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Network dynamical systems are ubiquitous in science and engineering. The most basic property of a network dynamical
system is its size, which, for scalar dynamics, corresponds to the number of nodes. For linear network systems, recent
studies have developed reliable tools for inferring the size of the system from perceptible dynamics (measurements
of one or some of the network nodes) across multiple experiments. Here, we extend these tools to nonlinear network
systems by putting forward a model-agnostic approach that combines clustering techniques, detection matrices, and
spectral analysis. The theoretical premise of the algorithm is that, under mild assumptions, the variation between the
dynamics of some nodes across multiple measurements can be used to bound the variation between the dynamics of all
nodes across the same measurements. By applying clustering techniques on perceptible dynamics, we identify nearby
measurements, about which the variational dynamics are approximately linear and the use of the detection matrix is
valid. From the spectrum of the detection matrix, we infer its rank, which corresponds to the size of the nonlinear
network system. We demonstrate our approach via numerical experiments on different nonlinear network systems,
including different types of hypergraphs. Whether nonlinearity comes from individual dynamics of the nodes or the
interactions among them, it is rarely a feature that one can dismiss. Our work paves the way to infer the size of a

nonlinear network system when governing equations are unknown and only limited data are accessible.

Research on the inference of interactions between the
nodes of standard networks from their time-series is
booming. We possess a powerful toolbox for detecting the
strength and the direction of interactions, but for us to rely
on it we must be able to confidently dismiss the possibil-
ity of hidden dynamics plaguing the inference. For linear
network systems, there are ways to do that, but not for
nonlinear systems. Say that we study the competition of
two species in an ecological niche, how can we be sure that
there is not a third one that is competing with both? In
general, how can we tell the size of a nonlinear network
system from the measurements of accessible nodes? Here,
we provide a model-agnostic, theoretically grounded ap-
proach to address this open question. Our approach is
expected to provide backing to existing literature on the
inference of interactions between nodes of standard net-
works and open the door to research on the inference of
interactions in hyper-networks —a wide open and entic-
ing area of investigation.

I. INTRODUCTION

Two of the most fascinating problems in the history of sci-
ence suggest that insights about nature’s organization can be

drawn from limited empirical observations. The first comes
from Einstein’s celebrated work on Brownian motion.! By
studying trajectories of colloidal particles, Einstein was able
to provide strong evidence for the atomic theory of matter and
to estimate Avogadro’s number. What appeared as random
fluctuations turned out to reveal a universal constant, encapsu-
lating how macroscopic data can encode hidden microscopic
information. The second example comes from the seminal
work of Maxwell2, Boltzmann?, and other pioneers of statis-
tical mechanics, where ergodicity plays an important role®.
By tracking a single particle in a real gas in time, one can
infer the statistical properties of the entire ensemble, such as
the Maxwell-Boltzmann distribution. This demonstrates how
microscopic observations can translate into the macroscopic
laws governing a system.

These examples point to a broader, unifying question: to
what extent can we infer system-level dynamics from par-
tial, noisy, or indirect observations? Tackling such questions
lies at the heart of understanding network dynamical systems
and the hidden structures that govern them. Network dynam-
ical systems are a fundamental mathematical framework for
modeling a wide variety of natural and technological phe-
nomena that involve multiple interacting units, each one char-
acterized by internal dynamics and interactions with others.
Real-world internal dynamics and interactions are seldom lin-
ear. For instance, nonlinear network systems arise in neuro-



science, where interactions beyond simple pairwise coupling
shape brain functional networks>™’; in social systems, where
behaviors are governed by higher-order social ties, such as
collaborative networks®13: and in biological dynamics, where
nonlinear and higher-order processes influence the organiza-
tion of microbiomes!*'7. These multidisciplinary examples
motivate the need for rigorous tools to investigate nonlinear

network systems.

The most fundamental property of a network dynamical
system is the size, which corresponds to the number of nodes
in the case of scalar dynamics and, more in general, to the
number of degrees of freedom for vectorial dynamics. Ques-
tions about the inference of the size of a system from limited
measurements are pervasive in the natural sciences'®22. For
instance, is it possible to determine the number of interacting
species by observing the population trajectory of just a single
species over time? Or, can we infer how many planets are
in a system by observing the orbital motions of just a few of
them? Several studies have recently attempted to answer these
questions using different data-driven methods, including: i)
the assembly of representative matrices from time-series mea-
surements, whose rank reflects the size of the system19’20’23;
ii) probing the system with specific input signals to observe
its response'®; and iii) estimating the diffusion coefficients of
agents and relating them to the size of the collective?!.

