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 a b s t r a c t

Advancements in composite manufacturing have enabled innovative design strategies to enhance 
stress distribution, stiffness, and overall performance of composite structures. However, uncer-
tainties related to material variability, load fluctuations, and manufacturing defects continue to 
pose serious challenges for structural reliability and early failure prediction. This study presents 
a novel multi-fidelity probabilistic framework for analyzing composite laminates under uncer-
tainties. The methodology integrates low- and high-fidelity structural theories generated via the 
Carrera Unified Formulation (CUF). An adaptive Gaussian Process Regression (GPR) model is em-
ployed to construct a probabilistic surrogate that selectively uses high-fidelity theories only where 
needed, based on uncertainty-driven learning. Compared to conventional Monte Carlo Simula-
tions (MCS) based entirely on high-fidelity models, the proposed framework achieves comparable 
accuracy, with 𝑅2 > 0.99 and nRMSE < 1%, while reducing the computational cost by a factor of 
two to ten. Convergence is obtained with only 20–300 high-fidelity simulations, against 400–800 
required by the reference benchmark. The approach is applied to a composite plate, a free-edge 
laminate, and an open-hole configuration, where the adaptive multi-fidelity model accurately 
captures through-thickness stresses and failure indices.

1.  Introduction

Composite materials are widely utilized in aerospace structures due to their high strength-to-weight ratio, tailoring capabilities, 
and reliable mechanical performance under demanding loading conditions [1,2]. Although significant progress has been made in both 
research and industrial practice, the understanding of failure mechanisms in composites remains incomplete, particularly under un-
certainties and progressive damage scenarios [3,4]. In these cases, predicting the probability of failure becomes particularly complex, 
forcing designers to use conservative safety factors [5,6], which diminishes the advantages of using composites as the final structures 
are penalised by excessive weight. Additionally, the inherent multiscale nature of these structures means that complex interactions 
at lower scales influence the structural response at the macroscale. This renders them particularly sensitive to uncertainties and their 
propagation across different scales (see [7–9]). Likewise, the use of automated techniques, such as Automated Fiber Placement (AFP), 
Automated Tape Laying (ATL), and Continuous Tow Shearing (CTS), can lead to manufacturing defects, which introduce uncertain-
ties in their characterization ([10–12]). Defects include voids [13], resin-rich regions [14], ply waviness [15], fiber misalignments 
[16], and spatially varying fiber volume fractions [17], all of which can significantly alter local stiffness and strength, leading to 
unanticipated failure modes.
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$^{2}$


$R^2 > 0.99$


$\mathrm {nRMSE} < 1\%$


$F_\tau (z)$


$\mathbf {u}_{\tau }$


$x\,-\,y$


\begin {equation}\mathbf {u}(x,y,z) = F_{\tau }(z)\mathbf {u}_{\tau }(x,y) \hspace {2em} \tau = 1,\ldots ,M \label {eq:eqcuf}\end {equation}


$\tau $


$M$


$z$


\begin {equation}\begin {cases} u(x,y,z) = u_0(x,y) + u_1(x,y) \cdot z + u_2(x,y) \cdot z^2 \\ v(x,y,z) = v_0(x,y) + v_1(x,y) \cdot z + v_2(x,y) \cdot z^2 \\ w(x,y,z) = w_0(x,y) + w_1(x,y) \cdot z + w_2(x,y) \cdot z^2 \end {cases} \label {Xeqn2-2}\end {equation}


\begin {equation}\label {eq:LEthirdorder} \begin {cases} u(x,y,z) = u_1(x,y)\,F_1(z) + u_2(x,y)\,F_2(z) + u_3(x,y)\,F_3(z) + u_4(x,y)\,F_4(z),\\[6pt] v(x,y,z) = v_1(x,y)\,F_1(z) + v_2(x,y)\,F_2(z) + v_3(x,y)\,F_3(z) + v_4(x,y)\,F_4(z),\\[6pt] w(x,y,z) = w_1(x,y)\,F_1(z) + w_2(x,y)\,F_2(z) + w_3(x,y)\,F_3(z) + w_4(x,y)\,F_4(z), \end {cases}\end {equation}


$\xi $


$-1$


$+1$


\begin {equation}\label {eq:LEshapefunctions} \begin {cases} F_1(\xi ) = -\frac {9}{16}\,\bigl (\xi + \tfrac {1}{3}\bigr )\,\bigl (\xi - \tfrac {1}{3}\bigr )\,(\xi - 1), & \xi _1 = -1, \\[5pt] F_2(\xi ) = \frac {27}{16}\,(\xi - 1)\,\bigl (\xi - \tfrac {1}{3}\bigr )\,(\xi + 1), & \xi _2 = -\tfrac {1}{3},\\[5pt] F_3(\xi ) = -\frac {27}{16}\,(\xi + 1)\,\bigl (\xi + \tfrac {1}{3}\bigr )\,(\xi - 1), & \xi _3 = \tfrac {1}{3},\\[5pt] F_4(\xi ) = \frac {9}{16}\,\bigl (\xi + \tfrac {1}{3}\bigr )\,(\xi - 1)\,\bigl (\xi - \tfrac {1}{3}\bigr ), & \xi _4 = 1. \end {cases}\end {equation}


$n$


$n$


$n$


$X$


$n$


$X$


$n$


\begin {equation}\mathbf {u}(x,y,z) = N_{i}(x,y)F_{\tau }(z)\textbf {q}_{\tau i} \hspace {1em} i = 1, \ldots , N_n \hspace {1em} \tau = 1, \ldots , M \label {eq:eqcuf2}\end {equation}


$\textbf {q}_{\tau i}$


$N_n$


$N_i(x,y)$


\begin {equation}\delta \mathcal {L}_{int} = \delta \mathcal {L}_{ext} \label {eq:lavorivirt}\end {equation}


\begin {equation}\delta \mathcal {L}_{int} = \int _V\delta \bm {\epsilon }^{T}\bm {\sigma } dV \label {eq:lavoroint}\end {equation}


$\mathbf {P}_S$


$\mathbf {P}_l$


$\mathbf {P}$


\begin {equation}\delta \mathcal {L}_{ext} = \int _S\delta \mathbf {u}^T\mathbf {P}_S dS + \int _l\delta \mathbf {u}^T \mathbf {P}_l dl + \delta \mathbf {u}^T \mathbf {P} \label {eq:lavoroext}\end {equation}


$\bm {\sigma }=\mathbf {C}\bm {\varepsilon }$


\begin {equation}\delta \mathcal {L}_{int} = \delta \mathbf {q}_{sj}^T \left [\int _V \mathbf {D}^T(N_jF_s) \mathbf {\widetilde {C}} \mathbf {D}(N_iF_{\tau }) \, dV \right ] \mathbf {q}_{\tau i} = \delta \mathbf {q}_{sj}^T \mathbf {k}^{ij\tau s} \mathbf {q}_{\tau i} \label {Xeqn9-9}\end {equation}


$\mathbf {k}^{ij\tau s}$


$3 \times 3$


$N_i(x,y)$


$F_\tau (z)$


$\mathbf {D(\cdot )}$


$\mathbf {\widetilde {C}}$


$\mathbf {T}$


$\mathbf {\widetilde {C}}$


$\mathbf {\widetilde {C}} = \mathbf {T} \mathbf {C} \mathbf {T}^T$


$\boldsymbol {K}$


$i$


$j$


$\tau $


$s$


$\boldsymbol {K}$


$\mathbf {x}\in \mathbb {R}^d$


$d$


$z\in [-h/2,\,h/2]$


$\zeta =2z/h\in [-1,1]$


$\{\zeta _p\}_{p=1}^{P}$


$y(\mathbf {x},\zeta )$


$\zeta $


$\mathbf {x}$


$y_{LF}(\mathbf {x},\zeta )$


$y_{HF}(\mathbf {x},\zeta )$


\begin {equation}\mathbf {y}_{LF}(\mathbf {x})={\big [y_{LF}(\mathbf {x},\zeta _1),\ldots ,y_{LF}(\mathbf {x},\zeta _P)\big ]}^T \in \mathbb {R}^{P},\qquad \mathbf {y}_{HF}(\mathbf {x})={\big [y_{HF}(\mathbf {x},\zeta _1),\ldots ,y_{HF}(\mathbf {x},\zeta _P)\big ]}^T \in \mathbb {R}^{P}. \label {Xeqn10-10}\end {equation}


$(\mathbf {x}_n,\zeta _p)$


\begin {equation}\mathcal {D}_L=\{(\mathbf {x}_n,\zeta _p)\}_{n,p},\qquad \mathcal {D}_H=\{(\mathbf {x}_n,\zeta _p)\}_{n\in \mathcal {I}_H,p},\qquad \mathcal {D}_H\subset \mathcal {D}_L, \label {eq:nested-design}\end {equation}


$\mathcal {D}_L$


$\mathcal {D}_H$


$\mathcal {I}_L=\{1,\ldots ,N_L\}$


$\mathcal {I}_H\subset \mathcal {I}_L$


$g(\cdot )$


\begin {equation}g(y)=\mathrm {asinh}\!\left (\frac {y}{c}\right ). \label {Xeqn12-12}\end {equation}


$c$


$g^{-1}(w) = c \cdot \sinh (w)$


\begin {equation}\delta _g(\mathbf {x},\zeta )=g\!\big (y_{HF}(\mathbf {x},\zeta )\big )-g\!\big (y_{LF}(\mathbf {x},\zeta )\big ). \label {eq:delta-def}\end {equation}


$\tilde {\mathbf {x}}=(\mathbf {x},\zeta )$


$\tilde {\mathbf {x}}'=(\mathbf {x}',\zeta ')$


$\mathbf {x}$


$\zeta $


$m(\tilde {\mathbf {x}})$


$k_\theta (\tilde {\mathbf {x}},\tilde {\mathbf {x}}')$


\begin {equation}\delta _g(\tilde {\mathbf {x}})\sim \mathcal {GP}\!\big (m(\tilde {\mathbf {x}}),\,k_\theta (\tilde {\mathbf {x}},\tilde {\mathbf {x}}')\big ), \label {eq:gp-prior}\end {equation}


$\mathbf {x}$


$z$


$\mathbf {x}$


$\zeta $


\begin {equation}k_\theta (\tilde {\mathbf {x}},\tilde {\mathbf {x}}')= k_{\text {par}}(\mathbf {x},\mathbf {x}')\,k_{\text {sp}}(\zeta ,\zeta '), \label {eq:sep-kernel}\end {equation}


$\kappa _{\text {par}}$


$\kappa _{\text {sp}}$


$\kappa _{\text {par}}$


$l_i$


\begin {equation}k_{\text {par}}(\mathbf {x},\mathbf {x}')= \sigma _f^2\exp \!\left (-\frac {1}{2}\sum _{i=1}^d\frac {(x_i-x_i')^2}{\ell _i^2}\right ), \label {eq:ard-kpar}\end {equation}


$\sigma _f^2$


$\mathbf {l} = [l_1, \dots , l_d]$


$1/l_i$


\begin {equation}k_{\text {sp}}(\zeta ,\zeta ')=\sigma _\zeta ^2\exp \!\Big (-\frac {(\zeta -\zeta ')^2}{\ell _\zeta ^2}\Big ) \label {eq:ksp}\end {equation}


$\theta =\{\sigma _f^2,\{\ell _i\}_{i=1}^d,\sigma _\zeta ^2,\ell _\zeta ,\sigma _n^2\}$


$\mathcal {L}(\theta )=\log p(\mathbf {y}_w\mid \tilde {\mathbf {X}},\theta )$


$\tilde {\mathbf {X}}=\{\tilde {\mathbf {x}}_j\}_{j=1}^{N}$


$N$


$\tilde {\mathbf {x}}_j=(\mathbf {x}_j,\zeta _j)$


$\mathbf {y}_w=[\,\delta _g(\tilde {\mathbf {x}}_1),\ldots ,\delta _g(\tilde {\mathbf {x}}_N)\,]^T$


$\mathbf {K}=K_\theta (\tilde {\mathbf {X}},\tilde {\mathbf {X}})+\sigma _n^2\mathbf {I}$


$K_\theta (\tilde {\mathbf {X}},\tilde {\mathbf {X}})\in \mathbb {R}^{N\times N}$


$[K_\theta ]_{ij}=k_\theta (\tilde {\mathbf {x}}_i,\tilde {\mathbf {x}}_j)$


$\mathbf {I}$


$N\times N$


$\mathbf {1}\in \mathbb {R}^{N}$


$\sigma _n^2$


$m(\cdot )\equiv \beta $


\begin {equation}\mathcal {L}(\theta )=\log p(\mathbf {y}_w\!\mid \!\tilde {\mathbf {X}},\theta )= -\tfrac {1}{2}(\mathbf {y}_w-\beta \mathbf {1})^{\top }\mathbf {K}^{-1}(\mathbf {y}_w-\beta \mathbf {1}) -\tfrac {1}{2}\log |\mathbf {K}|-\tfrac {N}{2}\log (2\pi ). \label {eq:logml}\end {equation}


$\tilde {\mathbf {x}}_*=(\mathbf {x}_*,\zeta _*)$


$\mathbf {k}_*=K_\theta (\tilde {\mathbf {x}}_*,\tilde {\mathbf {X}})=[\,k_\theta (\tilde {\mathbf {x}}_*,\tilde {\mathbf {x}}_1),\ldots ,k_\theta (\tilde {\mathbf {x}}_*,\tilde {\mathbf {x}}_N)\,]^T$


$\tilde {\mathbf {x}}$


\begin {align}m_*(\tilde {\mathbf {x}}_*)&=\beta +\mathbf {k}_*^{\top }\mathbf {K}^{-1}(\mathbf {y}_w-\beta \mathbf {1}),\label {eq:gp-post-mean}\\ s_*^2(\tilde {\mathbf {x}}_*)&=k_\theta (\tilde {\mathbf {x}}_*,\tilde {\mathbf {x}}_*)-\mathbf {k}_*^{\top }\mathbf {K}^{-1}\mathbf {k}_*.\label {eq:gp-post-var}\end {align}


