POLITECNICO DI TORINO
Repository ISTITUZIONALE

Leveraging quantum computing for heat conduction analysis: A case study in thermal engineering

Original

Leveraging quantum computing for heat conduction analysis: A case study in thermal engineering / Asinari, Pietro;
Piredda, Matteo Maria; Barletta, Giulio; De Angelis, Paolo; Alghamdi, Nada; Trezza, Giovanni; Provenzano, Marina;
Fasano, Matteo; Chiavazzo, Eliodoro. - In: CASE STUDIES IN THERMAL ENGINEERING. - ISSN 2214-157X. -
79:(2026). [10.1016/j.csite.2026.107813]

Availability:
This version is available at: 11583/3007849 since: 2026-02-20T18:42:09Z

Publisher:
Elsevier

Published
DOI:10.1016/j.csite.2026.107813

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

08 May 2026



Case Studies in Thermal Engineering 79 (2026) 107813

Case Studies in Thermal Engineering

Contents lists available at ScienceDirect

THERMAL
ENGINEERING

journal homepage: www.elsevier.com/locate/csite

Leveraging quantum computing for heat conduction analysis: A case
study in thermal engineering

Pietro Asinari »"®-*, Matteo Maria Piredda ", Giulio Barletta®'”,

Paolo De Angelis *"?, Nada Alghamdi?®, Giovanni Trezza »*¥, Marina Provenzano *,
Matteo Fasano ¥, Eliodoro Chiavazzo »"

a Dipartimento Energia, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129, Torino (TO), Italy

b Istituto Nazionale di Ricerca Metrologica, Strada

delle Cacce 91, 10135, Torino (TO), Italy

¢ Université Grenoble Alpes, 1130 Rue de la Piscine, St Martin D’Heres, 38402, France

HIGHLIGHTS

GRAPHICAL ABSTRACT

Explores quantum computing for simu-
lating heat transfer in engineering.
Uses heat conduction as a case study
linking quantum computing and thermal
science.

Compares quantum circuits, packages,
and optimization algorithms.

Tests ideal, shot-based, and real exe-
cutions on the IQM Lagrange quantum
computer.

Evaluates quantum hardware performance
versus classical computational methods.

.
HEAT CONDUCTION
QUANTUM SIMULATION

Image generated with the assistance of ChatGPT, an Al language model developed by
OpenAl, under the CC BY 4.0 license.

ARTICLE INFO

ABSTRACT

Dataset link: https://github.com/SMaLL-PoliTo
/QuantumThermal

Keywords:
Quantum computing

The rapid development of quantum computing is creating new opportunities in thermal
sciences for the exploration and simulation of heat and mass transfer phenomena, turbulent
flows, as well as plasma and multiphase flows in porous media. In particular, high-fidelity
simulations of turbulent flows could benefit from quantum computing through the acceleration

* Corresponding author at: Dipartimento Energia, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129, Torino (TO), Italy.

E-mail address: pietro.asinari@polito.it (P.

Asinari).

https://doi.org/10.1016/j.csite.2026.107813
Received 2 November 2025; Received in revised form 23 January 2026; Accepted 7 February 2026

Available online 10 February 2026

2214-157X/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/csite
https://www.elsevier.com/locate/csite
https://orcid.org/0000-0003-1814-3846
https://orcid.org/0009-0008-0568-6490
https://orcid.org/0009-0007-9112-3186
https://orcid.org/0000-0003-1866-2988
https://orcid.org/0000-0003-0601-6292
https://orcid.org/0000-0002-9686-2777
https://orcid.org/0000-0002-3997-3681
https://orcid.org/0000-0001-6165-7434
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
https://github.com/SMaLL-PoliTo/QuantumThermal
mailto:pietro.asinari@polito.it
https://doi.org/10.1016/j.csite.2026.107813
https://doi.org/10.1016/j.csite.2026.107813
http://creativecommons.org/licenses/by/4.0/

P. Asinari et al. Case Studies in Thermal Engineering 79 (2026) 107813

Thermal engineering of linear algebra solvers. However, the practical performance of current quantum computers
Heat transfer remains limited. Major challenges include noise and fault tolerance—or, at least, effective
Variational quantum eigensolver error mitigation—as well as the development of improved quantum and hybrid quantum-