Among these methods, the detection matrix has emerged as
a simple and reliable tool*3, which is built using time-series
from multiple measurements taken on one or multiple nodes.
For linear, deterministic dynamics, the rank of this matrix is
equal to the size of the system under mild assumptions; this
claim holds whether or not the dynamics are autonomous or
non-autonomous!®. In the case of stochastic dynamics, such
as Markov chains, one can construct a detection matrix that
captures the evolution of probability distributions. This ap-
proach allows for the identification of the correct number of
states in a Markov chain, even when some states are indistin-

guishable to the observer?*.

The detection matrix is conceptually related to the control-
theoretic notion of observability?>. Observability is a funda-
mental concept in control theory, as it connects a system’s
outputs to its internal states, determining whether those states
can be reconstructed from available measurements. A system
is said to be observable if all internal states can be estimated
from the output measurements. For linear systems, this con-
dition holds if and only if the rank of the so-called observabil-
ity matrix is equal to the dimension of the system. Porfiri!®
demonstrated that, under mild assumptions, the rank of the
detection matrix coincides with the rank of the observability
matrix. To date, the application of the detection matrix to the
nonlinear network systems remains limited and not fully un-
derstood. When it was first introduced by Haehne et al.?3, the
method was successfully tested on periodic and chaotic oscil-
lators through linearization in the phase space. The idea is
to focus on a specific point in the phase space and examine
the variation of nearby trajectories, which should be well de-
scribed by linear dynamics. Although numerical results are
promising, a theoretical guarantee is still lacking.

In this paper, we aim to address this gap by developing

an algorithm that integrates concepts from nonlinear system
theory and control theory to support the reliable use of the
detection matrix for nonlinear network systems. We seek to
infer the size of a nonlinear network system, in which non-
linearities may arise from internal dynamics or interactions.
We are particularly keen towards hypergraph-based interac-
tions, extending dyadic models that have dominated the lit-
erature on the inference of system size!3-20-23:2426.27  Hy._
pergraphs are a generalization of standard graphs that allow
edges to connect more than two nodes simultaneously. In a
standard graph, an edge encodes an interaction between ex-
actly two nodes. In contrast, a hyperedge in a hypergraph can
link a set of nodes, capturing interactions that involve multi-
ple participants at once. This framework is well suited to de-
scribe collective phenomena where outcomes depend on the
joint state of several entities rather than pairwise relationships
alone. Hypergraph-based models have recently attracted sig-
nificant attention in the statistical physics, network science,
and control communities'3?8-38 as they capture the complex-
ity of real-world systems far more accurately than their dyadic
counterparts. For example, in ecological systems, interactions
often involve three or more species competing for shared re-
sources or territory, while in social systems, collaboration net-
works frequently extend beyond pairwise relationships —such
as in multi-author scientific publications, where a single paper
may connect several researchers at once.

Toward achieving our objective, we establish a theoreti-
cal result that allows for bounding the distance between the
state of a nonlinear system to a reference state using infor-
mation only about the system output. Building on this re-
sult, we develop an algorithm that combines clustering tech-
niques, detection matrices, and spectral analysis to infer the
size of a nonlinear network system. For network systems
with dense interactions, numerical experiments indicate that
observing time-series from a single node may suffice to es-
timate the global network size precisely. Sparser networks
require knowledge of more nodes, as one might expect. A key
advantage of the proposed method lies in its model-agnostic
nature, as it requires no assumptions about the underlying dy-
namics governing the system, making it broadly applicable to
real-world settings where a mathematical model may not have
been yet developed.

In summary, this paper contributes to the identification of
the size of nonlinear network systems along two main direc-
tions. First, we establish a theoretical result that connects
measurements at a single node —or, more generally, at a sub-
set of nodes— to global state identification. Second, building
on such a theoretical result, we propose a model-agnostic al-
gorithm that estimates the network size from time-series of a
subset of nodes by clustering nearby trajectories and building
the detection matrix from the linearized dynamics.

The rest of the paper is organized as follows. Section II
introduces the theoretical foundations required for the subse-
quent development of our method, which is detailed in Section
III. Section IV presents numerical results on standard graphs
and hypergraphs. Finally, conclusions are drawn in Section V.



Il. THEORY
A. Notation

We use the following notation. We denote real numbers as
R and, given a positive integer N, we denote as RY the N-
dimensional Euclidean vector space. The 2-norm of vector
u € RN is |lul| := Vu'u, with T indicating vector and ma-
trix transposition. Given a real matrix M, ||M|| denotes the
induced 2-norm, ||M|| := \/p(M M), where p(M M) is the
spectral radius (the largest eigenvalue in magnitude). Given an
m-dimensional, time-dependent vector v(z), v: [to,T] — R™,
its L? norm on Q := [t9, T

T
IVllp2 = / Iv(z)[2dr, (1)

where 7y and T denote the beginning and end of an observation
throughout the paper.