\begin {equation}\hat {y}_{MF}(\mathbf {x}_*,\zeta _*)= g^{-1}\!\Big (g\big (y_{LF}(\mathbf {x}_*,\zeta _*)\big )+m_*(\mathbf {x}_*,\zeta _*)\Big ). \label {eq:mf-recon}\end {equation}


$\{\mathbf {x}^{(i)}\}_{i=1}^{N_s}\sim p(\mathbf {x})$


$\mathbf {x}^{(i)}$


$\zeta _p$


\begin {equation}\hat {y}^{(i)}_{MF}(\zeta _p)= g^{-1}\!\Big (g\big (y_{LF}(\mathbf {x}^{(i)},\zeta _p)\big )+m_*(\mathbf {x}^{(i)},\zeta _p)\Big ). \label {eq:mf-samples}\end {equation}


$90\%$


\begin {equation}\mathrm {CI}_{90\%}(\zeta _p)= \Big [\,Q_{0.05}{\big \{\hat {y}^{(i)}_{MF}(\zeta _p)\big \}}_i,\; Q_{0.95}{\big \{\hat {y}^{(i)}_{MF}(\zeta _p)\big \}}_i\,\Big ] \label {eq:ale-band}\end {equation}


$Q_\alpha $


$\alpha $


$i$


$\zeta _p$


$p(\mathbf {x})$


$s_*^2$


$C^0_z$


$\mathcal {U}_{\text {master}}$


$N = 1000$


$j$


$N_{\mathrm {LF},j}$


$\mathcal {U}_j \subset \mathcal {U}_{\mathrm {master}}$


$\mu _{j,n}$


$\sigma _{j,n}$


$n$


$j$


$n$


$r$


$\Delta n$


\begin {equation}\frac {|\mu _{j,n}-\mu _{j,n-\Delta n}|}{|\mu _{j,n-\Delta n}|+\varepsilon }\le \epsilon _\mu , \qquad \frac {|\sigma _{j,n}-\sigma _{j,n-\Delta n}|}{\sigma _{j,n-\Delta n}+\varepsilon }\le \epsilon _\sigma , \label {eq:al-pool-stab}\end {equation}


$N_{\mathrm {LF},j}$


$\mathcal {U}_j$


$\epsilon _\mu =\epsilon _\sigma \in [0.01,\,0.03]$


$\mathcal {D}_{H}\subset \mathcal {D}_{L}$


$\mathbf {x}^*$


\begin {equation}s^2_{\Delta }(\mathbf {x},\zeta _p) = k_\theta \!\big ((\mathbf {x},\zeta _p),(\mathbf {x},\zeta _p)\big ) - \mathbf {k}_{\mathbf {x},p}^{\!\top }\,\mathbf {K}^{-1}\mathbf {k}_{\mathbf {x},p}, \qquad \mathbf {k}_{\mathbf {x},p}=K_\theta \big ((\mathbf {x},\zeta _p),\tilde {\mathbf {X}}\big )\in \mathbb {R}^{N}. \label {eq:al-gp-var-delta}\end {equation}


$s^2_{\Delta }(\mathbf {x},\zeta _p)$


$\delta _g(\mathbf {x},\zeta _p)$


$(\mathbf {x},\zeta _p)$


$(\tilde {\mathbf {X}},\mathbf {y}_w)$


$\mathbf {K}$


$\mathbf {k}_{\mathbf {x},p}$


$\sigma _n^2$


$\mathbf {K}$


$j$


\begin {equation}S_j(\mathbf {x})=\sum _{p=1}^{P} w_{j,p}\,s^2_{\Delta }(\mathbf {x},\zeta _p). \label {eq:al-agg-var}\end {equation}


$j$


$p=1,\dots ,P$


$w_{j,p}>0$


$\sum _{p=1}^{P} w_{j,p}=1$


$w_{j,p}=1/P$


$S_j(\mathbf {x})$


\begin {equation}\mathbf {x}^{\text {next}}_j \in \arg \max _{\mathbf {x}\in \mathcal {U}_j} S_j(\mathbf {x}). \label {eq:al-next}\end {equation}


$U_j$


$\mathcal {D}_{L}$


$\mathcal {D}_{H}$


$\triangleright $


$\mathcal {U}_{\text {master}}$


$j=1,\dots ,N_{\text {outputs}}$


$\triangleright $


$N_{\mathrm {LF},j}$


$\mathcal {U}_j \subset \mathcal {U}_{\text {master}}$


$|\mathcal {U}_j|=N_{\mathrm {LF},j}$


$\mathcal {C}_{\text {next}}\gets \emptyset $


$j$


$M_j$


$\mathcal {D}_H$


$g(\cdot )$


$\mathbf {x}\in \mathcal {U}_j$


$s^2_{\Delta }(\mathbf {x},\zeta _p)$


$S_j(\mathbf {x})$


$\zeta _p$


$\mathcal {C}_j \gets \arg \max _{\mathbf {x}\in \mathcal {U}_j}^{k} S_j(\mathbf {x})$


$\triangleright $


$k$


$\mathcal {C}_{\text {next}} \gets \mathcal {C}_{\text {next}} \cup \mathcal {C}_j$


$\mathcal {C}_{\text {next}}$


$\mathcal {J}_{\text {act}}$


$B$


$\mathcal {B}\gets \emptyset $


$|\mathcal {B}|<B$


$\mathbf {x}\in \mathcal {C}_{\text {next}}\setminus \mathcal {B}$


$j\in \mathcal {J}_{\text {act}}$


$\Phi _j(\mathbf {x};\mathcal {B})$


$\overline {\Phi }(\mathbf {x}) \gets |\mathcal {J}_{\text {act}}|^{-1}\sum _{j\in \mathcal {J}_{\text {act}}}\Phi _j(\mathbf {x};\mathcal {B})$


$\mathbf {x}^{\star }\gets \arg \max _{\mathbf {x}} \overline {\Phi }(\mathbf {x})$


$\mathcal {B}\gets \mathcal {B}\cup \{\mathbf {x}^{\star }\}$


$\mathbf {x}\in \mathcal {B}$


$\mathcal {D}_H \gets \mathcal {D}_H \cup \{(\mathbf {x},f_H(\mathbf {x})):\mathbf {x}\in \mathcal {B}\}$


$\triangleright $


$(\mathbf {x},f_H(\mathbf {x}))$


$\mathcal {D}_H$


$j$


$\mathcal {U}_j \gets \mathcal {U}_j \setminus \mathcal {B}$


$M_j$


$\mathbf {x}$


\begin {equation}\Phi _j(\mathbf {x};\mathcal {B}) = S_j(\mathbf {x}) \prod _{\mathbf {u}\in \mathcal {B}} \Big (1-\exp \!\big \{-\tfrac {\|\mathbf {x}-\mathbf {u}\|^2}{2\lambda _{\mathrm {div}}^2}\big \}\Big ), \label {eq:al-batch-penalty}\end {equation}


$S_j(\mathbf {x})$


$\mathcal {B}$


$\lambda _{\mathrm {div}}$


$\mathcal {U}_j$


$|\mathcal {B}|=B$


$\mathcal {X}_{\mathrm {val}}=\{\mathbf {x}^{(i)}\}_{i=1}^{N_{\mathrm {val}}}$


$\{\zeta _p\}_{p=1}^{P}$


$y(\mathbf {x},\zeta )$


$\{\zeta _p\}_{p=1}^{P}$


\begin {equation}y^{\max }(\mathbf {x})=\max _{\zeta \in [-1,1]} y(\mathbf {x},\zeta ), \label {eq:mc-max}\end {equation}


$N_{\mathrm {batch}}$


$n$


$\mu _n$


$\sigma _n$


$\{y^{\max }(\mathbf {x}^{(i)})\}_{i=1}^{nN_{\mathrm {batch}}}$


$r$


\begin {equation}\frac {|\mu _n-\mu _{n-1}|}{|\mu _{n-1}|+\varepsilon }\le \epsilon _\mu , \qquad \frac {|\sigma _n-\sigma _{n-1}|}{\sigma _{n-1}+\varepsilon }\le \epsilon _\sigma , \label {eq:mc-conv}\end {equation}


$\epsilon _\mu $


$\epsilon _\sigma $


$\mathcal {X}_{\mathrm {val}}$


$\zeta _p$


$y^{\max }$


$R^2\!\ge \!0.95$


$(\epsilon _\mu ,\epsilon _\sigma )$


$y^{\max }$


$[30^{\circ }/0^{\circ }]_{4S}$


$a=b=0.5$


$h=1.5$


$\xi _{\mathrm {mat}}\!\sim \!\mathcal {N}(0, 0.1^2)$


$P$


$P_{\text {nom}}$


\begin {equation}\label {eq:perturbation} P_{\text {rand}} = P_{\text {nom}} \cdot (1 + \xi _{\mathrm {mat}})\end {equation}


$\xi _{\mathrm {load}}\!\sim \!\mathcal {N}(0, 0.1^2)$


$q$


$p$


$10\times 10$


$70\%$


$30\%$


$\mathcal {D}_{\mathrm {HF}}\subset \mathcal {D}_{\mathrm {LF}}$


$\xi _{\mathrm {mat}}$


$\xi _{\mathrm {mat}}$


$\xi _{\mathrm {mat}}$


$\xi _{\mathrm {load}}$


$(\xi _{\mathrm {mat}},\xi _{\mathrm {load}})$


$FT, FC$


$MT, MC$


$MT$


$>$


$MT$


$MC$


$[90^{\circ }/0^{\circ }]$


$a=b= 1$


$h=0.1$


$P_z$


$P_z$


$10\times 10$


$\times $


$\times $


$\approx 300000$


$(-a/4,\,-b/4)$


$F_{\mathrm {CI}}$


$N_{LF}$


$N_{HF}$


$R^2$


\begin {equation}R^2 = 1 - \frac {\sum _i (y_i^{\mathrm {MF}} - y_i^{\mathrm {HF}})^2}{\sum _i (y_i^{\mathrm {HF}} - \bar {y}^{\mathrm {HF}})^2}, \qquad \mathrm {nRMSE} = \frac {\sqrt {\frac {1}{N}\sum _i (y_i^{\mathrm {MF}} - y_i^{\mathrm {HF}})^2}}{\max (y^{\mathrm {HF}})-\min (y^{\mathrm {HF}})}. \label {eq:metrics}\end {equation}


$\sigma _{xx}$


$\sigma _{yy}$


$\sigma _{xy}$


$\sigma _{zz}$


$\sigma _{xz}$


$\sigma _{yz}$


$FT$


$FC$


$MT$


$MC$


$z$


\begin {equation}\label {eq:ErrMetrics} E_{\mathrm {CI}} = \frac { \left \langle \left | Q_{0.95}(z)-q^{\mathrm {ref}}_{0.95}(z)\right |\right \rangle _{z} + \left \langle \left | Q_{0.05}(z)-q^{\mathrm {ref}}_{0.05}(z)\right |\right \rangle _{z} }{ \Delta y_{\mathrm {ref}} }, \qquad E_{\sigma } = \frac { \left \langle \left |\sigma (z)-\sigma ^{\mathrm {ref}}(z)\right |\right \rangle _{z} }{ \left \langle \sigma ^{\mathrm {ref}}(z)\right \rangle _{z} }.\end {equation}


$E_{\mathrm {CI}}$


$E_{\sigma }$


$(\cdot )^{\mathrm {ref}}$


$\langle \cdot \rangle _{z}$


$\Delta y_{\mathrm {ref}} = \max (y^{\mathrm {ref}}) - \min (y^{\mathrm {ref}})$


$F_{\mathrm {CI}}=E_{\mathrm {CI}}^{\mathrm {HF,eq}}/E_{\mathrm {CI}}^{\mathrm {MF}}$