Real noisy quantum hardware

classical algorithms, the tuning of algorithms for specific problem classes, and the management
Quantum-—classical comparison

of both cloud-based platforms and physical quantum hardware. This work presents a case
study on heat conduction as a paradigmatic test case to promote the exploration of quantum
computing for thermal science. Innovative algorithmic strategies are discussed, supported by
numerical and experimental case studies, and the performance of real quantum hardware
(IQM Lagrange at Torino) is compared with classical computational methods. In particular,
preliminary investigations on this quantum hardware yielded a mean nodal outcome error of up
to 14% for the problem under consideration. In the current Noisy Intermediate-Scale Quantum
(NISQ) era, these numerical results obtained on real quantum hardware are preliminary
but provide valuable insights for guiding further hardware development, an effort that also
requires advanced metrology. The paper highlights opportunities, current challenges, and future
directions, with a particular emphasis on engineering applications.

1. Introduction

Quantum computing has generated enormous expectations both within the scientific community and among the general public
since its early realizations. This explains the substantial investments in this field by companies developing real quantum hardware.
While progress is being made, the development of noise-resilient quantum computers capable of addressing a wide range of problems
is expected to take another 10-15 years at least [1]. So far, researchers have obtained only theoretical proofs that quantum computers
might provide significant advantages over current classical computers in: (i) simulating quantum physics and chemistry, (ii) breaking
the current public-key cryptography used to secure sensitive communications, and (iii) solving problems in finance and logistics
optimization [2]. Beyond chemistry, cryptography, and finance, another application of quantum computing generating considerable
attention is (iv) machine learning [3]. All of these applications share a common feature: they rely on combinatorial problems that
are difficult to tackle with classical hardware but could benefit from quantum hardware, as all possible options can be explored in
parallel.

However, computational challenges in engineering applications at large extend well beyond combinatorial problems and could,
in principle, benefit from quantum computing, once fault tolerance or, at least, error mitigation is achieved. In some engineering
contexts, quantum algorithms for linear algebra and inference may eventually provide computational acceleration when integrated
into hybrid classical-quantum workflows. In particular, the numerical solution of partial differential equations, such as those
governing turbulent flows [4], heat and mass transfer [5], plasma in fusion reactors [6], multiphase flows in porous media for
reservoir engineering [7], represents a major computational benchmark for quantum computing due to the need to repeatedly
solve large, sparse linear systems. Materials science for engineering applications, including the design of catalysts and energy-
storage materials, structural mechanics and inverse problems represent other meaningful examples, because they often involve
high-dimensional and/or ill-posed computational challenges.

Among these engineering applications, we focus here on Computational Fluid Dynamics (CFD) for thermal engineering problems.
High-fidelity simulation of turbulent flows (DNS, LES, and high-resolution RANS) is dominated by a small number of extremely costly
numerical tasks: (i) the solution of very large sparse linear systems arising from discretized Navier-Stokes equations, pressure—
velocity coupling, and implicit time stepping; (ii) the repeated evaluation of these solvers across many time steps and parameter
variations; and (iii) the need for fine spatial and temporal resolution due to the multiscale nature of turbulence. The computational
cost scales super-linearly with Reynolds number, making many practically relevant regimes inaccessible even on leadership-class
supercomputers. Quantum computing could, in principle, contribute to turbulent flow simulation through acceleration of linear
algebra subroutines, which dominate wall-clock time in CFD solvers.

In order to understand this point, let us consider a very simple argument. In most of the engineering applications, the
computational domain is discretized by a spatial mesh with N nodes. State-of-the-art CFD simulations can utilize up to several
hundreds of billion mesh cells on advanced supercomputers. For example, a study documented the use of a grid with 780 billion
cells (Nyagsic ~ 7.8 x 1011) on Tianhe-2 supercomputer, leveraging over 1.376 million heterogeneous cores [8]. This state-of-the-art
number of mesh nodes on classical computers could be significantly increased by an ideal quantum computer. A quantum computer
with n qubits (see Appendix A for the fundamental concepts) has