B. Linearization and observability

We deal with nonlinear dynamical systems in the following
form:

() = F(x(1)), (2a)
y(t) = h(x(t)), (2b)

where x(t) € RY is the state and y(¢) € R" is the output, Vt €
Q. The nonlinear vector fields F: RY — RN and h: RN — R”
are assumed to be differentiable functions on their domain®.

A widely used technique to analyze the dynamics of a non-
linear system is to linearize about a nominal trajectory x*(t),
thereby mapping the dynamics onto a linear time-varying
(LTV) system*’. We define the variation from the nominal
trajectory as O,(¢) := x(¢) —x*(¢), and the variation of the out-
put as &,(r) = y(t) — y*(¢), where y*(t) = h(x*(1)).

Nonlinear system (2) is locally approximated about the
nominal trajectory x*(¢) by LTV system

8(t) = A(t)8,(1), (32)
Oy(t) = C(1)6:(2), (3b)

where A : Q :— R¥*N is the Jacobian matrix, A(t) =

% , and C: Q — R™V the output matrix, C(t) =
(1)

x*(t

% 0 In practical applications, we typically measure
x*(t

some of the network dynamical systems, so that function &

in (2) is linear and the corresponding output matrix C is com-

posed of zeros and ones —the latter corresponding to what we

call perceptible dynamics.

The solution of linear system (3) is

Ox(1) = @(1,19) O (19), )

where the state transition matrix ® : Q x Q — RV*N is com-
puted from

2 w(1.10) = AW, 10). (52
D(to,t0) =1, (5b)

with I being the identity matrix. The solution of (5) is written
in the form of Neumann series*!, which corresponds to the
Dyson expansion in quantum physics and to the Peano—Baker
series in control theory42,

1 1 T
®(1,10) = I+ A(T)dr—i—/ A(T)A(D)d5dn + ..
19 J1o

fo
(6)
Consequently, the output can be expressed as

0y(t) = C(1)P(t,t0) x(to)- (7

Upon linearization, the system can be locally approximated
by an LTV model, which allows us to apply classical concepts
from linear systems theory. A system is said to be observable
if one can uniquely reconstruct the initial state from the output
over that window*?. Observability can be analyzed through
the observability Gramian

W (ty,T) = ! O (1,10)CT (1) C(t) D(1,00)dr.  (8)

fo

The system is said to be observable in Q if and only if the
symmetric matrix W (t9,T) is positive definite*?; this condi-
tion ensures that no nontrivial initial state can generate identi-
cally zero output.

A slightly weaker notion of observability is structural ob-
servability*®. For linear systems, structural observability de-
pends on the sparsity pattern of the state transition matrix
rather than on the specific numerical values of its entries**
—the locations of zero and nonzero (fixed but otherwise ar-
bitrary) entries. A system is said to be structurally observ-
able if it is observable for almost all numerical assignments
of the nonzero entries of the transition matrix. In particu-
lar, a fully connected system —one whose transition matrix
has all entries nonzero— is structurally observable®>. Intu-
itively, this is because information can propagate between any
state variable and any potential sensor node. In what follows,
we assume that the systems under consideration are observ-
able. This assumption is reasonable, as the networks we study
are connected, their coefficients are drawn randomly —as op-
posed to specific value that might hinder observability**—
and self-loops are present —avoiding dynamics unfolding in

low-dimensional space*©.

C. Bounding the internal state from the output

We consider nonlinear system (2), along with its linearized
form (3), and we make the following assumptions.
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Assumption 1. Matrix function A is piecewise continuous in
Q, so that

o :=esssup ||[A(7)]| 9

T€(t,T]
is well defined and Peano—Baker series (6) satisfies*’
|@(t1,0)] < ea(t17t2)7 Vit > 1. 10)
Assumption 2. Output matrix C(t) is piecewise continuous
in Q.
Assumption 3. Observability Gramian matrix (8) is positive
definite.

Theorem 1. Consider nonlinear system (2), whose lineariza-
tion about a nominal trajectory yields LTV system (3). Under
Assumptions 1-3, we have

ea<[7t0)
0:()]| < ﬁ”a}’HLD (11
where Amin is the smallest eigenvalue of W (to,T).