$F_{\sigma }=E_{\sigma }^{\mathrm {HF,eq}}/E_{\sigma }^{\mathrm {MF}}$


$\sigma (z)$


$+68\%$


$\sigma _{yy}$


$+120\%$


$\sigma _{xy}$


$+56\%$


$\sigma _{xz}$


$+90\%$


$\sigma _{zz}$


$+77\%$


$+105\%$


$+80\%$


$+67\%$


$+69\%$


$+62\%$


$+110\%$


$+60\%$


$j$


$U_j$


$N_{LF,j}$


$D_{H,0}\subset U_j$


$(S_{13},S_{23})$


$U_j$


$D_{H,0}$


$U_j$


$N_{LF}=400$


$U_j$


$N_{HF}=300$


$(S_{13},S_{23})$


$\sigma _{zz}$


$\sigma _{xz}$


$\sigma _{yz}$


$S_{\mathrm {CUF}}$


$S_{\mathrm {ABQ}}$


$t_{LF}=1.61$


$t_{HF}=4.58$


$t_{ABQ}=7.30$


$\sigma _{xz}$


$x$


$z=h/4$


$y=b/2$


$x$


$\sigma _{xz}$


$z$


$y=L/2$


$x=b$


$(-a/4,\,-b/4)$


$\sigma _{xx}$


$\sigma _{yy}$


$\sigma _{xy}$


$\sigma _{xz}$


$\sigma _{yz}$


$\sigma _{zz}$


$C^0_z$


$FT$


$FC$


$MT$


$MC$


$[45^{\circ }/-45^{\circ }]_s$


$\varepsilon _{yy}=0.01$


$\sigma _{yz}$


$y=L/2$


$z/h=0.25$


$x/b=0.5$


$S_{\mathrm {CUF}}$


$F_{\mathrm {CI}}$


$F_{\mathrm {CI}}$


$t_{\mathrm {LF}}=2.27$


$t_{\mathrm {HF}}=6.75$


$\sigma _{yz}$


$\sigma _{yz}$


$x$


$R^2>0.99$


$<1\%$


$F_{\mathrm {CI}}$


$+70\%$


$\sigma _{yz}/\varepsilon _{yy}$


$x$


$+82\%$


$z$


$F_{\sigma }$


$+89\%$


$+110\%$
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Monte Carlo Simulation (MCS) is generally used as the reference for uncertainty quantification because of its ease of implementa-
tion and broad applicability; however, its slow convergence and the high computational cost due to the high number of evaluations 
needed can make it impractical in many engineering problems. Although advanced sampling techniques such as Latin Hypercube 
Sampling (LHS), Sobol- sequences, and importance sampling can improve efficiency, they do not overcome the inherent slow conver-
gence rate of MCS when high-fidelity evaluations are costly [18,19]. These limitations motivate the necessity of surrogate modeling, 
such as Gaussian Process Regression (GPR) [20,21] for modeling the propagation of uncertainties. GPR is a probabilistic machine 
learning approach specifically designed for modeling complex systems when limited data are available. It is a non-parametric method 
that defines a probability distribution over all possible functions that fit the training data, capturing the underlying correlations in 
the data while providing predictions with quantified uncertainty, represented by the mean value and standard deviation. GPR can ac-
curately model high-dimensional data even with small datasets, making it an efficient alternative to MCS. For example, GPR has been 
utilized to model the crystal growth kinetics in thermoplastic composites, capturing the interplay between diffusion and secondary 
nucleation during processing [22]. Additionally, in the context of damage and defect characterization, GPR has been instrumental 
in analyzing noisy datasets, providing reliable predictions even with limited experimental data [23,24]. An et al. [25] developed a 
Reliability-Based Design Optimization (RBDO) framework for composite laminates, integrating material property uncertainties and 
discrete-continuous delamination variables via a GPR-based surrogate model, which enabled stochastic evaluation by replacing costly 
Finite Element (FE) analyses within MCS. Bessa and Pellegrino [26] applied GPR to model the stochastic post-buckling behavior of 
ultra-thin composite shells, capturing the unstable response regime through a non-intrusive Bayesian framework. Similarly, Zhou et 
al. [27] proposed a framework for the analysis of curing-induced dimensional variability by creating a GPR surrogate for a high-
fidelity, multi-scale FE model, enabling an efficient importance ranking of uncertain material parameters. Highlighting the need for 
robust predictive systems, Teimouri et al. [28] demonstrated the superior capability of GPR over conventional neural networks in 
handling manufacturing uncertainty; their work showed that a GPR model, trained exclusively on data from ideal nominal structures, 
could still accurately predict damage size and location in composite airfoils with stochastic ply thickness variations. In the domain of 
structural health monitoring, Paixão et al. [29] presented a damage quantification methodology where GPR established a probabilis-
tic mapping between delamination regions and damage indices, with the index themselves being extracted from Lamb wave signals 
using auto-regressive models. Finally, to address the high cost of data acquisition, Yue et al. [30] developed an Adaptive Learning 
(AL) strategy specifically for Gaussian Process (GP) that incorporate multiple sources of uncertainty, and optimizing the selection of 
informative experimental samples for the shape control of large-scale composite structures.

In the framework of GPR, Multi-Fidelity (MF) models have proven to be effective tools for reducing computational costs while 
maintaining high accuracy, enabling the combination of models with different fidelities to achieve comparable results at a fraction 
of the cost of relying solely on High-Fidelity (HF) simulations. For example, Guo et al. [31] reduced the number of HF acquisitions 
by developing a hierarchical Kriging-based surrogate model that combines fine and coarse FE simulations to optimize variable-
stiffness composites (VSC) [32]. Similarly, a GPR framework was developed by Garg et al. [33] which predicts the corrections 
required to improve the accuracy of an element’s stiffness matrix, by upgrading it from the computationally cheap First-Order Shear 
Deformation Theory (FSDT) to the Higher-Order Zigzag Theory (HOZT). Expanding on this, An et al. [34] proposed a dynamic 
optimization framework that simultaneously considers the number of plies, layer thickness, and fiber orientations by employing 
a MF-GPR model. Their method effectively integrates Low-Fidelity (LF) coarse-mesh and HF fine-mesh FE simulations through an 
exponent-based correction strategy, enabling accurate and computationally efficient surrogate modeling across fidelity levels. An 
important aspect of constructing MF surrogates is the sampling strategy. In their work, Ribeiro et al. [35] focused on an adaptive 
sampling strategy, introducing alternative acquisition functions with variable fidelity: the Variable Fidelity Lower Confidence Bound 
(VF-LCB) and the Variable Fidelity Weighted Expected Improvement (VF-WEI). Unlike classical sampling methods, these functions 
provide explicit parameters that control the balance between exploration and exploitation, making it easier to integrate these models 
into optimization loops. Similarly, Tian et al. [36] proposed an Advanced Variance Reduction Method (EVRM) for reinforced shell 
optimization by applying the principles of MF to the sampling strategy itself. Their framework utilizes a LF model to determine the 
optimal variable pairing configurations, resulting in a more efficient HF training dataset for the final surrogate model. Furthermore, Li 
et al. [37] developed an adaptive clustering GPR framework for the real-time prediction of nonlinear structural responses. Their work 
demonstrated high accuracy in capturing complex nonlinear behaviours that could not be captured by uniform sampling methods 
alone, but required the use of adaptive sampling techniques.

In this work, the Carrera Unified Formulation (CUF) is adopted, enabling the generation of structural theories with different 
kinematic assumptions and fidelities within a single theoretical framework [38]. CUF allows the automatic generation of refined 
structural theories, including higher-order shear deformation and Layerwise (LW) descriptions, which are critical for capturing the 
anisotropic behavior of laminates under complex loading conditions [39,40]. The necessity of this hierarchical approach was further 
emphasized by Nali and Carrera [41], whose work confirmed that only refined LW models can accurately capture the through-the-
thickness stress variations essential for failure analysis. De Miguel et al. [42] compared LW CUF with commercial 3D solid elements, 
demonstrating that refined LW CUF models achieve comparable accuracy in predicting 3D stress states and failure indices but with 
a significant reduction in computational cost. In this work, CUF is integrated with MF-GPR to provide accurate yet computationally 
efficient predictions of the 3D stess field and first-ply failure response under uncertainties.

This paper is structured as follows: Section 2 describes the formalism of the CUF for modeling composite laminates, emphasizing 
its capability to generate high- and low-fidelity models within a unified theoretical framework; Section 3 introduces the probabilistic 
machine learning framework based on GPR and the adaptive learning strategy employed to optimally select high-fidelity samples; 
Section 4 presents and discusses the results obtained using the proposed MF framework. Finally, Section 5 concludes the paper with 
a discussion of potential applications and future developments, particularly focusing on optimization under uncertainty.
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2.  Multi-fidelity structural theories using the Carrera Unified Formulation

In this study, composite laminates are analyzed using refined 2D models based on CUF [43], which was proven to deliver accurate 
results for a wide range of structural geometries and anisotropic material properties. Within the CUF framework, the three-dimensional 
displacement field is described by an arbitrary expansion in the thickness direction, 𝐹𝜏 (𝑧), of the generalized displacement 𝐮𝜏 that 
lay in the 𝑥 − 𝑦 plane:

𝐮(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑧)𝐮𝜏 (𝑥, 𝑦) 𝜏 = 1,… ,𝑀 (1)

Following Einstein’s notation, the subscript 𝜏 indicates summation over the 𝑀 expansion terms. In this study, a Taylor Expansion 
(TE) is used to develop an Equivalent-Single-Layer (ESL) model. Conversely, a Lagrange Expansion (LE) is applied to individual 
layers to construct LW models [44]. To ensure continuity of displacements at the interfaces between layers, a displacement-based LW 
formulation with Lagrange expansion functions (LD) is adopted.

TE functions are hierarchical polynomials in the thickness coordinate 𝑧. For example, a second-order Taylor model is given by:
⎧

⎪

⎨

⎪

⎩

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) + 𝑢1(𝑥, 𝑦) ⋅ 𝑧 + 𝑢2(𝑥, 𝑦) ⋅ 𝑧2

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) + 𝑣1(𝑥, 𝑦) ⋅ 𝑧 + 𝑣2(𝑥, 𝑦) ⋅ 𝑧2

𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦) +𝑤1(𝑥, 𝑦) ⋅ 𝑧 +𝑤2(𝑥, 𝑦) ⋅ 𝑧2
(2)

LE functions represent an alternative approach to defining through-the-thickness displacement approximations, particularly in 
high-order kinematic theories. Unlike TE, which use a global polynomial representation, LE discretize the thickness by introducing 
interpolation points at specific locations. This leads to a subdivision of the thickness into multiple local expansion domains, where the 
displacement field is approximated using Lagrange polynomials. The polynomial order is determined by the chosen set of interpolation 
functions. A third-order expansion is provided in Eq. (3):

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢(𝑥, 𝑦, 𝑧) = 𝑢1(𝑥, 𝑦)𝐹1(𝑧) + 𝑢2(𝑥, 𝑦)𝐹2(𝑧) + 𝑢3(𝑥, 𝑦)𝐹3(𝑧) + 𝑢4(𝑥, 𝑦)𝐹4(𝑧),

𝑣(𝑥, 𝑦, 𝑧) = 𝑣1(𝑥, 𝑦)𝐹1(𝑧) + 𝑣2(𝑥, 𝑦)𝐹2(𝑧) + 𝑣3(𝑥, 𝑦)𝐹3(𝑧) + 𝑣4(𝑥, 𝑦)𝐹4(𝑧),

𝑤(𝑥, 𝑦, 𝑧) = 𝑤1(𝑥, 𝑦)𝐹1(𝑧) +𝑤2(𝑥, 𝑦)𝐹2(𝑧) +𝑤3(𝑥, 𝑦)𝐹3(𝑧) +𝑤4(𝑥, 𝑦)𝐹4(𝑧),

(3)

Usually, to describe the Lagrange functions, it is preferred to use a natural reference system where the variable 𝜉 is defined between 
−1 and +1. Eq. (4) reports the Lagrange functions related to the third-order expansion:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐹1(𝜉) = − 9
16

(

𝜉 + 1
3

) (

𝜉 − 1
3

)

(𝜉 − 1), 𝜉1 = −1,

𝐹2(𝜉) =
27
16 (𝜉 − 1)

(

𝜉 − 1
3

)

(𝜉 + 1), 𝜉2 = − 1
3 ,

𝐹3(𝜉) = − 27
16 (𝜉 + 1)

(

𝜉 + 1
3

)

(𝜉 − 1), 𝜉3 =
1
3 ,

𝐹4(𝜉) =
9
16

(

𝜉 + 1
3

)

(𝜉 − 1)
(

𝜉 − 1
3

)

, 𝜉4 = 1.

(4)

The notations TE𝑛 and LD𝑛 correspond to the use of Taylor and Lagrange polynomials of the 𝑛th order, respectively. Furthermore, 
𝑋LD𝑛 specifies LW models employing 𝑋 Lagrange polynomials of 𝑛th order per layer.

By integrating the FE method with CUF, the following expression for the three-dimensional displacement field is obtained:

𝐮(𝑥, 𝑦, 𝑧) = 𝑁𝑖(𝑥, 𝑦)𝐹𝜏 (𝑧)q𝜏𝑖 𝑖 = 1,… , 𝑁𝑛 𝜏 = 1,… ,𝑀 (5)

in which q𝜏𝑖 denotes the unknowns vector, and 𝑁𝑛 is the number of nodes in each element. The present study consideres bi-quadratic 
FE, referred to as Q9, as the 𝑁𝑖(𝑥, 𝑦) shape functions.

The governing equations are derived through the principle of virtual displacements (PVD). First, the principle underlying PVD is 
applied to describe the problem in terms of virtual work, i.e.,

𝛿𝑖𝑛𝑡 = 𝛿𝑒𝑥𝑡 (6)

The virtual variation of the internal strain energy is defined as:

𝛿𝑖𝑛𝑡 = ∫𝑉
𝛿𝝐𝑇 𝝈𝑑𝑉 (7)

where V is the volume of the body. The virtual work due to external loadings includes the contribution of surface loads, 𝐏𝑆 , line 
loads, 𝐏𝑙, and point loads, 𝐏; and can be written in the following form:

𝛿𝑒𝑥𝑡 = ∫𝑆
𝛿𝐮𝑇𝐏𝑆𝑑𝑆 + ∫𝑙

𝛿𝐮𝑇𝐏𝑙𝑑𝑙 + 𝛿𝐮𝑇𝐏 (8)

Eq. (7) can be reformulated by employing Eq. (5), the constitutive equation 𝝈 = 𝐂𝜺, and the geometrical relations between strains 
and displacements, resulting in:

𝛿𝑖𝑛𝑡 = 𝛿𝐪𝑇𝑠𝑗

[

∫𝑉
𝐃𝑇 (𝑁𝑗𝐹𝑠)𝐂̃𝐃(𝑁𝑖𝐹𝜏 ) 𝑑𝑉

]

𝐪𝜏𝑖 = 𝛿𝐪𝑇𝑠𝑗𝐤
𝑖𝑗𝜏𝑠𝐪𝜏𝑖 (9)
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Fig. 1. Assembly of the stiffness matrix using an Equivalent-Single-layer and Layerwise approach.

in which 𝐤𝑖𝑗𝜏𝑠 is the 3 × 3 Fundamental Nucleus (FN) of the stiffness matrix, which is invariant regardless of the order of the 𝑁𝑖(𝑥, 𝑦)
shape functions and the 𝐹𝜏 (𝑧) expansion. The differential operator matrix containing the geometrical relations is expressed as 𝐃(⋅). 
For orthotropic materials with a generic fiber orientation in space, the global components of the elasticity tensor 𝐂̃ are computed 
using the rotation matrix 𝐓 without altering the definition of the FN. As described in [45], 𝐂̃ is the material stiffness matrix in the 
global reference frame, calculated as 𝐂̃ = 𝐓𝐂𝐓𝑇 . Finally, the global assembled stiffness matrix 𝑲 is constructed by iterating over the 
indices 𝑖, 𝑗, 𝜏, and 𝑠. The assembly of the stiffness matrix, 𝑲 , varies based on the chosen modeling approach. Two commonly utilized 
strategies for analyzing multilayered structures are ESL and LW methods, as mentioned previously. In ESL modeling, the properties 
of individual layers are homogenized and then combined to compute the stiffness matrix. On the other hand, the LW method models 
each layer independently, expanding the displacement field within each lamina. These two assembly approaches are illustrated in 
Fig. 1 for a plate with three layers.