N =27, (€Y

computational basis states, analogous to those of a classical system. These basis states are given by all possible tensor products of
single-qubit basis states. However—and this is the crucial difference—a quantum system can exist in a superposition (see Appendix
A.2) of all these basis states, with each state weighted by a complex probability amplitude, which may also exhibit correlations.
In multi-qubit systems, superposition can therefore give rise to correlations between qubits. These correlations become genuinely
quantum when they cannot be expressed as products of independent single-qubit probability amplitudes. In this case, the quantum
state is said to be entangled, and entanglement represents the first truly quantum phenomenon highlighted here (see Appendix A.3).
The complex amplitudes associated with the quantum state can be manipulated by applying a sequence of elementary quantum
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gates, in close analogy with logical gates in classical digital computing (see Appendix A.4). At this stage, a second distinctly quantum
phenomenon emerges: different computational paths contribute amplitudes that can interfere with one another. Such interference
may be constructive (positive) or destructive (negative), allowing desired outcomes to be amplified while suppressing incorrect
ones (see Appendix A.5). The resulting amplitudes ultimately determine the probabilities of obtaining each computational basis
state upon measurement. As a consequence, a quantum computer can encode and manipulate a number of real probabilities that
is at least proportional to the number of computational basis states given by Eq. (1). This exponential scaling in the number of
quantum states is what makes quantum systems particularly compelling compared to classical ones, because few qubits would be
enough to ensure N = 2" > Nj,qic. For example, n = 50 (ideal) qubits would be enough to realize N ~ 1.1 x 103, which could
eventually overcome the capability of Tianhe-2 supercomputer.

In spite of enormous expectations, the actual performance of current quantum computers remains limited by many unresolved
challenges. First, we are currently in the Noisy Intermediate-Scale Quantum (NISQ) era of quantum computing, in which a
clear quantum advantage has yet to be demonstrated in most practical applications [2]. Noise is a broad term encompassing all
sources of error in a quantum processor, including decoherence (arising from system-environment interactions), control errors
(imperfect pulses), crosstalk between qubits, measurement errors, and classical electronic noise, among others. While noise can be
partially mitigated, a decisive breakthrough is expected only when NISQ devices are superseded by fault-tolerant, application-scale
quantum (FASQ) computers, which exploit quantum error-correcting codes to enable a wide range of useful applications [9]. This
transition, which is still in its infancy, remains highly uncertain, as the path from NISQ to FASQ is widely regarded as arduous,
costly, and prolonged [9]. Secondly, though no less importantly, challenges related to quantum algorithms remain significant.
Achieving effective synergy between classical computational resources and quantum hardware requires carefully designed hybrid
quantum-classical algorithms, whose performance can be hindered by issues such as convergence difficulties in variational quantum
algorithms [10]. Moreover, purely quantum algorithms must be robust against residual noise, even in fault-tolerant computers.
Determining which hybrid quantum-—classical or fully quantum algorithms are best suited to specific problem classes remains largely
an open and insufficiently explored area of research. Finally, quantum run management continues to pose practical challenges, owing
to the constraints imposed by cloud-based quantum services and the limited availability and maturity of current quantum hardware.

Given the above challenges, adapting established engineering software to the quantum computing paradigm represents a
substantial effort, one that can be regarded as justified only if clear and unambiguous evidence of a genuine quantum advantage
over classical approaches is demonstrated. Until such evidence is available, the investigation of quantum computing should be
viewed primarily as an intellectually stimulating and scientifically valuable endeavor. At present, however, it is premature to assert
that these methods will lead to practical or impactful outcomes, either for specific applications or for engineering practice more
broadly. In this context, this work investigates the use of a real quantum computer for the numerical solution of the heat conduction
equation, which serves as a simple yet paradigmatic test case for more advanced thermal engineering problems, with an emphasis
on a practical, engineering-oriented approach.

This paper is organized as follows. In Section 2, the fundamentals of the heat conduction equation and its numerical solution
are presented. Section 3 discusses the main steps of the algorithm called Variational Quantum Eigensolver (VQE). In Section 4,
the quantum results are presented and analyzed—specifically, those obtained from ideal (statevector) simulations, ideal shot-based
simulations, and runs on noisy real quantum hardware. Finally, Section 5 draws the main conclusions and includes a discussion
of the challenges and future perspectives. In Appendix A, the fundamental concepts of quantum computing are reported, including
basics of binary coding, qubit and superposition, multi-qubit systems and entanglement, gate-model quantum computing, quantum
interference and quantum Hamiltonian. In Appendix B, the fundamental proof underlying the VQE methodology is presented. In
Appendix C, the Pauli decomposition is presented because of its relevance to the VQE methodology. In Appendix D, the graphical
representation of a single-qubit state in Hilbert space and on the Bloch sphere are presented and compared.

