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PATTERN-PRESERVING OPTIMAL CONTROL PROBLEMS

WITH INCREASING TIME HORIZON

Matteo Della Rossa1,* and Lorenzo Freddi2

Abstract. We establish a general framework that guarantees the preservation of optimal control
patterns as the time horizon [0, T ] increases and becomes unbounded. A concept of pattern-preserving
family of optimal control problems is introduced and the goal is achieved by analyzing the Γ-convergence
of the corresponding variational formulations as T → ∞. Special attention is given to scenarios involving
state constraints. To illustrate the results, examples and applications are provided, with particular focus
on switched systems and epidemic control.
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1. Introduction

In this paper, we aim to establish some sufficient conditions under which the structure of the optimal controls
of finite-horizon problems is inherited by at least one solution of the corresponding problem on the infinite
horizon. Such problems naturally arise, for instance, in epidemic control when it is desirable to conduct the
study without constraining the epidemic horizon to a bounded interval (see, e.g., [1, 2]). Similar applications
can be imagined also in other branches of optimal control theory such as switching control systems, [3, 4]. Our
approach is to consider a variational formulation of the control problems and study the variational convergence
of such sequence (i.e., the convergence of optimal controls with final time T to an optimal control of the infinite
horizon problem) by the celebrated tool of De Giorgi’s Γ-convergence (see [5, 6] for an overview). The optimal
control problems are thus formulated as a variational problem

inf
U×X

FT = inf
U×X

(
JT + χA

)
,

where U is the control space, X is the state space, FT : U × X → (−∞,+∞] is the joint functional defined as
the sum of the cost functional JT : U ×X → (−∞,+∞] and the indicator function χA taking the value zero on
the set A ⊂ U × X of admissible pairs and +∞ otherwise. The parameter T ∈ (0,∞] in our setting represents

Keywords and phrases: Optimal control, pattern-preserving sequence, infinite horizon, state constraints, Γ-convergence,
coercivity, epidemic control, switched systems.

1 Dipartimento di Elettronica e Telecomunicazioni (DET), Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino,
Italy.
2 Dipartimento di Scienze Matematiche, Informatiche e Fisiche, Università di Udine, via delle Scienze 206, 33100 Udine, Italy.
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the final time, while [0, T ] is the corresponding horizon. We are then led to study the Γ-convergence of the
functionals FT as T → ∞.

Variational convergence of optimal control problems is an established and fruitful path of research. In the
seminal paper [7], the authors employed Γ-convergence tools to provide conditions under which optimal pairs for
a sequence of parametrized problems converge to an optimal pair of a limiting problem. Then, several extensions
and related results have been provided in the literature; see for example [8–11] and references therein.

A novelty of this manuscript lies in the fact that the parameter T , in the considered sequences of optimal
control problems, represents the final time which, to the best of our knowledge, is a case not considered before
in the literature in a general framework. This setting, and in particular the “moving” final time, introduces new
technical challenges that cannot be overcome by existing results. One of them is that it is required to work on
spaces of functions defined on unbounded domains (the semi-line [0,∞)) and to introduce tailored local Sobolev
spaces.

Another feature of our setting is that it allows to prescribe state-constraints of the form x(t) ∈ X for almost
all t ∈ [0,∞), for a given set X.

Unfortunately, these peculiarities have rendered unsuccessful any attempt to use the aforementioned early
results on Γ-convergence of optimal control problems, because the latter are based on a continuity property of
the cost functional with respect to the state variable that seems very hard to satisfy in our setting. For these
reasons, the Γ-convergence is established by using novel proof techniques, in order to handle the particular
features of our framework.

Once Γ-convergence has been established for a family of functionals FT (representing optimal control problems
on the finite horizon [0, T ]), under a suitable coercivity assumption we are able to prove pattern preservation for
such family: if the optimal controls for FT share a common structure as T diverges, the same structure is also
inherited by an infinite-horizon optimal control. This is particularly relevant since, in many cases, optimality
conditions are more easily derived for finite-horizon problems, for instance, via Pontryagin’s principle (see for
example [12], Chap. 9). Indeed, although Pontryagin-like techniques exist to address infinite-horizon control
problems (see for example [13–16] and references therein), they often yield weaker or less tractable necessary
conditions compared to their finite-horizon counterparts. This is primarily due to the lack of a “natural” terminal
transversality condition at the final time T (which in these cases is equal to ∞).

The underlying idea of our work is inspired by recent papers in which some specific problems arising from
epidemic control are studied [1, 2]. In the latter, the Γ-convergence tool is used to solve infinite-horizon optimal
controls with state-equations defined by a (rather structured) bi-dimensional controlled SIR model (see [17]
for an overview of such epidemic models). Our manuscript extends these case-specific results into an abstract
and more comprehensive framework that encompasses several other models studied in optimal control theory.
Indeed, the considered admissible set A will be defined by general controlled differential equations of the form

x′(t) = a(t, x(t)) + b(t, x(t))u(t) (1.1)

where a, b are Carathéodory functions and u is the control variable, while the cost functionals are of the form

JT (u, x) =

∫ T

0

ℓ(t, x, u) + χX(x) dt

where ℓ is a normal convex integrand and the indicator χX(x) is added to model the state-constraint.
Among the final examples, besides the aforementioned epidemic case, we give particular attention to switched

systems, for which original results are obtained regarding the structure of optimal controls over an infinite
horizon.

The paper is organized as follows. In Section 2 we give the definition of pattern-preserving sequences of
optimal control problems and establish a general theorem relating it with Γ-convergence theory. In Section 3
we collect, without proofs, the main results of the paper concerning more specific sequences of optimal control
problems. In Section 4 and 5, we introduce and study the basic properties of controlled differential equations
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defining the set of admissible pairs. In Section 6, we study some issues concerning coercivity for two remarkable
classes of control systems falling in our theory. Section 7 is devoted to prove the pattern preservation results
presented in Section 3. Our results are illustrated in Section 8 through examples drawn from switched systems
and epidemic control. In Appendix A we collect some preliminaries concerning local Sobolev spaces and their
topologies. This functional setting is the natural one for our space of states. Although it does not contain
particularly original results, we have chosen to retain this section since, to the best of our knowledge, the
preliminary material it collects is not presented in an organized manner elsewhere in the literature.

Notation: R := [−∞,∞] denotes the set of extended real numbers. By | · | we denote any norm in Rk, k ∈ N;
when applied to matrices, it denotes the associated operator norm. By B(x0, r) we denote the open ball with
center x0 and radius r in the considered norm. The usual norm in the Lebesgue space Lp will be denoted by
∥ · ∥p. Given p ∈ [1,∞], as usual, p′ denotes the conjugate exponent of p, defined by the equality 1

p′ +
1
p = 1

and the convention 1/∞ = 0. By D(Ω,Rk) we denote the space of vector valued test functions on the open set
Ω and the dual D′(Ω,Rk) is the space of distributions. Given a set A, we define

χA(x) :=

{
0 if x ∈ A

+∞ if x /∈ A
and 1A(x) :=

{
1 if x ∈ A

0 if x /∈ A

the indicator and characteristic functions of A, respectively. We will also make use of the following standard
definition (see, e.g., [8], Def. 2.1.1): a function ℓ : [0,∞)× Rn × Rm → (−∞,+∞] is said to be

1. an integrand if it is measurable with respect to the Lebesgue-Borel measure L⊗Bn⊗Bm on [0,∞)×Rn×Rm;
2. a normal integrand if it is an integrand and ℓ(t, ·, ·) is lower semicontinuous for almost all t ≥ 0;
3. a normal convex integrand if it is a normal integrand and, for almost all t ≥ 0, the map u 7→ ℓ(t, x, u) is

convex for all x ∈ Rn.

2. Γ-convergence and pattern-preserving sequences

For a general introduction to Γ-convergence and related topics, we refer to the monographs [5, 6].

Let us consider two topological spaces U and X , named the space of controls and states, respectively. Given
a cost functional J : U ×X → R and a set of admissible control-state pairs A ⊂ U ×X , we consider the optimal
control problem defined by

inf
U×X

J (u, x)

subject to

(u, x) ∈ A.

(2.1)

By considering the indicator function of A, problem (2.1) takes the form

inf
U×X

(J + χA), (2.2)

that is, the optimal control problem is rewritten as a minimization problem for a joint functional F := J + χA.
With a small abuse of language, we will speak of the optimal control problem for F . As usual, we say that u ∈ U
is an optimal control for F if there exists x ∈ X such that F(u, x) = infU×X F .

The topologies on the spaces U and X start to play a role when, besides the single problem, we consider a
one-parameter family of minimization problems for functionals FT := JT + χAT

, where the parameter T ≥ 0
plays the role of time, and look for a variational limit as T → ∞, with respect to the convergences induced by
the chosen topologies.
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An appropriate notion of variational convergence is provided by sequential Γ-limits, whose definitions for a
general sequence Fk : U × X → R are

Γ−
seq(U × X ) lim inf

k→∞
Fk(u, x) := inf

uk→u
inf

xk→x
lim inf
k→∞

Fk(uk, xk),

Γ−
seq(U × X ) lim sup

k→∞
Fk(u, x) := inf

uk→u
inf

xk→x
lim sup
k→∞

Fk(uk, xk).

When they coincide, we denote their common value by writing

Γ−
seq(U × X ) lim

k→∞
Fk.

Remark 2.1. It is easy to check that a sufficient conditions implying Γ−
seq(U × X )-convergence of Fk to F is

given by

1. (liminf inequality) for all sequences (uk, xk) → (u, x) we have F(u, x) ≤ lim inf
k→∞

Fk(uk, xk);

2. (recovery sequence) there exists a sequence (uk, xk) → (u, x) such that F(u, x) = lim
k→∞

Fk(uk, xk).

Clearly, 1. is also necessary. On the other hand, the necessity of 2., that is the equivalence (between 1 and
2 and Γ−

seq-convergence) holds in first countable spaces (as well as the equivalence between topological and
sequential Γ-limits, see [6], Prop. 8.1) or for equi-coercive sequences in spaces in which relatively compact sets
are metrizable like, e.g., Banach spaces with a separable dual space, or dual of a separable Banach space, with
the weak, respectively weak*, topology (see [18] or [6]). This is, in fact, our case. Nevertheless, in the sequel,
only the sufficiency will be used (in the proof of Thm. 7.3).

Even though they do not always coincide with the topological ones, sequential Γ-limits retain many good
properties useful in applications. In particular, also sequential Γ-convergence has a variational character, that is,
it ensures convergence of minima and minimizers (under equi-coercivity) according to the following definitions
and theorem ([7], Prop. 2.1; see also [5, 8]).

Definition 2.2. We say that (Fk) is sequentially equi-coercive if, for every C > 0 and every sequence (uk, xk)
such that Fk(uk, xk) ≤ C, there exists a subsequence of (uk, xk) converging to some (u, x) in U × X .

Definition 2.3. A sequence (uk, xk) in U × X is said to be minimizing for the sequence Fk if

lim inf
k→∞

Fk(uk, xk) = lim inf
k→∞

inf
U×X

Fk. (2.3)

It is easy to see that a minimizing sequence always exists. The sequences of optimal pairs (if the optima exist)
are trivially minimizing. Moreover, in the case of a constant sequence (i.e., Fk = F for every k) the previous
Definition 2.3 reduces to the classical one for the functional F .

Theorem 2.4 (variational property). Consider a sequence Fk : U × X → R that Γ−
seq(U × X )-converges to F

and let (uk, xk) be a minimizing sequence The following propositions hold.

1. If (uk, xk) → (u, x) ∈ U × X , then

F(u, x) = inf
U×X

F = lim
k→∞

[
inf
U×X

Fk

]
; (2.4)

actually, (u, x) is an optimal pair for F .
2. If F ̸≡ +∞ and (Fk) is sequentially equi-coercive, then
(a) there exists an optimal pair (u, x) of F and a subsequence (ukn

, xkn
) → (u, x) in U × X ;

(b) if, moreover,



PATTERN-PRESERVING OPTIMAL CONTROL PROBLEMS WITH INCREASING TIME HORIZON 5

i. X is metrizable
ii. for every optimal control u ∈ U there exists at most one x ∈ X such that F(u, x) < ∞,

then
uk → u ∈ U implies xk → x and the equalities (2.4) hold;

actually, u is an optimal control for F and x is the (unique) corresponding optimal state.

Proof. Part 1. of the statement has been proven in [7], Proposition 2.1. To prove part 2., we start by observing
that lim inf

k→∞
inf
U×X

Fk must be smaller than +∞ since, otherwise, by definition of Γseq-liminf we immediately

would have F ≡ +∞, which is excluded. Hence, by (2.3), the sequence Fk(uk, xk) is upper bounded and, by
equi-coercivity, there exists a subsequence (ukn , xkn) converging to some (u, x) in U × X . By part 1. of the
theorem, (u, x) turns out to be a minimum point of F and the proof of this part 2.(a) is concluded.