3.  Probabilistic machine learning framework

3.1.  Multi-fidelity surrogate with gaussian processes

This study employs a probabilistic machine learning framework to predict the three-dimensional stress distributions and the 
corresponding Hashin 3D failure indices through the laminate thickness under material and load uncertainties. The framework follows 
a MF approach and employs GPR to integrate simulations of varying fidelity. These models are systematically derived within the CUF 
framework, which serves as a generator of structural theories. For the LF models, ESL theories with a low-order TE (ESL-TE1/ESL-
TE2) are used. These structural theories are the simplest models capable of capturing shear deformation effects. Specifically, ESL-
TE1 is comparable to the classical FSDT. For the HF models, the LW approach with a first- or third-order LE (LW-LD1/LW-LD3) is 
used. Previous works [39,41] have shown that these models are essential for predicting the three-dimensional stress state, including 
transverse shear and out-of-plane normal components, even in thin-walled structures. The modeling strategy is shown in Fig. 2, which 
depicts the combination of in-plane Q9 FE with through-the-thickness expansions that define the model fidelity. This MF framework 
is designed to balance the computational efficiency of the ESL model with the high accuracy of the LW approach. The ability of the 
LW approach to capture detailed layer responses is critical for accurately describing failure onset in anisotropic structures (see [42]).

This study addresses uncertainties from two primary sources: material properties and applied loads. Variability in the elastic and 
strength properties is modeled to represent common manufacturing defects, such as fiber misalignments [46,47], voids [48–50], and 
resin-rich zones [51,52]. These physical variations and load fluctuations are modeled as random variables with prescribed statistical 
distributions, in this work, normal or uniform. The uncertain input vector is defined as 𝐱 ∈ ℝ𝑑 , where 𝑑 denotes the number of random 
variables. Let 𝑧 ∈ [−ℎ∕2, ℎ∕2] be the spatial coordinate along the laminate thickness, as instance. A normalized thickness coordinate 
𝜁 = 2𝑧∕ℎ ∈ [−1, 1] is then introduced and discretized over a fixed grid {𝜁𝑝}𝑃𝑝=1. For a given quantity of interest, 𝑦(𝐱, 𝜁 ) represents the 
scalar response evaluated through the thickness at coordinate 𝜁 and for the input vector 𝐱, such as a stress, displacement, or failure 
index. The low- and high-fidelity counterparts are indicated by 𝑦𝐿𝐹 (𝐱, 𝜁 ) and 𝑦𝐻𝐹 (𝐱, 𝜁 ):

𝐲𝐿𝐹 (𝐱) =
[

𝑦𝐿𝐹 (𝐱, 𝜁1),… , 𝑦𝐿𝐹 (𝐱, 𝜁𝑃 )
]𝑇 ∈ ℝ𝑃 , 𝐲𝐻𝐹 (𝐱) =

[

𝑦𝐻𝐹 (𝐱, 𝜁1),… , 𝑦𝐻𝐹 (𝐱, 𝜁𝑃 )
]𝑇 ∈ ℝ𝑃 . (10)

A nested sampling design is considered, with HF evaluations defined as a subset of the LF ones and placed at the same (𝐱𝑛, 𝜁𝑝)
coordinates:

𝐿 = {(𝐱𝑛, 𝜁𝑝)}𝑛,𝑝, 𝐻 = {(𝐱𝑛, 𝜁𝑝)}𝑛∈𝐻 ,𝑝, 𝐻 ⊂ 𝐿, (11)
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Fig. 2. Schematic of the CUF modeling strategy, showing the in-plane Q9 discretization and the through-the-thickness expansions defining the LF 
(ESL-TE-N) and HF (LW-LD1/LD3) models.

where 𝐿 and 𝐻  denote the sets of LF and HF samples, respectively. The index set 𝐿 = {1,… , 𝑁𝐿} corresponds to the LF input 
points, while 𝐻 ⊂ 𝐿 identifies the HF subset. This guarantees well-posed LF/HF discrepancies at identical locations and reduces 
estimation variance in the MF coupling.

To make the framework more stable and easier to train, the model outputs are transformed using a smooth monotonic function 
𝑔(⋅) [53–55]. This step helps the Gaussian Process (GP) handle highly nonuniform values, such as failure indices, which often exhibit 
strong asymmetry and a few peaks. Among several tested transformations, the inverse hyperbolic sine function (see Ref[56]) was 
found to be the most effective for this type of data:

𝑔(𝑦) = asinh
( 𝑦
𝑐

)

. (12)

The function behaves almost linearly for small and moderate values, meaning that it does not distort the normal range of data, while 
it grows more slowly for large values. In this way, extremely high values have less influence on the regression, but the physical 
meaning and the sign of the data are preserved. For each output, the scaling constant 𝑐 corresponds to the 90th percentile of the 
absolute HF data, keeping the majority of samples within the linear range of the transformation and reducing the effect of outliers. 
The GPR model is then trained on the warped data, and its predictions are transformed back to the original space using the inverse 
function, 𝑔−1(𝑤) = 𝑐 ⋅ sinh(𝑤). The LF/HF discrepancy in the transformed space is then defined as:

𝛿𝑔(𝐱, 𝜁 ) = 𝑔
(

𝑦𝐻𝐹 (𝐱, 𝜁 )
)

− 𝑔
(

𝑦𝐿𝐹 (𝐱, 𝜁 )
)

. (13)

Let 𝐱̃ = (𝐱, 𝜁 ) and 𝐱̃′ = (𝐱′, 𝜁 ′) denote two generic input points defined by the design variables 𝐱 and the normalized thickness 
coordinate 𝜁 . The discrepancy is modeled as a GP, which defines a probability distribution over a collection of functions and is fully 
specified by a mean function 𝑚(𝐱̃) and a covariance function, also known as the kernel, 𝑘𝜃(𝐱̃, 𝐱̃′) [57,58]. The model for the function 
is therefore expressed as:

𝛿𝑔(𝐱̃) ∼ 
(

𝑚(𝐱̃), 𝑘𝜃(𝐱̃, 𝐱̃′)
)

, (14)

In this work, the structural response is dependent on both the uncertain parameters 𝐱 and the spatial coordinate, such as the 
through-thickness position 𝑧. To model this, a separable kernel is employed, which factorizes the covariance into two components: 
one accounting for variations across the input parameters 𝐱 and the other describing correlations along the thickness coordinate 𝜁 . 
This decouples the influence of the physical parameters from the spatial dependency, as follows:

𝑘𝜃(𝐱̃, 𝐱̃′) = 𝑘par(𝐱, 𝐱′) 𝑘sp(𝜁, 𝜁 ′), (15)

where both 𝜅par and 𝜅sp are Radial Basis Function (RBF) kernels [59,60]. The kernel for the input parameters, 𝜅par, incorporates 
Automatic Relevance Determination (ARD) [61–63], which assigns a unique length-scale parameter 𝑙𝑖 to each input dimension:

𝑘par(𝐱, 𝐱′) = 𝜎2𝑓 exp

(

−1
2

𝑑
∑

𝑖=1

(𝑥𝑖 − 𝑥′𝑖)
2

𝓁2
𝑖

)

, (16)

Here, 𝜎2𝑓  is the signal variance and the vector 𝐥 = [𝑙1,… , 𝑙𝑑 ] contains the length-scales. The inverse length-scales, 1∕𝑙𝑖, provide a direct 
measure of the sensitivity of the model output to each input parameter. The ARD formulation is applied only to the parameter kernel, 
which deals with the stochastic input space and operates in a multidimensional domain where each uncertain parameter may exhibit 
a different level of influence on the response. In contrast, the spatial kernel acts on a single scalar coordinate through the thickness, 
for which an isotropic RBF formulation with a single length-scale is sufficient:

𝑘sp(𝜁, 𝜁 ′) = 𝜎2𝜁 exp
(

−
(𝜁 − 𝜁 ′)2

𝓁2
𝜁

)

(17)
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Hyperparameters 𝜃 = {𝜎2𝑓 , {𝓁𝑖}
𝑑
𝑖=1, 𝜎

2
𝜁 ,𝓁𝜁 , 𝜎

2
𝑛} are estimated by maximizing the log-marginal likelihood, defined as (𝜃) = log 𝑝(𝐲𝑤 ∣

𝐗̃, 𝜃) [20,64,65]. Let 𝐗̃ = {𝐱̃𝑗}𝑁𝑗=1 be the set of 𝑁 training inputs with 𝐱̃𝑗 = (𝐱𝑗 , 𝜁𝑗 ), and let 𝐲𝑤 = [ 𝛿𝑔(𝐱̃1),… , 𝛿𝑔(𝐱̃𝑁 ) ]𝑇  collect the trans-
formed discrepancies. Define 𝐊 = 𝐾𝜃(𝐗̃, 𝐗̃) + 𝜎2𝑛𝐈, where 𝐾𝜃(𝐗̃, 𝐗̃) ∈ ℝ𝑁×𝑁  has entries [𝐾𝜃]𝑖𝑗 = 𝑘𝜃(𝐱̃𝑖, 𝐱̃𝑗 ), 𝐈 is the 𝑁 ×𝑁 identity matrix, 
𝟏 ∈ ℝ𝑁  is the vector of ones, and 𝜎2𝑛 denotes the observation noise variance. A constant mean is used, 𝑚(⋅) ≡ 𝛽.

(𝜃) = log 𝑝(𝐲𝑤 ∣ 𝐗̃, 𝜃) = − 1
2 (𝐲𝑤 − 𝛽𝟏)⊤𝐊−1(𝐲𝑤 − 𝛽𝟏) − 1

2 log |𝐊| − 𝑁
2 log(2𝜋). (18)

For any test point 𝐱̃∗ = (𝐱∗, 𝜁∗), with 𝐤∗ = 𝐾𝜃(𝐱̃∗, 𝐗̃) = [ 𝑘𝜃(𝐱̃∗, 𝐱̃1),… , 𝑘𝜃(𝐱̃∗, 𝐱̃𝑁 ) ]𝑇 , the posterior predictive mean and variance of the 
transformed discrepancy 𝐱̃ are:

𝑚∗(𝐱̃∗) = 𝛽 + 𝐤⊤∗𝐊
−1(𝐲𝑤 − 𝛽𝟏), (19)

𝑠2∗(𝐱̃∗) = 𝑘𝜃(𝐱̃∗, 𝐱̃∗) − 𝐤⊤∗𝐊
−1𝐤∗. (20)

The MF prediction in the physical space is obtained by correcting the LF at the same input and inverting the initial domain 
transformation:

𝑦̂𝑀𝐹 (𝐱∗, 𝜁∗) = 𝑔−1
(

𝑔
(

𝑦𝐿𝐹 (𝐱∗, 𝜁∗)
)

+ 𝑚∗(𝐱∗, 𝜁∗)
)

. (21)

To represent aleatory uncertainty, a LHS set {𝐱(𝑖)}𝑁𝑠
𝑖=1 ∼ 𝑝(𝐱) is propagated through the MF surrogate using only the GP posterior mean. 

For each input sample 𝐱(𝑖) and for each through-thickness coordinate 𝜁𝑝:

𝑦̂(𝑖)𝑀𝐹 (𝜁𝑝) = 𝑔−1
(

𝑔
(

𝑦𝐿𝐹 (𝐱(𝑖), 𝜁𝑝)
)

+ 𝑚∗(𝐱(𝑖), 𝜁𝑝)
)

. (22)

The 90% Confidence Interval (CI) band, representing aleatory variability, is computed as the percentile envelope across the MF 
surrogate predictions:

CI90%(𝜁𝑝) =
[

𝑄0.05
{

𝑦̂(𝑖)𝑀𝐹 (𝜁𝑝)
}

𝑖, 𝑄0.95
{

𝑦̂(𝑖)𝑀𝐹 (𝜁𝑝)
}

𝑖

]

(23)

where 𝑄𝛼 denotes the empirical 𝛼-quantile over the sample index 𝑖 at fixed spatial location 𝜁𝑝. This approach separates the variability 
due to 𝑝(𝐱). The GP posterior variance 𝑠2∗ (see Eq. (20)) quantifies surrogate epistemic uncertainty and is used as acquisition score in 
the adaptive selection of new HF samples.

3.2.  Adaptive sampling for multi-fidelity surrogates

While the MF-GPR framework provides a robust structure for uncertainty propagation, its overall efficiency is critically dependent 
on the strategic placement of the limited and computationally expensive HF training points. A static, pre-defined Design of Exper-
iments (DoE), such as an LHS, is often suboptimal [66]. It distributes the available HF evaluations uniformly across the parameter 
space, failing to concentrate sampling in regions of higher complexity or non-linearity where the discrepancy between the low- and 
high-fidelity models is most pronounced. To overcome this limitation, this work employs an Adaptive Learning (AL) strategy to in-
telligently and iteratively guide the selection of new HF data points [67,68]. Expected Improvement (EI) was first proposed as the 
standard acquisition technique for GP surrogates [69,70]. Later research expanded on this idea by using criteria based on informa-
tion measures, improvement probabilities, or confidence bounds [71–74]. These approaches can all be seen as part of a spectrum of 
exploration and exploitation [75,76]: pure exploration looks for high-uncertainty regions but may overlook response structure [77], 
whereas pure exploitation targets low expected responses but runs the risk of premature convergence [78,79]. More efficient methods 
couple the GP posterior mean with its variance, combining the two to produce sample selections that lower uncertainty and increase 
predictive accuracy at the same time [80,81]. Maintaining the exploration-exploitation balance is critical in this study since high 
stress gradients, anisotropic effects, and non-uniform failure indices are frequently observed at free edges, and in proximity of open 
holes, and manufacturing flaws. As explained in Section 2, classical ESL theories are inadequate for multilayered structures as they 
overlook the 𝐶0

𝑧  requirements and violate local equilibrium at free surfaces and interfaces [82]. Multi-fidelity approaches improve 
these constraints by combining LF models, which capture global trends at a minimal cost, with strategically placed HF data to re-
fine uncertainty estimates [83–85]. The limitations of LF models are most evident for quantities exhibiting strong through-thickness 
gradients, such as out-of-plane stresses, interlaminar shear, and delamination indices.

