085 
Table 1
Comparison of the results where respectively 24, 48, and 96 Fourier modes are taken into account.
 𝐹 𝐹 Morse (fund. domain) Morse (period) Floquet  
 Index Max. neg. eig. Index Max. neg. eig.  
 
Orbit 1

24 48 0 – 0 – 85.021  
 36 72 0 – 0 – 85.020  
 48 96 0 – 0 – 85.020  
 96 192 0 – 0 – 85.020  
 
Orbit 2

24 72 1 −5.5278 3 −13.951 5.8982 × 104  
 36 72 1 −5.5278 3 −13.950 5.8980 × 104  
 48 96 1 −5.5279 3 −13.950 5.8978 × 104  
 96 192 1 −5.5279 3 −13.950 5.8978 × 104  
 
Orbit 3

24 48 0 – 2 −0.22568 1.0187  
 36 108 0 – 2 −0.22568 1.0102  
 48 144 0 – 2 −0.22568 1.0066  
 96 288 0 – 2 −0.22568 1.0066  
 
Orbit 4

24 48 0 – 2 −0.061729 1.0462  
 36 72 0 – 2 −0.061853 1.0254  
 48 96 0 – 2 −0.061903 1.0166  
 96 192 0 – 2 −0.061904 1.0230  
 
Orbit 5

24 288 0 – 4 −0.11029 4.1930 × 1012 
 36 432 0 – 2 −0.11020 8.5482 × 1012 
 48 576 0 – 2 (failed) (failed)  
 96 1152 0 – 2 (failed) (failed)  
 
Orbit 6

24 48 0 – 2 −2.4157 × 10−3 1174.0  
 36 72 0 – 2 −2.4786 × 10−3 1173.9  
 48 96 0 – 2 −2.4999 × 10−3 1173.9  
 96 192 0 – 2 −2.4999 × 10−3 1173.9  
 
Orbit 7

24 144 1 −3.0423 19 −48.541 6.311 × 108  
 36 216 1 −3.0423 19 −48.538 6.308 × 108  
 48 288 1 −3.0423 19 −48.537 6.310 × 108  
 96 576 1 −3.0423 19 −48.537 6.307 × 108  
 
Orbit 8

24 48 0 – 9 −11.632 25.174  
 36 72 0 – 9 −11.632 25.172  
 48 96 0 – 9 −11.632 25.172  
 96 192 0 – 9 −11.631 25.172  
 
Orbit 9

24 48 0 – 11 −202.18 2191.6  
 36 72 0 – 11 −266.60 1640.1  
 48 96 0 – 11 −311.40 1166.4  
 96 192 0 – 11 −311.40 1166.4  
 
Orbit 10

24 288 0 – 4 −0.1778 8.5410 × 1012 
 36 432 0 – 11 −311.3904 8.5482 × 1012 
 48 576 0 – 11 (failed) (failed)  
 96 1152 0 – 11 (failed) (failed)  
noise. We consider an eigenvalue to be different from 0 (for the Morse 
index) or 1 (for the Floquet multiplier) if its distance to the relevant 
number is greater than the threshold 10−3. In almost all the cases 
considered, this choice is more than sufficient to establish the stability.

3.2. Validation and comparison with known results

Among the orbits presented in this paper (corresponding to Figs. 
1–10), the first four (namely, Figs.  1–4) correspond to known solutions, 
whereas the remaining ones (Figs.  5–10) represent, to the best of our 
knowledge, new orbits, exhibiting relatively good properties in terms 
of deep search and exploration of our algorithm. Consequently, for 
Figs.  5–10, the indices that we introduce cannot be validated against 
previously known results. For the known solutions shown in Figs. 
1 and 3, the Morse index computations discussed in Section 2.3 al-
ready provide a validation, as they correctly reproduce the expected 
symmetry-dependent variational stability properties.

We now complement this analysis by comparing the remaining 
numerical stability indicators with analytical and numerical results 
available in the literature.

Figs.  1 and 2 correspond to classical solutions of the three-body 
problem, namely relative equilibria. In particular, Fig.  1 represents the
equilateral triangular relative equilibrium, while Fig.  2 corresponds to 
a collinear relative equilibrium. Concerning linear stability—closely 
related to the Floquet index introduced in this work—the following 
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facts are well known. For the three-body problem, collinear relative 
equilibria are linearly unstable for every choice of the masses (see, 
e.g., Roberts, 2002). This explains the large value of the Floquet index 
observed in Fig.  2.