Proof. Recalling (4) and (7), we connect the L? norm of out-
put J,, to initial condition &c(f9) through the observability
Gramian,

812 = [ C@(E0)80) cloe(m0)5 )z

— (¢ )T< " o(r.10)TC(r) T C()D(n.1 )dr>6 (10)
x\t0 »10 510 x\t0

fo

=8.(to) "W (10, T)x(10). (12)

Since the Gramian is symmetric and positive definite, all the
eigenvalues are positive and Rayleigh’s quotient is bounded
by the smallest eigenvalue“, that is,

2 W(to,1)z
2
B

Combining (12) and (13) with z = 8,(#p), we bound the initial
condition of the entire state using the L> norm of the output,

5],
Vﬂ'min

> Amin, VZERN. (13)

[18<(t0) | < (14)

Next, we relate the initial condition of the state with the
state at any time in Q. Specifically, by applying Cauchy-
Schwartz inequality and using the submultiplicativity of the

norm?*2, we establish

w <A@ @), (15)

which, upon integration from #; to ¢, yields

[16x(1) [ < 1|8 (t0) +/t0t lA(D)l[é(e)][dz. (16)

I I
—— Upper bound
80 I Exact
= 60 [~ n
S
B
~
= 40 n
1
20 n
0 |- .
| | | | | |
0 0.2 0.4 0.6 0.8 1

FIG. 1. Dynamics of Example 1. The red-shaded region represents
the upper bound derived from Theorem 1, while the blue curve de-
picts the exact analytical solution of the system.

By using Gronwall-Bellman inequality*? and Assumption 1,
we obtain

18:() | < [ 8:(0) [ €# ). 17

To prove the claim, we bound the norm of the initial condi-
tion in (17) using (14). O]

The bound in (11) depends on the smallest eigenvalue of
the observability Gramian, Apiy, and the intrinsic system dy-
namics, encapsulated by a. The smaller Ay, (the larger ),
the looser the bound.

We comment that the linearized dynamics in (3) and the
associated transition matrix are linked to the variational equa-
tions commonly used in dynamical system theory*3+°, espe-
cially their asymptotics, which are used to estimate Lyapunov
exponents for chaotic systems®’. Here, instead, we leverage
the transient information encoded in the transition matrix to
assess the system’s observability and infer its size.

Example 1. We consider LTV system

X(1) =A@)x(),  y(t) =Cx(r), (18)
with
r+1 -1
A—{l r+1]’ c=1[10]. (19)
The state-transition matrix is given by
2_s2 cosh(r — —sinh(z —
Pt,s)=e 2 "0 . M =) (20)
—sinh(r —s) cosh(z —s)
The system is observable over [0, 1], as Gramian
9.66 —6.17
w1 = {—6.17 4.15 ] b



is positive definite with Ayin = 0.144. We can calculate bound
in Theorem 1, by noting that o = 3; see Fig. 1 for a compari-
son between the evolution of the state norm and the theoretical
bound.

im. METHODOLOGY

Here, we describe our methodology to infer the size of a
nonlinear network system from perceptible dynamics (Algo-
rithm 1), illustrated in Fig. 2. We assume we have access to
M independent measurements, which may come from multi-
ple experiments in which the researcher can initiate the dy-
namics from different initial conditions, or a single one in
which they partition a longer observation into shorter seg-
ments?27. Each measurement consists of the discrete-time
recording of the output of a subset of n nodes at S sampling
times, all contiguous in time, which we denote as {y(*)(;)},
fornodesi=1,...,n, experiments £ = 1,..., M, and sampling
times f1,...,ts. In the rest of the paper, we assume that the
output of the generic i-th node at time #; is a scalar quantity,
ylirb) (tj) € R. This allows us to maintain a simple notation
without loss in generality. In fact, one can deal with vectorial
nodal outputs by simply considering each entry as a distinct
duplicate of the same node, ultimately obtaining an estimate
of the number of degrees of freedom in the system; see, for
instance, Celli and Porfiri 2 for linear systems.

The first step of our approach consists in the partition of the
M measurements into K clusters of nearby dynamics. Based
on Theorem 1, one can argue that two measurements with
close perceptible dynamics will also have nearby evolution
of the internal state of the network system. Hence, measure-
ments within a cluster can be viewed as variations around a
nominal trajectory, described by a linearized model that can
be studied using a detection matrix. In particular, we ap-
ply the standard K-means algorithm to minimize the objective

function Y5 Yyep Y- Z}s:l yE0(t;) — ,u,f’j|2 over the set
of clusters % = {#,..., %}, where ,ulgli € R is the mean of

y(0(¢;)’s over the measurements £ € %! (see Line 1 of Al-
gorithm 1). A relatively small value of K is preferred to avoid
artificially shrinking the intra-cluster distance. When dealing
with a broad range of initial conditions and a larger ensemble
of measurements, one may consider increasing K to refine the
local characterization of the dynamics. If a cluster contains
less than S+ 1 measurements, we discard it from the analysis,
so that we work with the K clusters that have at least S+ 1
measurements, % (see Line 2 of Algorithm 1).