The AL process begins by defining a large, discrete master candidate pool, master, from which all training points are subsequently 
drawn. This pool is generated using LHS to produce a well-distributed set of input samples, e.g., 𝑁 = 1000. A key innovation of 
the proposed framework is that it avoids using the entire pool for every output. Since the complexity of the LF response may vary 
significantly across outputs, the number of samples required to characterize each response also differs significantly. To address this, 
a preliminary adaptive sizing procedure is introduced to determine an optimal, output-specific subset of candidates. Before entering 
the main AL loop, the LF data of each output 𝑗 are analyzed to find the minimum number of samples 𝑁LF,𝑗 required for the mean and 
standard deviation of the LF response to stabilize. This process yields a set of tailored candidate pools, 𝑗 ⊂ master , each adaptively 
sized to match the complexity of the corresponding response. Specifically, let 𝜇𝑗,𝑛 and 𝜎𝑗,𝑛 denote the LF sample mean and standard 
deviation computed on the first 𝑛 samples for output 𝑗. The smallest 𝑛 satisfying, for 𝑟 consecutive increments of Δ𝑛,

|𝜇𝑗,𝑛 − 𝜇𝑗,𝑛−Δ𝑛|
|𝜇𝑗,𝑛−Δ𝑛| + 𝜀

≤ 𝜖𝜇 ,
|𝜎𝑗,𝑛 − 𝜎𝑗,𝑛−Δ𝑛|
𝜎𝑗,𝑛−Δ𝑛 + 𝜀

≤ 𝜖𝜎 , (24)
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is taken as 𝑁LF,𝑗 and defines the specific pool 𝑗 . In Eq. (24), the stability tolerances are taken equal, and values in the range 
𝜖𝜇 = 𝜖𝜎 ∈ [0.01, 0.03] lead to essentially identical LF pool sizes.

The following AL iterations for each model are restricted to their respective pools, avoiding redundant variance evaluations and 
improving overall computational efficiency. Importantly, all HF evaluations are drawn from within the LF pool, yielding a strictly 
nested experimental design, 𝐻 ⊂ 𝐿, as recommended by Toal [86]. This guarantees that every HF point has a collocated LF 
prediction.

The core principle of AL is to iteratively refine the surrogate model by querying the HF simulation at the most informative locations. 
This process is guided by an acquisition function, which scores each candidate point 𝐱∗ based on its potential to improve the model. In 
this study, we employ an uncertainty sampling strategy, adopting the GPR’s posterior predictive variance as the acquisition function 
[67,87,88]:

𝑠2Δ(𝐱, 𝜁𝑝) = 𝑘𝜃
(

(𝐱, 𝜁𝑝), (𝐱, 𝜁𝑝)
)

− 𝐤⊤𝐱,𝑝 𝐊
−1𝐤𝐱,𝑝, 𝐤𝐱,𝑝 = 𝐾𝜃

(

(𝐱, 𝜁𝑝), 𝐗̃
)

∈ ℝ𝑁 . (25)

where 𝑠2Δ(𝐱, 𝜁𝑝) is the posterior variance of the discrepancy 𝛿𝑔(𝐱, 𝜁𝑝) at the candidate location (𝐱, 𝜁𝑝), computed on the current HF 
training set (𝐗̃, 𝐲𝑤). Here, 𝐊 is the covariance matrix of the HF training data, 𝐤𝐱,𝑝 the covariance vector between the candidate and 
the training points, and 𝜎2𝑛 the regularization term that stabilizes the inversion of 𝐊.

To compute a comprehensive uncertainty measure for each input candidate, the pointwise variances along the thickness are 
aggregated into an acquisition score for each output 𝑗:

𝑆𝑗 (𝐱) =
𝑃
∑

𝑝=1
𝑤𝑗,𝑝 𝑠

2
Δ(𝐱, 𝜁𝑝). (26)

Here, 𝑗 denotes the output type (e.g., a specific stress component or failure index), and 𝑝 = 1,… , 𝑃  refers to a discrete node along 
the thickness. The weights 𝑤𝑗,𝑝 > 0 satisfy ∑𝑃

𝑝=1 𝑤𝑗,𝑝 = 1. When uniform weights are used (𝑤𝑗,𝑝 = 1∕𝑃 ), 𝑆𝑗 (𝐱) represents the average 
epistemic uncertainty through the thickness. Alternatively, non-uniform weighting profiles can be defined to emphasize regions where 
higher accuracy is required. Finally, Eq. (27) is used to select the next HF evaluation for output j by maximising the aggregated score 
across its candidate pool 𝑈𝑗 . This targets the location where the epistemic uncertainty of the discrepancy is greatest.

𝐱next𝑗 ∈ arg max
𝐱∈𝑗

𝑆𝑗 (𝐱). (27)

As the various structural responses differ in complexity, the proposed AL framework handles each output independently, while 
maintaining consistency across all quantities. This is summarised in Algorithm 1 and involves three distinct phases at each iteration.

1. Identification of Informative Candidates. Each active (i.e., non-converged) output independently selects a small subset of input 
points from a shared sampling space. These candidates correspond to regions of high epistemic uncertainty, as quantified by the 
GPR predictive variance.

2. Construction of a Global Candidate Set. The individual proposals are aggregated into a global candidate set for the current 
iteration. This step ensures that the distinct uncertainty profiles of all active models are considered together prior to final point 
selection.

3. Final Selection. A final batch of points is selected from the global set for HF evaluation. When multiple candidate points are 
available, selection is guided by aggregate informativeness, prioritizing points with the highest average predictive variance while 
maintaining diversity across all models. To this end, each candidate 𝐱 is scored through a penalized acquisition function [89,90]:

Φ𝑗 (𝐱;) = 𝑆𝑗 (𝐱)
∏

𝐮∈

(

1 − exp
{

− ‖𝐱−𝐮‖2

2𝜆2div

}

)

, (28)

Here, 𝑆𝑗 (𝐱) is the cumulative variance score,  is the set of already selected points in the current batch, and 𝜆div controls the 
diversification penalty typically set to the median pairwise distance among candidates. The exponential term in Eq. (28) lowers the 
score of candidates located too close to previously selected points, promoting spatial diversity and avoiding redundant evaluations. 
Batch construction proceeds over the candidate pool 𝑗 until the target batch size || = 𝐵 is reached.

The learning process for each output is governed by a specific set of stopping criteria, which are described in Section 3.3

3.3.  Monte Carlo verification

In order to verify that the MF surrogate reproduces not only the available HF data but also the full probabilistic behaviour over the 
input domain, verification is performed against a HF Monte Carlo (MC) baseline. Two HF references are considered (see Section 4.2): 
(i) a CUF LW model as explained in Section 2 and (ii) a 3D FE model in Abaqus (C3D8R). For consistency, both the MC-HF simulations 
and the MF surrogate predictions are evaluated on the same validation set val = {𝐱(𝑖)}𝑁val

𝑖=1  and at the same thickness nodes {𝜁𝑝}𝑃𝑝=1, 
so that every metric is computed on identical inputs and spatial locations.

For each response 𝑦(𝐱, 𝜁 ), the quantity is evaluated at a discrete set of normalized thickness coordinates {𝜁𝑝}𝑃𝑝=1, thus providing its 
complete through-thickness profile. Two quantities are analyzed: the full profile itself and the corresponding maximum value along 
the thickness,

𝑦max(𝐱) = max
𝜁∈[−1,1]

𝑦(𝐱, 𝜁 ), (29)
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Algorithm 1 Multi-fidelity multi-output framework with adaptive selection.
1: Initialize training sets 𝐿 (LF), 𝐻  (HF) ⊳ Initial DoE
2: Generate a master candidate pool master by LHS; standardize inputs

 — Phase 0: Preliminary LF adaptive sizing —
3: for all output 𝑗 = 1,… , 𝑁outputs do ⊳ For each output
4:  Determine 𝑁LF,𝑗 via stabilization (Eq. (24))
5:  Define 𝑗 ⊂ master with |𝑗 | = 𝑁LF,𝑗
6: end for

 — Phases 1–3: iterative active learning —
7: while stopping criteria not met and budget not exceeded do
8:  next ← ∅
9:  for all active output 𝑗 do
10:  Train/update MF-GPR 𝑀𝑗 on 𝐻  (discrepancy in 𝑔(⋅); using separable kernel)
11:  For all 𝐱 ∈ 𝑗 : compute 𝑠2Δ(𝐱, 𝜁𝑝) (Eq. (25))
12:  Aggregate 𝑆𝑗 (𝐱) over 𝜁𝑝 (Eq. (26))
13:  𝑗 ← argmax𝑘𝐱∈𝑗

𝑆𝑗 (𝐱) ⊳ Top-𝑘 proposals
14:  next ← next ∪ 𝑗
15:  end for
16:  Remove duplicates from next; let act be the set of active outputs
17:  Batch selection (size 𝐵): set  ← ∅
18:  while || < 𝐵 do
19:  For all 𝐱 ∈ next ⧵  and 𝑗 ∈ act, evaluate Φ𝑗 (𝐱;) as in Eq. (28)
20:  Φ(𝐱) ← |act|−1

∑

𝑗∈act Φ𝑗 (𝐱;)
21:  𝐱⋆ ← argmax𝐱 Φ(𝐱);  ←  ∪ {𝐱⋆}
22:  end while
23:  Run HF at all 𝐱 ∈ ;
24:  𝐻 ← 𝐻 ∪ {(𝐱, 𝑓𝐻 (𝐱)) ∶ 𝐱 ∈ } ⊳ Update training set (𝐱, 𝑓𝐻 (𝐱)) to 𝐻
25:  For all 𝑗: 𝑗 ← 𝑗 ⧵ ; check stopping criteria for 𝑀𝑗
26: end while

which is relevant when the assessment focuses on peak responses, such as layerwise stresses or failure indices.
The MC–HF reference is generated progressively in batches of size 𝑁batch. After each batch 𝑛, the sample mean 𝜇𝑛 and standard 

deviation 𝜎𝑛 of the accumulated maxima {𝑦max(𝐱(𝑖))}𝑛𝑁batch
𝑖=1  are updated. Convergence is assessed by monitoring the relative variation 

of these statistics between 𝑟 consecutive batches:
|𝜇𝑛 − 𝜇𝑛−1|
|𝜇𝑛−1| + 𝜀

≤ 𝜖𝜇 ,
|𝜎𝑛 − 𝜎𝑛−1|
𝜎𝑛−1 + 𝜀

≤ 𝜖𝜎 , (30)

The parameters 𝜖𝜇 and 𝜖𝜎 define the target accuracy and are set to 0.01. In this way, the MF-GPR and MC-HF baselines are compared 
under identical conditions: (i) using the same validation inputs val and thickness nodes 𝜁𝑝; (ii) applying equivalent accuracy-based 
stopping rules, which are applied to the same distributional functionals (through-thickness mean and standard-deviation profiles, 
and the distribution of maxima 𝑦max). The MF-GPR model terminates once the mean predictive accuracy reaches 𝑅2≥0.95, and 
the epistemic uncertainty, quantified as the 95% confidence-band width, drops below 1% of the data range. After termination of 
both procedures, comparability is verified a posteriori on the same statistics: the relative deviations between MF-GPR and MC-HF 
through-thickness mean and standard-deviation profiles remain within the same tolerance thresholds (𝜖𝜇 , 𝜖𝜎 ) used in Eq. (30), and the 
discrepancy between the probability density of 𝑦max is negligible. This ensures that both methods are evaluated at a comparable and 
statistically consistent level of accuracy. The complete probabilistic framework is schematically summarized in Fig. 3. The diagram 
illustrates the interplay between the MF surrogate model, the iterative AL loop that guides its training, and the final MC validation 
stage that assesses its predictive accuracy.

4.  Numerical results

4.1.  Non probabilistic failure prediction under material and load uncertainties

This section presents numerical results that demonstrate the predictive capabilities of the MF surrogate model based on 
the additive correction strategy introduced in Section 3.1. The test case is a twelve-layer symmetric [30◦∕0◦]4𝑆 laminate 
(𝑎 = 𝑏 = 0.5 m, ℎ = 1.5 mm) subjected to the boundary and loading conditions shown in Fig. 4. Uncertainties are introduced via two 
independent, identically distributed Gaussian factors: 𝜉mat ∼ (0, 0.12) perturbs the material’s elastic and strength properties (Table 1). 
For instance, a generic material property 𝑃  is updated from its nominal value 𝑃nom according to the relation:

𝑃rand = 𝑃nom ⋅ (1 + 𝜉mat ) (31)
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Fig. 3. Flow-chart of the integrated MF framework for uncertainty quantification, detailing the AL training cycle and validation.

Fig. 4. Boundary conditions and loading of the laminated plate.

Table 1 
Nominal elastic and strength properties of the laminate.
 Elastic property  Value  Strength property  Value
𝐸1 [GPa]  143.0 𝑋𝑇  [MPa]  1690
𝐸2 , 𝐸3 [GPa]  9.1 𝑋𝐶 [MPa]  800
𝐺12 , 𝐺13 [GPa]  4.8 𝑌𝑇  [MPa]  28
𝐺23 [GPa]  4.8 𝑌𝐶 [MPa]  100
𝜈12 , 𝜈13  0.30 𝑆12 [MPa]  75
𝜈23  0.30 𝑆23 = 𝑆13 [MPa]  75

A second, independent factor 𝜉load∼ (0, 0.12) perturbs the transverse line load 𝑞 and surface pressure 𝑝. This case employs two distinct 
levels of fidelity, both on a 10 × 10 Q9 mesh: LF responses are generated by an ESL model with TE1 expansion through-the-thickness 
(ESL-TE1), while HF responses are obtained from a more refined LW model utilizing a 2 LD3 expansion function for each layer. 
The MF surrogate is subsequently trained on a small, strictly nested DoE of ten points, comprising 70% LF runs and 30% HF runs 
(HF ⊂ LF), as detailed in Section 3.2.

