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Abstract
The fundamental frequency is a key dynamic parameter for evaluating the seismic vulner-
ability and structural integrity of historic masonry towers. Its estimation with empirical 
laws is feasible but it is often complicated by the variability in geometric features, mate-
rial properties, and boundary conditions. This work proposes an original methodology 
that combines multiple predictive empirical models and laws using a rank aggregation 
approach based on the Plackett-Luce model. Rather than selecting a single law, the method 
considers results from empirical equations and data-driven models to produce a unified 
and more reliable prediction. Two distinct estimation scenarios are examined: one relying 
exclusively on geometric properties, and another that also takes into account mechanical 
features. Both are trained and validated on a broad dataset of historic masonry towers. The 
novelty of the approach lies in its ability to integrate different sources of knowledge while 
reducing individual model errors. Since many structural characteristics of the towers may 
be unknown, this method seeks to combine models with different input features, ranging 
from complex models to simpler formulations based on easily measurable parameters. 
By exploiting the best features of each candidate and by ranking their contributions, the 
method shows improved performance across different towers. This strategy can be a valu-
able tool in structural health monitoring and seismic assessment of heritage towers, espe-
cially when experimental dynamic data are not available and when dealing with complex 
modeling uncertainties.

Keywords  Ensemble methods · Fundamental frequency · Historic towers · Plackett-
Luce · Rank aggregation · Structural health monitoring
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1  Introduction

Vibration modes are essential parameters for predicting the dynamic and seismic response of 
structures, and are also effective indicators of structural integrity. However, historic masonry 
buildings can pose significant challenges even when it comes to estimating their fundamen-
tal frequency, as experimental data often fail to align with prediction laws provided by the 
literature or codes. This discrepancy is largely due to the complex nature of these buildings: 
variability in material composition, irregular geometries, uncertain boundary conditions, 
and limited information on construction techniques all contribute to the difficulty. In addi-
tion to these, it is important to also point out irregularities between structural components 
and uncertainties related to material degradation and quality, and past interventions on the 
building (Saloustros et al. 2020). In the Structural Health Monitoring (SHM) field (Far-
rar and Worden 2006), the fundamental frequency offers important information about the 
monolithic nature of the structure and the degree of connection to the constraints and the 
ground. For Cultural Heritage (CH) assets, such as bell towers, this parameter becomes even 
more critical, given their historical significance and often unknown construction history. It 
can be used as a valuable parameter to identify damage conditions in the structure, assess 
the effectiveness of previous strengthening interventions, and support conservation strate-
gies (Bartoli et al. 2016; Milani et al. 2012).

While in situ dynamic testing provides reliable and detailed information, its application 
is often constrained by high costs, the need for expert personnel, and logistical complexi-
ties. As a result, the estimation of the fundamental frequency is often based on simplified 
empirical formulations provided by national codes, which, however, were developed for 
generic masonry structures and are not specifically tailored to historical towers. To address 
this gap, recent advancements in the field have led to the development of new empirical and 
hybrid models based on extensive databases, integrating experimental results and numeri-
cal analyses to improve predictive capabilities for CH structures (Bartoli et al. 2017, 2020; 
Çalik et al. 2020; Diaferio et al. 2018; Lopez et al. 2019; Montabert et al. 2023; Rainieri and 
Fabbrocino 2011; Shakya et al. 2016; Testa et al. 2024).

Numerous studies in literature have proposed formulations to estimate the fundamental 
frequency of historic towers. Some studies distinguish between towers that are structurally 
integrated with adjacent buildings and those that are isolated (Bartoli et al. 2020; Diaferio 
et al. 2018; Manikandan et al. 2024; Testa et al. 2024). In the more common scenario, 
where the tower is connected to other structures, such as churches, the dynamic response 
is affected by these interactions. The presence of such connections alters stiffness distribu-
tion and boundary conditions, thereby modifying the vibration characteristics of the tower 
compared to an isolated configuration. For this reason, taking into account the concept of 
effective height becomes essential when aiming to achieve a reliable estimate for the modal 
properties of a tower. This geometric parameter plays a key role, especially in cases where 
the structural system is influenced by adjacent elements. The accuracy of empirical and 
semi-empirical models largely depends on the nature of the input parameters they require. 
While some approaches rely solely on geometric data (Diaferio et al. 2018; Montabert et al. 
2023; Rainieri and Fabbrocino 2011; Testa et al. 2024), making them straightforward and 
easy to apply, others integrate mechanical properties to provide a more refined prediction of 
the fundamental frequency (Bartoli et al. 2020; Montabert et al. 2023; Shakya et al. 2016).
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Each empirical law originates from a specific dataset and is shaped by the methodologi-
cal choices adopted. These include the type of structures analyzed, the simplifications intro-
duced, and the fitting criteria adopted. As a consequence, when several of these laws are 
applied to the same structure, the results can differ significantly. This variability is not nec-
essarily an indication of inaccuracy, but rather a reflection of the differences in the underly-
ing assumptions and scope of application of each formula.

Instead of selecting a law arbitrarily or relying solely on expert judgment, it is possible 
to frame the selection process as a ranking problem (Guiver and Snelson 2009; Yasutake 
et al. 2012). In this framework, each empirical formulation is treated as a candidate that 
provides an estimate of the fundamental frequency. These estimates are then compared to 
experimentally measured values, which are used as a reference. Each measurement can be 
interpreted as a vote, expressing a preference for the laws that produce results closer to the 
actual observed frequency.

This approach makes it possible to objectively evaluate multiple empirical formulations 
at the same time. By aggregating the preferences expressed by different experimental obser-
vations, it is possible to identify the formulation that performs best across a wide range of 
cases. The goal of this procedure is to reduce subjectivity in the selection process and to 
establish a reliable method for ranking the available empirical laws, especially when dealing 
with large datasets and variable structural configurations.

To implement this comparison process in a structured way, a specific methodology based 
on rank aggregation is adopted. This strategy allows the integration of multiple independent 
evaluations into a single ranking list that reflects the overall performance of each empirical 
formulation. In this context, the empirical laws are interpreted as competing candidates, 
and the experimentally measured frequencies act as independent evaluators. Each evaluator 
compares the predicted value obtained from every law to the corresponding observed fre-
quency and expresses a score that quantifies the level of agreement. When these evaluations 
are collected across several structures, it becomes possible to build a set of preferences that 
relate each candidate law to its prediction accuracy in different conditions.

Through the rank aggregation process, these results are synthesized into a single ranking, 
which represents the most probable order of reliability among the available empirical laws. 
The goal is to identify the formulation that tends to produce results closer to the experi-
mental evidence in the majority of cases. This method allows for the selection of a law not 
only based on its performance in a specific case, but also on its general capacity to provide 
accurate estimates across a broad and heterogeneous dataset. In this way, the procedure 
increases the robustness of the frequency prediction and supports the identification of the 
most appropriate formula for application to historic masonry towers with varying geometric 
and structural characteristics.

The paper is organized as follows: Section 2 presents the rank aggregation strategy and, 
more in detail, the Plackett-Luce model, with a focus on an application to the estimation 
of the fundamental frequency in historic bounded masonry towers. Section 3 highlights the 
results and a critical discussion is reported, underlining the strengths and limitations of the 
proposed method. In Sect 4 the conclusions of the study are drawn.
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2  Materials and methods

This Section addresses the estimation of the fundamental frequency of historic towers by 
integrating multiple predictive approaches, including empirical laws available in the litera-
ture and in national codes, neural network and Statistical Bayesian Learning (SBL) models 
(Fuentes et al. 2019). A RA strategy based on the Plackett-Luce model is employed to com-
bine these different estimations, aiming to reduce individual model bias and improve overall 
robustness. Two scenarios are considered in the analysis: one relying only on geometric 
parameters (A), and another including both geometric and mechanical properties (B). This 
dual perspective allows for an evaluation of how different levels of input information affect 
the accuracy and consistency of the predicted fundamental frequencies. The datasets used 
for the analyses were constructed and revised starting from an existing dataset (Testa et al. 
2023), enriched with additional data and updated geometric and mechanical information.

Section 2.1 presents the empirical laws used for the estimation of the fundamental fre-
quency of historic masonry towers. Section 2.2 introduces the rank aggregation framework 
based on the Plackett–Luce model adopted for combining the individual predictors. Sec-
tions 2.3 and 2.4 describe the implementation of the proposed approach for cases relying 
only on geometric parameters (A) and on both geometric and mechanical parameters (B), 
respectively.

2.1  Empirical laws for the estimation of the fundamental frequency of historic 
masonry towers

2.1.1  Empirical laws based on geometric parameters for masonry towers

Empirical formulations based on geometric parameters are commonly used to estimate the 
fundamental frequency when dynamic testing is not available. Among the most widely 
adopted are those included in national codes, such as NTC 2018 (Italian Technical Stan-
dards for Construction) and NCSE-02 (Norma de Construcción Sismorresistente). These 
codes offer simplified laws derived from limited datasets, primarily focused on low-rise, 
conventional masonry buildings. The first includes only the total height H as independent 
variable for the fundamental frequency estimation of masonry structures: 

	 f1 =
(
0.050H3/4)−1

,� (1)

while the NCSE-02 considers both H and L, with L being the plan dimension of the building 
in the direction of oscillation: 

	

f1 =
√

L

0.06
√

H
2L+H

.� (2)

These equations are convenient and accessible, but they do not take into account the speci-
ficity represented by historic bell towers. These often present unique dynamic behavior 
influenced by vertical irregularities, varying material quality, and the interaction with adja-
cent structures (e.g., churches), especially in the case of bounded towers. Recognizing this, 
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recent research has moved towards more specialized formulations. In addition, the Ital-
ian guideline DPCM (2011) (Decreto del Presidente del Consiglio dei Ministri, 9 febbraio 
2011) introduced a linear formulation (Faccio et al. 2010) which establishes a direct relation 
between the fundamental frequency and the total height H of the tower for heritage struc-
tures. The equation was calibrated on a set of historic slender towers, and it is particularly 
effective for predicting fundamental frequencies over 1 Hz, which are typical of many bell 
towers and minarets.

A significant advancement over standard code formulations was proposed by Rainieri 
and Fabbrocino (2011), leading to an improved correlation for masonry towers based on a 
dataset of 30 Italian towers.