2. Heat conduction
2.1. One-dimensional heat conduction equation

Let us consider the one-dimensional heat conduction equation, as a simple yet paradigmatic test case, namely

oT T

=P @
with the function T = T(z,1) being the local temperature, z the space coordinate, ¢ the time, and the positive coefficient D the
thermal diffusivity of the medium. Let us consider a constant diffusivity, a given initial profile T'(z,0) and the periodic spatial
boundary condition. This problem can be solved analytically using the Fourier transform and it is usually trivial for most of the
current classical numerical techniques.

Let us solve the previous equation by the classical finite-difference (FD) method, which consists in solving differential equations
by approximating derivatives with finite differences. Both the spatial domain and time domain are discretized by a regular mesh:
the unknown function T is evaluated at the generic /th mesh node and at the z-th time step, where both / and = belong to N*,
namely 7 = T(z;,;) where z; = Az with 0 </ < N -1 and ¢, = 7 4t with 0 < 7 < N, (¢ = 0 identifies the given initial profile). The
quantities Az and Ar are the spatial and temporal partitions of the grid, while N is the number of space mesh nodes and N, is the
number of time steps. Let us use a fully implicit FD scheme that yields the stability of the solution for arbitrary diffusivity of the
equation and the grid size:

T11+1 _ Tl‘r ) Tl‘r_-iil _ 271/1+] + T]‘::iil . (3)
At Az?
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The previous formula can be reformulated as
—r T 20 T = r TR =T, @)

where r = D At/Az? is the (dimensionless) numerical Fourier number. Let us define a new operator C as

[((1+2r) —r 0 0 -r
—r (1+2r) —r 0 0
0 —r (1+2r) —r 0
C:=| .. (5)
0 —r (1+2r) —r 0
0 0 —r (1+2r) —r
-r 0 0 -r 1+2r)

which can be used to formulate a linear system of equations which is consistent with Eq. (3). In particular, using the operator C
defined by Eq. (5), Eq. (3) becomes in compact form

CT* =T, ©)

where T+ stands for 77+ = (TS”,T(“,TJ“, ,ij]t'l)T and T stands for T° = (TOT,TIT, T;,... ,T&_I)T. Clearly the inverse of

operator C can be used as a time-progress operator for the temperature profile subject to heat conduction, namely
Tr=T@+4an=C""T, %)
which can be also generalized by r € N* in the following formula
T(t + 7 A) = (G~ T'=0, (8)

In the following sections, for the sake of simplicity and without loss of generality, we will focus on = = 1 and hence on Eq. (7) only.
2.2. Given initial temperature profile as test case

The initial temperature profile 7'=0 can excite different eigenmodes of the heat conduction equation. Consequently, the choice
of the initial temperature profile—and thus its complexity—is an integral part of defining the test case. For the sake of simplicity,
we consider an initial temperature profile T"=" defined by a single harmonic, namely

Tl’=0=T([Az,O)=1+%si [%”(Hl)} )
The previous profile can be considered an input of the test case, while the output is given by applying the time-progress operator
C-! given by Eq. (7) to the input profile 7°=0. In other words, a single time step is performed to update the initial temperature
profile T'=° of the target problem. The expected results can be anticipated by referring to Fig. 6, which can be also helpful for
visualizing the problem setup.
In the following sections, this simple test case is reformulated so as to be solvable using quantum computing methods.

3. Variational Quantum Eigensolver (VQE)

Quantum computing is deeply rooted in quantum physics and intimately connected with quantum information. Both consider-
ations make clear that quantum computing must first overcome an educational barrier before becoming a widespread approach
within the engineering community at large. Moreover, the rapid pace of progress in this field and its inherently cross-disciplinary
nature make it difficult for newcomers to obtain a broad overview of the most important techniques and results, as foundational
quantum concepts span physics, mathematics, computer science, and engineering [11].