It remains to prove 2.(b). Let uk → u in U . As before, there exists a subsequence xkn
converging to some x

in X . By the previous part of the theorem, (u, x) turns out to be an optimal pair of F and the equalities (2.4)
hold. The same argument applies to any subsequence of xk that, therefore, admits a subsequence converging
always to the same x (by Hypothesis ii). Since X is metrizable, than the whole sequence converges to x and the
theorem is completely proved.

Remark 2.5. Part 2.(b) of the theorem is less standard but applies, in particular, to optimal control problems
like that of this paper in which the state equation admits at most one solution for every choice of the control,
and the states belong to a metric space X .

The variational property of Γ-convergence can be applied to show that, under Γ-convergence and coercivity
assumptions, if the optimal control policies on the finite horizons share a certain common structure, the same
control pattern will apply also to the infinite-horizon problem.

This result is obtained for a specific choice of the control space that, from this point on and for the rest of
the paper, will be

U = Lp((0,∞), U), with p ∈ (1,∞], (2.5)

and

U =

{
Rm if p < ∞
a closed and convex subset of Rm if p = ∞,

equipped with its weak⋆, or σ(Lp, Lp′
), topology coming from the duality Lp = (Lp′

)∗. We note that it is
appropriate to speak of weak⋆ topology also for p finite, remembering that, in such reflexive cases, it coincides
with the weak one. Since the topology has been fixed once and for all, the convergence in this space will be
denoted by the generic symbol →. For simplicity, we use this notation and terminology along the whole paper.

Definition 2.6 (pattern-preserving family). Let be given a family FT : U × X → (−∞,+∞], T ∈ (0,∞], of
optimal control problems and a sequence 0 < Tk → ∞ as k → ∞. The family (FT ) is said to be (Tk)-pattern
preserving if the following property is satisfied: for any minimizing sequence (uk, xk) ∈ U × X of (FTk

) with

1. uk|[0,Tk]
represented in the form

uk|[0,Tk]
=

N∑
j=1

uk
j1[τk

j−1,τ
k
j ) (2.6)

for suitable N ∈ N \ {0}, uk
1 , . . . , u

k
N ∈ U and a partition 0 = τk0 ≤ τk1 ≤ · · · ≤ τkN−1 ≤ τkN = Tk,
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2. and such that

τkj → τ∞j in R,
uk
j → u∞

j in U ,
for any j ∈ {1, . . . , N}, (2.7)

it turns out that

u∞ :=

N∑
j=1

u∞
j 1[τ∞

j−1,τ
∞
j ) (with [+∞,+∞) := ∅)

is an optimal control for F∞.

The definition may appear cumbersome at first glance. In particular, it says that if the FTk
have optimal

controls uk with a (2.6)-like piecewise structure, then the limiting control problem F∞ admits an optimum with
the same structure, whose coefficients and partition points are the limits of those of uk.

As a first result, we show that (sequential) Γ-convergence and equi-coercivity are sufficient conditions for
ensuring pattern preservation.

Theorem 2.7 (pattern preservation). Consider a parametrized family of optimal control problems FT : U ×X →
(−∞,+∞] and suppose that there exists a sequence 0 < Tk → ∞ such that

1. FTk
is sequentially equi-coercive;

2. Γ−
seq(U × X ) lim

k→∞
FTk

= F∞.

Then FT is (Tk)-pattern preserving.

Proof. We can suppose that F∞ ̸≡ +∞, otherwise the claim is trivially satisfied. Consider a minimizing sequence
(uk, xk) ∈ U ×X with uk|[0,Tk]

in the form (2.6) and satisfying (2.7) for a suitable partition 0 = τk0 ≤ τk1 ≤ · · · ≤
τkN−1 ≤ τkN = Tk. Note that such a sequence always exists.

Under our hypotheses, the variational property of Γ-convergence (Thm. 2.4, Point 2.) implies that (uk, xk) →
(u, x) in U × X (up to a subsequence), where (u, x) ∈ U × X is such that F∞(u, x) = infU×X F∞, i.e., is an
optimal pair for the limiting problem F∞.

The thesis follows by showing that limk→∞ uk = u∞ in the sense of distributions and by uniqueness of the
limit. For any φ ∈ D((0,∞),Rm) we have that

lim
k→∞

∫ ∞

0

uk(t) · φ(t) dt =
N∑
j=1

lim
k→∞

∫ ∞

0

uk
j (t) · φ(t)1[τk

j−1,τ
k
j ](t) dt

=

N∑
j=1

∫ ∞

0

u∞
j (t) · φ(t)1[τ∞

j−1,τ
∞
j ](t) dt =

∫ ∞

0

u∞(t) · φ(t) dt

where the last but one equality follows by the fact that

φ1[τk
j−1,τ

k
j ]

k→∞−→ φ1[τ∞
j−1,τ

∞
j ] strongly in Lp′

((0,∞), U) (2.8)

while uk
j → u∞

j weakly* in Lp((0,∞), U). The strong convergence in (2.8) follows by observing that

∥φ1[τk
j−1,τ

k
j ] − φ1[τ∞

j−1,τ
∞
j ]∥p

′

p′ =

∫
Ek

|φ(t)|p
′
dt
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where

Ek =
(
[τkj−1, τ

k
j ]∆[τ∞j−1, τ

∞
j ]
)
∩ suppφ

being ∆ the symmetric difference between sets, and using the fact that, since the support of φ is compact, the
Lebesgue measure of the set Ek tends to 0 as k goes to ∞. This proves that uk → u∞ in U , and the proof is
concluded.

Remark 2.8 (p = ∞, limit of piecewise constant controls). Let p = ∞ and, according to (2.5), U =
L∞((0,∞), U) with the weak⋆ topology. Given Tk → ∞, suppose that (uk, xk) ∈ U ×X be a minimizing sequence
such that the restrictions uk|[0,Tk]

be piecewise constant with the same number of discontinuities and the same

values, i.e., of the form (2.6) with uk
j ≡ uj ∈ Rm for all k ∈ N and for all j ∈ {1, . . . , N}. Under the hypothesis

of Theorem 2.7 suppose that τkj → τ∞j ∈ R, for every j. Then, there exists u∞ ∈ U optimal for F∞ with at
most N discontinuity points (and thus eventually constant) of the form

u∞ :=

N∑
j=1

uj1[τ∞
j−1,τ

∞
j ).

Actually, this formalizes the intuitive idea that, if it can be established (for instance, via Pontryagin’s principle)
that the finite-horizon optimal controls exhibit a bang-bang structure then, under equi-coercivity, the same
structure will also be inherited by (at least one) optimal control of the Γ-limit infinite-horizon problem. A
further discussion on such property and some examples will be provided in following sections.

Remark 2.9. We conclude this section by observing that sometimes, throughout the paper, it will be more
effective to speak about Γ-convergence of a family FT of functionals indexed by a parameter T ∈ (0,+∞),
towards a limit functional F∞. By this we mean that FTk

Γ-converges to F∞ for every sequence 0 < Tk → ∞.

3. Running assumptions and main results

In the previous section we have introduced the definition of pattern-preserving sequence of optimal control
problems and established our first result (Thm. 2.7) for a totally general sequence of problems. In this section
we collect the other main results of the paper concerning more specific sequences of optimal control problems,
postponing proofs and discussion of the assumptions to the next sections.

Actually, we consider a sequence of problems parametrized by the final time T ∈ (0,+∞], with cost functionals
of the form

JT (u, x) :=

∫ T

0

ℓ(t, x(t), u(t)) dt (3.1a)

to be minimized over all admissible control-state pairs (u, x) belonging to the set

A := {(u, x) ∈ U × X : x = xu,x0}, (3.1b)

where xu,x0 ∈ X := W 1,1
loc ([0,∞),Rn) denotes the unique (by the assumptions below) global solution to the

Cauchy problem {
x′(t) = a(t, x(t)) + b(t, x(t))u(t)

x(0) = x0.
(3.1c)
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It is worth noting that, here and in the following, the locality in the involved Sobolev (and Lebesgue) spaces is
meant in the sense of restriction to any interval of the form [0, T ), T > 0; for a formal definition and further
details we refer to the next section and/or to Appendix A.

The running cost ℓ is allowed to take extended real values and, therefore, can incorporate an additive term
of the form χX(x) where X ⊆ Rn is a closed set representing a state constraint. In other terms we model a state
constraint of the form

x(t) ∈ X ∀t ∈ [0, T ) (3.1d)

by requiring that ℓ(·, x, ·) ≡ +∞ whenever x ∈ Rn \X.
In the case p = ∞, the choice of the space U (see (2.5)) prescribes a constraint on the controls of the type

u(t) ∈ U for a.a. t ∈ (0,∞), (3.1e)

for a convex and closed set U ⊂ Rm.
Accordingly, the joint functional FT : U × X → (−∞,+∞], that completely represents the optimal control

problem, is defined by FT := JT + χA.
On the state-equations defining the set A we assume Carathédory-Lipschitz hypotheses (A0) and a global

existence assumption (A1). Precisely,

(A0) the functions a : [0,∞)× Rn → Rn and b : [0,∞)× Rn → Rn×m are Borel measurable and such that

1. there exists N ∈ Lp′

loc([0,∞)) and, for any compact set H ⊂ Rn, there exists BH ∈ Lp′

loc([0,∞)) such
that

|b(t, 0)| ≤ N(t) for a.a. t ≥ 0,

|b(t, x1)− b(t, x2)| ≤ BH(t)|x1 − x2| for all x1, x2 ∈ H and a.a. t ≥ 0;

2. there exists M ∈ L1
loc([0,∞)) and, for any compact set H ⊂ Rn, there exists AH ∈ L1

loc([0,∞)) such
that

|a(t, 0)| ≤ M(t) for a.a. t ≥ 0,

|a(t, x1)− a(t, x2)| ≤ AH(t)|x1 − x2| for all x1, x2 ∈ H and a.a. t ≥ 0.

(A1) for any u ∈ U and any sequence uk → u in U , we have that: if xu,x0 ∈ W 1,1
loc ([0,∞),Rn) then xuk,x0 ∈

W 1,1
loc ([0,∞),Rn) for any k large enough.

On the running cost function ℓ : [0,∞)× Rn × Rm → [0,+∞] in (3.1a) we make the following assumptions.
Let us suppose that there exist a non-negative normal integrand ℓ1 : [0,∞)×Rn → [0,+∞] and a non-negative
normal convex integrand ℓ2 : [0,∞)× Rn × Rm → [0,+∞] such that

(a) ℓ(t, x, u) = ℓ1(t, x) + ℓ2(t, x, u) for all (t, x, u) ∈ [0,∞)× Rn × Rm;
(b) (existence of a bounded greedy control strategy) there exists ug : (0,∞)×Rn → Rm Borel-measurable such

that ℓ2(t, x, ug(t, x)) = 0 for almost all t ≥ 0 and all x ∈ Rn and
(b1) if p < ∞, for every Y ⊂ X bounded in L∞

loc([0,∞),Rn) there exists αY ∈ Lp(0,∞) such that

|ug(t, x(t))| ≤ αY(t) ∀x ∈ Y and a.a. t ≥ 0;

(b2) if p = ∞, we have ug(t, x) ∈ U ∀x ∈ Rn and a.a. t ≥ 0.
(c) (coercivity w.r.t. u)
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(c1) if p < ∞, there exists α > 0 and γ ∈ L1((0,∞)) such that

ℓ2(t, x, u) ≥ α|u|p − γ(t) ∀x ∈ Rn, ∀u ∈ Rm and for a.a. t ≥ 0; (3.2)

(c2) if p = ∞, U be compact (and convex).

Our main results are stated in the following theorem and its corollary. The first deals with any kind of closed
state constraint (and even without, by taking X = Rn), while the second is limited to compact state constraints.
In the first we have to explicitly require a coerciveness assumption with respect to the state that, in the second,
is ensured by the compactness of X provided that the Lipschitz condition on the state equation be satisfied is
a slightly stronger form.

Theorem 3.1. Besides all assumptions stated above, suppose that the following coercivity hypotheses w.r.t. x
be satisfied:

(coercivity w.r.t. x) there exists a sequence 0 < Tk → ∞ satisfying the following property: for any sequence
uk → u in U and any xk ∈ X such that supk∈N FTk

(uk, xk) < ∞ we have that xk = xuk,x0 admits a
subsequence converging in X .

Then, the family of optimal control problems FT in (3.1) is (Tk)-pattern preserving.

Corollary 3.2 (compact state constraint). Besides all assumptions stated above, suppose that the state-
constraint set X be compact. Suppose also that there exists q ∈ (1, p) such that hypothesis (A0) holds in a stronger

form with1 M ∈ Lq
loc([0,∞)), N ∈ L

pq
p−q

loc ([0,∞)) and AH ∈ Lq
loc([0,∞)), BH ∈ L

pq
p−q

loc ([0,∞)) for any compact
set H ⊂ Rn. Then, the family of state-constrained optimal control problems FT is (Tk)-pattern preserving for
every 0 < Tk → ∞.