The second step is to construct a detection matrix for
each cluster. Given our ultimate goal of aggregating infer-
ences from all the detection matrices into a single estimate,
we proceed as follows. If the cluster contains more than
S + 1 measurements, we prune the cluster to S+ 1 mea-
surements by eliminating the measurements that are the fur-
thest away from the mean over the length of the measure-
ment. In particular, for each trajectory ¢ € %, we compute

d =y, ):}9,:1 @0 (2;) — ,ulgl;|2 and eliminate trajectories

with the largest values of d(¥) (see Lines 4—5 of Algorithm 1).
For notational convenience, we assume that trajectories are
ordered so that the closest to the mean are the first S+ 1.

The third step is to identify the trajectory that is the clos-
est to the mean in each of the retained and pruned clusters,
that is, the trajectory with the smallest d(©). Such a trajec-
tory is regarded as the nominal trajectory for cluster %, de-
noted as J, and it is used to define the variational dynamics
within the cluster at each time-step ¢;, j = 1,...,S, denoted

as 8y\)(;) € R", which is a vector whose generic i-th entry
is equal to the difference y(/)(z;) — yA,(:) (tj) (see Line 6 of Al-
gorithm 1). We do not use the centroid itself as the nominal
trajectory because, in nonlinear systems, superposition prin-
ciple does not hold. Consequently, cluster centroids generally
do not satisfy the system dynamics and cannot serve as valid
nominal trajectories.

The fourth step entails the assembly of the detection ma-
trix'%%3 of cluster % (see Line 7 of Algorithm 1)

Fi=|"" T )

Columns encode the temporal evolution of distinct trajecto-
ries, while rows represent time across trajectories.

Then, we estimate the rank of the detection matrix (see
Line 8 of Algorithm 1), which for observable LT Vs, is equal
to the size of the system'®. To estimate the rank, we fol-
low the method proposed in Haehne et al. 23 which identifies
the rank as the index of the largest gap in the ordered sin-
gular value spectrum, computed on the logarithmic scale as
As; = log(o;) —log(0s41), for s € {1,...,5 — 1}. The spectral
gap allows for separating large singular values associated with
system dynamics from small ones those due to the linear ap-
proximation and noise (see Lines 8-9 of Algorithm 1).

Finally, the size of the nonlinear network system is esti-
mated as the average rank over the different clusters N (see
Line 11 of Algorithm 1).
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—— Cluster 1
—— Cluster 2
—— Cluster 3

(a) (b)

FIG. 2. Schematic illustration of our approach. (a) Network of N = 6 nodes, where one node (red point) is accessible. (b) Time-series of
the perceptible dynamics, from different initial conditions. (c) Trajectories are clustered in three groups; different colors are associated with
different clusters. A detection matrix is assembled for each cluster to solve the inference problem.

Algorithm 1 Network size estimation

Require: Nonlinear system (black box), n accessible nodes, M mea-
surements, S recordings per measurement
Ensure: Estimated system size N
1: Apply K-means clustering at each time-step to partition the set
of measurements into K clusters.
2: Remove clusters with less than S+ 1 elements, keeping K clus-
ters, termed {%], ... ,JJAK}
for each cluster k= 1,...,K do
Compute d) = ¥ Y3, [y“0 (z)) — ')
Select the S+ 1 nearest trajectories to the cluster mean
Select the nominal trajectory ¥ as the trajectory that is clos-
est to the cluster mean.
Construct the detection matrix 7 using (22).
Compute singular value decomposition
9: Identify largest spectral gap and draw the size estimate for
the cluster, Nk
10: end for
11: Compute estimate N = %szl Ny

‘ 2

A

IV. RESULTS

Here, we demonstrate the proposed method by performing
a series of numerical experiments on different classes of non-
linear network systems. The aim is threefold. First, we ver-
ify the accuracy of the estimated system size with respect to
the true dimension. Second, we evaluate the robustness of the
method against parameter changes. Third, we demonstrate the
applicability of the approach across different model systems,
including hypergraph-based systems.