Here we focus on solving a linear system of equations as a paradigmatic task for many engineering problems. Quantum algorithms
for solving linear systems of equations, commonly referred to as Quantum Linear System Algorithms (QLSAs), constitute a key
building block for quantum-enhanced engineering simulations. The canonical QLSA is the Harrow-Hassidim-Lloyd (HHL) [12]
algorithm and its subsequent improvements, which provide an exponential speedup under sparsity and conditioning assumptions, but
require deep, fault-tolerant quantum circuits. In this context, fault-tolerant refers to quantum algorithms that assume the availability
of a fully error-corrected quantum computer, capable of running very long and precise quantum circuits without the computation
being destroyed by noise. For near-term quantum hardware, variational quantum algorithms (VQAs) [10] have emerged as practical
alternatives. Variational quantum algorithms are hybrid in nature, meaning that they combine quantum and classical computational
resources: a parameterized quantum circuit is executed on the quantum hardware to prepare and measure quantum states, while a
classical optimizer iteratively updates the circuit parameters based on the measurement outcomes. The term variational refers to the
optimization of these parameters in order to minimize (or maximize) a cost function, typically defined as the expectation value of an
observable. VQAs are particularly well suited for near-term, noisy intermediate-scale quantum (NISQ) hardware because they rely
on relatively shallow quantum circuits, tolerate a certain level of noise, and offload computationally demanding optimization tasks
to classical processors. Among these, the Variational Quantum Linear Solver (VQLS) [13] is specifically designed to approximate the
solution of linear systems by minimizing a problem-tailored cost function in a hybrid quantum-—classical optimization loop. While
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Quantum ansatz ) Measurement
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Fig. 1. Schematic representation of the key features of the VQE algorithm. The QPU denotes the quantum processing unit, while the CPU denotes
the classical processing unit. The dashed lines represent the optimization loop, in which the CPU updates the parameters 6 and the QPU estimates
the loss function E(§) > 0, as defined in Eq. (19). When the estimated energy E(§) falls below the tolerance ¢, the optimization terminates. At
this point, the measurement observable OM, defined in Eq. (28), can be evaluated through the readout workflow, indicated by the solid lines.

the Variational Quantum Eigensolver (VQE) [14,15] is also a prominent VQA, it is primarily aimed at eigenvalue problems and only
indirectly applicable to linear systems through problem reformulation. However, in this work we focus on VQE, as it provides a
more versatile package applicable to a broader class of problems, including eigenvalue and ground-state calculations that are central
to materials modeling, while still allowing linear systems to be addressed through suitable reformulations, which are discussed in
the following sections.

Before proceeding, it is important to note that VQAs, and the VQE in particular, suffer from intrinsic limitations. For instance, the
VQE requires the evaluation of a cost (loss) function that is typically expressed as a weighted sum of elementary (Pauli) operators.
The number of terms appearing in this decomposition generally grows exponentially with the number of qubits, which can lead to a
substantial measurement overhead [16]. More sophisticated variational methods have been already proposed, based on evaluating
the loss function by an adaptation of a fundamental quantum circuit, the so-called Hadamard test [17]. An even more effective
implementation consists in combining the Hadamard test with the quantum Fourier transform [16] and adopting the so-called
ansatz tree [16,18]. Despite these improvements, variational algorithms may suffer from convergence issues, i.e. the so-called barren
plateaus [19], in which the parameter optimization landscape of the tentative solution becomes exponentially flat and featureless
as the number of qubits increases. To mitigate its negative impact on finding the solution, for example, one could adopt local cost
functions and alternating-layered quantum circuits [20]. However leveraging these concepts remains challenging for effectively
scaling quantum simulations.

Setting aside these more advanced considerations, the basic VQE workflow is illustrated in Fig. 1 and can be summarized in five
main steps:

. Identification of the quantum state (Normalization);

. Design of the quantum system (Observable);

. Selection of the quantum parameterized trial solution (Quantum ansatz);
. Minimization of the loss function (Optimization);

. Extraction of useful results (De-normalization).

ga b whN =

3.1. Normalization

The first step is to identify the quantum state where to store the relevant information by normalizing Eq. (6). Let us indicate
the quantum states by the Dirac notation |-), which stands for the standard notation for normalized vectors in quantum mechanics
(see Appendix A.2) [21]. Because a discrete quantum state |y) is normalized, namely (y|y) = 1, let us divide Eq. (6) by a factor
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such that it becomes possible to identify a quantum state which depends on the temperature profile. In particular, let us choose this
factor as follows:
1 -

% €T = ———— T, (10)
(T+-T+)T-T) (T+-T+HT-T)
where T'-T denotes the inner product (i.e., T1.T, and since T is real-valued, T reduces to the transpose of T); similarly for T+. T+,
Let us define the quantum state |b) for mapping the initial temperature profile, namely
1