Subsequent works have highlighted the importance of expanding the parameter set 
beyond height only based metrics. For instance, Shakya et al. (2016) considered a dataset 
of 59 masonry towers and proposed, in particular, different geometric-only formulations 
based on H and the lowest plane width dimension at base Lmin. Other formulations were 
proposed to differentiate between typological groups of structures, such as minarets, indus-
trial chimneys, and bell towers (Bayraktar et al. 2022; Oliveira et al. 2023; Serhatoğlu and 
Livaoğlu 2019; Shakya et al. 2016). Another important subdivision has been highlighted 
in the literature between models tailored for predicting the fundamental frequency of iso-
lated vs. bounded towers (Bartoli et al. 2017; Diaferio et al. 2018). It is fundamental to 
take into account the structural behavior induced by lateral restraint conditions such as sur-
rounding buildings. In this context, the notion of effective height Heff was introduced. To 
better explain, Heff is defined as the portion of the tower that vibrates freely. The inclusion 
of this parameter allowed for more accurate representations of boundary conditions with-
out relying on mechanical properties. Bartoli et al. (2017) showed that prediction accuracy 
improves when using Heff rather than H, and when accounting for the base side length of the 
tower L as an additional geometric parameter.

In this context, Diaferio et al. (2018) proposed distinct empirical formulations for 6 iso-
lated and 18 bounded towers, minimizing estimation error through exponential regression 
models. For bounded towers, their models exploit different geometric properties, such as 
H, Heff, and Lmin. Similarly, Montabert et al. (2023) developed empirical models based on 
a large dataset, presenting an interaction factor based on the ratio between the interaction 
height (H−Heff) and H. In one of the most extensive recent contributions, Testa et al. (2024) 
introduced regression models based on a large dataset of 184 historic masonry towers, 
accounting for multiple geometric features, such as H, Heff, Lmin, Lmax, and the wall thick-
ness s. In as many as 72 of the case studies, some geometric characteristics were unknown. 
In this work, the height (i.e., total and effective) is confirmed to be the dominant predictor of 
the first natural frequency of historic masonry towers, exhibiting a clear non-linear inverse 
relationship in which frequency increases rapidly as height decreases (Testa et al. 2024).

Finally, it is worth noting that some of the larger datasets actually incorporate smaller 
datasets present in already published studies; therefore, the datasets are not entirely inde-
pendent but rather differ in terms of completeness and level of detail (e.g., geometric proper-
ties involved).
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2.1.2  Empirical laws based on both geometric and mechanical parameters for 
masonry bell towers

Slender towers are commonly idealized as cantilever structures due to their main vertical 
configuration and base restraints. This assumption allows an initial approximation of their 
dynamic behavior (e.g., fundamental natural frequency) using the beam theory. In detail, 
when modelled as slender cantilevers with hollow square sections, their fundamental fre-
quency f1 can be expressed through classical analytical formulations: 

	
f1 = 1.8752

2πH2
eff

√
EJ

ρA
,� (3)

where E is the Young’s modulus, J is the moment of inertia, ρ is the material density and A 
is the cross-sectional area.

However, real-world towers often diverge from this equation. The Heff is used to mitigate 
one of the issues regarding the presence of adjacent buildings that partially constrain the 
lateral displacement of the tower. Irregularities in the geometry are always present, such 
as cross-sectional variation along the height of the structure, often due to the presence of 
large or irregularly distributed openings. Bartoli et al. (2020) investigated the influence of 
façade openings on the fundamental frequency of historic masonry towers by combining 
experimental data from a database which includes 11 isolated and 45 confined towers with 
an extensive set of parametric analyses based on numerical modeling. It is also assumed that 
the material is homogeneous, i.e. a unique E and ρ for all the main body of the tower. This 
does not reflect the actual configuration, for instance, of historic bell towers, which often 
present heterogeneous materials along their height due to construction in different historical 
periods, seismic interventions and reconstructions, or local strengthening following damage 
from various events that occurred during their lifespan (Oliveira et al. 2012; Ramos et al. 
2010; Scussolini et al. 2023). These factors significantly influence the dynamic response, 
making a direct application of classical theory insufficient for accurate frequency prediction.

Shakya et al. (2016) proposed different variations of Eq. (3), by taking into account the 
total height H and a coefficient X that pre-multiplies EJ for different masonry buildings, 
such as all types of masonry slender structures (X= 1.425), or, more specifically, masonry 
tower structures (X= 1.375), and masonry minaret structures (X= 1.345).

 Bartoli et al. (2017) proposed different formulations by accounting for the velocity of 
propagation of the elastic compression waves (P-waves) through masonry: 

	
vp =

√
E

ρ

(1 − v)
(1 + v) (1 − 2v)

∼=
√

E

ρ
,� (4)

where v is the Poisson’s ratio. Approximating the second expression under the square root 
in the range 1.0–1.1 for typical values of v ≤ 0.25, one can use the approximated expres-
sion. By taking into account Eq. (3), the same authors proposed different formulations as a 
function of Heff and vp.

Recently, Montabert et al. (2023) introduced physics-based formulations to evaluate 
the fundamental frequency of masonry towers. Regression models and Artificial Neural 
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Network (ANN) have been also exploited, e.g. by Manikandan et al. (2024), to predict 
fundamental frequency of slender masonry structures, including minarets, starting from 
geometric and mechanical properties.

2.2  Rank aggregation using the Plackett–Luce model for fundamental frequency 
estimation of historic bounded masonry towers

When multiple predictive formulas produce comparable outcomes, as is often the case in 
estimating the fundamental frequency of historic towers, it is important to determine a strat-
egy that provides a general and reliable result. Rather than evaluating each individual for-
mulation, the problem can be framed as one of ordering: each empirical law is treated as a 
candidate, and the task becomes ranking them according to their predictive agreement with 
experimental data. This leads naturally to a ranking problem (Yasutake et al. 2012), where 
a series of partial orderings, each derived from individual frequency measurements, are 
combined to form a comprehensive hierarchy of performance.

The rank aggregation (RA) problem (Cao et al. 2007; Coletta et al. 2020; Guiver and 
Snelson 2009; Miraglia et al. 2019; Yasutake et al. 2012) consists of determining the most 
representative ordering of I candidates. This is done by analyzing multiple ranking lists, 
each produced by one of the K available voters.

To address this problem effectively, several mathematical models have been proposed, 
among which the Plackett-Luce (PL) model (Guiver and Snelson 2009; Luce 1959; Plackett 
1975) has shown particularly strong capabilities in capturing the ranking information. K 
corresponds to the number of voters (each associated with a specific experimental obser-
vation) and I denotes the number of candidates, for instance the estimation laws for the 
fundamental frequency.

Regarding the number of candidates I, it is important to note that this value is typically 
restricted to a range between 2 and 12 (The MathWorks Inc 2022). The minimum value 
ensures that multiple models can be meaningfully compared, allowing for the benefits of 
combining diverse estimation strategies. On the other hand, the upper limit is imposed by 
computational constraints. As the number of candidates increases, the total number of pos-
sible ranking permutations grows factorially, reaching I!. When I exceeds 12, the number of 
permutations becomes extremely large, making it impractical to store or process all combi-
nations with standard computing resources. For this reason, keeping I ≤ 12 ensures that the 
RA remains feasible in terms of memory and computational time. Accordingly, the selection 
of candidates (i.e., formulations or models) must explicitly account for this constraint.

The PL distribution originates from the independent contributions of Plackett (1975) 
and Luce (1959), who developed foundational theories on probabilistic choice and ranking. 
At the core of this model lies Luce’s axiom, which describes how choices are made within 
a subset of items. According to this principle, the likelihood of selecting one item over 
another depends uniquely on the relative preference between the two and remains unaf-
fected by the presence or absence of additional items in the set. When applied to a group of 
items associated with predefined probabilities, the selection process develops by choosing 
one item at a time, following the specified probability distribution. Repeating this sampling 
process produces a complete ranking of the items, which can be interpreted as a single 
observation drawn from a larger probability distribution defined over all possible permuta-
tions. Plackett initially introduced the structure of this distribution to represent outcome 
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probabilities in the context of horse racing. When combined with Luce’s axiom, the model 
can be naturally extended to also handle partial rankings. The PL model can be subdivided 
into three different phases.

2.2.1  Phase 1: Individual assessment

In this first phase, each law is assessed independently by K voters, i.e. the fundamental fre-
quency measurements in the case in question. The set of I candidates comprises the selected 
estimation laws for bounded historic towers, considering the case where (i) only geometric 
measurements are available, and (ii) the information of mechanical properties is present. 
These candidates provide a different predictive expression for the fundamental frequency 
of bounded towers. In each of the two subsets of laws, each candidate is independently 
assessed based on its performance in predicting the experimental observation, represent-
ing the starting point for the ranking process. The scores are computed based on the scatter 
discrepancy vector βk,i, each row containing the specific output being analyzed (in this 
case the individual tower). Each vector represents the discrepancy between the estimated 
vector zk,i provided by the i-th empirical formulation and the corresponding experimental 
measurement vector zk,exp, which contains the information for all bell towers, associated 
with voter k: 

	
βk,i =

|zk,i − zk,exp|
|zk,exp|

.� (5)

    
Based on these scatter vectors, the scores for each candidate are then defined as: 

	
wk,i =

w∗
k,i∑I

i=1 w∗
k,i

,� (6)

assuming: 

	 w∗
k,i = e

−
(

βk,i
σk

)2

.� (7)

 In Eq. (7), the form assumed for w∗
k,i transforms the problem from a minimization to a 

maximization framework by applying a zero-mean Gaussian function. In this context, σk 
in Eq. (8) indicates the standard deviation of the k-th scatter distribution, computed with 
respect to the set of empirical formulations: 

	
σk =

√√√√ 1
I − 1

I∑
i=1

(
βk,i − βk

)2
.� (8)

To illustrate the application of the RA process, it is possible to adopt the voter-candidate 
analogy. Considering K voters and I candidates: each voter independently evaluates all can-
didates and expresses a preference, for instance assigning scores that individuate a ranking. 
Fundamentally, no voter knows in advance which candidate will be the best. The aim is 
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therefore to combine multiple evaluations into a collective decision that estimate the best 
outcome (Fig. 1). Here, the “reference solution” does not coincide with the experimental 
measurement itself; rather, it refers to the RA of the estimation laws that is inferred by the 
PL model as the most likely one, given the discrepancy vectors βk,i computed with respect 
to the experimental data zk,exp.

In this analogy, voters correspond to the K scatter discrepancy vectors βk,i (Eq. (5)), 
which are, as above stated, directly linked to the experimental measurements, zk,exp. On the 
other hand, candidates correspond to the I estimation laws. Each voter gives a score after 
observing the performance of every candidate. This leads to K individual score-based rank-
ings, one per voter (Fig. 2).  