A. Model systems

A hypergraph H = (V,E) is a generalization of a standard
graph where V = {1,...,N} is the set of nodes and E is the
set of hyperedges, each of which can connect any number of
vertices. A k-uniform hypergraph is a special case where each
and every hyperedge contains exactly k vertices. In a compact

form, hyperedges can be represented by a family of adjacency
tensors A(”>, p =2,3,..., which determine which p-tuple of

nodes are connected. In other words, the entry al(fk) ¢ of AP)
is non-zero if the p-tuple {i, j,k,..., ¢} is connected by an hy-
peredge, and its magnitude determines the strength of such a
connection. Standard graphs can be interpreted as 2-uniform
hypergraphs, where the adjacency tensors reduce to the stan-
dard adjacency matrix. Assuming scalar dynamics for each

node, we write38
N

() =) + Y aly B (xi(e), (1)

J=1

N
3
+ X a0, 0,0 0) + ., @3)
Jk=1
fori=1,...,N, where f; describes the intrinsic dynamics of

node i. Interaction function 4(P) captures the functional form
through which multiple nodes belonging to a hyperedge col-
lectively influence each other. We consider four representative
instances of (23) that illustrate different structural and dynam-
ical features.

Example 2 (Linear hyperchain). In the linear hyperchain, a
system of N nodes evolves according to linear internal dynam-
ics (fi(x;) = aix;) and nearest-neighbor interactions. We con-
sider a third-order hyperchain, where each node interacts with
the node before and after, except for the first node that interacts
with the second and third and the last one that interacts with
the second and third last. Hence, the dynamics of each node de-
pend only on the states of its neighbors along a chain, yielding
the following equations:

41() = arxi 1) + a3 3 (s (1),
xi(t) = Cl,'x,'(l) ‘5‘%@1 i,i+1xi—1<t)xi+l(t)a i=2,...,N—1,

sin (1) = anx (1) +ay y - o2 (-1 (1),
- (24)
This simple topology allows us to test the performance of the
algorithm in a setting where the interaction pattern is minimal
and local. Note that, while the internal dynamics is linear,
nonlinearities arise from the coupling terms.
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(a) Linear hyperchain (b) Linear hypercycle

(c) LW 3-4 complete hypergraph (d) Quadratic standard graph

FIG. 3. Inference of network size from measurements at single node. For each model (a—d), a marker represents the mean estimate across 100
independent realizations; vertical error bars indicate one standard deviation. The bisectrix (dashed gray) serves as a visual reference of perfect
inference. In the inferences, we use M = 1,000 trajectories, K = 2 clusters, and (a,b) S = 25 or (c¢,d), S = 30 time-steps. Measured nodes are

marked in red.

Example 3 (Linear hypercycle). A closely related model to
the hyperchain is the hypercycle, obtained by imposing periodic
boundary conditions to the linear hyperchain. In this case, the
last node is coupled again to the first one, resulting in a cyclic
structure. The hypercycle provides a slightly more complex
confiquration than the hyperchain, as it introduces long-range
coupling through the closure of the loop, while still maintain-
ing a reqular and homogeneous topology. The evolution of the
system over time is described by the following ordinary differ-
ential equation:

%(t) = aix;(t) +ag)17,-7,4+1x1‘+1(1)xi71 (t), i=1,....N,
(25)
where cyclic boundary conditions are applied, that is, N =0
and N+1=1.

Example 4 (Linear weighted 3-4 complete hypergraph). In
this example, we focus on interactions of order three and four,
corresponding to three-body and four-body terms, respectively,

N
Xi(t) = axi(t +Zaljkxf )+ ), a z]klxj k(0)x:(2).

Jik=1 JikI=1
(26)
This model captures more intricate dependencies than the pre-
vious ones, since higher-order terms requlate how groups of
three nodes collectively influence one another. It is particu-
larly suitable for testing the capacity of the method to handle
higher-order interactions.

Example 5 (Quadratic standard graph). Finally, we investi-
gate a scenario where the nodes interact over a standard graph
—only interactions of order two are present— but internal dy-
namics and coupling terms feature quadratic terms. We re-
write the dynamics using coefficients a;; and b, j, which are the
matrix entries of matrices A and B, to capture quadratic and
linear couplings between node i and node j, respectively (the
terms aj;; and b;; capture the corresponding terms in the inter-
nal dynamics). Matrix A weights the local quadratic terms
x? and is chosen to be diagonal with strictly negative entries,
thereby inducing dissipative nonlinear self-dynamics at each
node. Matrix B encapsulates the linear coupling among nodes

and is symmetric and negative definite, ensuring the stability
of linear dynamics. Ultimately, we write the following equa-
tion set:

N
1))=Y aijxj(
j=1

This example is representative of nonlinear network systems
based on standard dyadic interactions between the nodes.