[b) = T, 1)

T-T
where, by construction, (b|b) = 1. Before proceeding, let us be sure to appreciate the true meaning of the previous relation.
Essentially, it implies that each node z; of the computational mesh is associated with a quantum computational basis state |;)
(where |j) € {0,1}®" involves the binary representation of integer / and ® denotes the tensor product, see Appendix A.3). Similarly

let us proceed with the quantum state |x) for mapping the updated temperature profile at the new time step, namely

Ix) 1= —— T, (12)

T+ . T+

where the same normalization holds. Introducing the definitions given by Eqgs. (11) and (12) into Eq. (10) yields

[T+ T+ 4
————CIx) =b). (13)
T-T

It is also possible to define a normalization factor f given by

T+ . T+
f= ﬁ, 14

and to derive the linear system of target equations as
Alx) = b). (15)

where A = 7 C. The problem is that the normalization factor is not known at the beginning of the numerical procedure because it
depends on the solution 7+, which derives from solving the linear system of equations. This means that A can be used to discuss
the theoretical setup, but the practical numerical procedure must involve C, because the latter depends only on the adopted FD
formula.

As a closing remark of this step, it is worth highlighting that, if a quantum advantage is to be realized, the state |b) must be
generated directly on the quantum computer. Indeed, the size of the computational basis of the quantum state, N > N e, would
exceed the capabilities of any classical computer for state preparation or storage.

3.2. Observable

The second step is to derive a quantum system, which provides information relevant to solve the target problem. Let us follow
the strategy proposed in Ref. [22] to construct a Hamiltonian (refer to Appendix A.6), which admits the quantum state |x) as
the ground state. Although heat conduction is intrinsically a dissipative process and thus not Hamiltonian in the strict sense, we
introduce a “Hamiltonian” here to refer to the matrix arising from the finite-difference discretization, which structurally resembles
a Hamiltonian operator.! This formalism facilitates the following analysis. Applying the methodology described in Ref. [22] to Eq.
(15) yields the following Hamiltonian

H' = AT (I = |b)(b]) A, (16)

where |-)(-| denotes the outer product and A’ is the conjugate transpose of A in general, while, in this case, A" = AT, because A
is real. In this case, A is also symmetric and therefore A” = A. As pointed out before, let us formulate the quantum algorithm in
terms of the practical operator € which does not involve the normalization factor. Since AT = A = f C, the previous Hamiltonian
can be computed as A’ = f2 H where

H :=CT U -|b)b)C. 17)

We remind that the Hamiltonian is just a special case of quantum observable (where energy is the actual observed quantity). It is
possible to prove that the quantum state |x), in the linear system given by Eq. (15), also minimizes the observable A given by Eq.
(17). See the proof reported in Appendix B. Hence the linear algebra task given by Eq. (15) is converted to the task of finding the
ground state of the Hamiltonian A [22]. As already pointed out, in future quantum computing, also A must be generated directly
on the quantum computer, because the size of the computational basis of the quantum state should exceed the capabilities of any
classical computer.

1 In an ideal quantum computer, where there is no interaction with the environment, state evolution is unitary and therefore reversible. The only source of
irreversibility in such a system is measurement. The key idea, therefore, is to construct a reversible quantum evolution that, upon measurement, collapses onto
the target solution of the dissipative dynamics. Hence the measurement process in quantum mechanics is often used as a way to model irreversible phenomena.
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Fig. 2. Ansatz Al (R, and R,, CX, linear entanglement, 3 and a half layers). For clarity, horizontal lines represent quantum wires which
correspond to qubits in the circuit, red squares are the R, gates (see Eq. (31)), blue squares are the R, gates (see Eq. (32)), blue dots represent
control points in controlled gates, @ symbol is used for a controlled-X (CX or CNOT) gate. The latter gate explicitly guarantees the desired
entanglement. More details about gate-model quantum computing are reported in Appendix A.4.