2.2.2  Phase 2: Individual judgement on ranking permutations

In Phase 2, all possible ranking lists of the estimation laws are systematically generated. 
Considering that there are I estimation laws in total for the specific case (geometric param-
eters only or geometric-and-mechanical parameters), one can construct a vector of permuta-
tion indices, denoted as t = [1,2, … , i, … , I]. The permutation matrix C, which includes all 
P  possible orderings of the candidates, is generated as C = perms(t). This matrix has dimen-
sions P × R, where P  = I! is the total number of permutations, and R = I corresponds to the 
number of candidates. Thus, C ∈ NP ×R. The voter related to the fundamental frequency 
must now assess every permutation based on the scores they previously assigned during the 
individual evaluation stage (Section 2.2.1). After the definition of the permutation matrix 
C, each voter assesses the likelihood of each possible ordering of the candidates. For every 

Fig. 1  The voters (fundamental frequency obtained through experimental measurements, expressed as 
discrepancy βk,i from estimations) rank the different candidates (fundamental frequency estimation 
laws), to select an optimal outcome through a RA strategy based on the PL model      
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permutation p and for each voter k, the probability fp,k of observing a specific ranking is 
calculated based on the scores attributed in the previous stage as: 

	
fp,k =

R∏
r=1

wk,Cp,r∑R
s=r wk,Cp,s

,� (9)

where wk,Cp,r  represents the weight assigned by voter k to the candidate located in the r-th 
position of the p-th permutation, denoted as Cp,r. The total number of candidates is given by 
R = I, and s is introduced as an auxiliary index used in the computation. Each voter performs 
this evaluation independently, assigning a probability to every possible permutation.

Following the analogy, this phase corresponds to the voters revisiting their initial score-
based classification of the candidates and analyzing all possible permutations, thereby gen-
erating a finite set of ranking lists and a finite number of possible outcomes.

2.2.3  Phase 3: Group assessment and identification of the best ranking

In this final phase, the K voters collaborate to determine the most representative ranking list. 
Once the reference ranking has been identified, the relative positions of all candidates are 
established, from the best to the worst. The collective assessment is based on the likelihood 
of each permutation being observed. Since the probabilities fp,k associated with each per-
mutation p were computed independently by each voter k, the joint likelihood of observing 
a specific ranking is obtained by multiplying these individual values. This yields the com-
pound probability fp (Eq. (9)), which quantifies the overall plausibility of each permutation 
across all voters: 

	
fp =

∏K

k=1
fp,k =

∏K

k=1

(∏R

r=1

wk,Cp,r∑R
s=r wk,Cp,s

)
.� (10)

Fig. 2  The voters (fundamental frequency obtained through experimental measurements, expressed as 
discrepancy βk,i from estimations) independently assess each different candidate (estimation laws) pro-
viding a score (wk,i) and defining their individual rankings
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The permutation that yields the highest value of Eq. (10), once summed for all the bell tow-
ers, corresponds to the most probable ranking to be observed fp∗ and is therefore selected 
as the optimal ordering, according to the principle of maximum likelihood. This ranking is 
denoted by a∗ = Cp∗,∀r, where p∗ is the index of the row in the permutation matrix C that 
maximizes Eq. (10). 

In the analogy, this corresponds to the moment when all the voters compare the scores 
they assigned to the candidates. Although each formed their preference independently, they 
now agree to combine their perspectives by aggregating the likelihoods assigned to each 
possible ranking. The result is a shared probability value for each permutation in the matrix 
C, representing the collective belief about which outcome is the optimal one. As shown in 
Fig. 3, this step concludes the ranking process by identifying the list that best represents the 
evaluations of all voters.

2.2.4  Weighting strategies

Once the most likely ranking list has been established, the voters must decide how to extract 
the final outcome. This can involve selecting the candidate positioned first in the ranking or, 
alternatively, adopting a strategy that combines the results of multiple candidates, depend-
ing on the intended decision criterion.

Different strategies can be adopted to derive a final estimate from the reference list. 
These weighting strategies define how much influence each candidate (i.e., estimation law) 
has on the final outcome, depending on its position in the ranking. Some approaches might 
assign equal weight to the top n candidates, effectively averaging their results regardless of 
their precise order, while others might apply exponential decay, where the influence of each 
candidate decreases rapidly with its position. Within the alternative approaches, a common 
method is to consider only the top-ranked candidate, treating it as the sole contributor to the 
final decision. In the field of information retrieval, such weighting strategies are commonly 

Fig. 3  Following the PL model, voters can obtain an optimal outcome by relying on a unique ranking a∗ 
of the candidates. From the permutation matrix C, the permutation that yields the highest value of fp, 
once summed over all the elements, corresponds to the most probable ranking to be observed, fp∗

 

1 3



Bulletin of Earthquake Engineering

referred to as evaluation measures, and several studies have explored their applicability 
(Bama et al. 2015).

One possible approach for this combination is the mean reciprocal rank (MRR), which 
involves computing a weighted average of the candidates outcome (e.g., estimation laws), 
giving greater importance to those that appear earlier in the selected ranking list (typically, 
the first three or four). In this scheme, each treatment contributes to the final result in pro-
portion to its rank, with higher-ranked treatments having a larger influence on the aggre-
gated value. In this paper, the MRR outcome vector zMRR can be defined as: 

	
zMRR =

∑R
r=1

1
r za∗

r∑R
r=1

1
r

,� (11)

where R is the total number of candidates (i.e., estimation laws), r is the position of the 
candidate in the reference ranking list a∗, and za∗

r
 is the predicted vector (i.e., fundamental 

frequency for all the bell towers) provided by the candidate ranked at position r. This formu-
lation ensures that higher-ranked predictions have a greater impact on the final result, while 
still considering the contribution of all candidates.

To compare the results, different weighting techniques have been used in this study:

	● MRR: 

	
αMRR

r = 1/r∑R
j=1

1
j

.� (12)

	● Exponential weighting: 

	
αexp

r = e−λr

∑R
j=1 e−λj

,� (13)

where λ = 1 > 0 is a decay parameter.

	● Linear weighting with threshold: 

	
αthr

r = max (0, τ − r)∑R
j=1 max (0, τ − j)

,� (14)

where τ = R − round (0.2R) is a threshold parameter, such that the lowest 20% of the 
ranked laws receive a weight of zero.

	● Linear weighting: 

	
αlin

r = max (0, τlin − r)∑R
j=1 max (0, τlin − j)

,� (15)
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where τlin = R + round (0.2R) is a parameter that controls the rate of linear decay of the 
weights.

Figure 4 shows the different weighting techniques for an assumed value of ranking posi-
tions equal to 10. Lastly, In Fig. 5, a flowchart of the proposed methodology is reported.

2.3  Estimation of the fundamental frequency for historic bounded masonry towers 
through geometric-only parameters (A)

In this first analysis, the effectiveness of the proposed RA strategy is assessed using only 
geometric parameters coming from extensive datasets of geometric parameters related to 
historic masonry towers. Herein, eight different candidates are considered to estimate the 
fundamental frequency of these towers: (i) six different empirical laws from literature, (ii) a 
developed neural network model, and (iii) a SBL model.

In this study, the terms “training” and “validation” set are used consistently across both 
empirical and data-driven approaches for clarity in the comparison. However, it is important 
to note that, for the empirical laws, these terms do not imply an actual training or validation 
process as in data-driven models. In this case, they simply refer to the reference datasets 
adopted for the development and assessment of the different formulations. On the other 
hand, for the SBL and neural network models, the same datasets are effectively employed in 
a training-validation/testing procedure required for implementing the RA strategies.

2.3.1  Fundamental frequency estimation laws (A)

Firstly, six different fundamental frequency estimation laws for masonry towers are 
exploited. These are selected from literature, ensuring they reflect diverse geometric char-

Fig. 4  Proposed weighting strategies for 10 hypothetical candidates. (MRR = mean reciprocal ranking, 
Exp. = exponential decay, Linear + Thr. = Linear with a threshold, and Linear). Each plot illustrates how 
the assigned weight varies with the candidate position in the ranking, reflecting its relative influence on 
the final aggregated results
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acteristics and derive from varied tower datasets. As detailed in Table 1, the chosen laws 
differ in complexity and required input parameters.

	● Rainieri and Fabbrocino (2011) consider only H;
	● Shakya et al. (2016) use Lmin, Heff, and H;
	● Montabert et al. (2023) take into account H and the ratio between Heff and H.
	● Testa et al. (2024) selected formulations using only Heff (a), and another also using Heff, 

Lmin, Lmax, and s (b).

This selection guarantees a comprehensive coverage of different combinations of geometric 
parameters for the frequency estimation of historic bounded towers, also taking into account 
the computational limitation given by the factorial growth of candidates’ permutations cor-
responding to matrix C (Section 2.2).

Fig. 5  Flowchart describing the proposed methodological framework
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2.3.2  Sparse Bayesian Learning Model (A)

Sparse Bayesian Learning (SBL) is a Bayesian approach to regression that aims to find a 
solution by setting to zero the model parameters that do not contribute to explaining the 
data. The approach is based on identifying a set of potential relationships which describe 
the observed data through a predefined dictionary of candidate functions. SBL produces a 
sparse set of weights for a regression model. Contrarily to other regression models, such as 
Lasso (Ranstam and Cook 2018), SBL operates within a probabilistic framework. The key 
limitation of classical Lasso requires choosing the degree of sparsity via a penalty term, 
while SBL works by inferring an appropriate level of sparsity from data through Bayes-
ian evidence maximization. Fuentes et al. (2019) applied this using the Relevance Vector 
Machine (RVM) (Tipping 2001). Basically, this is a sparse Bayesian regression model that 
leads to both a set of learned weights and an estimate of prediction uncertainty due to its 
Bayesian formulation. In this approach, the regression model is written as a linear combina-
tion of chosen basis functions: 

	
y =

N∑
i=1

di (x) γi,� (22)

with D (x) = [d1, . . . , dn]representing the basis function set of the input vector x, and 
γ = [γ1, . . . , γn] is the weight vector. In this application, the vector x includes the geo-
metric properties available for each bell tower (H, Heff, Lmin, Lmax, and s). The framework 
enforces sparsity by selecting only the most relevant basis functions from the dictionary 
D (x) needed to fit the data. The model assumes a source of stochastic noise and model 
discrepancy, ε, modelled with a Gaussian distribution. The model output is represented by 
means of the target vector t, such that: 

	 t = y + ε.� (23)

Table 1  Empirical laws (candidates) for the prediction of the fundamental frequency of towers based on 
geometric parameters
Reference Equation (f1 [Hz])
Rainieri and Fabbrocino (2011) (

0.0113H1.138
)−1 (16)

Shakya et al. (2016) Lmin
0.17

0.03H
(

H
Lmin+H

)0.5
(17)