The next sections will be devoted to discuss the assumptions (that we consider to be tacitly satisfied
throughout the rest of the paper), prove the results and provide examples.

4. State equations: basic carathéodory-lipschitz assumptions

In this section we discuss the basic assumptions done on the state equation, which ensure existence and
uniqueness of solution to problem (3.1c). To this aim, given q ∈ [1,∞], m ∈ N, we define the set of locally
(m, q)-Sobolev functions on the time interval [0, τ), τ ∈ (0,+∞], by

Wm,q
loc ([0, τ),Rn) =

{
x ∈ D′((0, τ),Rn) : x|(0,T ) ∈ Wm,q((0, T ),Rn) ∀T ∈ (0, τ)

}
,

where x(0,T ) denotes the restriction of the distribution x to all test functions with compact support in (0, T ).
When n = 1, the codomain Rn will be usually omitted. Moreover, when m = 0 we use also the notation
Lq
loc([0, τ),Rn) := W 0,q

loc ([0, τ),Rn). We refer to Appendix A for more details, properties and topologies on these
spaces.

Under assumption (A0), given u ∈ U , any function fu : [0,∞) × Rn → Rn such that fu(t, x) := a(t, x) +
b(t, x)u(t) for almost all t ∈ [0,∞) and all x ∈ Rn, satisfies the classical Carathéodory-Lipschitz conditions for
existence and uniqueness of solutions. This implies that, for any u ∈ U , there exists a unique locally absolutely
continuous maximal solution (see [19], Sect. I.5) to the Cauchy problem (3.1c) denoted by xu,x0 : dom(xu,x0) →
Rn. Here, dom(xu,x0) denotes the effective interval of definition of the maximal solution, and it is thus of the
form [0, τ) with τ > 0 possibly equal to ∞. In other words, for any u ∈ U , under hypothesis (A0) there exists a
unique x ∈ W 1,1

loc ([0, τ),Rn) maximal solution (and thus [0, τ) denotes the maximal interval of definition), which
we denote by xu,x0 . When x0 ∈ Rn and/or u are fixed or clear from the context, we denote xu,x0 simply by xu

or even x.

1In the case p = ∞, with an abuse of notation we set pq
p−q

= q, as in the limit.
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5. State equations: global existence and convergence
of solutions

In Section 2 we have introduced the space of controls U = (Lp((0,∞), U), τU ), with p ∈ (1,∞] (see 2.5)
equipped with its weak⋆ topology. On the other hand, the choice of the space of states X and its topology require
some preliminary considerations, because hypothesis (A0) does not imply forward-in-time global existence of
solutions, see the subsequent Example 5.2. On the other hand, it turns out that such property is needed in our
Γ-convergence theorem (the forthcoming Thm. 7.3). This lack can be overcome if the optimal control problems
are formulated over a fixed and bounded time horizon, as proven in [7], Lemma 4.2 (see also [8], Prop. 5.3.3).
Unfortunately, the aforementioned result of Buttazzo and Dal Maso cannot be extended to an infinite horizon
as it is (see Ex. 5.2). Therefore, besides the constitutive hypothesis (A0), in Section 3 we also imposed that the
state equation satisfies the global existence assumption (A1) .

Remark 5.1. Roughly speaking, assumption (A1) requires that, if for a certain input u the solution is globally
defined, the same holds for inputs “close enough to u”. A well-known constitutive sufficient condition consists
in requiring a sublinear growth behavior with respect to x of the right hand side of the differential equation
in (3.1c), see [19], Corollary 6.3. On the other hand, global existence as stated in assumption (A1) can hold also
in much more general cases, as we will see in the sequel. For this reason besides their different nature, we prefer
to keep separated the two assumptions (A0) and (A1).

The following example shows that (A0) does not imply (A1). Moreover, it is also a counterexample to the
validity of Lemma 4.2 of Buttazzo and Dal Maso ([7]) on an infinite horizon.

Example 5.2. Consider the scalar system {
x′ = x2u,

x(0) = 1,

that satisfies (A0) since b(x) = x2 is locally Lipschitz. Let us take u ≡ 0 which leads to xu ≡ 1 and consider
uk : [0,∞) → R defined by

uk(t) =

{
rk if t ∈ [0, 1

rk
),

0 if t ∈ [ 1
rk
,∞),

where rk is a sequence of positive real numbers such that rk → 0. We have that uk ⇀ u weakly⋆ in Lp(0,∞),
for any p ∈ (1,∞]. Computing we have

xuk(t) =
1

1− rkt
,

with maximal interval of existence equal to [0, 1
rk
) which is a proper subset of [0,∞). Then, xuk ∈ W 1,1

loc ([0,
1
rk
))

only and, thus, for such system assumption (A1) does not hold (in particular, it fails for u = 0 and uk as above).

Under assumptions (A1) we are led to choose the state space

X = (W 1,1
loc ([0,∞),Rn), τX ) (5.1a)

with a suitable topology τX . To compute the Γ-limit, the chosen topologies on U and X must be strong enough to
guarantee Γ-convergence to the sequence of joint functionals and weak enough to ensure compactness (precisely,
equi-coerciveness of the joint functionals). Under suitable growth assumptions, a natural choice would be to
play with weak (or weak*) topologies. If they are good enough for the control space, on the other hand, the
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weak topology of W 1,1
loc is too weak to pass to the limit in the state equations. In fact, it is known (see, e.g., [8],

Prop. 5.3.3) that a sufficient condition that allows to do that is the (local) uniform convergence of states. On
the other hand, it is well known that the immersion W 1,1

loc ⊂ L∞
loc is not compact and the weak convergence in

W 1,1
loc does not imply (local) uniform convergence. A way to overcome this difficulty is to choose

τX as the strong topology of L∞
loc([0,∞),Rn) (5.1b)

(as done, for instance, in [9] in the finite-horizon case) together with a suitable equi-coercivity assumption on
the cost functionals that compensate the lack of compactness of the aforementioned immersion. Since the strong
topology of L∞

loc([0,∞),Rn) is metrizable (see Appendix A) then X is a metric space. As done in the case of U ,
also the convergence τX in X will be denoted by the symbol →.

The choice of topologies on the state and control spaces confers to the set A of admissible pairs (see (3.1b))
the following Γ-closure property.

Lemma 5.3 (Γ-closure). Under assumptions (A0) and (A1) we have

1. for every (uk, xk) → (u, x) such that (uk, xk) ∈ A for infinitely many k ∈ N we have (u, x) ∈ A;
2. for every (u, x) ∈ A and every uk → u in U there exists xk → x in X such that (uk, xk) ∈ A for all k large

enough.

Remark 5.4. With the notation of double Γ-limits (see [7]), Lemma 5.3 states that

χA = Γseq(U , X−) lim
k→∞

χA.

The proof is a simple exercise (see [7], Example 2.1).

Proof. To prove 1., let us consider (uk, xk) → (u, x) such that (uk, xk) ∈ A for infinitely many k ∈ N. By
definition of A, this means that there exists a subsequence (not relabeled) such that xk = xuk,x0 for all k ∈ N.
Moreover, the sequence xk := xuk,x0 is converging to x ∈ W 1,1

loc ([0,∞),Rn) strongly in L∞
loc([0,∞),Rn), i.e.,

uniformly on compact sets. The claim will be proven by showing that x = xu,x0 .
To this aim it is convenient to write the Cauchy problem (3.1c) in the form

{
x′(t) = f(t, x(t), u(t))

x(0) = x0,

where f(t, x, u) := a(t, x) + b(t, x)u and observe that our assumptions allow to pass to the limit in the state
equation in the weak sense of distributions. Indeed, for any test function φ ∈ D((0,∞),Rn) we have

∫ ∞

0

φ(t) ·
(
f(t, xk(t), uk(t))− f(t, x(t), u(t))

)
dt

=

∫ ∞

0

φ(t) ·
(
a(t, xk(t))− a(t, x(t))

)
dt+

∫ ∞

0

φ(t) ·
(
b(t, xk(t))− b(t, x(t)

)
uk(t) dt+

+

∫ ∞

0

φ(t) · b(t, x(t))
(
uk(t)− u(t)

)
dt.

(5.2)

Let I be a bounded interval containing suppφ. Since the sequence xk strongly converges (and it is thus bounded)
in L∞

loc([0,∞),Rn), there exists a compact set H ⊂ Rn such that xk(t) ∈ H for all k ∈ N and all t ∈ I. About
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the first term on the right hand side in (5.2), by Lipschitz continuity (Asm. (A0)) we have∣∣∣ ∫ ∞

0

φ(t) · (a(t, xk(t))− a(t, x(t))) dt
∣∣∣ ≤ ∥φ∥∞

∫
I

AH(t)|xk(t)− x(t)|dt → 0 as k → ∞,

because xk → x uniformly on I and AH ∈ L1
loc([0,∞)). The second term is also converging to 0, indeed,

∣∣∣ ∫ ∞

0

φ(t) · (b(t, xk(t))− b(t, x(t))uk(t) dt
∣∣∣ ≤ ∥φ∥∞ sup

t∈I
|xk(t)− x(t)|

∫
I

BH(t)|uk(t)|dt → 0,

since xk → x uniformly in I and the integral over I is bounded because BH ∈ Lp′

loc([0,∞)), (uk) is bounded in
Lp((0,∞), U) and, by Hölder’s inequality, we have∫

I

BH(t)|uk(t)|dt ≤ ∥BH |I∥p′∥uk|I∥p.

For the last term in (5.2) let us first note that, by (1) of hypothesis (A0) and since x(t) ∈ H for all t ∈ I, there

exists b̃ ∈ Lp′
(I) such that

|b(t, x(t))| ≤ b̃(t) ∀ t ∈ I.

Then, we have ∣∣∣∣∫ ∞

0

φ(t) · b(t, x(t))(uk(t)− u(t)) dt

∣∣∣∣ ≤ ∥φ∥∞
∫
I

b̃(t)(uk(t)− u(t)) dt → 0

because uk → u in U that is, by the chosen topology, uk
⋆
⇀ u in Lp((0,∞), U).

Since we have also xk(0) = x0 = x(0) for any k ∈ N, we have thus proved that x is solution, in the sense of
distributions, to the Cauchy problem (3.1c). Since the latter admits a unique solution, we have x = xu,x0 and
the proof of 1. is concluded.

To prove 2., let us consider (x, u) ∈ A, i.e., x = xu,x0 ∈ W 1,1
loc ([0,∞),Rn), a sequence uk → u in U and the

corresponding sequence of local solutions xk := xuk,x0 . By assumption (A1), there exists k ∈ N such that xk is
global for k ≥ k, i.e., xk ∈ W 1,1

loc ([0,∞),Rn) for all k ≥ k. Hence, (uk, xk) ∈ A, for all k ≥ k. It remains to prove
that xk → x in X , i.e., uniformly on all compact intervals of the form [0, T ]. Let us take a compact interval
I = [0, T ] and let r0 := ∥x|I∥∞. For any r > r0 and k ≥ k we define

tk := sup {t ∈ I : |xuk,x0(s)| ≤ r ∀s ∈ [0, t]} .

Let us note that, by continuity, if tk < T then |xk(tk)| = r. Let us show that, actually, tk = T for all k large
enough. By definition, for any t ≤ tk we have xk(t) ∈ H := B(0, r). Thus, using hypothesis (A0) as done in the
proof of point 1., we obtain

|xk(t)− x(t)| ≤
∫ t

0

(AH(s) +BH(s)|uk(s)| )|xk(s)− x(s)|ds+
∣∣∣ ∫ t

0

b̃(s)
(
uk(s)− u(s)

)
ds
∣∣∣ ∀ t ≤ tk,

with AH +BH |uk| bounded in L1(I) and b̃ ∈ Lp′
(I). Since uk → u in U (i.e., uk

⋆
⇀ u in Lp((0,∞), U)) we have

Kk :=
∣∣∣ ∫ t

0

b̃(s)
(
uk(s)− u(s)

)
ds
∣∣∣→ 0 as k → ∞.
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On the other hand, using Grönwall’s lemma we have

|xk(t)− x(t)| ≤ MKk ∀ t ≤ tk, (5.3)

with

M = sup
k≥k

e
∫
I
(AH+BH |uk|) ds < ∞.

We can thus choose k1 ∈ N large enough such that

|xk(t)− x(t)| ≤ r − r0
2

∀ k ≥ k1 ∀ t ≤ tk.

This implies that

|xk(tk)| ≤ |x(tk)|+ |xk(tk)− x(tk)| ≤ r0 +
r − r0

2
=

r + r0
2

< r.

By definition of tk, this implies tk = T for all k ≥ k1. Then (5.3) implies that xk → x uniformly in L∞([0, T ],Rn),
as required. By arbitrariness of T > 0, recalling Proposition A.3, we have that xk → x in L∞

loc([0,∞),Rn), i.e.,
xk → x in X , which concludes also the proof of 2. and of the lemma.