N
02+ Y bixi(t), i=1,...,N. (@27
j=1

Together, these four classes of models span a spectrum of
structural complexity, from simple chains to fully connected
higher-order hypergraphs, providing a comprehensive bench-
mark for the proposed method.

B. Inference from a single node

To gather statistical insight, we work with 100 re-
alizations of the model systems. For the hyperchain
(Example 2), a; and a;; are sampled uniformly at random in
{-1,-0.9,-0.8} and {-5.5,-5.0,—4.5, 4.5, 5.0, 5.5},
respectively.  For the hypercycle (Example 3), a@; and
a;i—1,;+1 are sampled uniformly at random in {—1.8,—1.7}
and {—4.5,-4.0,—3.5,3.5,4.0,4.5}, respectively. For
the linear weighted (LW) 3-4 complete hypergraph
(Example 4), a; is sampled uniformly at random in
{-0.05,-0.04,-0.03,—0.02}, while a;j; and a;j; are sam-
pled uniformly at random in {—0.005, —0.002,0.005,0.002}.
For the quadratic standard graph (Example 5), A is a diagonal
matrix with each entry sampled uniformly at random in
{~1.5,-0.5} and B = —(M"M + ul), with the each entry
of matrix M sampled from a normally distributed random
variable with 0 mean and unit variance, and y = 0.5, in order
to have a negative definite matrix. The initial conditions are
sampled uniformly at random in [0.5 —107>,0.5 4+ 107°].
Without loss of generality, node 1 is the accessible one. Each
trajectory is simulated for a time interval of unit length and
sampled with a uniform spacing, unless differently specified.

In agreement with our intuition, measurements from a sin-
gle node are sufficient to accurately infer the size of a nonlin-
ear network system of a small size (Fig. 3). Across multiple
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we use M = 1,000 trajectories, K = 2 clusters, and (a,b) § = 25 or (c,d), 30 time-steps. Two sets of experiments are performed with different

ranges of initial conditions: for Experiment 1 (first row), initial states
(second row) they are uniformly sampled in [0.5 — 1072,0.5+ 10’2].

model systems, we demonstrate the possibility of inferring the
system size for networks with less than 10 nodes. Whether the
nonlinearity is due to the interaction, as in a hypergraph-based
model, or in the internal dynamics, as in the standard graph,
our methodology yields accurate predictions of the system
size. As the network size increases past 10 nodes, consistent
recovery from a single-node measurement is only possible for
complete hypergraphs. In this case, any node contains a sig-
nificant footprint of the whole network, thereby enriching the
information contained in the detection matrix.

C. Inference from multiple nodes

The setup for the simulation is equivalent to the one pre-
sented above, with the main difference being that more than
one node are accessible. Without loss of generality, we as-
sume that the first n/N nodes are accessible. Also different
from the analysis above, we consider two sets of initial condi-
tions: sampling at random in [0.5— 107, 0.5+ 107> ] (Exper-
iment 1) and sampling at random in [0.5 — 1072, 0.5+ 1072]
(Experiment 2).

Measuring more than one node opens the door for accurate
inferences of larger systems (Fig. 4). In agreement with our
intuition, size recovery improves in a nearly monotonic fash-
ion as the number of measured nodes increases. The more
information is collected from the network, the closer is our
estimate to the true system size. Across model systems, mea-
surements of about a half of the network nodes seem to be
sufficient to exactly determine the system size. Yet, for dense
networks, such as complete hypergraphs or quadratic standard

are uniformly sampled in [0.5 — 107, 0.5 4 107>], for Experiment 2
Insets show the corresponding interaction topologies.

graphs, even 10% of the nodes are sufficient to achieve exact
size recovery. In contrast, for sparse topologies such as chains
or cycles, a larger number of measured nodes is required be-
fore the system size can be reliably identified. These results
highlight how the structural properties of a network influence
the amount of information that shall be sampled in order to
achieve accurate inference.

These conclusions are fairly robust to changes in the range
of the initial conditions (Fig. 4). Widening the initial con-
ditions by three orders of magnitude yields some reductions
in the accuracy of the inference. Specifically, for the linear
hyperchain and the linear hypercycle, one needs to increase
the fraction of accessible nodes to 80% to attain perfect in-
ference. With respect to the LW 3-4 complete hypergraph
and the quadratic standard graph, performance deteriorates
marginally. In these cases, 15% of the network nodes are
needed for a perfect inference, offering promise for the ap-
plication of the methodology beyond synthetic data.