Diaferio et al. (2018) 14.61L−0.254
min H−0.341

eff
H−0.216 (18)

Montabert et al. (2023)
23.22H−0.695

(
1 − H−Heff

H

)−0.028 (19)

Testa et al. (2024) (a) 11.87H−0.601
eff

(20)

Testa et al. (2024) (b) 10.43H−0.75
eff

L0.23
minL0.10

maxs−0.06 (21)

The table summarizes the six empirical formulations selected from the literature and used as candidate 
estimation laws in the proposed framework
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Defining the hyperparameter α, the RVM describes the prior distribution of the parameter 
vector p (γ|α). The specific choice of this prior is what enforces sparsity in the model. In 
detail, a hierarchical Gaussian prior is adopted as: 

	
p (γ|α) =

M∏
i=1

N
(
γi|0, α−1

i

)
.� (24)

Each element of the hyperparameter vector α = {α1, . . . , αn} controls the prior variance of 
the corresponding weight in γ. Under the assumption of Gaussian likelihood, the posterior 
distribution of the parameters is obtained by applying Bayes theorem, which provides the 
parameters to be used in Eq. (22) at each recursive Bayesian iteration: 

	
p

(
γ|t, σ2)

=
p (γ) · p

(
t, σ2|γ

)
ζ

,� (25)

where σ2 is the external noise variance and ζ = p
(
t, σ2)

 is a normalization constant.
Finally, to perform predictions using the model, it is necessary to evaluate p(̃t|t, σ2), 

where ̃t indicates a set of testing data points. This distribution takes the form of a multivari-
ate Gaussian, described by a mean vector and covariance matrix, in the form:

	

ỹ = Dµ,

C̃ = σ2 + DTΣD,
� (26)

with µ and Σ representing the mean vector and covariance matrix of the target. The goal 
of SBL-RVM is to estimate these quantities by defining the most suited weights γ. The 
parameters µ and Σ correspond to the optimal values obtained through the Bayesian learn-
ing process. The quantity ỹ and C̃ represent the predicted measurements derived from the 
optimal parameters, as expressed in Eq. (23). Through this process, the weights can be 
driven to zero, leaving only the significant terms. The algorithm will then determine which 
features are relevant for predicting the fundamental frequency. The dictionary chosen for 
this application is composed of the following functions: 

	

D (x) =




x
x2

∇ (∇ (x))
tan x

log (|x| + 1)
(1 + e−x)−1

.� (27)

    
By combining the weights for the different input geometric parameters, it is possible to 

estimate the output (estimated frequency).
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2.3.3  Feedforward neural network model (A)

Deep Neural Networks have proven to be a useful tool when dealing with regression tasks 
(Goodfellow et al. 2016; Minsky and Papert 2017). Here, a fully connected neural network, 
known as feedforward neural network, has been exploited.

Geometric properties (i.e., features) are fed to the input layer to predict the fundamental 
frequency, the training being obtained by means of the well-known backpropagation algo-
rithm. To optimize the model parameters and hyperparameters, the training dataset was 
further subdivided into training and internal validation sets, with 75% of the data used for 
training and the 25% for validation. No separate test was used during this optimization 
phase. The input data consists of the matrix containing the geometric properties of each bell 
tower (H, Heff, Lmin, Lmax, and s) and the network was then used to estimate the fundamental 
frequency (fexp) of the towers (output vector).

For model A, a feedforward neural network was implemented in MATLAB® having two 
hidden layers of 5 neurons. The network uses a single hidden layer with a tansig (The Math-
Works Inc 2022) (hyperbolic tangent sigmoid) activation function. The output layer used 
a purelin (linear) (The MathWorks Inc 2022) activation function. The network was trained 
using the Bayesian Regularization backpropagation algorithm (trainbr) (The MathWorks 
Inc 2022). The training parameters were set to a maximum of 500 epochs, a minimum per-
formance gradient of 10−7, and an early stopping criterion with a maximum of 10 consecu-
tive validation failures.

The performance plot, highlighted in Fig. 6(a), shows the evolution of the mean squared 
error (MSE) during the training process for both training and validation subsets, allow-
ing the monitoring of the learning progress and the identification of possible overfitting. A 
decreasing and stabilizing trend of the MSE indicates that the network learns from the data 
without overfitting.

On the other hand, Fig. 6(b) shows the regression plot, which compares the predicted 
outputs of the trained network against the target values used for training. Each point rep-
resents one sample, while the perfect prediction is represented by the bisector line. The 

Fig. 6  Performance (a) and regression (b) plots for model A. The performance plot shows the evolution 
of the mean squared error (MSE) during training and validation, while the regression plot compares the 
predicted and target values to assess the model accuracy
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proximity of the data points to this line indicates the degree of alignment between predicted 
and observed values.

The regression plot (Fig. 6(b)) shows a rather scattered distribution of points around 
the bisector line, with a regression slope of approximately 0.32. This indicates a not very 
strong correlation between the predicted and target values, suggesting that the network was 
only partially able to capture the underlying relationship between the input parameters and 
the fundamental frequency. The dispersion of the data reflects the combined effects of the 
limited dataset size and the intrinsic variability of the structural properties, which constrain 
the model learning capability. Nevertheless, the network retains some capacity to identify 
the general behavior of the system.

2.3.4  Training dataset A

Training dataset A (Table 2) includes features from historic bounded masonry towers located 
mainly in Italy, with others located in Germany, Portugal, Spain, Greece, and the Czech 
Republic. Thus, these cover a broad range of European architectural typologies. These tow-
ers are characterized by geometric attributes (H, Heff, Lmin, Lmax, and s), which show sig-
nificant variability. The selected dataset of bounded masonry towers spans heights between 
18.50 m and 112.00 m and includes single and twin towers.

The fundamental frequency of most of the towers was identified through in-situ experi-
mental campaigns based on OMA, thus relying on ambient vibrations induced, for instance, 
by wind or traffic. In a limited number of towers, EMA, based on strong excitations such 
as seismic events or using controlled excitation sources (e.g., hammer or shaker tests), was 
performed to identify the fundamental frequency. In this application, the number of voters K 
corresponds to the experimental fundamental frequency identified under these two different 
operational conditions, resulting in K = 2.

Table 3 shows the statistical measures of the dataset. In particular, experimental funda-
mental frequencies (fexp) range from 0.35 Hz to 4.57 Hz, reflecting significant variability due 
to different structural configurations.

2.3.5  Validation dataset A

To validate the proposed methodology, a validation dataset consisting of features from sev-
eral historic bell towers located in Italy was selected (Table 4). The dataset includes cases 
for which experimental measurements of the fundamental frequency are available under 
various structural conditions, in particular distinguishing between damaged and post-inter-
vention scenarios.

Many towers in this dataset have experienced structural damage due to significant seis-
mic events, notably those that occurred on May 20th and 29th, 2012, in the Emilia region 
(Italy), and were then subjected to structural strengthening interventions. Relevant examples 
include the bell tower of the Cathedral of Santa Maria Maggiore in Mirandola (Modena) 
(Zanotti Fragonara et al. 2017), the bell tower of the Cathedral of Santa Maria and San Gio-
venale in Fossano (Cuneo) (Ceravolo et al. 2016; Scussolini et al. 2023), and the bell tower 
of the old parish Church of S. Antonio Abate in Montà (Cuneo) (Fig. 7). Overall, the valida-
tion dataset comprises 11 experimental measurements obtained from 7 towers, capturing 
different structural states. The experimentally measured frequencies for these towers range 
between 0.68 Hz and 3.81 Hz (Table 5).
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T.A Name Country OMA/
EMA

H
[m]

Heff
[m]

Lmin
[m]

Lmax
[m]

s
[m]

fexp
[Hz]

1 The Soncino Civic Tower 
(Casciati and Al-Saleh 
2010)

Italy 0 39.24 29.24 5.96 5.96 1.55 1.05

2 The San Frediano Bell 
Tower in Lucca (Azzara et 
al. 2019)

Italy 0 52.25 39.25 9.70 11.00 2.10 1.11

3 The Matilde Tower in 
Livorno (Zini et al. 2018)

Italy 0 29.00 19.00 12.00 12.00 2.50 2.69

4 The San Gimignano “Torre 
Grossa” (Bartoli et al. 
2013)

Italy 1 55.81 35.76 9.50 9.50 2.60 1.31

5 Main Tower of the San 
Felice sul Panaro medieval 
fortress (Bassoli et al. 
2018)

Italy 0 32.00 22.00 10.00 10.00 2.50 1.72

6 Bell tower of the historic 
Cathedral of Fiesole (Bru 
et al. 2019)

Italy 0 38.00 28.00 4.10 5.10 1.00 0.87

7 San Vittore Bell tower 
(Cabboi et al. 2017)

Italy 0 36.72 26.82 5.70 5.80 1.30 1.22

8 The San Silvestro Belfry 
(Capanna et al. 2021)

Italy 0 33.00 14.30 5.50 6.90 1.30 2.37

9 Bell Tower of Announziata 
in Corfù (Carone et al. 
2013)

Greece 0 20.00 13.00 3.50 3.50 1.00 2.63

10 Gabbia Tower in Mantua 
(Saisi et al. 2015)

Italy 0 54.00 34.00 7.10 7.15 2.40 0.99

11 San Pietro Bell Tower in 
Perugia (Ubertini et al. 
2017)

Italy 0 61.45 44.45 7.20 7.20 1.80 1.45

12 Bell tower of St.Lucia 
Church in Serra San 
Quirico (Cosenza and 
Iervolino 2007)

Italy 0 34.00 22.67 5.42 5.42 1.20 1.95

13 Clerigos Tower (Cunha et 
al. 2014)

Portugal 0 75.60 57.60 7.70 8.15 2.50 1.02

14 Bell tower of the Cathedral 
of Trani (Diaferio et al. 
2014)

Italy 0 57.00 42.70 7.50 7.50 1.40 2.03

15 Bell tower of the Mad-
dalena Church (Foti et al. 
2012)

Italy 0 34.70 22.90 4.11 4.38 1.04 4.57

16 Sciri Tower in Perugia 
(Venanzi et al. 2020)

Italy 0/1 41.00 24.00 7.15 7.35 2.10 1.72/1.69

17 Bell tower of the Monza’s 
Cathedral (Gentile and 
Saisi 2007)

Italy 0 74.10 54.00 10.00 10.00 1.40 0.59

18 Bell Tower di S. Maria 
del Carrobiolo in Monza 
(Gentile et al. 2019)

Italy 0 33.70 20.90 5.70 5.90 0.78 1.92

Table 2  Geometric parameters and experimental fundamental frequency of the training dataset A
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T.A Name Country OMA/
EMA

H
[m]