6. Intrinsically coercive control systems

In proving Lemma 5.3, we have endowed X = W 1,1
loc ([0,∞),Rn) with the strong topology of L∞

loc([0,∞),Rn).
As already remarked, in general, this particular choice of the topology would require an additional equi-coercivity
assumption to guarantee sequential compactness of minimizers (see Def. 2.2 and Thm. 2.4), namely, for every
0 < Tk → ∞,

FTk
(uTk

, xTk
) ≤ C =⇒ (uTk

, xTk
) → (u, x) in U × X (up to a subsequence). (6.1)

In this section we illustrate particular yet remarkable cases in which the global existence assumption (A1) holds
and, moreover, the convergence of the states in the strong L∞

loc sense holds independently of the cost functional,
and thus, without any additional assumption, coercivity w.r.t. x holds as formally defined in the hypothesis of
Theorem 3.1.

6.1. Uniformly bounded systems

Given a non-empty, convex and closed set U ⊆ Rm, in this subsection we consider U = L∞((0,∞), U) (i.e.,
p = ∞) endowed with the weak⋆ topology. Let us introduce the following definition of uniform boundedness.

Definition 6.1. Given ∅ ̸= U ⊆ Rm and a, b : [0,∞)× Rn → Rn satisfying hypothesis (A0), system (3.1c) is
said to be uniformly globally bounded with respect to U if for any x0 ∈ Rn and any bounded set B ⊂ L∞((0,∞), U)
there exists a bounded set XB,x0

⊂ Rn such that xu,x0(t) ∈ XB,x0
for every u ∈ B and every t ∈ dom(xu,x0).

When U = Rm we simply say that the system is uniformly globally bounded.

Remark 6.2. We note that, when the set U ⊂ Rm is bounded, this is equivalent to say that, for any x0 ∈ Rn

there exists a bounded set Xx0
⊂ Rn such that xu,x0(t) ∈ Xx0

for every u ∈ L∞((0,∞), U) and every t ∈
dom(xu,x0).

Uniform global boundedness ensures that for any initial condition x0 ∈ Rn and for any bounded set of
control inputs (satisfying the constraint u(t) ∈ U almost everywhere), the values of the corresponding solutions
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are confined in a bounded subset of Rn. Of course, if we are only interested in a specific initial condition
x0 ∈ Rn, the quantifier “for any x0 ∈ Rn” can be avoided. The notion of boundedness in Definition 6.1 has been
introduced in various contexts, possibly with slightly different nomenclatures/definitions, see for example [20–
22], Definition 2.4 and references therein. Historically, it was also referred to as “Lagrange stability”, see for
example [23], Section 1.5.

Moreover, in control theory, there is a well-known “stability property” related to Definition 6.1, known
as input-to-state stability (shortly ISS), see [24] and the recent monograph [22]. The notion of ISS has been
introduced in [25] in the context of stabilization problems. It is now considered a central property in the context
of nonlinear control systems, also due to its elegant characterization in terms of existence of Lyapunov functions,
as provided in [24]. In particular, the ISS property provides a sufficient condition (which in some cases is also
necessary) for Definition 6.1, as proved in [22], Section 2.5.

Let us also note the relations of Definition 6.1 with the notion of forward invariant set. Formally, a set
X ⊂ Rn is said to be forward invariant (with respect to U ⊆ Rm), if for any x0 ∈ X and any u ∈ L∞((0,∞), U)
it holds that xu,x0(t) ∈ X for all t ∈ [0,∞). It is now easy to see that if system (3.1c) admits a bounded forward
invariant set C (with respect to U ⊆ Rm), the condition introduced in Definition 6.1 is trivially satisfied for all
x0 ∈ C.

Definition 6.1 is particularly beneficial in our context since in certain cases it is a “verifiable” sufficient
condition for assumption (A1) and, moreover, when uk → u in U the corresponding solutions will converge
uniformly on compact sets, as formalized in the following lemma.

Proposition 6.3. Suppose that (A0) be satisfied and let q ∈ (1,∞]. If system (3.1c) is uniformly globally bounded
w.r.t. a non-empty, closed and convex set U ⊆ Rm, then (A1) is satisfied. Suppose further that hypothesis (A0) be
satisfied in a stronger form with M,N ∈ Lq

loc([0,∞)) and AH , BH ∈ Lq
loc([0,∞)) for any compact set H ⊂ Rn.

Then the following property holds:

if uk → u in U (i.e., in L∞((0,∞), U) with its weak⋆ topology) then

xuk,x0 → xu,x0 weakly in W 1,q
loc ([0,∞),Rn),

and, thus, in X (i.e., strongly in L∞
loc([0,∞),Rn)).

Proof. Suppose that system (3.1c) be uniformly globally bounded w.r.t. U . Consider any x0 ∈ Rn and any
u ∈ L∞((0,∞), U). By Definition 6.1, there exists a bounded set Xu,x0 ⊂ Rn such that xu,x0(t) ∈ Xu,x0 for all
t ∈ [0,∞), and it is thus defined on [0,∞). This implies that hypothesis (A1) holds.

Suppose now that hypothesis (A0) be satisfied with M,N ∈ Lq
loc([0,∞)) and AH , BH ∈ Lq

loc([0,∞)) for any
compact set H ⊂ Rn. Consider any u ∈ U and any sequence uk → u in U . Since, in particular, the sequence uk is
bounded in U = L∞((0,∞), U), again by Definition 6.1, there exists H ⊂ Rn bounded such that xuk,x0(t) ∈ H,
for all k ∈ N and all t ∈ [0,∞) (without loss of generality, we can suppose that H be compact and 0 ∈ H). This
implies that the sequence xuk,x0 is bounded in L∞((0,∞),Rn). Since (A0) is satisfied, it holds that

∣∣∣ d
dt

xuk,x0(t)
∣∣∣ ≤ |a(t, xuk,x0(t))|+ |b(t, xuk,x0(t))||uk(t)| ≤ M̃(t) (6.2)

with M̃(t) = M(t)+AH(t)D+(N(t)+BH(t)D)uM where D = diam(H) ≥ 0 and uM ≥ 0 is such that ∥uk∥∞ ≤
uM for all k ∈ N. Since we are supposing AH , BH ,M,N ∈ Lq

loc([0,∞)) this implies that M̃ ∈ Lq
loc([0,∞)).

Hence, the sequence xuk,x0 is bounded in W 1,q
loc ([0,∞),Rn). Then, it admits a weakly⋆ converging subsequence

xk ⇀ x in W 1,q
loc ([0,∞),Rn). By the Uryshon’s property stated in Theorem A.9 it suffices to show that x = xu,x0 .

This equality can be obtained with the same arguments of the proof of 1. of Lemma 5.3 and it is thus not further
developed here. The last statement directly follows by Lemma A.10.
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6.2. Linear control systems

In this section we allow p ∈ (1,∞] and U as in (2.5), as usual. We consider non-autonomous linear control
systems and show that, under certain hypotheses, solutions corresponding to converging controls also converge
in X (see (5.1)).

Given A : [0,∞) → Rn×n and B : [0,∞) → Rn×m Lebesgue measurable (matrix-valued) functions, we
consider the linear system defined by {

x′(t) = A(t)x(t) +B(t)u(t),

x(0) = x0 ∈ Rn.
(6.3)

Let us introduce the following standard definition.

Definition 6.4 (state-transition matrix). Given A ∈ L1
loc([0,∞),Rn×n) and any t0 ∈ [0,∞) we define Φ(·, t0) :

(0,∞) → Rn×n as the unique solution to the (matrix-valued) Cauchy problem{
M ′(t) = A(t)M(t),

M(t0) = In,

where In is the identity matrix of order n. The function Φ : [0,∞)× [0,∞) → Rn×n is called the state-transition
matrix associated to A.

For an introduction to state-transition matrices for linear systems, we refer to [26], Chapter 4.6 and references
therein.

Let us suppose that B ∈ Lp′

loc([0,∞),Rn×m). Given any u ∈ U and any x0 ∈ Rn, the linear system (6.3)
admits a unique global solution, given by

xu,x0(t) = Φ(t, 0)x0 +

∫ t

0

Φ(t, s)B(s)u(s) ds, t ∈ [0,∞). (6.4)

The latter is also known as variation of constants/parameters formula, see for example [19], Chapter 3. Therefore,
(A1) is trivially satisfied.

Let us now study the convergence of solutions as uk → u in U .

Proposition 6.5. Consider A ∈ L∞
loc([0,∞),Rn×n) and B ∈ Ls

loc([0,∞),Rn×m) for some s ∈ (1,∞]. Let us
suppose that the solution q ∈ [0,∞] of the equation

1

p
+

1

s
=

1

q

is such that q > 1. If uk → u in U then

xuk,x0 → xu,x0 weakly⋆ in W 1,q
loc ([0,∞),Rn),

and, thus, in X (i.e., strongly in L∞
loc([0,∞),Rn)).

Proof. First of all we note that, since A ∈ L∞
loc([0,∞),Rn×n), for every T > 0 there exists λT ≥ 0 such that

|A(t)| ≤ λT for a.a. t ∈ [0, T ). This implies, by Grönwall’s inequality (see for example [27], Lem. 2.7) that for
every T > 0 we have

|Φ(t, s)| ≤ eλT (t−s), ∀s ≤ t ≤ T. (6.5)
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We explicitly develop the case p, s, q < ∞: the remaining cases are similar and left to the reader. Consider any
u ∈ U , any x0 ∈ Rn and any T > 0. Using (6.4) we have∫ T

0

|xu,x0(t)|q dt ≤
∫ T

0

|Φ(t, 0)x0|q dt+

∫ T

0

∫ t

0

|Φ(t, s)B(s)u(s)|q ds.

By (6.5), the first term on the right-hand side is bounded by |x0|q
qλT

(eqλTT − 1). For the second one we note that

∫ T

0

∫ t

0

|Φ(t, s)B(s)u(s)|q dsdt ≤
∫ T

0

∫ t

0

eqλT (t−s)|B(s)u(s)|q ds dt

≤
∫ T

0

eqλT t

∫ T

0

|B(s)|q|u(s)|q dsdt

≤ Λ

∫ T

0

|B(t)|q |u(t)|q dt

(6.6)

with Λ =
∫ T

0
eqλT t dt. Now, by Hölder’s inequality with conjugate exponents s

q and p
q , we have

∫ T

0

|B(t)|q|u(t)|q dt ≤

(∫ T

0

|B(t)|s dt

) q
s
(∫ T

0

|u(t)|p dt

) q
p

.

Since B ∈ Ls
loc([0,∞),Rn×m) we have thus proven that, for any T > 0 there exist MT , NT ≥ 0 such that

∥(xu,x0)|(0,T )∥qq ≤ MT ∥u∥qp +NT |x0|q ∀u ∈ Lp((0,∞), U). (6.7)

Moreover, since

d

dt
xu,x0(t) = A(t)xu,x0(t) +B(t)u(t),

given any T > 0 we have

∥(xu,x0)′|(0,T )∥
q
q =

∫ T

0

∣∣∣ d
dt

xu,x0(t)
∣∣∣qdt ≤ ∥A|(0,T )∥q∞∥xu,x0

|(0,T )∥
q
q +

∫ T

0

|B(t)|q|u(t)|q dt

≤ ∥A|(0,T )∥q∞∥xu,x0

|(0,T )∥
q
q + ∥B|(0,T )∥qs∥u∥qp,

(6.8)

for all u ∈ U .
Consider now a converging sequence uk → u in U , which is in particular bounded. By (6.7) and (6.8) we

directly have that the sequence xuk,x0 is bounded in W 1,q
loc ([0,∞),Rn). Then, it admits a weakly* converging

subsequence xk ⇀ x in W 1,q
loc ([0,∞),Rn). By the Uryshon’s property stated in Theorem A.9 the claim follows

by showing that x = xu,x0 . This can be done by using the same arguments of the proof of 1. of Lemma 5.3. The
application of Lemma A.10 concludes the proof.

Remark 6.6. Optimal control for linear models as in (6.3) is a classical topic in control theory. Usually, such
state equation is coupled with a quadratic cost functional of the form

JT (x, u) =

∫ T

0

x⊤(t)Q(t)x(t) + u⊤(t)R(t)u(t) dt (6.9)
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with measurable symmetric matrix-valued functions Q : [0,∞) → Rn×n, R : [0,∞) → Rm×m satisfying uniform
positive-definiteness conditions, i.e.

a1In ⪯ Q(t) ⪯ a2In and a1Im ⪯ R(t) ⪯ a2Im for almost all t ≥ 0,

for some 0 < a1 < a2. Such problem is also known as linear-quadratic regulator (LQR) problem, see [28],
Chapter 6 and references therein. With cost functionals as in (6.9), it is natural to consider, in the hypothesis
of Proposition 6.5, s = ∞ and p = q = 2.