Fig. 5 first compares the LF, HF, and MF predictions for the maximum through-thickness values of the Hashin 3D failure indices 
(see Appendix A) as a function of the material factor 𝜉mat alone. Fig. 6 then extends the analysis to the two-parameter space (𝜉mat , 𝜉load), 
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Fig. 5. Predictions of FI under material uncertainty (𝜉mat), comparing LF-only, HF-only, and MF-GPR models. Markers denote the training samples: 
MF-LF Data and MF-HF Data are the LF/HF sets used by the proposed MF-GPR strategy (LF pool and adaptively selected HF points), whereas LF 
Data and HF Data correspond to the training sets used to build the LF-only and HF-only response baselines, respectively.

showing the MF response surfaces together with the scattered LF and HF training samples. Based on these results, the following key 
observations can be made:

• For the fiber-dominated indices (𝐹𝑇 , 𝐹𝐶), the LF model provides a sufficiently accurate baseline, with predictions closely matching 
the HF results in both the 1D and 2D uncertainty space. The MF surrogate perfectly aligns with the HF only model.

• For the matrix-dominated indices (𝑀𝑇 ,𝑀𝐶), the LF model proves inadequate. Notably, it fails to capture complex transverse 
shear effects, leading to a significant overprediction of the 𝑀𝑇  index and an erroneous failure prediction (FI > 1). This highlights 
a critical risk in design optimization, where such a model would lead to the false rejection of a valid design. In contrast, the 
MF surrogate successfully corrects this physical inaccuracy and reproduces the high-fidelity behavior with high precision. This 
capability is maintained in the more complex 2D uncertainty space.

• The HF model, based on a refined LW kinematic, predicts values well below the failure onset. In contrast, the LF model, derived 
from a simplified theory similar to FSDT, significantly overestimates the 𝑀𝑇  and 𝑀𝐶 indices due to its limited capability to 
represent shear effects. The MF model, trained with only 30% of the HF simulations, effectively compensates for this limitation 
and reproduces the HF predictions.

4.2.  Probabilistic stress and failure analysis of a composite plate

This section demonstrates the capability of the adaptive MF-GPR framework (Section 3.2) to achieve efficient and accurate uncer-
tainty propagation in multilayered composites. The benchmark problem [91] consists of a two-layer cross-ply laminate with stacking 
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Fig. 6. Predictions of FI under material (𝜉mat) and load (𝜉load) uncertainties, comparing LF-only, HF-only, and MF-GPR models. Markers indicate the 
training samples: MF-LF Data and MF-HF Data are the LF/HF sets used by the proposed MF-GPR strategy, whereas LF Data and HF Data correspond 
to the training sets used to build the LF-only and HF-only baselines, respectively.

Fig. 7. Boundary conditions and loading of the laminate plate.
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Table 2 
Statistical description of material properties and load.
 Elastic properties  Strengths & load
 Parameter  Mean  CoV [%]  Parameter  Mean  CoV [%]
𝐸1 [GPa]  137.9  5.0 𝑃𝑧 [kPa]  10  10.0
𝐸2 [GPa]  8.96  13.5 𝑋𝑇  [MPa]  2500  5.0
𝐸3 [GPa]  8.96  13.5 𝑋𝐶 [MPa]  1600  5.0
𝐺12 [GPa]  7.10  14.5 𝑌𝑇  [MPa]  90  11.0
𝐺13 [GPa]  7.10  14.5 𝑌𝐶 [MPa]  300  13.5
𝐺23 [GPa]  6.21  14.5 𝑆12 [MPa]  120  16.5
𝜈12 [–]  0.30–0.33  – 𝑆23 [MPa]  120  16.5
𝜈13 [–]  0.30–0.33  – 𝑍𝑇  [MPa]  60  13.5
𝜈23 [–]  0.49–0.55  –

sequence [90◦∕0◦], in-plane dimensions 𝑎 = 𝑏 = 1 m, and thickness ℎ = 0.1 m, subjected to a uniform transverse pressure 𝑃𝑧 (see Fig. 7). 
Table 2 summarizes the statistical characterization of the material and load parameters. The mean values correspond to the nominal 
mechanical properties, while the Coefficients of Variation (CoV) quantify their relative uncertainty. Variability is introduced in both 
the elastic and strength properties of the composite, as well as in the applied load. The elastic constants are modeled as Gaussian 
random variables with CoV values ranging from 5% to 15% [92–95], capturing the lower variability of fiber-dominated directions 
and the higher dispersion of matrix-dominated ones. Strength parameters are also assumed normally distributed, with CoV values 
between 5% and 20% [96–98], depending on the corresponding failure mode. Poisson’s ratios are represented through uniform dis-
tributions within admissible bounds [99], whereas the applied pressure 𝑃𝑧 is perturbed by a 10% CoV to account for load uncertainty 
[100]. As in the previous case, two levels of fidelity are employed, both based on a 10 × 10 Q9 FE mesh in the plate plane, whose 
size was selected after a convergence study. LF responses are generated by an ESL model with TE1 expansion through-the-thickness 
(ESL-TE1, 2646 DOF), whereas HF responses are obtained from a refined LW model utilizing a 2 LD3 expansion function for each 
layer (17199 DOF) and a 3D Abaqus model employing a 80×80×16 solid C3D8R elements (≈ 300000 DOF), as used in Ref. [91].
Table 3 summarizes the quantitative comparison between the MF-GPR surrogate and the MC-HF reference. For each output, the 
table lists the number of low- and high-fidelity simulations (𝑁𝐿𝐹 , 𝑁𝐻𝐹 ), the percentage of HF data used (%HF), and the statistical 
indicators of predictive accuracy: the coefficient of determination (𝑅2) and the normalized root mean square error (nRMSE) repored 
in Eq. (32). The last column reports the number of HF MC samples used as reference; it is the minimum size meeting the stopping 
criteria in Eq. (30), which guarantees that the HF benchmark and the MF model evaluated at equivalent levels of accuracy (see Sec-
tion 3.3). As a complement to Table 3, the minimum and maximum through-thickness errors are listed. The in-plane stresses show the 
following ranges: 𝜎𝑥𝑥 between 0.04% and 1.44%, 𝜎𝑦𝑦 between 0.04% and 1.30%, and 𝜎𝑥𝑦 between 0.04% and 0.85%. For out-of-plane 
responses, the transverse normal stress 𝜎𝑧𝑧 lies between 0.23% and 1.45%, while the shear components remain contained, with 𝜎𝑥𝑧
within 0.11% to 0.81% and 𝜎𝑦𝑧 within 0.12% to 0.98%. Regarding the failure indices, 𝐹𝑇  ranges from 0.09% to 1.64%, 𝐹𝐶 from 
0.02% to 0.83%, 𝑀𝑇  from 0.18% to 1.41%, and 𝑀𝐶 from 0.03% to 1.34%; the delamination index ranges from 0.13% to 0.93%.

𝑅2 = 1 −
∑

𝑖(𝑦
MF
𝑖 − 𝑦HF𝑖 )2

∑

𝑖(𝑦
HF
𝑖 − 𝑦̄HF)2

, nRMSE =

√

1
𝑁

∑

𝑖(𝑦
MF
𝑖 − 𝑦HF𝑖 )2

max(𝑦HF) − min(𝑦HF)
. (32)

In addition to the accuracy indicators in Eq. (32), performance is also quantified under an equal computational budget by comparing 
the proposed MF-GPR strategy against MC-HF using the measured LF/HF cost ratio. To quantify the discrepancy, two additional error 
measures are introduced in the uncertainty propagation along the thickness coordinate 𝑧:

𝐸CI =

⟨

|

|

|
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|

|
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⟨
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|

⟩

𝑧
⟨

𝜎ref (𝑧)
⟩

𝑧

. (33)

Here, 𝐸CI quantifies the discrepancy between the predicted and reference 90% confidence bounds, while 𝐸𝜎 evaluates the accuracy 
of the estimated standard deviation along the laminate thickness. In these expressions, (⋅)ref  denotes the converged HF benchmark 
(see Table 3); ⟨⋅⟩𝑧 represents the spatial average across the thickness; and Δ𝑦ref = max(𝑦ref ) − min(𝑦ref ) is used as the normalization 
factor. To compare MF-GPR against MC-HF under the same computational budget, Table 3 reports the equal-cost confidence-envelope 
factor 𝐹CI = 𝐸HF,eq

CI ∕𝐸MF
CI . The companion factor 𝐹𝜎 = 𝐸HF,eq

𝜎 ∕𝐸MF
𝜎 , which evaluates the agreement of the standard-deviation profile 

𝜎(𝑧) along the thickness, is discussed here for completeness. For instance, at an equal computational cost, MF-GPR improves the 
confidence envelope accuracy by approximately +68% for 𝜎𝑦𝑦, +120% for 𝜎𝑥𝑦, +56% for 𝜎𝑥𝑧, and +90% for 𝜎𝑧𝑧. Correspondingly, the 
prediction of through-thickness variability is enhanced by roughly +77%, +105%, +80%, and +67% for the respective components. A 
similar trend is observed for failure-related quantities (see Table 3). For instance, the confidence-envelope error is reduced by about 
+69% for FT and +62% for the delamination index, with corresponding improvements of roughly +110% and +60% in the variability 
profile. For each output 𝑗 reported in Table 3, the LF dataset is the output-specific candidate pool 𝑈𝑗 whose size 𝑁𝐿𝐹 ,𝑗 is determined 
by the criterion introduced in Section 3.2 (Eq. (24)), and therefore it can vary among outputs. The MF model is initialized with a 
small nested set of co-located HF samples 𝐷𝐻,0 ⊂ 𝑈𝑗 , while the remaining HF evaluations reported in Table 3 are added iteratively by 
the adaptive learning loop by selecting new analyses that maximize the aggregated acquisition function, consistently with Section 3.2 
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Table 3 
Multi-fidelity performance metrics for stresses and failure indices, eval-
uated along the thickness at the in-plane point (−𝑎∕4, −𝑏∕4), with ref-
erence to the MC–HF benchmark. The factor 𝐹CI evaluates the accuracy 
of the confidence intervals at equal computational cost.
 Output 𝑁LF 𝑁HF  %HF 𝑅2  nRMSE 𝐹CI  MC-HF
 Stresses
𝜎𝑥𝑥  200  80  40.0%  0.995  0.010  1.45  600
𝜎𝑦𝑦  300  65  21.7%  0.998  0.009  1.68  600
𝜎𝑧𝑧  195  150  76.9%  0.999  0.006  1.90  600
𝜎𝑥𝑧  200  163  81.5%  1.000  0.005  1.56  600
𝜎𝑦𝑧  250  175  70.0%  1.000  0.004  1.57  600
𝜎𝑥𝑦  300  20  6.7%  1.000  0.005  2.20  600
 Failure indices
 FT  300  70  23.3%  0.992  0.010  1.69  600
 FC  150  49  32.7%  0.999  0.006  1.29  600
 MT  150  65  43.3%  0.997  0.008  1.80  600
 MC  450  65  14.4%  0.998  0.007  2.11  600
 delam  400  300  75.0%  0.999  0.007  1.62  600

Table 4 
Total computational time and speedup of the MF framework compared to HF 
benchmarks. 𝑆CUF and 𝑆ABQ indicate the speedup of the GPR-MF framework 
with respect to the MC-HF performed with CUF and Abaqus 3D, respectively.
    Output 𝑇MF [min] 𝑆CUF 𝑆ABQ 
 Stresses

 𝜎𝑥𝑥  11.5  3.99  6.36  
 𝜎𝑦𝑦  13.0  3.52  5.61  
 𝜎𝑧𝑧  16.7  2.75  4.38  
 𝜎𝑥𝑧  17.8  2.57  4.10  
 𝜎𝑦𝑧  20.1  2.28  3.64  
 𝜎𝑥𝑦  9.6  4.78  7.62  
 Failure indices

  FT  13.4  3.42  5.45  
  FC  7.8  5.90  9.40  
  MT  9.0  5.10  8.12  
  MC  17.0  2.69  4.28  
  delam  33.6  1.36  2.17  

(Eqs. (28) to (28)). This sampling procedure is illustrated in Appendix B (see Fig. B.17), which reports the adaptive-learning HF 
sample allocation for the delamination index, the most demanding output listed in Table 3, as a projection onto the input uncertainty 
plane (𝑆13, 𝑆23), i.e., the shear strength parameters with the strongest influence on the delamination index. Furthermore, Appendix B 
provides a direct comparison between adaptive and non-adaptive MF-GPR schemes at an equal computational cost. The analysis 
demonstrates that a static HF design fails to capture the confidence bands for the out-of-plane and shear stress components (𝜎𝑧𝑧, 𝜎𝑥𝑧, 
and 𝜎𝑦𝑧) and the delamination index, whereas the adaptive framework successfully reconstructs an accurate uncertainty envelope for 
these quantities. Table 4 reports the overall computational cost of the multi-fidelity framework. The total runtime was evaluated as 
the cumulative contribution of the low- and high-fidelity CUF simulations required for each output, with average execution times 
of 𝑡𝐿𝐹 = 1.61 s and 𝑡𝐻𝐹 = 4.58 s, respectively. For comparison, the corresponding Abaqus 3D simulation required 𝑡𝐴𝐵𝑄 = 7.30 s. The 
last two columns show the corresponding speedup factors with respect to MC using CUF-based HF or 3D Abaqus models. These 
values quantify the computational efficiency gain achieved by the MF-GPR framework. All simulations were performed on an Intel(R) 
Core(TM) Ultra 7 155H CPU @ 1.40GHz.