Heff
[m]

Lmin
[m]

Lmax
[m]

s
[m]

fexp
[Hz]

19 Bell Tower of the Church 
of Santa Justas and Rufina 
in Orihuela (Ivorra et al. 
2010)

Spain 0 35.50 20.90 7.16 7.16 1.50 2.15

20 Bell Tower of Sra. De la 
Misericordia Church (Ivo-
rra and Pallarés 2006)

Spain 0 41.00 28.00 5.60 5.60 1.20 1.29

21 Tower of University of 
Coimbra (Júlio et al. 2008)

Portugal 0 35.00 23.50 5.60 5.70 1.30 2.13

22 Torre del Mangia (Pierac-
cini et al. 2014)

Italy 0 88.00 57.00 7.00 7.00 2.50 0.35

23 The Bell Tower of Basilica 
dei Frari (Pavlovic et al. 
2019)

Italy 0 56.60 41.60 9.20 9.40 1.40 1.05

24 Tower of the Provincial 
Administration Building 
(Foti et al. 2012)

Italy 0 60.00 33.97 9.00 9.00 2.35 2.30

25 Bell tower of Nuestra S.ra 
del Pilar Church (Ivorra 
and Cervera 2002)

Spain 1 37.19 26.50 4.68 4.68 1.45 0.73

26 Torrazzo in Cremona 
(Binda et al. 2000)

Italy 0 112.00 103.70 13.00 13.00 3.30 0.44

27 Bell tower of the Santa 
Maria del Carmine Church 
(Ceroni et al. 2009)

Italy 0 68.00 49.00 9.00 9.00 4.00 0.69

28 Ghirlandina Tower in 
Modena (Sabia et al. 2015)

Italy 0 88.82 49.00 11.00 11.00 3.90 0.74

29 San Nicolas Bell Tower 
(Ivorra et al. 2009)

Spain 0 42.50 28.00 6.62 6.62 1.00 0.85

30 Zuccaro’s Tower (Gentile 
et al. 2019)

Italy 0 43.00 33.00 8.50 8.50 1.10 1.23

31 Civic Tower of the Mar-
gherita Palace (Peeters at 
al. 2011)

Italy 0 43.00 29.00 6.50 7.00 2.00 1.57

32 Bell Tower of S. Giorgio 
Church in Trignano (Bon-
giovanni et al. 2000)

Italy 0/1 18.50 11.00 3.00 3.35 0.40 2.70/2.43

33 Torre Aquila in Trento 
(Ceriotti et al. 2009)

Italy 0 31.00 20.00 4.50 7.80 0.80 1.25

34 St. Martin bell-tower of 
Burano (Casarin et al. 
2009)

Italy 0 53.00 37.80 6.15 6.15 0.80 0.79

35 The bell tower of Santa 
Maria di San Luca (Colapi-
etro et al. 2013)

Italy 0 46.00 27.00 6.25 6.25 1.50 1.40

36 Bell Tower in Santa Maria 
a Vico (Ferraioli et al. 
2018)

Italy 0 40.00 24.70 8.30 8.30 2.00 1.31

37 Tower of the Podestà 
palace in Montelupone 
(Clementi et al. 2017)

Italy 0 27.00 14.20 6.00 6.00 2.00 1.49

Table 2  (continued) 
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T.A Name Country OMA/
EMA

H
[m]

Heff
[m]

Lmin
[m]

Lmax
[m]

s
[m]

fexp
[Hz]

38 Bell-tower of Santa Maria 
di Loreto (Diaferio et al. 
2017)

Italy 0 38.30 29.30 6.30 6.30 2.00 1.69

39 Salvucci Tower (North) in 
San Gimignano (Bartoli et 
al. 2017)

Italy 0 41.50 27.50 5.20 6.00 2.00 1.22

40 Salvucci Tower (South) in 
San Gimignano (Bartoli et 
al. 2017)

Italy 0 42.80 27.30 7.10 7.20 2.30 1.58

41 Collegiata tower in San 
Gimignano (Bartoli et al. 
2017)

Italy 0 38.80 27.60 7.00 7.30 2.00 1.70

42 Propositura Tower in San 
Gimignano (Bartoli et al. 
2017)

Italy 0 21.00 14.00 6.70 6.70 2.20 4.02

43 Rognosa Tower in San 
Gimignano (Bartoli et al. 
2017)

Italy 0 44.00 24.34 6.20 7.20 2.00 1.46

44 Ardinghelli Tower in San 
Gimignano (Bartoli et al. 
2017)

Italy 0 27.60 14.90 4.30 5.40 1.40 2.97

45 Diavolo Tower in San 
Gimignano (Bartoli et al. 
2017)

Italy 0 32.00 20.00 5.60 8.60 1.20 2.31

46 Becci Tower in San Gimi-
gnano (Bartoli et al. 2017)

Italy 0 39.40 24.40 6.30 6.50 2.30 1.37

47 Cugnanesi Tower in San 
Gimignano (Bartoli et al. 
2017)

Italy 0 42.80 29.80 7.50 7.70 2.60 1.29

48 Coppi-Campatelli tower in 
San Gimignano (Bartoli et 
al. 2017)

Italy 0 31.00 17.00 6.40 8.20 1.50 2.97

49 Tower of Castelvecchio 
fortress (Furlan 2015)

Italy 0 35.20 19.51 11.84 12.20 2.44 1.71

50 Twin towers - St. Torcato 
church (Ramos et al. 2013)

Portugal 0 57.57 36.12 6.15 7.46 1.42 2.14

51 Funchal’s Cathedral Bell 
Tower (Jardim et al. 2013)

Portugal 0 52.60 45.00 9.44 9.44 1.64 1.82

52 Bell tower of the Metro-
politan Cathedral of Fermo 
(Bianconi et al. 2020)

Italy 0 48.10 23.80 9.50 10.00 2.70 1.65

53 S. Maria Bell Tower in 
Morrone del Sannio (Bar-
toli et al. 2020)

Italy 0 35.00 20.00 6.47 7.15 1.34 1.96

54 S.Maria Bell Tower in 
Ripabottoni (Bartoli et al. 
2020)

Italy 0 27.50 15.00 4.95 5.20 1.25 2.27

55 Bell-tower of St. Nicola’s 
church in Pisa (Beconcini 
and Croce 2006)

Italy 0 35.55 18.55 5.00 5.00 2.00 3.20

56 The Civic Tower of Ostra 
(Standoli et al. 2021)

Italy 0 30.25 20.30 7.30 7.50 1.10 2.09

Table 2  (continued) 
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T.A Name Country OMA/
EMA

H
[m]

Heff
[m]

Lmin
[m]

Lmax
[m]

s
[m]

fexp
[Hz]

57 Bell Tower of St. Jakub 
Church in Hora (Testa et 
al. 2023)

Czech 
Republic

0 86.00 66.60 9.00 10.20 2.05 0.97

58 Bell Tower of St. Jakub 
Church in Cirkvice (Testa 
et al. 2023)

Czech 
Republic

0 21.57 13.57 4.85 5.19 1.20 2.38

59 Lamberti Tower in Verona 
(Testa et al. 2023)

Italy 0 83.00 62.50 8.50 8.70 1.80 0.65

60 Bell Tower of S. Cresci in 
Vaglia (Bartoli et al. 2020)

Italy 0 22.00 15.00 3.59 3.67 0.98 2.15

61 Bell Tower of Sant’Agata 
del Mugello (Montabert et 
al. 2022)

Italy 0 21.00 11.00 6.00 6.30 1.10 2.61

62 Bell Tower of Palermo 
Cathedral (Cavaleri et al. 
2019)

Italy 0 55.00 35.00 5.80 5.80 1.10 1.72

63 Bell Tower of St. Fran-
cesco Church in Amandola 
(Sorrentino et al. 2019)

Italy 0 33.00 18.10 5.50 5.80 0.80 2.08

64 Twin Towers - Cathedral 
in Magdeburg (Schmidt 
2007)

Germany 0/1 101.00 82.00 14.00 42.00 3.80 0.87/0.81

65 Twin Towers - Cathedral 
in Halberstadt (Schmidt 
2007)

Germany 0/1 91.00 60.00 10.00 26.00 2.00 1.25/1.17

66 Twin Towers - St. Johannes 
Church in Magdeburg 
(Schmidt 2007)

Germany 0/1 69.00 60.00 8.25 24.00 2.80 1.12/1.06

67 Twin Towers - St. Johannes 
Church in Schonebeck 
(Schmidt 2007)

Germany 0/1 45.00 39.00 4.00 12.10 2.00 1.09/1.03

68 Twin Towers - St. Am-
brosius in Magdeburg 
(Schmidt 2007)

Germany 0/1 46.00 29.00 4.00 12.10 1.10 2.19/2.07

69 Twin Towers - St. Marien 
Cathedral in Hamburg 
(Schmidt 2007)

Germany 0/1 46.00 29.00 8.30 20.00 2.20 0.96/0.90

70 Twin Towers - Vockerode 
Church (Schmidt 2007)

Germany 0/1 32.00 24.00 4.00 12.10 1.05 1.70/1.60

71 Twin Towers - St. Nikolai 
Church in Quedlinburg 
(Schmidt 2007)

Germany 0/1 26.00 22.50 6.00 20.70 1.45 1.87/1.77

72 Twin Towers - St. Stephani 
in Osterwieck (Schmidt 
2007)

Germany 0/1 47.00 27.50 7.40 16.00 1.70 1.86/1.76

73 Twin Towers - St. Nicolai 
Church in Aken (Schmidt 
2007)

Germany 0/1 30.00 25.00 8.70 19.00 2.20 2.20/2.08

74 Twin Towers - St. Jakobi 
Church (Schmidt 2007)

Germany 0/1 61.00 46.00 8.00 28.50 1.50 1.79/1.69

75 Twin Towers - St. Marien 
Church in Aken (Schmidt 
2007)

Germany 0/1 40.00 30.00 7.50 21.00 2.73 1.79/1.69

Table 2  (continued) 
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Figures 8 and 9 collectively provide a correlation analysis of relationships between geo-
metric parameters and fundamental frequencies for both training and validation datasets. 
Here, a scatter plot matrix illustrates the correlation among the different variables. In detail, 
each off-diagonal subplot displays a scatter plot comparing a pair of variables, while the 
diagonal subplots show the distribution of each individual variable for both training and 
validation sets.

These correlation and scatter plot matrices, for both training and validation datasets, 
reveal significant negative correlations between tower height (H and Heff) and fundamental 
frequencies, clearly showing that taller towers exhibit lower frequencies. Conversely, base 
dimensions (Lmin, Lmax) and wall thickness (s) show weaker and more dispersed correla-
tions, confirming their secondary role in frequency prediction. These visual and statistical 
analyses underscore the predominant influence of vertical dimensions on dynamic structural 
behavior.