7. Optimal control problems with increasing time horizons

This section is basically devoted to prove our main results, Theorem 3.1 and its Corollary 3.2. The road map
for the proof is tracked by the Pattern Preservation Theorem 2.7. Following it, besides ensuring compactness
(i.e., equi-coercivity), we have to prove a suitable Γ-convergence result. Since the latter is interesting also by
itself as well, we prefer to present it in a separated statement.

Let us, then, consider (sequences of) general optimal control problems as defined and under the assumptions
of Section 3. In particular, they may involve state constraints. Just to exemplify, it can be required that the state
trajectory satisfy a constraint of the form x ∈ X with X a closed and proper subset of Rn. Constraints of this
kind arise naturally in many applications in which the system’s state must remain within a feasible region, in
order to satisfy safety, physical, or regulatory limits, see the overview in [29]. Such viability requirement is natural
in control of population/epidemic dynamics, as we will present by an example in the subsequent Section 8. As
already remarked in Section 3 (see (3.1d)), the aforementioned state constraints, when incorporated in the cost
functional, results in an additive contribution of the form χX(x) that is, at most, lower semicontinuous. This
fact causes a lack of continuity which prevents a direct application of the Γ-convergence results of [10] (see also
[30]).

Let us recall that the control space U = Lp((0,∞), U) with p ∈ (1,∞] (where U = Rm if p < ∞ and U
a non-empty, closed and convex subset of Rm if p = ∞), is endowed by the weak⋆ topology, while the space
of states X = W 1,1

loc ([0,∞),Rn) is equipped with the strong topology of L∞
loc([0,∞),Rn). We now re-cast the

constrained optimal control problem stated in (3.1) in a form more suitable to our purposes, considering the
problems

inf JT (u, x)

subject to

(u, x) ∈ A,

(7.1)

with A := {(u, x) ∈ U × X | x = xu,x0} as before, while

JT (u, x) :=

∫ T

0

ℓ(t, x(t), u(t)) dt+


∫ ∞

T

|u(t)|p dt if p < ∞,∫ ∞

0

χU (u(t)) dt if p = ∞.

(7.2)

For every T > 0 (possibly T = ∞, with the convention
∫∞
∞ = 0) we consider the joint functional FT : U ×X →

[0,+∞] defined by

FT = JT + χA. (7.3)

It is worth noting that problems (3.1) and (7.1) are equivalent. This is obvious in the case p = ∞ because the
additional term

∫∞
0

χU (u(t)) dt is 0 and plays only a formal role. In the case p < ∞, if (u, x) ∈ U × X is a
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feasible (resp. optimal) pair for (3.1), it suffices to consider (ũ, x̃) ∈ U × X defined by

ũ(t) :=

{
u(t) if t ≤ T,

0 if t > T,

and x̃ = xũ,x0 . It then holds that x(t) = x̃(t) for all t ≤ T and it is then easy to see that (x̃, ũ) is again a feasible
(resp. optimal) pair for (3.1) as well as a feasible (resp. optimal) pair for (7.1). Conversely, if (u, x) ∈ U × X is
feasible (resp. optimal) for (7.1) it is clearly feasible (resp. optimal) also for (3.1).

Remark 7.1. In the case p < ∞, the equivalent formulation (7.2) has the advantage that if the integrand ℓ2
satisfies a polynomial growth condition of order p from below, then the same holds for the integrand on the
whole infinite horizon. This would ensure equi-coercivity w.r.t. u. Of course, a similar trick does not work to
guarantee coercivity also w.r.t. x. Indeed, an integral contribution on (T,∞) involving the state variable would
lead to a different problem (in general, not equivalent to the original one).

Before providing the first result of this section, we state a useful lemma.

Lemma 7.2 (tails replacement). Let us consider u ∈ U , uk → u in U and any sequence of increasing positive
numbers Tk → ∞. Given any sequence wk bounded in U and the sequence ũk ∈ U defined by

ũk(t) =

{
uk(t) if t ≤ Tk,

wk(t) if t > Tk,

we have that ũk → u in U .

Proof. Recalling that U is endowed with the weak⋆ topology, and weakly⋆ converging sequences are bounded,
we have that the sequence uk is bounded in Lp((0,∞), U). Moreover, since the sequence wk is by assumption
bounded, also the sequence ũk is bounded. Then, there exists a subsequence of ũk (not relabeled) that converges
to some v in U . On the other hand, by taking a test function φ ∈ D((0,∞),Rm), by compactness of the support
of φ, for every k large enough we have∫ ∞

0

ũk · φdt =

∫ ∞

0

uk · φdt →
∫ ∞

0

u · φdt.

Thus ũk ⇀ u in D′((0,∞),Rm) and, by uniqueness of the limit, we obtain v = u. Since on bounded sets the
weak⋆ topology is metrizable, this implies that the whole sequence ũk weakly⋆ converges to u, as claimed.

We are now in position to state the main results of this section under the assumptions of Section 3. Clas-
sically, the strategy of the proof consists in checking the liminf inequality and recovery sequence conditions of
Remark 2.1.

Theorem 7.3 (Γ-convergence). Under assumptions (A0), (A1), (a) and (b) of Section 3, we have

Γ−
seq(U × X ) lim

T→∞
FT = F∞,

where FT and F∞ are the joint functionals introduced in (7.3).

Proof. Let us prove that (see Rem. 2.9), for any sequence 0 < Tk → ∞, we have

Γ−
seq(U × X ) lim

h→∞
FTh

= F∞.
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To this aim, let us start by proving the liminf inequality. Consider a sequence uk → u in U and xk → x in X
(i.e., strongly in L∞

loc([0,∞),Rn)). Without loss of generality, we can suppose that

lim inf
k→∞

FTk
(uk, xk) < +∞

since, otherwise, there is nothing to prove. Thus, possibly passing to a subsequence, we can suppose that the
sequence FTk

(uk, xk) be bounded. In particular, by definition of FTk
= JTk

+ χA, we have that

(uk, xk) ∈ A, i.e., xk = xuk,x0 , ∀ t ∈ (0, Tk), (7.4)

for all k ∈ N. In the case p = ∞, we also have uk(t) ∈ U for all k ∈ N and almost all t ≥ 0.
Under our standing assumptions, assertion 1. of Lemma 5.3 implies that xk = xuk,x0 → xu,x0 in

L∞
loc([0,∞),Rn). By uniqueness of the limit we have xu,x0 = x, i.e., (u, x) ∈ A. Summarizing, we have

χA(u, x) = χA(uk, xk) = 0 ∀ k ∈ N. (7.5)

Let us now focus on the cost functionals. Let us recall that by hypothesis (a) we have ℓ(t, x, u) = ℓ1(t, x) +
ℓ2(t, x, u), where ℓ1 is a non-negative normal integrand, while ℓ2 is a non-negative normal convex integrand.
Thus, for any T > 0 (and also in the case T = ∞) let us consider the functionals HT , IT : U × X → [0,+∞]
defined by

HT (u, x) :=

∫ T

0

ℓ1(t, x(t)) dt and IT (u, x) :=
∫ T

0

ℓ2(t, x(t), u(t)) dt.

About the sequence HTk
, the application of Fatou’s Lemma gives

lim inf
k→∞

HTk
(uk, xk) = lim inf

k→∞

∫ ∞

0

ℓ1(t, xk(t))1[0,Tk](t) dt ≥
∫ ∞

0

lim inf
k→∞

ℓ1(t, xk(t))1[0,Tk](t) dt.

Since xk → x pointwisely and ℓ1(t, ·) is lower semicontinuous, we have

lim inf
k→∞

ℓ1(t, xk(t))1[0,Tk](t) ≥ ℓ1(t, x(t)) for a.a. t ≥ 0.

Thus, summarizing, we have proved that

lim inf
k→∞

HTk
(uk, xk) ≥

∫ ∞

0

ℓ1(t, x(t)) dt = H∞(u, x). (7.6)

Let us now consider the sequence ITh
. By De Giorgi and Ioffe’s Semicontinuity Theorem (see for instance [31],

Thm. 7.5 or [8], Sect. 2.3), for every T ∈ (0,+∞) the functional IT : U × X → [0,∞] is lower semicontinuous
with respect to the chosen topologies, because ℓ2 is a normal convex integrand. Moreover, also I∞ is lower
semicontinuous. Indeed, since the integrand is non-negative we have

∫ ∞

0

ℓ2(t, x(t), u(t)) dt = sup
T>0

∫ T

0

ℓ2(t, x(t), u(t)) dt,

and the supremum of any collection of lower semicontinuous functionals is lower semicontinuous.
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Let us now use the greedy strategy ug introduced in hypothesis (b) to modify the sequence uk as follows:

ũk(t) =

{
uk(t) if 0 < t ≤ Tk,

ug(t, xk(t)) if t > Tk.

Since ug : (0,∞) × Rn → Rm is Borel measurable and xk is continuous, then ũk : (0,∞) → Rm is Lebesgue
measurable for any k ∈ N. Moreover, by the local boundedness of ug (Hypothesis (b1)) and since xk are bounded
in L∞

loc([0,∞),Rn), we have that ug(·, xk(·)) is bounded in Lp((0,∞),Rm) in the case p < ∞, and takes values
in U in the case p = ∞ (by Hypothesis (b2)) . We can thus apply Lemma 7.2, obtaining ũk → u in U . Since,
by hypothesis (b), ℓ2(t, x, ug(t, x)) = 0 for almost all t > 0 and for all x ∈ Rn, by the aforementioned lower
semicontinuity of I∞ we have

lim inf
k→∞

ITk
(uk, xk) = lim inf

k→∞

∫ Tk

0

ℓ2(t, xk(t), uk(t)) dt = lim inf
k→∞

∫ ∞

0

ℓ2(t, xk(t), ũk(t))

≥
∫ ∞

0

ℓ2(t, x(t), u(t)) = I∞(u, x).

(7.7)

By collecting (7.5), (7.6) and (7.7) and using the superadditivity of the limit inferior, we obtain

F∞(u, x) = H∞(u, x) + I∞(u, x)

≤ lim inf
k→∞

HTk
(uk, xk) + lim inf

k→∞
ITk

(uk, xk)

≤ lim inf
k→∞

(HTk
(uk, xk) + ITk

(uk, xk)) ≤ lim inf
k→∞

FTk
(uk, xk),

where the last inequality follows by the non-negativity of the additional integral term in (7.2). This concludes
the proof of the liminf inequality.

We now prove the existence of a recovery sequence, i.e., given (u, x) ∈ U × X we have to show that there
exists a sequence (uk, xk) → (u, x) in U × X such that F∞(u, x) ≥ lim sup

k→∞
Fk(uk, xk). We can suppose that

F∞(u, x) < ∞, otherwise there is nothing to prove. This implies (u, x) ∈ A, i.e., x = xu,x0 and moreover that
u(t) ∈ U for almost all t > 0 in the case p = ∞. Now, let us consider the constant sequence (uk, xk) ≡ (u, x).
By non-negativity of ℓ1 and ℓ2 and using the fact that, in the case p < ∞,

lim
k→∞

∫ ∞

Tk

|u(t)|p dt = 0, (7.8)

we have

lim sup
k→∞

FTk
(u, x) = lim sup

k→∞

∫ Tk

0

ℓ1(t, x(t)) + ℓ2(t, x(t), u(t)) dt

≤
∫ ∞

0

ℓ1(t, x(t)) + ℓ2(t, x(t), u(t)) dt = F∞(u, x),

concluding the proof.

Remark 7.4. The assumption of existence of a bounded greedy control strategy, introduced in Section 3
(point (b)) and used in Theorem 7.3, imposes a particular structure on the running cost function ℓ, besides its
non-negativity. A sufficient condition for the validity of (b1) is that there exists α ∈ Lp(0,∞) such that

|ug(t, x)| ≤ α(t) ∀x ∈ Rn and for a.a. t > 0.
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As a remarkable example, one can consider an arbitrary normal integrand ℓ1 : [0,∞) × Rn → [0,∞] (possibly
including also an additive term χX(x) with X a closed subset of Rn) and a normal convex integrand ℓ2 :
[0,∞)× Rm → [0,∞] such that, if p ∈ (1,∞),

ℓ2(t, 0) = 0, for a.a. t ≥ 0.

In this case, condition (b) is satisfied by taking ug ≡ 0.
If p = ∞, we can instead suppose that there exists u⋆ ∈ U such that

ℓ2(t, u⋆) = 0, for a.a. t ≥ 0,

and define ug ≡ u⋆ to satisfy condition (b2).

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. The proof is an application of the Pattern Preservation Theorem 2.7, whose Γ-convergence
assumption (2) is satisfied by the Γ-convergence Theorem 7.3. So, it remains just to prove that also the equi-
coercivity hypotheses (1) is fulfilled for the sequence Tk → ∞ for which the standing assumption of coercivity
w.r.t. x holds.