D. Robustness analysis

To demonstrate the dependence of our findings with re-
spect to the parameters of the algorithms, we perform ad-
ditional simulations on the most challenging case examined
above (Fig. 4a), namely, the linear hyperchain in Experiment
2. We individually vary (doubling) the number of time-steps
S, the number of trajectories M, and the number of clus-
ters K compared to the case in in Figure 4. Overall, we do
not unveil a critical effect of S and M (Figs. 5a-5b), warn-
ing prudence against embarking in higher computational costs



with longer time-series or more measurements. Increasing the
number of clusters K to four seems to have a more beneficial
effect, whereby we attain nearly perfect inference by measur-
ing about 70% of the network, instead of the 80% mark re-
quired when using two clusters (Fig. 5c). This evidence is in
line with our intuition that a small number of clusters may be
inadequate to describe dynamics with wider initial conditions.

We also test the performance of our algorithm on a larger
network. Specifically, we consider a network with N = 100
nodes, and we repeat the analysis performed in Section IV C
for the quadratic standard graph (Example 5). Our results
(Fig. 6), are consistent with our findings for smaller networks
in Fig. 4d, suggesting that our algorithm can also be applied
to larger networks. In fact, our numerical simulations (Fig. 6)
reveal that it is enough to access 17% of the nodes to obtain
the correct estimate of the network size N.

Finally, we test the robustness of our method with respect
to the presence of noise in the measurements. Specifically, we
consider the scenario of the linear hyperchain in Experiment 1
(Fig. 4a, top row), and simulate an additive Gaussian noise on
the measurement. Specifically, each measurement y(/)(¢;) is
defined as the sum of the value of the output of node i at time
t; in experiment £ and the realization of a Gaussian with 0
mean and different standard deviations, each realization in-
dependent of the others. For our analysis, we consider three
different values of standard deviation, defined in relative terms
with respect to the average value of the state, denoted as &.).
Our results (Fig. 7), suggest that our method is robust with
respect to small-to-medium levels of noise. For noise with
relative standard deviation &) < 1% with respect to the value
of the state, the results obtained are almost indistinguishable
from those obtained in the absence of noise, with a visible but
slight worsening of the inference quality when & = 1%. Im-
portantly, the algorithm does not seem to tend to overestimate
the network size.

V. CONCLUSION

Recent years have seen a surge of methodologies to esti-
mate the size of a network dynamical system from perceptible
dynamics'3-2426-27  Most of the research has focused on lin-
ear network systems, hindering application to real-world sys-
tems where nonlinearities arise from internal dynamics and
coupling. The latter case is one that is becoming more and
more timely, as hypergraphs are gaining traction!3-22.28-38,
To address this methodological gap, we put forward a novel
methodology that leverages time-series from accessible nodes
across multiple experiments.

Our approach unfolds in a sequence of algorithmic steps,
which start from clustering analysis of available trajectories
to inform the identification of close-by dynamics for the entire
state. For each cluster, we construct a detection matrix, encod-
ing the evolution of the variational dynamics about the cluster
mean trajectory. By computing the rank of all the detection
matrices, we estimate the size of the system. Knowledge of
a single network node is sufficient to determine the size of
dense networks, where the dynamics of each node contains a

footprint of the entire network. For sparse networks, instead,
one may need to rely on a more complete knowledge of the
system dynamics, unless the network contains less than ten
nodes.

The main limitations of our work are its reliance on the
observability of the nonlinear network systems —a property
that is not universal to all network systems. For example,
structured networks without self-loops may fail to display
observability>>>3. Beyond the relaxation of the assumption
of observability, several extensions are promising. First, an
exact quantification of the role of network density on the al-
gorithm success is lacking. While we numerically document a
difference between sparse and dense networks, we lack a the-
oretical lens to examine such a difference. Second, our val-
idation focuses on non-divergent dynamics and to a limited
set of parameters. Performing an extensive numerical para-
metric study as well as further simulations on other scenarios
—including vectorial dynamics— is an important direction of
future research. Third, we presently rely on a the mean rank
of the detection matrix across clusters; it is tenable that further
insight could be gathered by examining the variations across
clusters, especially when dealing with experimental trajecto-
ries that are best described by several clusters. Fourth, the
algorithm assumes deterministic dynamics, while numerical
simulations suggest that the proposed method is robust with
respect to small-to-medium levels of noise. Formally extend-
ing the approach to account for stochasticity in the form of
added noise or network dynamics is an important area of re-
search.

In conclusion, this work opens a pathway to model-agnostic
inference of hidden dynamics in nonlinear networked dynam-
ics. Without prior knowledge of governing equations, our ap-
proach promises wide applications in science and engineering.
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