Figs. 8 and 9 present the through-the-thickness distributions of stresses and failure indices evaluated at the point (−𝑎∕4, −𝑏∕4), as 
referenced in Ref. [91]. For each output, two comparisons are reported: (a) the MC simulations using CUF-based high-fidelity models 
(MC–HF) versus the MF-GPR surrogate (see Section 3.2), displaying the mean response and the 90% confidence interval under the 
uncertainties reported in Table 2; and (b) an MC benchmark using the 3D Abaqus model as reference, also showing the mean and 
the corresponding 90% confidence interval under the same uncertainty conditions. For the sake of completeness, the corresponding 
results for the non-adaptive MF-GPR surrogate can be found in Appendix B. Fig. 10 shows a comparison of the Probability Density 
Functions (PDF) of the maximum failure indices across the thickness under the considered uncertainties. The MC-HF results are 
compared with the MF-GPR surrogate for the FT, MC and Delamination indices.
From the results shown, the following comments can be drawn:
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Table 5 
Statistical description of material properties and load.
 Elastic properties  Strengths & load
 Parameter  Mean  CoV [%]  Parameter  Mean  CoV [%]
𝐸1 [GPa]  137.9  5.0 𝜖𝑦𝑦 [–]  0.01  10.0
𝐸2 [GPa]  14.5  8.5 𝑋𝑇  [MPa]  2500  5.0
𝐸3 [GPa]  14.5  8.5 𝑋𝐶 [MPa]  1600  5.0
𝐺12 [GPa]  5.9  16.5 𝑌𝑇  [MPa]  90  11.0
𝐺13 [GPa]  5.9  16.5 𝑌𝐶 [MPa]  300  13.5
𝐺23 [GPa]  5.9  16.5 𝑆12 [MPa]  120  16.5
𝜈12 [–]  0.21–0.25  – 𝑆23 [MPa]  120  16.5
𝜈13 [–]  0.21–0.25  – 𝑍𝑇  [MPa]  60  13.5
𝜈23 [–]  0.21–0.25  –

• For the in-plane stresses (𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑥𝑦), only a minimal discrepancy is observed between the HF and LF models (see Fig. 8a). 
Both the adaptive and non-adaptive MF-GPR surrogates (see also Fig. B.18a in Appendix B) reproduce the HF benchmarks both 
CUF-based and 3D Abaqus (see Fig. 8b), showing no significant deviation in either the mean profiles or the confidence intervals.

• For the out-of-plane stresses (𝜎𝑥𝑧, 𝜎𝑦𝑧, 𝜎𝑧𝑧), a substantial discrepancy emerges between LF and HF (see Fig. 8c and e). The non-
adaptive GPR–MF (Fig. B.18b and c) fails to reproduce the HF confidence bands at the laminate top and bottom because the 
underlying classical ESL-TE1 (similar to FSDT) typically overlook the 𝐶0

𝑧  requirements and do not satisfy equilibrium conditions 
pointwise, especially at the at the top and bottom edges of the plate. In contrast, the adaptive GPR-MF matches both HF mean 
profiles and confidence intervals (Fig. 8d and f) by directing HF samples to the high-variance zones, thus effectively learning the 
non-linear correction to apply to the LF model.

• For the failure indices, two different behaviors can be observed. For the fiber- and matrix-dominated modes (𝐹𝑇 , 𝐹𝐶, 𝑀𝑇 , 𝑀𝐶), 
the discrepancy between LF and HF is limited (see Figs. 9a, 9c, 9e, 9g), which makes it relatively easy to learn the correction 
profile and build an accurate MF surrogate. For the delamination index, instead, the LF model completely fails to reproduce the 
through-thickness profile as seen in Fig. 9c, since this quantity depends solely on out-of-plane stresses (see Appendix A). As a 
consequence, the non-adaptive GPR–MF (Fig. B.18h) cannot capture either the mean trend or the confidence intervals, and only 
the adaptive surrogate provides a reliable prediction consistent with the HF benchmarks (Fig. 9d).

• Fig. 10 shows the comparison between MF-GPR and MC-HF PDF of the maximum failure indices. The MF-GPR surrogate accurately 
reproduces the CUF HF reference, with minor deviations observed in the tails, particularly for the delamination index, which 
remains the most demanding case due to the stronger nonlinear correction function and higher sensitivity to uncertainties.

4.3.  Probabilistic free-edge stresses

This case study shows the capability of the proposed MF framework to reproduce free-edge effects induced by the mismatch of 
orthotropic properties at ply interfaces in the presence of uncertainties. The benchmark laminate presented in [101] is considered. 
The beam has a stacking sequence [45◦∕ − 45◦]𝑠, with each layer of equal thickness, and is subjected to a uniform longitudinal 
strain 𝜀𝑦𝑦 = 0.01 at the ends. Geometry and loading are shown in Fig. 11. Similarly to the previous section, Table 5 summarizes the 
statistical characterization of the material and load parameters, where the mean values correspond to the nominal properties and 
the CoV quantify their uncertainty. The elastic moduli, strength allowables, and applied load follow normal distributions, whereas 
the Poisson ratios are modeled as uniform random variables. In this case, the LF analyses are generated by an ESL model with TE2 
expansion through-the-thickness (ESL-TE2, 3969 DOF), while HF results are obtained through a LW model with 2 LD3 for each ply 
(33075 DOF).

The results focus on the transverse shear stress 𝜎𝑦𝑧, which develops near the free edge, specifically the evolution at mid-span 
(𝑦 = 𝐿∕2) and 𝑧∕ℎ = 0.25, starting from the free edge (𝑥∕𝑏 = 0.5) and moving toward the plate center; as well as its variation through 
the thickness at the same span-wise coordinate along the free-edge section. Table 6 summarizes the corresponding performance and 
computational metrics, including the number of low- and high-fidelity samples, accuracy with respect to the CUF-based MC–HF 
benchmark, the equal-cost confidence-envelope factor 𝐹CI, and the achieved computational speedup. The average runtimes of the 
CUF low- and high-fidelity models are 𝑡LF = 2.27 s and 𝑡HF = 6.75 s, respectively. Figs. 12 and 13 illustrate the probabilistic transverse 
shear stress 𝜎𝑦𝑧 obtained along the two free-edge paths described. For each output, (a) reports the mean value and 90% confidence 
intervals obtained from the CUF-based HF, and also the mean values obtained with LF and MF (see Figs. 12a and 13a), and b) shows 
the corresponding adaptive MF-GPR predictions, which provide the mean response and 90% confidence interval under the same 
uncertainty conditions defined in Table 6 (see Figs. 12b and 13b).

From the results outlined, the following comments can be made:

• Fig. 12 shows that the MF surrogate accurately captures the stress gradients 𝜎𝑦𝑧 near the free edge, reproducing both the HF 
mean trends and the 90% confidence bands along 𝑥-direction due to uncertainties. Similarly, Fig. 13 illustrates that the MF 
model presents the correct through-thickness mean value and confidence intervals, while the LF model is not able to capture the 
interlaminar stress profile accurately.
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Fig. 8. Stresses through thickness under material and load uncertainty. Left column: LF/HF/MF mean with 90% CI (MC–HF, GPR–MF). Right 
column: MC–HF (3D Abaqus) reference.
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Fig. 9. Failure indices along thickness under material and load uncertainty. Left column: LF/HF/MF mean with 90% CI (MC–HF, GPR–MF). Right 
column: MC–HF (3D Abaqus) reference.
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Fig. 9. Failure indices along thickness under material and load uncertainty. Left column: LF/HF/MF mean with 90% CI (MC–HF, GPR–MF). Right 
column: MC–HF (3D Abaqus) reference.

Table 6 
MF performance metrics for the free-edge case. The total computational time refers to the complete execution of the GPR-MF framework, 
while 𝑆CUF indicates the corresponding speedup with respect to the MC-HF simulations performed with CUF. The equal-cost confidence-
envelope factor 𝐹CI is also reported.
    Performance metrics  Computational cost
  Output 𝑁LF 𝑁HF  %HF 𝑅2  nRMSE 𝐹CI  MC-HF 𝑇MF [min] 𝑆CUF  
 Stresses (free-edge)

 𝜎𝑦𝑧∕𝜀𝑦𝑦 (along 𝑥)  350  40  11.4%  0.997  0.008  1.70  400  17.7  2.54  
 𝜎𝑦𝑧∕𝜀𝑦𝑦 (through 𝑧)  250  40  16.0%  0.998  0.006  1.82  400  14.0  3.22  

• The quantitative metrics in Table 6 confirm the high predictive accuracy (𝑅2 > 0.99, nRMSE< 1%) and the computational efficiency 
of the MF model in capturing the complex stress state, achieved using 16% of HF evaluations. Compared to the previous case study, 
which required a larger number of HF simulations for shear components, the present configuration exhibits narrower and simpler 
uncertainty bands, thereby reducing the amount of HF data needed for training. In this case, a large LF dataset corrected by a 
small fraction of HF samples is sufficient to accurately recover the stress distribution under the aforementioned uncertainties.

• To compare MF-GPR against MC-HF under the same computational budget, Table 6 reports the equal-cost confidence-envelope 
factor 𝐹CI (defined in Section 4.2). Under same computiational cost, MF-GPR reduces the confidence-envelope error by about +70%
for 𝜎𝑦𝑧∕𝜀𝑦𝑦 evaluated along 𝑥, and by about +82% for the corresponding profile evaluated through 𝑧. The companion variability 
factor 𝐹𝜎 , also introduced in Section 4.2, indicates improvements of approximately +89% and +110% for the along-𝑥 and through-𝑧
responses, respectively.
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Fig. 10. PDF of maximum failure indices across the thickness under material and load uncertainty. Comparison between MC-HF and GPR-MF.

Fig. 11. Boundary conditions and loading of the laminate plate.

Fig. 12. Transverse shear stress 𝜎𝑥𝑧 along 𝑥 at 𝑧 = ℎ∕4 and 𝑦 = 𝑏∕2, with the 𝑥-axis starting from the free-edge and moving towards the plate center. 
Reference solution is taken from Wang and Crossman[102].
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Fig. 13. Transverse shear stress 𝜎𝑥𝑧 along 𝑧 at 𝑦 = 𝐿∕2 and 𝑥 = 𝑏. Reference solution is taken from Wang and Crossman[102].

Fig. 14. Boundary conditions and loading of the open-hole composite plate.

4.4.  Probabilistic failure analysis of a composite open-hole plate

This case study demonstrates the capability of the proposed MF framework to predict the probabilistic failure response of a 
composite plate with a central circular hole under tensile loading. The configuration adopted in this study corresponds to the 
benchmark case presented in Ref. Catapano and Montemurro[103], characterized by a symmetric laminate with stacking sequence 
𝜃 = [45◦∕90◦∕ − 45◦∕0◦]3𝑠 and subjected to a uniform tensile load applied in the 𝑥 and 𝑦 direction. The geometry, boundary condi-
tions, and applied load are shown in Fig. 14. Additionally, Fig. 14 illustrates the FE mesh adopted, chosen following the classical FE 
discretization recommended in [104] to balance computational cost and accuracy; in a higher-order FE context, however, a less de-
tailed mesh would be admissible [42,105]. As in the previous case, Table 7 summarizes the statistical characterization of the material 
and load parameters, where the mean values correspond to the nominal mechanical properties and CoV quantifies their uncertainty. 
The elastic moduli, strength allowables, and applied pressure follow normal distributions, whereas the Poisson ratios are modeled as 
uniform random variables. In this study, the LF analyses are performed using an ESL model with TE1 expansion through the thickness 
(similar to FSDT as presented in the Ref. [103]) with 13542 DOF, while the HF analyses are based on a LW model with one LD1 
expansion per ply (169275 DOF).

This section presents the probabilistic response of the open-hole plate in terms of through-thickness failure indices at the reference 
point A (see Fig. 14) in the proximity of the hole. Table 8 reports the MF performance and computational metrics for this case. 
Specifically, the average runtimes of the CUF low- and high-fidelity models are 𝑡LF = 25.66 s and 𝑡HF = 71.05 s, respectively. Fig. 15 
display the probabilistic distributions of the Hashin 3D failure indices obtained through the laminate thickness, namely 𝐹𝑇 , 𝐹𝐶, 
𝑀𝑇 , and the delamination index. For each output it is reported (a) the CUF-based results by comparing the LF, HF, and MF mean 
curves and showing the 90% confidence interval associated with the HF simulations; and (b) the corresponding adaptive MF-GPR 
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Table 7 
Statistical characterization of the material properties and applied loads for 
the open-hole composite plate.
   Elastic properties  Strengths & load
 Parameter  Mean  CoV [%]  Parameter  Mean  CoV [%]

 𝐸1 [GPa]  161  6.5 𝜖𝑥𝑥 , 𝜖𝑦𝑦 [–]  0.01  10.0  
 𝐸2 [GPa]  9.0  13.5 𝑋𝑇  [MPa]  1500  10.0  
 𝐸3 [GPa]  9.0  13.5 𝑋𝐶 [MPa]  1500  10.0  
 𝐺12 [GPa]  6.1  13.0 𝑌𝑇  [MPa]  40  15.0  
 𝐺13 [GPa]  6.1  13.0 𝑌𝐶 [MPa]  200  15.0  
 𝐺23 [GPa]  6.1  13.0 𝑆12 [MPa]  68  10.0  
 𝜈12 [–]  0.22–0.30  – 𝑆13 [MPa]  40  10.0  
 𝜈13 [–]  0.22–0.30  – 𝑆23 [MPa]  40  10.0  
 𝜈23 [–]  0.08–0.15  – 𝑍𝑇  [MPa]  60  15.0  

Table 8 
Multi-fidelity performance metrics and computational indicators for the open-hole laminate. All quantities are evaluated along the thickness 
at point A. The equal-cost confidence-envelope factor 𝐹CI is also reported. The total computational time refers to the complete execution of 
the GPR-MF framework, while 𝑆CUF indicates the corresponding speedup with respect to the MC-HF simulations performed with CUF.
    Performance metrics  Computational cost
  Output 𝑁LF 𝑁HF  %HF 𝑅2  nRMSE 𝐹CI  MC-HF 𝑇MF [min] 𝑆CUF  
 Failure indices (open-hole)

  FT  700  83  11.9%  0.998  0.007  1.51  800  397.6  2.38  
  FC  550  40  7.3%  0.999  0.007  2.89  800  282.6  3.35  
  MT  500  150  30.0%  1.000  0.003  2.22  800  391.5  2.42  
  delam  550  300  54.5%  1.000  0.005  1.20  800  590.5  1.60  

prediction, with the mean profile together with the 90% confidence interval obtained from the trained surrogate under the same 
uncertainty conditions. The matrix-compression failure index is not reported because it remains negligible under the present loading 
configuration.
From the results shown, the following comments can be drawn:

• All MF surrogates achieve good agreement with the MC-HF benchmarks (𝑅2≥0.998, nRMSE ≤0.007 for FT/FC and ≤0.005 for 
MT/delam), while significantly reducing the computational cost, as seen in Table 8.