Dataset A µ m σ max min
H  [m] 45.92 41.00 19.68 112.00 18.50
Heff  [m] 31.10 27.50 16.32 103.70 11.00
Lmax [m] 9.92 7.50 6.40 42.00 3.35
Lmin [m] 7.14 7.00 2.28 14.00 3.00
s [m] 1.81 1.70 0.74 4.00 0.40
fexp[Hz] 1.72 1.69 0.77 4.57 0.35
The table reports the mean µ, the median m, the maximum max and 
the minimum min value of the corresponding parameter
Note: µ = mean, m = median, σ = standard deviation

Table 3  Statistical proper-
ties of the training dataset A, 
which considers only geometric 
properties

 

T.A Name Country OMA/
EMA

H
[m]

Heff
[m]

Lmin
[m]

Lmax
[m]

s
[m]

fexp
[Hz]

76 Twin Towers - St. George 
Church ( Schmidt 2007)

Germany 0/1 42.00 18.00 7.00 18.00 1.55 2.24/2.10

77 Twin Towers - Martin 
Luther King Church in 
Dessau (Schmidt 2007)

Germany 0/1 26.00 24.15 5.15 9.75 1.27 2.50/2.36

78 Twin Towers - St. Stephani 
Church in Calbe (Schmidt 
2007)

Germany 0/1 57.30 30.00 10.06 20.86 3.30 1.71/1.61

79 Twin Towers - St.Nicolai 
Church in Burg (Schmidt 
2007)

Germany 0/1 65.00 35.00 7.30 19.20 2.00 1.59/1.47

80 Twin Towers - National 
Palace of Mafra (Noche-
buena-Mora et al. 2021)

Portugal 0 63.80 36.60 10.11 10.11 2.18 2.85

81 Medieval Tower in Craco 
(Diaferio et al. 2019)

Italy 0 21.00 16.30 11.00 11.00 2.15 2.99

Table 2  (continued) 
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2.4  Estimation of the fundamental frequency for historic bounded masonry towers 
through geometric and mechanical parameters (B)

Here, the PL model is evaluated by combining both geometric and mechanical parameters. 
The estimation of mechanical parameters, such as the Young’s modulus E and the material 
density ρ, is inherently subject to greater uncertainty compared to geometric properties. This 
arises from the variability in both the sources of information and the methods used for their 
assessment. In the present study, mechanical properties were obtained from a combination 
of sources, including measurements reported in previous studies, visual inspections, non-
destructive testing techniques, and calibrated numerical models based on experimental data. 
Each of these approaches presents differing levels of reliability, and their integration results 
in a heterogeneous dataset that reflects both the diversity and the limitations of the available 
information. By combining multiple predictive formulations, the aim of the framework is to 

Table 4  Geometric parameters and experimental fundamental frequency of the validation dataset A
V.A Name Country OMA/

EMA
H Heff Lmin Lmax s fexp
[m] [m] [m] [m] [m] [Hz]

1 Bell tower of the Santa Maria 
Maggiore Cathedral (before 
repair) (Zanotti Fragonara et 
al. 2017)

Italy 0 48.00 38.50 5.90 5.90 1.15 0.68

2 Bell tower of the Santa Maria 
Maggiore Cathedral (after 
repair) (Zanotti Fragonara et 
al. 2017)

Italy 0 48.00 38.50 5.90 5.90 1.15 0.79

3 Matilde bell tower of the 
Cathedral of San Miniato (De 
Stefano and Ceravolo 2007)

Italy 0 35.00 22.00 8.20 12.50 1.00 2.70

4 Bell tower of the SS. An-
nunziata church (before repair) 
(Bonato et al. 2000)

Italy 1 22.50 12.00 3.25 4.25 1.20 1.66

5 Bell tower of the SS. Annun-
ziata church (after repair) (De 
Stefano and Ceravolo 2007)

Italy 0 22.50 12.00 3.25 4.25 1.20 1.97

6 S. Giovenale Bell Tower in 
Fossano (before repair) (Cera-
volo et al. 2016)

Italy 0 46.00 31.60 9.00 9.70 1.50 1.29

7 S. Giovenale Bell Tower in 
Fossano (after repair)

Italy 0 46.00 31.60 9.00 9.70 1.50 1.33

8 Bell Tower of the Church “Ma-
donnina della Neve” in Cuneo 
(Ceravolo et al. 2016)

Italy 0 13.00 7.10 1.50 1.50 0.60 3.81

9 Bell tower of the Church of 
Santa Caterina in Collegnago 
(Ceravolo et al. 2017)

Italy 0/1 19.30 9.00 3.80 3.80 0.70 1.97/1.82

10 Bell tower of the old parish 
church of S. Antonio Abate 
(before repair)

Italy 0 17.35 10.76 2.70 2.70 0.57 2.17

11 Bell tower of the old parish 
church of S. Antonio Abate 
(after repair)

Italy 0 17.35 10.76 2.70 2.70 0.57 2.36
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mitigate the influence of uncertainties in the mechanical parameters, leading to more stable 
and reliable estimates across a range of tower geometries and material conditions.

The five candidates selected for analysis B are represented by (i) three empirical formu-
lations from literature, (ii) a neural network, and (iii) a SBL model. Given the scarcity of 
empirical laws based on geometric and mechanical parameters, data-driven models (i.e., 
neural network and SBL) are added to explicitly explore relationships between mechanical 
and geometric features reflected in the fundamental frequency of the bounded masonry bell 
towers.

Also here, the terms “training” and “validation” are used for consistency with the previ-
ous sections. As before, they simply refer to the reference subsets in the case of empirical 

Dataset A µ m σ max min
H  [m] 30.45 22.50 14.21 48.00 13.00
Heff  [m] 20.35 12.00 12.42 38.50 7.10
Lmax [m] 5.72 4.25 3.49 12.50 1.50
Lmin [m] 5.02 3.80 2.72 9.00 1.50
s [m] 1.01 1.15 0.35 1.50 0.57
fexp[Hz] 1.88 1.90 0.90 3.81 0.68
The table reports the mean µ, the median m, the maximum max and 
the minimum min value of the corresponding parameter
Note: µ = mean, m = median, σ = standard deviation

Table 5  Statistical properties 
of the validation dataset A, 
which considers only geometric 
properties

 

Fig. 7  Historic bell towers of (a) the cathedral of Santa Maria Maggiore in Mirandola (Modena, Italy), (b) 
the cathedral of Santa Maria and San Giovenale in Fossano (Cuneo, Italy), (c) the old parish church of S. 
Antonio Abate in Montà (Cuneo, Italy)
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Fig. 9  Correlation matrix of geometric parameters and fundamental frequency for (a) training and (b) 
validation set A. The matrices display the correlation coefficients among the geometric variables and the 
experimental fundamental frequency. The color scale ranges from −1 (strong negative correlation, light 
tones) to + 1 (strong positive correlation, dark blue), quantifying the degree of correlation between each 
pair of parameters

 

Fig. 8  Scatter plot matrix of geometric parameters and fundamental frequency for the training and vali-
dation sets of dataset A. The diagonal panels display the univariate distributions (histograms) of each 
variable, while off-diagonal scatter plots highlight possible correlations and interdependencies among 
parameters. Light-colored circles represent the training data, while dark-colored triangles indicate the 
validation data
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laws, while for the SBL and neural network models they correspond to the actual training-
validation/testing procedure required by the models.

2.4.1  Fundamental frequency estimation laws (B)

The three empirical formulations chosen for this analysis (Table 6), which comprise geo-
metric and mechanical parameters as input data, are:

	● Shakya et al. (2016), which consider H, E and ρ.
	● Two different laws from Bartoli et al. (2017), one (a) including Heff , n and vp, which 

consider both E and ρ, and the other (b) which does not consider n as input parameter, 
but assumes it to be constant.

2.4.2  Sparse Bayesian learning model (B)

The creation of the SBL model for analysis B involves the use of the same dictionary used 
for model A, composed of the following functions: 

	

D (x) =




x
x2

∇ (∇ (x))
tan x

log (|x| + 1)
(1 + e−x)−1

. � (31)

The fundamental frequency of the masonry towers can be estimated by linearly combining 
the weights with the target function associated with the input geometric and mechanical 
parameters.

2.4.3  Feedforward neural network model (B)

Building upon the setup described for case A (Sect 2.3.3), a feedforward neural network 
(Net) is developed to predict experimentally measured fundamental frequency (fexp) starting 
from geometric and mechanical parameters. The network architecture (model B), training 
strategy, and activation functions were kept identical, while the input matrix was expanded 
to incorporate material properties (E and ρ) alongside geometric parameters (H, Heff, Lmin, 

Table 6  Empirical laws (candidates) for predicting the fundamental frequency based on geometric and me-
chanical parameters
Reference Equation (f1 [Hz])
Shakya et al. (2016) 1.8752

2πH2

√
1.375EJ

ρA

(28)

Bartoli et al. (2017) (a) 0.2a
H2

eff

(1 − n) vp (29)

Bartoli et al. (2017) (b) 0.15a
H2

eff

vp (30)

The table summarizes the three empirical formulations selected from the literature and used as candidate 
estimation laws in the proposed framework. The formulations include parameters such as H, Heff, Lmin, 
Lmax, E, and ρ
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Lmax, s). The dataset was again divided into training and internal validation subsets, with a 
75% for training and 25% for validation. In the same way, the performance and regression 
plots are shown in Fig. 10(a) and 10(b), respectively.

The regression results (Fig. 10(b)) reveal an improvement compared to the previous case, 
with a regression slope of about 0.53 and a clearer alignment of the predicted values with 
the target trend. Although the correlation is still moderate, the model shows a better per-
formance. The reduced scatter suggests that the inclusion of additional input information 
(i.e., mechanical properties) contributed to stabilizing the learning process. However, the 
variability of the available data and the relatively small number of samples still limit the 
network performance.

2.4.4  Training dataset B

Training dataset B (Table 7) includes 47 historic masonry towers characterized by both geo-
metric and mechanical parameters. In detail, the dataset comprises H, Heff, Lmin, Lmax, s, E, 
and ρ. The training dataset B is smaller than dataset A, as it includes only those towers for 
which both types of information are available. Also here, as in the previous case concerning 
only geometric parameters, the number of voters K corresponds to the experimental funda-
mental frequency identified through OMA and EMA (based on strong excitations), meaning 
K = 2. The experimentally measured fundamental frequency (fexp) within this dataset range 
from 0.35 Hz to 4.02 Hz, showing significant variability due to geometric and mechanical 
properties of the structures. Detailed statistical measures of the training dataset B are sum-
marized in Table 8.