3.3. Quantum ansatz circuit

The third step is the quantum circuit ansatz, that is, a parameterized trial solution designed to approximate the ground state |x).
In classical computational engineering, selecting an appropriate ansatz is analogous to designing a suitable mesh for discretizing
the computational domain of partial differential equations. The ansatz selection involves defining its circuit topology, the degree of
entanglement, and the number of tunable parameters. In general, increasing the circuit complexity enhances the ability to represent
a wide range of solution profiles (expressivity), but it also leads to higher computational cost and reduced performance. The key
point is that, in order to preserve a potential quantum advantage, there are too many elements in the vector |x) to work on them
directly by a classical computer. Let us recall that VQE is a hybrid algorithm, where the optimization is supposed to be done by
a classical computer [21]. Hence let us introduce a vector of parameters 8, which are fewer such that they can be handled by a
classical computer. The quantum circuit ansatz enforces a parameterized state |x(6)) which makes possible to map these parameters
on a generic quantum state. The parameterized state is the output of a unitary transformation (quantum gate), namely

1x(@)) = U@®)]0)®", (18)

where |0)®" stands for [0) ® [0) ® ... |0) = |0)]0)... |0y = |00...0) (the computational basis is always separable) and 6 is a vector
of tunable parameters. As already pointed out, ® denotes the tensor product. See Appendix A.3 for clarifying the meaning of the
tensor product notation. The parameters § are typically generic “rotations” of qubits which are optimized during the minimization
step of the VQE algorithm (see next Section 3.4). In order to preserve a potential quantum advantage, the number of parameters
N, to optimize over in the ansatz circuit must be much less than the size of the computational basis of the quantum states N,
namely N, < N, because the former is handled by a classical optimizer/minimizer, while the latter exploits the full capability of
the quantum computer. In other words, the number of parameters must grow as a polynomial in the number » of qubits, namely
Ny ~ n, while the size of the full vector |x) is exponential in the number of qubits [23]. It is not important which polynomial
describes the growth of the number of parameters, because any polynomial cannot compete with the growth of the exponential
function 2" for large n. In the following sections, for example, we will see 8 n parameters in the ansatz depicted in Fig. 2 and 4n
parameters in the simplified ansatz depicted in Fig. 4(b).

3.4. Optimization

The fourth step is the actual minimization of the loss function. A loss function quantifies the difference (“loss”) between a
quantum state predicted by the ansatz for a given input and the ground state. Taking into account Eq. (B.6) and the ansatz given
by Eq. (18), the loss function can be defined as

L(6)= E@) := (x(8)|A|x(6)) > 0. (19)

The optimal set of parameters can be formally defined by the argument of the minimization problem with regard to the loss function,
namely

Omin = argmin L(8) = argmin (x(8)| H|x(@)). (20)
0 0
Let us define |x;,) as
[Xmin) = [XOmin ))- (21)

Because of numerical errors, |x.;,) is different from the theoretical ground state, i.e. |xy;,) # |x), but it is usually considered a
reasonable approximation, as far as the tunable parameters of the optimization procedure are properly selected.
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3.5. De-normalization and measurement

The final step is to de-normalize the numerical quantum approximation |x.;,) to return to the original quantity of interest,
i.e. the temperature. Let us start with the initial temperature profile. Let us define the auxiliary quantity

- -

n=\T-T, (22)

which can be used to express Eq. (11) as T = n|b). Let us compute this auxiliary quantity n by the spatial average of the initial
temperature profile, namely

L

RVID)
where ¥ (j|b) is the sum of all real amplitudes in |b). Please remember that |j) € {0, 1}®" involves the binary representation of
integer /. Similarly, recalling Eq. (12), let us define

nwt=\T+ T+, @24

which can now be computed by using the quantum numerical approximation |x,;,). Taking advantage of the energy conservation,
which implies

2T =2 (25)
1 1

the quantity »* can be computed by the following formula

+ ZI ’Tl
L (26)
) j (1 *min?
It is worth to note that, in case of accurate minimization, all terms in the summation at the denominator in Eq. (26) are positive
because they correspond to the nodal values of the normalized new temperatures. Clearly f = 5+ /5. The quantity 5" is essential to

de-normalize the quantum solution and to come back to the updated temperature profile, namely

(23)

T+ = nt [Xmin)» (27)

which is exactly what we are searching for.

As a closing remark of this step, it is worth emphasizing that, if a quantum advantage is to be realized, the state |x;,) cannot
be fully extracted from the quantum computer, as we do in this work for the sake of clarity. Indeed, estimating all amplitudes of
[Xmin) Would require an impractically large number of measurements. Moreover, the size of the computational basis of the quantum
state 