• Table 8 reports also the equal-cost confidence-envelope factor 𝐹CI for the comparison between MF-GPR and MC-HF under the 
same computational budget. MF-GPR reduces the confidence-envelope error by about +51% for FT, +189% for FC, +122% for MT, 
and +20% for delamination. The companion variability factor 𝐹𝜎 indicates corresponding improvements of approximately +47%, 
+110%, +78%, and +15%, respectively.

• For the Fiber compression/tension indices (see Fig. 15a, b, c, d), the LF model already captures their through-thickness trends, 
and consequently the MF surrogate only needs a low number of HF corrections. In the plots, the MF mean overlaps the HF curve, 
and the MF CI adheres to the HF band across the thickness.

• The matrix-tension index (see Fig. 15e and f) is sensitive to transverse shear and through-the-thickness stress near the hole (see 
Appendix A). In fact, the LF model shows larger discrepancies with respect to the HF. The adaptive MF allocates more HF samples 
(30%), improving the LF prediction and matching both HF mean and CI.

• The delamination index (see Fig. 15g and h) depends on out-of-plane stresses, thus the LF model underpredicts the value and 
variability in the 𝑧 direction, so the MF strategy must learn a larger, non-linear correction. In this case, 54.5% HF is needed. This 
matches the HF results but increases the computational cost (𝑆CUF=1.45).

To complement the mean and 90% confidence-interval profiles reported in Fig. 15 and the performance indicators in Table 8, a 
reliability measure is additionally evaluated within the same uncertainty framework. For a given failure mode 𝑘, the probability of 
failure onset is defined as:

𝑃𝑓,𝑘 = ℙ
(

𝐹𝐼𝑘,max(𝐱) ≥ 1
)

, 𝐹 𝐼𝑘,max(𝐱) = max
𝜁∈[0,1]

𝐹𝐼𝑘(𝐱, 𝜁 ), (34)

where 𝐱 denotes the vector of stochastic input parameters and 𝜁 is the normalized through-thickness coordinate. In the present open-
hole configuration, non-negligible probabilities of failure are observed for the FT and MT modes (consistent with the distributions in 
Fig. 15), whereas all other failure indices remain strictly below the critical threshold.
Based on the converged MC–HF baseline (𝑁 = 800), the reference failure probabilities are established as 𝑃𝑓,𝐹𝑇 = 2.50% and 𝑃𝑓,𝑀𝑇 =
36.38% The corresponding MF–GPR estimates, derived using the specific HF analyses detailed in Table 8 (𝑁𝐻𝐹 = 83 for FT and 
𝑁𝐻𝐹 = 150 for MT), result in 𝑃𝑓,𝐹𝑇 = 2.52% and 𝑃𝑓,𝑀𝑇 = 36.20%, corresponding to relative deviations of 0.86% and 0.48%, respectively. 
To illustrate the through-thickness distribution, Fig. 16 reports the 3D layerwise probability of failure for matrix-tension onset, 
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Fig. 15. MF-GPR results for the open-hole configuration. Left column reports LF, HF, and MF mean values with CUF-based HF confidence intervals, 
while right columns show the adaptive MF-GPR surrogate predictions with associated uncertainty.
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Fig. 16. Through-thickness probability of matrix-tension failure onset at point A for the open-hole configuration. Comparison between the converged 
MC–HF benchmark and the MF–GPR surrogate.

comparing the converged MC–HF benchmark and the proposed MF–GPR surrogate:
𝑃𝑓,𝑀𝑇(𝑧) = ℙ

(

𝐹𝐼𝑀𝑇 (𝐱, 𝑧) ≥ 1
)

(35)

This profile directly identifies the through-thickness regions that govern the probability of failure onset under the prescribed material 
and load uncertainties.

5.  Conclusions

This work presented a MF framework based on probabilistic machine learning to analyze the propagation of uncertainties in 
composite structures. The objective is to determine the optimal number and distribution of LF and HF samples required to achieve 
accurate uncertainty estimates with minimal computational cost. The framework integrates low-fidelity ESL models and high-fidelity 
LW CUF models based on Taylor and Lagrange expansions through the thickness, respectively, exploiting their discrepancy to build 
an accurate and computationally efficient surrogate. CUF was utilized due to its versatility in generating different structural theories 
without the need for remeshing or rewriting the governing equations of the structural problem, making the integration of LF and HF 
models straightforward [106]. An adaptive active-learning strategy selects new HF samples based on epistemic uncertainty to reach 
convergence with a minimal number of expensive simulations. In this context, the use of LW models is essential, as they provide an 
accurate layerwise representation of the kinematic fields and enable the recovery of realistic through-thickness stress distributions, 
ensuring reliable identification of failure onset.

• The MF surrogate accurately reproduces the mean and CI of the 3D stress components and Hashin failure indices under material 
and load uncertainties for the composite plate (Figs. 8 and 9). The predictive distributions (PDF) of MF and HF nearly coincide, 
confirming statistical consistency (see Fig. 10). The highest sensitivity to uncertainty is observed for the out-of-plane stresses 
(𝜎𝑥𝑧,𝜎𝑦𝑧,𝜎𝑧𝑧) and for the 𝐹𝑇 , 𝑀𝐶, and delamination indices, whereas the in-plane stresses (𝜎𝑥𝑥,𝜎𝑦𝑦,𝜎𝑥𝑦), 𝑀𝑇  and FC show narrower 
confidence bands. As reported in Table 3, the adaptive strategy converges with about 20–300 HF evaluations, against 600 MC-HF 
simulations required by the benchmark. In contrast, the non-adaptive MF (see Appendix B) fails to recover the HF confidence 
bands near the laminate surfaces due to limitations of the underlying ESL-TE1 model. In addition, the performance assessment at 
a fixed computational budget (see Table 3) confirms that MF-GPR significantly refines the 90% confidence envelope and of the 
through-thickness variability profile, with typical gains of about 45–120% for 𝐹CI and 16–110% for 𝐹𝜎 depending on the output.

• The discrepancy between the ESL and LW models becomes more pronounced near the edges due to strong interlaminar stress 
variations. ESL models fail to reproduce the local stress state of the shear components, leading to discrepancies that the MF-
GPR efficiently corrects. Despite this modeling gap, the uncertainty bands remain narrow (Figs. 12 and 13), indicating limited 
sensitivity to input variability; hence, only a small fraction of HF data is required. Specifically, convergence is achieved with 40 
HF simultations, compared to about 400 MC–HF evaluations required by the benchmark (see Table 6). The comparison at the 
same computational cost (see Table 6) yields confidence-envelope improvements of about +70% and +82% for the along-𝑥 and 
through-𝑧 responses, respectively, with corresponding variability-profile improvements of approximately +89% and +110%.

• For the open-hole configuration, the largest CI widths are observed for the 𝑀𝑇  and delamination indices, which require more 
HF analyses to achieve accurate probabilistic reconstruction (Fig. 15). In this case as well, adaptive learning is essential for the 
MF predictions to reproduce the HF mean and CI profiles, yielding a substantial reduction in computational cost. In particular, 
convergence is reached with 40–300 HF simulations, compared to 800 MC-HF runs required by the reference benchmark, thus 
yielding a substantial reduction in computational cost (see Table 8). Moreover, the assessment at the same computational cost 
reported in Table 8 indicates that, the confidence-envelope error is reduced by about +51% for FT, +189% for FC, +122% for 
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MT, and +20% for delamination, with corresponding variability-profile improvements of approximately +47%, +110%, +78%, and 
+15%, respectively.

• The proposed MF framework quantifies uncertainty for fully three-dimensional, layerwise stress fields and failure indices. This 
enables the definition of reliability indicators for spatially distributed responses, providing location-dependent probabilities of 
failure and allowing critical plies or interfaces to be identified under uncertainties, rather than relying solely on global maxima 
[107]. Furthermore, the reconstruction of full layerwise profiles enables the use of continuous metrics based on thickness in-
tegration. Unlike discrete max-type criteria, these formulations produce smooth responses that are inherently compatible with 
gradient-based optimization. The open-hole results confirm that the governing onset probabilities and the through-the-thickness 
probability profile are accurately reproduced by MF–GPR with respect to the converged MC–HF benchmark (see Fig. 16).

In conclusion, the proposed framework proved robust and computationally efficient, successfully capturing the propagation of 
material and load uncertainties across multiple composite configurations. Nevertheless, probabilistic assessments require prior knowl-
edge of the input probability distributions, which are often unavailable or only partially characterized. Moreover, the MF accuracy 
depends on the discrepancy between the LF and HF models and may require localized corrections in highly nonlinear regions. The 
aggregate computational time of LF and HF evaluations can also become non-negligible when HF analyses are particularly expen-
sive or when adaptive enrichment converges slowly. Despite these limitations, the framework maintains high predictive accuracy 
while reducing computational demands, yielding statistically consistent uncertainty propagation. Future investigations will extend 
the methodology to progressive failure and geometrically nonlinear problems under uncertainties, and to Reliability-Based Design 
Optimization (RBDO) to embed uncertainty quantification directly into CUF-based structural optimization.
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Appendix A.  Hashin 3D and delamination failure criteria

The failure indices used to assess the structural integrity of the composite laminate are based on the Hashin 3D failure criteria 
[108]. The formulations for fiber tension (𝐹𝑇 ), fiber compression (𝐹𝐶), matrix tension (𝑀𝑇 ), and matrix compression (𝑀𝐶) are 
given by:

• Fiber tension (𝜎11 ≥ 0):

𝐹𝑇 =
(

𝜎11
𝑋𝑇

)2
+

𝜎212 + 𝜎213
𝑆2
12

≥ 1 (A.1)

• Fiber compression (𝜎11 < 0):

𝐹𝐶 =
(

𝜎11
𝑋𝐶

)2
≥ 1 (A.2)

• Matrix tension (𝜎22 + 𝜎33 ≥ 0):

𝑀𝑇 =
(𝜎22 + 𝜎33)2

𝑌 2
𝑇

+
𝜎223 − 𝜎22𝜎33

𝑆2
23

+
𝜎212 + 𝜎213

𝑆2
12

≥ 1 (A.3)

• Matrix compression (𝜎22 + 𝜎33 < 0):

𝑀𝐶 =

[

(

𝑌𝐶
2𝑆23

)2
− 1

]

(

𝜎22 + 𝜎33
𝑌𝐶

)
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+
(𝜎22 + 𝜎33)2

4𝑆2
23

+
𝜎223 − 𝜎22𝜎33

𝑆2
23

+
𝜎212 + 𝜎213

𝑆2
12

≥ 1 (A.4)

Here, 𝜎𝑖𝑗 are the components of the stress tensor in the material coordinate system, where direction 1 corresponds to the fiber 
direction, while 2 and 3 represent the transverse directions. 𝑋 and 𝑌  denote the material strengths, with subscripts 𝑇  and 𝐶 indicating 
tension and compression, respectively. 𝑆𝑖𝑗 represent the material shear strengths. A failure is predicted when any index value is greater 
than or equal to one.

Additionally, delamination index is considered as well, since this failure mechanism has proven to be of major concern when 
considering manufacturing defects [109,110]. The delamination index is calculated by means of the mixed mode quadratic criterion 
[111], given by the following equation:

𝐷𝑒𝑙𝑎𝑚 =
(

⟨𝜎33⟩
𝑍𝑇

)2
+
(

𝜎23
𝑆23

)2
+
(

𝜎13
𝑆13

)2
≥ 1 (A.5)

where ⟨𝜎33⟩ denotes the max(0, 𝜎33), 𝑍𝑇  is the transverse tensile strength through the thickness direction, and 𝑆23 and 𝑆13 are the 
transverse shear strengths. Delamination is assumed to occur when this index reaches or exceeds unity.

Appendix B.  Non-adaptive MF–GPR result

This appendix presents a comparison between the non-adaptive MF-GPR and the adaptive MF-GPR baseline for Section 4.2, both 
evaluated at the same computational cost. For completeness, Fig. B.17 summarizes the sequence of HF acquisitions produced by 
adaptive learning in Section 4.2, clarifying how the HF budget is progressively allocated for the delamination index (see Table 3).

Fig. B.17. Adaptive HF sampling sequence for the delamination index in Section 4.2, shown as a projection in the input uncertainty space (𝑆13, 𝑆23). 
Gray dots denote the LF candidate pool 𝑈𝑗 ; Open circles indicate the initial HF set 𝐷𝐻,0, randomly selected from the LF candidate pool 𝑈𝑗 , while 
filled squares represent the HF samples added by adaptive learning; and red triangles highlight the final refinement. As reported in Table 3, this 
output uses 𝑁𝐿𝐹 = 400 LF evaluations (i.e., the size of 𝑈𝑗) and 𝑁𝐻𝐹 = 300 HF evaluations in total. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)

Fig. B.18 presents the predictions generated by the non-adaptive GPR-MF surrogate for the case study described in Section 4.2. For 
each quantity, the figure provides the mean curve and the 90% confidence interval, both evaluated through the thickness under ma-
terial and load uncertainty. Specifically, for the out-of-plane normal and transverse shear components 𝜎𝑧𝑧, 𝜎𝑥𝑧 and 𝜎𝑦𝑧 (see Fig. B.18b, 
c) and for the delamination index (Fig. B.18h), the non-adaptive GPR-MF surrogate does not reproduce the HF confidence bands at 
the laminate boundaries. This limitation aligns with the characteristics of the LF model, namely the ESL-TE1 formulation (similar to 
FSDT), which typically neglects the 𝐶0

𝑧  continuity requirements and fails to enforce three-dimensional equilibrium pointwise, leading 
to inaccuracies near the top and bottom surfaces of the plate. In contrast, for quantities where the LF–HF mismatch is milder, such as 
the in-plane stress 𝜎𝑥𝑥 and the fiber/matrix failure indices 𝐹𝑇 , 𝐹𝐶, 𝑀𝑇 , and 𝑀𝐶 (see Fig. B.18a, c, d, e, f), the difference between 
adaptive and non-adaptive GPR–MF is minimal.
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Fig. B.18. Non-adaptive GPR–MF predictions with mean value and 90% CI.
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