To this aim, let us consider a sequence (uk, xk) ∈ U × X such that

FTk
(uk, xk) ≤ C (7.9)

for some C ≥ 0. We first claim that, up to a subsequence, there exists a u ∈ U such that uk → u in U .
In the case p = ∞, uk(t) ∈ U for all k ∈ N and a.e. t > 0. Since U is compact and convex by hypothesis (c2)

of Section 3, then uk → u in U (up to a subsequence), for a certain u ∈ U . Let us now suppose that p ∈ (1,+∞)
and condition (3.2) holds. Since FTk

(uk, xk) ≤ C, we have

C ≥ JTk
(uk, xk) =

∫ Tk

0

ℓ2(t, xk(t), uk(t)) dt+

∫ ∞

Tk

|uk(t)|p dt

≥ min{1, α}
∫ ∞

0

|uk(t)|p dt−
∫ ∞

0

|γ(t)|dt = min{1, α}∥uk∥pp − ∥γ∥1,

which implies that the uk are bounded in U , and thus, up to a subsequence, there exists u ∈ U such that uk → u
in U , and the claim is proven. By coercivity w.r.t. x it follows that also xuk,x0 admits a subsequence converging
in X . According to Definition 2.2, we have then proved that the sequence FTk

is sequentially equi-coercive and
the thesis follows by the Pattern Preservation Theorem 2.7 .

As already explained in Remark 7.1, the condition of coercivity w.r.t. x stated in Theorem 3.1 cannot be
ensured by imposing a growth condition like (c1) with respect to the state variable. Nevertheless, such coercivity
can be forced by prescribing a condition like (c2) on the state, that is a state constraint x(·) ∈ X withX compact.
Since, as already noted, such state constraint can be incorporated in the cost functional, the compactness
hypotheses on X can be seen as a particular case in which the coercivity w.r.t. x condition holds. This is shown
in Corollary 3.2 that we are going to prove. Also the specific cases presented in Section 6 satisfy the coercivity
condition but, there, the coercivity w.r.t. x is “intrinsic”, i.e., it is satisfied independently of the cost functional.
In those cases, it is the structure of the state equation itself that provides the required coercivity with respect
to the state.

Proof of Corollary 3.2. We have only to prove that for any sequence 0 < Tk → ∞, the condition of coercivity
w.r.t. x of Theorem 3.1 is satisfied.
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Let (uk, xk) ∈ U ×X such that FTk
(uk, xk) ≤ C for some C ≥ 0. Let uk → u in U . Since xk = xuk,x0 belongs

to the compact state-constraint set X ⊂ Rn for any k ∈ N (otherwise FTk
(uk, xk) would be not finite), we have

that the sequence xk is bounded in L∞((0,∞),Rn). Now, using hypothesis (A0) we have

|x′
k(t)| ≤ |a(t, xk(t))|+ |b(t, xk(t))||uk(t)| ≤ M(t) +AH(t)D + (N(t) +BH(t)D)|uk(t)| (7.10)

whereH = X ∪{0} andD = diam(H). By using Holder’s inequality and the boundedness of uk in Lp((0,∞), U),
our standing assumptions imply that x′

k is bounded in Lq
loc([0,∞),Rn). We have thus shown that the

sequence xk is bounded in W 1,q
loc ([0,∞),Rn), and it thus admits a weakly⋆ converging subsequence xk

⋆
⇀ x

in W 1,q
loc ([0,∞),Rn). Then, by Lemma A.10, this implies that xk → x in X . Hence the claimed coercivity. The

thesis follows then by applying Theorem 3.1.

Remark 7.5. By assumption, the running cost ℓ2 satisfies a coercivity assumption with respect to the control
variable u (see (c) of Sect. 3). Corollary 3.2 shows an example of a class of optimal control problems in which also
the additional coercivity w.r.t. x (see Thm. 3.1) is satisfied. Other examples satisfying an even stronger condition
are the intrinsically coercive systems (uniformly bounded systems and linear control systems in particular)
discussed in Section 6.

8. Applications and examples

In this section we apply the Γ-convergence results obtained in the previous one to specific optimal control
problems arising from engineering/biological systems.

8.1. Optimal switching control problems

The framework of switched dynamical systems provides a mathematical model for a large class of physi-
cal/engineering phenomena and has been a topic of intense research in the past and recent years; we refer to the
monograph [3, 4] for an overview. In this framework, given M vector fields f1, . . . , fM : Rn → Rn, one considers
the differential equation

ẋ(t) = fu(t)(x(t)), (8.1)

where u : (0,∞) → {1, . . . ,M} is a so-called switching signal selecting, at each instant of time, one subsystem
among f1, . . . , fM to be “active”.

In this subsection we focus on the case of switched systems composed by two linear subsystems, and our aim
is to characterize the optimal switching policy (with respect to a quadratic cost) in finite and infinite horizon.
More precisely, let us consider A1, A2 ∈ Rn×n. For any x0 ∈ Rn and any T ∈ [0,∞] we want to study the optimal
control problem defined by

min
u∈U

JT (u, x) =
1

2

∫ T

0

|x(t)|2 dt,{
x′(t) = u(t)A1x(t) + (1− u(t))A2x(t),

x(0) = x0 ∈ Rn,

(8.2)

where the control space is U = L∞((0,∞), [0, 1]), i.e., measurable and essentially bounded functions taking
values in the compact and convex set [0, 1].

In the case that u(t) ∈ {0, 1} for almost all t ∈ [0, T ], this corresponds to finding the optimal switching signal
in order to minimize the cost functional JT , i.e., the “energy” of the system on the interval [0, T ]. On the
other hand, if u(t) ∈ (0, 1) in a non-trivial interval, this corresponds to the fact that the control imposes to
follow a convex combination of the vector fields defined by A1, A2, and this might be undesirable in the case
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of digital/quantized controls, in which only the extreme values {0, 1} are applicable for physical reasons. With
this motivation in mind, in what follows we provide conditions ensuring that the optimal control is bang-bang,
i.e., taking values in the discrete set {0, 1}.
Defining B1 = A2 and B2 = A1 − A2, and taking again the state space X = W 1,1

loc ([0,∞),Rn), we consider the
following more effective rewriting of problem (8.2) which consists in minimizing the functional FT := JT +χAsw

:
U × X → [0,∞] where

JT (u, x) :=
1

2

∫ T

0

|x(t)|2 dt (8.3a)

Asw := {(u, x) ∈ U × X : x = xu,x0} (8.3b)

where xu,x0 is solution to the Cauchy problem{
x′(t) = B1x(t) + u(t)B2x(t)

x(0) = x0 ∈ Rn.
(8.3c)

It is easy to see that the state equation (8.3c) satisfies the basic conditions stated in hypothesis (A0) in
Section 3. Existence of optimal controls for the problem (8.3) in the case T < ∞ follows by classical results,
see for example [32], Theorem 5.2.1. We want to provide necessary conditions that the optimal controls have
to satisfy, making use of the well-known Pontryagin’s minimum principle, for which the interested reader is
referred to [32], Chapter 6 or [12], Chapter 6.

To this aim, we introduce the Hamiltonian function H : Rn × Rn × [0, 1] → R, defined by

H(x, p, u) =
1

2
x⊤x+ p⊤B1x+ up⊤B2x, (8.4)

where we consider z ∈ Rn as column vectors, z⊤ is the corresponding row vector, and z⊤w is the Euclidean
scalar product between z, w ∈ Rn. This choice for notation agrees with the one usually adopted in this subfield
of control theory.

We now explicitly write the conditions arising from Pontryagin’s principle for finite-horizon problems.

Lemma 8.1 (Pontryagin principle conditions). Let us fix T ∈ (0,∞). Consider any (u, x) ∈ U × X minimum
for FT defined in (8.3). Then,

1. there exists a costate p : [0, T ] → Rn such that p ∈ W 1,1((0, T ),Rn), solution to the adjoint system{
p′(t) = −x(t)−B⊤

1 p(t)− u(t)B⊤
2 p(t),

p(T ) = 0;
(8.5)

2. given the switching function φ : [0, T ] → R defined by φ(t) := p⊤(t)B2x(t), the control u satisfies Weierstrass
condition, i.e., for almost all t ∈ [0, T ] it holds that

u(t) =

{
0 if φ(t) > 0,

1 if φ(t) < 0;
(8.6)

3. the Hamiltonian is constant along (u, x), i.e.,

1

2
x(t)⊤x(t) + p⊤(t)B1x(t) + u(t)φ(t) ≡ 1

2
|x(T )|2 ∀ t ∈ [0, T ]. (8.7)
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Proof. The proof is a direct application of Pontryagin’s minimum principle to our case. For the general statement
we refer, for example, to [32], Theorem 6.5.1 or [12], Theorem 6.2.1. Since we do not have any constraint on the
final position of the state, and the initial state is fixed, it follows that the adjoint state p has final condition
equal to p(T ) = 0 (and no initial condition). This, by non-degeneracy, implies that the scalar Lagrange multiplier
associated to the cost function (denoted by λ0 in [32], Thm. 6.5.1) can be fixed to be equal to 1 and it is thus not
explicitly reported in the statement. Moreover, since the final time is fixed, we have constancy of the Hamiltonian
function, as stated in (v) of [12], Theorem 6.2.1.

Under an algebraic condition on the matrices A1, A2, we can ensure that the optimal controls are bang-bang
for the finite-horizon problem. We are then able to apply Theorem 3.1 proving that the same property holds
for an infinite-horizon optimal control.

Given M ∈ Rn×n, let us denote by S(M) := 1
2 (M +M⊤) ∈ Rn×n its symmetric part.

Theorem 8.2. Suppose that A1, A2 ∈ Rn×n commute, i.e., [A1, A2] := A1A2 −A2A1 = 0 and be such that

for every x ∈ Rn \ {0} such that x⊤S(A1 −A2)x = 0 we have

x⊤S(A1 −A2)A1x > 0 and x⊤S(A1 −A2)A2x > 0.
(8.8)

Then, for any x0 ∈ Rn \ {0} and any T ∈ (0,∞), any optimal control of FT in (8.3) is bang-bang of type 1-0
with at most one discontinuity point. Alternatively to (8.8), suppose that

for every x ∈ Rn \ {0} such that x⊤S(A1 −A2)x = 0 we have

x⊤S(A1 −A2)A1x < 0 and x⊤S(A1 −A2)A2x < 0.
(8.9)

Then, for any x0 ∈ Rn \ {0} and any T ∈ (0,∞), any optimal control of FT in (8.3) is bang-bang of type 0-1
with at most one discontinuity point. Moreover, in both cases, there exists an optimal control u∞ of F∞ which
is bang-bang of the same type with at most one discontinuity point.

Remark 8.3. The case x0 = 0 ruled out in Theorem 8.2 is trivial: any control u ∈ U is optimal (for any
T ∈ [0,+∞]), leading to a cost equal to 0.

Remark 8.4. Theorem 8.2 provides conditions on the subsystem matrices A1, A2 ∈ Rn×n under which the
optimal controls are of a bang-bang form with at most one discontinuity point, both for finite and infinite
horizon problems. The commutativity hypothesis is classical in control/stabilization of switched systems, see
for example [33]. It basically ensures that the reachable set under arbitrary measurable controls is equal to the
reachable set under bang-bang controls with at most one switch, see also [3], Sect. 2.2.1. The hypothesis in (8.8)
can be rewritten and checked numerically via the Finsler’s Lemma (see for example [34], Thm. 2.2), which states
that (8.8) is equivalent to the following proposition

∃ µ1 ∈ R, such that S(S(A1 −A2)A1) + µ1S(A1 −A2) ≻ 0 and

∃ µ2 ∈ R, such that S(S(A1 −A2)A2) + µ2S(A1 −A2) ≻ 0,

which, in turn, can be checked via semidefinite optimization techniques. Similarly, hypothesis (8.9) can be
numerically treated using the same tools.

Proof of Theorem 8.2. Let us fix T ∈ (0,∞), and consider (u, x) ∈ U × X any optimal control-state pair of FT .
Since x0 ̸= 0, we have that x(t) ̸= 0 for all t ∈ [0, T ], by linearity of the state equation (8.3c). By Lemma 8.1,
there exists a costate p : [0, T ] → Rn for which the conditions in the aforementioned lemma are satisfied. We
first note that [B2, B1] = [A1, A2] = 0. Using this equality we have, in the sense of distributions

φ = p⊤B2x, (8.10)
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φ′ = −x⊤B2x = −x⊤S(B2)x, (8.11)

φ′′ = −2x⊤S(B2)B1x− 2u
(
x⊤S(B2)B2x

)
.