The equilateral triangular configuration (Fig.  1) is also known to 
be linearly unstable in general, as established by the Gascheau–Routh 
criterion, which states that linear stability holds if and only if
27 (𝑚1𝑚2 + 𝑚1𝑚3 + 𝑚2𝑚3) < (𝑚1 + 𝑚2 + 𝑚3)2,

that clearly does not hold in the case 𝑚1 = 𝑚2 = 𝑚3 = 1. Moreover, our 
outcome is in agreement with the results reported in Vanderbei (2004b, 
‘‘Lagrange3’’ in Table 2).

We now turn to the orbits depicted in Figs.  3 and 4. The orbit 
shown in Fig.  3 was proven to be linearly stable in Kapela and Simó 
(2007), resolving a long-standing conjecture originally proposed by 
Simó, through a computer-assisted proof (see also Roberts, 2007; Van-
derbei, 2004b). In our computations, the outcome depends on the 
numerical tolerance adopted, which is consistent with the delicate 
nature of the stability analysis for this orbit. This is also confirmed by 
the results presented in 1, where the modulus of the Floquet multiplier 
approaches 1 whenever the number of Fourier modes increases.

The orbit shown in Fig.  4 is referred to as the ‘‘Ducati’’ orbit 
in Vanderbei (2004b, ‘‘Ducati3’’ in Table 1), where its Floquet index 
is computed numerically. Our results are in good agreement with those 
findings.
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Table 2
Validation of the numerical results for the orbits considered in this paper.
 Figure Validation method Consistency 
 Figure 1 Classical analytical results ✓  
 Figure 2 Classical analytical results ✓  
 Figure 3 Theoretical and numerical results ✓  
 Figure 4 Numerical results ✓  
 Figures 5–10 No previous results (unknown orbits)  
 

These comparisons are summarised in Table  2.
Furthermore, checking again the results presented in Table  1, it is 

possible to observe as the outcomes, except for orbit 9, are particularly 
stable when varying the number of Fourier modes considered. As for 
orbit 9, a significant variation occurs only comparing 𝐹 = 24 and 
𝐹 = 48, and without affecting the effective stability property of the 
orbit.

4. Conclusions and final remarks

Through this paper, we were able to show that the routine pre-
sented in SymOrb.jl can be used not only to find new orbits of the 
𝑛-body problem (as shown in dlfer, 2017), but also to analyse their 
stability properties with results which are consistent with the literature. 
The landscape emerging from the results shows a variety of possible 
scenarios, where variational and linear stability need to be studied 
separately. As already mentioned in dlfer (2017) itself, the method used 
to find such orbits is purely variational, and in that it differs from the 
more common shooting method used in most cases to solve differential 
systems. This allows to focus the search on truly periodic orbits, fixing 
their symmetry properties through 𝐺-equivariance. The analysis we 
presented in the current paper has to be intended as a preliminary 
numerical study, that, besides being interesting per se, is a necessary 
first step for a systematic study on a vast catalogue of orbits. Indeed, 
Morse indices and Floquet multipliers can be used also as labels, which 
allow to discern different trajectories not only on the basis of their 
shape similarities, but also considering deeper dynamical features. 
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Appendix. Fourier coefficients on the whole period from the ones 
on the fundamental domain

Let 𝐺 be a finite group acting on the orbits as defined in Section 1 
and associate to each 𝑔 ∈ 𝐺 the matrix 𝑀𝑔 = 𝜌(𝑔)⊗𝑝(𝜎(𝑔)), where ⊗ is 
the Kronecker product and 𝑝 is the representation of the permutations 
on the orthogonal group. Consider an orbit 𝑥(𝑡) on the fundamental 
domain I = [0, 𝜋] as in (3) and let 𝑥̃(𝑡) be the orbit extended to the 
whole period 𝑇  via the action of 𝐺 as in (4). Its Fourier coefficients 
𝐴0, 𝐴𝑘, 𝐵𝑘 are given by 

𝐴0 =
1
𝑇 ∫

𝑇

0
𝑥̃(𝑡)𝑑𝑡

𝐴𝑘 = 2
𝑇 ∫

𝑇

0
𝑥̃(𝑡) cos

( 2𝜋
𝑇

𝑘𝑡
)