2.4.5  Validation dataset B

Validation dataset B (Table 9) considers the same historic masonry bell towers located in 
Italy used in validation dataset A, for which mechanical properties were available. This 
dataset includes all the geometric properties, in addition to E and ρ. Maintaining the same 
validation dataset allows a straightforward comparison between analyses A and B, isolating 

Fig. 10  Performance (a) and regression (b) plots for model B. The performance plot shows the evolution 
of the mean squared error (MSE) during training and validation, while the regression plot compares the 
predicted and target values to assess the model accuracy
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the contribution of mechanical parameters to the model predictive performance. The experi-
mentally measured fundamental frequency (fexp) ranges from 0.68 Hz to 3.81 Hz. Statistical 
measures for this validation dataset are provided in Table 10.

Figure 11 and Fig. 12 illustrate the correlation and relationships among the chosen geo-
metric and mechanical parameters and the experimental fundamental frequency for both 
training and validation datasets B. The correlation matrices (Fig. 12) highlight, as for data-
set A, strong negative correlations between tower height and experimental frequency, with 
correlation coefficient consistently below −0.6 for the training dataset and below −0.8 for 
the validation dataset. Base dimensions and wall thickness demonstrate moderate negative 
correlations with the frequency, suggesting that these parameters also contribute, albeit to 
a lesser degree, to fundamental frequency prediction. Mechanical properties show diverse 
degrees of correlation: E exhibits moderate negative correlation in the training dataset, 
whereas ρ reveals minimal or negligible correlation, particularly in the training dataset. 
The scatter plot matrix (Fig. 11) visually supports these values, clearly showing the inverse 
relationship between height and frequency. The distributions further reveal the complexity 
and variability of the relationship involving mechanical parameters.

3  Results and discussion

This section presents and discusses the results obtained from the application of the proposed 
methodology. Section 3.1 focuses on the prediction performance achieved using only geo-
metric parameters. Section 3.2 extends the analysis by including mechanical parameters. 
Finally, Section 3.3 discusses the applicability and practical implications of the proposed 
approach, highlighting its potential for real-world implementation and its limitations.

3.1  Prediction based on geometric parameters

As a first step, the fundamental frequency for dataset A is estimated using geometric param-
eters only. Eight predictive models are evaluated, and their outputs are combined using 
the RA approach via the PL model, using four different weighting strategies. Figure 13 
compares the experimental fundamental frequencies (fexp) with the predictions from each 
candidate model, plotted against tower height H for visualization purposes in both training 
and validation datasets. By observing Fig. 13, most candidates show a tendency to under-

Dataset B µ m σ max min
H  [m] 44.23 39.70 18.53 112.00 18.50
Heff  [m] 29.62 27.15 15.50 103.70 11.00
Lmax [m] 7.19 7.16 1.95 13.00 3.35
Lmin [m] 6.79 6.44 2.02 13.00 3.00
s [m] 1.74 1.50 0.75 4.00 0.40
E [MPa] 2087 1950 972 5770 700
ρ [kg/m3] 1881 1834 170 2500 1600
fexp[Hz] 1.60 1.46 0.74 4.02 0.35
The table reports the mean µ, the median m, the maximum max and 
the minimum min value of the corresponding parameter
Note: µ = mean, m = median, σ = standard deviation

Table 8  Statistical properties 
of the training dataset B, which 
includes geometric and mechani-
cal properties
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estimate the fundamental frequency of shorter towers. Here, results from both training and 
validation datasets are reported. Based on the PL model, the reference ranking list is shown 
in Table 11, while Figs. 14 and 15 report the average prediction error for each model consid-
ering training and validation datasets, respectively. Candidates are ordered from left to right 
according to their ranking, from highest to lowest. The mean value and the coefficient of 
variation (CV) of the error, the latter computed as the ratio between the standard deviation 
and the mean value, have been used as statistical quantities representing the performance of 
each estimation law.

It is important to note how both Net and SBL are ranked in the first positions, although 
they show medium-to-high mean errors in the validation dataset. This occurs because, 
although both models are trained on an independent dataset, this is not sufficient to general-
ize all outputs in the validation set. This difference mainly arises from the characteristics of 
the validation dataset rather than from model overfitting, as it includes towers with similar 
geometric and mechanical properties but significant different natural frequencies due to 
variations in structural health and data acquisition analysis. The lower accuracy mainly 
reflects the variability of the experimental data. The same can be noticed for the RA results, 
where mean errors in validation are higher than the ones obtained in the training phase. 
In this analysis, although RA does not outperform all candidates, it effectively combines 
knowledge (predictions) from models that, even when trained on the given dataset (e.g., 
Net and SBL), do not yield the lowest mean error. The different RA weighting strategies 
show consistent behavior between the training and validation sets, with the MRR and the 
linear strategy showing slightly better performance. In Fig. 16, the RA predictions are plot-
ted against the experimental data for both training and validation datasets. The RA models 
exhibit consistent CV across both datasets, highlighting a consistent prediction stability.

An outlier analysis was also carried out to evaluate the behavior of the estimation laws 
where the prediction error is highest. This analysis aims to highlight the cases in which the 
models exhibit the largest error from the experimental fundamentals frequency. The upper 
25% of the predictions showing the largest error from the experimental values were identi-
fied as outliers for each model and RA configuration. The corresponding error distributions 
of the bell tower belonging to the training dataset of the RA are shown in Figs. 17 and 18.

3.2  Geometric and mechanical parameters based results

This section presents the results of the RA strategy when applied to laws and models includ-
ing both geometric and mechanical parameters (Section 2.4).

In detail, Fig. 19 shows a comparison between the experimental fundamental frequency 
and the corresponding predictions from each of the five candidates, plotted as a function of 
H. These candidates are then ranked through the PL model (Table 12). The mean error and 
the CV for each candidate is shown in Fig. 20 (training) and Fig. 21 (validation), together 
with the results obtained with the RA approach. The candidates are ordered from left to 
right based on their ranking position. Although SBL demonstrates good results in the train-
ing phase (mean error: 21.13%), the RA predictions achieve a good performance, with the 
best result for the exponential decay weighting strategy, with a mean error of 20.83% in this 
phase. The RA outcome outperforms all the candidates in the validation phase, with differ-
ent results based on the weighting strategy. The best results are achieved with the MRR and 
linear weighting strategies with a mean error of 16.36% and 14.74%, respectively.

1 3
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Finally, Fig. 22 shows the direct RA predictions derived from the different weighting 
strategies vs. the experimental fundamental frequencies. The high level of accuracy between 
estimated and observed values highlights the benefits of using RA approach to produce 
accurate predictions across a broad range of parameters that characterize historic bounded 
masonry towers.

The improved performance can be found in the core philosophy of the RA method: rather 
than relying on a single model, RA shares information from multiple candidates. By doing 
so, it effectively captures a wider spectrum behavior represented in the individual candidates 
(e.g., prediction models). The weighting strategies further ensure the model to assign greater 
influence to predictions coming from higher-ranked candidates, while retaining contribu-
tions from the whole set of candidates where a threshold is not defined, or the weight decay 

Fig. 11  Scatter plot matrix of geometric and mechanical parameters and fundamental frequency for the 
training and validation sets of dataset B. The diagonal panels display the univariate distributions (histo-
grams) of each variable, while off-diagonal scatter plots highlight possible correlations and interdepen-
dencies among parameters light-colored circles represent the training data, while dark-colored triangles 
indicate the validation data

 

Dataset B µ m σ max min
H  [m] 30.00 22.50 14.89 48.00 13.00
Heff  [m] 20.18 12.00 13.08 38.50 7.10
Lmax [m] 5.04 4.25 2.81 9.70 1.50
Lmin [m] 4.70 3.53 2.65 9.00 1.50
s [m] 1.01 1.15 0.37 1.50 0.57
E [MPa] 1372 1266 474 2055 790
ρ [kg/m3] 1985 1968 192 2241 1700
fexp[Hz] 1.80 1.78 0.90 3.81 0.68
The table reports the mean µ, the median m, the maximum max and 
the minimum min value of the corresponding parameter
Note: µ = mean, m = median, σ = standard deviation

Table 10  Statistical properties of 
the validation dataset B, which 
includes geometric and mechani-
cal properties
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is not very high. When both geometric and mechanical information are available, results 
demonstrate that RA can be a good solution for estimating the fundamental frequency of 
historic bounded masonry towers. Here, the RA predictive model exhibits low dispersion in 
fitting the experimental frequencies. This approach can be exploited to assess the seismic 
behavior of masonry bell towers, allowing for the evaluation of their dynamic properties 

Fig. 13  Dataset A (geometric parameters): comparison between estimated and experimental fundamental 
frequencies of masonry towers as a function of the total height H for each candidate model. Dark blue cir-
cles represent the experimental fundamental frequency for the training dataset, while light blue circles de-
note those of the validation dataset. Magenta crosses indicate the frequency estimated by each candidate 
model for the training data, and grey crosses represent the corresponding estimates for the validation set

 

Fig. 12  Correlation matrix of geometric and mechanical parameters vs. fundamental frequency for (a) 
training and (b) validation set B. The matrices display the correlation coefficients among the geometric 
and mechanical variables and the experimental fundamental frequency. The color scale ranges from −1 
(strong negative correlation, light tones) to + 1 (strong positive correlation, dark blue), quantifying the 
degree of correlation between each pair of parameters
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using only a few available input parameters. Although the first and second ranked mod-
els developed on this specific dataset exhibit strong results (i.e., SBL and Net), they show 
worse results in the validation dataset. The proposed RA approach not only exceeds their 
performance but also offers higher generalization, making it valid to fundamental frequency 
estimation of different towers beyond the original dataset.

The inclusion of mechanical parameters in the laws, despite their variability, consis-
tently improves the estimation of the fundamental frequency. This indicates that even when 
mechanical properties are affected by uncertainty, they provide complementary information 
that enhances the performance of the models. The RA framework further contributes to this 
by integrating models based on different combinations of geometric and mechanical param-
eters. This approach ensures that the methodology continues to work in scenarios where 
some mechanical information may be incomplete or approximate. It also demonstrates the 
advantage of using both experimental mechanical data and, where the latter is not available 
for certain towers, calibrated models to provide more accurate predictions.

As shown in Fig. 20, the RA technique consistently outperforms the individual SBL 
and Net models, even though these were specifically trained and optimized using the same 
dataset adopted for the RA calibration. This confirms that the RA process is able to leverage 
the heterogeneity of the included models rather than favoring any single one. Overall, this 
outcome supports the idea that the RA framework not only mitigates potential bias due to 
shared training data, but also improves the estimations by exploiting the complementary 
nature of empirical and data-driven knowledge sources.