From this, it can be seen that φ ∈ C1([0, T ],R) and φ′ ∈ W 1,1((0, T ),R). Let us suppose (8.8) holds, and consider
the set T := {t ∈ [0, T ] : φ′(t) = 0}. By the expression (8.10), we have x(t)⊤S(A1 −A2)x(t) = 0 for all t ∈ T .
Further computing, we obtain

φ′′ = −2
(
x⊤S(B2)B1x+ ux⊤S(B2)B2x

)
= −2

(
x⊤S(A1 −A2)A2x+ ux⊤S(A1 −A2)(A1 −A2)x

)
= −2(1− u)x⊤S(A1 −A2)A2x− 2ux⊤S(A1 −A2)A1x

and, thanks to condition (8.8) we have that φ′′ < 0 almost everywhere in a neighborhood of T , i.e., φ′ is locally
strictly decreasing in such neighborhood.

Then, given t0 ∈ T , by continuity of φ′, t0 is actually the unique instant for which φ′(t) = 0: otherwise, we
will contradict the fact that φ′ is locally decreasing at every point in which it vanishes. More specifically, we
have that φ′(t) > 0 for all t ∈ [0, t0) and φ′(t) < 0 for all t0 ∈ (t0, T ] and thus φ is strictly increasing in [0, t0)
and strictly decreasing in (t0, T ]. Since p(T ) = 0, we have φ(T ) = 0 and then there exists at most one t ∈ [0, T )
such that φ(t) = 0. This, recalling the Weierstrass condition (8.6), implies that u : (0,∞) → Rm has at most
one discontinuity point in [0, T ), and it is bang-bang of the form 1-0.

The case in which (8.9) holds, leads to φ′′ < 0 (locally) for all t ∈ [0, T ] such that φ′(t) = 0 and it is thus
similar, leading to bang-bang optimal controls of type 0 -1.

Now, to treat the infinite-horizon case, we apply Theorem 3.1 to show that FT is pattern preserving.
Let thus verify that all the hypotheses of Theorem 3.1 are satisfied. Let us start by checking hypothesis (A1)

of Section 3 (we have already observed that Hypothesis (A0) is satisfied). Since A1 and A2 commute, it can be
seen via Grönwall’s Lemma, that there exists M ≥ 1 such that, for every ε > 0, it holds that

|xu,x0(t)| ≤ Me(λ+ε)t|x0| ∀x0 ∈ Rn,∀u ∈ L∞((0,∞), [0, 1]),∀t ≥ 0, (8.12)

with λ = maxi∈{1,2} λ(Ai) and where, given A ∈ Rn×n, λ(A) denotes the spectral abscissa of A, defined as
λ(A) := max

j∈{1,...,n}
Re(λj), where λ1, . . . , λn denote the (possibly complex) eigenvalues of A, see [3], Section 2.2.

Inequality (8.12) implies that hypothesis (A1) holds: indeed, for any u ∈ L∞((0,∞), [0, 1]) we have that xu,x0

is bounded in L∞
loc([0,∞),Rn) and is thus globally defined.

The hypotheses (a) and (b) and (c) of Theorem 3.1 are trivially satisfied by defining ℓ1(t, x) =
|x|2
2 , ℓ2(t, x, u) = 0

and ug ≡ 0, and recalling that U = [0, 1] is compact.
Among the hypotheses of Theorem 3.1, it remains only to prove the coercivity w.r.t. x. Let us then consider

sequences 0 < Tk → ∞ and (uk, xk) such that FTk
(uk, xk) ≤ C for all k ∈ N and a prescribed C ≥ 0. By

definition of FTk
(uk, xk), we have that uk ∈ L∞((0,∞), [0, 1]) and xk = xuk,x0 . Again by (8.12), the sequence

xk = xuk,x0 is bounded in L∞
loc([0,∞),Rn) and, since d

dtx
uk,x0(t) = B1x

uk,x0(t) + uk(t)B2x
uk,x0(t), then it is

bounded also in W 1,∞
loc ([0,∞),Rn). Since it is bounded, it admits a converging subsequence xkℓ

→ x in the
chosen topology, i.e., the strong topology of L∞

loc([0,∞),Rn).
We can thus apply Theorem 3.1, obtaining that the considered family FT is pattern preserving with respect

to every sequence 0 < Tk → ∞.
Let us now consider a sequence 0 < Tk → ∞ and an optimal control uk ∈ U of FTk

. We have already proved
that uk has at most a discontinuity point in [0, Tk) and it is always of the same bang-bang type, 0 -1 or 1- 0, for
every k ∈ N. Let us suppose, without loss of generality, that we are in the 0 -1 case. Let us denote by τk the
discontinuity point of uk in (0, Tk), if any; otherwise, if uk is constant equal to 0, we set τk = Tk and if uk is
constant equal to 1 we set τk = 0. There exists a subsequence of Tk (without relabeling) such that limk→∞ τk

exists in (0,∞]; let us denote such limiting point by τ∞. Since the family FT has been proven to be pattern
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preserving, via Remark 2.8, we have that u∞ : (0,∞) → [0, 1] defined by

u∞(t) =

{
0 if t ∈ (0, τ∞),

1 if t ∈ [τ∞,∞),

is an optimal control for F∞, concluding the proof.

8.2. Optimal control of SIR models

Optimal control problems for epidemics driven by Susceptible-Infectious-Recovered (SIR) models introduced
by Kermack and McKendrick [35] has been intensively studied in the past decades. For an overview, we refer
to [17, 36–38] and references therein. We briefly recall here this framework and we then apply the results
previously developed.
We consider a two-dimensional SIR model defined by

s′(t) = −b(t) s(t) i(t)− v(t)s(t),

i′(t) = b(t) s(t) i(t)− γi(t),

s(0) = s0, i(0) = i0,

(8.13)

where the states s and i are the population densities of susceptible and infectious individuals, respectively, while
the measurable parameters b : (0,∞) → [β⋆, β] and v : (0,∞) → [0, vM ] represent the transmission and vacci-
nation rate (respectively) and can be considered as external or controlled parameters. The constant coefficients
β⋆, β ∈ (0, 1) and vM , γ > 0 are, respectively, the minimal and maximal transmission rates, the maximal vaccina-
tion rate and the (constant) recovery rate. Whenever measurable inputs v : (0,∞) → [0, vM ], b : (0,∞) → [β⋆, β]
and initial condition x0 = (s(0), i(0)) = (s0, i0) ∈ R2 are fixed, the unique solution to (8.13) will be denoted by
xb,v,x0 .

Let us state the following preliminary invariance result.

Lemma 8.5. For any choice of parameters β⋆, β ∈ (0, 1) and vM , γ > 0, the unit triangle

T = {(s, i) ∈ R2 | s ≥ 0, i ≥ 0, s+ i ≤ 1}.

is forward invariant for (8.13) with respect to [β⋆, β]× [0, vM ], i.e.,

x0 ∈ T ⇒ xb,v,x0(t) ∈ T, ∀ b ∈ L∞((0,∞), [β⋆, β]), ∀v ∈ L∞((0,∞), [0, vM ]), ∀ t ≥ 0.

Proof. Since the right-hand side in (8.13) satisfies hypothesis (A0) we have local existence and uniqueness of
an absolutely continuous solution, for every u ∈ U and (s0, i0) ∈ T.

Let [0, c), with c > 0, be a time interval in which the unique solution (s, i) exists. Let us suppose that
(s0, i0) ∈ T and claim that s(t) ≥ 0 and i(t) ≥ 0 for every t ∈ [0, c). Indeed, considering i as a coefficient, the
function s is the unique solution to the linear Cauchy problem{

s′ = −
(
b(t)i(t) + v(t)

)
s,

s(0) = s0,

which is given by

s(t) = s0e
−

∫ t
0
[b(ξ)i(ξ)+v(ξ)] dξ ∀ t ∈ [0, c).



PATTERN-PRESERVING OPTIMAL CONTROL PROBLEMS WITH INCREASING TIME HORIZON 27

Hence, s is non-negative in [0, c). Similarly, one can prove that also i is non-negative.
Then, by summing the two equations of the system we get

(s+ i)′ = −vs− γi ≤ 0 in [0, c), (8.14)

which implies that s+ i is non-increasing in [0, c). Then we have

0 ≤ s(t) + i(t) ≤ s0 + i0 ≤ 1 ∀ t ∈ [0, c). (8.15)

Hence, the solutions are bounded and remain within the compact triangle T. This boundedness implies that
they exists for every t ∈ [0,∞) and all properties above hold with c = ∞.

Simply looking at the equations, one also sees that i and s have then bounded derivatives. This, in particular,
implies that xb,v,x0 ∈ W 1,∞((0,∞),R2) for any b ∈ L∞((0,∞), [β⋆, β]) and v ∈ L∞((0,∞), [0, vM ]).

Given x0 ∈ T, we study optimal control problems for system (8.13) which consists in minimizing, over all
controls b or v and the corresponding epidemic trajectories s and i, the objective functional

JT (b, v, s, i) =

∫ T

0

λb(β − b(t)) + λvv(t) + λii(t) dt, (8.16)

under a state constraint

i(t) ≤ iM ∀ t ∈ [0, T ], (8.17)

where iM > 0 represents a safety threshold for the intensive care units capacity. The constant coefficients
λb, λv ≥ 0 and λi ≥ 0 modulate the economic and health-related costs of infection with respect to the cost
of vaccination/reduction of the contact rate. The results now illustrated, in a condensed form, are borrowed
from [1, 2]. We analyze separately the case with no control on the contact rate (i.e., b ≡ β) and the case with
no control on the vaccination rate (i.e., v ≡ 0).

Let us start from the case in which b ≡ β and the unique control variable is the vaccination rate v. Since a
state-constraint is involved, whenever iM < 1, the maximal viable set B, that is, the set of initial conditions
such that the state-constraint is satisfied along the whole epidemic horizon, is a proper subset of the invariant
triangle T. This set B has been characterized in [2], Theorem 3.5(2). We refer to that paper for a detailed
description.

Proposition 8.6 (optimal vaccination). Let T ∈ [0,∞] and x0 = (s0, i0) ∈ B. Let us consider the optimal
control problem FT composed by

(a) the SIR state-equation (8.13) with b ≡ β > 0,
(b) the cost functional JT given in (8.16), to be minimized over the control space U = L∞((0,∞), U) with

U = [0, vM ] and state space X = W 1,1
loc ([0,∞),R2),

(c) the state-constraint (8.17).

Then, for any finite T > 0 large enough, any optimal control vT : (0,∞) → [0, vM ] of FT is of the bang-bang
form

vT (t) =

{
vM if t ∈ (0, τT1 ),

0 if t ∈ (τT1 ,∞),

for some τT1 ∈ [0, T ].The infinite-horizon problem (T = ∞) admits an optimal control of the same bang-bang
structure, for a τ∞1 < ∞.
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The case with finite T > 0 is obtained by applying the Pontryagin’s principle to the problem under consider-
ation, for the details we refer to [2], Theorem 4.6. It is now easy to check that all the hypotheses of Theorem 3.1
are satisfied. The only nontrivial task is to verify coercivity w.r.t. x of the joint functionals. This can be verified
via Proposition 6.3 since solutions are confined in the compact set T, as stated in Lemma 8.5. Moreover, the
finiteness of τ∞1 can be proven, since there exists a finite upper bound for tT1 uniform on T . For such details, a
more direct proof and a discussion about uniqueness of the optimal control we refer to [2], Section 5.

We now recall a similar result in the case of non-pharmaceutical control, i.e., when no vaccination is possible,
and the only control parameter is given by the function b : (0,∞) → [β, β⋆]. Also in this case, whenever iM < 1,
the maximal viable set B is a proper subset of T and has been characterized in [39], Item 5 of Theorem 2.3,
see also [40], to which we refer also for further details. Moreover, since this is just a matter of examples and for
the sake of simplicity, we restrict ourselves to the simpler case in which the cost depends only the control (i.e.,
λi = 0). Nevertheless, in [1] also the general case has been handled.

Proposition 8.7 (Optimal non-pharmaceutical intervention). Given x0 = (s0, i0) ∈ B and T ∈ [0,∞], let us
consider the optimal control problem FT composed by

(a) the SIR state-equation (8.13) with v ≡ 0,
(b) the cost functional JT given in (8.16) with λi = 0, to be minimized over the control space U = L∞((0,∞), U)

with U = [β⋆, β] and state space X = W 1,1
loc ([0,∞),R2),

(c) the state-constraint (8.17).

Then, for any finite T > 0 large enough, any optimal control bT : (0,∞) → [β⋆, β] of FT is of the form

bT (t) =



β if t ∈ (0, τT1 ),

β⋆ if t ∈ (τT1 , τT2 ),

β − γ

s(τT2 ) + γiM (τT2 − t)
if t ∈ (τT2 , τT3 ),

β if t ∈ (τT3 ,∞),

for some 0 ≤ τT1 ≤ τT2 ≤ τT3 ≤ T . The infinite-horizon problem (T = ∞) admits an optimal control of the same
structure, with τ∞3 < ∞.