𝑑𝑡

𝐵𝑘 = 2
𝑇 ∫

𝑇

0
𝑥̃(𝑡) sin

( 2𝜋
𝑇

𝑘𝑡
)

𝑑𝑡

(A.1)

It is possible to solve the integrals analytically and compute 𝐴0, 𝐴𝑘
and 𝐵𝑘 in terms of 𝑎𝑘. However, the results depend heavily on the 
structure of 𝐺̄. As shown in Ferrario and Terracini (2004), there are 
only three possible cases, as 𝐺̄ can be composed:

• solely of time rotations (‘‘Cyclic action’’)
• of a single time reflection (‘‘Brake action’’)
• of both time rotations and time reflections (‘‘Dihedral action’’).

The Cyclic case requires separate treatment from the Brake and Dihe-
dral cases.

For later convenience, let 𝑝, 𝑞 ∈ N and let us define

𝑐𝑝𝑞 = cos
(

𝑝
𝑞
𝜋
)

, 𝑠𝑝𝑞 = sin
(

𝑝
𝑞
𝜋
)

,

and the integrals

𝐼 = ∫

𝜋

0
𝑥(𝑡)𝑑𝑡 = 𝜋

2
(𝑥0 + 𝑥1) +

𝐹
∑

ℎ=1…𝐹
ℎ odd

2𝑎ℎ
ℎ

(𝐼cos)𝑝𝑞 = ∫

𝜋

0
𝑥(𝑡) cos

(

𝑝𝑡
𝑞

)

𝑑𝑡 =

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑞2

𝜋𝑝2
(𝑐𝑝𝑞 − 1)(𝑥1 − 𝑥0) +

𝑞
𝑝
𝑠𝑝𝑞𝑥1 +

∑

ℎ=1…𝐹
𝑝≠𝑞ℎ

[

𝑐𝑝𝑞 − (−1)ℎ
]

𝐻𝑝
𝑞,ℎ𝑎ℎ if 𝑝 ≠ 𝑞

2
𝜋
(𝑥0 − 𝑥1) +

∑

ℎ=1…𝐹
ℎ even

2ℎ𝑎ℎ
ℎ2 − 1

if 𝑝 = 𝑞

(𝐼sin)𝑝𝑞 = ∫

𝜋

0
𝑥(𝑡) sin

(

𝑝𝑡
𝑞

)

𝑑𝑡 =

=

⎧

⎪

⎨

⎪

⎩

𝑞2

𝜋𝑝2
𝑠𝑝𝑞(𝑥1 − 𝑥0) +

𝑞
𝑝
(𝑥0 − 𝑐𝑝𝑞𝑥1) +

∑

ℎ=1…𝐹
𝑓 𝑝
𝑞,ℎ𝑎ℎ if 𝑝 ≠ 𝑞

𝜋
2
𝑎1 + 𝑥0 + 𝑥1 if 𝑝 = 𝑞

where

𝐻𝑝
𝑞,ℎ =

(−1)ℎ

ℎ
[

(

𝑝
ℎ𝑞

)2
− 1

] , 𝑓 𝑝
𝑞,ℎ =

⎧

⎪

⎨

⎪

⎩

𝜋
2

 if ℎ =
𝑝
𝑞

𝑠𝑝𝑞𝐻
𝑝
𝑞,ℎ  otherwise.

Cyclic action. If the action of 𝐺̄ is cyclic, 𝐺̄ = ⟨𝑔⟩ and 𝜏(𝑔−1)𝑡 = 𝑡 + 𝜋. 
Hence, the orbit extended to the whole period 𝑇 = 𝑚𝜋 via the action 
of 𝐺 is
𝑥̃(𝑡) = (𝑀𝑔)𝑙 ⋅ 𝑥(𝑡 − 𝑙𝜋) if 𝑡 ∈ [𝑙𝜋, (𝑙 + 1)𝜋]

and substituting into (A.1) we obtain

𝐴0 =
1
𝑚𝜋

𝑚−1
∑

𝑙=0
∫

(𝑙+1)𝜋

𝑙𝜋
𝑥̃(𝑡)𝑑𝑡 = 1

𝑚𝜋

𝑚−1
∑

𝑙=0
(𝑀𝑔)𝑙𝐼

𝐴𝑘 = 2
𝑚−1
∑

∫

(𝑙+1)𝜋
𝑥̃(𝑡) cos

( 2𝑘𝑡) 𝑑𝑡

𝑚𝜋 𝑙=0 𝑙𝜋 𝑚

11 
= 2
𝑚𝜋

𝑚−1
∑

𝑙=0
(𝑀𝑔)𝑙

[

𝑐2𝑘𝑙𝑚 (𝐼cos)2𝑘𝑚 − 𝑠2𝑘𝑙𝑚 (𝐼sin)2𝑘𝑚
]