Also here, an outlier analysis has been performed to identify the upper 25% of the pre-
dictions showing the largest errors from the experimental values coming from the training 
dataset of the RA. The corresponding error distributions are shown in Figs. 23 and 24. The 
error values follow the ranking list, with lower mean error of the outliers related to the SBL 
and Net.

3.3  Applicability and practical implications of the proposed method

The presented framework integrates empirical laws, feedforward neural networks, and SBL 
models through a RA approach, offering a comprehensive strategy for estimating the fun-
damental frequency of historic bounded masonry towers. The RA method combines the 
knowledge embedded in different estimation laws to provide a unified and statistically con-
sistent and stable result. It involves identifying the combination of estimation tools (e.g., 
empirical laws and data-driven models) that simultaneously satisfy two key conditions: (i) 
they are associated with the most plausible ranking list, meaning the permutation with the 
highest likelihood of being observed (maximum likelihood criterion); and (ii) they yield 
results across the different estimation tools that are in the highest possible agreement, quan-
tified by the lowest observed variance.

Table 11  Dataset A (geometric parameters): reference ranking list for candidates based on geometric 
parameters
 P 1st 2nd 3rd 4th 5th 6th 7th 8th

266 SBL Montabert 
et al. (2023)

Net Testa et al. 
(2024) (a)

Testa et al. 
(2024) (b)

Diaferio et 
al. (2018)

Rainieri and 
Fabbrocino 
(2011)

Shakya 
et al. 
(2016)

The number p represents the row of the permutation matrix C which describes the best ranking
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	● A key strength of the proposed methodology lies in its ability to share information from 
diverse estimation tools, allowing it to provide reliable frequency estimates even for 
previously untested or poorly documented towers. By integrating the predictions of 
both empirical and data-driven formulations, the RA approach can effectively perform a 

Fig. 14  Training dataset A (geometric parameters): (a) mean prediction error for different candidate mod-
els (grey) and different RA weighting strategies (orange); (b) coefficient of variation for different candi-
date models (magenta) and different RA weighting strategies (green)
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rapid assessment of the dynamic behavior of masonry towers, capitalizing on the com-
plementary knowledge embedded in the available models. This enhances the general-
ity and robustness of the results, especially when applied to structures with limited or 
uncertain input data.

Fig. 15  Validation dataset A (geometric parameters): (a) mean prediction error for different candidate 
models (grey) and different RA weighting strategies (orange); (b) coefficient of variation for different 
candidate models (magenta) and different RA weighting strategies (green)
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	● Despite these advantages, the method is subject to intrinsic limitations. The geometric 
and mechanical variables used as predictors cannot fully capture the complex dynamic 
behavior of bounded masonry towers, which is influenced by many factors. The errors 
obtained in this study are consistent with those reported in the literature (Bartoli et al. 
2017, 2020), confirming the inherent variability associated with such predictive mod-
els. Moreover, while the RA framework provides an effective tool for comparative and 
interpretative purposes, its direct application by practitioners may be challenging, as 
it requires computational implementation and access to multiple predictive models. In 
particular, data-driven methods (i.e., neural networks or SBL models), unlike empiri-
cal laws with straightforward formulae, are not readily usable by practitioners, which 
limits their applicability in rapid assessments. For this reason, the proposed approach is 
primarily intended as a research and decision-support tool. However, in future develop-
ments, a user-friendly public tool with a graphical interface could be implemented to 
overcome this limitation and enhance the practical usability of the method. Furthermore, 
lower estimation errors can be achieved through extended experimental campaigns on 
a larger number of towers over time, which would contribute to expanding the database 
and reducing current uncertainties.

4  Conclusions

The fundamental frequency estimation of historic masonry towers plays a key role in the 
structural health monitoring of vulnerable heritage assets. This study presented a rank 
aggregation strategy for estimating the fundamental frequency of historic bounded masonry 

Fig. 16  Dataset A (geometric parameters): experimental vs. predicted frequencies using rank aggregation 
according to the different proposed weighting strategies (MRR = mean reciprocal ranking, Exp. = expo-
nential decay, Linear + Thr. = linear with a threshold, and Linear). Dark blue circles represent the ex-
perimental fundamental frequency for the training dataset, while light blue circles denote those of the 
validation dataset. Magenta crosses indicate the frequency estimated by the RA techniques for the training 
data, and grey crosses represent the corresponding estimates for the validation set
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towers, combining outputs from empirical and data-driven models through a probabilistic 
framework based on the Plackett-Luce model. The ranking procedure orders the candidates 
by maximizing the likelihood of their consistency with experimental data, while, at the same 
time, aiming to reduce variability across the different predictive models. Although each 
empirical law is individually valid and reliable within its respective domain, they are jointly 
used to harness their complementary strengths. The rank aggregation method was tested 
under two distinct scenarios: one using only geometric parameters, and another including 
both geometric and mechanical properties:

	● In the first case, where only geometric information was available, the rank aggregation 
model, weighted with different strategies, achieved comparable performance to the best 

Fig. 17  Dataset A (geometric parameters): outlier analysis on the upper 25% of data with the highest 
prediction errors (estimation laws). The scatter plots show the comparison between the experimental and 
aggregated predicted fundamental frequencies of bounded masonry towers as a function of total height 
(H). Lighter tones (yellow) correspond to higher errors, while darker tones (red to black) denote smaller 
discrepancies between experimental and predicted values
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ranked selected candidate, particularly in the training phase resulting in a mean error of 
26.73%. In the validation phase, the rank aggregation model does not outperform every 
candidate, resulting in a mean error of 36.51%.

	● In the second scenario, including both geometric and mechanical parameters, the rank 

Fig. 19  Dataset B (geometric and mechanical parameters): comparison between estimated and experi-
mental fundamental frequencies of masonry towers as a function of the total height H for each candidate 
model. Dark blue circles represent the experimental fundamental frequency for the training dataset, while 
light blue circles denote those of the validation dataset. Magenta crosses indicate the frequency estimated 
by each candidate for the training data, and grey crosses represent the corresponding estimates for the 
validation set

 

Fig. 18  Dataset A (geometric parameters): outlier analysis on the upper 25% of data with the highest 
prediction errors (RA). The scatter plots show the comparison between the experimental and aggregated 
predicted fundamental frequencies of bounded masonry towers as a function of total height (H). Lighter 
tones (yellow) correspond to higher errors, while darker tones (red to black) denote smaller discrepancies 
between experimental and predicted values
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aggregation model consistently outperformed all candidates in both the training and 
validation phases. In detail, based on the different weighting strategies, it achieved a 
lower mean prediction error in both the training (20.83%) and validation (14.74%) 
phases compared to the first ranked individual model, Sparse Bayesian Learning, which 
exhibited mean errors of 21.13% in the training and 34.57% in the validation phases.

These outcomes also translate into several considerations that support the practical rele-
vance of the rank aggregation strategy.

	● The greater performance of the rank aggregation approach in the second scenario can 
be attributed to the integration of mechanical properties in the predictive framework. In 
practical terms, the proposed method offers a flexible and reliable tool for the prelimi-
nary dynamic assessment of historic masonry towers, especially when both geometric 
and mechanical data are accessible. The improvement brought by the information on 
mechanical properties could be associated with the still limited number of empirical 
laws based on the geometric and mechanical properties of the towers, thus leaving room 
for improvement.

	● The method is flexible and can be updated as new experimental data become available 
or as additional predictive models are developed, making it a useful strategy for applica-
tions in the conservation of heritage structures. In addition, the use of models based on 
different input parameters broadens the applicability of the approach, proving it to be 
effective even when only limited information on the structure is available.

It is worth noting that the estimation of the first natural frequency of historic masonry towers 
remains affected by important uncertainty. This is primarily due to the intrinsic complex-
ity of the problem (e.g., material heterogeneity, boundary conditions, construction history, 
and limited observability), which limits the ability of an optimal frequency law to accu-
rately predict the response of towers. Moreover, increasing the number of variables does not 
necessarily improve predictive performance, sometimes making formulations based on the 
tower total and effective height more effective, which, according to the literature, remain the 
most important variables to consider.

Future developments will target improving the ranking procedure, for instance by refin-
ing the weighting criteria assigned to each candidate model, or by including uncertainty 
within the prediction process. Moreover, broadening the reference dataset to include a more 
diverse range of structural configurations and boundary conditions would contribute to fur-
ther validating the method. In addition, it will be beneficial to tailor the rank aggregation 
framework to groups of towers with similar properties; for these subsets, rank aggregation 
may lead to even better results. Lastly, future work will also focus on predicting the fun-
damental frequency of isolated masonry towers, by integrating and aiming at the selection 
of the models to be considered as candidates within the Plackett-Luce model framework.

Table 12  Dataset B (geometric and mechanical parameters): reference ranking list for candidates based on 
geometric and mechanical parameters. The number p represents the row of the permutation matrix C which 
describes the best ranking
 P 1st 2nd 3rd 4th 5th

30 SBL Net Shakya et al. (2016) Bartoli et al. (2017) (a) Bartoli et al. (2017) (b)
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Fig. 20  Training dataset B (geometric and mechanical parameters): (a) mean prediction error for different 
candidate models (grey) and different RA weighting strategies (orange); (b) coefficient of variation for 
different candidate models (magenta) and different RA weighting strategies (green)
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Fig. 21  Validation dataset B (geometric and mechanical parameters): (a) mean prediction error for differ-
ent candidate models (grey) and different RA weighting strategies (orange); (b) coefficient of variation for 
different candidate models (magenta) and different RA weighting strategies (green)
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Fig. 23  Dataset B (geometric and mechanical parameters): outlier analysis on the upper 25% of data 
with the highest prediction errors (estimation laws). The scatter plots show the comparison between the 
experimental and aggregated predicted fundamental frequencies of bounded masonry towers as a function 
of total height (H). Lighter tones (yellow) correspond to higher errors, while darker tones (red to black) 
denote smaller discrepancies between experimental and predicted values

 

Fig. 22  Dataset B (geometric and mechanical parameters): experimental vs. predicted frequencies using 
rank aggregation according to the different proposed weighting strategies (MRR = mean reciprocal rank-
ing, Exp. = exponential decay, Linear + Thr. = linear with a threshold, and Linear). Dark blue circles repre-
sent the experimental fundamental frequency for the training dataset, while light blue circles denote those 
of the validation dataset. Magenta crosses indicate the frequency estimated by the RA techniques for the 
training data, and grey crosses represent the corresponding estimates for the validation set
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