Again, the finite-horizon case T > 0 is obtained by applying the Pontryagin’s principle (see [1]). Since, for
initial conditions x0 ∈ B, all the hypotheses of Theorem 3.1 are satisfied, the infinite-horizon case directly follows.
The finiteness of τ∞3 is proven in [1], Theorem 9.9 to which we refer for the details and for an alternative and
more ad-hoc proof.

9. Conclusions

In this work, we have introduced a general framework to study the preservation of optimal control patterns
as the time horizon extends to infinity. By employing the notion of Γ-convergence as crucial technical tool,
we have provided sufficient conditions ensuring that the structural properties of optimal controls persist in the
infinite-horizon case. Our approach naturally incorporates the possibility of the presence of state constraints and
provides a rigorous variational foundation for analyzing long-time behavior in optimal control problems. The
theoretical results have been eventually illustrated through examples, with a specific focus on switched systems
and epidemic control. These results suggest promising directions for further research, including the extension
to broader classes of control problems and/or more general variational problems.
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Appendix A. Local Sobolev function spaces

In this section we introduce a notion of local-in-time Sobolev spaces, suitable to our analysis. In doing it, we assume
as known the basic concepts of Sobolev spaces Wm,p on a bounded interval and their duals, as well as the notion of
strong (or norm), weak and weak⋆ topologies on such classical spaces. The unaccustomed reader is referred to [41, 42].
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Definition A.1. Given p ∈ [1,∞], m ∈ N, and τ ∈ (0,∞], we define the set of locally (m, p)-Sobolev functions on [0, τ)
by

Wm,p
loc ([0, τ),Rn) =

{
x ∈ D′((0, τ),Rn) : x|(0,T ) ∈ Wm,p((0, T ),Rn) ∀T ∈ (0, τ)

}
,

where x(0,T ) denotes the restriction of the distribution x to all test functions with compact support in (0, T ).

When m = 0 we use also the notation Lp
loc([0, τ),R

n) := W 0,p
loc ([0, τ),R

n).
Since the intervals (0, T ) are bounded (i.e., T < ∞), then we have

1 ≤ p ≤ q =⇒ Wm,q
loc ([0, τ),Rn) ⊆ Wm,p

loc ([0, τ),Rn). (A.1)

Moreover, it is easy to check that Lp
loc([0, τ)) is contained in the classically defined space Lp

loc(0, τ) on the open set (0, τ),
and the inclusion is strict (e.g., x(t) = 1/t ∈ Lp

loc(0, τ) \ L
p
loc([0, τ)) ). Consequently, for any m ∈ N, we have

Wm,p
loc ([0, τ),Rn) ⊂ Wm,p

loc ((0, τ),Rn) ⊂ D′((0, τ);Rn).

On Wm,p
loc ([0, τ),Rn), we can naturally consider the family of separating seminorms ∥ · ∥T parametrized by T ∈ (0, τ),

given by

∥x∥T := ∥x|(0,T )∥Wm,p(0,T )

where ∥ · ∥Wm,p(0,T ) denotes the usual norm of the Sobolev space Wm,p((0, T ),Rn). The following definition is standard
in this functional framework.

Definition A.2. A set H ⊂ Wm,p
loc ([0, τ),Rn) is said to be bounded if it is bounded in Wm,p((0, T ),Rn) for every

T ∈ (0, τ), that is, for every such T there exists CT ≥ 0 such that

∥x∥T ≤ CT ∀x ∈ H.

The topology induced by such a family of seminorms (called strong topology) makes Wm,p
loc ([0, τ),Rn) a locally convex

topological vector space (see [43], Thm. 8.1). A basis B of neighborhoods of 0 in this topology is defined by

B =
{ r⋂

i=1

{
x : ∥x∥Ti <

1

h

}
: Ti ∈ (0, τ), i = 1, ..., r, and r, h ∈ N

}
.

Every increasing sequence of positive real numbers Tk → τ− (a so-called defining sequence) determines a sequence of
seminorms that defines Wm,p

loc ([0, τ);Rn) as an LF -space or, equivalently, countable strict inductive limit of Frechét spaces
(see, for instance, [44], Chap. 13). The topology generated by the corresponding countable family of seminorms is the
same generated by the whole family, and turns out to be described by the metric

d(x, y) := sup
k∈N

2−k ∥x− y∥Tk

1 + ∥x− y∥Tk

.

With this metric, the space Wm,p
loc ([0, τ),Rn) is complete.

Proposition A.3. Let x, xk ∈ Wm,p
loc ([0, τ),Rn) for every k ∈ N. The following propositions are equivalent.

1. xk → x strongly in Wm,p
loc ([0, τ),Rn).

2. xk → x strongly in Wm,p((0, T ),Rn) for every T ∈ (0, τ).

Proof. First of all, let us note that it suffices to prove the equivalence in the case x = 0. In this case, 1. is equivalent
to say that for every B ∈ B there exists kB ∈ N such that xk ∈ B for every k > kB . To prove that 1. implies 2. we fix
T ∈ (0, τ) and ε = 1

h
. By taking B = {z : ∥z∥T < 1

h
} we have that there exists kh ∈ N such that xk ∈ B for every



32 M. DELLA ROSSA AND L. FREDDI

k > kh. Since this holds for every h ∈ N \ {0} then we have proved that xk → x strongly in Wm,p((0, T ),Rn) as claimed
in 2.
Conversely, given any B ∈ B, there exists a finite set of times Ti, i = 1, ..., r and h ∈ N such that

B =

r⋂
i=1

{
z : ∥z∥Ti <

1

h

}
.

By 2., there exists kh,i ∈ N such that

∥xk∥Ti <
1

h
∀ i = 1, ...r, ∀k > kh,i,

which means that xk ∈ B for every k > kB := max{kh,i | i = 1, . . . , r }, and thus proves 1.

Remark A.4. Of course, condition 2. of Proposition A.3, as well as the boundedness condition of Definition A.2, needs
to be checked just on an increasing sequence of positive real numbers Tk → τ−. This provides an alternative way to see
that every defining sequence generates the same strongly converging sequences.

Let us now restrict our analysis to the case in which p ∈ (1,∞]. We endow the local Sobolev space Wm,p
loc ([0, τ),Rn)

with the following notion of weak convergence.

Definition A.5. Let p ∈ (1,∞]. Let (xk) be a sequence in Wm,p
loc ([0, τ),Rn) and x ∈ D′((0, τ),Rn). We say that (xk)

weakly⋆ converges to x in Wm,p
loc ([0, τ),Rn), and we write xk

⋆
⇀ x, if

1. (xk) is bounded in Wm,p
loc ([0, τ),Rn),

2. xk ⇀ x in the weak sense of distributions of D′((0, τ),Rn).

The choice to use the term “weak⋆” for every p ∈ (1,∞] is consistent with the notation adopted in rest of the paper,
whenever the non-reflexive case p = 1 is excluded.

It is easy to see that also the weak⋆ convergence can be characterized in the same way as we have done before for the
strong one.

Proposition A.6. Let p ∈ (1,∞]. Let x, xk ∈ Wm,p
loc ([0, τ),Rn) for every k ∈ N. The following propositions are equivalent.

1. xk
⋆
⇀ x in Wm,p

loc ([0, τ),Rn).

2. xk
⋆
⇀ x in Wm,p((0, T ),Rn) for every T ∈ (0, τ).

Proof. Let us prove that 1. =⇒ 2. Let T ∈ (0, τ). By definition of weak⋆ convergence we have that xk ⇀ x inD′((0, T ),Rn)
and (xk) is bounded in Wm,p((0, T ),Rn). This implies that the sequence converges weakly⋆ to x also in Wm,p((0, T ),Rn).

Let us prove that 2. =⇒ 1. Being weakly⋆ converging in Wm,p((0, T ),Rm) for every T ∈ (0, τ) the sequence (xk) is
bounded in the norm ∥ · ∥T . Hence, it is bounded in Wm,p

loc ([0, τ),Rn). Moreover, for every φ ∈ D′((0, τ),Rn) there exists
T ∈ (0, τ) such that supp(φ) ⊂ (0, T ) and, hence, ⟨xk, φ⟩ → ⟨x, φ⟩. Thus xk ⇀ x in D′((0, τ),Rn) and, by boundedness,
we can conclude that 1. holds.

Remark A.7. By the definitions above, immediately follows that the inclusion (A.1) is continuous when the spaces are
both endowed with the strong (respectively, weak⋆) topology.

The following sequential compactness theorem holds.

Theorem A.8 (sequential compactness). Let p ∈ (1,∞]. Let (xk) be a bounded sequence in Wm,p
loc ([0, τ),Rn). Then,

there exists x ∈ Wm,p
loc ([0, τ),Rn) and a subsequence (xkh) of (xk) that weakly⋆ converges to x in Wm,p

loc ([0, τ),Rn).

Proof. By definition, (xk) is bounded in Wm,p((0, T ),Rn) for every T ∈ (0, τ). Let us consider an increasing sequence of
positive real numbers Tj → τ−.

For T = T1, by Alaoglu’s Compactness Theorem, there exists a subsequence (xk1
h
) of (xk) and x1 ∈ Wm,p((0, T1),Rn)

such that xk1
h

⋆
⇀ x1 in Wm,p((0, T1),Rn).
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For T = T2, there exists a subsequence (xk2
h
) of (xk1

h
) and x2 ∈ Wm,p((0, T2),Rn) such that xk2

h

⋆
⇀ x2 in

Wm,p((0, T2),Rn). Moreover, since the latter weakly⋆ converges also in Wm,p((0, T1),Rn), by uniqueness of the limit
we have x2

|(0,T1)
= x1.

By induction, for every T = Tj ∈ N (j ≥ 2) there exists a subsequence (x
k
j
h
)h of (x

k
j−1
h

)h and xj ∈ Wm,p((0, Tj),Rn)

such that x
k
j
h

⋆
⇀ xj in Wm,p((0, Tj),Rn) as h → ∞. Moreover, by construction

xj
|(0,Tj−1)

= xj−1. (A.2)

Let us now define the map x : D((0, τ),Rn) → R by ⟨x, φ⟩ := ⟨xjφ , φ⟩ where jφ is any natural such that suppφ ⊂ (0, Tjφ).
By (A.2), the map x is well defined. Moreover, x ∈ D′((0, τ),Rn) and the sequence xh := xkh

h
is a subsequence of (xk) that

weakly⋆ converges to x. Indeed, for every φ ∈ D((0, τ),Rn) there exists j ∈ N such that suppφ ⊂ (0, Tj). By definition
of the map x, and since xkh

h
is a subsequence of x

k
j
h
for h ≥ j, then we have ⟨xh, φ⟩ = ⟨xkh

h
, φ⟩ → ⟨xj , φ⟩ = ⟨x, φ⟩. Thus,

xh ⇀ x in D′. Since this subsequence is also (trivially) bounded in Wm,p
loc ([0, τ),Rn), then it converges weakly⋆ in the

latter space and the theorem is proven.

The following theorem states that the weak⋆ convergence in the space Wm,p
loc ([0, τ),Rn) satisfies the Urysohn property

of convergence structures.

Theorem A.9 (Urysohn property). Let p ∈ (1,∞]. Let x ∈ Wm,p
loc ([0, τ),Rn) and (xk) be a bounded sequence in the

same space. If every subsequence of (xk) admits a further subsequence weakly⋆ converging to x, then the whole sequence
xk weakly⋆ converges to x.

Proof. By contradiction, suppose that xk ̸⇀ x in D′((0, τ),Rn). Then, there exists φ ∈ D′((0, τ),Rn) and ε > 0 such
that

∀h ∈ N ∃ kh > h : |⟨xkh , φ⟩ − ⟨x, φ⟩| ≥ ε.

Then, the sequence (xkh) does not admit any weakly⋆ converging subsequence, against the assumption of the theorem.

Let us remark that (as it is well known) on the bounded interval (0, T ) the inclusion

W 1,1(0, T ) ⊂ L∞(0, T )

is continuous but not compact. As a consequence, the inclusion

W 1,1
loc ([0,∞);Rn) ⊂ L∞

loc([0,∞);Rn)

inherits the same properties. Moreover, since L∞
loc([0,∞);Rn) is an LF-space, the topology of strong convergence is

metrizable. Hence, the space W 1,1
loc ([0,∞);Rn), as a topological subspace of L∞

loc([0,∞);Rn) with the strong topology, is
a metric space.

On the contrary, when the summability exponent p is strictly larger than 1, the immersion turns out to be compact,
as the following lemma states.

Lemma A.10. Let p ∈ (1,∞]. The space W 1,p
loc ([0, τ),R

n) is compactly embedded in L∞
loc([0, τ),Rn). In particular, weakly⋆

converging sequences in W 1,p
loc ([0, τ),R

n) are strongly converging in L∞
loc([0, τ),Rn), that is, uniformly converging on the

compact subsets of [0, τ).

Proof. The result follows by the well-known compactness of the immersion of W 1,p((0, T ),Rn) in L∞((0, T ),Rn) for
p ∈ (1,∞], and by the characterization of the strong and weak⋆ convergences given before.
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