𝐵𝑘 = 2
𝑚𝜋

𝑚−1
∑

𝑙=0
∫

(𝑙+1)𝜋

𝑙𝜋
𝑥̃(𝑡) sin( 2𝑘𝑡

𝑚
)𝑑𝑡

= 2
𝑚𝜋

𝑚−1
∑

𝑙=0
(𝑀𝑔)𝑙

[

𝑠2𝑘𝑙𝑚 (𝐼cos)2𝑘𝑚 + 𝑐2𝑘𝑙𝑚 (𝐼sin)2𝑘𝑚
]

.

Dihedral or brake action. If the action is dihedral or brake, 𝐺̄ = ⟨ℎ0, ℎ1⟩
with ℎ𝑖 such that 𝜏(ℎ0)𝑡 = −𝑡 and 𝜏(ℎ1)𝑡 = 2𝜋 − 𝑡. Defining 𝑔 = ℎ1ℎ0, its 
action on time is 𝜏(𝑔)𝑡 = 𝜏(ℎ1ℎ0)𝑡 = 𝜏(ℎ1)𝜏(ℎ0)𝑡 = 2𝜋 − (−𝑡) = 𝑡 + 2𝜋.

Hence we have

𝑥̃(𝑡) =

{

(𝑀𝑔)𝑙 ⋅ 𝑥(𝑡 − 2𝑙𝜋) 𝑡 ∈ [2𝑙𝜋, (2𝑙 + 1)𝜋]

(𝑀𝑔)𝑙𝑀ℎ1
⋅ 𝑥

(

(2𝑙 + 2)𝜋 − 𝑡
)

𝑡 ∈ [(2𝑙 + 1)𝜋, (2𝑙 + 2)𝜋]
𝑙 = 0,… , 𝑚 − 1

Substituting into (A.1) we obtain

𝐴0 =
1

2𝑚𝜋

𝑚−1
∑

𝑙=0
∫

2(𝑙+1)𝜋

2𝑙𝜋
𝑥̃(𝑡)𝑑𝑡 = 1

2𝑚𝜋

𝑚−1
∑

𝑙=0
(𝑀𝑔)𝑙

[

𝐼𝑑 +𝑀ℎ1

]

𝐼

𝐴𝑘 = 2
2𝑚𝜋

𝑚−1
∑

𝑙=0
∫

2(𝑙+1)𝜋

2𝑙𝜋
𝑥̃(𝑡) cos

(𝑘𝑡
𝑚

)

𝑑𝑡 =

= 1
𝑚𝜋

𝑚−1
∑

𝑙=0
(𝑀𝑔)𝑙

[

𝑐2𝑘𝑙𝑚 (𝐼cos)𝑘𝑚 − 𝑠2𝑘𝑙𝑚 (𝐼sin)𝑘𝑚

+𝑀ℎ1

(

𝑐2𝑘(𝑙+1)𝑚 (𝐼cos)𝑘𝑚 + 𝑠2𝑘(𝑙+1)𝑚 (𝐼sin)𝑘𝑚
)

]

𝐵𝑘 = 2
2𝑚𝜋

𝑚−1
∑

𝑙=0
∫

2(𝑙+1)𝜋

2𝑙𝜋
𝑥̃(𝑡) sin

(𝑘𝑡
𝑚

)

𝑑𝑡 =

= 1
𝑚𝜋

𝑚−1
∑

𝑙=0
(𝑀𝑔)𝑙

[

𝑠2𝑘𝑙𝑚 (𝐼cos)𝑘𝑚 + 𝑐2𝑘𝑙𝑚 (𝐼sin)𝑘𝑚

+𝑀ℎ1

(

𝑠2𝑘(𝑙+1)𝑚 (𝐼cos)𝑘𝑚 − 𝑐2𝑘(𝑙+1)𝑚 (𝐼sin)𝑘𝑚
)

]

Data availability

The data that support the findings of this study are available from 
the corresponding author upon reasonable request. They will deposited 
in a public repository after the end of the research project.
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